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N —
Random variable - motivation

In many situation outcomes of a random experiment are numbers.

In other situations we want to assign to each outcome a number (in
addition to probability).

It may e.g. quantify financial or energetic cost of a particular
outcome.

@ We will define the random variable to to develop methods for studying
random experiments with outcomes that can be described numerically.

@ E.g. in case of Bernoulli trials we may be interested only in number of
'successes’ and not in actual sequence of 'successes’ and 'failures’.

Almost all real probabilistic computation is done using random
variables.
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]
Random variable - definition

A random variable is a rule that assigns a numerical value to each
outcome of an experiment.

Definition
A random variable X on a sample space S is a function X : S — R that
assigns a real number X(s) to each sample point s € S.

We define the image of a random variable X as the set
Im(X) = {X(s)|s € S}. This definition is similar to image of any other
function.
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]
Random variable - definition

A random variable partitions the sample space into a set of mutually
exclusive and collectively exhaustive events. For a random variable X and
a real number x we define the event A, =" X = x” (sometimes called the
inverse image of the set {x}) to be the set of all events from S to which
X assigns the value x

A = {s € S|X(s) = x}.

Whenever you are not sure what some operation with random variable
means, always recall the basic definition of the random variable. In
example, the statement X <Y means that X and Y are defined on the
same sample space S and for every sample point s € S it holds that
X(s) <Y(s).
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Random variable - definition

Obviously A, N A, = 0 iff x # y and

Uszs.

x€R

Therefore the set of events {Ay}xcr defines an event space and we will
often prefer to work in this event space rather than in the original sample
space. We usually abbreviate A as [X = x].

The image of a discrete random variable (this is the case in this course) is
at most countable.

Following the definition of A, = [X = x] we calculate its probability as

P(IX =x]) = P({sIX(s) =x}) = > P(s).

X(s)=x
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-
Random variable - probability distribution

Definition

Probability distribution of a random variable X is a function

px : R — [0, 1] satisfying the properties:

(pl) 0 < px(x) <1forall xeR

(p2) For a discrete random variable X, the set {x|px(x) > 0} is a finite or

countable infinite subset of real numbers. Let us denote it by
{x1,x2,...}. We require that

Z px(x;) = 1.

A real valued function px(x) defined on R is a probability distribution of
some random variable if it satisfies properties (pl) and (p2).
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-
Random variable - probability distribution

When the random variable is clear from the context, we denote the
probability distribution as p(x).

Do not mistake the probability distribution with the distribution
function, which is a non-decreasing function which tends to 0 as
X — —oo and to 1 as x — oc.
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Distribution functions

We often are interested in computing the probability of the set
{s|X(s) € A} for some subset A C R. We know that

{s|X(s) € A}y = | {sIX(s) = x} € [X € Al
X;€EA

If —oo < a< b<ooandAis an interval A= (a, b), we usually write
P(a < X < b) instead of P(X € (a, b)). If A= (a, b], then P(X € A) will
be written as P(a < X < b). Of special interest is the infinite interval
A = (—o00, x| and we denote it by [X < x]. We calculate the probability of

A as
P(X € A) Z px (xi)-
X;€A
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Probability distribution function

Definition

The probability distribution function (or simply distribution function)
of a random variable X is

Fx(t)=P(-oo < X <t)=P(X < t) =) px(x), —00 < t < o0.

x<t

It follows that
Pla< X <b)=P(X <b)—P(X<a)=F(b)—F(a).

If X is an integer-valued random variable, then

F = S px().

—oo<x< | t]
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.
Probability distribution function - properties

(F1) 0 < F(x) <1 for —oco < x < 00

(F2) F(x) is a monotone increasing function of x, that is if x; < xp, then
F(x1) < F(x2). It is easy to see that (—o0, x1] C (—00, %] if x1 < x2
and we have

P(—o0 < X < x1) < P(—00 < X < x2)

giving F(x1) < F(x).

(F3) limy—_oo F(x) =0, and limy_,o F(x) = 1. If the random variable X
has a finite image, then there exist u, v € R such that F(x) = 0 for all
x < wuand F(x)=1 for all x > v.

(F4) F(x) has a positive increase equal to px(x;) at i =1,2,... and in the
interval [x;, x;+1) it has a constant value. Thus

F(x) = F(X,') for x; < x < Xi+1

and
F(xiv1) = F(xi) + px(xit1)-

Jan Bouda (FI MU) Lecture 2 - Random Variables March 27, 2012

11 /51



-
Probability distribution function

@ Any function satisfying properties (F1)-(F4) is the distribution
function of some discrete random variable.

@ In most cases we simply forget the theoretical background (random
experiment, sample space, events,...) and examine random variables,
probability distributions and probability distribution functions.

o Often the initial information is we have a random variable X with the
probability distribution px(x). We can construct probability space
consistent with the random variable as follows. Let S =R, X(s) =s
for s € S, F is a union of inverse images A, of all subsets {x} and

P(A) =) px(x).

XEA
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Examples of probability distributions
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Examples of probability distributions

In this part of the lecture we introduce the most common probability
distributions occurring in practical situations. In fact, we can always derive
the distributions and all related results ourselves, however, it is anyway
useful to remember these distributions and situations they describe both as
examples and to speed up our calculations. These probability distributions
are so important that they have specific names and sometimes also
notation.
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Examples of probability distributions

Constant random variable

@ For ¢ € R the function defined for all s € S by X(s) = c is a discrete
random variable with P(X = ¢) = 1.

@ The probability distribution of this variable is

pX(X):{1 if x = ¢

0 otherwise.

@ Such a random variable is called the constant random variable.

@ The corresponding distribution function is

0 forx<c
Fx(x) =
x(3) {1 for x > c.
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Discrete uniform probability distribution

@ Let X be a discrete random variable with a finite image {x1,x2...xp}
and let us assign to all elements of the image the same probability

px(xi) = p.
@ From the requirement that the probabilities must sum to 1 we have

n n
1= px(x)=)_p=np
i=1 i=1
and the probability is

ox () = {1/n xi € Im(X)

o otherwise.

@ Such a random variable is said to have the uniform probability
distribution.

@ This concept cannot be extended to random variable with countably
infinite image.
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Discrete uniform probability distribution

o If Im(X) ={1,2,...n} with px(i) =1/n, 1 < i < n, the probability
distribution function is

< 1]
FX(X)ZZPx(i)ZTa l<x<n.
i=1
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Bernoulli probability distribution

@ The Bernoulli probability distribution of a random variable X origins
from the random experiment consisting of a single bernoulli trial (e.g.
a coin toss).

@ The only possible values of the random variable X are 0 and 1 (often
denoted as failure and success, respectively).

@ The distribution is given by

px(0) =po = P(X =0) =¢q
px(1)=pp=P(X=1)=p=1—gq

@ The corresponding probability distribution function is

0 forx<?O
F(x)=<¢q for0<x<1
1 for x> 1.
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Bernoulli probability distribution

Example

Let X be a Bernoulli random variable with parameter p and image {0,1}.
X is the indicator of the event

A= {s|X(s) =1}

and its probability distribution is px(0) =1 — p and Px(1) = p.
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Binomial probability distribution

@ The Binomial probability distribution of a random variable Y}, is the
number of successes (outcomes 1) in n consecutive Bernoulli trial
with the same fixed probability p of success in each trial.

@ The domain of the random variable Y,, are all n—tuples of Os and 1s.
The image is {0,1,2,...n}.

@ As already demonstrated in the previous lecture, the probability
distribution of Y, is

J()pKa—=p)"k for0<k<n
o otherwise.
@ The binomial distribution is often denoted as b(k; n, p) = px and
represents the probability that there are k successes in a sequence of

n bernoulli trials with probability of success p.
o In example, b(3;5,0.5) = (3)(1/2)3(1/2)? = 0.3125
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Examples of probability distributions

Binomial probability distribution

After specifying the distribution of a random variable we should verify that
this function is a valid probability distribution, i.e. to verify properties (p1)
and (p2). While (p1) is usually clear (it is easy to see that the function is

nonnegative), the property (p2) may be not so straightforward and should
be verified explicitly.

We can apply the binomial model when the following conditions hold:
@ Each trial has exactly two mutually exclusive outcomes.
@ The probability of 'success’ is constant on each trial.

@ The outcomes of successive trials are mutually independent.
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Binomial probability distribution

@ The name 'binomial’ comes from the equation verifying that the
probabilities sum to 1

gpf = Z <7> pi(L—p)"

i=0
=lp+(1-p)"=1

@ The corresponding distribution function, denoted by B(t; n, p) is
given by
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Part Il

Discrete random vectors
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N —
Discrete random vectors

@ Suppose we want to study relationship between two or more random
variables defined on a given sample space.

o Let Xi,X5,...X, be r discrete random variables defined on a sample
space S.

@ For each sample point s € S, each of the random variables
X1, Xo,... X, takes on one of its possible values

Xl(S) = X1,X2(5) = X2,... Xr(S) = Xr.

@ The random vector X = (X1, Xz, ... X;) is an r-dimensional
vector-valued function X : S — R" with X(s) = x = (x1, x2, ... ;).
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N —
Discrete random vectors

Definition
The joint (or compound) probability distribution of a random vector X
is defined to be

px(X) = P(X = X) = P(Xl = X1,X2 = X2, .. .Xr = Xr).

The properties of random vectors are

(1) px(x) >0, x € R".

(j2) {x|px(x) # 0} is a finite or countably infinite subset of R", which will
be denoted as {x1,x2,... }.

(13) P(X € A) =2 xcaPx(x).
(14) 22 px(xi) = 1.
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-
Marginal probability distributions

@ In situation when we are examining more that one random variable,
the probability distribution of a single variable, e.g. px(x), is referred
to as marginal probability distribution (in contrast to joint
probability distribution).

o Considering joint probability distribution px y(x,y) of random
variables X and Y we can calculate the marginal probability
distribution of X as

px(x) =P(X =x) =P (| X =x, Y =y;}
J

:Z PX =x,Y =y) = ZPX,Y(vaj)'

Similarly we obtain the marginal probability distribution of Y
py(y) =D px.y(xi,y).
i
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-
Marginal probability distributions

o While it is relatively easy to calculate the marginal probability
distributions from the joint distribution, in general there is no way
how to determine the joint distribution from corresponding marginal
distributions.

@ The only exception are independent random variables (see below),
when the joint probability distribution is the product of marginal
distributions.
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-
Multinomial probability distribution

@ Interesting example of joint probability distribution is the multinomial
distribution.

o Consider a sequence of n generalized bernoulli trials, where each of
them has a finite number r of outcomes having probabilities

P1,P2; -, Pr-
@ Let us define the random vector X = (Xi, Xz, ... X;) such that X; is
the number of trials that resulted in ith outcome.

@ Then the compound probability distribution of X is

px(n) =P(X1 = ny, Xo = ma, ... X, = n,)

n ny n
:< )pl p2 "'prra
ny,np,...n,

where n = (ny,n,...,n;) and >;_; nj = n.

Jan Bouda (FI MU) Lecture 2 - Random Variables March 27, 2012 28 / 51



-
Multinomial probability distribution

The marginal probability distribution of X; may be computed by

n
LR S (R s

n:[(354 my)=n—ni]
nji—1 Nj41

nlp! Z (n—n))pf* ... p oy -

P}

nr

n:[ (4 ny)=n-ni]
n . _n;
=<n,>p,f"(p1 +otpiitpipit+p)""
1

n . —n:
(7)era =y
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Part IV

Independent random variables
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.
Independent random variables
Definition
Two discrete random variables are independent provided their joint

probability distribution is a product of the marginal probability
distributions, i.e.

px,y(x,y) = px(x)py(y) forall x and y.

o If X and Y are two independent random variables, then for any two
subsets A, B C R the events X € A and Y € B are independent:

P(Xe ANY eB)=P(X € AP(Y € B)
To see this

PXeANY eB) =YY pxy(x.y)

x€eAyeB

=> " px(x)py(y)

xeEAyeB
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|
Independent random variables
Definition
Let X3, Xo,... X, be discrete random variables with probability

distributions px,, px,,- .- px,. These random variables are pairwise
independent if

VI<i<j<r Vx¢€ Im(XI)aXJ € Im()g)v thXj(X,',XJ') = pX,(XI)pX_,(XJ)

Definition

Let X3, Xo,... X, be discrete random variables with probability
distributions px,, px,,- .. px,. These random variables are mutually
independent if for all x; € Im(X1),x € Im(X2),...,x € Im(X,)

PX1, X, X, (X1, X2, . X ) = px; (X1)Pxp (X2) - - - px, (Xr)-

Note that pairwise independence of a set of random variables does not

imply their mutual independence.
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.
Independent random variables

@ Let X and Y be non-negative independent random variables. Then
the probability distribution of the random variable Z =X+ Y is

pz(t) = px+v(t ZPX x)py(t — x).

In case X and Y can also take negative values, the sum should go
from —oo instead of 0.
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Independent random variables

Theorem

Let X1, Xa, ... X, be mutually independent. If X; has the binomial
distribution with parameters n; and p, then >._; X; has the binomial
distribution with parameters ny + n, + --- + n, and p.
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Part V

Functions of a random variable
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Functions of a random variable

Given a random variable X and a function ® : R — R we define the
transformed random variable Y = ¢(X) as
@ Random variables X and Y are defined on the same sample space,
moreover, Dom(X) = Dom(Y).

e Im(Y) = {d(x)|x € Im(X)}.
@ The probability distribution of Y is given by

py(y) = > px(x).

x€Im(X);d(x)=y

In fact, we may define it by ®(X) = ® o X, where o is the usual function
composition.
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Part VI

Expectation

Jan Bouda (FI MU) Lecture 2 - Random Variables March 27, 2012 37 /51



.
Expectation

@ The probability distribution or probability distribution function
completely characterize properties of a random variable.

@ Often we need description that is less accurate, but much shorter -
single number, or a few numbers.

@ First such characteristic describing a random variable is the
expectation, also known as the mean value.

Definition
Expectation of a random variable X is defined as

E(X) = Z xip(xi)

provided the sum is absolutely (!) convergent. In case the sum is
convergent, but not absolutely convergent, we say that no finite
expectation exists. In case the sum is not convergent the expectation has
no meaning.
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|
Median; Mode

@ The median of a random variable X is any number x such that
P(X <x)<1/2and P(X > x)>1/2.

@ The mode of a random variable X is the number x such that

o !
pix) =, S p(x’).
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Expectation of a functional transformation

Theorem

Let X1, Xo,... X, be random variables defined on the same probability
space and let Y = ®(X1, Xa,... X,). Then

E(Y)= ZZ---ZQD(XLXQ,...,x,,)p(xl,XQ,...,x,,).

X1 X2 Xn

Theorem (Linearity of expectation)
Let X and Y be random variables. Then

E(X + Y) = E(X) + E(Y).
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N
Linearity of expectation (proof)

Linearity of expectation.
EX+Y)=> 3 (xi+y)plx,y) =
i
=D D POy + 3y 3 plxisy) =
j j j i
= ZXiPX(Xi) + ZYJPY(YJ) =
i J

—E(X) + E(Y).
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Linearity of expectation

The linearity of expectation can be easily generalized for any linear
combination of n random variables, i.e.

Theorem (Linearity of expectation)

Let X1, X5, ... X, be random variables and ai, a», ... a, € R constants.

Then . .
E <Z a,-X,-) = Z a,-E(X,-).
i=1 i=1

Proof is left as a home exercise :-).
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Expectation of independent random variables

Theorem

If X and Y are independent random variables, then

E(XY) = E(X)E(Y).

Proof.

E(XY) = Z Z xiyip(Xi, yj) =
=> > xiyipx(xi)py(y) =
i

= Zx;Px(Xi) ZYJPY(YJ) =

—E(X)E(Y).
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Expectation of independent random variables

The expectation of independent random variables can be easily generalized
for any n—tuple X1, X, ... X, of mutually independent random variables:

E (H x,-) = H E(X)).
i=1 i=1

If ®1,P,,... D, are functions, then

E [f[ ®;(Xi)
i=1

= [ E[®:(X)].
i—1
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Part VII

Jensen’s inequality
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N —
Convex and concave functions

Before introducing Jensen's inequality, let us briefly refresh definitions of
convex and concave function, which are crucial in this part.

Definition
A function f(x) is said to be convex on a set S if for every x1,x2 € S and
0<A<1

FOw + (1= A)x2) < M(xa) + (1 — N)f(x).

A function is strictly convex if the equality holds only if A =0 or A = 1.
A function f is concave if —f is convex. A function f is strictly concave
if —f is strictly convex.

Theorem

If the function has a second derivative which is nonnegative (positive)
everywhere, then the function is convex (strictly convex).
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N —
Convex and Concave Functions

Proof.
We use the Taylor series expansion of the function around xp
f// X*
Flx) = Flx0) + F(x0)(x — 20) + o) (x — x0)2

where x* lies between xp and x. By our initial assumption the term f”(x*) is
always nonnegative and the same holds for the last addend. Let
X0 =Ax1 + (1 — A)x2, A € [0,1] and x = x; and we have

Fxa) = f(x0) + f(x0)[(1 = \)(a —x)]- (1)

Similarly, taking x = x» we obtain

f(x2) > f(x0) + f'(x0) AN — x1)]. (2)

Multiplying (1) by A and (2) by (1 — A) and adding we obtain the convexity.
The proof for the strict convexity is analogous.
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N —
Convex and Concave Functions

Proof.
Multiplying (1) by A and (2) by (1 — \) and adding we obtain the convexity

AF(xt) + (1 V() >
> () + F/(0)[(1 — N —x2)]) + (1= N)(F(x0) + F (x0)AGo—x1)]) =
=AM (x0)+(1=X)f(x0) +AF (x0)[(L =) (31 —x2)] — (1= A)F' (x0)[A(x1 — x2)] =
=f(x0) = f(Ax1 + (1 — A)x2).

The proof for the strict convexity is analogous. O
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-
Jensen’s Inequality

Last theorem shows immediately the strict convexity for x2, < and x log x
for x > 0, and the strict concavity of log x and /x for x > 0.

The following inequality is behind most of the fundamental theorems in
information theory and in mathematics in general.

Theorem (Jensen's inequality)

If f is a convex function and X is a random variable, then
E[f(X)] = f(E(X)). (3)

Moreover, if f is strictly convex, the equality in (3) implies that X = E(X)
occurs with probability 1, i.e. X is a constant.
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Jensen’s Inequality

Proof.
We prove this inequality by induction on the number of elements in
Im(X). For probability distribution on two points we have

E(f(X)) = pf(x1) + p2f (x2) = f(prx1 + p2x2) = F(E(X))  (4)
what follows directly from convexity. Suppose the theorem holds for k — 1
points. Then we put p! = p;/(1 — px) for i =1,2...,k —1 and we have
k—1
E(f(X ZP, xi) =pif () + (1= pi) Y pif(xi) >
i=1
1 (3)
= pif(xi) + (L = pi)f (Z pix ) >

1
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-
Jensen’s Inequality

Proof.

k—1
>f <kak + (1 — pk) Zp,‘x,-) =

i=1
k
—f (Zp;x,-) — F(E(X)),
i=1

where the first inequality follows from the induction hypothesis and the
second one from convexity of f. [

v
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