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INTRODUCTION

Depending on the degree a participant of the lecture Algebraic Structures is aiming
at he will take this course in his first or second year. Due to this the audience of the
course is rather inhomogeneous. It might either be the first mathematical lecture
the student is taking alongside with the lecture Grundlagen der Mathematik I, or
else he might already be familiar with the mathematical language by one year of
practise. I therefore will not start by with a lengthy introduction of the different
elements of the mathematical lecture, but I will instead introduce them throughout
the lecture whenever they are used first. For a more detailed account I refer the
audience to the lecture Grundlagen der Mathematik I. 1 assume that the audience
is familiar with the notion of a set and basic operations of these like intersection
or union. I also assume that maps and simple properties thereof are known, such
as tnvertibility. Finally I assume that the natural numbers IN, the integers 7., the
rational numbers @), and the real numbers R together with their operations such as

addition and multiplication are familiar.

I should like to notice as well that the lecture and the lecture notes will considerably
differ in style. The lecture will be shorter with less text, it will be more graphical in
its presentation. Many remarks in the lecture notes will either be completely omitted
in the lecture or they will only be given orally. In a sense the lecture and the lecture
notes complement each other.

As the title of the course indicates we will study basic algebraic structures such as
groups, rings and fields together with maps, which respect the structures. We will
spend a lot of time discussing important examples, and I hope to convey thereby

their usefulness.



1 GROUPS AND HOMOMORPHISMS

In the introduction we said that we wanted to study structures on sets. What a
structure is depends very much on the branch of mathematics we are considering.
In this lecture a structure will always consist of one or more binary operations on
the set, which obey certain rules, also called axioms. Here a binary operation on a
set G is a map, which assigns to each pair (g, h) of elements in G again an element
in G,ie.amap G x G — G.

A) Groups

The most basic and at the same time the most important structure on a set is the
group structure.
Definition 1.1

a. A group is a pair (G, -) consisting of a non-empty set G and a binary operation

(132

,1.e. a map
:GxG—>G:(g,h)—g-h,

such that the following group axioms are satisfied:

Gl: (g-h)-k=g-(h-k) Vg,hkegG, (“Associativity”)
G2: deeG :VgeG:e-g=g, (“Existence of a neutral element”)
G3:VgeGdg'eG:g -g=e (“Existence of inverse elements”)

An element satisfying the property of e is called a neutral element of the group
G. An element with the property of g’ is called an inverse element of g.

b. A group is called abelian or commutative if (G,-) additionally satisfies the
following axiom:
G4:g-h=h-g Vg,heG (“Commutativity”)
c. A group (G, ) is said to be finite if |G| < oo, and else it is called infinite. |G|
is the order of G.!

Remark 1.2

For several applications the notions of group is too restrictive, i.e. we asked for too
many axioms. One can weaken the notion in two ways. Suppose for this again that
G is a set together with a binary operation “” on G.

a. If the pair (G, -) satisfies only axiom G1 we call (G, ) a semigroup.

b. (G, ) is a monoid, if only the axioms G1 and G2’ are fulfilled:
G2:deeG :VgeG:e-g=g-e=g. (“Existence of a neutral

element”)

Note that in the case of a monoid the neutral element has to satisfy a stronger axiom
than in the case of a group. Lemma 1.4 will show that in the end the axiom is not
really stronger.

1G] denotes the number of elements in the set G.
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The notion abelian, finite, infinite and order are introduced for semigroups and
monoids in the same way as for groups. In this lecture we will not consider properties
of semigroups or monoids any further. They were only mentioned for the sake of

completeness. O

Before considering further properties of groups it is sensible to give a number of
interesting examples to make sure that it is worthwhile spending time on groups.

Example 1.3

a. (Z,4), (Q,4) and (R, +) are abelian groups with the usual addition as ope-
ration. In each of the cases the number zero is the neutral element, and for a
number g the negative —g is the inverse element.

b. (Q\{0},-) and (R \ {0}, ) with the usual multiplication as operation are also
abelian groups. The number one is in each case the neutral element, and for

a number g the inverse is just é.

c. In contrast to the last example (Z \ {0}, -) is only an abelian monoid with the
number one as neutral element. The axiom G3 is not fulfilled, since only the
integers g = 1 and g = —1 have inverses in Z \ {0}.

d. (IN,+) is also only an abelian monoid with the number zero as neutral element,

since g > 0 has no inverse in IN.

e. The simplest group is a group containing only one element, G = {e}, with the

group operation defined by e - e =e.

Note that in each of the above examples the neutral element was uniquely deter-
mined, as was the inverse of an element g. This is no coincidence. The uniqueness

follows from the group axioms.

Lemma 1.4
Let (G,-) be a group.

a. The neutral element e € G is uniquely determined and it has the additional
property
g-e=g VgeaG.

b. Let g € G. The inverse element g’ of g is uniquely determined and it has the
additional property

The statements formulated in the above lemma can easily be verified in the examples
we have considered so far, and we could of course check them for each further example
again. This would however be a tedious work. Instead we will deduce the statement
in the general form straight from the group axioms. This is then called a proof of the
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statement. Whenever we formulate a statement as a lemma, proposition, theorem

or corollary, we will prove them.?

Proof of Lemma 1.4: Since we assume that for the pair (G, ) the axioms G1-G3
are from Definition 1.1 are satisfied, there is a neutral element e € G, and for an

arbitrary but fixed g € G there is an inverse element g’ € G.

First we want to show that this e and g’ satisfy the additional properties formulated

in a. and in b..

Since (G, -) is a group there must be an element g” € G such that

Hence it follows®

—

g9’ Ze (9-9) 2 (0" ¢) (9-9) L 9" (¢ (99

S ((g-9)-9) L9 (e-g)Lg" g Ze. (2

This shows that g’ satisfies the additional property stated in b., and we therefore

get
G3 Gl (2) G2
g-e=g-(9'-9)=(g-9)-9g=e-g=g. (3)
Since g was an arbitrary element of G, the additional property of e in a. follows as

well.

Suppose now that € € G is any element with the property of a neutral element of
G, i.e.

e-h=h (4)
for all h € G. We have to show that e = €. Since we already know that e satisfies
the additional property in a., we can apply this, i.e. (3), with € in the role of g, and
afterwards we can apply (4) with e in the role of h:

Finally we have to show that if g’ € G is a second inverse element for g, i.e.

g'-g=e, (5)

2The notion lemma, proposition, theorem and corollary are usual order structures in mathe-
matics. They contain more or less important statements which we want to remember for further
use. In general, the statement of a proposition is considered to be more important than that of
a lemma; the statement of a theorem should be more interesting than that of a proposition. A
corollary usually follows some proposition or theorem, and its content is then an easy consequence
of that proposition or theorem. — In case the proof of some statement would be too advanced for
this lecture or we want to skip it for some other reason, then we formulate the statement just as

a remark.
3Above the equality sign we sometimes give a reason why this equality holds, e.g. from which

axiom it follows or a reference to where the equation can be found. This a usual notation in
mathematics that we quite frequently use throughout these lecture notes.



then g’ = g’. For this we apply what we have shown so far:

02§ e2g (g-0) (3 0)- 0 %e o Fy.

Thus all statements of the lemma are proved.* 0

Notation 1.5

Instead of (G, -) we will often just write G when no ambiguity can occur as far as the
operation is concerned. Moreover, we will write gh instead of g-h for g,h € G. The
neutral element will sometimes be denoted by 1 instead of e, or by 1g respectively
eg, if we want to indicate the neutral element of which group it is. The unique

1

inverse element of g € G will be denoted by g—', or ggl if we want to stress in which

group it is the inverse of g.

If the group is abelian, then the operation is often denoted by + instead of -. In
that case we use the notation O respectively Og for the neutral element and —g

respectively —gg for the inverse element of g € G. a.

Lemma 1.6
Let (G,-) be a group, g,h,a,b € G. Then the following holds true:

a. (g_])_] =g and (gh)"T=h"Tg".

b. In G the cancellation rules hold:
(i) ga=gb = a=0Db, and

(ii) ag=bg = a=h.

Proof: a. To prove the first equality, it is enough to show that g satisfies the

T in order to show that it is the inverse element

property of an inverse of g~
(g7")~" of g7, since only one element satisfies that property. For the proof
we use the group axioms as well as the additional properties of the inverses

shown in Lemma 1.4:
—1 Lem. 1.4b.
. g — e

9

1

Hence, g is an inverse of g7', and by the uniqueness of the inverse element we

get as indicated:
—1\—1
(67) =9
Analogously, by definition (gh) ™" is an inverse of gh, and we only have to show

that h™'g~" is an inverse of gh as well, in order to show the latter coincides

with the former by the uniqueness of inverse elements:

(h'g™) - (gh) En" (7' (gh) En" - ((g7"-g) - 1))
Chlen)Eh' ne

4The symbol O at the end of a proof indicates that the proof is finished. Sometimes we use the

same symbol at the end of a remark or example to make clear that they are at their end as well.
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Hence, h™'g~! is an inverse element of gh, and therefore

(gh)'=h""g"".

b. The first cancellation rule follows by multiplication with the inverse of g from
the left:5

G2 G3 , _ Gl _
a:e-a:(g 1‘9)-61:9 1'(9'61)

Ass. Gl , _ G3 G2

=g (g-b)=(¢g7"-9)-b=e-b=b.
Similarly the second cancellation rule holds by multiplication with g=' from
the right and by the additional property of inverses from Lemma 1.4. The
details are left to the reader.

O

Remark 1.7
So far whenever we applied the associativity rule several times we did so step by
step. From now on, however, we will rearrange brackets freely, i.e. combine several

applications of the associativity rule in one. This should not lead to any confusion.
(Il

We are used to write repeated multiplications of a number with itself with the aid

of powers, and we will introduce the analogous notion now for arbitrary groups.

Definition 1.8
Let (G,-) be a group, g € G. We set ¢° := e, and for n € Z, n > 0, we define
recursively g™ := g - g™, and finally we set g™ := (g7")™

For this definition we used a property of the natural numbers which is well-known
to everyone, and which we call the principle of induction:

Starting from a natural number ny we can get every larger natural number by

repeatedly adding the number 1.

In an axiomatic treatment of the natural numbers this is one of their axioms. For us,
however, it is just a familiar property. We actually have already used this property
in the above recursive definition of g™ for non-negative natural numbers n. We first

defined it for n = 0, and we then reduced the definition of g™ to the definition of
1

g".
One very often uses this property of the natural numbers as a technique to prove a

statement A

e which depend on a natural number n, and
e which we want to prove for all n > n,.

5The abbreviation Ass. above the equality sign indicates that the equality holds by assumption.
In this particular case we assumed that ga = gb holds.
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The dependence of the statement A on the natural number n is expressed by ap-
pending n as an index, i.e. we write A,, instead of A. A typical example for such a

statement would be:

3

An 0 a number of the form n° —n is divisible by 6

where n € N is any natural number, i.e. ng = 0 in this example. If we want to
prove that this statement A, holds for every n > ng, we show first that it holds
for ng (we call this the induction basis); afterwards we show that if A, holds for
some arbitrary but fixed number n (to assume that it holds for some n is called
the induction hypothesis), then it also holds for n + 1 (this is called the induction
step). The above described property of the natural numbers allows then to deduce
from A, the correctness of Ay, 1, and then the correctness of A, > and going on
like this the correctness of A,, for every natural number n > ny. We leave it to the
reader to prove the statement in our example by the principle of induction. Instead

we formulate the principle in a more compact way.

Remark 1.9 (Principle of Induction)

Let a statement A, be correct for some natural number n = ng (induction basis),
and in addition the following shall hold true: if the statement holds for some n > n,
(induction assumption), is also holds for n+1 (induction step). Then the statement
holds for all natural numbers n > n,. O

If we use this technique to prove statements which are indexed by n, then we say
that we do induction on n. We will now use this technique to prove the power laws.

Lemma 1.10 (Power Laws)
Let (G,-) be a group, g € G, n,m € Z, then the following power laws hold true:

n m

9 -9 =9

n+m m)n — gm~n

and (g

Proof: We first want to show that
gt =(g )™ (6)
If n < O this holds by definition. If n > 0, then —m < 0 and by definition and
Lemma 1.6 we have®
—1y—n Def. —1y—1\—(—) Lem. 1.6 n
(g )y ™= (g Ty T e g,
And finally, if n = 0 then g™ = e = (g~') ™™ by definition. This shows (6).
We next want to consider a special case of the first power law, namely
g-gt=g"" (7)
for all natural numbers n € IN. If n > 0 this follows from the definition; if n < 0
then —m — 1 > 0 and by definition we get

(9_1) _gn—H ©) (9—1) . (9_1)71171 Def (g_])fnf1+1 _ (9_1)711 ©) gm. (8)

8The abbreviation Def. above the equality sign means that the equality holds by definition.
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If we multiply both sides of the equation by g, we get

) -
g-9"=9g-(g7" g

nt1y G1 _ nt1 G3 ntl G2
H)—(g~g ])-g 1B o gnt! & gt
Thus we have proved (7).
We now come to the general rule
gn . gm — gn+m (9)
for n,m € Z, and we do the proof by induction considering different cases.

1st Case: n > 0. We want to prove this case by induction on n. Formulated more

precisely, we have to show for an arbitrary but fixed g € G and m € Z that the
statement
An: gn. gm: gn+m
holds for all n € IN. For this we have to check first the induction basis,i.e. that the
statement holds for some starting number — in Remark 1.9 this was the number ny,
here it is the number 0.
If n =0 then
=0
g"-g™ =99 g

This proves the induction basis Ag. We next have to do the induction step, i.e.

m Def. m G2 m n=0 gn+m

e-g

whenever the statement holds for a number m it also holds for the next larger
number n+ 1. For this we may assume that the induction hypothesis holds, i.e. that
A, for the given n > ng is correct, and we have to deduce that then also A, 1 is
correct. By definition and induction hypothesis we have’

n+1 m Def.

n m GI1
g"m g™ ="(g-9g")-g"=g-(

m) In n+m Q) n+1+m

d.
g"-9g™ ="g-g"""M =g
Thus we have deduced from the correctness of A, the correctness of A, 7. The
principle of induction therefore allows us to deduce that the statement holds for all
n which are at least 0. It remains to consider the case n < 0.

2nd Case: n < 0. The first case (applied to g~

-n > 0:

and —m) implies by the fact that

—
=

m “I\—m —1y—m IstCase , _1\_n_m (6)
n (g™ (g )y ™ TERE (g

g™ = : g =9

n+m

g
This finishes the proof of the first power law (9). We now want deduce from this the

special case
(M =g (10)

—n+n

of the second power law. g7"- g™ =g = g° = e implies that g~™ is an inverse

of g™ The correctness of (10) thus follows from the uniqueness of the inverse.

We are now able to prove the second power law,

(gm)" = g™

"The abbreviation Ind. over an equality sign means, that this equality holds by the induction

hypothesis, i.e. since the statement A, holds true. In our concrete example this means, that for
fixed m, n and g the equality g™ - g™ = g™*™ holds.



for m,n € Z. We do so by considering again different cases.®

1st Case: n > 0. We want to show for arbitrary but fixed g € G and m € Z by
induction on n the statement

n=20: Then
(gm)n n;O ( m)O D:ef. e Déf. go n;O gm.n.
n — n + 1 : By definition, induction hypothesis and the 2nd power law we have:
(gm)nJrl D:ef. (gm) X (gm)n Ig- gm . gm~n (:) gm+m~n Déf gm-(n+1)

2nd Case: n < 0. The 1st Case implies by —m > 0:

myn (:) ((gm),1)7n (2) (g™ IstCase g(,m).(,n] Def. mm

(g
O

Remark 1.11

Is (H, ) a semigroup (or monoid) and g € H we define for 0 # n € N (resp. n € IN)
the element g™ analogously and show that for 0 2 n,m € IN (resp. n,m € IN) the
above power laws hold as well. The proofs are the same. O

Remark 1.12

So far we explained every step in our proves in detail and we justified each and every
equality by some reference. By now the reader should have understood the principle,
and we will be less detailed for the remaining part of the lecture notes. O

All examples considered in Example 1.3 are abelian, so that the inversion rule
“(gh)™" = h™Tg™" takes the form “(gh)™" = g~'"h™'”. In order to see that this
does not hold in general, we need an example of a non-abelian group. For this we
recall the notion of a bijective map and the composition of such maps.

Definition 1.13
For a non-empty set M we define

Sym(M) :={f: M — M | f is bijective}.

The composition o defines a binary operation on Sym(M), and we call the pair
(Sym(M), o) the symmetric group on M. The elements of Sym(M) well be called

permutations of M.

8The first case 1 > 0 will yet again be proved by induction on n. However we will considerably
shorten our notation. We know by now that we have to check the statement in question for some
initial value ng (induction basis) and that we then have to deduce the correctness of the statement
for n 4+ 1 (induction step) under the assumption that it is correct for n (induction assumption).
We will indicate this as n = 0 for the induction basis and as n — n+ 1 for the induction step. It
might take a while to get used to this short hand notation, but in the end it has the big advantage
that due to its shortness it does not distract from the essentials by too many words.
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For M = {1,...,n} we write $,, instead of Sym(M) and we call $,, the symmetric
group of degree .

The notion symmetric group is only justified, if we show that (Sym(M), o) is indeed
a group.

Proposition 1.14

(Sym(M), o) is a group, and it is abelian if and only if [M| < 2. The neutral elements
is idm, and the inverse element of a map f € Sym(M) is its inverse mapping.

Proof: We first want to show that the composition of two bijective maps is bijective
again, i.e. that “o” is indeed a binary operation on Sym(M).

Let f,g : M — M be bijective. Then there exist inverse mappings ' : M — M

1

and g7 : M — M, and using the associativity of the composition we get

(fog)o (g_] o f_l) =fo(go g_]) of '=foidyof '=fof ' =idy,
and analogously (g~' o f™') o (fo g) =idm. Thus f o g is bijective.

The associativity of “o” i.e. the axiom G1, follows since the composition of maps
is known to be associative. The identity map idp on M is bijective and has the
property that idpof = f for all f € Sym(M). Thus it is the neutral element of
(Sym(M), o). The inverse mapping of f € Sym(M) is an inverse element of f in the
sense of axiom G3. Hence, (Sym(M), o) is a group.

It remains to show:
(Sym(M), o) is abelian <= |[M| < 2.

If [IM| > 3 we can choose three pairwise different elements? m, m’,m” € M and we
can define the maps

m/, ifn=m,

fM—M:n—< m, ifn=m/
n, else,
and
m”, ifn=m,
gM—M:n—< m, ifn=m"
n, else.
Obviously, f o f =idpm and g o g = idp, so that f and g are bijective with inverses
f~' =f and g~' = g respectively. Moreover by definition

(fog)(m)=f(g(m)) =f(m") =m”,
but
(gof)(m)=g(f(m)) =g(m')=m'#m".

9We call the three elements pairwise different if m # m’, m’ # m” and m” # m, i.e. if each
pair of the the three elements consists of different elements. This notion generalises in an obvious

way to sets with an arbitrary number of elements.
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This shows that g o f # fo g, and (Sym(M),o) is not abelian. This proves the
implication “=" in our statement by contraposition.'® The other implication “&="

is left to the reader as an exercise. O

Exercise 1.15
Check if the following binary operation on the set G := Q x Q makes G a group:

GxG—G:((a,b)(a,b)— (a,b)-(a’,b’):=(aa’,bb’).

Exercise 1.16
Check if the following binary operation on the set G := Q- X Q- makes G a group:

GxG—G:((ab)(a,b)) = (ab):(a’,b’):=(aa’,bb’).
Exercise 1.17
Let (G,-) and (H,*) be two groups. We define on the set G x H = {(x,y) | x €
G,y € H} a binary operation by
(x,y) o (x/,y") = (x-x/,y xy’)

for (x,y), (x’,y’) € G x H. Show that (G x H,0) is a group.
Exercise 1.18
Check which of the following binary operations defines a group structure:

a. G = (Q\{O}) X (Q\{O}) mit (a,b)-(a’,b’) = (ab’,ba’) for a,a’, b, b’ € Q\{0},

b. G = RxR\{(0,0)} mit (a,b)-(a’,b’) = (aa’=bb’, ab’+ba’) for a,a’,b,b’ €

R.

Exercise 1.19

Find all possible binary operations on the set G = {e, a, b} such that G is a group
with neutral element e.

Exercise 1.20
Find all possible binary operations on the set G ={e, a, b, ¢} for which G is a group
with neutral element e. List only those examples which cannot be transformed into

each other by just permuting the letters a, b and c.

(%)

with a,b,c,d € R is a real 2x2-matriz, and Mat,(IR) is the set of all such matrices.

Exercise 1.21
A scheme of the form

For two real 2x2-matrices we define their product as

a b a’ b’ B aa’+bc’ ab’+bd’
c d ¢/ d )] \ ca’+de¢’ cb'+dd |’

10To prove an implication “A = B” by contraposition means that one instead shows the
implication “—B = —A”. Both implications are equivalent to each other, i.e. one holds true if and
only if the other one does.
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Moreover we define

det(a b)zad—bceR
c d

and call it the determinant of the matrix. Finally, we set
Glz(R) ={A € Mat,(R) | det(A) # 0}.
Show:

a. For A, B € Mat,(R) gilt det(A - B) = det(A) - det(B).
b. (Glz(]R), ) is a non-abelian group.

Exercise 1.22
Let (G, ) be a group and a € G be fixed. We define a binary operation on G by

+:GXxG—G:(gh)—gxh=g-(a' h).

Check if (G, ) is a group.

Exercise 1.23 (Boolean Group)
Let M be a set.

a. If X,Y;Z C M, then
X\ ((YNZ)U(Z\Y)) = (X\(YUZ)Uu(XNYNZ)
and
(XA Y)U(YAX)\Z=(X\(YUZ) U (Y\(XUZ).

b. We define on the power set G = P(M) ={A | A C M} of M a binary operation
Operation by

A+B:=(A\B)U(B\A)=(AUB)\ (ANB)
for A,B € G. Show that (G, +) is an abelian group.

Exercise 1.24
Let (G,-) be a group with neutral element e. If g> = e for all g € G then G is
abelian.

Exercise 1.25
Let M be aset, m € M, k € N and ¢ € Sym(M) with o¥(m) = m. Then
09%(m) =m for all q € Z.
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B) Subgroups

An important principle in mathematics is to consider for each structure so called
substructures. For a set these are the subsets, for a group these will be the subgroups,
i.e. subsets which respect the group structure. A group consists of a set G together
with a binary operation - : G x G — G which satisfies certain axioms. If U C G is a

subset, then we can restrict the map “” to U x U. That way we get a map
UxU—G:(uv)—u-v,

where u-v is some element in G which in general will not be an element of U again.
The latter means that the restriction of “” to U x U will in general not be a binary
operation on U! However, this is certainly a minimal requirement if we want to say

W

that U respects the group structure “.”. Let us now suppose that against all hope
the restriction of “” actually defines a binary operation on U. It then is natural to
ask, if U with this binary operation satisfies the axioms G1-G3, i.e. if it is a group. If
so, we can really say that U respects the group structure on G. These considerations
lead to the notion of a subgroup, and similar considerations work for all algebraic

structures.

Definition 1.26
Let (G, ) be a group. A subset U C G is a subgroup of G, if

u-veld foralluvel

and if moreover (U, -) is a group, i. e. if the restriction of the operation “” to U x U

makes U a group.

Notation 1.27
Is (G,-) a group and U C G, we will use the notation U < G to indicate that U is
a subgroup of (G, -).

Before we consider examples of subgroups we want to formulate and prove a criterion

which makes it simpler to check if a certain subset is actually a subgroup.

Proposition 1.28 (Criterion for Subgroups)
Let (G,-) be a group and ) # U C G a non-empty subset. The following statements
are equivalent:

a. U is a subgroup of G,

b. Vu,ve U :uv e U and ug' € U.

The properties in b. are known as the closedness of U with respect to the group

operation and with respect to inverses.

Proof: “a. = b.”: Suppose first that U is a subgroup of G. The image of U x U by

(132

the map is then contained in U by definition, i.e. for all u,v € U we have uv € U.

Moreover, U satisfies the group axioms. Let ey € U be the neutral element of U and
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eg € G be the neutral element of G. Moreover, for an element u € U C G we denote
by ug' its inverse in G and by u' its inverse in U, i.e. ug'u = uug' = eg and
ufﬂu = uufﬂ = ey. In the following equation we need the inverse of the element ey
in the group G, which leads to the clumsy notation (eu)a]. With these conventions

we get:
G2inG G3inG _ GlinG _ G2inu _ G3inG
eu = egeu = (leu)geu)eu = (eu)g (eueu) = (eu)geu = eg.
(11)
Moreover, we have
—1. G3inu (11)

1= ua] by the uniqueness of the inverse element in G. This in particular

Thus uy,
implies that ué e L.

“a. & b.”: Since uv € U for all u,v € U, the image of U x U by the map “” is
indeed contained in U. It remains to show that the axioms G1-G3 are satisfied. Note
first that the axiom G1 on U is inherited from G since all the elements of U are
contained in G. Since U is non-empty there exists an element u € U. By assumption
its inverse element ug € U is contained in U and therefore eg = u?u € U. Since
egu = u for all u € U, the axiom G2 is satisfied and we have ey, = eg. Moreover,

since for u € U also u? € U and since
7] . _
Us U =€g = €y,

also G3 is satisfied, and the inverse of u in U coincides with the inverse of u in
G. O

The statement of the following corollary was part of the proof of the criterion for
subgroups.

Corollary 1.29

Is (G,-) a group and U < G, then the neutral element ey of the group (U,-) and
the neutral element eg of the group (G,-) coincide. Moreover, for each uw € U the
muerse ul_f of win (U, -) coincides with the inverse ua] of win (G,-).

We now want to apply the criterion for subgroups in order to find subgroups of the
previously considered groups.

Example 1.30
a. Is (G,-) a group with neutral element eg, then the subsets {eg} and G of G
are always groups. They are called the trivial subgroups.

b. ({—1,1},-) is a subgroup subgroup of (Q \ {0}, ), as follows immediately from
Proposition 1.28.

c. For « € R the map
0o R > R?*: (x,y) — (cos(oc) -x —sin(a) -y, sin(a) - x 4+ cos(«) -y)

is a rotation in the plane R? about the origin by the angle o.
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©«(P)

Obviously we have @y 0 @g = @q4p for &, 3 € R, and for € R the inverse
is thus @ _ = (@«) 7, since @o = idg2. In particular @4 is bijective for each
« € R. Proposition 1.28 thus implies that the set

SO2) :={p«:R* > R*|x € R}

is a subgroup of Sym (Rz).
d. Let E,, C R? be the regular n-gon.

= TR

[ L\
\_ " J

U:= {(poc € SO(Z) ‘ (poc(En) = En}-

Claim: (U, o) is a subgroup of (SO(2),0).
For ¢4, ¢p € U we have

X~ ~

We set

(@ao @p)(En) = (poc<(p[3(En)) = @u(En) = E,

and

©g (En) = 04 (9a(En)) = (94 0 &) (En) = idgz (Ey) = Ey..

Moreover, @, 0 @p € U and @' € U. And since idg: = @ € U, we have
U # 0, so that U is a subgroup of SO(2) by Proposition 1.28.

One checks easily that U consists of the rotations @, with o« = k - %”,
k=0,...,n— 1. In particular, |U| = n.

e. Let n € Z and nZ :={nz | z € Z} be the set of all multiples of n

Claim: (nZ,+) is a subgroup of (Z,+).

If nz,nz" € nZ then nz+nz’ = n(z+z') € nZ and —(nz) =n-(—z) € nZ.
Moreover, ) # nZ C 7, since 0 = n - 0 € nZ. Thus again Proposition 1.28

implies the claim.

f. For two integers m,n € Z we have mZ C nZ if and only if m is a multiple n.
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g. The inclusion Z C Q, Z C R and Q C R makes the subsets subgroups with
respect to the addition as group structure.

Remark 1.31
How do subgroups behave with respect to set operations like the union?

Let’s have a look at the group (Z,+) and its subgroups 27 < Z and 37 < Z. The
set U = 27, U 3Z is not closed with respect to the group operation, since

2+3=5¢27U37,

since 5 is neither divisible by 2 nor by 3. Thus the union of subgroups is not a

subgroup in general.

In contrast to the union the intersection of subgroups is always a subgroup.

Lemma 1.32

Let (G,-) be a group, 1 some index set and U; < G fori € 1. Then
(Ui <G.
iel

Proof: The proof is left to the reader as an easy application of the criterion for
subgroups. ([l

We now use this property to repair the flaw that subgroups do not behave well with
respect to unions. For this we replace the notion of the union of two subgroups by
the smallest subgroup which contains both. For this we need the subgroup generated
by some set.

Definition 1.33
Let (G, -) be a group and M C G any subset. The subgroup generated by M defined
as

M= N

MCU<G
i.e. it is the intersection of all subgroups of G, which contain M. For M ={g,..., gn}
we write in general only (g1, ..., gn) instead of ({g1,...,gn}).

Such a definition is useful, since we get the fact that it is a subgroup for free and
also that it is the smallest subgroup which contains M. However, the definition gives
no hint how the elements in (M) look like. Fortunately, this is completely described
by the following proposition, which also explains in which sense the elements of M
actually generate the subgroup.

Proposition 1.34
Let (G, ) be a group and M C G be any subset. Then'!

<M>:{g$€1g%€n ‘nZO)Qh---,QnGM,“h---»%ez}-

"'Note that for n = 0 we have the empty product which by definition is just eg.
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Proof: Let us introduce a name for the right hand side of the equation:
N={g g% n>0,01...,0n € M,a1,...,xn € Z},

We first want to show that N C (M). If U < G such that M. C U, then g7" --- g% €
U for all g; € M and «y,...,x, € Z. Thus N C U, and hence N C (M).

It remains to show that (M) C N. For this it suffices to show that N < G with
M C N. Since the empty product by convention is the neutral element eg the set
N is non-empty. Let now h = g7* --- g% h' = g;"}' --- g% € N be two arbitrary
elements in N, then

h-h'=g - gimeN
and

h!' =g *...g;™ € N.
Hence N < G is a subgroup of G, and since M C N the claim follows. ([l

Example 1.35
Is (G,-) a group and g € G, then Proposition 1.34 implies

(9) ={g" Ik € Z}.

If we apply this to the group (Z,+) and a number n € Z, then the subgroup
generated by M = {n} is the subgroup

nZ=n-zl|lzeZj=Mn=(M).

Definition 1.36
A group (G, -) is called cyclic, if it is generated by a single element, i.e. if there is a
g € G such that G = (g).

For the proof of the next proposition we need the principle of division with remainder
in the integers, a property of the integers which we suppose to be well known. One
could prove it by an induction with an extensive case distinction. We, moreover, use
the Archimedian principle of the integers whose content is equally well known. For
the sake of completeness we formulate both principles here.

Remark 1.37 (Division with Remainder)
For integers m,n € Z with n # 0 there exist uniquely determined integers q,r € Z
such that

m=qn+7r and 0<r<|nl| (12)

We call r the remainder of m modulo n.

Remark 1.38 (Archimedian Principle)

Every non-empty set of natural numbers contains a smallest element.

Proposition 1.39
U C Z is a subgroup of (Z,+) if and only if there is an integer n > 0 such that
U =nZ = (n). In particular every subgroup of (Z,+) is cyclic.
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Proof: From Example 1.30 and Example 1.35 we know that the sets of the form
nZ = (n) are subgroups of (Z,+).

Let thus U < Z be a subgroup of (7, +). It remains to show that there is an integer
n > 0 such that U = nZ. If U = {0} we can choose n = 0. If U # {0} there is an
integer 0 # z € U and one of the integers z € U or —z € U is positive. Hence the
subset

{fmeN|0#£Ame U}
of the natural numbers is non-empty and contains therefore by the Archimedian

principle a smallest element, say

n:=min{ze U |z >0} U.

We want to show that U = (n). Since n € U we get right away that (n) C U by
the definition of (n). Let vice versa u € U. Division with remainder of u by n gives
integers q,r € Z such that
u=q-n+r
and
0<r<n. (13)

Since u and n are both elements of U, also
r=u—q-nel.

But since n is the smallest positive integer in U and since r < n is non-negative, we
conclude that r must be zero by (13). Thus u = q -n € (n), and we have proved
U = (n). O

Exercise 1.40

Prove Lemma 1.32.

Exercise 1.41
Show that the set

u

I
—N—
Y

S o
o |
[op

~__
P
on

m

B
o
=
S
o
R/
——

is a subgroup of (GIZ(R), )

Exercise 1.42
Let (G, ) be a group, g € G and () # U C G a finite subset of G.

a. Is {g"™ | n > 0} finite, then there is an n > 0 with g™ = eg.
b. U a subgroup of G if and only if for all u,v € U also u-v € U.

Exercise 1.43

Which of the following subsets are subgroups of (Sym(R), o)?
a. U={f e Sym(R)|f(x) < f(y) if x >y},
b. V={f € Sym(R) | [f(x)| = |x| for all x € R}.
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Exercise 1.44
For two real numbers a,b € R we define the map

fap: R— R:x— a-x+b.
Which of the following sets is a subgroup of (Sym(]R), o)?
a. U={fap |l a,beR,a#0},
b. V={fq1laeR,a#0}

Exercise 1.45
Let (G, ) be a group. Show that the set

Z(G):={geG|g-h=h-g VheH}

is a subgroup of G. It is known as the centre of G.

C) Group Homomorphisms

Whenever we define a structure on a set we also consider maps which respect this

structure. These will be called morphisms or homomorphisms.

Definition 1.46
Let (G,-) and (H, *) be two groups. A map « : G — H is a group homomorphism
(or for short a homomorphism), if

«(g-h) = «(g) * «(h)
for all g,h € G.

Let us consider first some examples.

Example 1.47
a. If (G,-) is a group and U < G is a subgroup subgroup then the canonical
inclusion iy : U — G is a group homomorphism, since iy(g-h) = g-h =
iulg) - itu(h) for g,h € U.

b. Let a € R and mq: (R,+) — (R,+) : g — ag be the multiplication by a.
Then m, is a group homomorphism since

Ma(g +h) =alg+h) =ag+ah=mq(g) + ma(h)
for g,h € R.
c. Let (G, ) be a group and for g € G define the maps
Rg:G—=G:h—hg (die “right translation”)
and
Ly:G— G:hm gh. (die “left translation”)

For g # e the cancellation rule implies that

Lo(g-9) =g’ # g* =Lg(g) - Lg(g)
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and thus Ly is not a group homomorphism. Analogously also Rg is none. Howe-
ver, one sees easily that Ly and Ry are bijective with inverses Ly-1 resp. Rg-1.

d. If (G,-) is a group and g € G we define
i3:G — G:h ghg™' = ho.
ig is known as an inner automorphism or conjugation with g.

Claim: The conjugation is a bijective group homomorphism.
For h,k € G we have

ig(hk) =g(hk)g™" = g(hek)g™" = g(h(g 'g)k)g ™"
=(ghg ") (gkg™") =ig(h) - ig(k).

Hence 14 is a group homomorphism. Moreover, for an arbitrary h € G the
following holds:

. _ 1) L _ _ .
(igoig1)(h) = g(g "h(g™") )g "= (gg ")h(gg ") = ehe = h =idg(h).
Hence, igoig-1 = idg. Analogously one checks that iy-1 01y = idg. Thus i4

bijective with inverse ig-1.

With the notation of the above example we have obviously that iy = RgoL,-1. Thus
the composition of two non-homomorphisms may very well be a homomorphism.
The following lemma states that indeed the composition of two homomorphisms is

always a homomorphism.

Lemma 1.48
Let &1 : (Gq,:) — (Ga,%) and oy : (G, %) — (G3z,x) be group homomorphisms.
Then also oz 0 & : (Gq,-) — (Gz, X) is a group homomorphism.

Proof: Let g,h € G;. Then
(@20 x1)(g-h) = az(ar(g-h)) = ax(ar(g) * o1(h)) = ax(etr(g)) x o2 (er(h))

= (az 0 x1)(g) X (o2 0 1) (h).

Definition 1.49
Let o : (G,-) — (H, *) be a group homomorphism.
a. We call o« a monomorphism, if « is injective.
b. We call « an epimorphism, if « is surjective.
c. We call o an isomorphism, if « is bijective.
d. We call « an endomorphism, if (G, ) = (H, ).
e. We call o« an automorphism, if « is a bijective endomorphism.

f. We say the groups (G, ) and (H, %) are isomorphic if there exists an isomor-
phism & : G — H. We then write for short G = H.
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Example 1.50

a.

b.

C.

The

In Example 1.47 mq is an endomorphism. Moreover, m, is an automorphism
with inverse m: if and only if a # 0.

Is (G,-) a group and g € G then the conjugation iy by g is an automorphism

by Example 1.47, and its inverse is ig-1.

The map det : (Glz(]R), ) — (R\{0}, -) from Exercise 1.21 is an epimorphism.

fact that a group homomorphism respects the group structure has some simple

but nevertheless very important consequences.

Proposition 1.51

Let ov: (G,-) — (H,*) be a group homomorphism. Then:

a.
b.
cag™) = («(g))" for g € G andn € Z.

x(eg) = en.

x(g™") = (oc(g))_1 for g € G.

. If « is bijective then o' : H — G is a group homomorphism.

CIfU < G then a(U) < H. «(U) is the image of U by «.

If V<H then (V) < G. (V) is the preimage of V by «.

Im(a) := «(G), the so called image of «, is a subgroup of H.

h. Ker(x) := o '(en), the so called kernel of o, is a subgroup of G.

Proof: a. We have

d

en * x(eg) = x(eg) = x(eg - eg) = afeg) * x(eg).

With the aid of the cancellation rule 1.6 we then get ey = &(eg).

. For g € G we get

—1

x(g7") xalg) = (g g) = aleg) = en.

The uniqueness of the inverses in H implies the claim.

. Let g € G and n € Z. The case n > 0 will be proved by induction on n. If

n = 0 the claim follows by a., and if n > 0 by definition and by induction on

n we get
cg)=alg" ) alg) = x(g)" ! alg) = alg)™  (14)

If n < 0 then —m > 0 and the power laws imply

alg™ =a((g ™) La(g ") "L (x(g) ) " = alg)™

. If « : G — His bijective the inverse mapping o' : H — G exists. Let u,v € H.

We set g := &« '(u) and h:= o' (v), so that u = a(g) and v = «(h). Then
o (uxv) =a (alg) *x(h)) =a (xlg-h)) =g-h=a"(u) «'(v).
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1

Hence, o« is a group homomorphism.

e. Let u,v € a(U). Then there are g,h € U such that «(g) = u and «x(h) = v.
Since g - h € U we get
uxv=ou(g)*ah)=a(g-h) e «x(U).

Moreover g~' € U and thus

ul= (oc(g))f1 =afg™") € a(U).

Finally, since «(eg) € a(U) we have «(U) # () and Proposition 1.28 implies
that «(U) is a subgroup of H.

f. Let g,h € « (V) then a(g-h) = a(g) * a(h) € V, since V is a subgroup.
Moreover, g - h € «'(V) and oc(gq) = (oc(g))f1 € V, again since V is a
subgroup. Thus g~ belongs to «~'(V). The preimage of V by « is non-empty,
since a(eg) = ey € V and therefore eg € «~'(V). Applying Proposition 1.28
we get again that «~'(V) is a subgroup of G.

g. This is a special case of e..
h. This is a special case of f..

O

To see whether a map is injective or not we have to check that each element in the
image has only a single preimage. We will now see that for group homomorphisms

we have to do much less.

Lemma 1.52
A group homomorphism o« : (G,-) — (H, %) is injective if and only if Ker(a) = {eg}.

Proof: If o injective then oc™'(ey) contains at most one element. Due to «(eg) = en

it certainly contains the element eg, and thus Ker(«) = o '(ey) = {eg).

Suppose now that Ker(«) = {eg} and let g,h € G such that «(g) = «(h). Then
—1 _ _
en=a(g)* (x(h)) =alg)*a(h) =a(g-h").
It follows that g - h™' = eg and hence, g = h. This proves that o is injective.  [J

Exercise 1.53
Consider the group (G, -) in Exercise 1.18 b. and the group (U, ) in Exercise 1.41.
Show that the map

oc:G—)Ll:(a,b)H(a _b>
b a

is an isomorphism of groups.

Exercise 1.54

We consider the group U ={fqp : R — R:x+— ax+b | a,b € R,a # 0} from



23

Exercise 1.44 where the group operation is the composition of maps, and we consider
the group (R \ {0}, -). Show that the map

a:U— R\{0}:fap—a
is a group homomorphism.
Exercise 1.55
Let (G, ) be a group and g € G.

a. The map
x:7Z—G:n—g"
is a group homomorphism with image Im(x) = (g).
b. « is injective if and only if g~ # g' for all k,1 € Z with k # 1.
c. Suppose there are integers k # L such that g* = g'. Then the number
n=minfm e N|m>0,g™ = eg}
exists and the following holds true:
(i) Ker(a) ={m € Z | g™ = e} =nZ,
(11) <g> = {eG) 9, 92) R gnil}a and
(i) ()] =n.
Exercise 1.56
Let (G,-) be a group and h,k € G be fixed. Check for each of the following maps
which conditions h and k have to satisfy to ensure that the map is a group homo-
morphism.
a. x:G—=G:g—h-g,
b.x:G—-G:g—h-g-h,
c. :G—=G:g—h'-g-k,
Exercise 1.57

Let (G, -) be a group. Show that c: G — G : g — g? is a group homomorphism if
and only if G is abelian.

Exercise 1.58
Let (G, -) be a group. Show that inv: G — G : g+~ g~ is a group homomorphism
if and only if G is abelian.

Exercise 1.59
Let : (G,) — (H, *) be a group homomorphism, g € G and g’ € Ker(«). Show
that then g7'- g’ - g € Ker(«).

Exercise 1.60
Let (G, ) be a group and g € G.

a. The map Ly: G — G : h+ g - his bijective.
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b. The map o : G — Sym(G) : g — L4 is a monomorphism.'?

It is an important principle that a monomorphism respects all good properties of a
group respectively of its elements. The order of an element is an example of such a
property and the following exercise is an example for this principle.

Exercise 1.61
Let «: (G,-) — (H, %) be a group homomorphism and g € G. We call the cardi-
nality of the subgroup generated by g the order of the element of g, and we denote

it by o(g) == [{g)l.
a. If 0(g) < oo then o(g) a is a multiple of o(x(g)).
b. If « injective then o(g) = o(x(g)).

Exercise 1.62
Since (R,+) is a group we can apply Exercise 1.17 to see that also (R?,+) with
the componentwise addition is a group. Show that the following map is a group
homomorphism:

a:R?— R:(x,y) — 2x + 3y

Compute the image and the kernel of «. Is « injective or surjective?

Exercise 1.63
Since (R \{0},-) and (R, +) are groups by Exercise 1.17 the set G = (R \ {0}) x R
is a group with the operation

(r,s)* (r/,8"):i=(v-7',s+5s').

Moreover, we know that the complex numbers (C\ {0}, -) without zero form a group
with respect to the multiplication. Show that the map

x:G— C\{0}:(r,s) > r-exp(s-m-1i)

is a group homomorphism. Compute the image and the kernel of «. Is « injective
or surjective? Here, 7t is the circle constant and 1 the imaginary unit.

Exercise 1.64
Find all group homomorphisms from (Z,+) to (R, +).

12This statement is known as the Theorem of Cayley. It says that every finite group is isomorphic

to a subgroup of some symmetric group.
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2 EQUIVALENCE RELATIONS

Equivalence relations are a very important mathematical principle for either ordering
things or constructing new stuff, which we will use in the sequel at several crucial
points. We therefore would like to take a minute consider this principle before going
on with the theory of groups.

A relation on a set M is just a subset of the Cartesian product M x M. The
idea is that an element x is somehow related to an element y if the pair (x,y) is
contained in R. Here the meaning of “is related to” is not further specified. We refer
to the literature to see how maps can be considered as special cases of relations and
for the notion of order relations, where x is related to y if x is smaller than y in
some sense. These to types of relations usually do not create much of a problem
for beginners. Unfortunately, the same cannot be said for the equally important
equivalence relations. The basic principle, however, is very simple and we want to

explain it first with an example.

The students in a school are usually divided into forms depending on their age. The
headmaster of the school makes sure that each student belongs to some form and
only this one form. In a more mathematical formulation the set S of all students is
divided into subsets Ky, called forms, i = 1,...,k, which are pairwise disjoint and
such that their union is the set of all students. We then say that

k
S - U Ki
i=1

is a partition of S into the forms Ky, ..., Ky. For the affiliation of the students Alfred,
Ben and Christopher to some form we can remark:

1) Alfred belongs to some form.

2) If Alfred belongs to the same form as Ben, then Ben belongs to the same form
as Alfred.

3) If Alfred belongs to the same form as Ben and Ben belongs to the same form
as Christopher, then Alfred belongs to the same form as Christopher.

These statements are so obvious that one cannot believe they have any further
significance. However, let us suppose for a moment that the headmaster has made
a list for each form which contains the names of the students which belong to this
form, and let us suppose he has not yet checked whether every student belongs
precisely to one form now, and let us finally suppose that the above rules 1)-3) hold
true if we replace the names Alfred, Ben and Christopher by arbitrary students,
then, we claim, the headmaster can be sure that he has done a good job and that

every student indeed is in one form and one form only.

As a mathematician we are looking for simple rules which ensure that we get a
partition of a set in pairwise disjoint subsets, and it turns out that the rules 1)-3) are
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precisely what we are looking for. Let us again formulate this in more mathematical
terms. We say that the student x is related to the student y if x belongs to the same

form as the student y does, and we define the subset
R={(x,y) € S x S| x is in the same form as y}
of S x S. The rules 1)-3) for students x,y,z € S can then be formulated as:

e (x,x) €R.
e If (x,y) € R then also (y,x) € R.
e If (x,y) € Rand (y,z) € R then also (x,z) € R.

Such a relation is called an equivalence relation, and we say that students in the

same form are equivalent. The form itself will be called an equivalence class.

Of course, we will now introduce the notion of equivalence relation for arbitrary sets,
and we will use it in the sequel to partition a set into pairwise disjoint subsets. We
finally will use the sets in the partition as elements of a new set.

Definition 2.1
Let M be a set. An equivalence relation on M is a subset R C M x M such that for
all x,y,z € M the following hold true:

R1: (x,x) € R, (“reflexivity”)
R2: (x,y) € R = (y,x) €R, (“symmetry”)
R3: (x,y),(y,z) € R = (x,z) € R (“transitivity”)

It is common in mathematics to denote equivalence relations in a different, rather

intuitive way, and we next want to introduce this notation.

Notation 2.2
Let M a set and R an equivalence relation on M. We define for x,y € M

x~y = (x,y) €R,
and we call “~” an equivalence relation instead of R.

With this notation we can reformulate the above three axioms in Definition 2.1. For
X,Y,z € M we have:

R1: x ~x, (“Reflexivity”)
R2: x~y = y~x, (“Symmetry”)
R3: x~y,y~z = x~z (“Transitivity”)

Definition 2.3

Let M a set and ~ an equivalence relation on M. For x € M the set
X:={ye M |y~xj}

is called the equivalence class of x. Each element y € X is a representative of the

class x.

M/~::{§!X€M}
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denotes the set of equivalence classes modulo the equivalence relation ~.

Beispiel 2.4
We consider the set M = R? of points in the real plane and we denote by |P| the
distance of P to the origin (0,0). For two points P,Q € M we define

P~Q < I[PI=IQ|

i.e. we call two points equivalent if their distance to the origin coincides. Then ~ is

an equivalence relation.

R1: For P € M we have |P| = |P|. Thus P ~ P.

R2: If P,Q € M with P ~ Q then |P| =|Q| and hence |Q| = |P|. Thus Q ~ P.

R3: If P,Q,R € M with P~ Q and Q ~ R then |P| = |Q] and |Q| = |R|. But then
also |P| = |R| and thus P ~ R.

The equivalence class
P={QeM]||Q| =P}
of P € M is the circle about the origin of radius |P].

We have already seen one example of an equivalence relation from our daily life.
Another well known example is given by the rational numbers! A fraction is nothing
else but an equivalence class of pairs of integers, and the operation of cancellation,
e.g. % = %, means just that we replace one representative of the equivalence class by

another one.
Beispiel 2.5

We can define the rational numbers as equivalence classes of pairs of integers as
follows. For (p,q),(p’,q') € M :=7Z x (Z\{O}) we define

(p,a)~(p,qd") = pa'=p'q.

We want to show that this actually defines an equivalence relation on M. For this
]‘et X - (p) q))xl - (p/) q/))X// - (p//) q//) E M be given:13

R1: For the reflexivity we have to show x ~ x. But the equality pq = pq implies
x=(p,q)~(p,q) =x.

R2: For the symmetry we start with x ~ x" and have to show that then also
x' ~x. From x ~ x’ we deduce that pq’ = p’q and thus p’q = pq’. But the
latter means that x’ = (p’,q’) ~ (p,q) = x.

R3: For the transitivity we finally start with x ~ x" and x" ~ x”, and we want
to conclude that also x ~ x”. Due to x ~ x’ we have pq’ = p’q, and similarly

3Don’t let yourself be deceived by the fact that the elements of M are pairs of numbers! If we

tried to write the relation as a subset of M x M, this would give the following clumsy description

R={((p,a),(p",a") e M xM|pq’ =p'q}.

Maybe this explains why we prefer the alternative description.
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due to x' ~ x” we get p'q” = p”q’. If we multiply the first equation by q”
and the second equation by q we get

pa'q” =p'qq” =p’qa"qa =p"q'q.
Since q’ # 0 we can divide both sides of the equation by q’ and get:
pa” =p"q
This however implies x = (p, q) ~ (p”, q”) = x".

Thus the three axioms of an equivalence relation are fulfilled.

We then set Q := M/ ~, and for (p, q) € M we set % := (p, q), i.e. the rational num-
ber % is the equivalence class of the pair (p, q). The equivalence class ~ then implies
that % and f‘—i coincide, if the crosswise products of numerator and denominator,

pq’ and p’q, coincide, or in a more familiar formulation that the fractions coincide

once we have expanded the fractions by q’ respectively by q: E = 2_3: < zig = E—:.

Also the rules for addition and multiplication of rational numbers can easily be
formulated with the notion of equivalence classes. For (p, q), (r,s) € M define:

(p,q) + (r,8) == (ps +qr,gs),
(pa q) ' (T>S) = (pra qS)

There is, however, one problem one has to come about with this definition, namely,
that it does not depend on the particular representatives that we have chosen. We
say that we have to show that the operation is well defined (see also Footnote 22 on

page 55). We demonstrate this for the addition of rational numbers.

Let (p’,q’) € (p,q) and (r',s’) € (r,s) be possibly other representatives of the
classes then p'q = q'p and r’'s = s’r. We have to show that (p’s’ + q'r’,q’s’) €
(ps 4+ qr, gs). This is guaranteed by the following equation:

(p's"+a'r')(qs) =p'gs’s + q'qr's = q'ps's + q'qs'r = (ps + qr)(q’s’).

O

At the beginning of this section we claimed that the three axioms of an equivalence
relation on a set M would guarantee that the equivalence classes induce a partition
of M into disjoint subsets. We will now proof this fact, but for this we first define
what a partition is.

Definition 2.6
a. Two sets M and N are disjoint if M NN = ().

b. A family (My)ier of sets is pairwise disjoint if M; and M; are disjoint for all
1,j € I with i #j.
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c. Let M be a set. A pairwise disjoint family (M)ic1 of subsets of M is called a

partition of M if M = J,.; M. In this case we write:

M =M.

icl

iel

Proposition 2.7
Let (My)icr be a partition of M and define a relation on M by

x~y < diel: x,ye M.

Then ~ is an equivalence relation on M.

Proof: If x ¢ M = J

Hence, ~ is reflexive.

i1 My then there is an 1 € I with x € M; and thus x ~ x.
Let x,y € M with x ~ y then there is an 1 € [ with x,y € M;. But then we also
have y ~ x, and the relation is thus symmetric.

Let x,y,z € M with x ~y and y ~ z then there are i,j € I with x,y € M;4
and y,z € Mj. Since the sets in the partition are pairwise disjoint and since y €
M;N Mj we deduce that My = M;. Hence, x,z € M; and x ~ z. Therefore, ~ is also
transitive. ([l

Proposition 2.8

Let M be a set. If ~ is an equivalence relation on M then the equivalence classes
form a partition of M, i.e. each element of M belongs to precisely on equivalence
class.

In particular, for x,y € M we have either X =Y or x Ny = (.

Proof: Let x € M be an arbitrary element. From x ~ x we deduce that x € x C

UgeM Y. Thus
M= (] 1.

yeM/~
It remains to show that the equivalence classes are pairwise disjoint.

Let X,J € M/ ~ with XNy # (. Then there is a z € XNy, and we have z ~ x and
z ~y. By symmetry we also get x ~ z and then x ~y by transitivity. Let now u € X
be any element. Then u ~ x and again by transitivity we have u ~y. Hence, u € y
and therefore X C y. Exchanging the roles of x and y the same argument shows that
X=T. O
Corollary 2.9

Let M be a finite set, ~ be an equivalence relation on M, and My, ..., My be the
pairwise different equivalence classes of ~. Then:

Ml =D M.
i=1
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Proof: With M also all M; are finite and thus the statement follows from Propo-
sition 2.8. O

Aufgabe 2.10
Let M = {(an)nen | an € Q} be the set of all sequences of rational numbers. Show

that

(an)nelN ~ (bn)ne]N — lim (Cln — bn) =0

n—oo

defines an equivalence relation on M.

Aufgabe 2.11
We define for two points (x,y), (x’,y’) € R?

(xy)~(x,vy) = K+Nl=Kl+Wl

Show that ~ is an equivalence relation on R?. Draw the equivalence classes of (1,1)
and (—2,3) in the plane R?.

Aufgabe 2.12 (The projective line)
We define for v = (vq,v2),w = (wy,w,) € R?\ {(0,0)}

v~w & JAeR\{0}:v=A-w

where A - w = (A - wy, A - wy).

a.

Show that ~ is an equivalence relation on M = R?\ {(0,0)}. It is usual to
denote the equivalence class (vq,Vv2) of (vq,v2) by (vq :v2), and we call the set
M/ ~ of equivalence classes the projective line over R. We denote it by Pf.

. We define on P} a binary operation by

(Vviva) - (W iwy) i= (Vi - Wy — Vo - Wty - W + Vv - wa).

Show that this operation is well defined, i.e. it does not depend on the choice
of the representative of the equivalence class, and that P}, with this operation

is a group. (You may use the results from the proof of Exercise 1.18 b..)

. Is (G, ) the group from Exercise 1.18 b., then show that the map

oc:G—)]PI]R:(a,b)H(a:b)

is a group epimorphism with kernel Ker(a) = (R \ {0}) x {0}.

. The set S" ={(x,y) € R?| x*+y? = 1} is the circle of radius one whose centre

is the origin (0,0). Show that the map

O:S"— Pr:(x,y) = (x,y)

is surjective.

. Suppose we allow in the definition of ~ all elements v,w € R?, not only the

non-zero ones. Is ~ then an equivalence relation on R?? If so, what is the
equivalence class of (0,0)?
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Aufgabe 2.13 (The integers)
Let M=IN xIN and let m = (a,b) € M and m’ = (a’,b’) € M be two elements in
M. We define

m~m' «— a+b =dad+b.

Show that ~ is an equivalence relation and that the map

i >
02wz | B0 220
(0,—z), ifz<0
is bijective.
Aufgabe 2.14
Let M be a set and 0 € Sym(M) a bijective map.

a. By
a~b & dmeZ :b=0c"(a)

for a,b € M we define an equivalence relation on the set M.

b. Suppose that a for a € M is a finite equivalence class with respect to ~ of
cardinal number [a] = n < oo.
(i) The minimum k = min{l > 0 | o'(a) = a} exists.

(ii) For q € Z we have 09%(a) = a.
(ili) @ = {a, o(a),..., 0" (a)}.
(iv) @ contains exactly k elements.
c. Let M ={1,...,7}and 0 € Sym(M) = S be given by the value table
a ||[1]2]3]4]5]6]7
ofa) [3]4|1]7]2]6]|5

What are the equivalence classes of M with respect to the above equivalence

relation?
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3 THE SYMMETRIC GROUP

The symmetric group Sym(M) of bijective selfmaps of a set M is in a certain sense
the mother of all groups, since each group is isomorphic to a subgroup of Sym(M)
for some set M.'* However, for an arbitrary set M Sym(M) is not all to helpful,
since we cannot say much about the structure of the group.

For a finite set M this is completely different. First of all it does not make the
slightest difference if we consider Sym ({m1, - ,mn}), for an arbitrary set M =
{m;,...,mu} of cardinality n, or if we simply study $,, = Sym ({1 - ,n}). The
two groups are isomorphic and we may thus identify them S,, is very important for
practical reasons. In the lecture Grundlagen der Mathematik the group S, will be

used in connection with the determinant.
Since the set {1,...,n} is finite we can describe the permutation o € $,, simply by
its walue table.

Definition 3.1
Is 0 € $,, a permutation of the set {1,...,n} then we can describe o by the following

scheme
1 2 n

o(1) o(2) o(n)
respectively

aq (65) ce an

o(a;) olaz) ... olay) /)’

if a7,...,a, is any alignment of the numbers 1,... n.
Example 3.2

The group 3, is for n > 3 not abelian since for the permutations

12 3 123
213 )2 31 3
we have

12 3 123\ (123 123\ (123 12 3
(2]3)0(231>_<]32);&(32])_(23])0(213),

Note that in the scheme it does not depend in which order the numbers 1 to n occur

123\ (213
2 13) \123)°

In order to keep things well-arranged we advise, however, to write the numbers in

in the first row. E.g.

the first row always in an ascending order.

'4This is the content of the Theorem of Cayley. See Exercise 1.60.
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Remark 3.3
The above representation of a permutation has the nice side effect that we can very

easily invert it by simply exchanging the two rows of the scheme. I.e. if

_ 1 2 n g
=\ om o ... om )"

then its inverse o' is given by

1 o) o2) ... omn)
° _< 12 ..on )

Mathematicians are lazy people, or maybe one should better say that they are
efficient. Therefore, they have thought of a way to represent a permutation in such
a way that each of the numbers 1 to n has to be written at most once, not twice.
For this we need the notion of a cycle, which permutes k of the numbers 1,...,n
cyclically.
Definition 3.4

a. Let {1,...,n}={ay,...,aqJU{by,..., b}, k> 2, and

o — a; daz ... Qax— Qg b] . bn—k cs
= n)
a as ... Ak aq b] ce bnfk

then we call o a k-cycle, and we say that it cyclically permutes the numbers
aj,...,ag. Such a map can be represented in a much more efficient way by
the one-line scheme:

o=(aj...ay). (15)

b. A 2—cycle is also called a transposition. A transposition T = (ij) is thus a
permutation where only the two numbers i and j are exchanged while all the
others are fixed.

c. The neutral element of S,, is by definition idg
it by id.
Remark 3.5

The interpretation of the notation in Equation (15) is obvious, the first element a,

n), and we will simply denote

.....

is mapped to the second element a,, the second one is mapped to the third one,
and so on, while the last one, namely ay, is mapped to the first one a;. This closes
the cycle. Note here that the cycles (aj...ayx), (ax ajy...ax_1), ete. all coincide.
In order to avoid this ambiguity we recommend to start a cycle always with the
smallest of the numbers aq, ..., a.

So far we have only introduced k-cycles for k > 2. We now allow the case k =1, e.g.
(1) or (3), and define each 1-cycle (a) (with a € {1,...,n}) to be the identity. O

Example 3.6
The permutations

12 3 4 123 45
0-(4132)684 and 7t—(4]325>635
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are all 3-cycles which permute the numbers 1,4,2 cyclically. In the above notation
they are thus described as

c=(142) and mw=(142).

This shows the disadvantage of the new notation. It does not give any information
on the set of definition of the permutation. Different maps are represented by the
same scheme. However, we are willing to pay this price for a representation which is
both shorter and better organised. Moreover, in applications we usually know very
well what the set of definition of a permutation in question is, and anyhow the really

important information is which numbers are move. O

The representation of a permutation by the cycle scheme would not be very helpful if
it only applied to permutations which are indeed cycles, while all other permutations
would have to be represented by the clumsier two-row scheme. We will now show
that indeed every permutation can be decomposed as a composition of pairwise
disjoint cycles.

Theorem 3.7

Is 0 € S, a permutation there is a partition
t
{]a---)n}:U{aﬂ)-")aﬂq}
i=T1

such that
o= (an-—an,)o...olayg - au).

We call this representation the cycle decomposition of o, and we say that the cycles
are pairwise disjoint. Note also that k1 + ...+ k¢ = n and that 0 < ki < n for
i=1,...,t

Proof: In order to find the cycle decomposition we recall the equivalence relation
from Exercise 2.14 on the set {1,...,n} given by
a~b & dmeZ :b=0c"(a)
for a,b €{1,...,n}. For a € {1,...,n} the equivalence class of a has the form
a={a,o(a),o*(a),...,o" ()}, (16)
where

k =min{l > 0| o'(a) = a} = [al.

Due to Proposition 2.8 the equivalence classes of ~ form a partition of {1,...,n}.
We thus can choose integers aqq,...,ay € {1,...,n} such that
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Set ki = [@y] and ay; = 0/ '(ay7) then due to (16) we get

t
Meomy = Jiam, ag, ., - (17)
i=1

It remains to show that
0O=070---00%

where 07 = (ai1 - - @iy, ) is a ki-cycle. For this let b € {1,..., 1} so that b = ay =
o' (ay) for some 1 <1<t and some 1 <j < ki. We now apply o to b and get

- gen, i) <Ky
o(b) = olay) = olay) = 2 M — oy(b).
air, lfJ =k4

Since the decomposition in (17) is disjoint and since b as well as 0;(b) are contained
in {ai, ..., ay}, both b and oi(b) will be fixed by all o for 1 # 1, i.e.

(070 00¢)(b) = 0y(b) = o(b).

This proves the statement of the theorem. 0
Remark 3.8

Note that for two disjoint cycles 0 = (a; ... ax),m = (by ... by) € S, we have
obviously

OOT =70 0.
Sine for ¢ € {ay, ..., ay} we have o(c) € {ay,..., ax} and thus necessarily c, o(c) &
{b1,..., by} so that
(com)(c) =0o(n(c)) = o(c) =n(o(c)) = (o 0)(c). (18)
In both cases ¢ € {by,...,by} and ¢ ¢ {aj,...,a} U{by,..., b} we show (18)
analogously which proves the above claim.

Moreover, it is obvious that the cycle decomposition of o is unique up the order of
the cycles, since the elements of the cycles are cyclically permuted by o.

Finally, also in its cycle representation it is easy to invert a permutation by simply
writing in down from back to front. For this note that for a k-cycle 0 = (a; ... ay)
the inverse is obviously given by

o' =(akxarq ... az aq)
and is again a k-cycle. But this shows that

7T:(Cln"'Clnq)O---O((lﬂ"'atkt)

has the inverse

T = (g ---apg)o...o(ang - -an).
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Example 3.9
The permutation

s (12345
“\25 431 >
has the cycle decomposition
0=(125)0(34)=(34)0(125). (19)
Moreover the inverse of ¢ is given by
0 '=(43)0(521)=(152)0(34).

A natural question is how we found the cycle decomposition in (19). We will try to
describe the algorithm in this example by words, and it should be straight forward
to generalise this to any other example. We start with the smallest number, 1, and
we search for its image under o, i.e. 0(1) = 2. This gives the starting part of our
first cycle:

(12

We then consider the image of 2 under o, i.e. 0(2) =5, and we get:
(125

We continue with the image of 5 under o, i.e. 0(5) = 1. However, since this is the
first element of our first cycle we simply close the cycle,

(125),
and start with the smallest number in {1,...,5}, which is not yet contained in the
first cycle, i.e. 3:
(125)0(3

We then again consider the image of 3 under o, i.e. 0(3) =4, and we continue our

second cycle in this way:
(125)0(34

Since we have already used all five elements of the set {1,...,5} we know for sure
that o(4) = 3. This allows us to close the second cycle:

o=(125)0(34).

As already mentioned, there is no number left in {1,...,5} which has not yet been
used in one of the cycles created so far. Thus we are done and have found the cycle

decomposition of o.

The algorithm described above follows immediately from the proof of Theorem 3.7,

and we can now write our cycle decomposition now also in the following way
o= (1 o(1) o*(1)) o (3 o(3),

where ¢3(1) =1 and ¢?(3) = 3. O
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From now on we will switch between the different ways of representing permutations

and we will always use the one which fits our purpose best.

Remark 3.10

For very small values n the group $,, we can write it down completely, but with
increasing n the group $,, becomes very soon gigantic. $; = {id} and $, = {id, (1 2)}.
Sz ={id, (1 2),(13),(23),(123),(132)} has already six elements, $4 even 24 and

082

the number of elements in Sy is in the order of 10°. This number is supposedly

close to the number of nucleons in the universe.

Proposition 3.11
Sy =m!=1-2-3...n.

Proof: A permutation o € $,, is defined by the images o(1),...,c(n) of the num-
bers 1,...,n, where each of the numbers 1,...,n occurs exactly once among the
numbers o(1),...,0(n). We now want to count how many possibilities there are for
such a permutation. First we have to fix the number o(1), i.e. the image of 1. For
this there are n choices. Once we have fixed o(1), there are only n—1 choices for the
image 0(2) of 2. Then for o(3) there are only n — 2 choices. Going on like this for
o(i) we have n —1+ 1 choices, and finally for c(n—1) there aren— (n—1)4+1 =2
choices and for o(n) will be fixed. Altogether we get

n-n—-1-mn—-2)-...-2-1=nl!

choices for a permutation, which finishes the proof. 0

This proof was rather informal and we leave it to the reader to make the going on
like this more rigorous by formulating it properly with an induction.

Remark 3.12
We now want to study transpositions in more details. Note first that for a transpo-
sition T € $,, we have clearly 7' = T and 1% = id.

Proposition 3.13
FEvery permutation in S, 1 > 2, can be decomposed as a composition of at most n
transpositions.
Proof: Is 0 = (a7 ... ay) a k-cycle with k > 2 then obviously
0 =(ajaz)o(azasz)o...o(axs axr1)o (ak ay) (20)

is a product of k — 1 transpositions. Is id # o € §$,, any permutation besides the
identity, then o has a cycle decomposition of the form

O0=0710...004

where 07 = (@i - - - Qi ) is a ki-cycle, by Theorem 3.7. Since disjoint cycles commute
with each other we may assume without loss of generality'® that k; > ko > ... > k4.

154“We may assume without loss of generality” in principle means that we only consider a special

case and prove this one case. However, the other cases will follow in the same way. Doing only the
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Moreover, since ¢ is not the neutral element id we know that k; > 2 and that the
number s = max{r | 1 < r < t,k, > 2} is defined. Thus oy =id fori=s+1,...,t

and
0=070...00%

is the product of s cycles. Since oy can be written as a product of ki—1 transpositions

we get that o can be decomposed as a product of
(k1—1)+...+(ksi—=1)=(ki+...+kg)—s<n-—1

transpositions. The claim thus follows for o # id. However, since id = (1 2) o (1 2)
is the product of two transpositions and since n > 2, the proof is finished. 0

The proof is constructive, since the Equation (20) shows how to decompose a cycle as
a product of transpositions and thereby reduces the general problem to computing

a cycle decomposition.

Corollary 3.14
Fvery permutation in S, n > 2, can be written as a product of transpositions of
two consecutive integers.

Proof: Due to Proposition 3.13 it suffices to show this for a transposition (i j) with

i1 < j. However, for this we have obviously

(ij) = ({i+1No(i+1i+2)o--r0(j—2j—T)o(j—1j)o
oj—2j—T)o--o(i+Ti4+2)o(ii+1).
O

The representation of a permutation as composition of transpositions in not at all
unique. However, it turns out that the parity of the number of permutations needed
is independent of the chosen decomposition. This is related to the notion of the sign
of a permutation.

Definition 3.15
Let 0 € $,, be given.

a. A pair (1,j) of integers with 1 < 1i,j < n is called an error pair of o if 1 < j
but o(i) > o(j).
b. We define the sign of o by

sen(o) +1, if o has an even number of error pairs,
1 =
& —1, if 0 has an odd number of error pairs.

special case shows the most important idea of the proof and usually saves a lot of notation. One
should, however, be careful when stating that something can be assumed without loss of generality,

i.e. one should ensure that the remaining cases indeed do not require new arguments!
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Example 3.16
A transposition T = (1j) € $,,, with 1 < j, has precisely the 2- (j —1— 1) + 1 error
pairs

(1>1+])>(1)1+2)>)(1>]))(1+])J))(1+2>))>)(J_]))))

123 4
o=
2143

has the error pairs (1,2) and (3,4). Hence, sgn(o) = 1. O

and thus sgn(t) = —1.

The permutation

Sometimes it is useful to have the following closed formula for the sign of a permu-

tation. We leave its proof to the reader.
Remark 3.17
For o € S, gilt:

san(o) = [ o(j)—o(i) _o(2)—o(1) o(3)—0o(1) on)—omn—1)
BHoT= =i 21 31 =1

1<i<j<n
O

Much more important than the formula is the following property of the sign, which

makes it easy to compute it in concrete examples.

Theorem 3.18
a. The map

sgn : (Sn,0) — ({1,-1},)
s a group homomorphism, i.e. for 01,02 € 5., we have
sgn(oy 0 02) = sgn(oy) - sgn(o2).
b. Iso=Ty0---0Tk € 5., a composition of k transpositions then
sgn(o) = (—1)k.
c. Iso € 5, then o can either be decomposed as an even number of transpositions

or as an odd number.

Proof: Let c =c0'ote S, witho’' € Spandt=(1i1+1)foraie{l,...,n—1}1Is
(1,14 1) an error pair of o’ then T cancels this one our and o has one error pair less
than o’. Is conversely (1,1 + 1) not an error pair of ¢’ then the composition with T

creates this error pair and o has one error pair more than ¢’. Thus
sgn(o) = —sgn(o’) = sgn(o’) - sgn(T).

By Corollary 3.14 every permutation is a product of transpositions of consecutive
integers.
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Let 01 = Tyo---0T, and 03 = Tyy7 0 -+ 0 Ty be given as products of such
transpositions of consecutive numbers. By induction on r + s we see that

sgn(oy 0.02) = (1) = (=1)"- (=1)° = sgn(o1) - sgn(02).
This proves a., and b. follows by induction on k.

For c. let 0 =Tjo0-- 0Tk =170 0T with transpositions T, Tj € 5,,. Then by b.
(—1)* =sgn(o) = (1)},
and thus either k and 1 are both even or both odd. O

Definition 3.19
A, = Ker(sgn) ={o € 5,, | sgn(o) = 1} is the alternating group of degree n.

Remark 3.20
The kernel of the sign consists of all permutations with positive sign. We call these
permutations even. By Proposition 1.51 the kernel of sign is a subgroup of $,,.

The set {0 € 5., | sgn(o) = —1} is not a subgroup of $,,. It does not even contain

the neutral element id of $,,.

Exercise 3.21
Consider the permutations

.o 1234567 o 1 2
\263 7514 \32

1

34567\
7 1 5 6 7

b. Compute for each of the permutations in a. the cycle decomposition.

5
4

a. Compute com, moo, 0, 71 .

, 7T
c. Write o o 7t as a product of transpositions.
d. Write " as a product of transpositions of consecutive integers.

e. Compute for each of the permutations in a. the sign.

Exercise 3.22

Find two subgroups of $4 of cardinality 4 which are not isomorphic to each other.

Exercise 3.23
Compute all elements of the subgroup Dg = ((1234),(24)) <S4 of S4.

Exercise 3.24
Compute all elements of the subgroup Do = ((12345),(15)0(24)) <S5 of $s.

Exercise 3.25
Show that a k-cycle o has the order'® k and the sign (—1)%.

16For the notion of the order of an element see Exercise 1.61
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Remark 3.26
For n € Z with n > 3 consider the two permutations

= (12 ...n—1n)

and
{ (1 n)o(Zn—])o...o(T—Z‘%—F]), if n even,
On =
n—1

(Tn)o(2n—T)o...o (21 22) " ifn odd
in $,,. They generate the so called dihedral group

]DZn — <7Tn> Gn) S Sn
of order 2n.

If we label the vertices of a regular n-gon clockwise from 1 to n,

then 7, can be interpreted as a clockwise rotation of the n-gon by the angle %” It
maps the vertex with label 1 to the vertex with label 2, that with label 2 to that with
label 3, and so on. Similarly, o,, can be interpreted as reflection. The dihedral group
D3, is then the full symmetry group of the regular n-gon. Each element corresponds

either to a rotation or to a reflection. (See also Example 1.30.)

The groups Dg and D1 in the Exercises 3.23—4.18 are special cases of such dihedral
groups. They are the symmetry groups of the square and the regular pentagon
respectively.
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4 NORMAL SUBGROUPS AND QUOTIENT (GROUPS

The notion quotient group is without any doubt one of the most difficult notions
for beginners in mathematics. The first examples of groups that we encountered
were (Z,+) and (Q,+) — the elements are simply numbers, i.e. something rather
familiar. Afterwards we considered the symmetric group whose elements are maps.
For an arbitrary set M the group Sym(M) is certainly not that easy. The special
case of the 5, however, is much simpler again, since we could do calculations with
matrix-like schemes and we had fixed rules on how to manipulate these. The step
to the quotient group seems to be a major step which requires an awful lot of
abstraction, since the elements of these groups turn out to be sets. As mentioned,
this leads to a lot of trouble for beginners — however, I would like to convince you
that quotient groups are in principle something very simple. If we forget (like with
the permutations in S,) what the elements actually are, there remain only three
simple rules for manipulating and computing with the elements of a quotient group.
And all you need to remember, to be able to master quotient groups, are these rules!

Like all groups quotient groups consist of a set together with a group operation. The

first two subsections of this section are devoted to introducing the underlying set.

A) The Theorem of Lagrange

In this section we consider a particular type of equivalence relation. The underlying
set will be a group, and for the definition of the equivalence relation we will use the

following notion.

Notation 4.1
Let (G,-) be a group and A, B C G be two subsets of G. We define

A-B={a-blaeA,beB}

Sometimes we write short AB for A - B, and if A = {g} consists only of one element
we write gB instead of {g}B and Bg instead of B{g}.

Note that the associativity of the group operation induces the associativity of the
product of subsets, i.e. for A, B, C C G we have
(A-B)-C={(a-b)-clacA,beB,ceC}
={a-(b-¢c)JaeA,beB,ceC}=A-(B-C).
Proposition 4.2
Let G be a group and U < G. For two elements g,h € G we define
g~h &= g'hel.

Then ~ 1s an equivalence relation on the set G and the equivalence class which
corresponds to g is
g=gU={gu|uelj
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We call gU the left coset of U in G associated to g, and g is called a representative
of the left coset. Moreover we call

G/U={gU|geG]
the set of all left cosets of U in G and we call the cardinality
|G : Ul :=|G/U]
of G/U the index of U in G.

Proof: We have to show that the relation defined by ~ on G is reflexive, symmetric
and transitive. For this let g,h,k € G.

R1: Since g7'g = e € U we have g ~ g and ~ reflexive.

R2: Suppose g ~ h and hence g~"h € U. The closedness of U with respect to
inverses implies h™'g = (gqh) "¢ U. Hence h~ g, and ~ is symmetric.

R3: Suppose g ~ hand h ~ k and hence g 'h € U and h™'k € U. The closedness
of U with respect to the group operation implies g7 'k = (g_]h) (h_1k) el
and hence g ~ k. ~ is thus also transitive.

Thus ~ is an equivalence relation.

It remains to show that the set elements which are equivalent to g is gU. Ish € G
with g ~ h then by definition g~"h € U and thus h = g- (g~ 'h) € gU. Is conversely
h =gu € gU with u € U then g7'h =g 'gu =u € U and thus g ~ h. O

Since an equivalence relation induces a partition on the underlying set (see Propo-
sition 2.8) we get the following corollary for free.

Corollary 4.3
Let G be a group and U < G. For g,h € G we have either gU = hU or gUNhU = (),
and G is disjoint Union of the left cosets of U in G:*7

G= U g,

ACG/U

where gy € G is any representative of the left coset A, i.e. A = g\U.

Example 4.4
Consider the group G = S35 and the subgroup U = Aj. Then there are two cosets:

As=id Az = (123)As = (132)A3 ={id, (123),(132)}

and
(12)A3=(13)A; =(23)A3={(12),(13),(23)}
Thus the index [S3: Az| of Az in 3 is two.

1"Note that in the union U)\GG/u gaU each coset of U in G occurs ezxactly once, since for each

coset we have chosen exactly one representative.
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Remark 4.5
One left coset of U in G is always known. It is independent of the concretely given

U and G known, namely the left coset whose representative is the neutral element:
eU=U
i.e. the subgroup itself is always a left coset.

Moreover, one should note that the possible representatives of a left coset are pre-

cisely the elements in that coset. In particular, ull = U for each u € U. O

The possibly most important example in our lecture is the set Z/nZ of the left cosets
of the subgroup nZ in the group (Z,+). In order to be able to describe all left cosets
in this example and in order to give for each of them a most simple representative
we need the principle of division with remainder for integers.

Proposition 4.6
Is (G,:) = (Z,+) and U = nZ for a natural number n > 1 then U has precisely n

left cosets in G, namely:®

0 = 0+nZ = nz,
1 = 14+nZ = {l+nzlzeZ)
2 = 2+nZ = {2+nzlzeZ}

n—1 = m-—1)4nZ = n—1+nzlzeZh.
The index |7 : nZ| of NZ. in Z. is thus n.

Proof: We have to show that each integer m € 7Z belongs to one of the above

mentioned equivalence classes and that they are pairwise different.

Let m € Z an arbitrary integer then there exists by division with remainder integers
d,7 € Z such that
m=gn+r with 0<r<n-1.

But this implies!?
m—r=gqn=nqenzZ=1U.
Thus m is equivalent to r, and therefore m € ¥, where T is one of the above n

equivalence classes.

It remains to show for 0 < i < j < mn —1 that i # j. Suppose i = j then j would
be equivalent to i and hence j —1i € nZ would be a multiple of n. By assumption,

8Note here that the group operation is addition, so that a left coset is not denoted by “g-U”
but by “g+U”. Maybe this would not be so deceiving if not at the same time the subgroup U = nZ
itself looked like a multiplicative left coset — which it is not! This is one of the main reasons why
we prefer the notation k instead of k + nZ.

9Note again that the group operation in (Z,+) is the addition. The condition “g='h € U”

“

translates thus to “—g+h € U”. And since the addition is commutative we usually prefer to write

“h—geu.
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however, we know that 0 < j —1i < n is not a multiple of n. This shows that 1 and

j do not coincide. O

Notation 4.7
From now on we will usually write Z,, instead of Z/nZ. Moreover, we sometimes
write @, instead of a for a coset in Z, if we want to indicate modulo which integer

we are currently working.

Since the set Z,, is so important for our lecture we will introduce some common

notions.
Remark 4.8
Let n € Z be fixed. x,y € Z are said to be congruent modulo n if

x—yenZ={nql|qeZ.

Congruence is exactly the equivalence relation studied in Proposition 4.6, but instead

of the symbol “~” it is common to write
x=y(n) or x=vy (modn)

in order to indicate that x is congruent to y modulo n. a

We want to close this section with an important theorem, the Theorem of Lagrange.
Its main statement is that the order of a subgroup divides the order of the group
itself. The following lemma is a central building block of the proof of Lagrange’s

Theorem.
Lemma 4.9
Let G be a group, U < G and g € G. Then the map

lg:U—gU:u— gu

is a bijection. In particular, all left cosets of U in G have the same cardinality |U|.

Proof: The cancellation rule applied to lg(u) = gu = gu’ = lg(u’) for u,u’ e U
implies that uw =u’. Hence, is 14 injective. Let conversely h € gU be a any element
in gU then by the definition of gU there is a u € U such that h = gu. But then
h = gu = l4(u), and therefore 14 is surjective. The statement on the cardinality of
the left cosets then follows by definition, since two sets have the same cardinality if
and only if there is a bijection from one to the other. O

Theorem 4.10 (Theorem of Lagrange)
Let G be a finite group and U < G be a subgroup of G. Then

Gl =[U]-[G: Ul

In particular, [U| and |G/U| = |G : U| are divisors of |G|.
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Proof: Since G is finite also G/U is finite. Let G/U = {A;,..., Ay} and let the A;
be pairwise different, in particular |G : Ul = |G/U| = k. Since the elements of G/U
are left cosets of U in G we can for each A; chose a representative g; € G such that
Ai = giU. By Corollary 2.9 and Lemma 4.9 we then get:

k

k k
GIZ Y A=) lgW = > U =[uk=ulG:ul
i=1

i=1 i i=1

The Theorem of Lagrange implies immediately the following corollary.

Corollary 4.11
If G is a group and g € G we define the order of g as o(g) := [(g)], and if G is
finite then o(g) is a divisor of |G].

Remark 4.12
If G is a group and g € G then Exercise 1.55 implies

o(g) =inflk >0 | gc =€l € NU{c0).

We want to demonstrate the usefulness of the Theorem of Lagrange by an example.

Example 4.13
Let U < 83 then U] € {1,2, 3,6} due to the Theorem of Lagrange and since |53 =
3l =6.

1st Case: |U| = 1: Necessarily U = {id}, since the neutral element of $3 must
be in U.

2nd Case: |U| = 6: Since U is a subset of $3 we must have U = 3.

3rd Case: |U| = 2: There is some element id # o € U and thus o(o) # 1.
Corollary 4.11 implies that o(o) is a divisor of |U| = 2. Since 2 a prime
number we necessarily have o(o) = 2 and U = (o) is of generated by o. Hence

o€{(12),(13),(23)} and we have three subgroups of order 2:
U={id, (1 2)} or U ={id, (1 3)} or U ={id, (2 3)}.

4th Case: [U| = 3: As in the third case there is a id # o € U and 1 #
o(o) | [U] = 3. Since also 3 is a prime number we have o(c) =3 and U = (o).
But then o € {(123),(132)}and

U=((123))={((132)) ={id, (123),(132)} = As.
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We now know all subgroups of S3 and can illustrate them in the following subgroup

diagram.:
53
X
> 3 3 Ag
2y a3y (@23 /
\ZXZ
{id}

A line between two groups means that the one further up contains the one further
down, and the integers at the lines are the indices of the smaller groups in the larger

ones.

Remark 4.14

We called the equivalence classes with respect to the equivalence relation introduced
in Proposition 4.2 the left cosets, since they had the form gU, i.e. we constructed
them by multiplying the subgroup U from the left hand side by some element g.
Analogously we could consider the relation:

g~h & hg'lel.

This leads in the same way to an equivalence relation, and the equivalence class
corresponding to g is Ug. It is called a right coset. The analogon of Lemma 4.9 for
right cosets holds as well, and thus so does the corresponding version of the Theorem
of Lagrange, namely, in a finite group G with subgroup U which has m distinct right
cosets we have |G| = |U| - m. In particular, the number m of right cosets of U in G
and the number |G : U] of left cosets of U in G must coincide!

However, in general it is not true that left and right cosets coincide, i.e. it is not in
general true that gU = Ug. For this consider the example G = $3, U = {id, (1 2)}
and g = (1 3). An easy computation then shows that gl # Ug. In the following
subsection we want to study subgroups for which the relation gU = Ug always holds
true. O

Exercise 4.15 (Product formula)
Let U,V < G be subgroups of the group (G, -).

a. Show that by
(V) ~ (Wv) &= uw-v=u"V
an equivalence relation on the set U x V is defined.

b. Show that the equivalence class of (u,v) € U x V has the form

(wv)={(u-yy'-v)|yeunvy,
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and that it has the cardinality [U N V].

c. If U and V are finite, then the product formula
il - V|
unv|

u-v=

holds true.
Remark 4.16

The formula in the above exercise is particularly useful when the set U -V is indeed
a subgroup of G. This is, however, not always the case as we can easily deduce from
the Theorem of Lagrange: the product of the subgroups ((1 2)) and ((1 3)) of $3
is due to the exercise a subset of cardinality 4 and by Lagrange’s Theorem it thus
cannot be a subgroup of $3. We will see in the following section a condition on V

which ensures that U -V is a subgroup of G (see Lemma 4.29).
Exercise 4.17

If (G,-) is a group and |G| is a prime number then G is cyclic.

Exercise 4.18
Find all subgroups of the group Dg = ((1234),(24)).

Exercise 4.19
Find all subgroups of the group Do = ((12345),(15)0(24)).

B) Normal Subgroups

In the section on equivalence relations we have seen that an equivalence relation is
the proper method to partition a set. If the set G that we have partitioned had a
structure, e.g. was a group, we may very well ask if there is a natural way to pass
this structure on to the set of equivalence classes. Concretely, if G is a group and U
is a subgroup, is there a natural way to define a group operation on G/U?

The natural should mean that the definition is somehow obvious. Given two cosets
gU and hU we would want to define their product. There is of course a natural way
to do this; both are subsets of G and we know already how to define the product of
such subsets. What we do not know yet is if this product gives a coset again. If think
for a second we might see another obvious way to define the product of gU and hU,
namely as (gh)-U. The advantage of the latter definition is that it certainly gives a
coset again. However, what we cannot be sure of is that the definition is independent
of the chosen representative. In an ideal world these two obvious ways of defining
the product of cosets would coincide, solving both of our problems since the first
definition is obviously independent of the chosen representative and the second one
is obviously a coset. This leads to the notion of normal subgroups.

Definition 4.20
A subgroup U < G of G is called normal or normal subgroup if for all g € G and
u € U we have

gug' € U. (21)
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We denote this by U < G.

Remark 4.21

In order to show that a subset U C G is a normal subgroup it suffices not to check
the property (21) for all g € G and u € U. First one has to make sure that U is a
subgroup of G! This is an important part of the definition of a normal subgroup and
it is often forgotten by beginners.

Example 4.22
If G is a group then the subgroups {e} and G are always normal subgroup. We call
them trivial normal subgroups.

Lemma 4.23
If G is an abelian group then every subgroup of G is a normal subgroup.

1 1

Proof: Forge Gand ue U < G we have gug™' =gg - 'u=eu=ue U ([l

This lemma implies the following example.

Example 4.24
For each n € Z the subgroup nZ of (Z,+) is a normal subgroup.

Proposition 4.25

Let G be a group and U < G be a subgroup. The following statements are equivalent:*°

a. U< G is a normal subgroup of G.

b. gUg~'=U for all g € G.

c. gu=Ug forall g € G.

d. (gu) - (hU) = ghU for all g,h € G.
Proof: a. = b.: By the assumption we have g-U-g~' C U for any g € G. Let’s
now fix an arbitrary g € G and apply this inclusion to g~'. We then get

_ 11
9 ' u- (g 1) - u)

and thus

U=e-U-e=g-g'-U- (9_1)7] .g'Cg-U-gTCu.
This, however, implies g - U - g~" = U.
b. = c.: Multiplying the equation g- U - g~' = U by g on the desired equality.
c. = d.: Note that U-U = {n; -n, | ny,n, € U} = U, since e € U! We thus get
for g,h e G
(gU) - (hil) = (Ug) - (hU) =U- (gh) - U = (gh) - U - U = ghll

20Tn order to show the equivalence of several statement we can do a so called ring closure. It
suffices to show that “a. = b. = c. = d. = a.”, since “a. = b.” and “b. = c¢.” implies e.g. that
“a. = ¢.”, i.e. the seemingly missing implications follow as well.
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d. = a.: Let g € G and n € U be given, then

g.n.gf]:g.n.gf].eEgu.gf1u:g.97].u:eG.u:u.

Example 4.26
The subgroup U := {id, (1 2)} € 83 is not a normal subgroup the $3 since for
0= (2 3) € $3 we have

co(12)oo'=(23)0(12)0(23)=(13)&U.

A good source to find normal subgroups are group homomorphisms.

Proposition 4.27

If «: G — H is a group homomorphism then Ker(o) < G is a normal subgroup of
G.

Proof: We know by Proposition 1.51 that Ker(x) < G a subgroup of G. Let u €
Ker(a) and g € G then

uEK_er( )

a(gug™') = alg) - x(u) - x(g7")
«(g)-en-a(g) =alg)-a(g7") =a«(gg™') = aleg) = en.
Thus gug~' € Ker(o) and Ker(a) < G. O

Example 4.28
Consider the surjective group homomorphism (see Remark 3.20)

sgn: S, — {—1,1}
then Ker(sgn) = A, is a normal subgroup of $,,.
In general the product of two subgroups is not a subgroup any more. However, if one

of the two subgroups is a normal subgroup their product will always be a subgroup

again.

Lemma 4.29
Let G be a group, U < G and N < G. Then

a. UN < G.
b. N < UN.
c. UNN <.

Proof: Since N is a normal subgroup is by Proposition we have 4.25
(UN) - (UN)=U-(NU)-N=U-(UN)-N=(UlU)- - (NN)=UN,

since Ul = U and NN = N. This in particular shows that g -h € UN for all
g,h € UN.
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Let g =un € UN with u € U and n € N then
Prop. 4.25

g '=n"TueNU UN.

Since moreover € = e - e € UN and thus UN is non-empty we have that UN is a
subgroup.

This proves part a., and we leave the rest as an exercise for the reader. 0

Example 4.30
We consider the subgroups U = ((1 2)) and V = ((2 3)) of S3. Then

U-v={id,(12),(23),(123)}

and by the Theorem of Lagrange this product cannot be a subgroup of 3. This
shows that the condition N < G in Lemma 4.29 is essential.

Exercise 4.31
Proof Part b. and c. of 4.29.

Exercise 4.32
Let G be a finite group and U < G be a subgroup of index |G : U| = 2. Show that
U is a normal subgroup of G.

Exercise 4.33
Let G be a group and N < G be the unique subgroup of G of order |[N| = n. Show
that N < G is a normal subgroup.

Exercise 4.34
Find all normal subgroups of the group Dg = ((1 2 3 4), (2 4)).

Exercise 4.35
Find all normal subgroups of the group Do = ((1234),(15) 0 (24)).

C) Quotient Group

We have now gathered all results which we need in order to formulate the theorem
on the quotient group. In the hope that the notation g for the left coset gU of a
subgroup will make it easier to concentrate on the calculations with the elements of
the quotient group by simply clouding the fact that the element g = gU is actually
a set, we will adopt this notation right away.

Theorem 4.36
Let (G, ) be a group and U< G be a normal subgroup of G. Then?!
g-h=g-h, forgheG/U. (22)

With this multiplication as binary operation the set G/U is a group. The neutral
element of (G/U, ) is the left coset € = U, and the inverse of g = gU € G/U is the
left coset g1 = g~ 'U.

2IHere the product g-h = gU - hU is simply the product of subsets of of G as introduced in
Notation 4.1.
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Moreover, the residue class map
n:G—->G/U:g—7g

is an epimorphism of groups with Ker(mt) = U.

We call G/U the quotient group of G by U.

Proof: The Equality in (22) follows from 4.25 since U is a normal subgroup:
g-h=gU-hU=ghU=gh.

Let us now show that G/U with this operation is a group.

For g, h, k € G/U follows by the associativity of the multiplication in G:

(-h)-k=gh-k=(gh)k=g(hk) =g-hk=g- (h-k).

Moreover, € - g =eg = g, so that € the neutral element of G/U. And

g'-g=g'-g=F,

so that g has the inverse ' = g~1. Hence G/U is a group and the claims on the
neutral and inverse elements hold true.

From the definition of 7T we get right away

n(gh) = gh 'k =n(g) - m(h)
and
Ker(m) ={g e G[n(g) =e}={geG|lg=¢e=e=1U,
so that 7t is a group homomorphism with Ker(7t) = U. O
Remark 4.37

a. In the proof of the theorem we used that the product g-h is a product of subsets
of G. We will now try very hard to forget this particular fact again! We simply
remember that each element g of G/U is given by some representative g and
that all operations are done using these representatives where the operations
obey the following simple but important rules:

(i)g-h=g-h,
(i) g =97,
(ili) eg/u =€ =1, whenever u € U.

b. If the group (G, ) is abelian and U < G then so is (G/U, -), since

g-h=gh=hg=h-g.

As an immediate consequence we get the special case Z, since nZ is a normal
subgroup of (Z,+).

Corollary 4.38
Form € Z the pair (Zm,+) is an abelian group, where X +Y = x +y for x,y € Z.
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Remark 4.39
The calculations in Z,, for some well-chosen n is very familiar to us. If our clock
strikes nine then we know that in five hours time it is two o’clock. We do our
calculations in Z;:

9+5=14=2+1-12=2.

If your watch uses the 24-hour rhythm then you do your computations in Z4. If we

have now nine o’clock then 55 hours ago it was two o’clock:

9-55=—46=2-2-24=2.

If we number the week days from one (Monday) to seven (Sunday) then the question
which weekday we have in 51 days if today is Monday comes down to a computation
in Z:

1+51=52=3+7-7=3.
In 51 days it is Wednesday.

In order to get used to computations in Z,, we recommend to do some computations

with times and weekdays considering this new point of view. O

Example 4.40

For groups of small order, i.e. with a small number of elements, it is sensible to
write down an addition respectively multiplication table, which shows for every two
elements what their product is. In the case of Z,, we get for n = 2, 3,4 the following
tables:

—_|

—| ol| ol

2
2
0
1

—| O WI| Wi

wl NI =] ol +
wl N

ol Wl NI =

—| o Wl NI NI
Y]

O

If for a normal subgroup N < G the set of left cosets G/N is a group we may
ask the question if the knowledge of the subgroups of G gives some information on
the subgroups of G/N. And indeed there is a natural one-to-one correspondence of
the subgroups of G which contain N and the subgroups of G/N. This one-to-one
correspondence respects normal subgroups.

Remark 4.41
Let (G,-) be a group and N < G be a normal subgroup the following maps are
bijective:
{U<G|NCU} — {U|U<G/N}:U— U/N
and
{M<G|NCM} — {M|M<G/N}: M- M/N.

The proof is left as an exercise for the reader.



54

From Proposition 1.39 we know that the subgroup of (Z,+) have the Form mZ for
a non-negative integer m and from Example 1.30 we know that mZ is contained in
nZ if and only if n is a divisor of m. This gives immediately the following corollary.

Corollary 4.42
Ifn € Z-y is a positive integer then

U<Z, < 3Ime{l,...,n} withm dividesn : U=mZ/nZ = (M,).

In particular each subgroup of Zm s cyclic.

Proof: Due to Remark 4.41 it suffices to find the subgroups U of Z with nZ C U.
By Proposition 1.39 such a subgroup has the form U = mZ for an integer m > 0.
The Condition nZ C mZ induces by Example 1.30 that n is a multiple of m, i.e.
m must lie between 1 and n and m is a divisor of n. O

We next want to compute the order of an element m € Z,, for positive integers m

and n. For this we introduce the following notation.

Notation 4.43
For two integers a,b € Z let

min{z > 0 | a and b divides z}, if a,b #0,

lem(a,b) := )
0, ifa=0o0rb=0.

We will see later (see Exercise 7.11) that lem(a, b) is a lowest common multiple of

a and b in the sense of Definition 7.4.

Corollary 4.44

Let m,n € Z-y. Then
_ lem(m,n)
o(m) = ———

m
1s the order of M € Zi,.

Proof: Since (Zn,,+) is a finite additive group the expression for the computation

of the order of m in Remark 4.12 takes the following form:
o(M) = min{k>0|k-m=0}
= min {k >0 } n divides k-m}
m - min{k > 0 | n divides k - m}

m
_ min{m-k|k>0,n divides k- m}
B m
min {1 >0 | n and m divide 1}
B m
_lem(m,n)
=—.
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Exercise 4.45
Prove Remark 4.41.

Exercise 4.46
Find all subgroups of (Zs3,+).

Exercise 4.47
Consider for m,n,a,b € Z-, the element (ﬁm,Bn) € Zim X Zy in the group (Z, X
Zin,+). Show that the order of this element can be computed as follows

o( (s B1)) = em (0(an),0(Fn)) = e (&, TenEn])

and that it is a divisor of lem(m,n). In particular, the group Z,, X Z, is not cyclic

if m and n share a common divisor apart from one..

Exercise 4.48
Compute the order of (521,533) € Ziy X Z.33.

Exercise 4.49
Let o and 7 be two disjoint cycles in S, of length k respectively 1. Show that
o(oom) =lem(k,1).

D) The Homomorphism Theorem

If there exists a group isomorphism from one group G to another group H then
these two groups are the same from the point of view of group theory. All group
theoretically interesting properties are preserved by group isomorphism so that it is
not necessary to distinguish between isomorphic groups. Thus, if you want to study
a certain group and you do not like the way it represents itself to you then you
might as well switch to an isomorphic group whose representation you like better.
It is therefore interesting to get to know some basic means of showing that certain

groups are indeed isomorphic.

Theorem 4.50 (Homomorphism Theorem)
If «: G — H is a group homomorphism then the induced map

a:G/Ker(a) —» Im(a): g — a(g)
is well-defined?? and an isomorphism. In particular
G/ Ker(a) = Im(«).

22The notion well defined means in principle just that the definition is a definition at all. What
might be the problem? The elements of G/ Ker(«) are by definition left cosets (even though we
still try very hard to forget this fact), and as such they are given by representatives which we use
for the computations as well as for the definition of the map &. However, in general each coset has
many different representatives and in a definition as above it is a priori not at all clear why the
allocation g — «(g) does not depend on the choice of the given representative. Le. if h a another
representative of the same left coset, that is if g = h, is it then true that also «(g) = «(h)? If
this is not the case then we made a bad mistake since in our definition we did not specify which

representative of a coset one should use! Thus, for the well definedness of the map we have to check
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Proof: We show first that & well defined. For this let g = h € G/ Ker(«) be given.
Then g~ 'h € Ker(a) and thus

en=a(g 'h) =a(g )a(h) = (oc(g))qoc(h).
Therefore, x(g) = a(h) and « is hence well defined.
For g,h € G/ Ker(a) we have moreover
&(g-h) = a(gh) = a(gh) = a(g)a(h) = &(g) - &(h).
Therefore, « is also a group homomorphism.

« is obviously surjective. It thus remains to show that & injective. For this let
g,h € G/Ker(«) with a(g) = &(g) = &(h) = «(h), then

1 _ —
en = («(g)) alh) = (g7 )ax(h) = (g 'h).
Le. g7'h € Ker(«) and hence g = h. This shows that & is injective. O

Example 4.51
Consider the groups (Z,4) of integers with addition and (C \ {0},-) of complex
numbers with multiplication. From the lecture Grundlagen der Mathematik it is
known that

«x:72 — C\{0}:z+— e 7z
is a group homomorphism since the power law

P (42 e

i
3 z z

€ =€ - e

holds true. A simple computation shows that
Im(oc) = {1 ) —1 y ia _l}
and
Ker(x) =4 -7,

# = 1if and only if 5 is a multiple of 2. The Homomorphism Theorem

. i
since ez
then implies

T4 = 7.)A7 = 7,) Ker(o) = Im(o) = {1, 1,1, 1},

where the group operation on the left hand side is the addition and on the right
hand side it is multiplication

In order to understand the well definedness of the map « in the Homomorphism
Theorem in an example we recommend to note the following. In Z /47 the cosets 2
and 6 coincide. Therefore under the map
X:7Z/87 —{1,-1,i,—1}:z2— e ?
precisely this fact: g =h = «(g) = «(h), or with the above notation
g=h = «(g) = «(h).
This looks close to the injectivity of a map, however, for the injectivity we had to check just the

opposite implication!
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also «x(2) = «(6) has to hold true. In view of the definition of & this means that

necessarily «(2) = «(6) must hold true. This, however, is correct since 2 and 6 differ
by 4 and ez 4 =1.

Remark 4.52
Consider for n > 2 again the surjective group homomorphism (see Remark 3.20)

sen: S, — {—1,1}L

The Homomorphism Theorem 4.50 implies in particular [S./A.| = {—1,1}| = 2.
[Sn

Since by the Theorem of Lagrange 4.10 also |S,,/A,| = \A_n‘l holds true we get with
Proposition 3.11 the following equation:
n!

The following isomorphism theorems are easy applications of the above Homomor-

phism Theorem.

Theorem 4.53 (1st Isomorphism Theorem)
If G is a group, U < G and N < G. Then

U/UNN=UN/N.

Proof: We leave the proof to the reader as an exercise. 0

Theorem 4.54 (2nd Isomorphism Theorem)
Let G be a group, M C N C G be two normal subgroups of G. Then also N/M is a
normal subgroup of G/M and we have

(G/M)/(N/M) = G/N.

Proof: We consider the following map

B:G/M — G/N:gM — gN,
and show that it is an epimorphism with kernel N/M. This in particular shows that
N/M is a normal subgroup of G/M.?
Step 0: f is well-defined.
Since we define the map (3 via the choice of a (non-unique) representative of the
coset, we have to show that (3 is well-defined, i. e. that the definition is independent

of the chosen representative. Let therefore gM = g’M, then g7' - g’ € M C N, and
thus = gN = g’N, i. e. gN does not depend on the representative of gM.

Step 1: 3 is a homomorphism.

Let gM, g’'M € G/M be given. Then
B(gM-g'M) =B(gg'M) =gg'N=gN-g'N=p(gM)-B(g'M).

23Note that M is obviously a normal subgroup of N and hence the quotient N/M is indeed
defined and it coincides with the set of left cosets of M in G of the form nM with n € N.
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Step 2: [} is surjective.

Let gN € G/N be given. Then gN = 3(gM) € Im(f3), so that 3 is surjective.
Step 3: Ker(p) =N/M.

gM € Ker(p) if and only if gN = N if and only if g € N if and only if gM €
N/M. O

Exercise 4.55
Prove Theorem 4.53

With the help of the Homomorphism Theorem and the Theorem of Lagrange one

can solve the following exercise.

Exercise 4.56
Let (G,-) and (H,*) be two finite groups of coprime order. Show that there is
precisely one group homomorphism «: G — H.

Exercise 4.57
Let (G, ) be a group.

a. If g,h € G with o(g) = o(h) = p, where p a prime number, then either
(9) = (h) or (g) N (h) = {e}.

b. If |G| = 10 the there are two elements g,h € G with:

e o(g) =2,

e o(h) =5

(h) <G,

(9)-(h) =G.

Hint, for part b. show first that neither of the following two possibilities can occur:
Ist o(k) =2 for all e 2k € G, 2nd o(k) =5 for all e Ak € G.

A group G as in Exercise 4.57 b. is called a semidirect product of (g) and (h). One
can show that if g-h = h- g then G is isomorphic to Zjo while otherwise G is
isomorphic to Dqg.

Exercise 4.58
Find all group homomorphisms « : Z1g — Z,, with n € {6, 13}.

E) Cyclic Groups

We want to close this section with the classification of all cyclic groups.

Theorem 4.59
Let G = (g) be a cyclic group.

a. If |G| = oo then we have the group isomorphism

a:ZiG:zn—)gz.



59
b. If |G| =n < oo then we have the group isomorphism
X:Zn— G:Z g~
Proof: For the map
x:Z — G:z— g*
and two integers x,y € Z we have
alx +y) =g =g g = a(x) - aly).
Hence, o is a group homomorphism and
Im(a) ={g* |z € Z} = (g9) = G,
i.e. « is surjective.
If |G] = o(g) = oo then
{0} ={z€Z | g* = e} = Ker(«x)
by Remark 4.12, i.e. in this case « is also injective.
If |G| = 0o(g) =n < oo then by Exercise 1.55
Ker(a) ={z € Z| g* = e} =nZ.
The Homomorphism Theorem therefore implies that the map & is a group isomor-

phism. 0

The classification of cyclic groups can be applied to compute the order of g™ from
the order of g.

Corollary 4.60
If (G,-) is a group, g € G with o(g) < 0o and 0 #m € Z. Then

o(g™)

_ lem (m,o(g))
m| '

Proof: Let n = o(g) then
®:Zn — (g) 1z g7
is a group isomorphism by Theorem 4.59. Exercise 1.61 implies therefore that
o(9™) = o)) = o).

If m > 0 then the claim follows from Corollary 4.44. If m < 0 then —m > 0 and we

get analogously
_ lem(—m,n) lem(m,n)
—-m |m|

Since moreover the order of an element and its inverse coincide the claim follows
also in the case m < 0. O
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Corollary 4.61
If G =(g) is a cyclic group of order |G| =n < oo then:
U<G < 3Jme{l,...,n} withm dividesn : U= (g™).
For such a subgroup the following holds true:
(o™ =1
g i

In particular, G has precisely one subgroup of order d for each divisor d of n.

Proof: By Theorem 4.59 the map
x:Zn— G:z— ¢g*

is a group isomorphism, so that the first assertion follows from Corollary 4.42. The
claim on the order the follows from Corollary 4.60, since lem(m,n) = n. Finally we

should note that with m also -~ runs through all divisors of n. 0

Since the subgroups of Z are cyclic by Proposition 1.39 we get the following state-
ment by Theorem 4.59 and Corollary 4.42.

Corollary 4.62

Fach subgroup of a cyclic group is cyclic.

Exercise 4.63
If (G,-) is a group and p = |G| a prime number then G is isomorphic to (Z,, +).

Exercise 4.64
Let (G,-) be a group, g € G and n € Z-,. Show there is a group homomorphism
«:7Zn — G with oc(T) = g if and only if the order of g is a divisor of n.

Exercise 4.65
Find all automorphisms of the group (Zo,+).
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5 CHEcCK DiciT CODES

Nowadays products in shops all carry bar codes and are identified by them. Moreover,
at the cash desk the bar code is scanned or typed in and that way you get charged
the price. Sometimes the bar codes are not recognised correctly or the wrong number
has been typed in. However, the error is recognised by the machine and the bar code
is not accepted.

A) HAVE YOU EVER WONDERED HOW IT COMES, THAT YOU ARE ALWAYS CHAR-
GED THE RIGHT PRICE?

Well, the machine looks the bar code up in some data base, and if the incorrect bar
code was contained in that data base as well, then the machine could not possibly
detect any error. So, when assigning bar codes, you have to make sure that no bar

codes which - in a certain sense - are too similar are in the data base.

Is this difficult? Well, to decide on that question we should know, what bar codes
in principle look like!

Bar codes are also called EAN-13 codes, where EAN is short for European Article
Number, and they consist of a thirteen digit number. The first 2 to 3 digits stand
for the organisation which assigned the numbers to the producer, some of the next
digits identify this producer and so on. So, the digits are not really arbitrary digits.
In particular, for a fixed producer a large part of the bar code will always be the
same. I. e. the numbers will have to be similar!

How can we get along with that problem?
Idea: Store some redundant information which is not needed to identify the article,

but only to detect possible errors.

In the case of the EAN-13 only 12 digits characterise the article. Digit no. 13 is a so
called check digit.

B) HOW IS THE CHECK DIGIT RELATED TO THE (REAL) ARTICLE NUMBER?

Basic Idea: It should be possible to calculate the check digit from the remaining
digits in an easy way, but such that (common) errors are possibly detected.

First Idea: Repeat the whole number! This is a bit too much redundancy and
increases the risk of falsely scanned numbers.

Second Idea: Take the cross sum of the digits of the real product number as check
“digit”.
E. g. if the product number is 013412547180, then the check digit would be

O0+1+3+4+1+2+5+4+7+1+8+0=236.

This will usually be several digits long, and is still too much redundancy.
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Third Idea: Let’s just take the last digit of the cross sum!
E. g. in the above example the check digit would then be 6.

This can be formulated in a more mathematical way by saying that
we take the remainder of the cross sum by division with remainder modulo 10.

And that’s where groups come into play as a nice way to formulate the procedure. We
may identify the digits 0, ..., 9 with the elements of the additive group (Z/10Z,+),
just via the map

0,...,9y—=7Z/10Z:a—a=a+ 10Z ={a+ 10z | z € Z},

i. e. identifying the digit with the residue class represented by the number. Viewing
the digits in the article number as elements of 7Z/107Z that way, the check digit
becomes just the sum of the “digits”.

E.g O+T+3+4+14+24+5+4+7+1+8+0=236=6.
C) DOES THIS ALLOW TO DETECT ERRORS? OTHERWISE IT IS OF NO USE.

Certainly we will not be able to detect all errors, thus we have to distinguish certain
types of errors! Some statistics tell us that the following two types are the most

common ones.

Type I: “Single Digit Errors” — i. e. just one digit is wrong. These are roughly
80% of the occuring errors.

Type II: “Neighbour Transpositions” — i. e. two neighbouring digits have been
interchanged. These are about 10% of the errors.

It is fairly obvious that the cross-sum-mod-10-approach cannot detect errors of Type
I1, since the addition in Z/10Z is commutative. However, does it detect errors of
Type I?

Suppose the correct number was aja;--- a3 and instead of some a; we read aj €
{0,...,9} with a; # a{. Then

12
@ - (Sava) - Yo- (Taew) - aca 40 0

j#4,13 j=1 j#,13
since a; — a is number between —9 and 9 which is non-zero and thus 10 does not

divide a; — a. That means “Single Digit Errors” are detected.
D) Back To EAN-13.

The encoding of EAN-13 is, however, slightly different. The check digit in aja; - -- a3
satisfies

5= (1) @+ (-3) @+ (1) T+ (-3)

gl
+
|
T
o
w

or equivalently
G +3-a;+a+...+a3=0.
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We call these equations check digit equations.
Does this still detect errors of Type 1?7

Let’s go back to Equation (23) for this. The question finally comes down to checking

whether a; # af implies that a; — af and 3 - (a; — a!

{) are not equal to 0, which is

the case since a; — a! is not divisible by 10 and thus also three times this number is
not. Thus we are lucky.

How about errors of Type I17

If a; and ai;1 have been interchanged, then this comes down to the question whether

S-mt+ A =3 0+ o
& 2-(ai—aiy) =0
& 5] a;— ai.
Thus even errors of Type II will quite frequently be detected, but not all of them.

We achieved this by multiplying the digits in the cross sum by certain weights w; —
here w; = 1 and w; = 3.

E) WHICH WEIGHTS w; WOULD HAVE BEEN SUITABLE IN THE CHECK DIGIT
EQUATION IN ORDER NOT TO LOOSE THE PROPERTY THAT ERRORS OF
TYPE I ARE DETECTED?

The important point was that
i. e. that the map
W, : Z/10Z — Z/10Z :a — w;-a

is injective, and hence bijective since Z/10Z is a finite set. In other words, py, is a
permutation of the set Z/10Z.

This leads to the following generalisation and definition.

Definition 5.1
Let (G,-) be a group, go € G a fixed element, and let my,...,7, € Sym(G) be

permutations.

a. We call

C=Cqlm,..., 7, g0) = {(g1,...,9n)" € G™ | m1(g1) - - 7n(gn) = go}
a check digit code (CDC) of length n on the alphabet G.

b. We say that C detects errors of Type I if and only if (g1,...,gn)* € C and
g!{ € G with g{ # g; implies that (g1,...,9i-1,9{, Gi+1,---,9n)" & C.

c. We say that C detects errors of Type II if and only if (g1,...,gn)* € C with
gi # g1 implies that (g1,..., 911, 9111, 95, Gis2, - -+, Gn) € C.
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Example 5.2 (EAN-13)
Let (G,-) = (Z/10Z,+), go =0, n = 13, my = p; if i is odd and 7; = p3 if i is even.

This then describes the EAN-13 code C = Cz/10z(11, U3, - - -, 11, 0).

Actually, C = ker(¢), where ¢ : (Z/10Z)'3 — Z/10Z is the group homomorphism
defined by multiplication with the matrix (T, 3,1,... ,T).

Having introduced check digit codes over arbitrary groups it would be nice to know

something about their error detecting properties.

Proposition 5.3 (Error Detecting Properties)
Let C = Cg(m,...,mn, go) be a CDC over the alphabet (G, ).

a. C detects errors of Type I.

b. If n > 3, then C detects errors of Type II if and only if Vi =1,...,n—
1,VgheGs. t.g#h:

g (mnom ") (h) #h (mom')(g).

t

Proof:  a. Let (g1,...,9n)" € C, g{ € G such that g{ # gi, and suppose
(g1,-+-,0{,...,9n)t € C. Then

/

m1(g1) + Tnlgn) = go = m(g1) - - 7i(9]) - - 7Tnlgn).
By the cancellation law we thus deduce that
mi(gi) = T[i(gi,)-
But then also gi = g{, since m; is injective. This, however, is a contradiction
to our assumption.

b. Let’s first assume that the condition of the proposition is satisfied and let’s
show that then C detects errors of Type II. For this let (g1,...,gn)t € C be
given with g; # gi;1 and set g = mi(gi) and h = 7y(gi1). Since 73 is injective
we have g # h. Thus by the condition of the proposition we also have

7(gi) - i (9in) = 9 (s oy ') (W) # h- (i o7y ') () = mi(gin) - T (90).

Multiplying both sides with the same element of G the inequality is preserved
and we get

m1(g1) - ilgd) - M (giet) - - Tnlgn) # milg1) - il girr) - misa(gi) - - Tnlgn).

This means that C detects errors of Type II.

Let’s now suppose that C detects errors of Type II and then prove the
above condition. For this let g,h € G with g # h, and set g; = m; '(g) and
gir1 = m; ' (h). Since 7 is bijective gi # giy1. Choose now g; € G, j #1,i+ 1
such that (g1,...,gn)* € C (here we need n > 3). Thus by assumption

(91,--->gi+1,91>---,9n)tgc-
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But then

m(g1) -+ Tnlgn) = go # m(91) - - Ti(Gis1) - Tira (i) - - TTnlgn).
Using the cancellation law we derive
g (miom ) (h) = mi(ge) - g1 (gig) # Milgig) - T (gd) = (M oy ') (g).
This finishes the proof.
O

Note: If (G, ) is abelian and inv: G — G : g — g~ ' denotes the inversion map,
then the condition in Proposition 5.3 comes down to

g - (invormy oﬂ;])(g) #h - (invormy oﬂ;])(h). (24)

Since inv ortyq 07T, ! € Sym(G) is a permutation of G, it seems that maps of the form
g — gmt(g) for some permutation 7t € Sym(G) are connected to the error detecting
properties of codes.

Definition 5.4
Let (G, -) be a group and 7t € Sym(G). We call 7w a complete mapping if and only if
the map

m:G—-G:g— g-m(g)

is again a permutation of G.

So far we know how to check whether a given CDC detects errors of Typer II or not,
but we have no means to find such a code — or possibly to decide that their is non.

Corollary 5.5
Let (G,-) be a finite abelian group, n > 3. Then there is a CDC of length n which
detects errors of Type II if and only if G admits a complete mapping.

Proof: Let’s first suppose that G admits a complete mapping m € Sym(G). Set
go=¢eg and m; = (invorm)t fori=1,...,n.
Claim: C = Cg(my,..., 7, go) detects errors of Type II.

For this we only have to check that Equation (24) is satisfied. Let g,h € G such
that g # h. Then

g (invorm o ')(g) =g (invo(invorr) ') (g) = g - mt(g) = 7*(g)
#m(h) =h-m(h)=h- (inv o(inv o7'[)i+1*i) (h)=h- (inv OTTi 41 © 7':{1) (h).
Thus Equation (24) is fulfilled.

Let’s now suppose that there is a CDC Cg(m, ..., 7, go) which detects errors of
Type 1. We define 7t = invom, o ;' € Sym(G) and we claim that this is then a
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complete mapping. In order to check this we let g,h € G such that g # h. Thus by
Equation (24) we have

' (g) =g-m(g) = g-(invonzmrfl)(g) #h- (invortzonf)(h) =h-7mt(h) =" (h).

Hence 7t is injective and thus bijective, since G is finite. But then 7t is a complete
mapping. 0

Remark

a. If |G| =2 - m with m odd, then there exists no complete mapping on G.**
In particular, there is no CDC on Z/10Z which detects all errors of Type
II.

b. If |G| is odd, then the identity mapping idg is a complete mapping.

Proof: Let |G| = 2m + 1, then by the Theorem of Lagrange we have eg =

g/Sl = g?™*+! Multiplying by g we get (gm“)2 = ¢, and thus the mapping
idg : g — g-idg(g) = g? is surjective. But since G is finite, it is then
bijective. O

c. Problem: There is no CDC on (Z/10Z,+) which detects errors of Type II!
How can we deal with that?

Solution 1: Use an odd number of digits, i. e. calculate over Z/mZ with an
odd m.

E. g. the ISBN code works over (Z/117Z,+), where the element 10 = 10 +
117 is denoted by X and is only used as check digit. The ISBN code is a
Czmzlm, ... , 0, 0) code, where m; : Z/11Z — Z/11Z : @ — i - @. We leave
it as an exercise to check that the code actually detects errors of Type II. You

only have to check that Equation (24) is satisfied.

Solution 2: Use a non-abelian group with ten elements! There the non-
existence of a complete mapping is not related to the error detecting property.

Example 5.7 (German Currency)
The check digits of the serial numbers of the German currency where actually en-
coded by a Cp,, (7’(1, .oy o, 1dp, 4, (1 )) code.

Consider the dihedral group
D= <(1 2345),(15)(2 4)> < S5 =Sym ({1,...,5}).

In the exercises you show that, setting 0 = (1234 5) and T = (15)(2 4), we may
describe Dy as the set

Do = {c®=(1),0',...,0 100’ =1,100",...,T00"}.
And since To 0 =0 'oT # 0o, the group is indeed not abelian.

24The proof is elementary, but lengthy. We refer the reader to [Sie81].
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Verhoeff showed in [Ver75] that the permutation 7t: D9 — Dy of Dqg defined by

! ‘ 2 ‘ o3 ‘G“‘Tooo"rocﬂ‘TOGZ‘TOG3‘TOG4
3‘ o3

X HO‘O‘ o o

7T(X)HO'1‘TOGO‘TOGZ‘TOG‘GZ‘TOG ‘ o ‘TOOA‘ o?
satisfies that g,h € Dqo with g # h implies g o t(h) # h o 7t(g). Hence, setting
m = 7t € Sym(IDyp), the code C]Dm(m, ..., 0o, (1)) detects errors of Type II by

Proposition 5.3.

Of course for the serial numbers on the German currency they did not use such fancy
symbols like 0. They used the usual 10 digits and in addition 10 letters. However,
they were identified with the elements in Do in the following way

0 1 2 3 4 1 2 3

oo 0?0’ |o*|To0®|Too! |Too?|T0o0®| To0?
ol 112|314 5 6 7 8 9
A|D|G|K]|L N S u Y Z.

Thus, if you wanted to check whether a serial number on a German bank note was

valid, you replaced the digits and letters by the appropriate elements of Do and
looked whether this element belonged to Cp,, (7’[1, . ey T, idp, 4, (1 )).

Exercise 5.8
Check if AA618630572 is a valid serial number for a German bank note.

Question: Could we have used some other group with 10 elements as alphabet?

Answer: No! Not really. The group only matters up to isomorphism, and one
can show that up to isomorphism there are only two groups with 10 elements —
(Z/]OZ, +) and (]D1O) O).
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6 RINGS AND FIELDS

A) Rings and Fields

In Section 1 we introduced the mathematical structure of a group, and our first ex-
amples were the additive groups (Z, +) and (Q, +) of integers and rational numbers
respectively. On these two sets we have besides the operation of addition a second
binary operation, the multiplication, and in both cases there are again interesting
rules satisfied. E.g. the set (Q\{0}, -) is again a group while the set (Z\{0}, -) comes
short of this property only by missing the multiplicative inverses. We now want to
generalise these examples which leads to the following definition.

Definition 6.1

a. A ring with one is a triple (R,+,-) consisting of a set R together with two
binary operations

+:RxR—=R:(a,b)—a+b, (“addition”)

and
:RxR—=R:(a,b)—a-b, (“multiplication”)
such that the following axioms are fulfilled:
(i) (R,+) is an abelian group (with neutral element Og).

(ii) a-(b-c)=(a-b)-cforall a,b,c € R.  (“associativity of the multi-

plication™)

(iii) there is an element Tg € R with Tg-a=a-1g=a for all a € R. (“the

1-element”)
(iv) a-(b+c)=a-b+a-cand (b+c)-a=b-a+c-aforall a,b,c €R.
(“distributivity”)
b. A ring with one (R, +,-) is called commutative if a-b =b - a for all a,b € R.
c. If (R,+,-) is a ring with one then a € R is a unit or invertible in R if there is
an a’ € Rwith a-a’ =a’-a = 1. We denote by

R* ={a € R| a is unit}

the set units in R.

d. A commutative ring with one (R, +,-) is called a field if Tg € R* = R\ {0}.

Remark 6.2

We will always denote the addition in rings by the symbol 4+ and the multiplication
by the symbol -, even if we consider several rings at the same time. We will the-
refore usually talk about a ring R rather than the ring (R, +,-), omitting the ring

operations. Moreover, we will in general write ab when we mean a - b.
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The neutral element of (R, +) will always be denoted by Og or simply by 0, and we
call it the 0-element of R; similarly the 1-element will be denoted by Tg or simply
by 1.

If R is a ring and a,b € R we abbreviate a + (—b) to a — b.

The 1-element in R is uniquely determined since if 1g, 1 € R are two elements with
the property of the 1-element then 1g = Tg- 15 = 1k

"

IfaeRisaunitand a’,a” € Rwitha-a’'=a’-a=1Tgranda-a”"=a”"-a=1x

then

//'a)‘a/:a”'(a‘a/):a//'1R:a/,.

a’'=1g-a’ =(a
The inverse a’ to a is therefore uniquely determined and it is denoted by a™' or %‘

Note that the definition implies right away that (R*,-) is a group, the so called group
of units of the ring R.

Taking the rules in Lemma 6.5 into account we can show easily that a triple (K, 4+, )
is a field if and only if

a. (K,+) is an abelian group.

b. (K\{0},) is an abelian group.

c. Forall a,b,ce Kwehavea-(b+c)=a-b+a-c.

Example 6.3
a. (Z,+,-) with the usual addition and multiplication is a commutative ring with

one, but it is not a field.
b. (Q,+,-) and (R, +, ) with the usual addition and multiplication are fields.

c¢. In the Lecture Grundlagen der Mathematik the set C ={(x,y) | x,y € R} was
considered together with the two binary operations

+:CxC— C: ((x,y),(x,y") = (x+x",y+y’)
and
2 CxC—C: ((xy), (¥, y) — (x-x' —y-y',x-y' +x"-y).

Moreover, it was shown that (C, 4+, -) is a field — the field of complex numbers

For the elements of C the following notation is common: (x,y) = x + iy with
.2

1* = —1. We will suppose for the remaining part of the lecture that the complex
numbers and their properties are known.

d. If M is an arbitrary set and (R, +,-) is a ring with one then so is

RM:={f|f: M — R is a map}

with the pointwise operations

+:RMx RM 5 RM: (fg) = (f+g: M = R:ix - f(x) +g(x)),
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and
G RM X RM 5 RM: (fg) = (f-g: M — Rix— f(x) - g(x)).

The constant function 0 : M — R : x — Ogr is the neutral element of the
addition and the constant function 1 : M — R : x — Ty is the 1-element as
one can show with a bit of effort.

e. In Exercise 1.21 we introduced the set

b
Mat,(R) = {( : d) ‘ a,b,c,dER}

of real 2 x 2-matrices and for two matrices

a b a’ b’
Maty (R
<c d)’(c’ d’)e at2(R)

we defined their product as

a b a’ b’ B a-a’+b-¢’ a-b’+b-4d’
c d ¢ &) \ca+d-¢ c¢c-b+d-d |’

If we define moreover

a b L a’" b’ B at+ta b+b’
c d ¢ 4] \ c+c¢ d+d )’

then only a bit of patience is necessary to show that (Mat,(R),+, ) is a ring

(27)

This ring is not commutative since

(09) (33)-(2)-(39)-(2) (£0)

In the lecture Grundlagen der Mathematik this example will be generalised to

with T-element

matrices of arbitrary size n x n for n > 1 whose entries belong to an arbitrary
field K, and the proof that we get this way a commutative ring with one will
be proved in a much more elegant way.

Example 6.4
Let (R,+,-) and (S, 4+, -) be two commutative rings with one. The Cartesian product
R x S is a commutative ring with one by the componentwise operations

(rs)+ (") = (r 47", s+5')
and
(T>S) : (T/>S/) = (1' : Tla S S/))

and the T-element of R x S is (1g, Ts). Checking the axioms is an easy application
of the definition.
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For the units in R x S we have
(Rx S)* =R* x S,
since
(Mg, 1s) = (1,s) - (v/,s')=(r-1',s-s') & Ig=7r-1"and Ig=s-5".

In the same way the Cartesian product of an arbitrary number of commutative rings
with one is again a commutative ring with one by componentwise operations, and
the group of units of the new rings is just the Cartesian product of the groups of
units of the individual rings.

We now want to give some rules for computing in rings.

Lemma 6.5 (Computational Rules)
Let R be a ring with one. For a,b,c € R we have

a. —(—a) = a.

b.a+b=c & a=c—b.

c. —(a+b)=—a—b.
d.0-a=a-0=0.

e. (—a)-b=a-(=b)=—(a-b).

g.a-(b—c)=a-b—a-c.
h. For a € R* we have a~' € R* and ((1_1)71 = a.

i. If 1x = Og then R ={0g} the nullring.

Proof: The statements a., b. and c. follow right away from Lemma 1.6.

d. For a € Rwe have 0-a = (04+0)-a =0-a+ 0-a. Hence it follows that

0-a = 0 by applying the cancellation rules in (R,+). Analogously we check
that a-0=0.

e. For a,b € R we have by d.:
a-b+(—a)-b=(a—a)-b=0-b=0.

Hence, —(a - b) = (—a) - b. The equality of these two terms to a - (—b) is
shown in the same way.

f. For a,b € R we get by a. and e.:

g. For a,b,c € R Part e. implies:

a-(b—c):a-b+a-(—c):a-b+(—(a-c)):a-b—a-c.



72

h. If a € R* is a unit with inverse a='. Then by definition a is an inverse of a='.

In particular a=' is a unit. The uniqueness of the inverse (see Remark 6.2)

shows then that a = (a™")~".

i. faeRthena=1g-a=0r-a=0g

O

An important class of commutative rings with one are the so called formal power

series rings.
Definition 6.6
Let R be a commutative ring with one. If ay € R for k € IN then the map

IN— R:k— ax

can be represented by the expression Y - ax - t*. The set

RI[t] = {Zbk %] bre R}

k=0
is the set of all such maps from IN to R. We call the elements of R[[t]] formal power
series, and R[[t]] is called the ring of formal power series over R in the indeterminate
.

For two formal power series ) - a; -t Z?io b; -t € R[[t]] we define

> ai-tt + ) bitt = ) (ai+by) -t e R[]
i=0 i=0 i=0

and

iai-ti . ib]"tj = i(z ai-b]->~tk€R[[t]].
i=0 =0

k=0 \i+j=k
Note that by this definition we get immediately that

o0 o0
Zai~ti = Zbi'ti — qaq;=b;VieN.
i=0 i=0
If a; =0 for i > n then we write for short
n o
Z(li'ti:zai'ti.
i=0 i=0

Remark 6.7
The definition of the multiplication in R[[t]] comes from the wish to get a generalised

distributive law for such infinite sums:
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If the operations which we just did in R[[t]] are correct, i.e. if all equations are correct,
then our notation of the elements of R[[t]] as infinite sums is a useful notation.
However, the expression on the right hand side in (25) is in the above form not
yet recognisable as a formal power series, i.e. as element of R[[t]]. Many of the
t" coincide for different values of i and j; e.g. we get t* by (i,j) = (2,0) and
by (i,j) = (1,1) and by (i,j) = (0,2). The coefficient of t? in the power series
in (25) should therefore be the sum of the a; - bj for these (1,j), i.e. it should be
a2~bo+a1 ~b1+ao-b2.

The main question is if for each k there are only finitely many pairs (i,j) such that
i1+ j = k? The answer to this question is yes! To see this note that by assumption
i and j are non-negative. If we then fix k the choice of 1 determines j as j = k —1i.
But since i can only take values between 0 and k we have a finite number of pairs
(1,3) with i 4+j = k, namely the k + 1 pairs:

(k,0), (k—T1,1), (k—2,2), ... , (1,k—=1), (0,k).

One can visualise the pairs (1,j) whose sum is k as points in a coordinate system
with axes labeled by i and j:

Exactly the pairs (i,j) on the diagonal from (k,0) to (0, k) have the property that
the sum i+ j has the value k.

The coefficient of t* in the right hand side of (25) must therefor have the form

k
Z ai-b]-:Zai-bk,i.
0

i+Hj=k i=
Theorem 6.8
If R is a commutative ring with one then the ring of formal power series (R[[t]], +, -)

is a commutative ring with one gy = t°.

Proof: By definition + and - are two binary operations on R[[t]]. Let > °,a; -
th Y by th Y 2 ci -t € R[[t]] be given. Then the associativity of the addition
in R gives

(Zai-ti—FZbi-ti) +) ci-t'=) ((ai+bi)+c) -t
i=0 1i=0 1=0 1i=0

:Z(ai—f—(bi‘i‘(ﬁi)) ’ti:Z(li'ti—F (Zbi'ti—{-zci'ti)
i=0 i=0 i=0

i=0
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and the commutativity of the addition in R implies

iai'ti—Fibi'ti: i(ai—l—bi) 'ti
i=0 i=0 i=0

:i(bﬁ—ai) -ti:ibi-ti—l-iai'ti-
i=0 i=0 i=0

Moreover, the constant map Ogjyy = D5, 0 - t* satisfies

Ok + )_ai-t'=) (0+a)-t'=) a;-t
i=0 i=0 i=0

and for Zioio(—ai) -tt € R[[t]] we get

Z(—ai) . ti + Z ai - ti = Z(—ai + (li) . ti = OR[[tﬂ)

i=0 i=0 i=0
so that (RI[[t]], +) is an abelian group with the constant zero-map as neutral element.
Note that

Z Zai-b]- cCL = Z ai'bj'CLZ Z ai-ij-cl R (26)
ktl=m \it+j=k i+j+l=m itk=m j+l=k

since in these sums triple (i, j, 1) of natural numbers with the property i+j+1=m
occurs exactly once?® and since in R the associativity law for the multiplication holds

25We can visualise this in a graphical way by considering (i,j,1) as coordinates in three-space
R3. The equation i+j+1 = m for a fixed m then describes a plane in this space, namely the plane
spanned by the three points (m,0,0), (0, m,0) and (0,0, m). If we join these three points to each

other in this plane we get a triangle:
(0,0, m)

(m,0,0) & » (0,m,0)

The points with integer coordinates in this triangle are precisely the triples of non-negative integers

whose sum is m: (0,0, m)

(m)oao) (O,m,O)

In the left hand side of (26) the set of these points is partitioned as follows:

U U {65

1=0 i+j=m—1
In the inner sum we collect just those integer triples (i,j, 1) in the triangle for which the coordinate

1 is constant and for which i +j = m — 1, i.e. the points lie on a line parallel to the line through
(m,0,0) and (0, m,0):



as well as the distributivity law. We therefore get

00 00 00 00 00
Zai'ti'Zb]"tj 'ZCl'tl:Z Zai'b]- 'tk'ZCI'tl
i=0 j=0 1=0

k=0 \it+j=k 1=0

Z Zai~b)~ - C1 o

m=0 \k+l=m \itj=k

M

o0
SN DELTD 3 BT
m=0 \i+k=m j+l=k
o0 o0
:Zai.ti . Z (Z bj.q) .tk
i=0 k=0 \j+l=k
o o0 o0
=Y aptt o (D bt Y et
i=0 j=0 1=0
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so that the multiplication on R[[t]] is associative. Moreover, the commutativity of

the multiplication on R gives

o0 o0 o0
doaitt- ) bt=> | ) aiby) -t
i=0 j=0 k=0 \i+Hj=k
o0 o0 [ee)
s (Y va) oY 0 Y a
—0 \j+i= =0 =0
(0,0,m)
(m,0,0) (0,m,0)

In the right hand side of (26) we partition the set as follows:

U U i

i=0j+l=m—i

In the inner sum all those integer triples (1, j, 1) in the triangle are collected for which the coordinate

i is constant and for which j +1 = m — 1, i.e. the points lie on a line parallel to the line through

(0,m,0) and (0,0, m):

(0,0, m)

(m’oyo) (O,m,O)

In both cases each of the integer triples (i,j,1) in the triangle is considered exactly once.
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And ﬁnally for 1R[[ﬂ] = to = Z;)io ej - t) with €y = 1 and e; = 0 for ] > 1 we get

o o o0
i=0 k=0

k=0 \j+i=k
so that using the commutativity of the multiplication in R[[t]] we see that t° is the

T-element of R[[t]].

It remains to show the distributivity law:

o0

iai-ti- (ibj-tj - ic,—-ﬂ') :imf Y (b4t
i=0 j=0 j=0 i=0

j=0

0
= Z ai-(b5+cj)>~tk
=0 \it+j=k
= Z(ai-bj—kai-cj))-tk
=0 \it+j=k
= Zalb]>tk+z<z ai-Cj)‘tk
k=0 \itj=k k=0 \i+j=k

s 00 0o 0o
=Zai-ti-ij-tj—i—Zai-ti-ch-tj.
i=0 =0 i=0 =0

The second distributivity law follows right away by the commutativity of the mul-
tiplication.

Altogether we have shown that (R[[t]],+, ) is a commutative ring with one. O

Remark 6.9

Our definition of a formal power series sometimes confuses beginners. In analysis a
power series is a map on some interval (a — ¢, a + €) in the real numbers, and one
evaluates such a map by replacing the indeterminate t by a real number from the
interval (a — €, a + €). Replacing t by a real number only makes sense if one has
the notion of convergence of sequences of real numbers at hand. This notion cannot
easily be generalised to arbitrary rings. We therefore should not try to replace t by

any values in R, except maybe by 0!

Yet, we still defined a power series as a scheme which represents a map, namely as
a map from IN into the ring R. A natural way to represent such a map would be by

k | o]
(k) [[ao[ @ |

a value table:
213]...
az‘ag‘...

In principle, the power series > |~ ax - t* is just a compact way of writing such a
value table. The column

3
as
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is replaced by the term as - t3, and the “t3” is just there to recall that the fourth

column of the value table is represented. Well, and instead of separating the different

columns of the table by a vertical bar we connect them by the “+”-symbol:
Clo'to—|'(1] 't] +a2-t2—|-a3-t3—|-....

Iff=5",ax: tk € R[[t]] is a power series then f(k) = ax by definition.

Why do we prefer this notation?

We have introduced an addition and a multiplication of power series, i.e. of maps

from IN to R. These can be expressed in a natural way using this notation. That’s
all there is to it!

In order to be able to compute in the ring of power series it suffices to know the rules
in Definition 6.6. We then can use f = ) |7 ax - t* as a formal expression without
any further meaning which can be manipulated by the given rules. Just forget that
the expression represents a map, as long as you recall the rules. a

Exercise 6.10
Let R be a commutative ring with one and f =} ° , ax - t* € R[[t]] a formal power
series over R. Show that f is a unit in R[[t]] if and only if aq is a unit in R.

Hint, if ao is a unit in R then we are looking for a series g = > - by - t* such
that f- g = t°. Expanding the left hand side of the last equation leads to a bunch of

equations for the coefficients of the power series, and these can be solved recursively.
B) Subrings

Definition 6.11
Let R a ring with one and S C R. S is called a subring of R if
a. Ir €S,
b. a+beS forall a,beS,
c. —a € S forall aes, and
d.a-beSforall abes.

If R a field and S a subring of R such that additionally a=' € S for all a € S\ {0}
then S is called a subfield of R.

Note that a subring S of R is in particular a ring with respect to the restriction of
the addition and multiplication of R to S. The analogous statement for fields holds

true as well.

Example 6.12
7. is a subring of Q, R and C. @ is a subfield of R and C. R is a subfield of C.

The most important example of a ring besides the integers is the polynomial ring
which we obtain as a subring of the power series ring.
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Definition 6.13
If R is a commutative ring then

R[t] := {Z ax -t € R[[t]] | only finitely many ay are non—zero}
k=0

:{Zak-tkek[[ﬂ] ne]N,ao,...,anER}
k=0

is called the polynomial ring over R in the indeterminate t and the elements of R[t]
are called polynomials. For 0 # f =Y 17 ay - t* € R[t] we call

deg(f) = max{k | ay # 0}
the degree of the polynomial f and lc(f) := aqeq(f) its leading coefficient. Moreover,
we set deg(0) = —oo and Ic(0) := 0.

Note that by convention in Definition 6.6 each polynomial in R[t] has the form

mn
S ot
k=0
for some n € N.

Example 6.14
3-t*—t2+5-t° € Z[t] is a polynomial of degree deg(f) = 4 and with leading
coefficient lc(f) = 3.

Since R[t] is closed with respect to addition, negatives and multiplication and since
Trig = t° € R[t] we get the following theorem.

Theorem 6.15
If R is a commutative ring with one then R[t] is a subring of R[[t]]. In particular,

R[t] is a commutative ring with one.

Proof: Let f = " ax-t5 g =) | bkt € R[t] be given (where we allow that
all ay or by are zero) then

max{m,n}
f+g= D> (ax+by)-t"eRIH, (27)
k=0
—f=) (~a)-t" € R}
k=0

and

m+n k
f-g= Z (Z ai - bki) -t* e R[], (28)
i=0

=0
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where we use the convention that ax = 0 for k > m and by = 0 for k > n. In order
to see that in (28) no term of degree larger than n + m occurs one should note that
the coefficient of t* for k > n + m has the form

m k
Z ai by i+ Z ai - by .
i=0

i=m+1
The second sum is zero since all a; are so, while the first sum is zero since all by_;
are So. ]

The following degree formulae for polynomials follow right away from the above
proof. We here use the convention that m + —oo = —oco and max{m, —oo} = m for
all m € N U{—o0}.

Proposition 6.16 (Degree Formulae)
Let R be a commutative ring with one and f, g € R[t] be two polynomials. Then

a. deg(f + g) < max{deg(f),deg(g)}.
b. deg(f- g) < deg(f) + deg(g).

c. deg(f - g) = deg(f) + deg(g) if and only if lc(f) - 1c(g) # 0.
In this case we also have lc(f - g) =le(f) - le(g).

Proof: If f =0 or g = 0 then the statements are obviously correct. We thus may
assume without loss of generality that f # 0 # g. Then a. follows right away from
(27) and b. from (28). For c. note that in (28) the coefficient of of t™™ is just
am - b =le(f) - le(g). O

Exercise 6.17 a. Let R be a commutative ring with one and S C R a non-empty

subset such that

e x+ye€Sforall x,y €S,

e —xeSforall x €S,

e x-yeSforall x,y €S and

e Iz €S.
Show S is a commutative ring with one with respect to the restriction of the
addition and the multiplication of R to S.

b. Show Z[i] :={a+1i-b e C|a,b € Z} is a commutative ring with one, where
the addition and the multiplication are just the addition and multiplication of
complex numbers. We call this ring the ring of Gaussian integers.

c. Compute the group of units Z[i]* of the ring Z[i]

Exercise 6.18

For w € Z, w > 2 we denote by \/—w the complex number i - /w.

a. Show that Z[\/—w] ={a+b-v/—w € C| a,b € Z} is a commutative
ring with one, where the addition and the multiplication is the addition and

multiplication of complex numbers.
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b. Show Z[v=w]" ={1,-1}.
C) Ring Homomorphisms

With any new structure we also define the maps which respect the structure. Note
that in a ring with one besides the addition and the multiplication also the existence
of a T-element is part of the structure. We will therefore require that a structure

preserving map respects the addition, the multiplication and the T-element.
Definition 6.19
Let R and S be two rings with one. A map ¢ : R — S is called a ring homomorphism
if

a. o(a+b)=09(a)+ @(b) for all a,b € R,

b. ¢(a-b) =¢(a)- @(b) for all a,b € R and

C. (p(]R) = 15.
If @ a ring homomorphism the we call ¢

e a monomorphism if @ is injective;

e an epimorphism if @ is surjective;

e an isomorphism if @ is bijective.

We say that two rings R and S are isomorphic, if there exists an isomorphism from
R to S. We then write R = S for short.

Example 6.20
If S C R is a subring of the ring R then the canonical inclusion is: S — R is a ring

homomorphism.

Lemma 6.21

If @ : R = S is a bijective ring homomorphism then also @~

:S — R is a ring

homomorphism.

Proof: That ¢~ respects the addition follows from Proposition 1.51 d. since ¢
is a homomorphism of the abelian groups from (R,+) to (S,+). That it respects
the multiplication works with the same proof, and it respects the 1-element since

@(Tg) =Ts. O
Lemma 6.22

If @ : R — S is a ring homomorphism then Im(@) is a subring of S.

Proof: By Proposition 1.51 Im(¢) is a subgroup of (S,+) so that Im(¢) is closed

with respect to addition and negatives. Moreover,
Is = @(1g) € Im(o)
and for @(a), @(b) € Im(¢@) we have
¢(a)- ¢(b) = ¢(a-b) € Im(op).
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O

Since a ring homomorphism ¢ : R — § is by definition a group homomorphism from
(R,+) to (S, +) we get the following criterion for injectivity for ring homomorphisms
from Lemma 1.52 for free. Note that Ker(¢@) ={a € R| ¢(a) = 0s}.

Lemma 6.23
A ring homomorphism @ : R — S is a monomorphism if and only if Ker(¢@) = {Ogr}.

Remark 6.24
If R is a commutative ring with one then the map

(:R—R[t]:ar— a-t°

is a monomorphism of rings and thus R is isomorphic to the subring Im(t) = {a -
t%] a € R} of R[[t]]. We will use this isomorphism from now on so as not to distinguish
any more between the elements of R and the constant polynomials, i.e. we write e.g.
2t% + 3 instead of 22 + 3t°.

Exercise 6.25
Let K be a field, R be a commutative ring with 1g # Og and ¢ : K — R be a ring

homomorphism. Show ¢ is a monomorphism.

Exercise 6.26
Let S be a commutative ring with one, R C S a subring and b € S.

a. We define
f(b) =) ax-b“eS
k=0

for f =Y | ,ax-t* € R[t]. Show that the map
@y : R[t] — S: f— f(b)

is a ring homomorphism. We call @, a substitution morphism.

b. If b is a zero of the polynomial g = t™ 4+ otn_q - t™ 1+ ... + o1 - t + 0t € R[t]
then
Im((pb) = {Clo—|—(l1 'b—|-a2'b2—|—...+an,] . p™] ’ ap,...,an_1 € R}

We denote this subring of S by R[b] = Im(@y).

D) Ideals

If R is a commutative ring with one and S is a subring of R then in particular (S,+) a
normal subgroup of the abelian group (R, +). Therefore the quotient group (R/S, +)
is defined where for two cosets @, b € R/S the sum is defined as @+ b = a + b. We
would like to carry also the second operation that we have on R and S over to the
quotient group R/S by @-b = a-b and we would like to have that then R/S is a
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commutative ring with one. However, this does not work! The 0-element of R/S is
necessarily 0 and thus for an arbitrary @ € R/S and b € S we would like to have

S=0=a-0=a-b=a-b=(a-b)+S.

Thus a-b € S, i.e. S would be closed with respect to the multiplication by arbitrary
element of R. Since by assumption 1g € S this would imply that for each element
a € R we have

a=a-1gr €S,

and hence S = R. I.e. the only subring for which the corresponding quotient group
(R/S,+) can be given the structure of a ring in this way would be the ring R itself.
But then the ring R/S only contains one element and is boring.

If we nevertheless want to build quotient structures then we have to replace the
notion of a subring by a more suitable notion. We have already seen that we need
a structure which on the one hand is a subgroup of (R,+) and on the other hand is
closed with respect to the multiplication by an arbitrary element of R. This leads to
the following definition, and up to the end of this section we restrict our attention

to rings which are commutative.
Definition 6.27
Let R be a commutative ring with one and () # I C R be a non-empty subset of R.
I is called an ideal of R if
(1) a+belforalabeland
(2) rraelforallre Rand a € L.
We then write I < R since ideals are the analoga of normal subgroups in the case of

rings.

Remark 6.28

Let R be a commutative ring with one and I < R. Then (I,+) is a subgroup of
(R, +). This follows right away from the subgroup criterion in Proposition 1.28 since
—Ig € Rand for a € I thus also —a=—-1g-a el

Note that by the definition of an ideal and by induction we get

n
Zrk-akel
k=1

for all 1« € R and ay € 1.
Example 6.29
a. If R is a commutative ring with one then {Og} and R are the trivial ideals of R.

b. nZ is an ideal in Z for each n € Z since the set is closed with respect to
addition and with respect to multiplication by arbitrary integers.
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Since each ideal of (Z,+,-) is in particular a subgroup of (Z,+) by the above
example, the classification of the subgroups of (Z,+) in Proposition 1.39 implies

the following corollary.

Corollary 6.30
For a subset U C Z the following statements are equivalent:

a. U is an ideal of (Z,+,-).
b. U is a subgroup of (Z.,+).

c. U=mnZ for some integer n > 0.

As for subgroups we would like to know how ideals behave with respect to settheo-
retic operations.

Proposition 6.31

If R is a commutative ring with one and I < R are ideals for A € A then also
Mrea In <R ds an ideal.

Proof: Let a,b € ﬂ)\e/\ Ihand r€ R. Then a+b €I, and r- a € I, since I, is an
ideal. Thus also

a+br-ac ﬂ L.
AEA
Moreover, Og € I since (I),+) is a subgroup of (R,+) and hence Og € [y Ix sO
that the set is non-empty. O

Definition 6.32
Let R be a commutative ring and M C R a subset. We define the ideal generated by
M as
<M>R = ﬂ I)
MCI<IR
the intersection of all ideals in R which contain M.
Proposition 6.33

Let R be a commutative ring with one and ) # M C R. Then the ideal generated by
M is

<M>R = {ZTk' (059

k=1

ax e M, € Rm > ]}ﬂR
the set of all finite linear combinations of elements in M with coefficients in R.

Proof: We set

]:{Zrk-aklakeM,rkeR,n21}

k=1
and shown first that J is an ideal of R.
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Since M is a non-empty set so is J. Let > Tk @k, Y1 Sk- by € J with 1y, s, € R
and ay, b € M we then define 1y, = sy, and axy =by_,fork=n+1,...,n+m
and get thus

n+m

n m
Zrk-ak+Zsk-bk: Zrk~ake].
k=1 k=1 k=1

Since moreover for r € R also 1 - 1, € R we get

n

r~Zrk-ak:Z(r~rk)~ak€I.
k=1

k=1
Hence J is an ideal in R.

Moreover, M C | since a = 1z - a € ] for all a € M. Thus by the definition we get

(Me= ()] 1<

MCI<KR

On the other hand for ) ;T - ax € ] with r¢x € R and ax € M we have that

n
Zrk-akel
k=1

for each ideal I < R which contains M by Remark 6.28. Therefore we get

JC ﬂ [ = (M)r.

MCI<KR

Example 6.34
If R is a commutative ring with one and a,b € R then

(a)p={r-a|reR}
and
(a,b)p={r-a+s-b|r,seRL
In particular, nZ = (n)z.

Exercise 6.35
Show that

[ ={f eZ[t] | f(5) =0}
is an ideal in Z][t].

Exercise 6.36
Let R be a commutative ring. R is a field if and only if R has exactly two ideals.

Exercise 6.37
Let R be a ring and let I, <R, k € IN, be ideals with the property

LhWCLCcL ;...
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i.e. Iy C Iy, for all k € IN. Show that then
J <R
keN

is an ideal in R.

E) Quotient Rings

Theorem 6.38
Let R be a commutative ring with one and I <R be an ideal. Then by

a-b:=a-b

for @,b € R/I a binary operation is defined on the abelian group (R/I,+), and
(R/I,+,) is a commutative ring with 1-element 1g/1 = 1r. We call R/1 the quotient
ring of R by 1.

Proof: We first have to show that the operation is well defined, i.e. that it does not
depend on the choice of the representative of the coset. Let therefore @ = a’ and
b =Db’. Then by definition a = a’ + ¢ and b = b’ + d for some ¢, d € I, and we get

a-b=(a"+c)-(b'+d)=a" b +(a’-d+c-b' +c-d)
with a’-d+c-b’"+c-d € 1. Hence,
a-b=a-b+I=d -b'+1=a' b/,

and the multiplication is well defined. The associativity and the commutativity of
the multiplication are induced by the corresponding properties of the multiplication

on R. Moreover, 1-a@ = 1-a = a for all @ € R/I so that (R/I,+,:) is indeed a
commutative ring with one 1. 0

Example 6.39
(Zn, +, ) is a commutative ring with one by

a+b=a+b and a@-b=a-b
for all a,b € Z and n > 0.

Note, in Z, = {6, T} is obviously every element apart from 0 a unit, so that (Z, +, -)
is a field. Since, moreover, any field K contains at least two elements, namely Ox # 1k,
7., is the smallest possible field.

Exercise 6.40
Which of the following rings is a field?

a. Z4.
b. Z.
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Exercise 6.41

For a positive integer n we define the map
m m
G ZIH — Znlt]: ) ap-t5 e ) @ tt
k=0 k=0

Show that ¢, is a ring epimorphism. We call ¢,, the reduction modulo n.

Exercise 6.42
a. Compute Z.

b. Compute Z3.
c. Compute Zjs.

d. Formulate a conjecture under which circumstances an element z € 7, for
n > 2 is a unit.

e. Shown—1¢€& Z, is a unit for all n > 2.

F) Homomorphism Theorem

Theorem 6.43 (Homomorphism Theorem)
Let @ : R — S be a ring homomorphism of commutative rings with one. Then
Ker(p) ={a € R| @(a) =0} <R is an ideal and

©:R/Ker(p) — Im(p) :a+— ¢(a)

is an isomorphism. In particular, R/ Ker(¢@) = Im(¢@).

Proof: By Proposition 1.51 (Ker(¢),+) is a subgroup of (R,+). In particular, it
is non-empty and closed with respect to the addition. Let a € Ker(¢) and r € R.
Then

@(r-a)=o(r) - ¢la) =¢(r)-0=0.
Hence, v - a € Ker(¢@) and Ker(¢) is an ideal. The Homomorphism Theorem 4.50
for groups then implies that @ is an isomorphism of abelian groups. Since moreover

@(@b)=9(a-b)=¢la-b)=9(a) ¢(b) =9(a) - ¢(b)
and ﬁ(T) = @(1) =1 the map @ is indeed an isomorphism of rings. 0J

Exercise 6.44
a. Find all ring homomorphisms ¢ : Z — Zs.

b. Find all ring homomorphisms ¢ : Zg — Z.

c. Find all ring homomorphisms ¢ : @ — R.
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7 DIVISIBILITY IN RINGS

In the previous section we have introduced the notion of commutative rings with
one. The model for this notion were the integers, and they are yet again the model

for the properties of rings which we study in this section.

A) Integral Domains

The central notion of this subsection will be the divisibility. A well known property
of the integers is that the product of two integers can only be zero if one of them is
zero. This does not hold any more in more general rings. If we consider for instance
the ring Z, then the coset 2 # 0 while 2-2 = 4 = 0. This has unpleasant consequences

since 0 can be written in several ways as a multiple of 2:

2.2=0=0-2.

In such a ring obviously the cancellation rules for the multiplication do not hold.
However, these are vital for the notion of divisibility. We therefore introduce a name
for rings which behave well in that respect.

Definition 7.1

Let R be a commutative ring with one and a € R.

a. a is called a zero divisor if there exists a 0 # b € R such that a-b =0.

b. R is called an integral domain if O is the unique zero divisor in R.

Example 7.2
a. If R is not the nullring then 0 is a zero divisor, since 0- 1 =0 and 1 # 0.

b. If a € R* a unit then a is not a zero divisor.

Since a has an inverse a—' € R we deduce from a-b = 0 that
b=1-b= (a’1-a)-b:a’]-(a~b):a*1-0:o.

c. From b. we deduce that each field is an integral domain, since 0 is the only
element which is not a unit. In particular, Q, R and C are integral domains.

d. Each subring of an integral domain is an integral domain. In particular, Z and
Z[V-5] ={a+b-vV-5€C|abeZ
are integral domains.

e. If R is an integral domain then R[t] is an integral domain and R[t]* = R*.
For this note that if f, g € R[t] \ {0} then deg(f), deg(g) > 0 and lc(f) # 0 #
lc(g). The degree formulae for polynomials in Proposition 6.16 then imply

deg(f - g) = deg(f) + deg(g) > 0, (29)

since lc(f) - le(g) # 0 in the integral domain R. Hence, f - g # 0 and R[t] is
an an integral domain. If f € R[t]* is a unit and g the corresponding inverse
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then f-g =1t°=1 and (29) implies that deg(f) = 0 = deg(g). Le. f and g are
constant polynomials and therefore f, g € R*. If conversely f € R* C R[t] then
there is a g € R C R[t] with f- g =1 = t° and thus f € R[t]*.

f. Z4 is not an integral domain, since 2 is a zero divisor due to 2 -2 = 0.
Lemma 7.3 (Cancellation Rules)

If R is an integral domain then the cancellation rules for the multiplication hold, i.e.
for all a,b,c € R with a # 0 we have

a-b=a-¢c = b=c

and

b-a=c-a =— b=c.

Proof: Due to the commutativity of the multiplication it suffices to show one of the
cancellation rules. Let a,b,c € R with ab = ac be given. Then

0O=ab—ac=a-(b—c). (30)

Since a # 0 and R is an integral domain a cannot be a zero divisor. Thus (30)
implies that b — ¢ = 0 and hence b = c. U

We can now introduce the notion of divisibility for elements in an integral domain.
Note here that on an integral domain we have the operations of addition and of
multiplication but we do not have division! We thus must define divisibility with
the help of the operation of multiplication. define.

Definition 7.4
Let R be an integral domain and a,b € R.
a. We say b divides a if there is a ¢ € R such that a = b-c. We then write b | a.

b. We call g € R a greatest common divisor of a and b if the following two
properties are fulfilled:
(1) glaand g|b.

(2) For all h € R with h | a and h | b we have h | g.
We denote by
GCD(a,b) ={g € R| g is a greatest common divisor of a and b}

the set the greatest common divisors of a and b.

c. We call k € R a lowest common multiple of a and b if the following two
properties are fulfilled:
(1) alk and b | k.

(2) For all1 € R with a|land b |1 we have k| L.
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We denote by
LCM(a,b) ={k € R| k is a lowest common multiple of a and b}

the set the lowest common multiples of a and b.

d. We call a and b coprime if 1 € GCD(a,b).

Remark 7.5

In the definition of a greatest common divisors g of a and b Condition (1) means
that g is a divisor of a and of b at all. Condition (2) justifies the “greatest” in
the definition. How can we possibly decide in an arbitrary integral domain R if g is
larger than h for g,h € R? In Z we can use the well known order relation “<”, e.g.
among the common divisors h = 2 and g = 6 of the integers a = 12 and b = 30
the larger one is 6. But how should we proceed in Z[t]? Is t + 2 larger than t or
smaller or can we simply not compare them? We therefore use another property of
the integers to decide which of the common divisors is the largest and can thus be
called the greatest common divisor. Namely, it will be divided by all other common
divisors! In the above example 1, 2, 3 and 6 are the only positive common divisors
of 12 and 30 and they all divide g = 6. We can thus call a divisor smaller than
another one if it divides the other one. In this sense Condition (2) singles out the
largest common divisor of g and h if R = Z.

By definition a greatest common divisor of two elements a and b is a common divisor
of a and b which is divisible by each common divisor. Analogously, a lowest common
multiple of a and b is a common multiple which divides each other common multiple.

Why do we talk in the definition of a greatest common divisor and not of the greatest
common divisor? Simply since our definition does not determine it uniquely! Again
in the above example a = 12,b = 30 € Z is g = 6 is obviously a greatest common
divisor of a and b. However, also —6 divides a and b and it is divisible by every
other common divisor of a and b. In the integers Z our definition determines a
greatest common divisor only up to its sign (i.e. up to multiplication with a unit in
7).

In Q[t] the situation becomes even worse. Consider two constant polynomials 0 #
a,g € Q C Q[t] then

a

g

and therefore g is a divisor of a. Moreover, for each divisor ¢ € Q[t] of a there
is a d € Q[t] such that a = ¢ - d, and from the degree formula 0 = deg(a) =
deg(c) + deg(d) we then deduce that deg(c) =0 and ¢ € Q \ {0}. L.e. the divisors of
a are exactly the elements in @\ {0}. If we consider in Q[t] the constant polynomials
a = 2 and b = 5 then the rational numbers 0 # q € @Q are exactly the common
divisors of a and b and since they all divide each other they will all be common
divisors of a and b in the sense of our definition. Since one can move from one

common divisor q to another one p by multiplication with the rational number E
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we can say that the greatest common divisor is only determined up to multiplication

by a non-zero rational number.

In the integers one commonly prefers the positive greatest common divisor, but for
an arbitrary integral domain there is no obvious choice among the greatest common
divisors and we therefore consider the set GCD(a, b) of all greatest common divisors.

The considerations for the greatest common divisor apply analogously to a a lowest
common multiple k of a and b. Condition (1) means that k is indeed a multiple of
both a and b, and (2) justifies the “lowest” since each other multiple is divisible by
the lowest one. In Z the lowest common multiple is only determined up to its sign.
O

Example 7.6
a. Forf =t—1€ Q[t] and g =t"— 1 € Q[t] with n > 1 we have
g="T-(t"T+t" 2+ . +t+1)

and thus f | g.

b. Consider the complex numbers a =9, b=2+4++v-5,c=2—+v-5and d=3
in Z[\/—S . Due to

a:9:(2—|—\/—5)-(2—\/—5) =b-c

we have b | a.

We now want to show that d is not a divisor of b. Suppose the contrary, i.e.
d | b. Then there is an e = x +y - vV—5 with x,y € Z such that

b=d-e.
With the aid of the absolute value of complex numbers we get
9=1[bF=[d* lef=9-(x*+5-y?).

It follows that x* 4+ 5y? = 1, and since x and y are integers we must have
y = 0 and x € {1,—1}. But then b ¢ {d,—d} so that we have deduced a
contradiction.

c. In Z we have GCD(6,8) ={—2,2} and LCM(6, 8) = {—24, 24}.

Many properties of an element element a in an integral domain can be expressed
by properties of the ideal generated by a, i.e. by (a)r = {r- a | r € R}. Sometimes
arguments become shorter that way.

Lemma 7.7
Let R be an integral domain and a,b, g,k € R.

a. b | a if and only if (a)r C (b)g.

b. The following statements are equivalent:

(i) a|b and b | a.
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(i) (a)r = (b)&.
(iii) There is a unit w € R* with a =u-b.

c. g € GCD(a,b) if and only if the following two properties are fulfilled:
(1) {(a,b)r C (g)r.
(2) For allh € R with (a,b)r C (h)g, we have (g)r C (h)g.

d. k € LCM(a,b) if and only if the following two properties are fulfilled:
(1) (k)r € (@)r N (b)-
(2) For alll € R with (L)gr C (a)r N (b)r, we have ()gr C (k)g.

Proof: a. If b | a then there is a ¢ € R with a = b - ¢. Hence we have for each
reRalsor-a=(r-c)-b e (b)g and therefore (a)g C (b)gr. Conversely if
we have (a)gr C (b)g then a € (a)r C (b)r and hence there is a ¢ € R with
a = c¢ - b. Therefore b divides a.

b. First we may assume without loss of generality that a # 0 # b since the three
statements are obviously satisfied otherwise. Suppose first that (i) holds then
(ii) follows from a.. If (ii) holds then a € (b)g and b € (a)g. Therefore there
are W,v € R with a=u-b and b =v - a. But then we have

l-a=a=u-b=(u-v)-a.

Since in the integral domain R the cancellation rules hold and since a # 0 we
get 1 = u-v. Since moreover R is commutative u € R* is a unit and by the
choice of u we have a =u- b so that (iii) is fulfilled. If we now suppose that

1

(iii) holds then we have a =u-b and b =u""-a. This impliesb | a and a | b

so that (i) is fulfilled.

c. This is just a reformulation of the definition with the aid of Part a. — note
for this that (a,b)r C (g)r if and only if (a)r C (g)r and (b)r C (g)r.

d. This is just a reformulation of the definition with aid of Part a..

O

A generalisation of the considerations on the GCD and the LCM in Z and Q[t] is
the following Lemma. Two greatest common divisors differ only by a unit, and the

same holds true for two lowest common multiples.

Lemma 7.8
Let R be an integral domain, a,b € R.

a. If g € GCD(a,b) then GCD(a,b) ={u-g|u € R*}, i.e. a greatest common

divisor 1s only up to multiplication with units determined.

b. If k € LCM(a,b), then LCM(a,b) = {u-k | u € R*}, i.e. a lowest common

multiple is only up to multiplication with units determined.
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Proof: The proof is left as an exercise for the reader. 0]

Exercise 7.9
Prove Lemma 7.8.

Exercise 7.10

a. Find the zero divisors and the units in Za4. Is Zy4 an integral domain?
b. Is 3+ 4i a divisor of 7 +1 in Z[i]?

c. Find all greatest common divisors of f =t> —3t+2 and g =t3 — 2t> —t + 2
in Z[t].

The next Exercise shows that the integers the greatest common divisor respectively

the lowest common multiple can be defined using the order relation on Z.

Exercise 7.11
Let a,b € Z be two integers. In Notation 4.43 we have introduced the number

min{z > 0| a and b divide z}, if a,b #0,

1 b) =
Cm(a) ) {O, ifa:()orb:O)

and we now complement it by

max {z > 0 | z divides a as well as b}, if (a,b) # (0,0),
0, otherwise.

ged(a,b) = {

Show that ged(a,b) € GCD(a,b) and lem(a,b) € LCM(a, b).

Exercise 7.12
Let R be a commutative ring with one which contains only a finite number of ele-
ments. Show that each element of R is either a unit or a zero divisor.

Exercise 7.13

Let R be an integral domain. We define an equivalence relation on R x (R\ {0}) by
(a,b) ~ (a’,b') &= a-b'=a-b.

The equivalence class of (a, b) is denoted by ¢, and the set of all equivalence classes
is denoted by Quot(R). On this set we define an addition and a multiplication by

¢ a ¢, _gac
d’ bd b d° bd

=4
b

Show:
a. ~ is an equivalence relation.

b. The addition and the multiplication are well defined.
c. (Quot(R), +, ) is a field, the so called field of fractions of R.
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B) Factorial rings

Up to now we have studied neither the question whether a greatest common divisor of
two elements in an integral domain always exists nor whether we are able to compute
it if it exists. We will indeed see later that there are integral domains where greatest
common divisors do not necessarily exist. But we want to concentrate first on the

question of their computation.

In school the most common method to compute a greatest common divisor of two
integers would be to decompose the integers as a product of prime numbers and
compare which prime factors with what multiplicity they share. If we want to copy
this algorithm for other rings then we need to generalise the notion of a prime
number. For this we have to study characterising properties of prime numbers. One
commonly defines a prime number to be positive integer, which has precisely two
positive divisors. This can be expressed more formally as p € Z; is a prime number

if and only if for a,b € Z, we have:
p=a-b = a=1o b=1. (31)

For this note that p = a - b means that a and b are both divisors of p and for a
prime number not both can be p.

There is another property which characterises prime numbers. It is a property that
is used when we compute the greatest common divisor in the above mentioned
manner. Namely, if a prime number divides a product then it divides already one of

its factors. L.e. p € Z~ is a prime number if and only if for a,b € Z>, we have:
pla-b = pla or p|b. (32)

The proof of the equivalence of the properties (31) and (32) is given in Corollary 7.18.

If we now want to generalise the notion of prime number to an arbitrary integral
domain we have two possibilities to do so. We will see that these two notions do not
necessarily coincide. However, only if they coincide we can expect to get a sensible
theory of divisibility since only then we will be able to generalise the unique prime

factorisation that we know from the integers.

One problem in the generalisation of the above conditions to an arbitrary integral
domain seems to be the lack of the order relation >, which would allow us to talk
about positive ring elements. This however turns out to be superfluous if we simply

13

allow in Z also negative divisors. The condition “= 17 respectively “# 1”7 can then

be replaced by “€ Z*” respectively “& Z*”.

Definition 7.14
Let R be an integral domain.

a. An element 0 # p € R\ R* is called irreducible if p = a - b with a,b € R
implies that a € R* or b € R*.
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b. An element 0 # p € R\ R* is called prime if p | a-b with a,b € R implies
that p|aorp|b.

c. Ris called a factorial or a unique factorisation domains if each 0 % a € R\ R*
can be decomposed as a product of finitely man prime elements.

We will see later that in a factorial ring the decomposition into a product of prime
elements is essentially unique.

Example 7.15
a. We distinguish in Z between prime numbers (which are positive by definition)
and prime elements (which are allowed to be negative). Due to the above
considerations an integer z is prime if and only if it is irreducible, and this is
the case if and only if z or —z is a prime number. As indicated we will prove
this fact Corollary 7.18.

b. If K is a field and f € K[t] with deg(f) = 1 then f is irreducible.

To see this consider the decomposition f = g - h with g,h € K[t]. The
degree formulae then give 1 = deg(f) = deg(g) +deg(h). Hence we have either
deg(g) = 0 and deg(h) = 1 or we have deg(g) = 1 and deg(h) = 0. In the first
case g € K\ {0} = K* = K[t]* while in the latter case h € K\ {0} = K* = K[t]*,
where the equality K\ {0} = K* comes from the fact that K is a field.

c. The polynomial f = 2t 4+ 2 € Z[t] is not irreducible since f =2 - (t + 1) and
neither 2 nor t 4+ 1 is a unit in Z[t] since Z[t]* = Z* ={1,—1}.

d. If R is an integral domain and are p,q € R are irreducible with p | q then
(p)r = (q)R, i.e. the two differ only by a unit.
To see this note that p | @ means that there exists a ¢ € R with q =p - c.
Since q is irreducible and p is not a unit necessarily ¢ must be a unit. Therefore
p and q differ only by a unit.

We now want to study the connection between the notions prime and irreducible
in more detail, and we want to show that the two notions coincide in the ring of
integers.

Lemma 7.16

If R is an integral domain and p € R prime then p is irreducible.

Proof: Let a,b € R given with p = a- b then we have In particular p | a-b. Hence
we have p | a or p | b. In the first case there is a ¢ € R with a = p - ¢ and thus we
have

p-l=p=a-b=p-c-b.
Since in the integral domain R the cancellation rules hold we get that 1 =c - b and

b is a unit. Analogously from p | b it follows that a € R*. Thus p is irreducible. [

Example 7.17
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a. We now want to give an example that an irreducible element need not be

prime.

Consider again the complex numbers a =9, b =2+ +v/-5,¢c =2 —+v/-5
and d =3 1in Z [m We have already seen in Example 7.6 that d is not a
divisor of b. Analogously one shows that d is not a divisor of c. But d = 3
is a divisor of d> = a = b - c. Hence d not prime since it divides the product
b - ¢ but none of its factors.

Let nowd=f-gwithf=x+y-v-—5andg=u+v-v-5, x,y,u,v € Z.
Then we have

9 =d? =IfI*-1g]* = (x* + 5y?) - (u* +5v?)

with x24-5y2, u?+5v? € IN. We deduce that (x*>+5y2%, u?+5v?) € {(9,1), (1,9)).
In the first case we get necessarily u € {1, —1} and v = 0 so that g is a unit in
Z [\/—_5] In the second case we have x € {1,—1} and y = 0 so that f is a unit
in Z[m Hence, d is wrreducible.

b. If R is factorial then each irreducible element is prime.
For this note that if p € R is irreducible then p by assumption p is a product
P = (1 gy of prime elements. Suppose that k > 2. Since qy is prime it is
not a unit and hence necessarily q7---qyx_1 is a unit. Therefore there is an
a€RwithT=gq7-(q2---qx_1- a) so that also g7 is a unit in contradiction
to the assumption that q; is prime. Hence k = 1 and p = q; is prime.

c. 7 [\/ —5] is not factorial since 3 is irreducible but not prime.
So far we have know only a single field with a finite number of elements, Z,. For

applications in cryptography and coding theory, however, finite fields are rather

important. We will therefore show that the example Z, can be generalised.

Corollary 7.18
For 0 #n € Z the following statements are equivalent:

a. Zn s a field.
b. Z., is an integral domain.
c. ML 1S prime.

d. n is irreducible, i.e. n 1s a prime number.

Proof:
a. = b.: If Z,, is a field then Z,, an integral domain by Example 7.2.
b. = c.: If we have n | a-b with a,b € Z then
a-b=a-b=0€7Z,.

Since by assumption Z, is an integral domain we must have @ =0 or b = 0.
In the first case we have n | a, in latter n | b. Therefore n is prime in Z.
c. = d.: This follows from Lemma 7.16.
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d. = a.: If [ is an ideal in Z, then (I,4) a subgroup of (Z,,+) and the order
of T is by the Theorem of Lagrange a divisor the prime number n = |Z,|.
Therefore |I| must either be 1 or n, i.e. I = {0} or I = Z,. Since moreover

[0} # Z, the commutative ring Z, with one has therefore exactly two ideals
and is by Exercise 6.36 a field.

Remark 7.19
If R is a factorial ring and 0 # a € R\ R* then the representation a =p;y---p, as a
product of prime elements is essentially unique, i.e. if

are two such representations we have r = s and after possibly renumbering the q;
the elements p; and q; differ only by a unit, i.e. (pi)r = (qi)r. This can easily be
seen: since p; prime and since it is a divisor of the right hand side of (33) p; must
divide one of the q;. Renumbering the q; we can assume that p; | 7. Since both are
prime the are also irreducible by Lemma 7.16 and therefore differ only by a unit by
Example 7.15. We thus can cancel p; in both sides of (33) and proceed inductively.
(I

Remark 7.20

Let R be a factorial ring and a =u-p™ ---p™ and b =v-p]" ---pI be elements
in R\ {0} where u,v € R* are units, p1,...,pr are prime, (pi)r # (pj)r for i #j and
my,...,MyMnq,...,n,. € IN. Then one gets as in the case of the ring of integers that

pllmn{m] o cpmin{menr} ¢ GCD(a, b)

and

p11nax(m1 it p?ax{mr Ml € LCM(a> b)

We call a representation of a as above as above also a prime factorisation of a if
my >0 foralli=1,...,r. By Remark 7.19 it is up to the order of the factors and
up to multiplication with units uniquely determined. O

Exercise 7.21

Let R be an integral domain and suppose there is a natural number n > 1 such
that n-Tg = Y, 1r = O, i.e. the n-fold sum of the 1-element is zero. Show that
the smallest positive integer p = min{m € Z-o | m - 1x = Og} with this property is

irreducible (i.e. a prime number).

We call this number p the characteristic of the ring.

Exercise 7.22
If p=x+vy-iec Z[i] with q := |[p|*> = x? + y? being a prime number then p is a

prime element in Z[i]. Find an example for a such number p.
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Exercise 7.23
Find all polynomials f in Z>[t] of degree 4 whose leading coefficient lc(f) and whose
constant coefficient f(0) both are 1. Which of these polynomials are irreducible?

Exercise 7.24
a. Let f € Z[t] with lc(f) = 1. Show if there is a prime number p € Z such that
the reduction ¢, (f) of f modulo p irreducible in Z,[t] (see Exercise 6.41) then
f is irreducible in Z[t].

b. Find all polynomials f in Z5[t] of degree 0 < deg(f) < 4 and write them as
products of as many polynomials of of degree at least one as possible.

c. Is f =t + 187t3 + 5t2 — 33t + 3001 € Z[t] irreducible?

C) Euclidean Rings

Factorial rings generalise the integers and as we have seen in Remark 7.20 the unique
prime factorisation of an element is very useful. However, so far we do not know
any other factorial ring besides the ring of integers. We do not yet know of any good
criterion to decide positively that a certain ring is factorial.

Let us postpone this problem for a moment. We started the discussion on factorial
rings with our wish for an algorithm to be able to compute a greatest common
divisor. This can be achieved by computing prime factorisations. However, even in
the ring of integers we do not have an efficient algorithm for the latter. You certainly

would not want to try it by hand on the following integers:
a = 1234567890987654321234567890987654321

and

b = 27283950390827160499283950390827065.
Even for your pocket calculator this would be more than only a challenge. But
for applications in cryptography these two integers are indeed awfully small! There
integers with 500 and more digits are needed to create secure cryptographical pro-
cedures. Their security very much depends on the fact that it is difficult to factorise
these large integers.

However, there is a very simple and efficient algorithm for computing a greatest
common divisor in the integers, and it does not need at all a prime factorisation. We
will describe this algorithm in the sequel. It works in each integral domain where
we can do a kind of diwision with remainder.

Definition 7.25
An integral domain R is called a Fuclidean ring, if there is a function

v:R\{0} — NN,
such that for all a,b € R\ {0} there is a division with remainder the form

a=qg-b+r
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with q,r € R where either r = 0 or v(r) < v(b). We call v a Fuclidean function of
R.

Example 7.26
7 is a Euclidean ring with Euclidean function v : Z \ {0} — IN : z — |z| due to the
well known division with remainder (see Remark 1.37).

Before we show how the division with remainder helps to compute a greatest common
divisor we want to show that there are other Euclidean rings besides the ring of
integers. The most important class of examples are the polynomial rings over fields.

Proposition 7.27 (Division with Remainder in the Polynomial Ring)
If R is a commutative ring with one and 0 # f,g € R[t] with lc(f) € R* then there
are polynomials q,r € R[t] such that

g=q-f+r and deg(r) < deg(f).

The polynomials q and v are uniquely determined.

Proof: Let f =Y ' ja;-tand g = Y " by - t" with m = deg(g), n = deg(f) and
a, € R* a unit. We do the proof of the existence of such a division with remainder
by induction by m.

Ifm:n:Owearedonebyq:%andrzo, and if 0 < m < n we can choose
d = 0 and v = g. These cases include the induction basis m = 0.

It suffices to consider the case m > 0 and n < m. We define
b
g i=g— —=.t™".f,
an
Then the leading coefficients of the two summands cancel out so that deg(g’) <
deg(g) = m. Therefore, by induction there exist polynomials q’,r" € R[t] such that
bm
q/.f_}_r/:g/:g__'tmfn.f
a

n

and deg(r’) < deg(f). Therefore

b
g: <q/+a_ﬂ1_tmfn)_f+r/)

and we are done with q = q’ + z—: A™ M and r=1".
It remains to show the uniqueness of the decomposition. Suppose we have two such
decompositions
g=q-f+r=q -f+1r
with q,q’,r, v’ € R[t] and deg(r),deg(r’) < deg(f). Then we have
(q—q)-f=1"—7
and since lc(f) as a unit is not a zero-divisor the degree formula applies and gives
deg(q — q’) + deg(f) = deg(r’ — 1) < max{deg(r),deg(r)} < deg(f).
The is only possible if q—q’ = 0. Therefore we have ¢ = q’ and then alsor =1/. O
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We get the following corollary as an immediate consequence.

Corollary 7.28
If K a field then K[t] is a Euclidean ring with deg as Euclidean function.

The proof of Proposition 7.27 is constructive, i.e. it gives us an algorithm for the

computation of the division with remainder in the polynomial ring.

Example 7.29
Let f=t3+t+1,g=1t—1¢ Q[t] be given. We do polynomial division

(t3 + t+ ) (t=)=t2+t+2+ 5

t3_t2
24t
2 — t
2t+ 1
2t— 2
3 =7
and get f = (t?+t+2)-g+ 3. O

We now want to get to know the Euclidean Algorithm which allows us to compute
a greatest common divisor in a Euclidean ring. Before we formulate the algorithm

as a theorem we want to demonstrate it at an example.

Example 7.30
We want to compute a greatest common divisor of the integers 1o = 66 and 1 = 15.
For this we do division with remainder by

To=66=4-154+6=q1-11+712

and get the remainder r, = 6. Then we divide r; by r; with remainder,
1M=15=2-64+3=q2-12+713,

and get the remainder r3 = 3. Then divide r; by r3 with remainder,
T,=6=2-34+0=qy 13+ T4,

and get the remainder r4 = 0. The algorithm terminates since r3 cannot be divided
by 14 = 0. We claim that then

r3=3¢ GCD(66, 15) = GCD(T(),T1),
is greatest common divisor of 1o = 66 and 17 = 15, i.e. the last non-zero remainder

in the successive division with remainder is a greatest common divisor.

The following theorem explains why the above algorithm works.

Theorem 7.31 (Euclidean Algorithm)
Let R be a Fuclidean ring with Euclidean function v and 1,17 € R\ {0}.
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For k > 2 and as long as r_1 # 0 define recursively ry as a remainder of the
division with remainder of T2 by T_1, i.e. there is a qx_1 € R with
Tk—2 = qx—1 " Tk—1 + Tk
with
=0 or v(r) <v(ri).

Then there is an n > 2 such that v, = 0, and we have .1 € GCD(rg,11).

Proof: As long as 17 is not zero we can go on with the division with remainder
and get that way integers Ty, qx_1 € R such that the above conditions are fulfilled .

Our construction gives

To=T1q1 + T2, v(r2) <v(r1),
T1 =7T2q2+ T3, v(r3) <v(r2),

T2 =T di1 Tk VT < v(Teea),
and therefore we get a strictly decreasing sequence of natural numbers
v(ry) >v(r) >v(rs) > ....

This, however, shows that the algorithm must stop, i.e. there is an n > 2 such that
W =0.

We now want to show by induction on n that
Tho1 € GCD(rg, 11).

Note that n — 1 is the number of recursion steps of the algorithm, i.e. the number

of divisions with remainder which are computed until the remainder zero occurs.
Induction basis: 1 = 2. Then r, = 0 and therefore r1 | rg and 17 € GCD(rg, 17).

Induction step: Let n > 3 and suppose the statement holds for all pairs for which
the algorithm finishes with at least one step less. If we only consider the last n — 3
recursion steps the induction hypothesis applied to r; and 1, shows:

Tho1 € GCD(rq,13).

In particular r,, 7 is a divisor of r7 and of r,. Since by assumption 1o = q7 - 1T1 + 12

then r,,_7 is also a divisor of 1.
Let now r € R be a further divisor of 1y and r;. Then we have
T (to—q1-11) =712
and hence 1 is a divisor of both 1y and r,. But since r,_; € GCD(ry,12) we have
T T,

and by definition we get 1., 1 € GCD(rp, 17). O
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In order to apply the algorithm we only need division with remainder. Since we
have such a division for each polynomial ring over a field we can compute greatest

common divisors there.

Example 7.32

Consider 19 = t*+1? € Q[t] and 1y = t3—3t*+t—3 € Q[t]. Division with remainder
give in the first step

To=tt+t?=(t+3)- (=3t +t—-3)+ (9?+9) =q; - 11+ 12

with remainder 1, = 9t2 + 9. In the second step we get

1 1
T :t3—3t2+t—3: (§t—§) -(9t2+9)+02q2-1‘2—|—1‘3

with remainder r3 = 0. The algorithm stops and 1, = 94> + 9 € GCD(1o,77) is a
greatest common divisor. We can normalise this polynomial by dividing it by its
leading coefficient. That way we get the monic greatest common divisor

t?4+1€ GCD (t* + 5, £ = 3t +t — 3).

Remark 7.33

If R is a Euclidean ring and a,b € R\ {0} we have g € GCD(a,b) if and only if
‘Lgb € LCM(a,b). Thus we can also compute lowest common multiples with the aid
of the Euclidean Algorithm.

Exercise 7.34
Show that Z[i] = {x+1i-y | x,y € Z} is a Euclidean ring with Euclidean function
v:Z[i] — N:a~— |a*

Exercise 7.35

Consider the polynomials
f=t2+3t"+ 22 + 52+ 7t + 2 € Z[t]
and

g=t+t*+t+1ecZ[l.

a. Find a greatest common divisor of f and g in Q[t] using the Euclidean Algo-

rithm.

b. Consider the coefficients of f and g modulo 3 and find a greatest common
divisor of the resulting polynomials ¢3(f) and ¢3(g) in Zs[t].

D) The Polynomial Ring

In the last subsection we have seen how polynomial division works and that it
actually is a division with remainder which gives the polynomial ring K[t] over a
field K the structure of a Euclidean ring. In this subsection we want to apply the

division with remainder in order to factorise a polynomial which has a zero.
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Lemma 7.36 (Substitution Morphism)
Let R a commutative ring with one and b € R. The map

©@p: R[t] — R: f+— f(b)
1S a ring epimorphism where
f(b) ::Zak-bke R
k=0
for f =73 1 jax-tk e R[tl. We call @y substitution morphism, and for a constant

polynomial f = ag we have @(f) = ao.

Proof: See Exercise 6.26. O

Remark 7.37
The fact that @y, is a ring homomorphism implies

(f+9g)(b) =f(b) +g(b) and (f-g)(b) =1(b)-g(b).

Now we can define the notion of a zero of a polynomial.

Definition 7.38
Let R be a commutative ring with one, f € R[t] and b € R. b is called zero of f if
f(b) = @u(f) =0.

Proposition 7.39
Let R be a commutative ring with one and let b € R be a zero of the polynomial
0 # g € R[t] then there is a q € R[t] with

g=4q-(t—>).

We call t — b a linear factor of the polynomial g.

Proof: Since the leading coefficient of f =t — b is a unit Division with remainder
7.27 gives two polynomials q,r € R[t] with

g=q-f+r

and deg(r) < deg(f) = 1. The degree condition implies that that 1 = 14 - 1% is a
constant polynomial. Since @u(f) =b —b = 0 and since b is a zero of g we have

To=@u(r) = @u(g —q-f) = @u(g) — @ola) - @u(f) =0.
Therefore, 1 is the zero polynomial and g = q - (t — b). 0J

Corollary 7.40
If R is an integral domain and 0 # f € R[t] is a polynomial of degree deg(f) > 2
which has a zero in R then f is not irreducible.
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Proof: If b € R is a zero of f then due to Proposition 7.39 there is a q € R[t] with
f =q- (t—Db). The degree formulae show

deg(q) = deg(f) =T >1,

so that the two factors g and t—b cannot be units in R[t]. Thus f is not irreducible.
O

Example 7.41
a. Let f =13+t — 5t — 2 € Q[t] then f(2) = 0 and polynomial division gives:

B+ t2—-5t—2):(t—2)=t2+3t+1.

13— 2t2
3t? — 5t
3t — 6t

t— 2
t— 2

Therefore we have f = (t> 4 3t + 1) - (t — 2) and f is not irreducible.
b. f f =t +t* +t3 + 12+t + 1 € Z,[t] then we have
fO)=T+T+T14+1+1T+17=6=0€2Z,.

Therefore 1 is a zero of f and f is not irreducible. We can split of the linear
factor t — 1 by polynomial division. Note that T = —1 in Z,, therefore t — 1 =

t+1:
B+t + 2+t +t+1): (t+1) =t +t2+1
£+t
B2 +t+ 1
3 4 t?
t4+ 1
+ 1

Therefore, we have f = (t4 + 12+ T) . (t + T).

Theorem 7.42
If R is an integral domain and O # f € R[t] is a polynomial then f has at most deg(f)

ZETros.

Proof: We leave the prof as an exercise for the reader. U

Example 7.43
The polynomial f = t? 4+ 1 has no zero in R while it has the zeros i and —1i in C.

Hence in C[t] it factors into product of linear factors:

f=(t—1) (t+1).
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Remark 7.44
Let K be a field. By the definition the substitution morphism defines for defines for

each polynomial f € K[t] a new function
P;: K — K:b— f(b),

the polynomial function defined by f. This way we get a map
P:K[t] — KX : f— P

of the set the polynomials over K into the set the functions from K to K, a polynomial
is maped to its polynomial function. The properties of the substitution morphism
and the definition of the ring operations in K¥ (see Example 6.3) show

Peig(b) = (f 4 g)(b) = f(b) + g(b) = P¢(b) + P4(b) = (P¢+ Py)(b)

and

Prg(b) = (f- g)(b) =1(b) - g(b) = P¢(b) - P4(b) = (P¢- Pg)(b).
Therefore we have Peg = P¢+ Pgq and Prg = P¢- Pg. Since moreover Py is the
constant function 1, i.e. the 1-element of KX, the map P is a ring homomorphism.

In school usually polynomials are only considered as polynomial functions, and the
above ring homomorphism allows us to consider our polynomials indeed as polyno-
mial functions. However, in general the map P is not injective, i.e. two different poly-
nomials might define the same polynomial function. E.g. let K = Z, f = t?>+t € K[t]
and g = 0-t° € K[t]. Then

fT) =T+T=0 and £(0) =0.
Since K = {0, 1} contains only the two elements 0 and 1 the function Ps the zero
function, i.e. Pf = Py, even though f is not the zero polynomial, i.e. f # g.

The problem in the above example comes from the fact that K contains only finitely
many elements and that thus there are polynomials besides the zero polynomial

which vanish at each element in K.
If however K is an infinite field then P is injective.

To see this we only have to show that the kernel of P contains only the zero polyno-
mial. Suppose that 0 # f € Ker(P) then Py is the zero function, i.e. each element of
K is a zero of f. By Theorem 7.42 we then get that K has at most deg(f) elements
in contradiction to the assumption [K| = oo.

If we work with an infinite field such as K = R or K = C then there is no need to
distinguish between a polynomial and its image under the map P in KX, a

Knowledge about the zeros of a polynomial can be helpful to see if a polynomial is

irreducible or not.

Exercise 7.45 a. If Kis a field and f € K[t] is a polynomial with deg(f) € {2, 3}.
Show f is irreducible if and only if f has no zero.
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b. Is f = t3 + 3t + 1 € Z[t] irreducible? If not write f as a product of irreducible
polynomials.

c. Is fs = 2+ 3 -t + 1 € Zs[t] irreducible? If not write fs as a product of
irreducible polynomials.

Exercise 7.46
Prove Theorem 7.42.

Exercise 7.47

Show that f = t> +t + 1 € Z,[t] is irreducible and K = Z,[t]/(f) is a field with 4
elements. Give the addition table and the multiplication table for K. What is the
characteristic (see Exercise 7.21) of K? Is K isomorphic to the ring Z47 Is K isomor-
phic to the ring Z, x Z; with componentwise operations? Consider the polynomial
ring K[x] over K in the indeterminate x. Is the polynomial g = x> +x + 1 € K[x]
irreducible? Has g a zero in K?

Note, in this Exercise we will write the elements 0 and T in Z, as 0 and 1. This is

sensible since the elements of Z;[t]/(f) are again residue classes and a notation like

t + 1 is rather clumsy.

E) Principle Ideal Domains

In the previous subsections we have that greatest common divisor exists in factorial
rings and in Euclidean rings. It is an obvious question whether these concepts are
somehow related, and indeed they are. The relation works via the concept of principle

ideal domains.

Definition 7.48
An integral domain R is called a principle ideal domain, if each ideal is a principle

ideal, i.e. it is generated by a single element.

In a principle ideal domain R for each ideal I there is an element a € I such that
[=(a)r={r-alreR}L

An ideal cannot possibly be any simpler The elements in I are all multiples of the
single element a.

Theorem 7.49
FEach Fuclidean ring is a principle ideal domain.

Proof: Let I<IR an ideal. We have to show that I = (b)g for a suitable element b € I.
Since the zero ideal is generated by 0 we may assume that I # {0}. If v: R\{0} —» IN
is a Euclidean function of R then we can choose an element 0 # b € I such that
v(b) is minimal. Let 0 # a € I be an arbitrary element then there exist q,r € R
such that a =q-b+r with r =0 or v(r) < v(b). Thus we have

r=a—q-bel
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since a € I and b € 1. Due to the minimality of b we get necessarily r = 0. Therefore
a=4q-b e (b)g, and thus I = (b)g. O

Since we know that Z and the polynomial rings over fields are Euclidean we get the
following Corollarys.

Corollary 7.50

7. is a principle ideal domain.

Corollary 7.51
If K a field then the polynomial ring K[t] is a principle ideal domain.

Remark 7.52

We had already previously proved this statement for the ring of integers. By Co-
rollary 6.30 the ideals in Z are additive subgroups of the additive group Z and by
Proposition 1.39 we know that these are all generated by a single element. If you
reconsider the proof of Proposition 1.39 you will see that it is identical with the
proof of Theorem 7.49.

Remark 7.53
The ring

Z{—1+\2/__19} z{chtb-—1+\2/__19

a,bEZ}

is a principle ideal domain which is not Fuclidean. The proof of this statement can
be done with elementary methods, but it is rather technical and therefore beyond
the scope of this course. O

Even though not each principle ideal domain is Euclidean we will see that also in
each principle ideal domain R greatest common divisors exist. If two elements a and
b in R are given then the ideal which is generated by a and b is

(a,b)p={r-a+s-b|r,seR}

and by assumption it must be generated by a single element. A generator of this

ideal turns out to be a greatest common divisor of a and b.

Theorem 7.54 (Bézout Identity)
Let R be a principle ideal domain and g,a,b € R. The following statements are

equivalent:
a. g € GCD(a,b).
b. (g)r = (a,b)r.
In particular, if g € GCD(a,b) then there are elements r,s € R with
g=1-a+s-b. (34)

We call (34) a Bézout Identity for the greatest common divisor g of a and b.
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Proof: Let g € GCD(a,b) and h a generator of the ideal (a,b)g. By Lemma 7.7
(Mr = (a,b)r C (g)r.

The same Lemma implies that h is a divisor of a and b. Since g is a greatest common
divisor we have h | g and therefore

(a,b)r = (W)r 2 (9)r
Conversely the equality
(a,b)r = (9)r
implies due to Lemma 7.7 that g is a divisor of a and of b. If h is any divisor of a
and of b then
(Wr 2 (a,b)r = (9)r,
so that yet again h is a divisor of g. Therefore, g € GCD(a,b). O

Remark 7.55

If R is not only a principle ideal domain but a Euclidean ring then the FKuclidean
Algorithm can be used to compute r,s € Rwith g=r-a+s-b for g € GCD(a,b).
For this we have to remember the q; and the ;i in the recursion steps of the algorithm

and then we have to resubstitute the results. We show this by an example.

Let a =8 € Z and b = 3 € Z. The Euclidean Algorithm gives:

8§=2-3+2
3=1-241
2=2-140

so that 1 € GCD(3, 8). By resubstitution then gives:
1=3-1-2=3—-1-(8—2-3)=3-34+(-1)-8.

With the aid of the Bézout Identity we can describe the group of units in Z, find,

even if n is not a prime number.

Proposition 7.56
For0#neZ
77 ={al|1eGCD(a,n)}

s the group of units of Zm, t.e. a coset @ € Zn is invertible if and only if 1 is a
greatest common divisor of a and M.
Proof: Let @ € Z*. Then thereis a b € Z, with T=a-b = a-b. Hence we have
a-b—1enZ
is a multiple of n. Therefore there is a r € Z with
a-b—1=r-n,

and thus
l=a-b—r-ne(an)z CZ= 1)z
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But then necessarily
(z = (a,n)z,
and due to Theorem 7.54 is 1 € GCD(a,n).
Let conversely T € GCD(a,n) then due to Theorem 7.54 there are b, r € Z with

l=b-a+7r-n,

and therefore we have

T=b-a+r-n=b-a+T-n=>b-aEZ,
since = 0. Hence, @ € Z is a unit. 0

Remark 7.57

The proof of Proposition 7.56 is constructive, i.e. we get an algorithm to compute
the inverse of @ in Z,, namely with aid of the Euclidean Algorithm. For n = 8
and a = 3 we determined in Remark 7.55 by the Euclidean Algorithm the following
representation of 1:

123.34+(=1)-8.
Hence, 377 =3¢ Zs. O

We next want to show that each principle ideal domain is factorial so that in parti-

cular each Euclidean ring is factorial. For this we need some preparation.

Lemma 7.58
Let R be a principle ideal domain, a € R be irreducible and b € R\ (a)r. Then
1 € GCD(a,b).

In particular there are v,s € R such that 1 =r-a+s-b.

Proof: Let g € GCD(a,b). It suffices to show that g is a unit. We have a €
(a,b)r = (g)r. Hence we have a = ¢ - g for a suitable ¢ € R. Since a is irreducible
either ¢ is a unit or g is so. If ¢ was a unit we had (a)r = (c- g)r = (g)r = (@, b)r

in contradiction to the choice of b € (a)g. Therefore g must be a unit. U

Lemma 7.59

If R is a principle ideal domain then each irreducible element is prime.

Proof: Let a € R be irreducible and a | b - c. Suppose a / b and a / c, i.e.
b € R\ (a)r and ¢ € R\ (a)g. Then by Lemma 7.58 there are elements r,s,1’,s" € R
such that

l=r-a+s-b and 1=1"-a+s’-c.
Hence we have
ala-(a-r-v+r-s"-c+rv'-s-b)+s-s"-b-c=1,

and a is a unit in contradiction to the assumption that a is irreducible. O
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Theorem 7.60
FEach principle ideal domain is factorial.

Proof: Since by Lemma 7.59 each irreducible element is prime it suffices to show
that each 0 # a € R\ R* is a product of finitely many irreducible elements.

Suppose there is an element 0 # ag € R\ R*, which is not a product of finitely
many irreducible elements. Then ag is in particular not irreducible. Hence there are
elements 0 # a;,b; € R\ R* such that ap = a; - by. Since ap is not a product of
finitely many irreducible elements at least one of the two factors a; and by isn’t
either. We may assume without loss of generality that for a; is not a product of
finitely many irreducible elements. We have

(ao)r ; (ar)r,

since by is not a unit. Replace now ag by a; and reason in the same way. Going on

like this we construct inductively a sequence
(ao)r G (anr & (az)r G (az)r & - .. (35)
of ideals.

We now consider their union
o0

1= U<C11'_>R

i=0
and we claim that this I is again an ideal. To see this note that if b,c € I then
there are i,j € IN such that b € (a;)r and ¢ € (a;)r. We may assume that i <j and
therefore (ai)r C (a;)r. But then b and ¢ both belong to (a;)gr and since this is an
ideal we also have

b+ce(a)rCL
Hence is I closed with respect to the addition. Moreover we have

r-be (ai)R Ccl
for r € R. This shows that I in indeed an ideal.

Since R is a principle ideal domain I must be a principle ideal. Therefore there exists
an s € R such that I = (s)g. But then we find an i € IN such that s € (a;)r and
hence

(ain)r € I=(s)r C (ayr,
in contradiction to (35). O
Remark 7.61

The contradiction in the proof of the above theorem stems from the fact that in a

principle ideal domain there is no strictly ascending chain of ideals

(ao)r G (a)r G (a2)r G (az)r & ...
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Rings with this property are called Noetherian. Principle ideal domain are examples
of Noetherian rings. In Commutative Algebra Noetherian rings are studied further.
O

Theorem 7.60 and Corollary 7.51 imply the following results.
Corollary 7.62

7. is factorial.

A more elaborate version of this statement is the Fundamental Theorem of Elemen-
tary Number Theory which follows if we take Remark 7.19 and Remark 7.20 into
account since Z* = {1,—1}.

Corollary 7.63 (Fundamental Theorem of Elementary Number Theory)
For each 0 # z € 7. there are uniquely determined pairwise different prime numbers
P1,...,Px and uniquely determined positive integers Ny, ..., Ny € Zi~o such that

z=sgn(z) - py" - P,

1, z>0,
sgn(z) ==

where

-1, z<0.
We denote by P the set the prime numbers and for a prime number p € P we

ntroduce the notation
np(z) =max{neN | p"|z}

which then gives
niy, P ="Pi
n,(z) =
v(z) { 0, else
and

z = sgn(z Hp“"

pelP

Note that in the formulation of the Fundamental Theorem the product HpeP pm (@
has at a first glance infinitely many factors. However, only finitely many of them
are not equal to one, and if we use the convention that we simply forget all those
factors which are one then the product is finite and well defined.

Remark 7.20 gives us the following Corollary for the computation of the greatest

common divisor and lowest common multiple via prime factorisation.

Corollary 7.64
Let a,b € Z \ {0} then
ng a, b Hpmln{np (b))
pelP

and

lem(a, b) HpmaX{“" m (b

pelP
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In particular,
la- bl =lem(a,b) - ged(a,b).

Corollary 7.65
If K is a field then K[t] is factorial, i.e. each polynomial in K[t] has an essentially
unique prime factorisation.

Example 7.66

The polynomial f = t*+ 3 - t3 + 2 € Zs[t] has the prime factorisation
f=(t+1) (+t+2).

Note that t? +1t + 2 is irreducible by Exercise 7.45 since the polynomial has no zero

in Z5.

We have seen in Corollary 7.51 that the polynomial ring over a field is a principle
ideal domain. The statement of the following exercise shows that the condition on
K is not only sufficient but also necessary.

Exercise 7.67

For an integral domain R the following statements are equivalent:

a. R is a field.
b. R[t] is a Euclidean ring.
c. R[t] is a principle ideal domain.

Exercise 7.68
Let K be a field and I < K[[t]] be an ideal with T # {0} and I # K[[t]]. Show that
there is an n > 1 with I = (t™) k. Is KI[t]] factorial?

F) The Chinese Remainder Theorem
In this subsection we want to answer the following question. Are there polynomials
f,g € Z[t] \ Z* such that
he=t"+6t3+17t2 + 24t +27 = - g,
i.e. is h reducible in Z[t]? We note first that for the leading coefficient of f and g

we necessarily have
le(f) - le(g) =le(f-g) = 1.
Thus we may assume without loss of generality that le(f) =1 =lc(g).

We tackle the problem now by reduction of the polynomial h modulo some prime

number p, i.e. we consider the image of h under the map

n n
Gp: ZIH — Zpltl: Y @ t*— Y @tk

k=0 k=0
Since this map is a ring homomorphism the equation h = f - g implies

p(h) = by (f) - dp(9).
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In the above example we consider h modulo the prime numbers 2 and 7, and we get
bo(h) =t*+6-C+T7- 2+ 281+ 27 =t* + 2+ 1= (E+t+1)° € Z[t]
(36)

and

b)) =t*+6-2+17 - t* +24 -t +27
=t"+6-°+3-t°+3-t+6
= (t*+5-t+2) (t*+t+3) € Z[tl.
The factorisation of ¢>(h) in Z>[t] and of ¢7(h) in Z[t] can be computed by
considering all products of all pairs of two polynomials of degree at most three
whose degrees add up to four. Since there are only finitely many this can be done
in finite time. The factors of ¢,(h) and of ¢7(h) which we found that way are

irreducible by Exercise 7.45 since their degree is two and they have no zero in 7,

respectively Z7. The latter can easily be checked.

Thus if there are polynomials f and g as above then their degree must necessarily

be two, i.e.
f=t>+b;-t+by and g=t>+cy-t+co,

and moreover their reduction modulo 2 respectively modulo 7 satisfies
ba(f) = ba(g) = t* +t +1

respectively
G- (f) =t?+5-t+2 and bs(g) =t>+t+3.

We are thus looking for integers by, by, co, 1 € Z which satisfy the following system
of congruence equations:

w2 )
" 2 )
o2 )
02

Can we solve a system of simultaneous congruence equations like (37)? The answer
to this question gives the Chinese Remainder Theorem, an algorithm for solving
such systems that was already known in China in the third century.

The following Lemmata are important steps in the proof of the Chinese Remainder

Theorem.
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Lemma 7.69
Let nq,...,n,. € Z\{0} be pairwise coprime and let Ny =

np-ny
n

Then n; and N; are coprime and N; € 7y, foriefl,...,n}

Proof: Leti e {1,...,1} be given. For j # i the integers n; and n; are coprime. This
means that T € GCD(ny,n;), and due to the Bézout Identity there exist integers
$j,Tj € Z such that

1:Tli'Tj+le'Sj.

If j passes through all indices from 1 to r except for i then we can write the integer

1 in the following way as a product of r — 1 factors:
1=H1=H(ni-1‘,~—l—nj-s,—). (41)
jF jF
Expanding the product on the right hand side we get a sum in which all but one
summand obviously contain the integer n; as a factor. The only summand which is

H(T‘Lj . S]‘) = Ni . HS)'.
AL A

If we split of ny of those summands which are divisible by ny we can rewrite the

not a multiple of n; is

above Equation (41) as:
1 :ni'Z+Ni'HSj € <T11,N1>Z
A
where z € Z is a suitable integer. But then we have (ni,Ni)z = (1)z and due to

Theorem 7.54 1 € GCD(my, N;), i.e. ny and N; are coprime. Proposition 7.56 finally
implies that N is a unit in Z,,,. O

Lemma 7.70
Ifng, ... ,n,. € Z\{0} are pairwise coprime and a € Z\{0} withm; | a fori=1,...,r
we have:

ny---n.|a.
Proof: We do the proof by induction on r where the claim for r = 1 is obviously
fulfilled. We can therefore assume that r > 2.
With the notation of Lemma 7.69 we have then by induction assumption
Nr:n1 R 4 % | a.

Hence there are integers b,c € Z with a =n,-b and a = N, - c. Since by Lemma
7.69 moreover n, and N, are coprime the Bézout Identity gives integers x,y € Z
with

x-n.+y-N,=1.
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If we combine the three equations we get:
a=a-(xn,+y-NJ=a-x-n.+a-y-N,
=N,-c-x-n,+n.-b-y-Ny=n,.-N,-(c-x+b-y).
Hence a is a multiple of N, - n, =n;---n,. O

Theorem 7.71 (Chinese Remainder Theorem)

Let nq,...,n,. € Z\{0} be pairwise coprime, N =nq---n, and N; = nﬁ

a. For arbitrary integers as,...,a, € 7 there exists a solution x € Z. of the

simultaneous system of congruence equations

X = a7 (modmng),

X = a; (modny),
(42)

x = a, (modn,).

b. [fXi=N; | € Zn, fori=1,....7 then
T

x’:ZNi~xi'aiEZ (43)

i=1
is a solution of (42).
c. X" € Z is a solution of (42) if and only if if X" differs from x" only by a multiple
of N. In particular, the solution of (42) is uniquely determined modulo N.

Proof: We show first that x’ is a solution of (42) and we prove thereby a. and b..
By Lemma 7.69 for i = 1,...,r there exists an x; € Z with x; = N_f] € Zn,. We

thus can consider
T
/ — .. .. .
x' = E N; - x5 - aj.
=1
Since ny | Nj for j # 1 in Zy,, we have the equation
T
=Y Nj % @ =N X G =T € Zn,,
j=1

1.e.

x' = a; (mod ny).

It remains to show therefore that x’4+NZ is the set the solutions of (42). Let x” € Z
be an arbitrary solution of (42). Then we have fori=1,... 7
x — Cli,X” —ay € TLiZ.

Therefore we get x' —x” € niZ, i.e. ny | (x' —x"), foralli =1,...,r. Lemma 7.70

implies then N | (x’ —x"), d. h. X’ —x” € NZ and therefore

x' = x" (mod N).
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If conversely x” =x"+ N -z for a z € Z then N | x’ — x” and therefore n; | x" — x”
for alli =1,...,r. Since we know already that x’ = a; (mod ny), i.e. ny | x' — ay,
we deduce

ni| (X' —a) = (x' —=x")) = (x" — ay),
ie. x” = ai (mod ny) for alli =1,...,r. Therefore x” is also a solution of (42). [
Remark 7.72
Since we can compute the inverse of Nj in Zy, with aid of the Euclidean Algorithm

(see Remark 7.57) we are indeed able to solve a system of congruence equations of
the form (42) with aid the formula (43).

In applications the n; are usually pairwise different prime numbers as in our intro-

ductory example.

We can formulate the statement of the Chinese Remainder Theorem in a more
algebraic way, if we consider the Cartesian product

Ly X Liny, X oo X L,

with componentwise addition and multiplication as a commutative ring with one.
The algebraic formulation will be most important for the lecture Elementary Number

Theory.

In the following Corollary we denote the coset of x in Z,, by X, instead of X in order
to make clear what the modulus is.

Corollary 7.73 (Chinese Remainder Theorem)
Let nyq,...,n. € Z-o be pairwise coprime positive numbers then the map

X2 Zinyomy — Liny X oo X Ly, = Koyeomy = (Xigy oo+, Xy
is an tsomorphism of commutative rings with one.
Moreover, the induced map
* * * .= — —
Lo, — Ly, X oo X LY Kyem, = (K, o, Xy

My

15 an isomorphism of the groups of units of the rings.
Proof: The map

X:Z — Ly X oo X Loy 2 X (X, Xy

is obviously a ring homomorphism. The Chinese Remainder Theorem 7.71 then
implies that « surjective with

Ker(a) = (g -+ ny)z.
The first claim therefore follows by the Homomorphism Theorem 4.50.
Since an isomorphism of rings maps units to units we have

(L) = Ly X o X L)) =15, X . XL,
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where the last equality follows from Example 6.4. Since the map & respects the
multiplication it induces an isomorphism of the multiplicative groups. U

Example 7.74
We want to solve the systems of congruence equations (37), (38), (39) and (40). The
first one has the form:

bo = 1 (mod 2)

bo = 2 (mod7)
In the notation of the Chinese Remainder Theorem ny = N, = 2, n, = Ny = 7,
a; = 1 and a; = 2. Even without applying the Euclidean Algorithm we see that

1=4-24+(-1)-7.
Hence we have X3 = 1 = —1 :N_f] €7Z,and x; =4 :N_zil € Z7. The solution
bo can thus up to a multiple of N = 2 -7 = 14 be written as
bo = X]~N]'(l1+X2'N2~Cl2:] 7]—}—422:23 = 9(mod 14)

For the remaining three systems of congruence equations the integers m;, N; and
X; stay unchanged and only the a; vary. We thus can compute the solution modulo
N = 14 without further ado:

b = x3 Ny T+x2-Ny:5=1-7-1+4-.2.5=47 = 5 (mod 14),

Co = xX1-Ny-1T4+%x-N2-3=1-7-14+4-2-3=31 = 3 (mod 14)
and

¢t = x1-Ny-T4+x%x-Ny-1=1-7-144-2-1T=15 = 1 (mod 14).

If we knew by some extra considerations that the coefficients of f and g had to lie
between 0 and 13 we could determine the polynomials f and g absolutely as

f=t?4+b;-t+bp=t>+5t+9

and
g=t*+ci-t+co=t2+t+3.

We do not have these additional information, however, we can just test our result,

and we get indeed

fog=(t2+5t+9) - (*+t+3)=t*+6t3+17t2 + 24t + 27 = h.

Remark 7.75

There are indeed results on the growth of the coefficients in a factorisation of a
polynomial in Z[t] in terms of the coefficients of the polynomial itself. If one then
chooses enough prime numbers such that the upper bound for the coefficients is
smaller than their product one can decompose the polynomial in Z[t] into irreducible
factors in the described way. Furthermore, there is a result which states that a
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polynomial which is irreducible in Z[t] is also irreducible in Q[t]. This finally leads
to an algorithm for computing a prime factorisation of polynomials in Q[t].

Note that there exists no such algorithm for polynomials in R[t] or C[t], which is a

major reason for the necessity of numerical algorithms. a

We want to conclude this section by a somewhat more elaborate example for the

Chinese Remainder Theorem.

Example 7.76
Consider the following system of congruence equations:

x = a;=1 (mod2),
X = a;=2 (mod 3),
x = az3=4 (mod?7).

The integers n; = 2,n, = 3,13 = 7 are pairwise coprime, and N = 2.3 -7 = 42
N; =21, N, =14 and N3 =6.
The computation of the inverse of N; in Z, is done with aid of the Euclidean

Algorithm. Since ny and N; are coprime we have due to the Bézout Identity
xiNi +yini =1

for suitable x; € Z (and y; € Z which is of no interest to us here):

and

We thus get:

x=Nj-x7-a1+Nz-x2-a,+N3-x3-a3
=21-1-1414-2-24+6-4-6=221 =11 (mod 42).

Therefore x = 11 is modulo 42 the uniquely determined solution, and the set of all
solutions is

M +2z-421z€7Z)}.

Remark 7.77

The assumption of the Chinese Remainder Theorem that the n; are pairwise coprime
is not only necessary for our proof. Without the assumption the statement itself is
in general wrong as following example shows: n; = 2, n; =4, a; =0, a; = 1;
the equation x = a; (mod 2) implies that x is an even integer while the equation
x = a; (mod 4) can only be satisfied by odd integers. Therefore there cannot exist
any integer x which satisfies both congruence equations simultaneously. This is due
to the fact the moduli n; =2 and n, =4 are not coprime.
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The last result of these lecture notes is devoted to the question how many prime
numbers there exist. This is important since by the Fundamental Theorem of Ele-
mentary Number Theory the prime numbers are the basic building blocks of all

integers.

Theorem 7.78 (Euclid)
There are infinitely man prime numbers in Z..

Proof: Since 2 is a prime number there exists at least one prime number. Suppose
now there were only finitely many prime numbers pq,...,pr € Z, and consider the
integer

z=p1-pr+1>1.
By the Fundamental Theorem of Elementary Number Theory z must have a prime
factorisation which means in particular that some prime number divides z, i.e. there
is some 1 such that p; | z. But then we get

‘pi’z_p1"'pr:1

which is only possible if p; is a unit. This however is in contradiction to the assump-

tion that p; is a prime number.

This shows that there are infinitely many prime numbers. 0



R[b], 81
GCD, 88
LCM, 88
Sym, 9
deg, 78
ged, 92, 110
(M), 16
(M)g, 83
lc, 78

lem, 54, 92
bn, 86
Do, 81

abelian, siehe group

addition, 68

alternating group, 40

Archimedian Principle, 17
associativity of the multiplication, 68

automorphism, siehe group homomorphism

Bézout Identity, 106

boolean group, 12

cancellation rules, 5

characteristic, 96

Chinese Remainder Theorem, 115
commutative, siehe group

congruent modulo n, 45

conjugation, siehe group homomorphism
contraposition, 11

coprime, 89

cycle, siehe permutation

cycle decomposition, siehe permutation

cyclic, siehe group

degree, 78

dihedral group, 41

disjoint, siehe set

distributivity, 68

divides, 88

division with remainder, 17, 97, 98

endomorphism, siehe group homomorphism

epimorphism, siehe group homomorphism,
stehe ring homomorphism

equivalence class, siehe relation

equivalence relation, siehe relation

error pair, 38

INDEX

119

Euclidean, siehe ring
Euclidean Algorithm, 99
Euclidean function, 98

even, siehe permutation

factorial, siehe ring
field, 68, 69, 87
complex numbers, 69
of fractions, 92
finite, siehe group
Fundamental Theorem of Elementary
Number Theory, 110

Gaussian integers, 79, 101
generated by M
subgroup, 16
greatest common divisor, 88
group, 2, 2-24
abelian, 2
alternating, 57
boolean, 12
commutative, 2
criterion for subgroups, 13
cyclic, 17, 17, 48, 55, 58, 60
finite, 2
group axioms, 2
infinite, 2
inverse element, 2
isomorphic, 20
neutral element, 2
order, 2
product formula, 47
quotient group, 52
subgroup, 13, 21
normal, 48
symmetric, 3241
symmetric group, 9
symmetric group of degree n, 10
group axioms, siehe group
group homomorphism, 19, 21
automorphism, 20
composition, 20
conjugation, 20
criterion for injectivity, 22
endomorphism, 20
epimorphism, 20

homomorphism, 19



120

image, 21 neutral element, siehe group
inner automorphism, 20 normal subgroup, 48
isomorphism, 20 nullring, 71
kernel, 21, 52 numbers
monomorphism, 20 complex, 69
group of units, 69 rational, 69
real, 69

homomorphism, siehe group homomorphism
order, siehe group, 24, 46

ideal, 82

. pairwise disjoint, siehe set
ideal generated, 83 o o ] .
. . . pairwise disjoint cycles, siehe permutation
image, siehe group homomorphism, 21 o
. ) partition, 29
index, siehe subgroup .
. . permutation, 9, 32
induction, 7

. . . cycle, 33

induction assumption, 7 .

. . . cycle decomposition, 34

induction basis, 7

. . even, 40

induction step, 7 .
. . . ) . . transposition, 33, 37, 39
induction assumption, siehe induction .
. . o . . polynomial, 78
induction basis, siehe induction
nducti ) he inducti degree, 78
induction step, siehe induction . .
o } P leading coefficient, 78
infinite, siehe group . .
] ] ] polynomial function, 104
inner automorphism, siehe group .
. polynomial ring, 78
homomorphism .
) polynomials, 78
integers, 3, 69
) ] ) ) power laws, 7
integral domain, siehe ring .
] _ power series
inverse element, siehe group

invertible, 68
irreducible, 93

isomorphic, siehe group

formal, 72
preimage, 21
prime, 94
prime factorisation, 96

isomorphism, siehe group homomorphism . . . . .
P ’ group P ’ principle ideal domain, siehe ring

sitehe ring homomorphism product formula, 47

kernel, siehe group homomorphism quotient group, siche group

quotient ring, 85
leading coefficient, siehe polynomial

left coset, 43 rational numbers, 27
left translation, 19 rationale numbers, 3
linear factor, 102 real numbers, 3
lowest common multiple, 88 reduction modulo n, 86
regular n-gon, 15, 41
map relation
injective, 22 equivalence relation
modulo, siehe relation modulo, 27
monoid, 2 equivalence relation, 26, 29
monomorphism, siehe group equivalence class, 26
homomorphism, siehe ring representative, 26
homomorphism remainder, 17
multiplication, 68 representative, siehe relation

multiplication table, 53 residue class map, 52



121

right translation, 19 unit, 68
ring, 68
commutative, 68 zero, 102
Euclidean, 97, 105 zero divisor, 87
factorial, 94, 96, 109, 110
prime factorisation, 96
group of units, 69
integral domain, 87
isomorphic, 80
Noetherian, 110
nullring, 71
of formal power series, 72
of maps, 69
principle ideal domain, 105, 105, 106, 109
quotient ring, 85
subring, 77
unique factorisation domain, 94
with one, 68
ring of Gaussian integers, 79
ring homomorphism, 80
epimorphism, 80
isomorphism, 80
monomorphism, 80
ring of Gaussian integers, 101
ring with one, 68

rotation, 14

semigroup, 2, 9
set

disjoint, 28

pairwise disjoint, 28
sign, 38, 40, b7
subfield, 77
subgroup, siehe group

index, 43
subgroup diagram, 47
subring, siehe ring
substitution morphism, 81, 102
symmetric group, siehe group

symmetric group of degree n, siehe group

the 1-element, 68

Theorem
Chinese Remainder Theorem, 114
Homomorphism Theorem, 55
Isomorphism Theorem, 57
Isomorphism Theorems, 57
of Lagrange, 45

transposition, siehe permutation



122

[GKO00]
[Hum96]
[Kei01]
[Kei02]

[Lan97]
[Sie81]

[Ver75]

LITERATUR

Gert-Martin Greuel and Thomas Keilen, Lineare Algebra I € II, Vorlesungsskript, FB
Mathematik, Universitat Kaiserslautern, 2000.

John F. Humphreys, A course in group theory, OUP, Oxford, 1996.

Thomas Keilen, Endliche Gruppen, Fachbereich Mathematik, Universitéit Kaiserslautern,
Jan. 2001, Proseminarskript, 3. Auflage, http://www.mathematik.uni-kl.de/ wwwagag/
download/scripts/Endliche.Gruppen.ps.gz.

Thomas Keilen, Algebra I, Mathematics Institute, University of Warwick, Oct. 2002,
http://www.mathematik.uni-kl.de/ keilen/download /Lehre/ ALGWS02/algebra.ps.gz.
Serge Lang, Algebraische Strukturen, Springer, 1997.

Helmut Siemon, Anwendungen der elementaren Gruppentheorie: in Zahlentheorie und
Kombinatorik, Klett Studienbiicher, Klett, 1981.

J. Verhoeff, Error detecting decimal codes, Mathematical Centre Tracts, no. 29, Mathe-

matisch Centrum Amsterdam, 1975.



