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Preface

The central concepts in this book are Lebesgue measure and the Lebesgue
integral. Their role as standard fare in UK undergraduate mathematics courses
is not wholly secure; yet they provide the principal model for the development of
the abstract measure spaces which underpin modern probability theory, while
the Lebesgue function spaces remain the main source of examples on which
to test the methods of functional analysis and its many applications, such as
Fourier analysis and the theory of partial differential equations.

It follows that not only budding analysts have need of a clear understanding
of the construction and properties of measures and integrals, but also that those
who wish to contribute seriously to the applications of analytical methods in
a wide variety of areas of mathematics, physics, electronics, engineering and,
most recently, finance, need to study the underlying theory with some care.

We have found remarkably few texts in the current literature which aim
explicitly to provide for these needs, at a level accessible to current under-
graduates. There are many good books on modern probability theory, and
increasingly they recognize the need for a strong grounding in the tools we
develop in this book, but all too often the treatment is either too advanced for
an undergraduate audience or else somewhat perfunctory. We hope therefore
that the current text will not be regarded as one which fills a much-needed gap
in the literature!

One fundamental decision in developing a treatment of integration is
whether to begin with measures or integrals, i.e. whether to start with sets or
with functions. Functional analysts have tended to favour the latter approach,
while the former is clearly necessary for the development of probability. We
have decided to side with the probabilists in this argument, and to use the
(reasonably) systematic development of basic concepts and results in proba-
bility theory as the principal field of application — the order of topics and the
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viii Preface

terminology we use reflect this choice, and each chapter concludes with further
development of the relevant probabilistic concepts. At times this approach may
seem less ‘efficient’ than the alternative, but we have opted for direct proofs
and explicit constructions, sometimes at the cost of elegance. We hope that it
will increase understanding.

The treatment of measure and integration is as self-contained as we could
make it within the space and time constraints: some sections may seem too
pedestrian for final-year undergraduates, but experience in testing much of the
material over a number of years at Hull University teaches us that familiar-
ity and confidence with basic concepts in analysis can frequently seem some-
what shaky among these audiences. Hence the preliminaries include a review
of Riemann integration, as well as a reminder of some fundamental concepts of
elementary real analysis.

While probability theory is chosen here as the principal area of application
of measure and integral, this is not a text on elementary probability, of which
many can be found in the literature.

Though this is not an advanced text, it is intended to be studied (not
skimmed lightly) and it has been designed to be useful for directed self-study
as well as for a lecture course. Thus a significant proportion of results, labelled
‘Proposition’, are not proved immediately, but left for the reader to attempt
before proceeding further (often with a hint on how to begin), and there is
a generous helping of Exercises. To aid self-study, proofs of the Propositions
are given at the end of each chapter, and outline solutions of the Exercises are
given at the end of the book. Thus few mysteries should remain for the diligent.

After an introductory chapter, motivating and preparing for the principal
definitions of measure and integral, Chapter 2 provides a detailed construction
of Lebesgue measure and its properties, and proceeds to abstract the axioms ap-
propriate for probability spaces. This sets a pattern for the remaining chapters,
where the concept of independence is pursued in ever more general contexts,
as a distinguishing feature of probability theory.

Chapter 3 develops the integral for non-negative measurable functions, and
introduces random variables and their induced probability distributions, while
Chapter 4 develops the main limit theorems for the Lebesgue integral and com-
pares this with Riemann integration. The applications in probability lead to a
discussion of expectations, with a focus on densities and the role of character-
istic functions.

In Chapter 5 the motivation is more functional-analytic: the focus is on the
Lebesgue function spaces, including a discussion of the special role of the space
L? of square-integrable functions. Chapter 6 sees a return to measure theory,
with the detailed development of product measure and Fubini’s theorem, now
leading to the role of joint distributions and conditioning in probability. Finally,
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following a discussion of the principal modes of convergence for sequences of
integrable functions, Chapter 7 adopts an unashamedly probabilistic bias, with
a treatment of the principal limit theorems, culminating in the Lindeberg—Feller
version of the Central Limit Theorem.

The treatment is by no means exhaustive, as this is a textbook, not a
treatise. Nonetheless the range of topics is probably slightly too extensive for
a one-semester course at third-year level: the first five chapters might provide
a useful course for such students, with the last two left for self-study or as
part of a reading course for students wishing to continue in probability theory.
Alternatively, students with a stronger preparation in analysis might use the
first two chapters as background material and complete the remainder of the
book in a one-semester course.

May 1998 Marek Capinski
Ekkehard Kopp






Preface to the Second Edition

After five years and six printings it seems only fair to our readers that we
should respond to their comments and also correct errors and imperfections to
which we have been alerted in addition to those we have discovered ourselves
in reviewing the text. This second edition also introduces additional material
which earlier constraints of time and space had precluded, and which has, in
our view, become more essential as the make-up of our potential readership has
become clearer. We hope that we manage to do this in a spirit which preserves
the essential features of the text, namely providing the material rigorously and
in a form suitable for directed self-study. Thus the focus remains on accessi-
bility, explicitness and emphasis on concrete examples, in a style that seeks to
encourage readers to become directly involved with the material and challenges
them to prove many of the results themselves (knowing that solutions are also
given in the text!).

Apart from further examples and exercises, the new material presented here
is of two contrasting kinds. The new Chapter 7 adds a discussion of the com-
parison of general measures, with the Radon-Nikodym Theorem as its focus.
The proof given here, while not new, is in our view more constructive and
elementary than the usual ones, and we utilise the result consistently to ex-
amine the structure of Lebesgue-Stieltjes measures on the line and to deduce
the Hahn-Jordan decomposition of signed measures. The common origin of
the concepts of variation and absolute continuity of functions and measures is
clarified. The main probabilistic application is to conditional expectations, for
which an alternative construction via orthogonal projections is also provided in
Chapter 5. This is applied in turn in Chapter 7 to derive elementary properties
of martingales in discrete time.

The other addition occurs at the end of each chapter (with the exception of
Chapters 1 and 5). Since it is clear that a significant proportion of our current
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readership is amongst students of the burgeoning field of mathematical finance,
each relevant chapter ends with a brief discussion of ideas from that subject. In
these sections we depart from our aim of keeping the book self-contained, since
we can hardly develop this whole discipline afresh. Thus we neither define
nor explain the origin of the finance concepts we address, but instead seek
to locate them mathematically within the conceptual framework of measure
and probability. This leads to conclusions with a mathematical precision that
sometimes eludes authors writing from a finance perspective.

To avoid misunderstanding we repeat that the purpose of this book remains
the development of the ideas of measure and integral, especially with a view to
their applications in probability and (briefly) in finance. This is therefore nei-
ther a textbook in probability theory nor in mathematical finance. Both of these
disciplines have a large specialist literature of their own, and our comments on
these areas of application are intended to assist the student in understanding
the mathematical framework which underpins them.

We are grateful to those of our readers and to colleagues who have pointed
out many of the errors, both typographical and conceptual, of the first edition.
The errors that inevitably remain are our sole responsibility. To facilitate their
speedy correction a webpage has been created for the notification of errors,
inaccuracies and queries, at http://www.springer.co.uk/MIP and we encourage
our readers to use it mercilessly. Our thanks also go to Stephanie Harding and
Karen Borthwick at Springer Verlag, London, for their continuing care and
helpfulness in producing this edition.

October 2003 Marek Capinski
Ekkehard Kopp
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1

Motivation and preliminaries

Life is an uncertain business. We can seldom be sure that our plans will work
out as we intend, and are thus conditioned from an early age to think in terms
of the likelihood that certain events will occur, and which are ‘more likely’
than others. Turning this vague description into a probability modelamounts
to the construction of a rational framework for thinking about uncertainty.
The framework ought to be a general one, which enables us equally to handle
situations where we have to sift a great deal of prior information, and those
where we have little to go on. Some degree of judgement is needed in all cases;
but we seek an orderly theoretical framework and methodology which enables
us to formulate general laws in quantitative terms.

This leads us to mathematical models for probability, that is to say, idealized
abstractions of empirical practice, which nonetheless have to satisfy the criteria
of wide applicability, accuracy and simplicity. In this book our concern will be
with the construction and use of generally applicable probability models in
which we can also consider infinite sample spaces and infinite sequences of
trials: that such are needed is easily seen when one tries to make sense of
apparently simple concepts such as ‘drawing a number at random from the
interval [0,1]” and in trying to understand the limit behaviour of a sequence
of identical trials. Just as elementary probabilities are computed by finding
the comparative sizes of sets of outcomes, we will find that the fundamental
problem to be solved is that of measuring the ‘size’ of a set with infinitely many
elements. At least for sets on the real line, the ideas of basic real analysis provide
us with a convincing answer, and this contains all the ideas needed for the
abstract axiomatic framework on which to base the theory of probability. For
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this reason the development of the concept of measure, and Lebesgue measureon
R in particular, has pride of place in this book.

1.1 Notation and basic set theory

In measure theory we deal typically with families of subsets of some arbitrary
given set and consider functions which assign real numbers to sets belonging to
these families. Thus we need to review some basic set notation and operations
on sets, as well as discussing the distinction between countably and uncountably
infinite sets, with particular reference to subsets of the real line R. We shall also
need notions from analysis such as limits of sequences, series, and open sets.
Readers are assumed to be largely familiar with this material and may thus skip
lightly over this section, which is included to introduce notation and make the
text reasonably self-contained and hence useful for self-study. The discussion
remains quite informal, without reference to foundational issues, and the reader
is referred to basic texts on analysis for most of the proofs. Here we mention
just two recent introductory textbooks: [8] and [11].

1.1.1 Sets and functions

In our operations with sets we shall always deal with collections of subsets
of some universal set {2; the nature of this set will be clear from the context
— frequently (2 will be the set R of real numbers or a subset of it. We leave
the concept of ‘set’ as undefined and given, and concern ourselves only with
set membership and operations. The empty set is denoted by @; it has no
members. Sets are generally denoted by capital letters.

Set membership is denoted by €, so z € A means that the element x is a
member of the set A. Set inclusion, A C B, means that every member of A is a
member of B. This includes the case when A and B are equal; if the inclusion is
strict, i.e. A C B and B contains elements which are not in A (written ¢ A)
this will be stated separately. The notation {x € A : P(x)} is used to denote
the set of elements of A with property P. The set of all subsets of A (its power
set) is denoted by P(A).

We define the intersection AN B = {x : x € A and x € B} and union
AUB = {z : z € Aor z € B}. The complement A° of A consists of the
elements of 2 which are not members of A; we also write A° = 2\ A, and,
more generally, we have the difference B\ A={x € B:x ¢ A} = BN A° and
the symmetric difference AAB = (A\ B)U (B \ A). Note that AAB = O if
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and only if A = B.

Intersection (resp. union) gives expression to the logical connective ‘and’
(resp. ‘or’) and, via the logical symbols 3 (there exists) and V (for all), they
have extensions to arbitrary collections; indexed by some set A these are given
by

ﬂ Ay ={z:x e A, foralla e A} ={z:Vae A,z € A,}
aeA

U Ay ={x:2€ A, forsome a € A} ={z:Ja € A,z € A,}.
acA
These are linked by de Morgan’s laws:

(UAa)C:mAZ; (nAa)C:UACa'

If AN B = then A and B are disjoint. A family of sets (Aq)aca is pairwise
disjoint it Ao N Ag = @ whenever a # 3 (o, 8 € A).

The Cartesian product A x B of sets A and B is the set of ordered pairs
A x B = {(a,b) : a € A,/ b € B}. As already indicated, we use N,Z,Q,R
for the basic number systems of natural numbers, integers, rationals and reals
respectively. Intervals in R are denoted via each endpoint, with a square bracket
indicating its inclusion, an open bracket exclusion, e.g. [a,b) = {z € R : a <
x < b}. We use oo and —co to describe unbounded intervals, e.g. (—o0,b) =
{reR:2 < b} [0,00)={xr €R:z >0} =R".R?=RxR denotes the plane,
more generally, R™ is the n-fold Cartesian product of R with itself, i.e. the set
of all n-tuples (z1,...,x,) composed of real numbers. Products of intervals,
called rectangles, are denoted similarly.

Formally, a function f : A — B is a subset of A x B in which each first
coordinate determines the second: if (a,b), (a,c) € f then b = c. Its domain
Dy ={acA:3be B,(a,b) € f},and range Ry ={b€ B:3Ja € A, (a,b) € [}
describe its scope. Informally, f associates elements of B with those of A, such
that each @ € A has at most one image b € B. We write this as b = f(a).
The set X C A has image f(X) = {b € B :b= f(a) for some a € X} and
the inverse image of a set Y C Bis f}(Y) = {a € A : f(a) € Y}. The
composition fao f1 of fi: A— B and fo: B — C is the function h: A — C
defined by h(a) = fa(fi(a)). When A = B =C, z — (f10 fa)(z) = f1(f2(x))
and z — (f20 f1)(x) = f2(f1(x)) both define functions from A to A. In general,
these will not be the same: for example, let fi(z) = sinz, fo(x) = 22, then
x — sin(2?) and x — (sinz)? are not equal.

The function g extends f if Dy C Dy and g = f on Dy; alternatively we say
that f restricts g to Ds. These concepts will be used frequently for real-valued
set functions, where the domains are collections of sets and the range is a subset
of R.
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The algebra of real functions is defined pointwise, i.e. the sum f 4 g and

product f - g are given by (f + g)(z) = f(z) + g(x), (f - 9)(z) = f(2) - g(2).
The indicator function 1 4 of the set A is the function

1 forze A
1,4(3:)—{ 0 forx¢ A

Note that 1anp =141, laup =14 +1p —14lp,and 1 4c =1 — 14.

We need one more concept from basic set theory, which should be familiar:
For any set E, an equivalence relation on E is a relation (i.e. a subset R of
E x E, where we write  ~ y to indicate that (z,y) € R) with the following
properties:

1. reflexive: for all x € E, x ~ z,
2. symmetric: x ~ y implies y ~ x,

3. transitive: x ~ y and y ~ z implies x ~ z.

An equivalence relation ~ on FE partitions E into disjoint equivalence
classes: given = € E, write [z] = {z : z ~ z} for the equivalence class of
x, i.e. the set of all elements of E that are equivalent to x. Thus z € [z], hence
E = ,cplr]. This is a disjoint union: if [z] N[y] # O, then there is z € £ with
x ~ z and z ~ y, hence x ~ y, so that [z] = [y]. We shall denote the set of all
equivalence classes so obtained by E/~.

1.1.2 Countable and uncountable sets in R

We say that a set A is countable if there is a one—one correspondence between
A and a subset of N, i.e. a function f : A — N that takes distinct points to
distinct points. Informally, A is finite if this correspondence can be set up using
only an initial segment {1,2,..., N} of N (for some N € N), while we call A
countably infinite or denumerable if all of N is used. It is not difficult to see
that countable unions of countable sets are countable; in particular, the set Q
of rationals is countable.

Cantor showed that the set R cannot be placed in one—one correspondence
with (a subset of) Nj; thus it is an example of an uncountable set. Cantor’s proof
assumes that we can write each real number uniquely as a decimal (always
choosing the non-terminating version). We can also restrict ourselves (why?)
to showing that the interval [0,1] is uncountable.

If this set were countable, then we could write its elements as a sequence
(n)n>1, and since each x,, has a unique decimal expansion of the form

Ty = 0.04,10172003-...00p -
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for digits a;; chosen from the set {0,1,2...,9}, we could therefore write down
the array
T = 0.a11a12a13 e

Ty — O.a21a22a23 .

T3 = 0.a31a32a33 e

Now write down y = 0.b1b2b3 . . ., where the digits b,, are chosen to differ from
Anyn. Such a decimal expansion defines a number y € [0, 1] that differs from
each of the x, (since its expansion differs from that of x, in the nth place).
Hence our sequence does not exhaust [0,1], and the contradiction shows that
[0,1] cannot be countable.

Since the union of two countable sets must be countable, and since Q is
countable, it follows that R\Q is uncountable, i.e. there are far ‘more’ irrationals
than rationals! One way of making this seem more digestible is to consider the
problem of choosing numbers at random from an interval in R.

Recall that rational numbers are precisely those real numbers whose dec-
imal expansion recurs (we include ‘terminates’ under ‘recurs’). Now imagine
choosing a real number from [0,1] at random: think of the set R as a pond
containing all real numbers, and imagine you are ‘fishing’ in this pond, pulling
out one number at a time.

How likely is it that the first number will be rational, i.e. how likely are we
to find a number whose expansion recurs? It would be like rolling a ten-sided
die infinitely many times and expecting, after a finite number of throws, to say
with certainty that all subsequent throws will give the same digit. This does
not seem at all likely, and we should therefore not be too surprised to find
that countable sets (including Q) will be among those we can ‘neglect’” when
measuring sets on the real line in the ‘unbiased’ or uniform way in which we
have used the term ‘random’ so far. Possibly more surprising, however, will
be the discovery that even some uncountable sets can be ‘negligible’ from the
point of view adopted here.

1.1.3 Topological properties of sets in R

Recall the definition of an open set O C R :
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Definition 1.1

A subset O of the real line R is open if it is a union of open intervals, i.e. for
intervals (In)aeca, where A is some index set (countable or not)

0= I.

acA

A set is closed if its complement is open. Open sets in R™ (n > 1) can be
defined as unions of n-fold products of intervals.

This definition seems more general than it actually is, since, on R, countable
unions will always suffice — though the freedom to work with general unions
will be convenient later on. If A is an index set and I, is an open interval for
each a € A, then there exists a countable collection (I, )x>1 of these intervals
whose union equals Ugeal,. What is more, the sequence of intervals can be
chosen to be pairwise disjoint.

It is easy to see that a finite intersection of open sets is open; however,
a countable intersection of open sets need not be open: let O, = (—+,1) for
n > 1, then E =nN%2,0,, = [0,1) is not open.

Note that R, unlike R™ or more general spaces, has a linear order, i.e. given
z,y € R we can decide whether z < y or y < x. Thus u is an upper bound for
aset ACRifa <wforall a € A, and a lower bound is defined similarly. The
supremum (or least upper bound) is then the minimum of all upper bounds and
written sup A. The infimum (or greatest lower bound) inf A is defined as the
maximum of all lower bounds. The completeness property of R can be expressed
by the statement that every set which is bounded above has a supremum.

A real function f is said to be continuous if f~1(O) is open for each open
set O. Every continuous real function defined on a closed bounded set attains
its bounds on such a set, i.e. has a minimum and maximum value there. For
example, if f : [a,b] — R is continuous, M = sup{f(z) : z € [a,b]} = f(Tmax),
m = inf{f(z) : * € [a,b]} = f(@min) for some points ZTmax,Tmin € [a,d].
The Intermediate Value Theorem says that a continuous function takes all
intermediate values between the extreme ones, i.e. for each y € [m, M] there is
a 0 € [a,b] such that y = f(6).

Specializing to real sequences (x, ), we can further define the upper limit
limsup,, z,, as

inf{ sup z,, : n € N}
m>n

and the lower limit liminf,, x,, as

supq{ ir;f Tt € N}



1. Motivation and preliminaries 7

The sequence z,, convergesif and only if these quantities coincide and their
common value is then its limit. Recall that a sequence (z,,) converges and the
real number z is its limit, written x = lim,_ o Ty, if for every € > 0 there is
an N € N such that |z, — x| < ¢ whenever n > N. A series ), ., a, converges
if the sequence xz,, = an:1 an of its partial sums converges, and its limit is
then the sum > ° | a, of the series.

1.2 The Riemann integral: scope and limitations

In this section we give a brief review of the Riemann integral, which forms part
of the staple diet in introductory analysis courses, and consider some of the
reasons why it does not suffice for more advanced applications.

Let f : [a,b] — R be a bounded real function, where a,b, with a < b, are
real numbers. A partition of [a,b] is a finite set P = {ag, a1, az,...,a,} with

a=ap<ay<ag <...<a,=h

The partition P gives rise to the upper and lower Riemann sums
n n
U(P,f)=) MAa;,  L(P,f)=) m;Aa;
i=1 i=1

where Aa; = a; — a;—1,
M;= sup f(x)
a;i—1<z<a;
and
i = Clifluﬁliﬁai f(fU)
for each i < n. (Note that M; and m; are well-defined real numbers since f is
bounded on each interval [a;_1, a;].)

In order to define the Riemann integral of f, one first shows that for any
given partition P, L(P, f) < U(P, f), and next that for any refinement, i.e. a
partition P’ O P, we must have L(P, f) < L(P’, f) and U(P’, f) < U(P, f).
Finally, since for any two partitions P; and Ps, their union P U P» is a refine-
ment of both, we see that L(P, f) < U(Q, f) for any partitions P, Q. The set
{L(P, f) : P is a partition of [a,b]} is thus bounded above in R, and we call its
supremum the lower integral ff f of f on [a,b]. Similarly, the infimum of the

set of upper sums is the upper integral ff f. The function f is now said to be
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Riemann-integrable on [a, b] if these two numbers coincide, and their common
value is the Riemann integral of f, denoted by fab f or, more commonly,

/abf(:c)dx

This definition does not provide a convenient criterion for checking the inte-
grability of particular functions; however, the following formulation provides a
useful criterion for integrability — see [8] for a proof.

Theorem 1.1 (Riemann'’s Criterion)

f : [a,b] — R is Riemann-integrable if and only if for every ¢ > 0 there exists
a partition P. such that U(P., f) — L(P., f) < e.

Example 1.1

We calculate fo x)dx when f(r) = \/z: our immediate problem is that
square roots are hard to find except for perfect squares. Therefore we take
partition points which are perfect squares, even though this means that the
interval lengths of the different intervals do not stay the same (there is nothing
to say that they should do, even if it often simplifies the calculations). In fact,
take the sequence of partitions

P, = {0, (%)2, 3 LA EA R

and consider the upper and lower sums, using the fact that f is increasing:

U(Pa ) = YR = () 3Zm_z

n

n

P ) = Y (I~ (S = 5300 i+ 1),

Hence

3|,_.

n
1
U(me)_ Pnaf Z 'L_l {(n+1)_n}__
By choosing n large enough, we can make this difference less than any given
€ > 0, hence f is integrable. The integral must be %, since both U(P,, f) and
L(P,, f) converge to this value, as is easily seen.
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Riemann’s criterion still does not give us a precise picture of the class
of Riemann-integrable functions. However, it is easy to show (see [8]) that
any bounded monotone function belongs to this class, and only a little more
difficult to see that any continuous function f : [a,b] — R (which is of course
automatically bounded) will be Riemann-integrable.

This provides quite sufficient information for many practical purposes, and
the tedium of calculations such as that given above can be avoided by proving

Theorem 1.2 (Fundamental Theorem of Calculus)

If f:]a,b] — R is continuous and the function F : [a,b] — R has derivative f
(i.e. F' = f on (a,b)) then

b
F(b) — F(a) = / f(x)da.

This result therefore links the Riemann integral with differentiation, and
displays F' as a primitive (also called ‘anti-derivative’) of f:

F(x) = j f(z)dz

up to a constant, thus justifying the elementary techniques of integration that
form part of any Calculus course.

We can relax the continuity requirement. A trivial step is to assume f
bounded and continuous on [a,b] except at finitely many points. Then f is
Riemann integrable. To see this split the interval into pieces on which f is
continuous. Then f is integrable on each and hence one can derive integrability
of f on the whole interval. As an example consider a function f equal to zero
for all z € [0, 1] except ay, ..., a, where it equals 1. It is integrable with integral
over [0, 1] equal to 0.

Taking this further, however, will require the power of the Lebesgue theory:
in Theorem 4.23 we show that f is Riemann-integrable if and only if it is
continuous at ‘almost all’ points of [a,b]. This result is by no means trivial, as
you will discover if you try to prove directly that the following function f, due
to Dirichlet, is Riemann-integrable over [0, 1]:

1 .
n 1fx=%€@

f(x){ 0 ifz¢Q.

In fact, it is not difficult, see [8], to show that f is continuous at each irrational
and discontinuous at every rational point, hence (as we will see) is continuous
at ‘almost all’ points of [0, 1].
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Since the purpose of this book is to present Lebesgue’s theory of integration,
we should discuss why we need a new theory of integration at all: what, if
anything, is wrong with the simple Riemann integral described above?

First, scope: it doesn’t deal with all the kinds of functions that we hope to
handle.

The results that are most easily proved rely on continuous functions on
bounded intervals; in order to handle integrals over unbounded intervals, e.g.

o0 2
/ e ¥ dx
— 00

or the integral of an unbounded function:

1
1
—dz
;=
we have to resort to ‘improper’ Riemann integrals, defined by a limit process:
e.g. considering the integrals

/” 2 |
e " dux, / — dx,
—-n € \/5
and letting n — oo or € — 0 respectively. This isn’t all that serious a flaw.

Second, dependence on intervals: we have no easy way of integrating over more
general sets, or of integrating functions whose values are distributed ‘awk-
wardly’ over sets that differ greatly from intervals. For example, consider the
upper and lower sums for the indicator function 1g of Q over [0, 1]; however
we partition [0, 1], each subinterval must contain both rational and irrational
points; thus each upper sum is 1 and each lower sum 0. Hence we cannot
calculate the Riemann integral of f over the interval [0,1]; it is simply ‘too
discontinuous’. (You may easily convince yourself that f is discontinuous at all
points of [0, 1].)

Third, lack of completeness: rather more importantly from the point of view of
applications, the Riemann integral doesn’t interact well with taking the limit
of a sequence of functions. One may expect results of the following form: if a
sequence f, of Riemann-integrable functions converges (in some appropriate
sense) to f, then fab fondz — f:fda:.

We give two counterexamples showing what difficulties can arise if the func-
tions (f,,) converge to f pointwise, i.e. f,(z) — f(z) for all z.

1. The limit need not be Riemann integrable, and so the convergence ques-
tion does not even make sense. Here we may take f = lqg, f, = 14, where
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A, = {q1,...,qn}, and the sequence (g,), n > 1 is an enumeration of the
rationals, so that (f,,) is even monotone increasing.

2. The limit is Riemann integrable, but the convergence of Riemann inte-
grals does not hold. Let f = 0, consider [a, b] = [0, 1], and put

4n’x if0<x< s
fa(x) =< 4dn—dn’z if - <z <1
0 if L <z<l.

2nt

v

1
n

Figure 1.1 Graph of f,.

This is a continuous function with integral 1. On the other hand, the se-
quence f,(x) converges to f = 0 since for all z, f,(z) = 0 for n sufficiently
large (such that + < z). See Figure 1.1.

To avoid problems of this kind, we can introduce the idea of uniform con-
vergence: a sequence (fy,) in C[0,1] converges uniformly to f if the sequence
an, = sup{|fn(z) — f(z)| : 0 <z < 1} converges to 0. In this case one can easily
prove the convergence of the Riemann integrals:

/01 fo(z)dz — /01 f(z)dx.

However, the ‘distance’ sup{|f(z) — g(z)| : 0 < & < 1} has nothing to do
with integration as such and the uniform convergence is too restrictive for many
. 1 ;. 1
applications. A more natural concept of ‘distance’, given by fo |f(x)—g(x)| dz,
leads to another problem. Defining

0 ifo<z <3
gn(@) =19 nz—3) f3<z<i++
1 otherwise

it can be shown that fol |gn(x) — gm(x)| dz — 0 as m,n — oo; in Figure 1.2 the
shaded area vanishes. (We say that (f,,) is a Cauchy sequence in this distance.)
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Yet there is no continuous function f to which this sequence converges since
the pointwise limit is f(x) = 1 for x > % and 0 otherwise, so that f = L1
So the space C([0, 1]) of all continuous functions f: [0,1] — R is too small from
this point of view.

\4

Figure 1.2 Graphs of g,, gm

This is rather similar to the situation which leads one to work with R rather
than just with the set of rationals Q (there are Cauchy sequences without limits
in Q, for example a sequence of rational approximations of \/5) Recalling the
crucial importance of completeness in the case of R, we naturally look for a
theory of integration which does not have this shortcoming. In the process we
shall find that our new theory, which will include the Riemann integral as a
special case, also solves the other problems listed.

1.3 Choosing numbers at random

Before we start to develop the theory of Lebesgue measure to make sense of
the ‘length’ of a general subset of R, let us pause to consider some practical
motivation. The simplicity of elementary probability with finite sample spaces
vanishes rapidly when we have an infinite number of outcomes, such as when
we ‘pick a number between 0 and 1 at random’. We face making sense of the
‘probability’ that a given x € [0, 1] is chosen. A similar, slightly more general
question, is the following: what is the probability that the number we pick is
rational?

First a prior question: what do we mean by saying that we pick the number
x at random? ‘Random’ plausibly means that in each such trial, each real num-
ber is ‘equally likely’ to be picked, so that we impose the uniform probability
distribution on [0, 1]. But the ‘number’ of possible choices is infinite. Hence the
event A, that a fixed x is chosen ought to have zero probability. On the other
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hand, since some number between 0 and 1 ¢s chosen, and it is not impossible
that it could be our z. Thus a set A, # @ can have P(A;) = 0. Our way of
‘measuring’ probabilities need not, therefore, be able to distinguish completely
between sets — we could not really expect this in general if we want to handle
infinite sets.

We can go slightly further: the probability that any one of a finite set of
reals A = {x1,29,...,2,} is selected should also be 0, since it seems natural
that this probability P(A) should equal > " | P({x;}). We can extend this to
claim the finite additivity property of the probability function A — P(A), i.e.
that if Ay, Ao, ..., A, are disjoint sets, then P({J;_, A;) = >, P(A;). This
claim looks very plausible, and we shall see that it becomes an essential feature
of any sensible basis for a calculus of probabilities.

Less obvious is the claim that, under the uniform distribution, any countably
infinite set, such as QQ, must also carry probability 0 — yet that is exactly what
an analysis of the ‘area under the graph’ of the function 1g suggests. We can
reinterpret this as a result of a ‘continuity property’ of the mapping A — P(A)
when we let n — oo in the above: if the sequence (A;) of subsets of R is disjoint
then we would like to have

P(U 4;) anij{.lozp(/li) = ZP(Az‘)-

We shall see in Chapter 2 that this condition is indeed satisfied by Lebesgue
measure on the real line R, and it will be used as the defining property of
abstract measures on arbitrary sets.

There is much more to probability than is developed in this book: for ex-
ample, we do not discuss finite sample spaces and the elegant combinatorial
ideas that characterize a good introduction to probability, such as [6] and [9].
Our focus throughout remains on the essential role played by Lebesgue mea-
sure in the description of probabilistic phenomena based on infinite sample
spaces. This leads us to leave to one side many of the interesting examples and
applications which can be found in these texts, and provide, instead, a con-
sistent development of the theoretical underpinnings of random variables with
densities.
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Measure

2.1 Null sets

The idea of a ‘negligible’ set relates to one of the limitations of the Riemann
integral, as we saw in the previous chapter. Since the function f = 1g takes
a non-zero value only on Q, and equals 1 there, the ‘area under its graph’ (if
such makes sense) must be very closely linked to the ‘length’ of the set Q. This
is why it turns out that we cannot integrate f in the Riemann sense: the sets
Q and R\ Q are so different from intervals that it is not clear how we should
measure their ‘lengths’ and it is clear that the ‘integral’ of f over [0, 1] should
equal the ‘length’ of the set of rationals in [0, 1]. So how should we define this
concept for more general sets?

The obvious way of defining the ‘length’ of a set is to start with intervals
nonetheless. Suppose that I is a bounded interval of any kind, i.e. I = [a, b],
I=a,b),I=(a,blorI = (a,b). Wesimply define the length of I as[(I) = b—a
in each case.

As a particular case we have [({a}) = I([a, a]) = 0. It is then natural to say
that a one-element set is ‘null’. Before we extend this idea to more general sets,
first consider the length of a finite set. A finite set is not an interval but since
a single point has length 0, adding finitely many such lengths together should
still give 0. The underlying concept here is that if we decompose a set into a
finite number of disjoint intervals, we compute the length of this set by adding
the lengths of the pieces.

As we have seen, in general it may not be always possible actually to decom-

15
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pose a set into intervals. Therefore, we consider systems of intervals that cover
a given set. We shall generalize the above idea by allowing a countable number
of covering intervals. Thus we arrive at the following more general definition of
sets of ‘zero length’:

Definition 2.1

A null set A C R is a set that may be covered by a sequence of intervals
of arbitrarily small total length, i.e. given any € > 0 we can find a sequence
{I,, : n > 1} of intervals such that

o0
AC U I,
n=1
and

il(]n) < e.

(We also say simply that ‘A is null’.)

Exercise 2.1

Show that we get an equivalent notion if in the above definition we
replace the word ‘intervals’ by any of these: ‘open intervals’, ‘closed in-
tervals’, ‘the intervals of the form (a, b], ‘the intervals of the form [a, b)’.

Note that the intervals do not need to be disjoint. It follows at once from
the definition that the empty set is null.

Next, any one-element set {z} is a null set. For, let ¢ > 0 and take I; =
(x— 5,2+ %), I, =[0,0] for n > 2. (Why take I,, = [0, 0] for n > 27 Well, why
not! We could equally have taken I, = (0,0) = @, of course!) Now

;Z(In) = l([l) = 5 <eE.

More generally, any countable set A = {21, 2, ...} is null. The simplest way
to show this is to take I,, = [z, x,], for all n. However, as a gentle introduction
to the next theorem we will cover A by open intervals. This way it is more fun.
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For, let € > 0 and cover A with the following sequence of intervals

1 1

11:(I1—§,I1+§) 1(11)255'5

c c 1 1
IQZ(JJQ—E,IQ-FE) 1(12)255'?
c - 1 1

Iy = (3 — 55,73+ 535) 1(13)255'5
c c 1 1

I, = (ajn — onsdn + ‘2A2n) l(In) = 55' 2_,”

Since >°°° L =1,

n=1 27

as needed.

Here we have the following situation: A is the union of countably many
one-element sets. Each of them is null and A turns out to be null as well.

We can generalize this simple observation:

Theorem 2.1
If (Np)n>1 is a sequence of null sets, then their union
o0
N = U N,
n=1

is also null.

Proof

We assume that all N,,, n > 1, are null and to show that the same is true for N
we take any € > 0. Our goal is to cover the set N by countably many intervals
with total length less than ¢.

The proof goes in three steps, each being a little bit tricky.

Step 1. We carefully cover each N,, by intervals.

‘Carefully’ means that the lengths have to be small. ‘Small’ means that we
are going to add them up later to end up with a small number (and ‘small’
here means less than ¢).

Since Ny is null, there exist intervals I}, k > 1, such that

b ™
8

Zl(lli) <35 Nl g
k=1 k

Ik.
1
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For N, we find a system of intervals I,f, k> 1, with

S , c S )
Zl([k)<1, Ny C UIk
k=1 k=1

You can see a cunning plan of making the total lengths smaller at each step at
a geometric rate. In general, we cover N,, with intervals I}}, k > 1, whose total
£

length is less than 5:

oo c oo

k=1

Step 2. The intervals I}’ form a sequence.

We arrange the countable family of intervals {I}}}x>1,>1 into a sequence
Jj, j > 1. For instance we put Jy = I}, Jo = I3, J3 = 1%, Jy = I3, etc. so that
none of the I} are skipped. The union of the new system of intervals is the
same as the union of the old one and so

N = UN CUUI,C*UJ

n=1 k=1

Step 3. Compute the total length of J;.

This is tricky because we have a series of numbers with two indices:

Now we wish to write this as a series of numbers each being the sum of a series.
We can rearrange the double sum because the components are non-negative (a
fact from elementary calculus).

which completes the proof. |

Thus any countable set is null, and null sets appear to be closely related
to countable sets — this is no surprise as any proper interval is uncountable, so
any countable subset is quite ‘sparse’ when compared with an interval, hence
makes no real contribution to its ‘length’. (You may also have noticed the
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similarity between Step 2 in the above proof and the ‘diagonal argument’ which
is commonly used to show that Q is a countable set.)

However, uncountable sets can be null, provided their points are sufficiently
‘sparsely distributed’; as the following famous example, due to Cantor, shows:

1. Start with the interval [0, 1], remove the ‘middle third’, that is the interval
(%, %), obtaining the set C7, which consists of the two intervals [0, %] and
eRil

2. Next remove the middle third of each of these two intervals, leaving Cs,
consisting of four intervals, each of length §, etc. (See Figure 2.1.)

3. At the nth stage we have a set C),, consisting of 2" disjoint closed intervals,
n

each of length 3% Thus the total length of C,, is (%) .

Figure 2.1 Cantor set construction (Cs)

We call
Cn

Q
[
D

n=1

the Cantor set.
Now we show that C is null as promised.

Given any € > 0, choose n so large that (%)n < €. Since C C (), and C,
consists of a (finite) sequence of intervals of total length less than &, we see that
C is a null set.

All that remains is to check that C is an uncountable set. This is left for
you as

Exercise 2.2

Prove that C is uncountable.

Hint Adapt the proof of the uncountability of R: begin by expressing each
x in [0,1] in ternary form:

(o)
:cfg S—kf .ajag ...
k=1
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with ar = 0, 1 or 2. Note that z € C iff all its a; equal 0 or 2.

Why is the Cantor set null, even though it is uncountable? Clearly it is the
distribution of its points, the fact that it is ‘spread out’ all over [0,1], which
causes the trouble. This makes it the source of many examples which show that
intuitively ‘obvious’ things are not always true! For example, we can use the
Cantor set to define a function, due to Lebesgue, with very odd properties:

If © € [0,1] has ternary expansion (a,), i.e. ¢ = 0.a1az... with a, = 0,1
or 2, define N as the first index n for which a,, = 1, and set N = oo if none
of the a, are 1 (i.e. when x € C). Now set b, = % for n < N and by = 1,
and let F(x) = Zgil ba for each z € [0,1]. Clearly, this function is monotone
increasing and has F'(0) =0, F(1) = 1. Yet it is constant on the middle thirds
(i.e. the complement of C), so all its increase occurs on the Cantor set. Since we
have shown that C is a null set, F' ‘grows’ from 0 to 1 entirely on a ‘negligible’
set. The following exercise shows that it has no jumps!

Exercise 2.3

Prove that the Lebesgue function F' is continuous and sketch its graph.

2.2 Outer measure

The simple concept of null sets provides the key to our idea of length, since it
tells us what we can ‘ignore’. A quite general notion of ‘length’ is now provided
by:

Definition 2.2

The (Lebesgue) outer measure of any set A C R is given by
m* (A) = inf ZA

where

(oo} (oo}
Zy = {ZZ(I”) : I, are intervals, A C U In}.
n=1

n=1

We say the (I,,)n>1 cover the set A. So the outer measure is the infimum
of lengths of all possible covers of A. (Note again that some of the I,, may be
empty; this avoids having to worry whether the sequence (I,,) has finitely or
infinitely many different members.)
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Clearly m*(A) > 0 for any A C R. For some sets A, the series > - I(I,)
may diverge for any covering of A, so m*(A4) may by equal to co. Since we
wish to be able to add the outer measures of various sets we have to adopt a
convention to deal with infinity. An obvious choice is a + 0o = 00, 00+ 00 = 0
and a less obvious but quite practical assumption is 0 x oo = 0, as we have
already seen.

The set Z4 is bounded from below by 0 so the infimum always exists.
If r € Z4, then [r,4+00] C Z4 (clearly, we may expand the first interval of
any cover to increase the total length by any number). This shows that Z 4 is
either {+o0} or the interval (x, 4+o00] or [z, +00] for some real number z. So the
infimum of Z4 is just x.

First we show that the concept of null set is consistent with that of outer
measure:

Theorem 2.2

A C Ris a null set if and only if m*(A) = 0.

Proof

Suppose that A is a null set. We wish to show that inf Z4 = 0. To this end we
show that for any € > 0 we can find an element z € Z 4 such that z < e.

By the definition of null set we can find a sequence (I,,) of intervals covering
A with >°°° I(I,) < e and so > o7 | I(I,) is the required element z of Z4.

Conversely, if A C R has m*(A) = 0, then by the definition of inf, given
any € > 0, there is z € Z4, z < €. But a member of Z4 is the total length of
some covering of A. That is, there is a covering (I,,) of A with total length less
than ¢, so A is null. O

This combines our general outer measure with the special case of ‘zero
measure’. Note that m*(@) = 0, m*({z}) = 0 for any z € R, and m*(Q) =0
(and in fact, for any countable X, m*(X) = 0).

Next we observe that m* is monotone: the bigger the set, the greater its
outer measure.

Proposition 2.3
If A C B then m*(A) < m*(B).

Hint Show that Zg C Z4 and use the definition of inf.



22 Measure, Integral and Probability

The second step is to relate outer measure to the length of an interval.
This innocent result contains the crux of the theory, since it shows that the
formal definition of m™*, which is applicable to all subsets of R, coincides with
the intuitive idea for intervals, where our thought processes began. We must
therefore expect the proof to contain some hidden depths, and we have to
tackle these in stages: the hard work lies in showing that the length of the
interval cannot be greater than its outer measure: for this we need to appeal
to the famous Heine—Borel theorem, which states that every closed, bounded
subset B of R is compact: given any collection of open sets O, covering B (i.e.
B c U, Oa), there is a finite subcollection (O, )i<n which still covers B, i.e.
B C -, Oy, (for a proof see [1]).

Theorem 2.4

The outer measure of an interval equals its length.

Proof

If I is unbounded, then it is clear that it cannot be covered by a system of
intervals with finite total length. This shows that m*(I) = oo and so m*(I) =
I(I) = oo.

So we restrict ourselves to bounded intervals.

Step 1. m*(I) < I(I).

We claim that I(I) € Z;. Take the following sequence of intervals: I; = I,
I,, = [0,0] for n > 2. This sequence covers the set I, and the total length is
equal to the length of I hence I(I) € Z;. This is sufficient since the infimum of
Z1 cannot exceed any of its elements.

Step 2. I(I) < m*(I).
(1) I = [a,b]. We shall show that for any € > 0
1((a,6)) < m*([a,b]) + <. (2.1)

This is sufficient since we may obtain the required inequality passing to the
limit, ¢ — 0. (Note that if ,y € R and y > a then there is an ¢ > 0 with
y>az+te ege=3(y—x).)

So we take an arbitrary € > 0. By the definition of outer measure we can
find a sequence of intervals I, covering [a, b] such that

. (2.2)

N ™

> UI,) < m*([a,b]) +
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We shall slightly increase each of the intervals to an open one. Let the endpoints
of I, be a,, b,, and we take

€ €
Jn:(an_W7 n+w)

It is clear that

€
l(In) = UJn) = 557
so that - -
€

PBLISHEDBCHESS

n=1 n=1
We insert this in (2.2) and we have

> () < m*([a, b)) + <. (2.3)

Il
N

n

The new sequence of intervals of course covers [a,b] so by the Heine-Borel
theorem we can choose a finite number of J,, to cover [a,b] (the set [a,b] is
compact in R). We can add some intervals to this finite family to form an
initial segment of the sequence (.J,) — just for simplicity of notation. So for
some finite index m we have

Cs

[a,b] C In. (2.4)

n=1

Let J, = (¢n,dy). Put ¢ = min{ey,...,cn}, d = max{ds,...,dn}. The cover-
ing (2.4) means that ¢ < a and b < d hence [([a,b]) < d —c.
Next, the number d — ¢ is certainly smaller than the total length of J,,

n=1,...,m (some overlapping takes place) and
m
I(a, b)) <d—c< > 1) (2.5)
n=1

Now it is sufficient to put (2.3) and (2.5) together in order to deduce (2.1)
(the finite sum is less than or equal to the sum of the series since all terms are
non-negative).
(2) I = (a,b). As before, it is sufficient to show (2.1). Let us fix any € > 0.
€ €
(@,0) = I(la+ 5.5~ )+ 2
€ €
<mlat Sb- ) te (by (1)
<m*((a,b))+¢ (by Proposition 2.3).
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1) = I((a,)) <m*((a,0)) (by (2))
<m*(I) (by Proposition 2.3)

which completes the proof. O

Having shown that outer measure coincides with the natural concept of
length for intervals, we now need to investigate its properties. The next theorem
gives us an important technical tool which will be used in many proofs.

Theorem 2.5

Outer measure is countably subadditive, i.e. for any sequence of sets {F,, }

m* (| En) <> m*(En).

(Note that both sides may be infinite here.)

Proof (a warm up)

Let us prove first a simpler statement:
m* (B U Ep) < m*(Ey) + m*(E2).
Take an € > 0 and we show an even easier inequality
m*(E1 U Es) <m*(E1) +m"(E2) +¢.

This is however sufficient because taking ¢ = % and letting n — oo we get what
we need.

So for any € > 0 we find covering sequences (Ié)kzl of F; and (I,f)kzl of
FE5 such that

1(111) <m*(Ey) +

)

| ™

NgERANgE:

I(I}) < m*(Bs) +

el
Il
N ™

1

hence, adding up,

ST+

k=1

U(I}) < m*(By) +m*(Ey) +e.

NE

el
Il
=
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The sequence of intervals (I, I3, 13,13, 13,13, . ..) covers E1 U Es hence

m*(E1 U Ep) < il(],i) + il(]ﬁ)
k=1 k=1

which combined with the previous inequality gives the result. |

Proof (of the Theorem)

If the right-hand side is infinite, then the inequality is of course true. So, suppose
that Y 02, m*(E,) < oco. For each given ¢ > 0 and n > 1 find a covering
sequence (I}})r>1 of E, with

> 9
Zuk ) <m(Bn) + o
=1

The iterated series converges:

Z(Zl(]k Zm ) +e< o0
k=1 =

and since all its terms are non-negative,

S OouI) = >0 1),
n=1 k=1 n,k=1

The system of intervals (I}!)g,,>1 covers | Jo—; E, hence

m*(|JEn) < > i< m*
n=1 n,k=1 n=1
To complete the proof we let € — 0. O

m

A similar result is of course true for a finite family (E,)n":

(U Ea) <Y m(E,)

It is a corollary to Theorem 2.5 with Ey = @ for k > m.

Exercise 2.4
Prove that if m*(A) = 0 then for each B, m*(AU B) = m*(B).
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Hint Employ both monotonicity and subadditivity of outer measure.

Exercise 2.5

Prove that if m*(AAB) = 0, then m*(A) = m*(B).

Hint Note that A C BU (AAB).

We conclude this section with a simple and intuitive property of outer mea-
sure. Note that the length of an interval does not change if we shift it along the
real line: I([a,b]) = I([a+t,b+t]) = b—a for example. Since the outer measure
is defined in terms of the lengths of intervals, it is natural to expect it to share
this property. For ACRandt e Rweput A+t={a+1t:a€ A}.

Proposition 2.6

Outer measure is translation invariant, i.e.
m*(A) =m*(A+1)

for each A and ¢t.

Hint Combine two facts: the length of interval does not change when
the interval is shifted and outer measure is determined by the length of the
coverings.

2.3 Lebesgue measurable sets and Lebesgue
measure

With outer measure, subadditivity (as in Theorem 2.5 is as far as we can get. We
wish, however, to ensure that if sets (E,,) are pairwise disjoint (i.e. E;NE; = @
if 7 # j), then the inequality in Theorem 2.5 becomes an equality. It turns out
that this will not in general be true for outer measure, although examples where
it fails are quite difficult to construct (we give such examples in the Appendix).
But our wish is an entirely reasonable one: any ‘length function’ should at least
be finitely additive, since decomposing a set into finitely many disjoint pieces
should not alter its length. Moreover, since we constructed our length function
via approximation of complicated sets by ‘simpler’ sets (i.e. intervals) it seems
fair to demand a continuity property: if pairwise disjoint (E,) have union F,
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then the lengths of the sets B, = E'\ |J}_, Ex may be expected to decrease to
0 as n — co. Combining this with finite additivity leads quite naturally to the
demand that ‘length’ should be countably additive, i.e. that

n=1

m* (U En) = Zm*(En) when E; N E; = O for i # j.
n=1

We therefore turn to the task of finding the class of sets in R which have this
property. It turns out that it is also the key property of the abstract concept of
measure, and we will use it to provide mathematical foundations for probability.

In order to define the ‘good’ sets which have this property, it also seems
plausible that such a set should apportion the outer measure of every set in R
properly, as we state in Definition 2.3 below. Remarkably, this simple demand
will suffice to guarantee that our ‘good’ sets have all the properties we demand
of them!

Definition 2.3
A set E C R is (Lebesgue) measurable if for every set A C R we have

m*(A) =m*(ANE)+m* (AN E°) (2.6)
where E¢ = R\ E, and we write £ € M.

We obviously have A = (AN E) U (AN E°) hence by Theorem 2.5 we have
m*(A) <m*(ANE)+m*" (AN E°)

for any A and E. So our future task of verifying (2.6) has simplified: E € M if
and only if the following inequality holds

m*(A) > m*(ANE)+m*(AN E°) for all A CR. (2.7

Now we give some examples of measurable sets.

Theorem 2.7

(1) Any null set is measurable.

(ii) Any interval is measurable.

Proof

(i) If N is a null set, then (Proposition 2.2) m*(N) = 0. So for any A C R we
have
m (ANN)<m*(N)=0 since ANN CN
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m* (ANN®) <m*(A) since ANN°CA

and adding together we have proved (2.7).

(ii) Let E = I be an interval. Suppose, for example, that I = [a,b]. Take
any A C R and € > 0. Find a covering of A with

m*(A) < il([n) <m*(A) +e.

Clearly the intervals I = I,, N [a, b] cover AN [a,b] hence

NE

m*(ANJa,b]) < I(r).

Il
—

n

The intervals I = I, N (—o0,a), I/ = I, N (b, +00) cover AN [a,b]° so

m (AN [a,b]) < D UL+ D UL

Putting the above three inequalities together we obtain (2.7).
If I is unbounded, I = [a, 00) say, then the proof is even simpler since it is
sufficient to consider I}, = I,, N [a,00) and I)) = I, N (=00, a). O

The fundamental properties of the class M of all Lebesgue-measurable sub-
sets of R can now be proved. They fall into two categories: first we show that
certain set operations on sets in M again produce sets in M (these are what
we call ‘closure properties’) and second we prove that for sets in M the outer
measure m* has the property of countable additivity announced above.

Theorem 2.8
(i) Re M,
(i) if F € M then E° € M,

(iii) if B, € M for alln =1,2,... then |J,—, E, € M.
Moreover, if E, e M, n=1,2,... and E; N E, = O for j # k, then

o

m* (| En) =D m*(En). (2.8)

n=1 =1
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Remark 2.1

This result is the most important theorem in this chapter and provides the
basis for all that follows. It also allows us to give names to the quantities under
discussion.

Conditions (i)—(iii) mean that M is a o-field. In other words, we say that
a family of sets is a o-field if it contains the base set and is closed under
complements and countable unions. A [0, oo]-valued function defined on a o-
field is called a measure if it satisfies (2.8) for pairwise disjoint sets, i.e. it is
countably additive.

An alternative, rather more abstract and general, approach to measure the-
ory is to begin with the above properties as azioms, i.e. to call a triple (£2, F, u)
a measure space if 2 is an abstractly given set, F is a o-field of subsets of (2,
and p : F — [0,00] is a function satisfying (2.8) (with p instead of m*). The
task of defining Lebesgue measure on R then becomes that of verifying, with
M and m = m* on M defined as above, that the triple (R, M,m) satisfies
these axioms, i.e. becomes a measure space.

Although the requirements of probability theory will mean that we have to
consider such general measure spaces in due course, we have chosen our more
concrete approach to the fundamental example of Lebesgue measure in order
to demonstrate how this important measure space arises quite naturally from
considerations of the ‘lengths’ of sets in R, and leads to a theory of integration
which greatly extends that of Riemann. It is also sufficient to allow us to develop
most of the important examples of probability distributions.

Proof (of the Theorem)

(i) Let A CR. Note that ANR = A, R® = (), so that ANR® = @. Now (2.6)
reads m*(A4) = m*(A) + m*(Q) and is of course true since m*(®) = 0.

(ii) Suppose E € M and take any A C R. We have to show (2.6) for E°, i.e.
m*(A) =m* (AN E°) +m" (AN (E°))

but since (E°)¢ = E this reduces to the condition for E which holds by hy-
pothesis.

We split the proof of (iii) into several steps. But first:

A warm up. Suppose that £1 N Ey = O, Ey, By € M. We shall show that
EiUE; € M and m*(E1 U Eg) = m*(El) + m*(Eg)
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Let A C R. We have the condition for E:
m*(A) =m (AN E1) + m*" (AN EY). (2.9)
Now, apply (2.6) for By with AN EY in place of A:

m*(ANEY) =m* (AN EY) N Ey) + m*((AN EY) N ES).
=m* (AN (E{NEy))+m*(An(EfNES))

(the situation is depicted in Figure 2.2).

Figure 2.2 The sets A, Eq, Es

Since E7 and Ey are disjoint, EY N Ey = Es. By de Morgan’s law Ef N ES =
(E1 U E3)°. We substitute and we have

m* (AN E]) =m*(ANEy) + m* (AN (Ey U Ey)°).

Substituting this into (2.9) we get
m*(A) =m* (AN E1)+m" (AN Ey) + m* (AN (E1 U E2)°). (2.10)
Now by the subadditivity property of m* we have
m (AN E) +m" (AN Ey) >m* (AN E) U (AN Ey))
=m"(AN(ELUEy))

so (2.10) gives

m*(A) > m* (AN (E1 U E2)) +m* (AN (Ey U Ey)°)

which is sufficient for Eq U Es to belong to M (the inverse inequality is always
true, as observed before (2.7)).

Finally, put A = Ey U E5 in (2.10) to get m*(E1 U Ey) = m*(E1) +m*(E»),
which completes the argument. |

We return to the proof of the theorem.
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Proof
Step 1. If pairwise disjoint E, k = 1,2,..., are in M then their union is in
M and (2.8) holds.
We begin as in the proof of Warm up and we have
m*(4A) =m* (AN E71) + m* (AN EY)
m*(A) =m* (AN E;)+ m* (AN E2) + m* (AN (E1 U Ey)°)
(see (2.10)) and after n steps we expect

n
m* Zm (AN Eg) +m* (AN ( U (2.11)
k=1 k=1

Let us demonstrate this by induction. The case n = 1 is the first line above.
Suppose that

m*(A):im*(AmEk)+m*(Am(D Ey)°). (2.12)
k=1 k=1

Since F,, € M, we may apply (2.6) with AN ( 2;11 Ek)C in place of A:

m*(Aﬂ(L_J Ey)°) = m*(Aﬂ(L_J Ek)CﬂEn)+m*(Aﬂ(O Eu)NES). (2.13)
k=1 k=1 k=1

Now we make the same observations as in the Warm up:
n—1
( U Ek)c NE, =E, (F;are pairwise disjoint),

n—1 n

( U Ek)C NE; = ( U Ek)C (by de Morgan’s law).
k=1 -

Inserting these into (2.13) we get

Cs

(AN L_J m* (AN E,) +m* (AN ( Ek)c)7

k=1

and inserting this into the induction hypothesis (2.12) we get

n—1
m* Zm (ANEy) +m*(ANE,) +m* (AN (
k=1

||C:

as required to complete the induction step. Thus (2.11) holds for all n by
induction.
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As will be seen at the next step the fact that Ej are pairwise disjoint is
not necessary in order to ensure that their union belongs to M. However, with
this assumption we have equality in (2.11) which does not hold otherwise. This
equality will allow us to prove countable additivity (2.8).

Since

(Us) 2 (Un)

from (2.11) by monotonicity (Proposition 2.3) we get

o0

>Zm (AN Eg) +m* (AN ( U
k=1 k=1

The inequality remains true after we pass to the limit n — oo:

o0 o0
>3 m (ANEy) +m*(An (| Ex)°). (2.14)
k=1 k=1

By countable subadditivity (Theorem 2.5)

Zm*(AﬂEk) >m*(An ] Ex)
k=1 k=1

and so
m*(A) >m*(An | Ex) +m*(An (| Ex)) (2.15)
k=1 k=1

as required. So we have shown that (J;-; Ex € M and hence the two sides of
(2.15) are equal. The right hand side of (2.14) is squeezed between the left and
right of (2.15) which yields

m*(A) :im*(AﬂEk)—i—m*(Aﬂ ( G Ey)). (2.16)
k=1 k=1

The equality here is a consequence of the assumption that Fj are pairwise
disjoint. It holds for any set A so we may insert A = Ujoil E;. The last term
on the right is zero because we have m*((). Next (Uj’;l E;)NE, = E, and
so we have (2.8).

Step 2. If By, E; € M, then E1 U E3 € M (not necessarily disjoint).

Again we begin as in the Warm up:

m*(A) = m* (AN Ey) +m* (AN ES). (2.17)
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Next, applying (2.6) to Ee with AN ES in place of A we get
m* (AN E]) =m*(ANE{NE3) +m*(ANE{NE3).
We insert this into (2.17) to get
m*(A) =m*(ANEy)+m (AN E{ N Ey) + m" (AN Ef N ES). (2.18)
By de Morgan’s law, Ef N ES = (E1 U E2)° so (as before)
m* (AN EYNES) =m*(AN (E1 U E»)°). (2.19)
By subadditivity of m* we have
m (ANE)+m*(ANE]NE2) >m*(AN (B U Ey)). (2.20)
Inserting (2.19) and (2.20) into (2.18) we get
m*(A) > m* (AN (E1 U E2)) +m* (AN (Ey U Ey)°)

as required.

Step 3. If B, e M, k=1,...,n, then E; U...UE, € M (not necessarily
disjoint).

We argue by induction. There is nothing to prove for n = 1. Suppose the
claim is true for n — 1. Then

EiU...UE,=(E1U...UE, 1)UE,

so that the result follows from Step 2.
Step 4. If F1, E5 € M, then E1 N Ey € M.

We have Ef, ES € M by (ii), E{ U E§ € M by Step 2, (E{ U ES)¢ € M by
(ii) again, but by de Morgan’s law the last set is equal to E1 N Es.

Step 5. The general case: if E1, Es, ... are in M, then so is Jy—; Ex

Let By, € M, k = 1,2,.... We define an auxiliary sequence of pairwise
disjoint sets Fj, with the same union as Fy:

F, = F;
Fy, = EQ\El =FEsN Ef
F; = E3\(E1 UFEs)=E3N (El U E2)c

F, = Ek\(El @] ...UEk_l) =FEip N (E1 U...UFEk_1),
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Ve

E, E,\E, E,\(E, UE,) E,\(EUE,UE,)

Figure 2.3 The sets F}

see Figure 2.3.
By Steps 3 and 4 we know that all F}, are in M. By the very construction
they are pairwise disjoint so by Step 1 their union is in M. We shall show that

8

F, = U E}.
k=1 k=1

This will complete the proof since the latter is now in M. The inclusion

o

o0
UFk - U Ey,
k=1 k

=1

is obvious since for each k, Fj, C Ej by definition. For the inverse let a €
Ure, Ex. Put S = {n € N: a € E,} which is non-empty since a belongs to the
union. Let ng = min S € S. If ng = 1, then a € E; = F;. Suppose ng > 1. So
a € E,, and, by the definition of ng, a ¢ E1,...,a ¢ E,,_1. By the definition
of F,, this means that a € F,, so a is in [y, Fi. O

Using de Morgan’s laws you should easily verify an additional property of

M.

Proposition 2.9
IfEye M, k=1,2,..., then

[e.e]
E = n By e M.
k=1
We can therefore summarize the properties of the family M of Lebesgue
measurable sets as follows:

1. M is closed under countable unions, countable intersections, and comple-
ments. It contains intervals and all null sets.
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Definition 2.4

We shall write m(E) instead of m*(F) for any E in M and call m(E) the
Lebesgue measure of the set E.

Thus Theorems 2.8 and 2.4 now read as follows, and describe the construc-
tion which we have laboured so hard to establish:

1. Lebesgue measure m : M — [0,00] is a countably additive set function
defined on the o-field M of measurable sets. Lebesgue measure of an interval
is equal to its length. Lebesgue measure of a null set is zero.

2.4 Basic properties of Lebesgue measure

Since Lebesgue measure is nothing else than the outer measure restricted to
a special class of sets, some properties of the outer measure are automatically
inherited by Lebesgue measure:

Proposition 2.10

Suppose that A, B € M.
(i) If A C B then m(A) < m(B).
(ii) If A C B and m(A) is finite then m(B \ A) = m(B) — m(A).

(iii) m is translation invariant.

Since @ € M we can take E; = @ for all i > n in (2.8) to conclude that
Lebesgue measure is additive: if E; € M are pairwise disjoint, then

=1

E;) = Zm(EZ—).

Exercise 2.6

Find a formula describing m(A U B) and m(A U B U C) in terms of
measures of the individual sets and their intersections (we do not assume
that the sets are pairwise disjoint).

Recalling that the symmetric difference AAB of two sets is defined by
AAB = (A\ B)U (B \ A) the following result is also easy to check:
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Proposition 2.11
If Ae M, m(AAB) =0, then B € M and m(A) = m(B).

Hint Recall that null sets belong to M and that subsets of null sets are
null.

As we noted in Chapter 1, every open set in R can be expressed as the union
of a countable number of open intervals. This ensures that open sets in R are
Lebesgue-measurable, since M contains intervals and is closed under countable
unions. We can approximate the Lebesgue measure of any A € M from above
by the measures of a sequence of open sets containing A. This is clear from the
following result:

Theorem 2.12

(i) For any € > 0, A C R we can find an open set O such that
AcCO, m(0) <m*(A) +e.

Consequently, for any £ € M we can find an open set O containing E such
that m(O\ E) < e.

(ii) For any A C R we can find a sequence of open sets O,, such that

AcC ﬂOn, m(ﬂ O,) =m*(A).

Proof

(i) By definition of m*(A) we can find a sequence (I,,) of intervals with A C
U, In and Y7 | I(I,) — 5§ < m*(A). Each I,, is contained in an open interval
whose length is very close to that of I,,; if the left and right endpoints of I,, are
an and by, respectively let J, = (an — 5z, bn + 5n5z). Set O = UJ,, Jn, which
is open. Then A C O and

m(0) < izun) < gzaﬂ) n % < m*(A) +e.

When m(E) < oo the final statement follows at once from (ii) in Proposi-
tion 2.10, since then m(O \ E) = m(0) — m(E) < e. When m(E) = oo we
first write R as a countable union of finite intervals: R = |J,,(—n,n). Now
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E, = EN(—n,n) has finite measure, so we can find an open O,, D E,, with
m(On \ En) < 57. The set O = |J,, O, is open and contains E. Now

so that m(O \ E) <3, m(O, \ E,) < € as required.

(ii) In (i) use ¢ = L and let O, be the open set so obtained. With E =1, O,
we obtain a measurable set containing A such that m(E) < m(0,) < m*(A4)++
for each n, hence the result follows. |

Remark 2.2

Theorem 2.12 shows how the freedom of movement allowed by the closure
properties of the o-field M can be exploited by producing, for any set A C
R, a measurable set O D A which is obtained from open intervals with two
operations (countable unions followed by countable intersections) and whose
measure equals the outer measure of A.

Finally we show that monotone sequences of measurable sets behave as one
would expect with respect to m.

Theorem 2.13

Suppose that A, € M for all n > 1. Then we have:
(i) if A, C Ap4q for all n, then

m(| JAn) = lim m(A,),

(i) if A, D Apqq for all n and m(4;) < oo, then

m(()4n) = lim m(A,).

n—oo
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Proof

(1) Let By = Al, B; = A,L' — Ai—l for ¢ > 1. Then U;)il B; = U;)il Az and the
B; € M are pairwise disjoint, so that

Figure 2.4 Sets A,, B,
(i) Ai\A1 =0 C A \AxC...C A1\ 4, C...for all n, so that by (i)

(A \ An) = Jim m(Ar\ Ay)
and since m(A;) is finite, m(A; \ 4,) = m(A41) — m(A,). On the other hand,
U, (A1 \ A,) = A1\, An, so that
m(| (41 \ An)) = m(A1) = m(() An) = m(Ar) — lim m(A,).

n—oo
n

The result follows. O
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Remark 2.3

The proof of Theorem 2.13 simply relies on the countable additivity of m and
on the definition of the sum of a series in [0, 00}, i.e. that

oo

> m(Ai) = lim_ Z m(A;).

=1

Consequently the result is true, not only for the set function m we have con-
structed on M, but for any countably additive set function defined on a o-field.
It also leads us to the following claim, which, though we consider it here only
for m, actually characterizes countably additive set functions.

Theorem 2.14

The set function m satisfies:

(i) m is finitely additive, i.e. for pairwise disjoint sets (A;) we have

for each n;

(ii) m is continuous at @, i.e. if (B,,) decrease to @, then m(B,,) decreases to
0.

Proof

To prove this claim, recall that m : M +— [0, 0] is countably additive. This
implies (i), as we have already seen. To prove (ii), consider a sequence (B,,) in
M which decreases to @. Then A,, = B,, \ B,+1 defines a disjoint sequence in
M, and |J,, An = B;. We may assume that B; is bounded, so that m(B,) is
finite for all n, so that, by Proposition 2.10 (ii), m(A,) = m(B,)—m(Bn+1) >0
and hence we have

m(B1)

Z m(An)

k
lim [m(Br) — m(Bn1)]

k—oo
n=1

=m(By) — nlLI%o m(Bp)

which shows that m(B,) — 0, as required. O
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2.5 Borel sets

The definition of M does not easily lend itself to verification that a particular
set belongs to M; in our proofs we have had to work quite hard to show that
M is closed under various operations. It is therefore useful to add another
construction to our armoury; one which shows more directly how open sets
(and indeed open intervals) and the structure of o-fields lie at the heart of
many of the concepts we have developed.

We begin with an auxiliary construction enabling us to produce new o-fields.

Theorem 2.15

The intersection of a family of o-fields is a o-field.

Proof

Let F,, be o-fields for a € A (the index set A can be arbitrary). Put

F={)Fo

acA

We verify the conditions of the definition.

1. ReF,forallae AsoR e F.

2. If E € F, then E € F, for all a € A. Since the F,, are o-fields, E°¢ € F,
and so E° € F.

3.If By, € Ffor k=1,2,..., then Ey € F,, all a, k, hence J;—, Ex € Fa,

all a, and so |y, Ex € F. O
Definition 2.5
Put

B= ﬂ{f : F is a o-field containing all intervals}.

We say that B is the o-field generated by all intervals and we call the elements
of B Borel sets (after Emile Borel 1871-1956). It is obviously the smallest o-
field containing all intervals. In general, we say that G is the o-field generated
by a family of sets A if G = {F : F is a o-field such that F D A}.

Example 2.1

(Borel sets) The following examples illustrate how the closure properties of
the o-field B may be used to verify that most familiar sets in R belong to B.
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(i) By construction, all intervals belong to B, and since B is a o-field, all
open sets must belong to B, as any open set is a countable union of (open)
intervals.

(ii) Countable sets are Borel sets, since each is a countable union of closed
intervals of the form [a, a]; in particular N and Q are Borel sets. Hence, as
the complement of a Borel set, the set of irrational numbers is also Borel.
Similarly, finite and cofinite sets are Borel sets.

The definition of B is also very flexible — as long as we start with all intervals
of a particular type, these collections generate the same Borel o-field:

Theorem 2.16

If instead of the family of all intervals we take all open intervals, all closed
intervals, all intervals of the form (a,o00) (or of the form [a,00), (—o0,b), or
(—00, b)), all open sets, or all closed sets, then the o-field generated by them is
the same as B.

Proof

Consider for example the o-field generated by the family of open intervals OI
and denote it by C:

C=({F>0I, Fisao-field}.

We have to show that B = C. Since open intervals are intervals, OI C I (the
family of all intervals), then

{Fo>I}Cc{F>O0I}

i.e. the collection of all o-fields F which contain I is smaller than the collection
of all o-fields which contain the smaller family O, since it is a more demanding
requirement to contain a bigger family, so there are fewer such objects. The
inclusion is reversed after we take the intersection on both sides, thus C C B
(the intersection of a smaller family is bigger, as the requirement of belonging
to each of its members is a less stringent one).

We shall show that C contains all intervals. This will be sufficient, since B
is the intersection of such o-fields, so it is contained in each, so B C C.

To this end consider intervals [a,b), [a,b], (a,b] (the intervals of the form
(a,b) are in C by definition):

a.0)= V(@ .b)

n=1
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@bl = (o~ b+ ),

n=1

(a,b] = ﬂ(a,b—&—%).

C as a o-field is closed with respect to countable intersection, so it contains the
sets on the right. The argument for unbounded intervals is similar. The proof
is complete. O

Exercise 2.7

Show that the family of intervals of the form (a,b] also generates the
o-field of Borel sets. Show that the same is true for the family of all
intervals [a, b).

Remark 2.4

Since M is a o-field containing all intervals, and B is the smallest such o-field,
we have the inclusion B C M, i.e. every Borel set in R is Lebesgue-measurable.
The question therefore arises whether these o-fields might be the same. In fact
the inclusion is proper. It is not altogether straightforward to construct a set
in M\ B, and we shall not attempt this here (but see the Appendix). However,
by Theorem 2.12 (ii), given any E € M we can find a Borel set B D E of the
form B = N,0,,, where the (O,,) are open sets, and such that m(E) = m(B).
In particular,

m(BAE) =m(B\ E) =0.

Hence m cannot distinguish between the measurable set F and the Borel set
B we have constructed.

Thus, given a Lebesgue-measurable set E we can find a Borel set B such that
their symmetric difference EAB is a null set. Now we know that EAB € M,
and it is obvious that subsets of null sets are also null, and hence in M. However,
we cannot conclude that every null set will be a Borel set (if B did contain all
null sets then by Theorem 2.12 (ii) we would have B = M), and this points to
an ‘incompleteness’ in B which explains why, even if we begin by defining m
on intervals and then extend the definition to Borel sets, we would also need
to extend it further in order to be able to identify precisely which sets are
‘negligible’ for our purposes. On the other hand, extension of the measure m to
the o-field M will suffice, since M does contain all m-null sets and all subsets
of null sets also belong to M.
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We show that M is the smallest o-field on R with this property, and we say
that M is the completion of B relative to m and (R, M, m) is complete (whereas
the measure space (R, B, m) is not complete). More precisely, a measure space
(X, F,p) is complete if for all F € F with u(F) = 0, for all N C F we have
N € F (and so u(N) = 0).

The completion of a o-field G, relative to a given measure pu, is defined as
the smallest o-field F containing G such that, if N C G € G and u(G) = 0,
then N € F.

Proposition 2.17

The completion of G is of the form {GUN : G € F,N C F € F with u(F) =
0}.

This allows us to extend the measure p uniquely to a measure i on F by
setting (G U N) = u(G) for G € G.

Theorem 2.18

M is the completion of B.

Proof

We show first that M contains all subsets of null sets in B: so let N C B € B,
B null, and suppose A C R. To show that N € M we need to show that

m*(A) > m* (AN N) +m* (AN N°).

First note that m*(ANN) < m*(N) < m*(B) = 0. So it remains to show that
m*(A) > m*(AN N°) but this follows at once from monotonicity of m*.

Thus we have shown that N € M. Since M is a complete o-field containing
B, this means that M also contains the completion C of B.

Finally, we show that M is the minimal such o-field, i.e. that M C C: first
consider E € M with m*(E) < oo, and choose B = (), O,, € B as described
above such that B D E, m(B) = m*(E). (We reserve the use of m for sets in
B throughout this argument.)

Consider N = B\ E, which is in M and has m*(N) = 0, since m* is
additive on M. By Theorem 2.12 (ii) we can find L D N, L € B and m(L) = 0.
In other words, N is a subset of a null set in B, and therefore E = B\ N
belongs to the completion C of B. For E € M with m*(E) = oo, apply the
above to E, = EN[—n,n] for each n € N. Each m*(E,,) is finite, so the E, all
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belong to C and hence so does their countable union E. Thus M C C and so
they are equal. |

Despite these technical differences, measurable sets are never far from ‘nice’
sets, and, in addition to approximations from above by open sets, as observed
in Theorem 2.12, we can approximate the measure of any £ € M from below
by those of closed subsets.

Theorem 2.19

If E € M then for given ¢ > 0 there exists a closed set F' C E such that
m(E \ F) < €. Hence there exists B C E in the form B = |J,, F,, where all the
F,, are closed sets, and m(E \ B) = 0.

Proof

The complement E° is measurable and by Theorem 2.12 we can find an open
set O containing E° such that m(O \ E°) <e. But O\ E°=0NE =FE\ 0°,
and F' = O° is closed and contained in F. Hence this F' is what we need. The
final part is similar to Theorem 2.12 (ii), and the proof is left to the reader. [

Exercise 2.8

Show that each of the following two statements is equivalent to saying
that £ € M:

(i) given € > 0 there is an open set O D E with m*(O \ F) < ¢,

(ii) given € > 0 there is a closed set F' C E with m*(E \ F) < e.

Remark 2.5

The two statements in the above Exercise are the key to a considerable gener-
alization, linking the ideas of measure theory to those of topology:

A non-negative countably additive set function u defined on B is called a
reqular Borel measure if for every Borel set B we have:
w(B) = inf{u(O0) : O open, O D B},
w(B) = sup{u(F) : F closed, F C B}.

In Theorems 2.12 and 2.19 we have verified these relations for Lebesgue mea-
sure. We shall consider other concrete examples of regular Borel measures later.
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2.6 Probability

The ideas which led to Lebesgue measure may be adapted to construct mea-
sures generally on arbitrary sets: any set {2 carrying an outer measure (i.e. a
mapping from P({2) to [0,00] monotone and countably sub-additive) can be
equipped with a measure u defined on an appropriate o-field F of its subsets.
The resulting triple (£2,F, ) is then called a measure space, as observed in
Remark 2.1. Note that in the construction of Lebesgue measure we only used
the properties, not the particular form of the outer measure.

For the present, however, we shall be content with noting simply how to
restrict Lebesgue measure to any Lebesgue measurable subset B of R with
m(B) > 0:

Given Lebesgue measure m on the Lebesgue o-field M let

Mp={ANB:Ae M}

and for A € Mp write
mB(A) = m(A)

Proposition 2.20

(B, Mp,mp) is a complete measure space.
Hint (J,(A;NB)= (U, 4:)NBand (A;NB)\(A2NB) = (A1 \ A2)NB.

We can finally state precisely what we mean by ‘selecting a number from
[0,1] at random’: restrict Lebesgue measure m to the interval B = [0, 1] and
consider the o-field of Mg ;] of measurable subsets of [0, 1]. Then mjy q) is a
measure on My 1) with ‘total mass’ 1. Since all subintervals of [0,1] with the
same length have equal measure, the ‘mass’ of m[g 1) is spread uniformly over
[0,1], so that, for example, the ‘probability’ of choosing a number from [0, %)
%, %), namely % Thus all
numerals are equally likely to appear as first digits of the decimal expansion

is the same as that of choosing a number from |

of the chosen number. On the other hand, with this measure, the probability
that the chosen number will be rational is 0, as is the probability of drawing
an element of the Cantor set C.

We now have the basis for some probability theory, although a general
development still requires the extension of the concept of measure from R to
abstract sets. Nonetheless the building blocks are already evident in the detailed
development of the example of Lebesgue measure. The main idea in providing a
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mathematical foundation for probability theory is to use the concept of measure
to provide the mathematical model of the intuitive notion of probability. The
distinguishing feature of probability is the concept of independence, which we
introduce below. We begin by defining the general framework.

2.6.1 Probability space

Definition 2.6

A probability space is a triple (£2,F, P) where {2 is an arbitrary set, F is a
o-field of subsets of {2, and P is a measure on F such that

P(Q) =1,

called probability measure or briefly probability.

Remark 2.6

The original definition, given by Kolmogorov in 1932, is a variant of the above
(see Theorem 2.14): (£2,F, P) is a probability space if ({2, F) are given as
above, and P is a finitely additive set function with P(@) = 0 and P(2) =1
such that P(By,) \, 0 whenever (B,,) in F decreases to .

Example 2.2

We see at once that Lebesgue measure restricted to [0, 1] is a probability mea-
sure. More generally: suppose we are given an arbitrary Lebesgue measurable
set 2 C R, with m(£2) > 0. Then P = ¢-mg, where ¢ = ﬁ, and m = mg de-
notes the restriction of Lebesgue measure to measurable subsets of 2, provides
a probability measure on {2, since P is complete and P({2) = 1.

For example, if {2 = [a, b], we obtain ¢ = ﬁ, and P becomes the ‘uniform
distribution’ over [a, b]. However, we can also use less familiar sets for our base
space; for example, 2 = [a,b] N (R\ Q), ¢ = ﬁ gives the same distribution
over the irrationals in [a, b].

2.6.2 Events: conditioning and independence
The word ‘event’ is used to indicate that something is happening. In probability

a typical event is to draw elements from a set and then the event is concerned
with the outcome belonging to a particular subset. So, as described above, if
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£2 = [0,1] we may be interested in the fact that a number drawn at random
from [0, 1] belongs to some A C [0,1]. We want to estimate the probability of
this happening, and in the mathematical setup this is the number P(A), here
mp,1(A). So it is natural to require that A should belong to Mg 1, since these
are the sets we may measure. By a slight abuse of the language, probabilists
tend to identify the actual ‘event’ with the set A which features in the event.
The next definition simply confirms this abuse of language.

Definition 2.7

Given a probability space ({2, F, P) we say that the elements of F are events.

Suppose next that a number has been drawn from [0, 1] but has not been

revealed yet. We would like to bet on it being in [0, i] and we get a tip that

it certainly belongs to [0, %] Clearly, given this ‘inside information’, the prob-

ability of success is now % rather than i. This motivates the following general

definition.
Definition 2.8
Suppose that P(B) > 0. Then the number
_ P(ANnDB)

is called the conditional probability of A given B.

Proposition 2.21
The mapping A — P(A|B) is countably additive on the o-field Fp.

Hint Use the fact that A — P(AN B) is countably additive on F.

A classical application of the conditional probability is the total probability
formula which enables the computation of the probability of an event by means
of conditional probabilities given some disjoint hypotheses:

Exercise 2.9

Prove that if H; are pairwise disjoint events such that Uf; H; = 12,
P(H;) # 0, then

P(A) =) P(A|H;)P(H,).

=1
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It is natural to say that the event A is independent of B if the fact that B
takes place has no influence on the chances of A, i.e.

P(A|B) = P(A).
By definition of P(A|B) this immediately implies the relation
P(ANnB)=P(A)- P(B)

which is usually taken as the definition of independence. The advantage of this
practice is that we may dispose of the assumption P(B) > 0.

Definition 2.9
The events A, B are independent if
P(AnB)=P(A)- P(B).

Exercise 2.10

Suppose that A and B are independent events. Show that A€ and B are
also independent.

The Exercise indicates that if A and B are independent events, then all
elements of the o-fields they generate are mutually independent, since these o-
fields are simply the collections Fyq = {0, A, A¢, 2} and Fp = {O, B, B, 2}
respectively. This leads us to a natural extension of the definition: two o-fields
F1 and Fy are independent if for any choice of sets A1 € F; and Ay € Fy we
have P(A; N Ag) = P(A41)P(As).

However, the extension of these definitions to three or more events (or
several o-fields) needs a little care, as the following simple examples show:

Example 2.3

Let 2 =[0,1], A = [0, 1] as before; then A is independent of B = [%, 3] and of
C =[£,3]U[2,1]. In addition, B and C are independent. However,

P(ANBNC) # P(A)- P(B) - P(C).

Thus, given three events, the pairwise independence of each of the three possible
pairs does not suffice for the extension of ‘independence’ to all three events.
On the other hand, with A = [0,1], B = C = [0, 5] U [, 1], (or alterna-

» 16
tively with C' = [0, 1—16] U [%; 1])

P(ANBNC) = P(A)- P(B)- P(C) (2.21)
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but none of the pairs make independent events.

This confirms further that we need to demand rather more if we wish to
extend the above definition — pairwise independence is not enough, nor is (2.21);
therefore we need to require both conditions to be satisfied together. Extending
this to n events leads to:

Definition 2.10

The events Aq,..., A, are independent if for all k& < n for each choice of k
events, the probability of their intersection is the product of the probabilities.

Again there is a powerful counterpart for o-fields (which can be extended
to sequences, and even arbitrary families):

Definition 2.11

The o-fields F1, Fa, ..., F,, defined on a given probability space ({2, F, P) are
independent if, for all choices of distinct indices i1,12, ..., from {1,2,....,n}
and all choices of sets F;, € F;, we have

P(F,NF,Nn..NEF,)=P(F,) - P(F,) - P(F,).

The issue of independence will be revisited in the subsequent chapters where
we develop some more tools to calculate probabilities

2.6.3 Applications to mathematical finance

As indicated in the Preface, we will explore briefly how the ideas developed
in each chapter can be applied in the rapidly growing field of mathematical
finance. This is not intended as an introduction to this subject, but hope-
fully it will demonstrate how a consistent mathematical formulation can help
to clarify ideas central to many disciplines. Readers who are unfamiliar with
mathematical finance should consult texts such as [4], [5], [7] for definitions and
a discussion of the main ideas of the subject.

Probabilistic modelling in finance centres on the analysis of models for the
evolution of the value of traded assets, such as stocks or bonds, and seeks
to identify trends in their future behaviour. Much of the modern theory is
concerned with evaluating derivative securities such as options, whose value is
determined by the (random) future values of some underlying security, such as
a stock.
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We illustrate the above probability ideas on a classical model of stock prices,
namely the binomial tree. This model is based on finitely many time instants
at which the prices may change, and the changes are of a very simple nature.
Suppose that the number of steps is N, denote the price at the k-th step by
S(k), 0 < k < N. At each step the stock price changes in the following way:
the price at a given step is the price at the previous step multiplied by U with
probability p or D with probability ¢ = 1 — p, where 0 < D < U. Therefore
the final price depends on the sequence w = (w1,wa,...,wy) where w; = 1
indicates the application of the factor U or w; = 0, which indicates application
of the factor D. Such a sequence is called a path and we take {2 to consist of
all possible paths. In other words,

S(k) = 5(0) xn(1) x --- xn(k),

where
U with probability p,

n(k) = { D with probability q.

Exercise 2.11

Suppose N =5, U = 1.2, D = 0.9, and S(0) = 500. Find the number of
all paths. How many paths lead to the price S(5) = 524.887 What is the
probability that S(5) > 900 if the probability going up in a single step
is 0.57

In general, the total number of paths is clearly 2%V and at step k there are
k 4+ 1 possible prices.

We construct a probability space by equipping {2 with the sigma field 2 of
all subsets of £2, and the probability defined on single-element sets by P({w}) =
p*q"F, where k = Zivzl wW;.

As time progresses we gather information about stock prices, or, what
amounts to the same, about paths. This means, that having observed some
prices the range of possible future developments is restricted. Our information
increases with time and this idea can be captured by the following family of
o-fields.

Fix m < n and define a o-field F,,, = {4 : w,w’ € A = w; = wj,wy =
why ..., wm = wh, }. So all paths from a particular set A in this sigma field have
identical initial segments while the remaining coordinates are arbitrary. Note
that

Fo = {“Qa ®}>

Fi = {A1, A5, 2,0}, where 41 = {w : w; = 1}, ie. S(1) = S(0)U, and
A§ ={w:wy =0} ie. S(1) = 5(0)D.
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Exercise 2.12

Prove that JF,, has 22" elements.

Exercise 2.13

Prove that the sequence F,, is increasing.

This sequence is an example of a filtration (the identifying features are that
the sigma fields should be contained in F and form an increasing chain), a
concept which we shall revisit later on.

The consecutive choices of stock prices are closely related to coin tossing.
Intuition tells us that the latter are independent. This can be formally seen by
introducing another o-field describing the fact that at a particular step we have
a particular outcome. Suppose w is such that wy = 1. Then we can identify the
set of all paths with this property Ay = {w : wx = 1} and extend to a o-field:
Gr = {Ar, A5, 2,0}, In fact, A} = {w : wp = 0}.

Exercise 2.14

Prove that G,, and Gj are independent if m # k.

2.7 Proofs of propositions

Proof (of Proposition 2.3)

If the intervals I,, cover B, then they also cover A: A C B C J,, In, hence
Zp C Z4. The infimum of a larger set cannot be greater than the infimum of a
smaller set (trivial illustration: inf{0, 1,2} < inf{1,2}, inf{0, 1,2} = inf{0, 2})
hence the result. |

Proof (of Proposition 2.6)

If a system I, of intervals covers A then the intervals I, + ¢t cover A + t.
Conversely, if J,, cover A+t then J, —t cover A. Moreover, the total length of
a family of intervals does not change when we shift each by a number. So we
have a one—one correspondence between the interval coverings of A and A 4 ¢
and this correspondence preserves the total length of the covering. This implies
that the sets Z4 and Z 44+ are the same so their infima are equal. O
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Proof (of Proposition 2.9)
By de Morgan’s law

3

[e.¢]
B =(J Ep)"
1 k=1

By Theorem 2.8 (ii) all Ef} are in M, hence by (iii) the same can be said about
the union (J;; Ef. Finally, by (ii) again, the complement of this union is in
M, and so the intersection (), E) is in M. O

k

Proof (of Proposition 2.10)

(i) Proposition 2.3 tells us that the outer measure is monotone, but since m is
just the restriction of m* to M, then the same is true for m: A C B implies
m(A) = m*(4) <m*(B) = m(B).

(ii) We write B as a disjoint union B = AU (B \ A) and then by additivity of
m we have m(B) = m(A) +m(B\ A). Subtracting m(A) (here it is important
that m(A) is finite) we get the result.

(iii) Translation invariance of m follows at once from translation invariance of
the outer measure in the same way as in (i) above. O

Proof (of Proposition 2.11)

The set AAB is null hence so are its subsets A\ B and B\ A. Thus these
sets are measurable, and so is ANB = A\ (A\ B), and therefore also B =
(ANB)U(B\ A) € M. Now m(B) = m(AN B) + m(B\ A) as the sets on
the right are disjoint. But m(B\ A) = 0=m(A\ B), so m(B) = m(ANB) =
m(ANB)+m(A\ B) =m((ANB)U (A\ B)) = m(A). O

Proof (of Proposition 2.17)

The family G = {GUN : G € F,N C F € F with u(F) = 0} contains the set X
since X € F.If G;UN; € G, N; C F;, M(E) =0, then LJC:ZU]VZ = U GiUU Nj is
in G since the first set on the right is in F and the second is a subset of a null set
UF, € F.IfGUN € G, N C F, then (GUN)¢ = (GUF)°U((F\N)NG¢).which
isalsoin G Thus G is a o-field. Consider any other o-field H containing F and
all subsets of null sets. Since H is closed with respect to the unions, it contains
G and so G is the smallest o-field with this property. O
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Proof (of Proposition 2.20)

It follows at once from the definitions and the Hint that Mp is a o-field. To
see that mp is a measure we check countable additivity: with C; = A; N B
pairwise disjoint in M g, we have

B(UCi):mUAﬂB ZmA N B) Zm(ci)zsz(cz)

Therefore (B, M, mp) is a measure space. It is complete, since subsets of null
sets contained in B are by definition m p-measurable. O

Proof (of Proposition 2.21)
Assume that A, are measurable and pairwise disjoint. By the definition of
conditional probability

oo

o0
1
P(U An|B) = P(B A,) N B)
= 1

since A, N B are also pairwise disjoint and P is countably additive. |
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Measurable functions

3.1 The extended real line

The length of R is unbounded above, i.e. ‘infinite’. To deal with this we defined
Lebesgue measure for sets of infinite as well as finite measure. In order to handle
functions between such sets comprehensively, it is convenient to allow functions
which take infinite values: we take their range to be (part of) the ‘extended real
line’ R = [—00, oc], obtained by adding the ‘points at infinity’ —oo and +oo to
R. Arithmetic in this set needs a little care as already observed in Section 2.2:
we assume that a+ oo = oo for all real a, a X co = oo for a > 0, a X co = —oo for
a < 0,00x00=o00and 0 x oo =0, with similar definitions for —oo. These are
all ‘obvious’ intuitively (except possibly 0 X c0), and (as for measures) we avoid
ever forming ‘sums’ of the form co+ (—o0). With these assumptions ‘arithmetic
works as before’.

3.2 Lebesgue-measurable functions

The domain of the functions we shall be considering is usually R. Now we
have the freedom of defining f only ‘up to null sets’: once we have shown two
functions f and g to be equal on R\ E where E is some null set, then f =g
for all practical purposes. To formalize this, we say that f has a property (P)
almost everywhere (a.e.) if f has this property at all points of its domain, except

55
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possibly on some null set.
For example, the function

[ 1 forxz#0
f(:c){ 0 forz=0

is almost everywhere continuous, since it is continuous on R\ {0}, and the
exceptional set {0} is null. (Note: Probabilists tend to say ‘almost surely’
(a.s.) instead of ‘almost everywhere’ (a.e.) and we shall follow their lead in the
sections devoted to probability.)

The next definition will introduce the class of Lebesgue-measurable func-
tions. The condition imposed on f : R — R will be necessary (though not
sufficient) to give meaning to the (Lebesgue) integral [ fdm. Let us first give
some motivation.

Integration is always concerned with the process of approximation. In the
Riemann integral we split the interval I = [a,b], over which we integrate into
small pieces I,, — again intervals. The simplest method of doing this is to divide
the interval into N equal parts. Then we construct approximating sums by
multiplying the lengths of the small intervals by certain numbers ¢, (related to
the values of the function in question; for example ¢,, = inf;, f, ¢, =sup; f,
or ¢, = f(x) for some z € I,,):

N
> enl(In).

For large n this sum is close to the Riemann integral f: f(x)dx (given some
regularity of f).

A A

\4
v

Figure 3.1 Riemann vs. Lebesgue

The approach to the Lebesgue integral is similar but there is a crucial differ-
ence. Instead of splitting the integration domain into small parts, we decompose
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the range of the function. Again, a simple way is to introduce short intervals
Jn, of equal length. To build the approximating sums we first take the inverse
images of J,, by f,i.e. f~1(J,). These may be complicated sets, not necessarily
intervals. Here the theory of measure developed previously comes into its own.
We are able to measure sets provided they are measurable, i.e. they are in M.
Given that, we compute

Z Cnm(fil(‘]n))

where ¢, € J,, or ¢, = inf .J,, for example.
The following definition guarantees that this procedure makes sense (though
some extra care may be needed to arrive at a finite number as N — 00).

Definition 3.1

Suppose that E is a measurable set. We say that a function f : F — R is
(Lebesgue-)measurable if for any interval I C R

i) ={zeR: f(z) eI} e M.

In what follows, the term measurable (without qualification) will refer to
Lebesgue-measurable functions.

If all the sets f~1(I) € B, i.e. if they are Borel sets, we call f Borel-
measurable, or simply a Borel function.

The underlying philosophy is one which is common for various mathematical
notions: the inverse image of a nice set is nice. Remember continuous functions,
for example, where the inverse image of any open set is required to be open.
The actual meaning of the word nice depends on the particular branch of
mathematics. In the above definitions, note that since B C M, every Borel
function is (Lebesgue-)measurable.

Remark 3.1

The terminology is somewhat unfortunate. ‘Measurable’ objects should be
measured (as with measurable sets). However, measurable functions will be
integrated. This confusion stems from the fact that the word integrable which
would probably fit best here, carries a more restricted meaning, as we shall see
later. This terminology is widely accepted and we are not going to try to fight
the whole world here.

We give some equivalent formulations:
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Theorem 3.1
The following conditions are equivalent
(a) f is measurable,
(b)
(c) for all a, f~
)
)

at
(d) for all a, f~1((—o0,a)) is measurable,
(e) for all a, f=1((

for all a, f~!((a,o0)) is measurable,

00)) is measurable,

—00, a]) is measurable.

Proof

Of course (a) implies any of the other conditions. We show that (b) implies
(a). The proofs of the other implications are similar, and are left as exercises
(which you should attempt).

We have to show that for any interval I, f~*(I) € M. By (b) we have that
for the particular case I = (a,0). Suppose I = (—o0, a]. Then

7 ((=00,a]) = FTHR\ (a,00)) = E\ f7((a,0)) € M (3.1)

since both E and f~!((a,00)) are in M (we use the closure properties of M
established before). Next

I ((=00.b)) = (f_j S

By (3.1), f~! ((—o0,b — 1]) € M and the same is true for the countable union.
From this we can easily deduce that

F7H([b,00)) € M.
Now let I = (a,b), and
F~H(a,b)) = 71 ((=00,0) N (a, 00))
= f7H (=00, b)) N f 7 ((a,0))

is in M as the intersection of two elements of M. By the same reasoning M
contains

F~Hla,b]) = f7H (=00, 8] N [a, 00))
= fH (=00, b)) N £~ ([a, 00))

and half-open intervals are handled similarly. O
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3.3 Examples

The following simple results show that most of the functions encountered ‘in
practice’ are measurable.

(i) Constant functions are measurable. Let f(z) = c. Then

7 ((a,00)) =

R ifa<e
(@ otherwise
and in both cases we have measurable sets.

(ii) Continuous functions are measurable. For we note that (a,c0) is an open
set and so is f~1((a,00)). As we know, all open sets are measurable.

(iii) Define the indicator function of a set A by

1 ifzeA
1 =
Al@) { 0 otherwise.
Then
Ae M <& 1,4 is measurable
since
R ifa<O
1:%((a,0)) =¢ A if0<a<l1
O ifa>1.

Exercise 3.1

Prove that every monotone function is measurable.

Exercise 3.2

Prove that if f is a measurable function, then the level set {z : f(x) = a}
is measurable for every a € R.

Hint Don’t forget about the case when « is infinite!

Remark 3.2

In the Appendix, assuming the validity of the Axiom of Choice, we show that
there are subsets of R which fail to be Lebesgue-measurable, and that there
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are Lebesgue-measurable sets which are not Borel sets. Thus, if P(R) denotes
the o-field of all subsets of R, the following inclusions are strict

B c M cCPR).

These (rather esoteric) facts can be used, by considering the indicator func-
tions of these sets, to construct examples of non-measurable functions and of
measurable functions which are not Borel functions. While it is important to be
aware of these distinctions in order to understand why these different concepts
are introduced at all, such examples will not feature in the applications of the
theory which we have in mind.

3.4 Properties

The class of measurable functions is very rich, as the following results show.

Theorem 3.2

The set of real-valued measurable functions defined on E € M is a vector space
and closed under multiplication, i.e. if f and ¢ are measurable functions then
f+ g, and fg are also measurable (in particular, if g is a constant function
g = ¢, cf is measurable for all real c).

Proof

Fix measurable functions f,g : E — R. First consider f + g. Our goal is to
show that for each a € R,

B=(f+g) " (~00,a) = {t: f(t) +g(t) <a} € M.
Suppose that all the rationals are arranged in a sequence {g,}. Now

B=|J{t: f(t) < gn.g(t) < a—qn}

n=1
— we decompose the half-plane below the line z 4+ y = a into a countable union
of unbounded ‘boxes’”: {(z,y) : < gn,y < a — ¢ }. Clearly

{t:f(t) <gn,g(t) <a—gn} ={t: f(t) <agn}N{t:g9(t) <a—qn}

is measurable as an intersection of measurable sets. Hence B € M as a count-
able union of elements of M.
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v

q?l

Figure 3.2 DBoxes

To deal with fg we adopt a slightly indirect approach in order to remain
‘one-dimensional’: first note that if g is measurable, then so is —g. Hence f—g =
[+ (—g) is measurable. Since fg = 1{(f+9)*— (f—g)?}, it will suffice to prove
that the square of a measurable function is measurable. So take a measurable
h: E — R and consider {x € E : h?(z) > a}. For a < 0 this set is £ € M, and
fora>0

{z:h*(x) > a} = {z: h(z) > Va} U{x: h(zx) < —Va}.

Both sets on the right are measurable, hence we have shown that k2 is mea-
surable. Apply this with h = f + g and h = f — g respectively, to conclude
that fg is measurable. It follows that cf is measurable for constant ¢, hence
that the class of real-valued measurable functions forms a vector space under
addition. O

Remark 3.3

An elegant proof of the theorem is based on the following lemma, which will also
be useful later. Its proof makes use of the simple topological fact that every
open set in R? decomposes into a countable union of rectangles, in precise
analogy with open sets in R and intervals.

Lemma 3.3

Suppose that F' : RxR — R is a continuous function. If f and g are measurable,
then h(x) = F(f(x), g(x)) is also measurable.
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It now suffices to take F(u,v) = u + v, F(u,v) = uv to obtain a second
proof of Theorem 3.2.

Proof (of the Lemma)

For any real a
{z:h(x) >a} ={z: (f(z),9(x)) € Ga}

where G, = {(u,v) : F(u,v) > a} = F~1((a,0)). Suppose for the moment
that we have been lucky and G, is a rectangle: G, = (a1,b1) X (¢1,dq).

Figure 3.3 The sets G,

It is clear from Figure 3.3 that

{z:h(z) >a} ={z: f(z) € (a1,b1) and g(z) € (c1,d1)}
={x: f(z) € (a1,01)} N{z : g(z) € (c1,d1)}.

In general, we have to decompose the set GG, into a union of rectangles. The set
G, is an open subset of R x R since F' is continuous. Hence it can be written
as

G, = R,

1C3
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where R,, are open rectangles R,, = (an,b,) X (¢pn,dy). So

oo
{z:h(z) >a} = U {z: f(z) € (an,bp)} N{z: g(x) € (cn,dn)}
n=1
is measurable due to the stability properties of M. O

A simple application of Theorem 3.2 is to consider the product f-14. If
f is a measurable function, A is a measurable set, then f -1 4 is measurable.
This function is simply f on A and 0 outside A. Applying this to the set
A ={x € E: f(z) > 0} we see that the positive part f* of a measurable
function is measurable: we have

_f f(z) if f(z)>0
f+(x)_{ 0 if f(z) <O.

Similarly the negative part f~ of f is measurable, since

v _ 0 if f(z) >0
/ “”‘{ﬂm if 7(x) < 0.

Proposition 3.4

Let E be a measurable subset of R.
(i) f:E — R is measurable if and only if both f and f~ are measurable.

(ii) If f is measurable, then so is | f|; but the converse is false.

Hint Part (ii) requires the existence of non-measurable sets (as proved in
the Appendix) not their particular form.

Exercise 3.3

Show that if f is measurable, then the truncation of f:

a if f(z)>a

f%@{f@)ﬂﬂwéa

is also measurable.

Exercise 3.4

Find a non-measurable f such that f2 is measurable.
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Passage to the limit does not destroy measurability — all the work needed
was done when we established the stability properties of M!

Theorem 3.5

If {f.} is a sequence of measurable functions defined on the set E in R, then
the following are measurable functions also:

max f,, minf,, sup/f,, inf f,, limsup f,, liminf f,.
n<k n<k neN neN n— oo n—0oo

Proof

It is sufficient to note that the following are measurable sets:
k
{r: (max f)(a) > a} = | J o fu(@) > a},
n:l
(o (ain £2)(@) > o} = () (o ) > o

{z: (sup fu)(z) > a} = | J{z: fu(z) > a},
n=~k

n>k

——
8

n=k

For the upper limit, by definition

limsup f,, = iI;fl{SUP fm}

n— 00 ZL m>n
and the above relations show that h,, = sup,,>,, fm is measurable, hence
inf,>1 hyn(z) is measurable. The lower limit is done similarly. O
Corollary 3.6

If a sequence f,, of measurable functions converges (pointwise) then the limit
is a measurable function.

Proof

This is immediate since lim,,_, fn = limsup,,_, ., fn which is measurable. [
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Remark 3.4

Note that Theorems 3.2 and 3.5 have counterparts for Borel functions, i.e. they
remain valid upon replacing ‘measurable’ by ‘Borel’ throughout.

Things are slightly more complicated when we consider the role of null
sets. On the one hand, changing a function on a null set cannot destroy its
measurability, i.e. any measurable function which is altered on a null set remains
measurable. However, as not all null sets are Borel sets, we cannot conclude
similarly for Borel sets, and thus the following results have no natural ‘Borel’
counterparts.

Theorem 3.7

If f: E — R is measurable, E € M, g : E — R is arbitrary, and the set
{z: f(z) = g(x)} is null, then g is measurable.

Proof

Consider the difference d(x) = g(x) — f(z). It is zero except on a null set so

anullset ifa>0
afull set ifa<0

{:c:d(x)>a}{

where a full set is the complement of a null set. Both null and full sets are
measurable hence d is a measurable function. Thus g = f+d is measurable. [

Corollary 3.8

If (f.) is a sequence of measurable functions and f,(z) — f(x) almost every-
where for x in F, then f is measurable.

Proof

Let A be the null set such that f, (x) converges for all x € E'\ A. Then 14¢f,
converge everywhere to g = 1 4cf which is therefore measurable. But f = ¢
almost everywhere, so f is also measurable. |

Exercise 3.5

Let f, be a sequence of measurable functions. Show that the set £ =
{z : fn(x) converges} is measurable.
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Since we are able to adjust a function f at will on a null set without al-
tering its measurability properties, the following definition is a useful means of
concentrating on the values of f that ‘really matter’ for integration theory, by
identifying its bounds ‘outside null sets’:

Definition 3.2
Suppose f : E — R is measurable. The essential supremum ess sup f is defined

as inf{z : f <z a.e.} and the essential infimum ess inf f is sup{z : f > z a.e.}.

Note that ess sup f can be +oo. If ess sup f = —o0, then f = —oc0 a.e. since
by definition of ess sup, f < —n a.e. for all n > 1. Now if ess sup f is finite,
and A = {x:esssup f < f(x)}, define A, for n > 1 by

1
Ap ={x:esssup f < f(z) — —}.
n
These are null sets, hence so is A = |J,, A, and thus we have verified:
f <esssup f a.e.

The following is now straightforward to prove.

Proposition 3.9
If f, g are measurable functions, then

ess sup (f + g) < ess sup f + ess sup g.

Exercise 3.6

Show that for measurable f, ess sup f < sup f. Show that these quan-
tities coincide when f is continuous.

3.5 Probability
3.5.1 Random variables

In the special case of probability spaces we use the phrase random variable to
mean a measurable function. That is, if (2, F, P) is a probability space, then
X : 2 — R is a random variable if for all a € R the set X ~!([a, 00)) is in F:

{weN: X(w)>a}eF.
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In the case where {2 C R is a measurable set and F = B is the o-field of Borel
subsets of {2, random variables are just Borel functions R — R.

In applied probability, the set {2 represents the outcomes of a random exper-
iment that can be observed by means of various measurements. These measure-
ments assign numbers to outcomes and thus we arrive at the notion of random
variable in a natural way. The condition imposed guarantees that questions of
the following sort make sense: what is the probability that the value of the
random variable lies within given limits?

3.5.2 Sigma fields generated by random variables

As indicated before, the random variables we encounter will in fact be Borel
measurable functions. The values of the random variable X will not lead us
to non-Borel sets; in fact, they are likely to lead us to discuss much coarser
distinctions between sets than are already available within the complexity of
the Borel o-field B. We should therefore be ready to consider different o-fields
contained within F. To be precise:

The family of sets

X YB)={ScF:S=X"YB) for some B € B}

is a o-field. If X is a random variable, X ~!(B) C F but it may be a much
smaller subset depending on the degree of sophistication of X. We denote this
o-field by Fx and call it the o-field generated by X.

The simplest possible case is where X is constant, X = a. The X ~!(B) is
either £2 or @ depending on whether a € B or not and the o-field generated is
trivial: F = {Q, 2}.

If X takes two values a # b, then Fx contains four elements: Fx =
{0,902, X7 *({a}), X "1({b})}. If X takes finitely many values, Fx is finite. If X
takes denumerably many values, Fx is uncountable (it may be identified with
the o-field of all subsets of a countable set). We can see that the size of Fx
grows together with the level of complication of X.

Exercise 3.7

Show that Fx is the smallest o-field containing the inverse images
X~1(B) of all Borel sets B.

Exercise 3.8

Is the family of sets {X(A) : A € F} a o-field?
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The notion of Fx has the following interpretation. The values of the mea-
surement X are all we can observe. From these we deduce some information on
the level of complexity of the random experiment, that is the size of {2 and Fyx,
and we can estimate the probabilities of the sets in Fx by statistical methods.
The o-field generated represents the amount of information produced by the
random variable. For example, suppose that a die is thrown and only 0 and 1
are reported depending on the number shown being odd or even. We will never
distinguish this experiment from coin tossing. The information provided by the
measurement is insufficient to explore the complexity of the experiment (which
has six possible outcomes, here grouped together into two sets).

3.5.3 Probability distributions

For any random variable X we can introduce a measure on the o-field of Borel
sets B by setting
Px(B) = P(X~\(B)).

We call Px the probability distribution of the random variable X.

Theorem 3.10

The set function Px is countably additive.

Proof

Given pairwise disjoint Borel sets B; their inverse images X ~1(B;) are pairwise
disjoint and X (U, B;) = U, X *(B;), so

Pe(JB) = PX(UB)) = PUX ' (B) = 3 P(X 1 (B)
=> Px(Bi)
as required. |

Thus (R, B, Px) is a probability space. For this it is sufficient to note that
Px(R)=P(2) =1.

We consider some simple examples. Suppose that X is constant, i.e. X = a.
Then we call Px the Dirac measure concentrated at a and denote by d,. Clearly

1 ifae B
5a(B)_{ 0 ifa¢ B.
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In particular, §,({a}) = 1.
If X takes 2 values:

x()={

a with probability p
b with probability 1 — p,

then
1 ifa,be B
D ifae B,b¢ B
Px(B) =
x(B) 1—p ifbeB,a¢ B
otherwise,
and so

Px(B) = pda(B) + (1 — p)5y(B).

The distribution of a general discrete random variable (i.e. one which takes
only finitely many different values, except possibly on some null set) is of the
form: if the values of X are a; taken with probabilities p; > 0, ¢ = 1,2,...

S pi = 1, then

(o]
Pe(B) =3 pidu(B)
i=1
Classical examples are:
(i) the geometric distribution, where p; = (1 — q)q¢* for some ¢ € (0, 1),

(ii) the Poisson distribution where p; = Ao,
k2

We shall not discuss the discrete case further since this is not our the pri-
mary goal in this text, and it is covered in many elementary texts on probability
theory (such as [9]).

Now consider the classical probability space with 2 = [0,1], F = B, P =
m/jo,1) — Lebesgue measure restricted to [0,1]. We can give examples of random
variables given by explicit formulae.

For instance, let X (w) = aw + b. Then the image of [0, 1] is the interval
[b,a+ b] and Px = %m|[b7a+b], i.e. for Borel B

~ m(BnN[ba+b])

Px(B) = o0l

Example 3.1

Suppose a car leaves city A at random between 12 am and 1 pm. It travels at 50
mph towards B which is 25 miles from A. What is the probability distribution
of the distance between the car and B at 1 pm?
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Clearly, this distance is 0 with probability %, i.e. if the car departs before
12.30. As a function of the starting time (represented as w € [0, 1]) the distance
has the form

0 if we [0, 3]
X(w) = ' 2
() { 50w —25 ifwe (L1
and Px = %Pl + %PQ where P; = &g, P> = %m[m%}. In this example, therefore,
Px is a combination of Dirac and Lebesgue measures.

In later chapters we shall explore more complicated forms of X and the cor-
responding distributions after developing further machinery needed to handle
the computations.

3.5.4 Independence of random variables

Definition 3.3

X,Y are independent if the o-fields generated by them are independent.

In other words, for any Borel sets B, C' in R,

P(X~H(B)NY~H(C)) = P(X~(B))P(Y~1(C)).

Example 3.2

Let (£2 =0, 1], M) be equipped with Lebesgue measure. Consider X = i, 11,
Y =11 3. Then Fx = {0,[0,1], 0,41, (3,1}, A = {9,[0,1],[3,2],0,3) U
(2,1]} are clearly independent.

Example 3.3

Let 2 be as above and let X (w) =w, Y(w) =1—w. Then Fx = Fy = M. A
o-field cannot be independent with itself (unless it is trivial): Take A € F and
then independence requires P(A N A) = P(A) x P(A) (the set A belongs to
‘both’ o-fields), i.e. P(A) = P(A)? which can happen only if either P(A) =0
or P(A) = 1. So a o-field independent with itself consists of sets of measure
ZEro or one.



3. Measurable functions 71

3.5.5 Applications to mathematical finance

Consider a model of stock prices, discrete in time, i.e. assume that the stock
prices are given by a sequence S(n) of random variables, n = 1,2,..., N. If
the length of one step is h, then we have the time horizon T' = Nh and we
shall often write S(T) instead of S(NN). An example of such a model is the
binomial tree considered in the previous chapter. Recall that a European call
option is the random variable of the form (S(N)— K)™ (N is the exercise time,
K is the strike price, S is the underlying asset). A natural generalisation of
this is a random variable of the form f(S(NN)) for some measurable function
f : R — R. This random variable is of course measurable with respect to the
o-field generated by S(N). This allows us to formulate a general definition:

Definition 3.4

A European derivative security (contingent claim) with the underlying asset
represented by a sequence S(n) and exercise time N is a random variable X
measurable with respect to the o-field F generated by S(IV).

Proposition 3.11

A European derivative security X must be of the form X = f(S(NV)) for some
measurable real function f.

The above definition is not sufficient for applications. For example, it does
not cover one of the basic derivative instruments, namely futures. Recall that
a holder of the futures contract has the right to receive (or an obligation to
pay in case of negative values) a certain sequence (X(1),...,X(N)) of cash
payments depending on the values of the underlying security. To be specific,
if for example the length of one step is one year and r is the risk free interest
rate for annual compounding, then

X(n)=Sm)(1+rN"" - X(n—-1)(1 4 r)N-"+

In order to introduce a general notion of derivative security which would cover
futures, we first consider a natural generalisation

and then we push the level of generality ever further:
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Definition 3.5

A derivative security (contingent claim) with the underlying asset represented
by a sequence (S(n)) and the expiry time N is a sequence (X (1),...,X(N))
of random variables such that X (n) is measurable with respect to the o-field
Fn generated by (S(0),S(1),...,S(n)), foreach n=1,..., N.

Proposition 3.12

A derivative security X must be of the form X = f(5(0),S(1),...,S(N)) for
some measurable f : RN*! - R,

We could make one more step and dispose of the underlying random vari-
ables. The role of the underlying object would be played by an increasing
sequence of o-fields F,, and we would say that a contingent claim (avoiding
here the other term) is a sequence of random variables X (n) such that X (n) is
Fn-measurable, but there is little need for such a generality in practical appli-
cations. The only case where that formulation would be relevant is the situation
where there are no numerical observations but only some flow of information
modelled by events and o-fields.

Example 3.4

Payoffs of exotic options depend on the whole paths of consecutive stock prices.
For example, the payoff of a European lookback option with exercise time N
is determined by

f(zo,z1,...,zNn) = max{xzg,z1,..., TN} — TN

Exercise 3.9

Find the function f for a down-and-out call (which is a European call
except that is ceases to exist if the stock price at any time before the
exercise date goes below the barrier L < S(0)).

Example 3.5

Consider an American put option in a binomial model. We shall see that it fits
the above abstract scheme. Recall that American options can be exercised at
any time before expiry and the payoff of a put exercised at time n is (K —S(n))*
written g(S(n)) for brevity, g(x) = (K — z)*. This option offers to the holder
cash flow of the same nature as the stock. The latter is determined by the stock
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price and stock can be sold at any time, of course only once. The American
option can be sold or exercised also only once. The value of this option will be
denoted by P#(n) we shall show that it is a derivative security in the sense of
Definition 3.5.

We shall demonstrate that it is possible to write

PA(n) = fa(S(n))

for some functions f,. Consider an option expiring at N = 2. Clearly

At time n = 1 the holder of the option can exercise or wait till n = 2. The value
of waiting is the same as the value of European put issued at n = 1 with exercise
time N = 2 (which, as is well known and will be seen in Section 7.4.3 in some
detail) can be computed as the expectation with respect to some probability p
of the discounted payoff). The value of the American put is the greater of the
two so

ilw) = max {g(a), - [pfalal) + (1= p)folaD)] }.

The same argument gives

folw) = max {g(a), T A U) + (1= p)fu(eD)] .

In general, for an American option expiring at time N we have the following
chain of recursive formulae:

In(z)
Jn—1(x)

g(x),

max {g(a?), llﬁ[pfn(an) +(1- p)fn(xD)]}

3.6 Proofs of propositions

Proof (of Proposition 3.4)

(i) We have proved that if f is measurable then so are f*, f~. Conversely,
note that f(z) = f*(z) — f~(x) so Theorem 3.2 gives the result.

(ii) The function u — |u| is continuous so Lemma 3.3 with F(u,v) = |u| gives
measurability of |f| (an alternative is to use |f| = f* + f~). To see that the
converse is not true take a non-measurable set A and let f = 14 — 14c. It is
non-measurable since {z : f(z) > 0} = A is non-measurable. But |f| = 1 is
clearly measurable. |
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Proof (of Proposition 3.9)

Since f < ess supf and g < ess supg a.e., by adding we have f+g¢g < ess sup f+
ess sup g a.e. So the number ess sup f +ess sup g belongs to the set {z: f+¢g <
z a.e.} hence the infimum of this set is smaller than this number. O

Proof (of Proposition 3.11)

First note that the o-field generated by S(N) is of the form F = {S(N)~}(B) :
B -Borel} since these sets form a o-field and any other o-field such that S(N)
is measurable with respect to it has to contain all inverse images of Borel sets.
Next we proceed in three steps:

1) Suppose X = 14 for A € F. Then A = S(N)~1(B) for a Borel subset of
R. Put f =1p and clearly X = f o S(N).

2) If X is a step function, X = > ¢;14, then take f = > ¢;15, where

3) In general, a measurable function X can be approximated by step func-
tions X,, = iino Qﬁw . 1y,1([%,%)) (see Proposition 4.10 for more details)
and we take f = limsup f,, where f,, corresponds to Y;, as in step 2) and the

sequence clearly converges on the range of S(N). |

Proof (of Proposition 3.12)

1) Suppose X = 14 for A € F. Then A = (S(1),...,S(N))"!(B) for Borel
B Cc RV, and f = 1p satisfies the claim.
Steps 2) and 3) are the same as in the proof of the previous proposition. [
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Integral

The theory developed below deals with Lebesgue measure for the sake of sim-
plicity. However, all we need (except for the section where we discuss the Rie-
mann integration) is the property of m being a measure, i.e. a countably ad-
ditive (extended-) real valued function p defined on a o-field F of subsets of a
fixed set 2. Therefore, the theory developed for the measure space (R, M, m)
in the following sections can be extended virtually without change to an ab-
stractly given measure space (2, F, u).

We encourage the reader to bear in mind the possibility of such a gener-
alization. We will need it in the probability section at the end of the chapter,
and in the following chapters.

4.1 Definition of the integral

We are now able to resolve one of the problems we identified earlier: how to
integrate functions like 1g, which take only finitely many values, but where the
sets on which these values are taken are not at all ‘like intervals’.

Definition 4.1

A non-negative function ¢ : R — R which takes only finitely many values, i.e.
the range of ¢ is a finite set of distinct non-negative reals {a1,as,...,a,}, is a

75
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simple function if all the sets

A= '{a}) = {z: o(x) =a;}, i=12,...,n,

are measurable sets. Note that the sets A; € M are pairwise disjoint and their
union is R.

Clearly we can write
n
pla) = aila, (o)
i=1

so that (by Theorem 3.2) each simple function is measurable.

Definition 4.2

The (Lebesgue) integral over E € M of the simple function ¢ is given by:

dm = a;m(A; N E).
[ edm =3 am(anE)

=1

(Note: Since we shall allow m(4;) = +o0, we use the convention 0 x co = 0
here.)

v

E

Figure 4.1 Integral of a simple function

Example 4.1

Consider the simple function 1g which takes the value 1 on Q and 0 on R\ Q.
By the above definition we have

/1@dm:1xm(Q)+0xm(R\Q):O
R
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since Q is a null set. Recall that this function is not Riemann-integrable. Sim-
ilarly, 1< has integral 0, where C' is the Cantor set.

Exercise 4.1

Find the integral of ¢ over E where
(a) ¢(z) = Int(z), E = [0,10]
(b) ¢lx) = Int(«?), E = [0,2]
(c) ¢(z) = Int(sinz), E = [0, 2]

and Int denotes the integer part of a real number. (Note: many texts
use the symbol [z] to denote Int(x). We prefer to use Int for increased
clarity.)

In order to extend the integral to more general functions, Henri Lebesgue (in
1902) adopted an apparently obvious, but subtle device: instead of partitioning
the domain of a bounded function f into many small intervals, he partitioned
its range into a finite number of small intervals of the form A4; = [a;—1, a;),
and approximated the ‘area’ under the graph of f by the upper sum

and the lower sum N
s(n) =Y _aiam(f ' (A))
i=1

respectively; then integrable functions had the property that the infimum of
all upper sums equals the supremum of all lower sums — mirroring Riemann’s
construction (see also Figure 3.1).

A century of experience with the Lebesgue integral has led to many equiva-
lent definitions, some of them technically (if not always conceptually) simpler.
We shall follow a version which, while very similar to Lebesgue’s original con-
struction, allows us to make full use of the measure theory developed already.
First we stay with non-negative functions:

Definition 4.3

For any non-negative measurable function f and E € M the integral |, g fdm
is defined as

/ fdm=supY(E, f)
E
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where
Y(E,f) = {/ pdm:0< p < f,pis simple}.
E

Note that the integral can be 400, and is always non-negative. Clearly, the
set Y(E, f) is always of the form [0, z] or [0, ), where the value z = +oo is
allowed.

If E = [a,b] we write the integral as

/a ' fam, / " fla) dm(),

or even as fabf(:c) dz, when no confusion is possible (and we set f:fdm =
— [ fdm if a > b). The notation [ fdm means [, fdm.

Clearly, if for some A € M and a non-negative measurable function g we
have g = 0 on A€, then any non-negative simple function that lies below g must
be zero on A°. Applying this to g = f.14 we obtain the important identity

/Afdm:/flAdm.

Exercise 4.2

Suppose that f : [0,1] — R is defined by letting f(z) = 0 on the Cantor
set and f(x) = k for all x in each interval of length 37* which has been
removed from [0, 1]. Calculate fol fdm.

Hint Recall that Y ;7 ka®~1 = L (37 b)) = ﬁ when |z| < 1.

If f is a simple function, we now have two definitions of the integral; thus
for consistency you should check carefully that the above definitions coincide.

Proposition 4.1
For simple functions, Definitions 4.2 and 4.3 are equivalent.

Furthermore, we can prove the following basic properties of integrals of
simple functions:

Theorem 4.2

Let ¢, ¢ be simple functions. Then:
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(i) if ¢ <9 then [, pdm < [ dm,
(ii) if A, B are disjoint sets in M, then

/ cpdm:/cpdm+/cpdm,
AUB A B
(iii) for all constants a > 0
/ apdm = a/ pdm.
E E

Proof

(i) Notice that Y(E,¢) C Y(E,v) (we use Definition 4.3).
(ii) Employing the properties of m we have (¢ = > ¢;1p,)

/AUBgodm:Zcim(Diﬂ(AUB))
= ci(m(D; N A) + m(D; N B))

:/cpder/cpdm.
A B

(iif) If o => ¢;la, then ap = ac;14, and

/acpdm z:acZ (ENA;) faZcZ EﬂA)fa/cpdm

as required. O

Next we show that the properties of the integrals of simple functions extend
to the integrals of non-negative measurable functions:

Theorem 4.3

Suppose f and g are non-negative measurable functions.
(i) fAe M ,and f <gon A, then

AﬂWSAMm

(i) If BC A, A, B € M, then

AﬂM§Aﬁm.
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/Aafdm:a/Afdm.
/Afdm:().

(v) If A, Be M, AN B =@, then

[y sin=fgime fson

(iii) For a >0,

(iv) If A is null then

Proof

(i) Notice that Y (A4, f) C Y (A, g) (there is more room to squeeze simple func-
tions under g than under f) and the sup of a bigger set is larger.

(ii) If ¢ is a simple function lying below f on B, then extending it by zero
outside B we obtain a simple function which is below f on A. The integrals of
these simple functions are the same so Y (B, f) C Y(A4, f) and we conclude as
in (i).

(iii) The elements of the set Y (A, af) are of the form a x x where = € Y (A4, f)
so the same relation holds between their suprema.

(iv) For any simple function ¢, [, ¢ dm = 0. To see this, take ¢ = > ¢;1p,,
say, then m(A N E;) = 0 for each i, so Y(A4, f) = {0}.

(v) The elements of Y(AU B, f) are of the form [, , ¢ dm so by Theorem 4.2
(ii) they are of the form [, pdm + [eodm. So Y(AUB,f) = Y(A,f) +
Y (B, f) and taking suprema this yields [, , fdm < [, fdm + [, fdm. For
the opposite inequality, suppose that the simple functions ¢ and v satisfy:
o < fon Aand ¢ = 0 off A, while v < f on B and ¢ = 0 off B. Since
AN B =@, we can construct a new simple function v < f by setting v = ¢ on
A, vy=1 on B and v = 0 outside AU B. Then

/(pdm—l—/wdm:/vdm—l—/'ydm
A B A B
:/ vdm
AUB

< / fdm.
AUB

On the right we have an upper bound which remains valid for all simple func-
tions that lie below f on AU B. Thus taking suprema over ¢ and 1 separately
on the left gives [, fdm + [, fdm < [,  fdm. O
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Exercise 4.3

Prove the following Mean Value Theorem for the integral: ifa < f(x) <b
for z € A, then am(A) < [, fdm < bm(A).

We now confirm that null sets are precisely the ‘negligible sets’ for integra-
tion theory:

Theorem 4.4

Suppose f is a non-negative measurable function. Then f = 0 a.e. if and only
if [ fdm =0.

Proof

First, note that if f = 0 a.e. and 0 < ¢ < f is a simple function, then ¢ = 0
a.e. since neither f nor ¢ take negative values. Thus fR wdm = 0 for all such
¢ and so [, fdm = 0 also.

Conversely, given fR fdm=0,let E={z: f(z) > 0}. Our goal is to show
that m(E) = 0. Put

En:f_l([l,oo)) for n>1.

To show that m(E) = 0 it is sufficient to prove that m(E,) = 0 for all n. (See
Theorem 2.13.) The function ¢ = %1 E, is simple and ¢ < f by the definition
of E,. So

1
/gpdm: —m(Ey) §/fdm:0
R n R
hence m(E,,) = 0 for all n. O

Using the results proved so far the following ‘a.e.’ version of the monotonic-
ity of the integral is not difficult to prove:

Proposition 4.5

If f and g are measurable then f < g a.e. implies [ fdm < [ gdm.
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Hint Let A = {z : f(z) < g(x)}, then B = A€ is null and f14 < gla.
Now use Theorems 4.3 and 4.4.

Using Theorems 3.2 and 3.5 you should now provide a second proof of a
result we already noted in Proposition 3.4 but repeat here for emphasis:

Proposition 4.6

The function f : R — R is measurable iff both fT and f~ are measurable.

4.2 Monotone Convergence Theorems

The crux of Lebesgue integration is its convergence theory. We can make a
start on that by giving a famous result

Theorem 4.7 (Fatou's Lemma)

If {f.} is a sequence of non-negative measurable functions then
lim inf / Fodm > / (lim inf fn) dm.

Proof

Write
f =Iliminf f,

n—00
and recall that

f= lm g,
where g, = infy>, fi (the sequence g, is non-decreasing). Let ¢ be a simple
function, ¢ < f. To show that

fdm < liminf/ fndm
E

E n—oo

it is sufficient to see that

/gpdmgliminf/ fndm
E n—oo E

for any such ¢.
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The set where f = 0 is irrelevant since it does not contribute to | g [ dmso
we can assume, without loss of generality, that f > 0 on E. Put

v opl@)=—e>0 ifp(x)>0
@(m)_{o ifp(z)=0o0rz¢FE

where ¢ is sufficiently small to ensure @ > 0.
Now @ < f, gn /" [ so ‘eventually’ g, > ». We make the last statement
more precise: put

Ap ={z: gi(z) > P(2)}
and we have
o0
Ay C Ay, U A =R.
k=1

Next,

/ pdm < / gndm (as g, dominates P on Ay)
AnNE A,NE

< / fedm for k > n (by the definition of g,,)
AnNE

< / fedm (as E is the larger set)
E

for k > n. Hence
/ pdm < liminf/ frdm. (4.1)
A,NE k—oo JEg

Now we let n — oo: writing @ = 2221 ¢ilp, for some ¢; > 0, B; € M, i <l
l l
/ @dmchim(AnﬂEﬂBi) — Zcim(EﬂBi) :/ pdm
AnNE i=1 i=1 E
and the inequality (4.1) remains true in the limit:

/@dmgliminf/ fr dm.
E k—oo E

We are close — all we need is to replace @ by ¢ in the last relation. This will be
done by letting ¢ — 0 but some care will be needed.
Suppose that m({x : p(x) > 0}) < co. Then

[Eadm - [E@dm —em({z : p(z) > 0})

and we get the result by letting ¢ — 0.
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The case m({z : ¢(z) > 0}) = oo has to be treated separately. Here
S edm =00, so [, fdm = co. We have to show that

liminf | frdm = oco.
k—oo E

Let ¢; be the values of ¢ and let a = £ min{c;} ({¢;} is a finite set!). Similarly
to above put
D, ={z: gn(z) > a}

/ gndm — oo
D,NE

and

since D, / R. As before

/ gndmé/ fkdmé/fkdm
D,NE D,NE E

for k > n, so liminf [, fr dm has to be infinite. O

Example 4.2
Let fn = L[ nt1). Clearly [fndm =1 for all n, liminf f, = 0 (= lim f,,), so

the above inequality may be strict and we have

/(Hmfn) dm # lim/fn dm.

Exercise 4.4

Construct an example of a sequence of functions with the strict inequal-
ity as above, such that all f,, are zero outside the interval [0, 1].

It is now easy to prove one of the two main convergence theorems.

Theorem 4.8 (Monotone Convergence Theorem)

If { fn} is a sequence of non-negative measurable functions, and {f,(x) : n > 1}
increases monotonically to f(x) for each z, i.e. f, / f pointwise, then

lim [ fu(2)dm = / fdm.
E

n—oo E
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Proof
Since fn < f, [ fadm < [ fdm and so

1imsup/ fndmg/ fdm.
n—oo E E

/ fdm < liminf/ frndm
E n—oo E

which together with the basic relation

lim inf/ frndm <lim sup/ fndm
E E

Fatou’s lemma gives

n—oo n—00

gives
/ fdm = liminf/ fndm = limsup/ fndm
E n—oo JE n—oo JE
hence the sequence [, f, dm converges to [}, f dm. O
Corollary 4.9

Suppose {f.} and f are non-negative and measurable. If {f,} increases to f
almost everywhere, then we still have [ g fndm / / g J dm for all measurable
E.

Proof

Suppose that f,, /' f a.e. and A is the set where the convergence holds, so that
A€ is null. We can define

_f fn onA
"=V 0 on A°,
_f f onA
971 0 on Ac

Then using E = [EN A°JU [E N A] we get

/gndm: fnder/ 0dm
E ENA ENA°

— [ fodm+ / fndm
ENA ENAc

:/Efndm

(since ENA® is null) and similarly [, gdm = [}, f dm. The convergence g, — g
holds everywhere so by Theorem 4.8, [, g, dm — [, gdm. O
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To apply the monotone convergence theorem it is convenient to approximate
non-negative measurable functions by increasing sequences of simple functions.

Proposition 4.10
For any non-negative measurable f there is a sequence s,, of non-negative simple

functions such that s, " f.

Hint Put

22n

=D g Ly s
k=0

v

Figure 4.2 Approximation by simple functions

4.3 Integrable functions

All the hard work is done: we can extend the integral very easily to general
real functions, using the positive part f+ = max(f,0), and the negative part
f~ = max(—f,0), of any measurable function f: R — R. We will not use the
non-negative measurable function |f| alone: as we saw in Proposition 3.4, | f|
can be measurable without f being measurable!

Definition 4.4

If E € M and the measurable function f has both [, f*dm and [, f~dm
finite, then we say that f is integrable, and define

| ram= [ rram— [ 1am.
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The set of all functions that are integrable over E is denoted by £!(E). In what
follows E will be fixed and we often simply write £! for £1(E).

Exercise 4.5

For which o, is f(z) = 2® in L}(E) where (a) E = (0,1); (b) E =
(1,00)?

Note that f is integrable iff | f| is integrable, and that

[itam= [ fram+ [ 5am

Thus the Lebesgue integral is an ‘absolute’ integral: we cannot ‘make’ a function
integrable by cancellation of large positive and negative parts. This has the
consequence that some functions which have improper Riemann integrals fail
to be Lebesgue integrable (see Section. 4.5).

The properties of the integral of non-negative functions extend to any, not
necessarily non-negative, integrable functions.

Proposition 4.11
If f and g are integrable, f < g, then [ fdm < [ gdm.

Hint If f < g, then fT <g™ but f~ >g".

Remark 4.1

We observe (following [12], 5.12) that many proofs of results concerning in-
tegrable functions follow a standard pattern, utilising linearity and monotone
convergence properties. To prove that a ’linear’ result holds for all functions in
a space such as L!(E) we proceed in four steps:

(i) verify that the required property holds for indicator functions — this is
usually so by definition,

(ii) use linearity to extend the property to non-negative simple functions,

(iii) then use Monotone Convergence to show that the property is shared by all
non-negative measurable functions,

(iv) finally, extend to the whole class of functions by writing f = f* — f~ and
using linearity again.
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The next result gives a good illustration of the technique.

We wish to show that the mapping f — [ 4 Jdm is linear. This fact is
interesting on its own, but will also allow us to show that £! is a vector space.

Theorem 4.12

For any integrable functions f, g their sum f + ¢ is also integrable and

[ raan= [ ram+ [ gam.

Proof

We apply the technique described in Remark 4.1.

Step 1. Suppose first that f and g are non-negative simple functions. The
result is a matter of routine calculation: let f = > a;14,, g = > b;1p,. The
sum f + ¢ is also a simple function which can be written in the form

f +9= Z(al + bj)]‘AimBj'

4,J

Therefore
/E(f +g)dm = Z(ai +bj)m(A; N B; N E)
= izaim(& NB;NE)+ Y Y bm(AinB;NE)
= iaZmei NB;NE) +ib;z:m(Ai NB;NE)
= iaz‘mj(U(Ai NB;NE))+ ibjWZ(U(Ai N B; N E))
= i aim(/]li nJB,NE)+ z:]bjm(leﬂ J4ink)

= Z aim(Ai n E) + Z bjm(Bj n E)

:/Efder/Egdm

where we have used the additivity of m and the facts that A; cover R and the
same is true for B;.
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Step 2. Now suppose that f, g are non-negative measurable (not necessarily
simple) functions. By Proposition 4.10 we can find sequences s, t,, of simple
functions such that s,, /* f and ¢,, / g. Clearly s, +t, / f+g hence using the
monotone convergence theorem and the additivity property for simple functions
we obtain

/(f+g)dm: lim [ (sp+tn)dm
E

n—oo E
= lim Spdm + lim t,dm

/Efder/Egdm.

This, in particular, implies that the integral of f 4 g is finite if the integrals
of f and g are finite.

Step 3. Finally, let f, g be arbitrary integrable functions. Since

/|f+g|dm§/(|f|+lgl)dm,
FE E

we can use Step 2 to deduce that the left-hand side is finite.
We have

frg=(+9" = (f+9)
frg=0"=f )+ —g7)
SO
(f+o) =+~ =f"—f+g"—g".
We rearrange the equality to have only additions on both sides

f+9)"+f +g =ft+9t+(f+9).

We have non-negative functions on both sides, so by what we have proved so
far

/E(f+g)+dm+/Ef‘ dm+/Eg— dm = /Ef+dm+/Eg+dm+/E<f+g)—dm

hence

[+aran= [roran= [ rram= [ ~ams [ gt an- [ g am

By definition of the integral the last relation implies the claim of the theorem.
O
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The following result is a routine application of monotone convergence:

Proposition 4.13

If f is integrable and ¢ € R, then

/E(cf)dm:c/Efdm.

Hint Approximate f by a sequence of simple functions.

We complete the proof that £! is a vector space:

Theorem 4.14

For any measurable E, £!(FE) is a vector space.

Proof
Let f,g € L. To show that f+¢g € £! we have to prove that | f+g| is integrable:

/E|f+g|dms[E<|f|+|g|>dm=[E|f|dm+[E|g|dm<oo-

Now let ¢ be a constant:

/EICfldm:/EICIIfIdm: ICI/EIfIdm< %
so that cf € L1(E). O

We can now answer an important question on the extent to which the
integral determines the integrand.

Theorem 4.15

If [, fdm < [, gdm for all A€ M, then f < g almost everywhere. In partic-
ular, if [, fdm = [, gdm for all A € M, then f = g almost everywhere.

Proof

By additivity of the integral (and Proposition 4.12 below) it is sufficient to
show that [, hdm > 0 for all A € M implies h > 0 (and then take h = g — f).
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Write A = {x : h(z) < 0}; then A = |J A, where A,, = {z : h(z) < —1}. By
monotonicity of the integral

/ hdmg/ (1) dm:flm(An),
A, A, n n

which is non-negative but this can only happen if m(A,) = 0. The sequence of
sets A, increases with n, hence m(A) = 0, and so h(xz) > 0 almost everywhere.

A similar argument shows that if fA hdm < 0 for all A, then h < 0 a.e.
This implies the second claim of the theorem: put h = g — f and [ 4 hdm is
both non-negative and non-positive, hence h > 0 and h < 0 a.e. thus h = 0
a.e. O

The next Proposition lists further important properties of integrable func-
tions, whose straightforward proofs are typical applications of the results proved
so far.

Proposition 4.16

(i) An integrable function is a.e. finite.
(ii) For measurable f and A

m(A)inf f < /A fdm < m(A)sup £

Git) | [ £ dm| < [|f] dom.
(iv) Assume that f >0 and [ fdm = 0. Then f =0 a.e.

The following theorem gives us the possibility of constructing many interest-
ing measures, and is essential for the development of probability distributions.

Theorem 4.17

Let f > 0. Then A — [, fdm is a measure.

Proof
Denote p(A) = [, f dm. The goal is to show

wJ B = 3wl
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for pairwise disjoint Ej;. To this end consider the sequence g, = f1yr_ g, and
note that g, /g, where g = 1y~ g, Now

/gdm = M(G E;),

i=1

[onam= [ EideZZ;/Eifdm:;u(Ei)

i=1

and the monotone convergence theorem completes the proof. |

4.4 The Dominated Convergence Theorem

Many questions in analysis centre on conditions under which the order of two
limit processes, applied to certain functions, can be interchanged. Since inte-
gration is a limit process applied to measurable functions, it is natural to ask
under what conditions on a pointwise (or pointwise a.e.) convergent sequence
(fn), the limit of the integrals is the integral of the pointwise limit function f,
i.e. when can we state that lim [ f, dm = [(lim f,,) dm? The monotone con-
vergence theorem (Theorem 4.8) provided the answer that this conclusion is
valid for monotone increasing sequences of non-negative measurable functions,
though in that case, of course, the limits may equal +o00. The following example
shows that for general sequences of integrable functions the conclusion will not
hold without some further conditions:

Example 4.3
Let f(x) =nlp 1)(z). Clearly fn(z) — 0 for all z but [ fu(z)dz = 1.
The limit theorem which turns out to be the most useful in practice states

that convergence holds for an a.e. convergent sequence which is dominated by
an integrable function. Again Fatou’s lemma holds the key to the proof.

Theorem 4.18 (Dominated Convergence Theorem)

Suppose E € M. Let (f,) be a sequence of measurable functions such that
|fn] < ga.e. on E for all n > 1, where g is integrable over E. If f = lim,, o fn
a.e. then f is integrable over F and

lim Efn(x)dmz/Efdm.

n—oo
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Proof

Suppose for the moment that f, > 0. Fatou’s lemma gives

fdm <lim inf/ frndm.
E

—
E n—00

It is therefore sufficient to show that

1imsup/Efndm§/Efdm. (4.2)

n—oo

Fatou’s lemma applied to g — f;, gives

/ lim (g — fn) < liminf/ (g — fn)dm.
E n—ee JE

n—oo

On the left we have

[ o= nam= [ gam~ [ fam.

1iminf/E(g—fn)dm

n—00

zlarggf(/lﬂgdm—/IEfndm)

:/gdm—limsup/ fndm,
E n—oo JE

where we have used the elementary fact that

On the right

liminf(—ay,) = — lim sup a,,.
n—oo n— o0

Putting this together we get

/gdmf/fdmg/gdmflimsup/ frndm.
E E E n—oo JE

Finally, subtract [}, g dm (which is finite) and multiply by —1 to arrive at (4.2).

Now consider a general, not necessarily non-negative sequence (f,). Since
by the hypothesis
—g(z) < fn(z) < g(x)
we have
0 < fulz) + g(z) < 29(x)

and we can apply the result proved for non-negative functions to the sequence
fn(x) + g(z) (the function 2g is of course integrable). O
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Example 4.4

Going back to the example preceding the theorem, f, = nly 1), we can see
that an integrable g to dominate f,, cannot be found. The least upper bound

is g(x) = sup,, fn(x), g(x) =k on (ﬁ, %] SO

<1 1 <1
k=1

k=1

For a typical positive example consider

nsinz
14 n2xl/2

for x € (0,1). Clearly f,(z) — 0. To conclude that lim,, [ f,, dm = 0 we need an
integrable dominating function. This is usually where some ingenuity is needed;
however in the present example the most straightforward estimate will suffice:

n 1 1

< = < .
= 15022172 = p251/2 T pzl/2 = g1/2

nsinx
1+ n2gl/2

(To see from first principles that the dominating function g : = — ﬁ is inte-
grable over [0, 1] can be rather tedious — cf. the worked example in Chapter 1
for the Riemann integral of z — /x. However, we shall show shortly that the
Lebesgue and Riemann integrals of a bounded function coincide if the latter
exists, and hence we can apply the Fundamental Theorem of the Calculus to
confirm the integrability of g.)

The following facts will be useful later.

Proposition 4.19

Suppose f is integrable and define g, = f1{_;, 5, b = min(f, n) (both truncate
f in some way: the g,, vanish outside a bounded interval, the h,, are bounded).
Then [|f —gnldm — 0, [|f — hy|dm — 0.

Hint Use the dominated convergence theorem.

Exercise 4.6

Use the dominated convergence theorem to find

o

lim fo(x)dz

n—oo 1
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where

T 14028

Exercise 4.7

Investigate the convergence of

2 2
s} n2xe—n x
iz
@ 1+

for a > 0, and for a = 0.

Exercise 4.8

Investigate the convergence of
(oo}
1
———dz.
We will need the following extension of Theorem 4.12:

Proposition 4.20

For a sequence of non-negative measurable functions f, we have
o0 o0
/andm: Z/fndm.
n=1 n=1

. k .. . [e%e]
Hint The sequence gx = ), _, fn is increasing and converges to >~ | fn.

We cannot yet conclude that the sum of the series on the right-hand side is
a.e. finite, so Zf;o:l fn need not be integrable. However:

Theorem 4.21 (Beppo—Levi)
Suppose that

o0
Z/|fk|dm is finite.
k=1

Then the series > p-; fx(x) converges for almost all z, its sum is integrable,

and N N
/kadWZ;/fkdm-

k=1
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Proof

The function ¢(z) = Y ;- | | fr(z)| is non-negative, measurable, and by Propo-

sition 4.20 -
/(pdmzz:/|fk|dm.
k=1

This is finite, so ¢ is integrable. Therefore ¢ is finite a.e. Hence the series
>ore ) Ifk(x)| converges a.e. and so the series > -, fi(z) converges (since it
converges absolutely) for almost all z. Let f(z) = > 7o, fe(z) (put f(z) =0
for x for which the series diverges — the value we choose is irrelevant since the
set of such z is null). For all partial sums we have

so we can apply the dominated convergence theorem to find

n

/fdm:/n13202fkdm

k=1

as required. O

Example 4.5

Recalling that Y ;- k k1 ﬁ we can use the Beppo-Levi theorem

to evaluate the integral fo( 22)2dx ¢ first let fo(x) = na" !(logz)? for
n>1,x € (0, 1)7 SO that fn > 0, f, is continuous, hence measurable, and

S falr) = (B2 = f(x ) is ﬁmte for x € (0,1). By Beppo-Levi the
sum is integrable and fo z)de =37, fo fn(z)dz. To calculate fo fn
we first use integration by parts to obtain fo “llogz)tdr = ng. Thus

fo dx722n1n2:§—

Exercise 4.9

The following are variations on the above theme:
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(a) For which values of a € R does the power series ) .,n*" define an
integrable function on [—1, 1]7

© _x pi
(b) Show that [~ =25 dr = %-.

e?r—1

4.5 Relation to the Riemann integral

Our prime motivation for introducing the Lebesgue integral has been to provide
a sound theoretical foundation for the twin concepts of measure and integral,
and to serve as the model upon which an abstract theory of measure spaces can
be built. Such a general theory has many applications, a principal one being
the mathematical foundations of the theory of probability. At the same time,
Lebesgue integration has greater scope and more flexibility in dealing with limit
operations than does its Riemann counterpart.

However, just as with the Riemann integral, the computation of specific in-
tegrals from first principles is laborious, and we have, as yet, no simple ‘recipes’
for handling particular functions. To link the theory with the convenient tech-
niques of elementary calculus we therefore need to take two further steps: to
prove the Fundamental Theorem of the Calculus as stated in Chapter 1 and
to show that the Lebesgue and Riemann integrals coincide whenever the latter
exists. In the process we shall find necessary and sufficient conditions for the
existence of the Riemann integral.

In fact, given Proposition 4.16 the proof of the Fundamental Theorem be-
comes a simple application of the intermediate value theorem for continuous
functions, and is left to the reader:

Proposition 4.22
If f: [a,b] — R is continuous then f is integrable and the function F' given by
F(z) = [” fdm is differentiable for x € (a,b), with derivative F’ = f.

Hint Note that if f € £' and A, B € M are disjoint, then [, . fdm =
J 4 fdm+ [ f dm. Thus show that we can write F(z+h)—F(z) = f;HL fdm
for fixed [z,x + h] C (a,b).

We turn to showing that Lebesgue’s theory extends that of Riemann:
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Theorem 4.23
Let f : [a,b] — R be bounded.

(i) f is Riemann-integrable if and only if f is a.e. continuous with respect to
Lebesgue measure on [a, b].

(ii) Riemann integrable functions on [a, b] are integrable with respect to Lebes-
gue measure on [a, b] and the integrals are the same.

Proof

We need to prepare a little for the proof by recalling notation and some basic
facts. Recall from Chapter 1 that any partition

P={a;:a=ay<ay <..<a,=">b}

of the interval [a,b], with A; = a; — a;—1 (1 = 1,2,...,n) and with M; (resp.
m;) the sup (resp. inf) of f on I; = [a;—1, a;], induces upper and lower Riemann
sums Up =Y.' | M;A; and Lp = > | m; A;. But these are just the Lebesgue
integrals of the simple functions up = Y- | M;1;, and Ip = Y., m;1y,, by
definition of the integral for such functions.

Choose a sequence of partitions (P,,) such that each P,11 refines P,, and
the length of the largest subinterval in P, goes to 0; writing u,, for up, and
ln, for lp, we have [, < f < wu, for all n. Apply this on the measure space
([a, 0], M[q5), m) where m = my,; denotes Lebesgue measure restricted to
[a,b]. Then u = inf,, u,, and [ = sup,, [,, are measurable functions, and both
sequences are monotone, since

Thus v = lim, u, and ! = lim, I, (pointwise) and all functions in (4.3) are
bounded on [a,b] by M = sup{f(x) : « € [a,b]}, which is integrable on [a, b].
By dominated convergence we conclude that

b b b b
IimU, = lim/ Uy, dm = / udm, lim L, = lim/ lp,dm = / ldm
n n a a n n a a

and the limit functions u and [ are (Lebesgue-)integrable.

Now suppose that z is not an endpoint of any of the intervals in the par-
titions (P,) — which excludes only countably many points of [a,b]. Then we
have:

f is continuous at z iff u(z) = f(x) = I(x).
This follows at once from the definition of continuity, since the length of each

subinterval approaches 0 and so the variation of f over the intervals containing
x approaches 0 iff f is continuous at x.
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The Riemann integral ff f(z)dx was defined as the common value of
lim, U, = f: udm and lim,, L,, = f: ldm whenever these limits are equal.

To prove (i), assume first that f is Riemann-integrable, so that the upper
and lower integrals coincide: f:udm = f;ldm. But I < f < u, hence fab(u —
I)dm = 0 means that u = = f a.e. by Theorem 4.15. Hence f is continuous
a.e. by the above characterization of continuity of f at z, which only excludes
a further null set of partition points.

Conversely, if f is a.e. continuous, then v = f = [ a.e. and v and [ are
Lebesgue-measurable, hence so is f (note that this uses the completeness of
Lebesgue measure!). But f is also bounded by hypothesis, so it is Lebesgue-
integrable over [a, ], and as the integrals are a.e. equal, the integrals coincide
(but note that fab f dm denotes the Lebesgue integral of f!):

/abldm/abfdm/abudm. (4.4)

Since the outer integrals are the same, f is by definition also Riemann-
integrable, which proves (i).

To prove (ii), note simply that if f is Riemann-integrable, (i) shows that f is a.e.
continuous, hence measurable, and then (4.4) shows that its Lebesgue integral

coincides with the two outer integrals, hence with its Riemann integral. |
Example 4.6
Recall the following example from Section 1.2: Dirichlet’s function defined on
[0,1] by
Lojfe=mcQ
f(x){ 0 ifz¢Q

is a.e. continuous, hence Riemann-integrable, and its Riemann integral equals
its Lebesgue integral, which is 0, since f is zero outside the null set Q.

We have now justified the unproven claims made in earlier examples when
evaluating integrals, since, at least for any continuous functions on bounded
intervals, the techniques of elementary calculus also give the Lebesgue integrals
of the functions concerned. Since the integral is additive over disjoint domains
use of these techniques also extends to piecewise continuous functions.

Example 4.7 (Improper Riemann Integrals)

Dealing with improper Riemann integrals involves an additional limit opera-
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tion; we define such an integral by:

/_Z flx)dx = lim /: flz)dz

a——00,b—00

whenever the double limit exists. (Other cases of ‘improper integrals’ are dis-
cussed in Remark 4.2.)

Now suppose for the function f : R — R this improper Riemann integral
exists. Then the Riemann integral f: f(z) dz exists for each bounded interval
[a, b], so that f is a.e. continuous on each [a, b], and thus on R. The converse is
false, however: the function f which takes the value 1 on [n,n + 1) when n is
even, and —1 when n is odd, is a.e. continuous (and thus Lebesgue measurable
on R) but clearly the above limits fail to exist.

More generally, it is not hard to show that if f € £}(R) then the above
double limits will always exist. On the other hand, the existence of the double
limit does not by itself guarantee that f € L£! without further conditions:
consider

n+1

Lt ifrenn+1),n>0
fz) = :
0 ifz <0.

\4

Figure 4.3 Graph of f

Clearly the improper Riemann integral exists,
oo
= (=D
x)dx = —
| s >

and the series converges. However, f ¢ £, since [ [f|dm = >0 n+r17 which
diverges.

This yields another illustration of the ‘absolute’ nature of the Lebesgue inte-
gral: f € LYiff |f| € £, so we cannot expect a finite sum for an integral whose
‘pieces’ make up a conditionally convergent series. For non-negative functions
these problems do not arise; we have:
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Theorem 4.24

If f > 0 and the above improper Riemann integral of f exists, then the Lebesgue
integral f]R fdm always exists and equals the improper integral.

Proof

To see this, simply note that the sequence (f,,) with f, = f1;_, ) increases
monotonically to f, hence f is Lebesgue-measurable. Since f, is Riemann-
integrable on [—n, n], the integrals coincide there, i.e.

/fndm f( )de

for each n, so that f, € El(R) for all n. By hypothesis the double limit

hm f )dz = / f(z
exists. On the other hand

liyrln/andm:/Rfdm

by monotone convergence, and so f € L!(R) and

/Rfdm/o;f(x)dx

as required. O

Exercise 4.10
Show that the function f given by f(x) = S22 (2 # 0) has an improper

x
Riemann integral over R, but is not in £'.

Remark 4.2

A second kind of improper Riemann integral is designed to handle functions
which have asymptotes on a bounded interval, such as f(z) = 1 on (0,1). For
such cases we can define

b
/f x—hm f(z)dx
a+e

when the limit exists. (Similar remarks apply to the upper limit of integration.)
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4.6 Approximation of measurable functions

The previous section provided an indication of the extent of the additional
‘freedom’ gained by developing the Lebesgue integral: Riemann integration
binds us to functions whose discontinuities form an m-null set, while we can
still find the Lebesgue integral of functions that are nowhere continuous, such
as 1g. We may ask, however, how real this additional generality is: can we, for
example, approzimate an arbitrary f € £' by continuous functions? In fact,
since continuity is a local property, can we do this for arbitrary measurable
functions? And this, in turn, provides a link with simple functions, since every
measurable function is a limit of simple functions. We can go further, and ask
whether for a simple function g approximating a given measurable function f
we can choose the inverse image g~ !({a;}) of each element of the range of g to
be an interval (such a g is usually called a step function; g =3, c,1g
I,, are intervals). We shall tackle this question first:

where

n?

Theorem 4.25

If f is a bounded measurable function on [a,b] and € > 0 is given, then there
exists a step function h such that ff |f —h|dm <e.

Proof

First assume additionally that f > 0. Then f; f dm is well-defined as

b
sup{/ wdm :0< ¢ < f, simple}.

Since f > ¢ we have |f — ¢| = f — ¢, so we can find a simple function ¢

satisfying
b b b
/|f—<p|dm:/fdm—/g0dm<%.

It then remains to approximate an arbitrary simple function ¢ which vanishes
off [a,b] by a step function h. The finite range {a1, as, ..., a,} of the function
¢ partitions [a, b], yielding disjoint measurable sets E; = ¢~ !({a;}) such that
Ui, E; = [a,b]. We now approximate each E; by intervals: note that since ¢
is simple, M = sup{p(z) : = € [a,b]} < co. By Theorem 2.12 we can find open
sets O; such that E; C O; and m(O; \ E;) < 557 for i <n. Since each E; has
finite measure, so do the O;, hence each O; can in turn be approximated by a
finite union of disjoint open intervals: we know that O; = U(;; 1;;, where the
open intervals can be chosen disjoint, so that m(0;) = Z]oil m(l;;) < oo. As
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the series converges, we can find k; such that m(O;) fm(Ule I;j) < 557 Thus
with G; = Ule I;; we have f: 1p, — 1g,|dm = m(E;AG;) < 57 for each
i <n.Soset h=>",a;lg, This step function satisfies ff lo —hldm < §
and hence f; |f —h|dm <e.

The extension to general f is clear: fT and f~can be approximated to
within % by step functions hy and hs say, so with h = hy — ha we obtain

b b b
/|f—h|dm§/|f+—h1|dm+/|f_fh2|dm<5
a a a

which completes the proof. |

v

Figure 4.4 Approximation by continuous functions

The ‘payoft’ is now immediate: with f and h as above, we can reorder the
intervals I;; into a single finite sequence (Jp, )m<n With Jp, = (¢, dp,) and b =

o i amly, . We may assume that [(J,,) = (dp, — ¢) > %/, and approximate

1;, by a continuous function g,, by setting g,, = 1 on the slightly smaller

interval (¢, + %, d— %) and 0 outside J,,,, while extending linearly in between

(see Figure 4.4). It is obvious that g,, is continuous and f; |15, —gm|dm < %

_€_

Repeating for each J,, and taking ¢’ < -5, where K = maxX,,<y @, |, shows

amgm satisfies f;|h —gldm < £

that the continuous function g = " o

m=1

Combining this inequality with Theorem 4.25 yields:

Theorem 4.26

Given f € L' and € > 0, we can find a continuous function g, vanishing outside
some finite interval, such that [ |f — g|dm <e.
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Proof

The preceding argument has verified this when f is a bounded measurable
function vanishing off some interval [a, b]. For a given f € L1[a,b] we can again
assume without loss that f > 0. Let f,, = min(f,n); Then the f, are bounded
measurable functions dominated by f, f, — f, so that fab |f — fn|dm < § for
some N. We can now find a continuous g, vanishing outside a finite interval,
such that f; |fn —gldm < §. Thus f; If —gldm < e.

Finally, let f € £1(R) and f > 0 be given. Choose n large enough to ensure
that f{lxlzn} Jdm < § (which we can do as [, | f| dm is finite; Proposition 4.19),
and simultaneously choose a continuous g with || {a>n} 9 dm < £ which satisfies

SO 1f —gldm < 5. Thus [, |f —g|dm <e. O

The well-known Riemann-Lebesgue lemma, which is very useful in the dis-
cussion of Fourier series, is easily deduced from the above approximation the-
orems:

Lemma 4.27 (Riemann-Lebesgue)

Suppose f € LY(R). Then the sequences sy = ffooo f(z)sinkxdx and ¢ =
ffooo f(z) cos kx da both converge to 0 as k — oc.

Proof

We prove this for (sg) leaving the other, similar, case to the reader. For sim-
plicity of notation write [ for [ . The transformation z =y + ¥ shows that

Sk = /f(y+ %)sin(ky+7r) dy = f/f(y+ %)sin(ky) dy.

Since |sinz| < 1,

J1#@ @+ Dlaz 2| [(7@)  fla+ D)sinkada] = 2.

It will therefore suffice to prove that [ |f(z) — f(z + h)|dz — 0 when h — 0.
This is most easily done by approximating f by a continuous g which vanishes
outside some finite interval [a,b], and such that [ |f —g|dm < £ for a given
e > 0. For |h| < 1, the continuous function g,(x) = g(z + h) then vanishes off
[a—1,b4 1] and

/|f<:c+h>—f<x>|dms/|f<x+h>—g<x+h>\dm
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+ [lgta )~ gl dm + [ lgta) - 1) dm.

The first and last integrals on the right are less than £, while the integrand of
the second can be made less than w)sz) whenever |h| < §, by an appropriate
choice of § > 0, as g is continuous. As ¢ vanishes outside [a — 1,b + 1], the
second integral is also less than £. Thus if |h| <6, [|f(z +h) — f(z)dm <e.
This proves that limy_.o [ f(z)sinkzdz = 0. O

4.7 Probability
4.7.1 Integration with respect to probability distributions

Let X be a random variable with probability distribution Px. The following
theorem shows how to perform a change of variable when integrating a function
of X. In other words, it shows how to change the measure in an integral. This
is fundamental in applying integration theory to probabilities. We emphasize
again that only the closure properties of o-fields and the countable additivity
of measures are needed for the theorems we shall apply here, so that we can
use an abstract formulation of a probability space ({2, F, P) in discussing their
applications.

Theorem 4.28

Given a random variable X : 2 — R,

/ 9(X () dP(w) = / 9(z) dPx (a). (4.5)
N

R

Proof

We employ the technique described in Remark 4.1. For the indicator function
g =14 we have P(X € A) on both sides. Then by linearity we have the result
for simple functions. Approximation of non-negative measurable g by a mono-
tone sequence of simple functions combined with the monotone convergence
theorem gives the equality for such g. The case of general g € L' follows as
before from the linearity of the integral, using g = g7 — g~. O

The formula is useful in the case where the form of Px is known and allows
one to carry out explicit computations.
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Before we proceed to these situations, consider a very simple case as an
illustration of the formula. Suppose that X is constant, i.e. X(w) = a. Then
on the left in (4.5) we have the integral of a constant function, which equals
g(a)P(£2) = g(a) according to the general scheme of integrating indicator func-
tions. On the right Px = J, and thus we have a method of computing an
integral with respect to Dirac measure: [ g(z)dd, = g(a).

For discrete X taking values a; with probabilities p; we have

/g(X) dP = Zg(ai)pi

which is a well-known formula from elementary probability theory (see also
Section 3.5.3). In this case we have Px = ), p;dq, and on the right, the integral
with respect to the combination of measures is the combination of the integrals:

(/ﬂ@dRX:E:m/Q@ﬁﬁ%@)

In fact, this is a general property.

Theorem 4.29

If Px =), piP;, where the P; are probability measures, > p; = 1, p; > 0, then

[o@arc@ =Y p [ gwar.

Proof

The method is the same as above: first consider indicator functions 14 and
the claim is just the definition of Px: on the left we have Px(A), on the right
> ;piPi(A). Then by additivity we get the formula for simple functions, and
finally, approximation and use of the monotone convergence theorem completes
the proof as before. O

4.7.2 Absolutely continuous measures: examples of
densities

The measures P of the form

A P(A) :/Afdm
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with non-negative integrable f will be called absolutely continuous, and the
function f will be called a density of P with respect to Lebesque measure, or
simply a density. Clearly, for P to be a probability we have to impose the

[ram=1.

Students of probability often have an oversimplified mental picture of the

condition

world of random variables, believing that a random variable is either discrete
or absolutely continuous. This image stems from the practical computational
approach of many elementary textbooks, which present probability without the
necessary background in measure theory. We have already provided a simple
example which shows this to be a false dichotomy (Example 3.1).

The simplest example of a density is this: let {2 C R be a Borel set with
finite Lebesgue measure and put

—L_ ifren
_ ) m *
f(@) { 0 otherwise.

We have already come across this sort of measure in the previous chapter,
that is, the probability distribution of a specific random variable. We say that
in this case the measure (distribution) is uniform. It corresponds to the case
where the values of the random variable are spread evenly across some set,
typically an interval, such as in choosing a number at random (Example 2.2).

Slightly more complicated is the so-called triangle distribution with the
density of the form shown in Figure 4.5.

A

v

Figure 4.5 Triangle distribution

The most famous is the Gaussian or normal density

1 (z—p)?
e 2?2 . (4.6)

n(a:) B 2no

This function is symmetric with respect to x = u, and vanishes at infinity, i.e.
lim, oo n(z) =0 =limy_.oo n(x).
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v

Figure 4.6 Gaussian distribution

Exercise 4.11

Show that [*_n(z)dz = 1.

Hint First consider the case p = 0, 0 = 1 and then transform the general
case to this.

The meaning of the number p will become clear below and ¢ will be ex-
plained in the next chapter.

Another widely used example is the Cauchy density:
1 1
c(r) =

Tl+a2
This density gives rise to many counterexamples to ‘theorems’ which are too
good to be true.

Exercise 4.12
Show that [*_c(z)dz = 1.

The ezxponential density is given by

fz) =

ce ™ ifx>0
0 otherwise.

Exercise 4.13

Find the constant ¢ for f to be a density of probability distribution.
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The gamma distribution is really a large family of distributions, indexed by
a parameter ¢ > 0. It contains the exponential distribution as the special case
where t = 1. Its density is defined as

fa) = ﬁ)\t:ct_le_)“” ifx>0
0 otherwise

where the gamma function I'(t) = [~ 2"~ le™" dx.

The gamma distribution contains another widely used distribution as a
special case: the distribution obtained from the density f when A = % andt = %
for some d € N is denoted by x?(d) and called the chi-squared distribution with

d degrees of freedom.

The (cumulative) distribution function corresponding to a density is given
by

Fo)= [t

If f is continuous then F' is differentiable and F'(x) = f(«) by the Fundamen-
tal Theorem of Calculus (see Proposition 4.22). We say that F' is absolutely
continuous if this relation holds with integrable f, and then f is the density of
the probability measure induced by F. The following example due to Lebesgue
shows that continuity of F' is not sufficient for the existence of a density.

Example 4.8

Recall the Lebesgue function F define on page 20. We have F(y) = 0 for y < 0,
F(y)=1fory>1, F(y) = fory€[3,3), Fy) =g fory €[5, 5), Fly) =3
for y € [g, %) and so on. The function F' is constant on the intervals removed

in the process of constructing the Cantor set.

\4

Figure 4.7 Lebesgue’s function
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It is differentiable almost everywhere and the derivative is zero. So F' cannot
be absolutely continuous since then f would be zero almost everywhere, but
on the other hand its integral is 1.

We now define the (cumulative) distribution function of a random variable
X : 2 > R, where, as above, (2, F, P) is a given probability space:

Fx(y) = P({w: X(w) < y}) = Px((—o0,y]).

Proposition 4.30

(i) Fx is non-decreasing (y1 < yo implies Fx (y1) < Fx(y2)),
(i) lmy—oo Fx(y) =1, limy_,_o Fx(y) =0,
(iii) Fx is right continuous (if ¥y — yo, ¥ > Yo, then Fx(y) — F(yo))-

Exercise 4.14

Show that Fx is continuous if and only if Px({y}) = 0 for all y.

Exercise 4.15
Find Fx for
(a) a constant random variable X, X (w) = a for all w

(b) X : [0,1] — R given by X (w) = min{w, 1 — w} (the distance to the
nearest endpoint of the interval [0, 1])

(c) X :[0,1]2 — R, the distance to the nearest edge of the square [0, 1]2.

The fact that we are doing probability on subsets of R™ as sample spaces
turns out to be not restrictive. In fact, the interval [0,1] is sufficient as the
following Skorokhod representation theorem shows.

Theorem 4.31

If a function F' : R — [0, 1] satisfies conditions (i)—(iii) of Proposition 4.30, then
there is a random variable defined on the probability space ([0, 1], B, mjo 1)),
X :]0,1] — R, such that F = Fx.
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Proof
We write, for w € [0,1],

Xt (w) =inf{z: F(z) > w}, X" (w) =sup{z: F(z) <w}.

v

X (w) _ X (w)

Figure 4.8 Construction of X ~; continuity point

v

X (W) = X ()

Figure 4.9 Construction of X ~; discontinuity point

Three possible cases are illustrated in Figures 4.8, 4.9 and 4.10. We show
that Fiy- = F, and for that we have to show that F'(y) = m({w : X~ (w) < y}).
The set {w : X~ (w) < y} is an interval with left endpoint 0. We are done if
we show that its right endpoint is F(y), i.e. if X (w) < y is equivalent to
w < F(y).

Suppose that w < F(y). Then

{z:Fx)<w}C{z:Flz)<Fly)} Cc{r:z <y}

(the last inclusion by the monotonicity of F'), hence X ~(w) = sup{z : F(z) <
w} <y

Suppose that X ~(w) < y. By monotonicity F(X ~(w)) < F(y). By the right-
continuity of F, w < F(X ™ (w)) (if w > F(X~(w)), then there is g > X~ (w)
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v

X_‘(w) X+:(w)

Figure 4.10 Construction of X ~; ‘flat’ piece

such that F(X~(w)) < F(z¢) < w, which is impossible since z¢ is in the set
whose supremum is taken to get X~ (w)) so w < F(y).

For future use we also show that Fix+ = F. It is sufficient to see that m({w :
X~ (w) < X*(w)}) = 0 (which is intuitively clear as this may happen only when
the graph of F is ‘flat’, and there are countably many values corresponding to
the ‘flat’ pieces, their Lebesgue measure being zero). More rigorously,

{w: X (W) < XT(w)} = |J{w: X () <g< XT(w)}
q€Q
and m({w: X (w) < ¢ < XT(w)}) =m{w: X (w) < g} \{w: XT(w) <
q}) = F(q) — F(q) = 0. O

The following theorem provides a powerful method for calculating integrals
relative to absolutely continuous distributions. The result holds for general
measures but we formulate it for a probability distribution of a random variable
in order not to overload or confuse the notation.

Theorem 4.32

If Px defined on R™ is absolutely continuous with density fx, g : R™ — R is
integrable with respect to Px, then

[ s@apx@) = [ fr(g(e)ds

R™

Proof

For an indicator function g(z) = 1 4(z) we have Px(A) on the left which equals
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J 4 fx () dz by the form of P, and consequently is equal to [;, 1a(z)fx (z)dz,
i.e. the right-hand side. Extension to simple functions by linearity and to general
integrable g by limit passage is routine. (I

Corollary 4.33

In the situation of the previous theorem we have

/ g(X)dP= [ fx(@)g()ds.
I?) Rn

Proof

This is an immediate consequence of the above theorem and Theorem 4.28. [J

We conclude this section with a formula for a density of a function of a
random variable with given density. Suppose that fx is known and we want to
find the density of Y = g(X).

Theorem 4.34

If g : R — R is increasing and differentiable (thus invertible), then

focoy (W) = fx (g‘l(y))d%g‘l(y)-

Proof
Consider the distribution function:
Fyx)(y) = P(9(X) <y) = P(X < g7 '(y)) = Fx(9' (1))

Differentiate with respect to y to get the result. |

Remark 4.3

A similar result holds if g is decreasing. The same argument as above gives

fox)(y) = ffx(g’l(y))%g’l(y)
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Example 4.9

If X has standard normal distribution

(@) = et
n(x) = e

27
(iie. p =0 and o = 1 in (4.6)), then the density of Y = u + 0X is given by
(4.6). This follows at once from Theorem 4.34: g~*(y) = £=%; its derivative is
equal to %

Exercise 4.16
Find the density of Y = X3 where fx = 110,1-

4.7.3 Expectation of a random variable

If X is a random variable defined on a probability space (£2,F, P) then we
introduce the following notation:

E(X) = /QXdP

and we call this abstract integral the mathematical expectation of X.

Using the results from the previous section we immediately have the follow-
ing formulae: the expectation can be computed using the probability distribu-
tion: o

E(X) = / x dPx (z),
—0o0

and for absolutely continuous X we have

E(X) = /00 xfx(x)da.

—o0
Example 4.10
Suppose that Px = %Pl + %PQ, where P; = 0., P> has a density f;. Then
1 1
E(X) = §a+ §/xf(:v)dx

So, going back to Example 3.1 we can compute the expectation of the random
variable considered there:

B =04 2L 7 har =625
=3 2% J, rdz = 6.25.
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Exercise 4.17

Find the expectation of
(a) a constant random variable X, X (w) = a for all w

(b) X : [0,1] — R given by X (w) = min{w, 1 — w} (the distance to the
nearest endpoint of the interval [0, 1])

(c) X :[0,1]> — R, the distance to the nearest edge of the square [0, 1]2.

Exercise 4.18

Find the mathematical expectation of a random variable with
(a) uniform distribution over the interval [a, b],

(b) triangle distribution,

(c) exponential distribution.

4.7.4 Characteristic function

In what follows we will need the integrals of some complex functions. The
theory is a straightforward extension of the real case.
Let Z = X +1iY where X, Y are real-valued random variables and define

/ZdP:/XdP+i/YdP.

Clearly, linearity of the integral and the dominated convergence theorem hold
for the complex case. Another important relation which remains true is:

|/de| §/|Z|dP.

To see this consider the polar decomposition of [ ZdP =| [ ZdPle . Then,
with R(z) as the real part of the complex number z, | [ ZdP| =¢ [ ZdP =
[ €%Z dP is real, hence equal to [ R(e!?Z) dP, but R(e!?Z) < |e?Z| = |Z| and
we are done.

The function we wish to integrate is exp{itX} where X is a real random
variable, ¢t € R. Then

/ exp{it X} dP — / cos(tX)dP + i / sin(tX) dP

which always exists, by the boundedness of z — exp{itz}.



116 Measure, Integral and Probability

Definition 4.5
For a random variable X we write
px(t) = E(e")

for t € R. We call px the characteristic function of X.

To compute px it is sufficient to know the distribution of X:

ox (t) = / ¢t APy (z)

and in the absolutely continuous case

ex(t) = /eit’”fx(a:) dz.

Some basic properties of the characteristic function are given below. Other
properties are explored in Chapters 6 and 8.

Theorem 4.35

The function ¢ x satisfies
(i) »x(0) =1, [px ()] <1,
(il) paxto(t) = e ox(at).

Proof

(i) The value at 0 is 1 since the expectation of the constant function is
its value. The estimate follows from Proposition 4.16 (iii): | [ € dPx (z)| <
[ le**| dPx (z) = 1.

(ii) Here we use the linearity of the expectation:

SDaXer(t) _ E<ezt(aX+b)) _ E(eztaXeztb)) _ ezth(ez(ta)X) _ eztbch (ta),

as required. |

Exercise 4.19

Find the characteristic function of a random variable with
(a) uniform distribution over the interval [a, b],

(b) exponential distribution,

(¢) Gaussian distribution.
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4.7.5 Applications to mathematical finance

Consider a derivative security of European type, that is, a random variable of
the form f(S(N)), where S(n), n = 1,..., N, is the price of the underlying
security, which we call a stock for simplicity. (Or we write f(S(T")), where
the underlying security is described in continuous time ¢ € [0, 7] with prices
S(t).) One of the crucial problems in finance is to find the price Y(0) of such
a security. Here we assume that the reader is familiar with the following fact,
which is true for certain specific models consisting of a probability space and
random variables representing the stock prices:

Y(0) = exp{=rT}E(f(S5(T)))- (4.7)

where r is the risk-free interest rate for continuous compounding. This will be
explained in some detail in Section 7.4.3 but here we just want to draw some
conclusions from this formula using the experience gathered in the present
chapter.

In particular, taking account of the form of the payoff functions for the
European call (f(z) = (x — K)T) and put (f(z) = (K — x)*) we have the
following general formulae for the value of call and put, respectively:

C = exp{—rT}E(S(T) — K)*,
P =exp{—rT}E(K — S(T))".

Without relying on any particular model one can prove the following rela-
tion, called call-put parity (see [4] for instance):

S(0)=C — P+ Kexp{—rT}. (4.8)

Proposition 4.36

The right hand side of the call-put parity identity is independent of K.

Remark 4.4

This proposition allows us to make an interesting observation, which is a version
of a famous result in finance, namely the Miller-Modigliani theorem which says
that the value of a company does not depend on the way it is financed. Let us
very briefly recall that the value of a company is the sum of equity (represented
by stock) and debt, so the theorem says that the level of debt has no impact on
company’s value. Assume that the company borrowed K exp{—rT'} at the rate
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equal to r and it has to pay back the amount of K at time 7. Should it fail, the
company goes bankrupt. So the stockholders, who control the company, can
‘buy it back’ by paying K. This will make sense only if the value S(T') of the
company exceeds K. The stock can be regarded as a call option so its value is
C. The value of the debt is thus K exp{—rT'} — P, less than the present value
of K, which captures the risk that the sum K may not be recovered in full.

We now evaluate the expectation to establish explicit forms of the general
formula (4.7) in the two most widely used models.

Consider first the binomial model introduced in Section 2.6.3. Assume that
the probability space is equipped with a measure determined by the probability

p = 5:% for the up movement in single step, where R = exp{rh}, h being

the length of one step. (This probability is called risk-neutral; observe that
E(n) = R.) To ensure that 0 < p < 1 we assume throughout that D < R < U.

Proposition 4.37

In the binomial model the price C of a call option with exercise time 7" = hN
is given by the Cox-Ross-Rubinstein formula

C = S(0)W(A,N,pUe™™) — Ke "TW(A, N, p)
where W(A,N,p) = SN , (g)pk(l —p)¥=% and A is the first integer k such
that S(0)U*DN—F > K.

In the famous continuous-time Black-Scholes model, the stock price at time

T is of the form

0_2
S(T) = S(0) exp{(r — ST +ow(T)},

where r is the risk-free rate, o > 0 and w(T') is a random variable with Gaussian
distribution with mean 0 and variance 7. (The reader familiar with finance will
notice that we again assume that the probability space is equipped with a
risk-neutral measure.)

Proposition 4.38
We have the following Black-Scholes formula for C':
C = S(0)N(dy) — Ke "N (dy).

where

In —Ki@r)T + %O’QT In Ki(,OT)T — %0’2T
dy = dy = .

oT 2T T
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Exercise 4.20

Find the formula for the put option.

4.8 Proofs of propositions

Proof (of Proposition 4.1)
Let f =5 ¢;14,. We have to show that
Z eim(A; NE) =supY (E, f).

First, we may take ¢ = f in the definition of Y (E, f) so the number on the left
(>- eim(A; N E)) belongs to Y (E, f) and so

Zcim(Ai NE)<supY(E,f).

For the converse take any a € Y (E, f). So

a :/ Ydm = d;m(E N B;)
E
for some simple ¢ < f. Now

azzz d;m(E N B; N 4;)

J

by the properties of measure (A; form a partition of R). For z € B; N A4;,
f(z) = ¢ and Y(x) = dj and so d; < ¢; (if only B; N A; # ). Hence

i g i
since B; partition R. |

Proof (of Proposition 4.5)

Let A = {z: f(z) < g(x)}, then A° is null and f14 < gla. So [ fladm <
J 914 dm by Theorem 4.3. But since A¢ is null, [ flaedm =0 = [ glacdm.
So by (v) of the same Theorem

/Rfdm:/Afdm+/cfdm:/Afdm
§/Agdm:/Agdm+/Acgdm:/Rgdm-
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Proof (of Proposition 4.6)

If both f™ and f~ are measurable then the same is true for f since f = f*—f~.
Conversely, (f7)1([a,0)) = Rif a < 0 and (f7) " ([a,=)) = f~!([a,o0))
otherwise; in each case a measurable set. Similarly for f—. |

Proof (of Proposition 4.10)

Put
227L
Sn =Y oLy )
k=0
which are measurable since the sets A, = f~1([£, £tL)) are measurable. The

sequence increases since if we take n + 1, then each Ay is split in half, and to

each component of the sum there correspond two new components. The two

values of the fraction are equal to or greater than the old one, respectively. The

convergence holds since for each z the values s, (z) will be a fraction of the
k

form 3 approximating f(z). Figure 4.2 illustrates the above argument. O

Proof (of Proposition 4.11)

If f <g, then f* < g* but f~ > g~. These inequalities imply [ f*dm <
Jgtdmand [¢g~dm < [ f~ dm. Adding and rearranging gives the result. [

Proof (of Proposition 4.13)

The claim is obvious for simple functions f = > a;14, it is just elementary
algebra. For non-negative measurable f, and positive ¢ take s, /' f, and note
that cs, /" c¢f and so

/cfdmzlim/csndm=limc/sndm=clim/sndm:c/fdm.

Finally for any f and ¢ we employ the usual trick introducing the positive and
negative parts. (I

Proof (of Proposition 4.16)

(i) Suppose that f(z) = oo for x € A with m(A) > 0. Then the simple
functions s, = nla satisfy s, < f, but f $p dm = nm(A) and the supremum
here is co. Thus [ fdm = oo — a contradiction.
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(ii) The simple function s(z) = ¢l with ¢ = inf4 f has integral inf 4 fm(A)
and satisfies s < f, which proves the first inequality. Put t(z) = d14 with
d=supy fand f <tso [ fdm < [¢dm which is the second inequality.

(iii) Note that —|f] < f < |f| hence — [ |f|dm < [ fdm < [|f|dm and we

are done.

(iv) Let E, = f~!([1,00)), and E = (.2, E,. The sets E; are measurable
and so is E. The function s = %1 E, is a simple function with s < f. Hence
[sdm < [ fdm =0, so0 [s,dm =0, hence 2m(E,) = 0. Finally, m(E,) =0
for all n. Since F,, C Ept1, m(E) =limm(E,) = 0. But E = {z: f(z) > 0}
so f is zero outside the null set E. O

Proof (of Proposition 4.19)

If n — oo then 1_,, — 1 hence g, = f1li_,, — f. The convergence
is dominated: g, < |f| and by the dominated convergence theorem we have
J1f = gnldm — 0. Similarly, h, = min(f,n) — f as n — oo and h, < |f] so
J1f = hyp|dm — 0. O

Proof (of Proposition 4.20)

Using [(f +g)dm = [ fdm + [ gdm we can easily obtain (by induction)

/gjlfkdmgffkdm

for any n. The sequence Y ,_, fx is increasing (fr > 0) and converges to
21211 fx- So the monotone convergence theorem gives

/ifkdm lim /ifkdm lim i/fkdmi/fkdm
k=1 R T = k=1

as required. |

Proof (of Proposition 4.22)

Continuous functions are measurable, and f is bounded on [a,b], hence f €
L'a,b]. Fix a < x < x+ h < b, then F(z + h) — F(z) = f;Hl
intervals [a,z] and (x,z + h] are disjoint, so that the integral is additive with
respect to the upper endpoint. By the mean value property the values of right-

hand integrals are contained in the interval [Ah, Bh], where A = inf{f(¢): ¢ €

f dm, since the
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[z,x 4+ h]} and B = sup{f(t) : t € [z, + h]}. Both extrema are attained, as
f is continuous, so we can find t1,ts in [z, z + h] with A = f(t1), B = f(t2).

Thus

x+h
fe<y [ fdm< s,

The intermediate value theorem provides 6 € [0,1] such that f(z + 0h) =
%f;Hh fdm = w Letting h — 0, the continuity of f ensures that

Fiz) = f(a). 0

Proof (of Proposition 4.30)
(i) Ty < yo, then {w: X(w) <11} C {w: X(w) < y2} and by the mono-
tonicity of measure

Fx(y1) = P{w: X(w) <y1}) < P{w: X(w) <y2}) = Fx(y2)-

(i) Let n — oo; then |J,{w : X(w) < n} = 2 (the sets increase). Hence
P({w: X(w) <n}) — P(£2) =1 by Theorem 2.13 (i) and so lim, . Fx (y) =
1. For the second claim consider Fx(—n) = P({w : X(w) < —n}) and note
that limy_,_o Fx(y) = P(N,{w: X(w) < —n}) = P(D) =0.

(iii) This follows directly from Theorem 2.13 (ii) with A, = {w : X(w) < yn},
Yn /"y, because Fx (y) = P((,{w : X(w) < yn}). O

Proof (of Proposition 4.36)

Inserting the formulae for the option prices in call-put parity we have

S(0) = eXp{—rT}(/

2

= eXp{—rT}( /{ S(T)ZK}(S(T) — K)dP

(S(T) — K)*dP — / (K — S(T))*dP + K)

_/ (K — S(T))dP—i—K)
{S(T)<K}

:exp{frT}/QS(T)dP,

which is independent of K, as claimed. |
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Proof (of Proposition 4.37)

The general formula C' = e”"TE(S(N) — K)*, where S(N) has binomial dis-
tribution, gives

N
C=¢ 7T Z <JZ)pk(1 _ q)N—k(S(O)UkDN—k _ K)+
k=1

—e T Z (]Z)pk(l _ q)N—k(S(O)UkDN—k _ K)
k=A

We can rewrite this as follows: note that if we set ¢ = PUe "7 then 1 — ¢ =
(1 —p)Ue " so that 0 < ¢ <1 and

(7ﬂ@é;<i>&ﬂ®N*j1@ﬂ¢é§(i)famN%

which we write concisely as
C = S(0)W(A, N,pUe™™) — Ke "TW(A, N, p) (4.9)
where ¥(A,N,p) = >N, (]Z)pk(l — p)N=* is the complementary binomial

distribution function. O

Proof (of Proposition 4.38)

To compute the expectation E(S(T') — K )T we employ the density of the Gaus-
sian distribution, hence

1 1,2 12 +
C=— / e 2Y (S 0)e 27 TevoVT _ Ke*TT) d
5z /. (0) y
The integration reduces to the values of y satisfying
S(O)e_%ngey“ﬁ —Ke T >0

since otherwise the integrand is zero. Solving for y gives

Ke T 1.2
In 50) +§0'T

oV/T

For those y we can drop the positive part and employ linearity. The first term
on the right is of the form

+oo 9
S(O)j[ eV7VT=2 T g(y)dy
d

y=>d=
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where g denotes the Gaussian density with zero mean and unit standard vari-
ation. Substituting z = y — o/T yields

+oo
S(0) /d )z = SON(-d+0VT)

where N is the cumulative distribution function of the Gaussian (normal) dis-
tribution. The second term is of the form

—+o0
—Ke_rT/ n(y)dy = —Ke "' N(—d)
d

so writing d; = —d + 0'\/T, dy = —d, we are done. O
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Spaces of integrable functions

Until now we have treated the points of the measure space (R, M,m) and,
more generally, of any abstract probability space ({2, F, P), as the basic objects,
and regarded measurable or integrable functions as mappings associating real
numbers with them. We now alter our point of view a little, by treating an
integrable function as a ‘point’ in a function space, or, more precisely, as an
element of a normed vector space. For this we need some extra structure on the
space of functions we deal with, and we need to come to terms with the fact
that the measure and integral cannot distinguish between functions which are
almost everywhere equal.

The additional structure we require is to define a concept of distance (i.e.
a metric) between given integrable functions — by analogy with the familiar
Euclidean distance for vectors in R™ we shall obtain the distance between two
functions as the length, or norm, of their difference — thus utilizing the vector
space structure of the space of functions. We shall be able to do this in a variety
of ways, each with its own advantages — unlike the situation in R™, where all
norms turn out to be equivalent, we now obtain genuinely different distance
functions.

It is worth noting that the spaces of functions we shall discuss are all infinite-
dimensional vector spaces: this can be seen already by considering the vector
space C([a,b],R) of real-valued continuous functions defined on [a,b] and not-
ing that a polynomial function of degree n cannot be represented as a linear
combination of polynomials of lower degree.

Finally, recall that in introducing characteristic functions at the end of the

125
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previous chapter, we needed to extend the concept of integrability to complex-
valued functions. We observed that for f = w + iv the integral defined by
Jz fdm = [Ludm +1i [, vdm is linear, and that the inequality | [, fdm| <
J |fldm remains valid. When considering measurable functions f : E — C
in defining the appropriate spaces of integrable functions in this chapter, this
inequality will show that [, fdm € C is well-defined.

The results proved below extend to the case of complex-valued functions,
unless otherwise specified. When wishing to emphasize that we are dealing
with complex-valued functions in particular applications or examples, we shall
use notation such as f € L1(E,C) to indicate this. Complex-valued functions
will have particular interest when we consider the important space £?(E) of
‘square-integrable’ functions.

5.1 The space L'

First we recall the definition of a general concept of ‘distance’ between points
of a set:

Definition 5.1

Let X be any set. The function d : X x X — R is a metric on X (and (X, d)
is called a metric space) if it satisfies:
(i) d(z,y) >0 for all z,y € X,
(ii) d(x,y) =0 if and only if =y,
i) d(y,x)
) d(zx, z)

d(z,y) for all z,y € X,

(iii =
<d(z,y) +d(y, 2) for all z,y, z € X.

(iv

The final property is known as the triangle inequality and generalizes the
well-known inequality of that name for vectors in R™. When X is a vector space
(as will be the case in almost all our examples) then there is a very simple way
to generate a metric by defining the distance between two vectors as the ‘length’
of their difference. For this we require a further definition:

Definition 5.2

Let X be a vector space over R (or C). The function = — ||z| from X into R
is a norm on X if it satisfies:

(i) |lz|| >0 for all z € X,
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(ii) ||z|| = 0 if and only if x = 0,
(iii) [Jax| = |a|||z|| for all @« € R (or C), x € X,
(v) flz +yll < llzll + [[y] for all z,y € X.

Clearly a norm « — ||z|| on X induces a metric by setting d(x,y) = ||z —y||.
The triangle inequality follows once we observe that ||z —z| = ||(z—y)+ (y—2)]|
and apply (iv).

We naturally wish to use the integral to define the concept of distance
between functions in £!(E), for measurable E C R. The presence of null sets
in (R, M, m) means that the integral cannot distinguish between the function
that is identically 0 and one which is 0 a.e. The natural idea of defining the
‘length’ of the vector f as [ 5 |fldm thus runs into trouble, since it would be
possible for non-zero elements of £!(E) to have ‘zero length’.

The solution adopted is to identify functions which are a.e. equal, by defin-
ing an equivalence relation on £!(E) and defining the length function for the
resulting equivalence classes of functions, rather than for the functions them-
selves.

Thus we define

LME) = LY(E) /=

where the equivalence relation is given by:
f=gifand only if f(x) = g(z) for almost all z € E

(that is, {z € E : f(z) # g(z)} is null).
Write [f] for the equivalence class containing the function f € £(E). Thus
h e [f]iff h(x) = f(z) a.e.

Exercise 5.1

Check that = is an equivalence relation on £L!(E).

We now show that L'(E) is a vector space, since L' is a vector space
by Theorem 4.14. However, this requires that we explain what we mean by
a linear combination of equivalence classes. This can be done quite generally
for any equivalence relation; however, we shall focus on what is needed in our
particular case: define the [f] + [g] as the class [f + g] of f+ g, i.e. h € [f]+ [g]
iff h(z) = f(x) + g(x) except possibly on some null set. This is consistent,
since the union of two null sets is null. The definition clearly does not depend
on the choice of representative taken from each equivalence class. Similarly for
multiplication by constants: a[f] = [af] for a € R. Hence L'(E) is a vector
space with these operations.
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Convention Strictly speaking we should continue to distinguish between the
equivalence class [f] € L1(FE) and the function f € £1(E) which is a represen-
tative of this class. To do so consistently in all that follows would, however,
obscure the underlying ideas, and there is no serious loss of clarity by treating
f interchangeably as a member of L' and of £!, depending on the context. In
other words, by treating the equivalence class [f] as if it were the function f,
we implicitly identify two functions as soon as they are a.e. equal. With this
convention it will be clear that the ‘length function’ defined below is a genuine
norm on L'(E).
We equip L!(E) with the norm

11l = /E |l dm.

This is a norm on L!(E):

L. |Iflli = 0 if and only if f =0 a.e., so that f =0 as an element of L'(E),
2. |leflls = [glefldm = el [g|f1dm = [e] - [ f]1, (c € R),
3 Mf+gllh = [glf +gldm < [g[fldm + [glgldm =[|f] + llgllx-

The most important feature of L*(E), from our present perspective, is the
fact that it is a complete normed vector space. The precise definition is given
below. Completeness of the real line R and Euclidean spaces R™ is what guides
the analysis of real functions, and here we seek an analogue which has a similar
impact in the infinite-dimensional context provided by function spaces. The
definition will be stated for general normed vector spaces:

Definition 5.3

Let X be a vector space with norm || - || x. We say that a sequence f,, € X is
Cauchy if
Ve>03dN :VYn,m >N ||fn— fmllx <e.

If each Cauchy sequence is convergent to some element of X, then we say that
X is complete.
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Example 5.1

Let fn(x) = %1[%”“] (x), and suppose that n # m.

1
1 fn = il = / i) — L] e
0 X

n+1 m+1
1 1
= / —dx + / —dx
n z m z

n+1 m+1
= log + log .
n

If a,, — 1, then loga, — 0 and the right-hand side can be as small as we
wish: for € > 0 take IV such that log % < £. So fp is a Cauchy sequence in

L'(0,00). (When E = (a,b), we write L!(a,b) for L'(E), etc.)

Exercise 5.2

Decide whether each of the following is Cauchy as a sequence in
L0, 00)

(a) fn= 1[n,n+1]
(b) fn = 21(0.n)
(C) fn = x%l(oan)

The proof of the main result below makes essential use of the Beppo—Levi
theorem in order to transfer the main convergence question to that of series
of real numbers; its role is essentially to provide the analogue of the fact that
in R (and hence in C) absolutely convergent series will always converge. (The
Beppo—Levi theorem clearly extends to complex-valued functions, just as we
showed for the dominated convergence theorem, but we shall concentrate on
the real case in the proof below, since the extension to C is immediate.)

We digress briefly to recall how this property of series ensures completeness
in R: let (z,,) be a Cauchy sequence in R, and extract a subsequence (z, ) such
that |z, — 2, | < 27 for all n > ny, as follows:

1. find n; such that |z, — z,,| < 27! for all n > ny,
2. find ny > ny such that |x, — x,,| < 272 for all n > na,
3. ...

4. find ny > ng_y with |z, — 2, | < 27F for all n > ny.

The Cauchy property ensures each time that such nj; can be found. Now
consider the telescoping series with partial sums

Yk = Tp, + (xng _mn1)+"'+(xnk _mnk—l) = Ty,
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which has
k| < 2, | +Z @ — @iy | < |2, | +Z
=1

Thus this series converges, in other words (z,, ) converges in R, and its limit
is also that of the whole Cauchy sequence ().

To apply the Beppo—Levi theorem below we therefore need to extract a
‘rapidly convergent sequence’ from the given Cauchy sequence in L*(FE). This
provides an a.e. limit for the original sequence, and the Fatou lemma does the
rest.

Theorem 5.1

The space L'(E) is complete.

Proof
Suppose that f, is a Cauchy sequence. Let ¢ = % There is N1 such that for
n Z N1

1
= Il < 5

Next, let € = and for some Ny > N; we have

227

1
1= Fwall < 55

for n > Na. In this way we construct a subsequence fy, satisfying

1
1SNy = Il < o

for all n. Hence the series >, -, || fn, ., — [N,
Levi theorem, the series

1 converges and by the Beppo—

I (@ Z SN (@) = v, (2)]

converges a.e.; denote the sum by f(z). Since

k
le Zan+1 fN ( )]:ka+1

the left-hand side converges to f(z), so fn,,,(z) converges to f(x). Since the
sequence of real numbers f, (z) is Cauchy and the above subsequence converges,
the whole sequence converges to the same limit f(x).
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We have to show that f € L' and || fx — f|l1 — 0.
Let € > 0. The Cauchy condition gives an N such that

Vn,m Z Na ||fn - fm”l <e.

By Fatou’s lemma

I|f=fmll1 :/|f_fm|dmS likrgicgf/UNk_fanm:hkrgicngka_mel <eé.

(5.1)
So f — fm € L* which implies f = (f — fm) + fm € L*, but (5.1) also gives
If = fmllL — 0. O

5.2 The Hilbert space L2

The space we now introduce plays a special role in the theory. It provides
the closest analogue of the Euclidean space R™ among the spaces of functions,
and its geometry is closely modelled on that of R™. It is possible, via the
integral, to induce the norm via an inner product, which in turn provides a
concept of orthogonality (and hence ‘angles’) between functions. This gives L2
many pleasant properties, such as a ‘Pythagoras theorem’ and the concept of
orthogonal projections, which plays vital role in many applications.

To define the norm, and hence the space L?(E) for a given measurable set
E CR, let

1£]l2 = (/E|f|2dm>%

and define L2(E) as the set of measurable functions for which this quantity is
finite. (Note that, as for L!, we require non-negative integrands; it is essential
that the integral is non-negative in order for the square root to make sense.
Although we always have f2(z) = (f(z))? > 0 when f(z) is real, the modulus
is needed to include the case of complex-valued functions f : E — C. This
also makes the notation consistent with that of the other LP-spaces we shall
consider below where |f|? is replaced by |f|P for arbitrary p > 1.)

We introduce L?(E) as the set of equivalence classes of elements of L?(E),
under the equivalence relation f = g iff f = g a.e., exactly as for L1(E),
and continue the convention of treating the equivalence classes as functions. If
[+ E — C satisfies [, |fI?dm < oo we write f € L?(E,C) — again using f
interchangeably as a representative of its equivalence class and to denote the
class itself.
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It is straightforward to prove that L?(E) is a vector space: clearly, for a € R,
laf|? is integrable if |f|? is, while
f + g < 22max{|f|* |91*} < 4( S + |9]*)
shows that L?(E) is closed under addition.

5.2.1 Properties of the L?-norm

We provide a simple proof that the map f — ||f||2 is a norm: to see that
it satisfies the triangle inequality requires a little work, but the ideas will be
very familiar from elementary analysis in R™, as is the terminology, though the
context is rather different. We state and prove the result for the general case
of L?(E,C).

Theorem 5.2 (The Schwarz Inequality)
If f,g € L?>(E,C) then fg € L'(E,C) and

|/ radml < gl < 7 1elols (52)
E

where g denotes the complex conjugate of g.

Proof

Replacing f, g by | f], |g| we may assume that f and g are non-negative (the first
inequality has already been verified, since || fg|[1 = [, |fg|dm, and the second
only involves the modulus in each case). Since we do not know in advance
that [  fgdm is finite, we shall first restrict attention to bounded measurable
functions by setting f, = f An and g, = g A n, and confine our domain of
integration to the bounded set E N [k, k] = Ej.

For any ¢t € R we have

0§/ (fn +tgn)?dm = f2dm + 2t fngndm+t2/ g% dm.
Ey

Ey Ey Ey
As a quadratic in ¢ this does not have two distinct solutions, so the discriminant
is non-positive. Thus for all n > 1

@ [ fugndm)? < 4( fﬁdmx/ g2 dm)?

E By By
2 2

2d 24

<a(f 1P am)( [ ol am)

=115 llg1l3-
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Monotone convergence now yields

([ fgdm)®> <|fI3lgl3
Ey

for each k, and since £ = | J,, E) we obtain finally that

( [E fgdm) < | f13ll,

which implies the Schwarz inequality. |

The triangle inequality for the norm on L?(E, C) now follows at once — we
need to show that ||f + g2 < || f]l2 +llgll> for f,g € L*(E,C):

|\f+g||§:/E|f+g|2dm:/E<f+g><f+g>dm:/E<f+g><?+y>dm.

The latter integral is

[iseans [ g+ Faam s [ g2 am

which is dominated by (|| f]|2 + ||g||2)? since the Schwarz inequality gives

/ (f7+gT) dm < 2 / Fgldm < 2] f]l2llgls-
E E

The result follows.

The other properties are immediate:
(i) clearly || f|l2 = 0 means that |f|?> = 0 a.e., hence f =0 a.e.,
" 2 1
(i) for a € C, [laf]lz = ([ laf[*dm)= = al[|f]2-
Thus the map f +— || f||2 is a norm on L*(E,C).
The proof that L?(E) is complete under this norm is similar to that for

LY(E), and will be given in Theorem 5.11 below for arbitrary LP-spaces (1 <
p < 00).

In general, without restriction of the domain set E, neither L' C L? nor
L? C L'. To see this consider E = [1,00), f(x#) = %. Then f € L*(E) but
f ¢ LYE). Next put F = (0,1), g(x) = ﬁ Now g € LY(F) but g ¢ L*(F).

For finite measure spaces — and hence for probability spaces! — we do have
a useful inclusion:

Proposition 5.3
If the set D has finite measure (that is, m(D) < o), then L?(D) C L*(D).
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Hint Estimate |f| by means of |f|? and then use the fact that the integral
of |f]? is finite.

Before exploring the geometry induced on L? by its norm, we consider
examples of sequences in L? to provide a little practice in determining which

are Cauchy sequences for the L?-norm, and compare this with their behaviour
as elements of L.

Example 5.2

We show that the sequence f, = %1[%”“] is Cauchy in L?(0, o).
an - fm”2 = I_2|1[n,n+1] - 1[m,m+1]| dx
0
n+1 m+1
1 1

1 1 1 1
= —_— + _—

n n+1l m m+1

+

IN
Sl

2
m
and for ¢ > 0 let N be such that 2 < £. Then | fm — fo| < & whenever
m,n > N.

Exercise 5.3

Is the sequence
1
gn(:C) = 1(n,oo)(x)x_2

a Cauchy sequence in L2(R)?

Exercise 5.4

Decide whether each of the following is Cauchy as a sequence in
L?(0,00).

(a) fo = Lon)
(b) fn =210
(C) In= 3%21(0,70
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5.2.2 Inner product spaces

We are ready for the additional structure specific (among the Lebesgue function
spaces) to L?:

Vig e I*(E.C)  (fg)= / fgdm (5.3)

defines an inner product, which induces the L?-norm:

VT = </ffdm% /|f|2dm% 172

To explain what this means we verify the following properties, all of which
follow easily from the integration theory we have developed:

Proposition 5.4

Linearity (in the first argument)

(f +9,h) = (f; 1) + (g, 1),

(cf h) =c(f,h).
Conjugate Symmetry
(f,9) = (9, f)-

Positive Definiteness
(f,f)=0, (f,f)=0&f=0.

Hint Use the additivity of the integral in the first part, and recall for the
last part that if f = 0 a.e. then f is the zero element of L?(E,C).

As an immediate consequence we get conjugate-linearity with respect to the
second argument

(ficg+h) =c(f,9) + (f, h).

Of course, if f,g € L? are real-valued, the inner product is real and linear in
the second argument also.

Examination of the proof of the Schwarz inequality reveals that the partic-
ular form of the inner product defined here on L?(E,C) is entirely irrelevant
for this result: all we need for the proof is that the map defined in (5.3) has
the properties proved for it in the last Proposition.

We shall therefore make the following important definition, which will be
familiar from the finite-dimensional context of R™, and which we now wish to
apply more generally.
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Definition 5.4

An inner product on a vector space H over C is a map (-,) : H x H — C
which satisfies the three conditions listed in Proposition 5.4. The pair (H, (-, ))
is called an inner product space.

Example 5.3

The usual scalar product in R™ makes this space into a real inner product
space, and C™ equipped with (z,w) = 2?21 z;w; is a complex one.

Proposition 5.4 shows that L?(E,C) is a (complex) inner product space.
With the obvious simplifications in the definitions the vector space L?(E,R) =
L?(E) is a real inner product space, i.e. with R as the set of scalars.

The following identities are immediate consequences of the above defini-
tions.

Proposition 5.5

Let (H,(-,-)) be a complex inner product space, with induced norm || - ||. The
following identities hold for all Ay, hs € H:

(i) Parallelogram law:
lha + Rzl + 7y = ha|* = 2(|ha||* + | h2]|?).
(ii) Polarization identity:

4(has ho) = [|ha + hal® = |h1 = hao||? +i{][h1 + iho|* — ||h1 — ih2||*}.

Remark 5.1

These identities, while trivial consequences of the definitions, are useful in
checking that certain norms cannot be induced by inner products. An example
is given in the Exercise below. With the addition of completeness, the identities
serve to characterize inner product norms: it can be proved that in the class
of complete normed spaces (known as Banach spaces), those whose norms are
induced by inner products (i.e. are Hilbert spaces) are precisely those for which
the parallelogram law holds, and the inner product is then recovered from the
norm via the polarization identity. We shall not prove this here.

Exercise 5.5

Show that it is impossible to define an inner product on the space C[0, 1]
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of continuous functions f : [0,1] — R which will induce the sup norm
[flloc = sup{|f(z)| : = € [0,1]}.

Hint Try to verify the parallelogram law with the functions f,g € C[0, 1]
given by f(z) =1, g(z) = z for all x.

Exercise 5.6

Show that it is impossible to define an inner product on the space
L([0,1]) with the norm || - ||;.

Hint Try to verify the parallelogram law with the functions given by

f@)=L—a, g(a) =2 - L.

5.2.3 Orthogonality and projections

We have introduced the concept of inner product space in a somewhat round-
about way, in order to emphasize that this structure is the natural additional
tool available in the space L2, which remains our principal source of interest.
The additional structure does, however, allow us to simplify many arguments
and prove results which are not available for other function spaces. In a sense,
mathematical life in L? is ‘as good as it gets’ in an infinite-dimensional vector
space, since the structure is so similar to that of the more familiar spaces R™
and C™.

As an example of the power of this new tool, recall that for vectors in
R™ we have the important notion of orthogonality, which means that the scalar
product of two vectors is zero. This extends to any inner product space, though
we shall first state it and produce explicit examples for L?: the functions f, g
are orthogonal if

(f.g9)=0.

Example 5.4
If f = 1j0,1, then (f,g) = 0 if and only if fol g(x)dz = 0, for example if

g(z) =z — 3.
Exercise 5.7

Show that f(z) = sinnz, g(x) = cosma for © € [—m, ], and 0 outside,
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are orthogonal.

Show that f(x) = sinnz, g(z) = sinmz for x € [—7, 7], and 0 outside,
are orthogonal for n # m.

In fact, in any inner product space we can define the angle between the

elements g, h by setting
(g, )

glHiAll

Note that by the Schwarz inequality this quantity — which, as we shall see
below, also has a natural interpretation as the correlation between two (centred)
random variables — lies in [—1, 1] and that (g, h) = 0 means that cosf = 0, i.e.
6 is an odd multiple of 7. It is therefore natural to say that g is orthogonal to
hif (g,h) = 0.

Orthogonality of vectors in a complex inner product space (H, (-, -)) provides
a way of formulating Pythagoras’ Theorem in H: since ||g+h||? = (g+h, g+h) =
(9,9)+ (hyh)+(g,h) + (h,g) = ||lg||* + ||h]|* + (g, h) + (R, g) We see at once that
if g and h are orthogonal in H, then ||g + h||? = ||g||* + ||]|*.

Now restrict attention to the case where (H, (-, -)) is complete in the inner
product norm ||.|- recall that this means (see Definition 5.3) that if (h,) is a
Cauchy sequence in H then there exists h € H such that lim,,_.« ||k, = h| = 0.
As noted in Remark 5.1 we call H a Hilbert space if this holds. We content
ourselves with one basic fact about such spaces:

Let K be a complete subspace of H, so that the above condition also holds
for (hy,) in K and then yields h € K. Just as the horizontal side of a right-
angled triangle in standard position in the (z,y)-plane is the projection of the

cosf =

hypotenuse onto the horizontal axis, and the vertical side is orthogonal to that
axis, we now prove the existence of orthogonal projections of a vector in H
onto the subspace K.

Theorem 5.6

Let K be a complete subspace of the Hilbert space H. For each h € H we can
find a unique b’ € K such that h” = h — b’ is orthogonal to every element of
K. Equivalently, |h — h'|| = inf{||h — k|| : k € K}.

Proof

The two conditions defining h’ are equivalent: assume that A’ € K has been
found so that h” = h — h’ is orthogonal to every k € K. Given k € K, note
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that, as (b’ — k) € K, (h”,h' — k) — 0, so Pythagoras’ theorem implies
I =Kl = [[(h = 1) + (' = K)|I* = [Ih"]|* + ||k = &]|* > [|n"]|?

unless k = h'. Hence ||| = ||h — &/|| = inf{||h — k|| : k € K} =k, say.
Conversely, having found k' € K such that ||h — h/|| = dx then for any real
tand k € K, h' +tk € K, so that

lh = (A" + tk)|[* > |[h = b||2.

Multiplying out the inner products and writing A" = h — A/, this means that
—t[(h", k)+(k, h")]+t2||k||?> > 0. This can only hold for all ¢ near 0if (b, k) = 0,
so that h” Lk for every k € K.

To find A’ € K with ||h — R/|| = dk, first choose a sequence (k) in K
such that ||h — k|| — dx as n — oo. Then apply the parallelogram law
(Proposition 5.5 (i) to the vectors hy = h— 3 (kp, + ky) and hy = 5 (K — ky).
Note that hy + ho = h — k,, and h; — ho = h — k,,. Hence the parallelogram
law reads

1 1
7= Fnll + 15 = o l|* = 2(17 = 5 (B + Bn)I* + 115 (B — En)II?)

and since % (kp +kn) € K, [|h—3(kp +kn)||> > 6%. As m,n — oo the left-hand
side converges to 20%, hence that final term on the right must converge to 0.
Thus the sequence (k) is Cauchy in K, and so converges to an element h’ of
K. But since ||h — k|| — dx while |k, — A|| = 0 as n — oo, ||h— K| <
||k — kn|| + ||kn — B'|| shows that ||k — A'|| = k. This completes the proof. [

In writing h = b/ + k" we have decomposed the vector h € H as the sum of
two vectors, the first being its orthogonal projection onto K, while the second
is orthogonal to all vectors in K. We say that h' is orthogonal to K, and denote
the set of all vectors orthogonal to K by K. This exhibits H as a direct sum
H = K @ K+ with each vector of the first factor being orthogonal to each
vector in the second factor.

We shall use the existence of orthogonal projections onto subspaces of
L?(£2, F, P) to construct the conditional expectation of a random variable with
respect to a o-field in Section 5.4.3.

Remark 5.2

The foregoing discussion barely scratches the surface of the structure of inner
product spaces, such as L?(E), which is elegantly explained, for example in [10].
On the one hand, the concept of orthogonality in an inner product space leads
to consideration of orthonormal sets, i.e. families (e,) in H that are mutually
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orthogonal and have norm 1. A natural question arises whether every element
of H can be represented (or at least approximated) by linear combinations of
the (eq). In L%([—m, x]) this leads, for example, to Fourier series representa-
tions of functions in the form f(x) = 3" ((f,%n)1n, where the orthonormal
functions are vy = \/%, Yon(z) = # cosnx, Yon—1(x) = % sinnz, and the
series converges in L?-norm. The completeness of L? is crucial in ensuring the
existence of such an orthonormal basis.

5.3 The LP spaces: completeness

More generally, the space LP(E) is obtained when we integrate the p'* powers
of |f|. For p > 1, we say that f € LP (and similarly for LP(FE) and LP(E,C)) if
|f|? is integrable (with the same convention of identifying f and g when they
are a.e. equal). Some work will be required to check that LP is a vector space
and that the ‘natural’ generalization of the norm introduced for L? is in fact a
norm. We shall need p > 1 to achieve this.

Definition 5.5

For each p > 1, p < oo, we define (identifying classes and functions)

LP»(E)={f: /E |f|? dm is finite}

and the norm on LP? is defined by

1l = ( / Ifl”dm)p |

(With this in mind, we denoted the norm in L*(E) by ||f||1 and that in L?(E)
by [ £12-)

Recall Definition 3.2: for any measurable function f : F — [0, c0]
ess supf :=inf{c: |f| < ca.e.}.

More precisely, if F' = {c>0:m{|f|7*((c,c])} = 0}, we set ess supf = inf F’
(with the convention inf @ = 400). It is easy to see that the infimum belongs
to F.
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Definition 5.6

A measurable function f satisfying ess sup|f| < oo is said to be essentially
bounded and the set of all essentially bounded functions on E is denoted by
L>(E) (again with the usual identification of functions with a.e. equivalence
classes), with the norm [|f|| = ess supf.

It is clear from Proposition 3.9 and the obvious identity ess sup(cf) =
c(ess supf) that L°(F) is a vector space.

We shall need to justify the notation by showing that for each p (1 < p <
00), (LP(E), | - |) is a normed vector space.

First we observe that LP(F) is a vector space for 1 < p < oo. If f and g
belong to LP, then they are measurable, hence so are c¢f and f + g. We have
lef (x)[P = |e[P| f(x)[P hence

lefll, = (/ ICf(w)I”dx); —1a(f If(fv)l”dx); — 1€l

Next |f(z) + g(z)|P < 2P max{|f(z)|?,|g(x)[P} and so || f + g]|, is finite if only
I 71l and ||g||, are. Moreover, if || f||, = O then |f(x)|? = 0 almost everywhere
and so f(x) = 0 almost everywhere. The converse is obvious.

The triangle inequality

1+ gllp < £l + llglls

is by no means obvious for general p > 1: we need to derive a famous inequality
due to Holder, which is also extremely useful in many contexts, and generalizes
the Schwarz inequality.

Remark 5.3

Before tackling this, we observe that the case of L*°(FE) is rather easier: | f+g| <
|f1-+1g] at once implies that [|f-+glloc < || flloc+Ilglloc and similarly |af| = ol f|
gives ||laf||co = |la]l]|f]loo- Thus L*°(E) is a vector space and since || f]loc = 0
obviously holds if and only if f = 0 a.e., it follows that || - || is & norm on
L>(E).Exercises 3.6 and 5.6 show that this norm cannot be induced by any

inner product on L*.

Lemma 5.7

For any non-negative real numbers z, y and all a, 8 € (0,1) with a+ 5 =1 we
have
z%yP < oz + By.
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Proof

If x = 0 the claim is obvious. So take z > 0. Consider f(t) = (1 — ) + 8t — t*
for t > 0 and 3 as given. We have f’(t) = 3 — Bt°~1 = 3(1 — t~1) and since
0<B<1,f(t)<0on (0,1). So f decreases on [0, 1] while f'(¢) > 0 on (1, c0),
hence f increases on [1,00). So f(1) = 0 is the only minimum point of f on
[0,00), that is f(t) > 0 for t > 0. Now set t = £, then (1 — ) + 3% — (%)6 >0,
that is, (%)6 < a+ BL. Writing 2 = 217 we have 27 (%)ﬁ < ax+ Bzl so
that 2%y < az + By as required. |

Theorem 5.8 (Holder's Inequality)
It 11—) + % =1,p>1, then for f € LP(E), g € LY(E), we have fg € L' and

Ifglle < 11 £llpllgllq

[ 13l < (/Iflpdm); (/|g|qdm)é.

that is

Proof

Step 1. Assume that || f||, = ||g|lq = 1, so we only need to show that || fg||1 < 1.
We apply Lemma 5.7 with a = 11—), 8= %, x=|fP, y =|g|? then we have

1
IF1P+ =gl
q

1
|fg] = 2rys < -
p

Integrating we obtain
1 1 1 1
[1salam << [1gpam o [lgfram =42 =1
p q p q
since [|f[Pdm =1, [|g|?dm = 1. So we have || fg|l1 <1 as required.

Step 2. For general f € LP and g € L7 we write || f|l, = a, |lg|lq = b for
some a,b > 0. (If either a or b is zero, then one of the functions is zero almost
everywhere and the inequality is trivial.) Hence the functions f = % f,g= % g
satisfy the assumption of Step 1, and so || f§|l1 < || fllpllgllq- This yields

1 1 1
— < = _
N7l < <1l ol

and after multiplying by ab the result is proved. O
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Letting p = ¢ = 2 and recalling the definition of the scalar product in L2
we obtain the following now familiar special case of Holder’s inequality.

Corollary 5.9 (Schwarz Inequality)

If f,g € L?, then
(£ < [ fll2llgll2-

We may now complete the verification that || - ||, is a norm on LP(E).

Theorem 5.10 (Minkowski's Inequality)
For each p > 1, f,g € LP(E)

1+ gllo < I1F 1o+ lgllp-

Proof

Assume 1 < p < oo (the case p = 1 was done earlier). We have

F+alP =1(F+9)(f+ P < IfIf + 9P+ gllf + 9P,

and also taking ¢ such that 11—) + % =1, in other words, p + ¢ = pq, we obtain

|f +g|® D = |f + g|F < oo

Hence (f + g)P~! € L9 and

I(f+9)" g = (/ |f + g dm)le .

We may apply Holder’s inequality:

[ir+grans | 17+ / ol ot am
<([uram)’ (/IergI”dm)q |
<(f |g|pdm>1” (/|f+g|pdm)q
(o))
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with A = ([ |f 4 g[P dm)?. If A =0 then ||f +g||, = 0 and there is nothing to
prove. So suppose A > 0 and divide by A

1,l
1 + gl = </|f+g|”dm>
= % </|f+g|pdm)

< (/Ifl”dm)p+ (/lglpdm)p
— 1 Fllp + gl

which was to be proved. O

Next we prove that LP(FE) is an example of a complete normed space (i.e.
a Banach space) for 1 < p < oo, i.e. that every Cauchy sequence in L?(E)
converges in norm to an element of LP(FE). We sometimes refer to convergence
of sequences in the LP—norm as convergence in p** mean.

The proof is quite similar to the case p = 1.

Theorem 5.11

The space LP(FE) is complete for 1 < p < oo.

Proof

Given a Cauchy sequence f,, (that is, || f, — fimllp — 0 as n,m — o) we find a
subsequence f,, with

1
an - fnk”p < Q_k

for all £ > 1 and we set

oo
> g:klggogk:2|fm+1ifm

i=1

k
9k = Z |f’l’li+1 - fn1
1=1

The triangle inequality yields ||gx|l, < Zle Qi < 1 and we can apply Fatou’s
lemma to the non-negative measurable functions g7, k > 1, so that

R S
loll = [ Jim gt am < tmint [ g <1

Hence g is almost everywhere finite and f,, + 3,5 (fn.ry — fn,) converges
absolutely almost everywhere, defining a measurable function f as its sum.
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We need to show that f € LP. Note first that f = limy . fpn, a.e., and
given € > 0 we can find N such that || f,, — fm|lp < € for m,n > N. Applying
Fatou’s lemma to the sequence (|fy, — fm|?);>,, letting i — oo, we have

/|f = fm|Pdm < liirgilgf/ |fri = fm]? dm < V.

Hence f— fp, € L? and so f = fm + (f — fm) € LP and we have || f — fnllp <€
for all m > N. Thus f,, — f in LP-norm as required. |

The space L>(FE) is also complete, since for any Cauchy sequence (f,) in
L*>(E) the union of the null sets where |fr(x)| > || flloo OF |fn(x) — fm(z)| >
[ fr— fmlloo for k,m,n € N, is still a null set, F' say. Outside F' the sequence (fy,)
converges uniformly to a bounded function, f say. It is clear that || f,— f]lcc — 0
and f € L>°(E), so we are done.

Exercise 5.8
Is the sequence
1
gn(x) =11 (x)ﬁ

‘n

Cauchy in L*?

We have the following relations between the L? spaces for different p which
generalize Proposition 5.3.

Theorem 5.12
If E has finite Lebesgue measure, then LI(E) C LP(E) when 1 < p < ¢ < oo.

Proof
Note that |f(x)[? < 1if |f(x)] < 1.If |f(z)] > 1, then |f(z)|? < |f(z)|?. Hence

[f@)" <1+ [f(2)]%

/|f|pdm§/1dm—|—/|f|qdm:m(E)—&—/|f|qdm<oo7
B B B E
so if m(E) and [, |f|?dm are finite, the same is true for [, |f[? dm. O
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5.4 Probability
5.4.1 Moments

Random variables belonging to spaces L?({2), where the exponent p € N, play
an important role in probability.

Definition 5.7

The moment of order n of a random variable X € L™(f2) is the number
E(X™), n=12,...
Write E(X) = p; then central moments are given by

E(X —p)", n=1,2,...
By Theorem 4.28 moments are determined by the probability distribution:

E(X") = /x” dPx (z),

E((X — p)") = / (& — )" dPx (x),

and if X has a density fx then by Theorem 4.32 we have

E(X") = /x”fx(a:)dx,
B(X ~ ") = [ (o= )" fxo)do

Proposition 5.13

If E(X™) is finite for some n, then for k¥ < n, E(X¥) are finite. If E(X") is
infinite, then the same is true for E(X*) for k > n.

Hint Use Theorem 5.12.

Exercise 5.9
Find X so that E(X?) = oo, E(X) < co. Can such an X have E(X) = 07

Hint You may use some previous examples in this chapter.
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Definition 5.8

The variance of a random variable is the central moment of second order:

Var(X) = E(X — E(X))2.

Clearly, writing u = E(X),
Var(X) = E(X? — 2uX + p?) = E(X?) — 2uR(X) + p? = B(X?) — p2.

This shows that the first two moments determine the second central mo-
ment. This may be generalized to arbitrary order and what is more, this rela-
tionship also goes the other way round.

Proposition 5.14

Central moments of order n are determined by moments of order k for k < n.

Hint Use the binomial theorem and linearity of the integral.

Proposition 5.15

Moments of order n are determined by central moments of order k for k < n.

Hint Write E(X") as E((X — p+ p)™) and then use the binomial theorem.

Exercise 5.10
Find Var(aX) in terms of Var(X).

Example 5.5
If X has the uniform distribution on [a, ], that is, fx(z) = 2= 1(4(x) then

1 [ 11

1
e xdx:b_a§z2|2:—(a+b).

/:cfx(:c)d:c 5

Exercise 5.11

Show that for uniformly distributed X, VarX = % (b — a)?.
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Exercise 5.12
Find the variance of
(a) a constant random variable X, X (w) = a for all w

(b) X :[0,1] — R given by X (w) = min{w,1 — w} (the distance to the
nearest endpoint of the interval [0, 1])

(c) X :[0,1]2 — R, the distance to the nearest edge of the square [0, 1]2.

We shall see that for the Gaussian distribution the first two moments de-
termine the remaining ones. First we compute the expectation:

Theorem 5.16

1 _(@=w?
ze 22 dx = p.
2mo JRr

Proof

Make the substitution z = *=£, then, writing [ for [,

1 / _(z— u)2 q / 22 d n /
202 dx = ze~ 24+ —
2mo V2

Notice that the first integral is zero since the integrand is an odd function. The
second integral is V27, hence the result. (I

So the parameter p in the density is the mathematical expectation. We
show now that o2 is the variance.

Theorem 5.17

1 (== )?
/(Jc —p)%e” 2 2 de = o2
2mo Jr

Proof

Make the same substitution as before: z = u; then

1 (JL #)2 z
T — dx = z7e” 2 dz.
2mo /( M) V2 /
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2
Integrate by parts u = z, v = ze * /2, to get

2 2 2
g _ 22 g _ 22 too g _ 22

/226 zdz=— ze 2 + /e 7 dz = o?
V2 V2

since the first term vanishes. O

Note that the odd central moments for a Gaussian random variable are zero:

the integrals
2

xea

vanish since after the above substitution we integrate an odd function. By
repeating the integration by parts argument one can prove that

E(X —u)?* =1-3-5---(2k — 1)o*.

Example 5.6

Let us consider the Cauchy density %ﬁ and try to compute the expectation
(we shall see it is impossible):

1 [T 1
_/ d ( lim In(1+22)— lim 1n(1+yi))

r=—
) o 1422 21 \@n—+oo Yn——o0

for some sequences x,, y,. The result, if finite, should not depend on their
choice, however if we set for example x,, = ay,, then we have

Yn—>—0Q

1 2
( 1ir$ In(1422) — lim ln(l—&—yi)) = lim ln%:lna

which is a contradiction. As a consequence, we see that for the Cauchy density
the moments do not exist.

Remark 5.4

We give without proof a simple relation between the characteristic function
and the moments: (Recall that ¢x (t) = E(e?¥) — see Definition 4.5.)
If px is k-times continuously differentiable then X has finite kth moment
and L
E(X*) = 7 g #x (0).
Conversely, if X has kth moment finite then ¢ x (¢) is k-times differentiable and
the above formula holds.
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5.4.2 Independence

The expectation provides a useful criterion for the independence of two random
variables.

Theorem 5.18
The random variables X, Y are independent if and only if
E(f(X)g(Y)) = E(f(X))E(g9(Y)) (5.4)

holds for all Borel measurable bounded functions f, g.

Proof

Suppose that (5.4) holds and take any Borel sets By, By. Let f = 1p,,9=1p,
and application of (5.4) gives

/ 15, (X ()1, (Y (w)) dP(w) = /
2

15, (X () dP(w) / 15, (Y () dP(w).
2 (]

The left-hand side equals
/ 1, x5 (X (@), Y(w)) dP(w) = P((X € B)) N (Y € By)),
o

whereas the right-hand side is P(X € By)P(Y € Bs), thus proving the inde-
pendence of X and Y.

Suppose now that X, Y are independent. Then (5.4) holds for f = 1p,,
g = 1p,, B1, By Borel sets, by the above argument. By linearity we extend the
formula to simple functions: ¢ = > bilp,, ¥ =3, ¢jlc;,

E(p(X)0(Y)) = EQ bils, (X) 3 esle, (V)
- Z bic;E(1p,(X)1¢, (V)
- g:bich(lB,. (X))E(1¢, (Y))
= zj: bE(1p, (X)) Z ¢;E(1c,(Y))
= Ez(so(X ))E(w(Y))j

We approximate general f, g by simple functions and the dominated conver-
gence theorem (f, g are bounded) extends the formula to f, g. |
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Proposition 5.19

Assume that X, Y are independent random variables. Show that if E(X) = 0,
E(Y) =0, then E(XY) = 0.

Hint The above theorem cannot be applied with f(z) = z, g(z) = z (these
functions are not bounded). So some approximation is required.

The expectation is nothing but an integral so the number (X,Y) = E(XY)
is the inner product in the space L?({2) of random variables square integrable
with respect to P. Hence independence implies orthogonality in this space.
If the expectation of a random variable is non-zero, we modify the notion of
orthogonality. The idea is that adding (or subtracting) a number does not
destroy or improve independence.

Definition 5.9

For a random variable with finite p = E(X) we write X, = X — E(X) and we
call X. a centred random variable (clearly E(X.) = 0). The covariance of X
and Y is defined as

Cov(X,Y) = (Xe. Yo) = E((X — EQX)(Y — E(Y)).

The correlation is the cosine of the angle between X, and Y,:

(XY,  Cou(X,Y)
IX[20Y 2 (X 2]l

PX,Y
We say that X, Y are uncorrelated if p = 0.

Note that some elementary algebra gives a more convenient expression for
the covariance:
Cov(X,Y) =E(XY) - E(X)E(Y).
Thus uncorrelated X, Y satisfy E(XY) = E(X)E(Y). Clearly independent
random variables are uncorrelated; it is sufficient to take f(z) = z — E(X),
g(x) = x—E(Y) in Theorem 5.18. The converse is not true in general, although
— as we shall see in Chapter 6 — it holds for Gaussian random variables.

Example 5.7

Let 2 = [—1,1] with Lebesgue measure: P = %mh,ul, X =2 Y = 22
Then E(X) = 0, E(XY) = f_11x3 dz = 0, hence Cov(X,Y) = 0 and thus
px,y = 0. However X, Y are not independent. Intuitively this is clear since
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1] and compare (as required by Definition 3.3) the probabilities

P(X71(A)NY~1(A)) and P(X1(A))P(Y1(A)). We obtain X 1(A4) = A,
o], hence POX1(A) N Y1(4)) = &, P(X1(4) = 1,
P(Y71(A)) = L and so X and Y are not independent.

\v]

Exercise 5.13
Find the correlation px y if X =2Y + 1.

Exercise 5.14

Take {2 = [0, 1] with Lebesgue measure and let X (w) = sin 27w, Y (w) =
cos 2w. Show that X, Y are uncorrelated but not independent.

We close the section with two further applications.

Proposition 5.20

The variance of the sum of uncorrelated random variables is the sum of their

variances:
n

Var(z Xi) = Z Var(X;).

=1

Hint To avoid cumbersome notation first prove the formula for two random
variables
Var(X +Y) = Var(X) + Var(Y)

using the formula Var(X) = E(X?) — (EX)%.

Proposition 5.21

Suppose that X, Y are independent random variables. Then we have the fol-
lowing formula for the characteristic function:

ox+y(t) = px(t)py ().

More generally, if X1,...,X,, are independent, then
PX1++Xn (t) =YX, (t) PX, (t)

Hint Use the definition of characteristic functions and Theorem 5.18.
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5.4.3 Conditional Expectation (first construction)

The construction of orthogonal projections in complete inner product spaces,
undertaken in Section 5.2.3, allows us to provide a preview of perhaps the most
important concept in modern probability theory: the conditional expectation
of an F-measurable integrable random variable X, given a o-field G contained
in F (i.e. such that every set in G also belongs to F). We study this idea in
detail in Chapter 7 where we will also justify the definition below by reference
to more familiar concepts, but the construction of the conditional expectation
as a G-measurable random variable can be achieved for any integrable X with
the tools we have readily to hand. Our argument owes much to the elegant
construction given in [12].

Definition 5.10

Let (£2,F, P) be a probability space and suppose that G is a sub-o-field of F.
Given X € LY(2,F,P) = LY(F) there exists Y € L1(2,G, P) = £L1(G) such
that [, Y dP = [, X dP for every G € G. We write Y = E(X|G) and call Y
the conditional expectation of X given G. These conditions define Y uniquely
up to P-null sets.

Theorem 4.15, applied to P instead of m and G instead of M, implies
that Y is P-a.s. unique: if Z € £'(G) also satisfies [, ZdP = [, X dP for
every G € G, then Z = Y P-a.s. This is often expressed by saying that Y
is a version of E(X|G ): by definition of L!(§2,G, P) the uniqueness claim is
that all versions belong to the same equivalence class in L'(£2,G, P) under
the equivalence relation f = ¢ if and only if P{w € 2 : f(w) # g(w)}). In
accordance with our convention (Section 5.1) we shall nonetheless continue to
work with functions rather than with equivalence classes.

To construct Y we first restrict attention to the case when X € L2(F) =
L2(2, F, P). By Theorem 5.11, the inner product space H = L?(F) is com-
plete, and the vector subspace K = L?(G) is a complete subspace. Thus the
construction of the orthogonal projection in Section 5.2.3 applies, and provides
an element of L?(G), which by our convention we represent as a function Y
€ £%(G), such that (X —Y) is orthogonal to K. By definition of the inner
product in L? this means that

(XfY,Z):/Q(XfY)ZdP:O

for every Z € L?(G). In particular, since 15 € L?(G) for every G € G, we have
JoYdP = [, X dP.
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To construct Y for an arbitrary X € £!(F)) we proceed in four stages:

(i) first, note that if the result has been proved for non-negative functions
in £1(F)), we can consider X = X+ — X~. By hypothesis there are Y, Y~ €
L'(G)) such that for G € G both [, Y*dP = [,X"dP and [, Y~ dP =
Jo X~ dP. Subtracting on both sides we obtain [, Y dP = [, X dP, where
Y =Yt —Y~ € £YG). So we need only verify the result for non-negative
integrable X.

(ii) second, if a random variable Z is bounded, it is in £2(F) by Theo-
rem 5.12, since P({2) is finite. Hence Z has a conditional expectation, i.e. there
exists W € £2(G) such that [, WdP = [, ZdP for G € G. Also: if Z > 0, then
W > 0 P-a.s. To see this, suppose that W takes negative values with positive
probability. Then there exists n > 1 such that the set G = {W < —1} € G has
P(G) > 0. Thus [, WdP < —LP(G) <0.But [, WdP = [,ZdP >0, since
Z > 0 (Proposition 4.11). The contradiction shows that W > 0, P-a.s.

(iii) Now take an arbitrary X > 0 in £'(F), and for n > 1 set X,, =
min(X,n). Then X,, is bounded and non-negative, so part (ii) applies to X,,,
yielding a non-negative Y, € £?(G) with [, Y, dP = [, X, dP. Since (X,,) is
increasing with n, for any fixed n the bounded random variable Z = X, 11 — X,
is non-negative, and has a conditional expectation W > 0, as in (ii). But so
have both X, 11 and X,,,and the a.s. uniqueness property therefore implies that
W =Y,41 — Y, P-as. Therefore (Y,,) also increases (a.s.) with n.

(iv) Finally, set Y (w) = limsup,,_,, Y, (w) for each w € £2. By Theorem 3.5
Y is G-measurable, and the sequence (Y,,) increases a.s. to Y. Moreover 0 <
Xef'(F)andfor Geg, [(V,dP = [, X,dP < [,XdP < oo for all n.
The Monotone Convergence Theorem shows that the integrals ( f G Y, dP)p>1
increase to fG Y dP, and that the final integral is finite, so that Y € £}(G). On
the other hand, [, o YndP = fG X, dP and the latter integrals also increase to
fG X dP, so that we have shown: fG YdP = fG XdP forall G €G.

Remark 5.5

Note that since the orthogonal projection Y minimises the distance between the
vector X € £2(F) and the subspace £2(G), the L2- norm, and hence its square
Jo(X — Z)? dP, is minimised for elements in £2(G) if we take Z = Y. Writing
this in terms of expectations: E([X —E(X|G)]?) = inf{E([X—Z]?) : Z € L*(G)}.
Thinking of o-fields as containing ‘information’ about random events, we can
interpret E(X|G) as the ‘best predictor’ of X amongst the class of G-measurable
square-integrable functions, since it minimises the least-mean-square distance
to X. This idea has led to many useful applications in many areas of science.



5. Spaces of integrable functions 155

5.5 Proofs of propositions

Proof (of Proposition 5.3)

Suppose that [ I f?(x) dx is finite. Then using a < 1+ a? (which follows from
(a—1)2>0) we have

/Df(:c)dxg/Dld:ch/DfQ(x)d:c:m(D)+/Df2(x)d:c < o0

O

Proof (of Proposition 5.4)

We verify the first two properties using the linearity of the integral

(F +9.0) = [(F@) + gla)h(a) do
/f dx—i—/ (x)h(z) dx
)+ (9, h),
(cf,h) = /cf dx—c/f dz = c(f, h).
The symmetry is obvious since f(z)g(x) (z) f(x) under the integral. O

Proof (of Proposition 5.5)

Parallelogram law: ||hy + hal|? = (h1 + ho,h1 + ha) = (h1,h1) + (h1, h2) +
(ha,h1) + (ha,ha), |hy — hol|* = (h1 — ho,hy — hg) = (h1,h1) — (ha, he) —
(ha, h1) + (ha, ha), and adding we get the result.

Polarization identity: subtract the above ||h1 + hal|? — ||h1 — ha|? = 2(h1, h2) +
2(h2,h1), replace h2 by 1h2 to get ||h1 —+ 1h2||2 — ||h1 — 1h2||2 = 2(h1,1h2) +
2(ihg, h1). Insert the obtained expressions into the right-hand side of the iden-
tity in question. On the left we have 2[(hq, he)+(he, h1)+i(h1,ihe)+i(ihe, hi)] =
2[(h1, h2) + (ha, h1) +i(=i)(h1, ha) +i%(h2, h1)] = 4(h1, h2). O

Proof (of Proposition 5.13)

Suppose E(X™) < oo, which means that X € L™({2), then since the measure
of §2 is finite we may apply Theorem 5.12 and so X € L*(£2) for all k& < n.
If E(X") = oo the same must be true for E(X*) for k > n since otherwise
E(X*) < 0o would imply E(X™) < oo — a contradiction. O
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Proof (of Proposition 5.14)

Using the binomial expansion we have

- =3 (1)

i=0
and so by linearity of the expectation

n

B0 -0 =3 (7)) B

=0

Proof (of Proposition 5.15)
We have

n

BCC) = B -t = Y

i=1

7?>E<<X o

7

Proof (of Proposition 5.19)

Let fn(r) = max{—n,min{z,n}}. By Theorem 5.18, since X, Y are indepen-
dent, we have E(f,(X)fn(Y)) = E(fn(X))E(fn(Y)). Integrability of X and Y
enables us to pass to the limit, which is 0 on the right. O

Proof (of Proposition 5.20)

Let X, Y be uncorrelated random variables. Then

Var(X +Y) =E((X +Y) —E(X +Y))?)
=E(X +Y)? - (E(X) +E(Y))?
=EX? +2E(XY) +EY? — (EX)? - 2E(X)E(Y) — (EY)?
=EX? - (EX)>+EY? — (EY)? + 2[E(XY) — E(X)E(Y)]
= Var(X) + Var(Y)

since E(XY) = E(X)E(Y). The general case for n random variables follows by
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induction or by repetitive use of the formula for two:

Var(X1 4+ -+ X,,) = Var(X; + [Xo+ -+ X))
= Var(X;) + Var(Xs + [X3 + - + X,])

= Var(X;) + Var(Xs) + - - - + Var(X,,).

Proof (of Proposition 5.21)
By definition

exty (t) = E("XTY)

E
= E("™)E(™) (by Theorem 5.18)
P

The generalization to n components is straightforward — induction or step-by-
step application of the result for two. |






6

Product measures

6.1 Multi-dimensional Lebesgue measure

In Chapter 2 we constructed Lebesgue measure on the real line. The basis for
that was the notion of the length of an interval. Consider now the plane R? in
place of R. Here by interval we understand a rectangle of any sort:

R= Il X IQ
where I, Is are any intervals. The ‘length’ of a rectangle is its area
a(R) = l(I1) x I(I2).

The concept of null set is introduced as in the one-dimensional case. As before,
countable sets are null. It is worth noting that on the plane we have more
sophisticated null sets such as, for example, a line segment or the graph of a
function.

The whole construction goes through without change and the resulting mea-
sure is the Lebesgue measure mo on the plane defined on the o-field generated
by the rectangles.

A subtle point which clearly illustrates the difference from linear mea-
sure is the following: any set of the form A x {a}, a € R, is null and hence
Lebesgue measurable on the plane. An interesting case of this is when A is a
non-measurable set on the real line!

Next, we consider R3. By ‘interval’ here we mean a cube, and the ‘length’

is its volume:
C = Il X IQ X Ig,

159
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o(C) = U(I) x I(I2) x I(L3).

Now surfaces are examples of null sets. Following the same construction we
obtain Lebesgue measure ms in R3.

Finally, we consider R™ (this includes the particular cases n = 1,2, 3 so for
a true mathematician this is the only case worth attention as it covers all the
others). ‘Intervals’ are now n-dimensional cubes:

I=1I) x---x1,
and generalized ‘length’ is given by
(L) =1U(I1) x...xI(I,).
An interesting example of a null set is a hyperplane.

The above provides motivation for what follows. The multi-dimensional
Lebesgue measures will emerge again from the considerations below where we
will work with general measure spaces. Bearing in mind that we are principally
interested in probabilistic applications, we stick to the notation of probability
theory.

6.2 Product o-fields

Let (£21, F1, P1), (£22, F2, P2) be two measure spaces. Put
2= .Ql X .QQ.

We want to define a measure P on {2 to ‘agree’ with the measures given on {2y,
£25.

Before we construct P we need to specify its domain, that is, a o-field on
0.

Definition 6.1

Let F be the smallest o-field of subsets of {2 containing the ‘rectangles’ A; x A,
for all Ay € F1, Ay € F5. We call F the product o-field of F; and Fs. In other
words, the product o-field is generated by the family of sets (‘rectangles’)

R:{Al x Ag 1 Ay Efl,AQEfQ}.

The notation used for the product o-field is simply: F = F; x Fa.
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There are many ways in which the same product o-field may be generated,
each of which will prove useful in the sequel.

Theorem 6.1

(i) The product o-field F; x F; is generated by the family of sets (‘cylinders’
or ‘strips’)

CZ{A1 X (29 1 A Efl}U{.Ql XAQ:AQE.?'—Q}'.
(ii) The product o-field F is the smallest o-field such that the projections
PI‘li.QH.Ql, Prl(wl,wg):wl

Pra: 2 — 25, Pro(wi,ws) = ws

are measurable.

Proof

Recall that we write o(€) for the o-field generated by a family &.
Clearly C is contained in R hence the o-field generated by C is smaller than
the o-field generated by R. On the other hand,

A1 XAQ = (Al X Qg)ﬂ(ﬂl XAQ)

hence the rectangles belong to the o-field generated by cylinders: R C o(C).
This implies 0(R) C 0(c(C)) = o(C) which completes the proof of ().

For (ii) note that
Pril(A)) = Ay x 25, Pry'(As) = 21 x Ay

hence the projections are measurable by (i). But the smallest o-field such that
they are both measurable is the smallest o-field containing the cylinders, which
is F by (i) again. O

Consider a particular case of 21,2, = R, F; = F5 = B Borel sets. Then
we have two ways of producing F = By — the Borel sets on the plane: we can
use the family of products of Borel sets or the family of products of intervals.
The following result shows that they give the same collection of subsets of R2.
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Proposition 6.2
The o-fields generated by

R = {Bl X B2 : Bl,BQ GB},
T ={I x Iy : I, I are intervals}

are the same.
Hint Use the idea of the proof of the preceding theorem.

We may easily generalize to n factors: suppose we are given n measure
spaces (§2;, F;, P;), i =1,...,n, then the product o-fields in 2 = 1 x --- x {2,
is the o-field generated by the sets

{A1X~~~XAnSAi€.7:i}.

6.3 Construction of the product measure

Recall that (24, F1, P1), ({22, F2, P2) are arbitrary measure spaces. We shall
construct a measure P on 2 = (27 X {25 which is determined by P;, P; in a
natural way. A technical assumption is needed here: P; and P, are taken to be
o-finite, that is, there is a sequence of measurable sets A,, with UZO:1 A, = (2,
Pi(A,,) finite (and the same for P, 25). This is of course true for probability
measures and also for Lebesgue measure (in the latter case A,, = [—n, n] will do
for example). For simplicity we assume that Py, P are finite. (The extension to
the case of o-finite is obtained by a routine limit passage n — oo in the results
obtained for the restrictions of the measures to A4,,.)

The motivation provided by construction of multi-dimensional Lebesgue
measures gives the following natural condition on P:

P(Al X AQ) = Pl(Al)PQ(AQ) (61)

for Ay € Fp, As € Fo.
We want to generalize (6.1) to all sets from the product o-field. To do this
we introduce the notion of a section of a subset A of 21 x {25: for ws € (25,

Aw2 = {wl S Ql : (u}l,WQ) S A} C Ql.
A similar construction is carried out for w; € £2;:

Ay, = {WQ €2 (W1,WQ) S A} C (2.
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\4

Figure 6.1 ws section of a set

A

N

\4

A

WH

Figure 6.2 w; section of a set

Theorem 6.3

If A is in the product o-field F, then for each wq, A,, € Fi1, and for each wy,
Awl c Fo.

Proof

Let
G={AecF: forall wg, Ay, € F1}.

If we show that G is a o-field containing rectangles, then G = F since F is the
smallest o-field with this property.
IfA=A; ><1427 Aq € Fi, then

A — A ifwy € Ay
w2 @ lf wo ¢ A2

is in F7 so the rectangles are in G.
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If A€ G, then 2\ A € G since

(2\ Aoy = {wr: (w1, w2) € (2 A)}
= Ql \ {wl : (wl,WQ) c A}
=2\ A,

Finally, let A,, € G. Since

( An) = U (An)ws
n=1 wo n=1

the union (J;—, 4, is also in G.
The proof for A, is exactly the same. |

If A= Ay x Asg, then the function wy — P(A,,) is a step function:

. P(Al) if wy € Ay
P(sz) - { 0 lf w9 ¢ A2

and hence we have

P(A) = P1 (Al)PQ(AQ) = /Q P(Au&) dpg(wg).

This motivates the general formula; for any A we write

PA) = | P(As) dPy(en) (6.2)

We call P the product measure and we will sometimes denote it by P = P; X Ps.
We already know that P;(A,,) makes sense since A,, € F; as shown before.
For the integral to make sense we need more:

Theorem 6.4

Suppose that Py, P, are finite. If A € F, then the functions
WQ'_)PI(Awg)v wl'_)PQ(Awl)

are measurable with respect to Fs, Fi, respectively, and

/ Pl(AW2) dPQ(WQ) = / PQ(Awl)dpl(wl). (63)
2 2
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Before we prove this theorem we allow ourselves a digression concerning
the ways in which o-fields can be produced. This will greatly simplify several
proofs. Given a family of sets A, let F be the smallest o-field containing .A.
Suppose that A is a field, i.e. it is closed with respect to finite unions and
differences: A, B € A implies AU B, A\ B € A. Then we have an alternative
way of characterizing o-fields by means of so-called monotone classes.

Definition 6.2

A monotone class is a family of sets closed under countable unions of increasing
sets and countable intersections of decreasing sets. That is, G is a monotone
class if
oo
AiCcAyC..., A egG = UA,L'GQ,

i=1

AiDAD..., Aeg = [)Aed.

i=1

Lemma 6.5 (Monotone Class Theorem)

The smallest monotone class G4 containing a field A coincides with the o-field
F4 generated by A.

Proof

A o-field is a monotone class, so G4 C F4 (since G4 is the smallest monotone
class containing A).
To prove the converse, we first show that G 4 is a field. The family of sets

{A: A€ Ga}

contains A since A € A implies A° € A C G4. We observe that it is a monotone
class. Suppose that A; C Ay C ..., are such that Af € G4. We have to show
that (JA;)° € Ga. We have A D A O ... and hence [ AY € G because G4
is a monotone class. By de Morgan’s law () A = (|J A;)° so the union satisfies
the required condition. The proof for the intersection is similar: A; D As D ...
implies Af C A C ..., hence |JA§ € G4 and so ([ 4;)¢ = |J A also belongs
to G4.
We conclude that
GaC{A:A°€Ga}

80 G4 is closed with respect to taking complements.
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Now consider unions. First fix A € A and consider
{B:AUB € G4}.

This family contains A (if B € A, then AU B € A C G4) and is a monotone
class. For, let By C By C ... be such that AUB; € G4. Then AUBy; C AUBs C
... hence (AU B;) € Ga, thus AU B; € Ga. Similar arguments work for
the intersection of a decreasing chain of sets so for this fixed A

GaC{B:AUBE€eG4}.

This means that for A € A and B € G4 we have AUB € G 4.
Now take arbitrary A € G4. By what we have just observed,

AC{B:AUB€Ga}
and by the same argument as before, the latter family is a monotone class. So
GaC{B:AUBe€Gy}

this time for general A, which completes the proof that G 4 is a field.

Now, having shown that G 4 is a field, we observe that it is a o-field. This
is obvious since for a sequence A; € G4 we have A; C A1 U Ay C ..., they all
are in G4 (by the field property) and so is their union (since G4 is a monotone
class).

Therefore G 4 is a o-field containing A so it is bigger than the o-field gen-
erated by A:

FaCGa

which completes the proof. |

The family R of rectangles introduced above is not a field so it cannot be
used in the above result. Therefore we take A to be the family of all unions of
disjoint rectangles.

Proof (of Theorem 6.4)
Write

G= {A twe — Pi(Ay,), w1+ P2(A,,) are measurable and

[ P aren) = [ Pia)apen}

The idea of the proof is this. First we show that R C G, then A C G, and finally
we show that G is a monotone class. By Lemma 6.5, G = F which means that
the claim of the theorem holds for all sets from F.
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If Ais arectangle, A = A; x Ag, then as we noticed before, ws — P;(Ay,),
w1 — P2(Ay,) are indicator functions multiplied by some constants and (6.3)
holds each side being equal to P; (A1) P (As).

Next let A = (A1 x Az) U (By x Bg) be the union of disjoint rectangles.
Disjoint means that either A1 N By = @ or As N By = . Assume the former,
for example. Then

AjUB; ifwy € Ay N By

A Aq if we € Az \ B
w2 B4 ifLUQEBQ\AQ
4] otherwise

and

/Q Pl(AW2)dP2(WQ): [Pl(A1)+P1(Bl)]P2(A2mB2)
+ P1(A1)Py(A2 \ B2) + P1(B1)P2(B2 \ A2)
= Pl(Al)[PQ(AQ n BQ) -+ P2(A2 \ Bg)]
+ P1(B1)[P2(A2 N Ba) + Py (B \ A3)]
= P1(A1)Py(As) + P1(B1)P2(B2).

On the other hand

Ay fw € Ay
Awl = By ifw; € By
@  otherwise
and
/ Py(Ay, ) dPi(w1) = Pi(A1) Py (Ag) + Pi(B1)P2(B2)
2,
as before.

The general case of finitely many rectangles can be proved in the same way.
This is easy but tedious and we skip this argument hoping that presenting it
in detail for two rectangles is sufficient to guide the reader in the general case.
It remains true that the functions wy — Pi(A,), w1 — Py(A.,) are simple
functions, and so the verification of (6.3) is just simple algebra.

It remains to verify that G is a monotone class. Let A1 C Ay C ... be sets
from G; hence the functions we — Py((A;)w,), w1 — P2((4;)w, ) are measurable.
They increase with 4 since the sections (4;)w,, (Ai)w, are increasing. If i — oo,
then

Pi((Ai)wy) = P J(A)w,) = Pl((U Ai)w,)

3

and so the function wy — Py((J; Ai)w,) is measurable. The same argument
shows that the function wy — Po((|J; Ai)w, ) is measurable. The equality (6.3)
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holds for each ¢ and by the monotone convergence theorem it is preserved in
the limit. Thus (6.3) holds for unions |J 4;.

For intersections the argument is similar. The sequences in question are de-
creasing; the functions wy — Pi(((); Ai)w,), w1 — Pa((); Ai)w,) are measur-
able as their limits and (6.3) holds by the monotone convergence theorem. [

Theorem 6.6

Suppose that P;, P, are finite measures. The set function P given by (6.2) is
countably additive. Any other measure coinciding with P on rectangles is equal
to P on the product o-field.

Proof

Let A; € F be pairwise disjoint. Then (A4;)., are also pairwise disjoint and
P(J4) = / Pr((| Ai)w,) P (w2)
25 4
= / Pr({J(Ai)w,) dPa(w2)
£29

_ /Q >~ Pul(A))as) dPa(2)
_ Z /Q Pi(A)en) dPs(e2)
= ZP(Ai)

where we have employed the fact that the section of the union is the union of
the sections (see Figure 6.3) and the Beppo-Levi theorem.

—

A

v

Figure 6.3 Section of a union
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For uniqueness let @@ be a measure defined on the product o-field F such
that P(A1 X AQ) = Q(A1 X AQ), Ay € Fr, Ay € F. Let

H={AC 2 x0y:AcF PA)=QA)}

This family contains all rectangles by the hypothesis. It contains unions of
disjoint rectangles by the additivity of both P and @; in other words H contains
the field A.

It remains to show that it is a monotone class since then it coincides with
F by Lemma 6.5. This is quite straightforward using again the fact that P and
Q are measures. If Ay C Ay C ..., A; € H, then P(A;) = Q(4;), P(UA;) =
lim P(A4;), QU A;) =lim Q(A;), hence P(|J A;) = Q(J A;) which means that
‘H is closed with respect to monotone unions. The argument for monotone
intersections is exactly the same: if A1 D Ay D ..., then P(( 4;) = lim P(4;),

Q(NA;) = limQ(A,), hence P(A;) = Q(4;) implies P(N 4;) = QN 4;). O

Remark 6.1

The uniqueness part of the proof of Theorem 6.6 illustrates an important tech-
nique: in order to show that two measures on a o-field coincide it suffices to
prove that they coincide on the generating sets of that o-field, by an application
of the monotone class theorem.

As an immediate consequence of Theorem 6.4 we have

P(A) = PQ(Awl)dpl(W1).
21

The completion of the product o-field M x M built from the o-field of
Lebesgue measurable sets is the o-field M5 on which my is defined.

It easy to see that two-dimensional Lebesgue measure coincides with the
completion of the product of one-dimensional ones: mg = ¢(m x m). First, they
agree on rectangles built from intervals. As a consequence, they agree on the
o-field generated by such rectangles, which is the Borel o-field on the plane.
The completion of Borel sets gives the o-field of Lebesgue measurable sets in
the same way as in the one-dimensional case.

6.4 Fubini’s Theorem

We wish to integrate functions defined on the product of the spaces ({21, F1, P1),
(22, Fa, Py) by exploiting the integration with respect to the measures Py, Pa
individually.
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We tackle the issue of measurability first.

Theorem 6.7

If a non-negative function f : 21 x {23 — R is measurable with respect to
F1 x Fa, then for each wy; € (27 the function (which we shall call a section
of ) wa — f(wr1,ws) is Fa-measurable, and for each ws € (25 the section
w1 — f(w1,ws) is Fr-measurable.

Figure 6.4 Section of f

Proof

First we approximate f by simple functions in similar fashion to Proposi-
tion 4.10; we write

if f(wr,we) € [%, knil), k< n?
if f(wi,w2) >n

k
o) ={

and as n — oo, fr / f.

The sections of simple measurable functions are simple and measurable.
This is clear for the indicator functions as observed above, and next we use the
fact that the section of the sum is the sum of the sections.

Finally, it is clear that the sections of f, converge to the sections of f and
since measurability is preserved in the limit, the theorem is proved. |
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Corollary 6.8

The functions
w1 — f(u}l,WQ) dPQ(wg), w9 — f(wl,wg)dPl(wl)
.QQ -Ql

are Fp, Fo-measurable, respectively.

Proof

The integrals may be taken (being possibly infinite) due to measurability of
the functions in question. By the monotone convergence theorem, they are lim-
its of the integrals of the sections of f,,. The integrals le frn(wi,ws)dPr(wr),
/. 0 frn(wi,ws) dPy(w2) are simple functions, and hence the limits are measur-
able. |

Theorem 6.9

Let f be a measurable non-negative function defined on 27 x §25. Then

/QMQQ flwi,wa) d(P1 x Pa)(w1,ws) :/

2

( o, flwr,w2) dPQ(MQ)) APy (w1)

_ /Q ( A f(wl,wQ)dpl(wl)) APs(ws). (6.4)

Proof

For the indicator function of a rectangle A x Ay each side of (6.4) just becomes
Pi(A1)P2(Asg). Then by additivity of the integral the formula is true for simple
functions. Monotone approximation of any measurable f by simple functions
allows us to extend this formula to the general case. (I

Theorem 6.10 (Fubini's Theorem)

If f € L'(£1 x £2;) then the sections are integrable in appropriate spaces, the
functions

w1 — f(wl,wg) dPQ(wg), w9 — f(wl,wg)dPl(wl)
92 Ql

are in L1(£21), L1(£2;), respectively, and (6.4) holds: in concise form it reads

/le%fd(Pl ><P2)=/Ql (/92fdP2) dplz/% (/Qlfdpl) APy,
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Proof

This relation is immediate by the decomposition f = f* — f~ and the result
proved for non-negative functions. The integrals are finite since if f € L! then
ft,f~ € L' and all the integrals on the right are finite. O

Remark 6.2

The whole procedure may be extended to the product of an arbitrary fi-
nite number of spaces. In particular, we have a method of constructing n-
dimensional Lebesgue measure as the completion of the product of n copies of
one-dimensional Lebesgue measure.

Example 6.1
Let 2 = (25 = [O’ 1]7 P =P = mo,1]>

L o ifo<y<ae<1

fla,y) = { 5
We shall see that the integral of f over the square is infinite. For this we take
a non-negative simple function dominated by f and compute its integral. Let

p(x,y) = n if f(z,y) € [n,n+1). Then pla,y) = nifz >y, o € (g, L.

otherwise.

The area of this set is —(%7#_1) and
o0 (o)
1.1 1
dmy = n=(= — =

Hence the function
Lo ifo<cy<az<1
0 otherwise

is not integrable since the integral of g* is infinite (the same is true for the
integral of g7).

Exercise 6.1

For g from the above example show that

1 1 1 1
//g<x,y>dxdy:—1, //g(:c,y)dydle
0 0 0 0

which shows that the iterated integrals may not be equal if Fubini’s
theorem condition is violated.
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The following proposition opens the way for many applications of product
measures and Fubini’s theorem.

Proposition 6.11

Let f : R — R be measurable and positive. Consider the set of all points in the
upper half-plane being below the graph of f:

Ar ={(z,y): 0=y < f(2)}.

Show that Ay is mo-measurable and mo(Ay) = [ f(z)d.

Hint For measurability ‘fill’ Ay with rectangles using the approximation of
f by simple functions. Then apply the definition of the product measure.

Exercise 6.2

Compute f[0,3} X[-1,2] 22y dma.

Exercise 6.3

2
Compute the area of the region inside the ellipse 2—2 + & =1

6.5 Probability
6.5.1 Joint distributions

Let X, Y be two random variables defined on the same probability space
(2, F, P). Consider the random vector

(X,Y): 2 — R%
Its distribution is the measure defined for the Borel sets on the plane given by
Pxy)(B)=P((X,Y)€B), BCR.

If this measure can be written as
Pxyy(B) = / foxy) (@, y) dma(z,y)
B

for some integrable f(x y), then we say that X,Y have a joint density.
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The joint distribution determines the distributions of one-dimensional ran-
dom variables X, Y:
Px(A) = Pxy)(A xR),

Py(A) = Pix,y)(R x A),

for Borel A C R, these are called marginal distributions. If X,Y have a joint
density, then both X and Y are absolutely continuous with densities given by

fx(a) = /R Foxr (@ y) dy,

fY(y):/Rf(X,y)(x,y)dx.

The following example shows that the converse is not true in general.

Example 6.2

Let £2 = [0, 1] with P = m[ ] and let (X,Y)(w) = (w,w). This vector does not
have density since P(x y)({(z,y): x = y}) = 1 and for any integrable function
f:R? = R, f{(x,y):z:y} f(z,y)dma(x,y) = 0; a contradiction. However the
marginal distributions Px, Py are absolutely continuous with the densities

Ix = fyr =14

Example 6.3

A simple example of joint density is the uniform one: f = ml 4, with Borel
A C RZ% A particular case is A = [0,1] x [0, 1], then clearly the marginal
densities are 1pg 1)

Exercise 6.4

Take A to be the square with corners at (0, 1), (1,0), (2,1), (1,2). Find
the marginal densities of f =1 4.

Exercise 6.5

Let fxy(z,y) = = (z?+3?) if 0 < 2 < 2,1 < y < 4 and zero otherwise.
Find P(X +Y > 4), P(Y > X).

The two-dimensional Gaussian (normal) density is given by

. L 2mytd}). (65)

e y) = A 02 exp{ = 2(1—p?)
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It can be shown that p is the correlation of X, Y, random variables whose
densities are the marginal densities of n(z,y), (see [9]).

Joint densities enable us to compute the distributions of various functions
of random variables. Here is an important example.

Theorem 6.12

If X,Y have joint density fx,y, then the density of their sum is given by

fXer / fXY T,z — (ﬂ) (66)

Proof
We employ the distribution function:
Fxiy(2)=P(X+Y <2)
= Pxy({(z,y): 2 +y <2})

=// Ix,v(x,y)dedy

{(z,y):x+y<z}

=// Ix.y(x,y) dyde
RJ—c0

— [ [ reviey - o ay
—oo JR

(we have used the substitution y’ = y + 2 and Fubini’s theorem), which by
differentiation gives the result. |

Exercise 6.6

Find fxiy if fxy = 1j0,11x[0,1]-

6.5.2 Independence again

Suppose that the random variables X, Y are independent. Then for a Borel
rectangle: B = By x By we have
P(X7y)(Bl X Bg) P((X Y) € By x Bg)
P((X e B1)N(Y € By))
P(X € B1)P(Y € By)

= Px(B1)Py(B2)
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and so the distribution P(x y) coincides with the product measure Px x Py on
rectangles, therefore they are the same. The converse is also true:

Theorem 6.13

The random variables X, Y are independent if and only if

P(ny) = Px x Py.

Proof

The ‘only if” part was shown above. Suppose that P x y) = Px x Py and take
any Borel sets By, By. The same computation shows that P((X € B1) N (Y €
Bj)) = P(X € B1)P(Y € By), i.e. X and Y are independent. O

We have a useful version of this theorem in the case of absolutely continuous
random variables.

Theorem 6.14

If X, Y have a joint density, then they are independent if and only if

foxey)(@y) = fx (@) fy (y). (6.7)

If X and Y are absolutely continuous and independent, then they have a joint
density and it is given by (6.7).

Proof
Suppose f(x,y) is the joint density of X, Y. If they are independent, then

/B fon (@) dmafa.y) = P((X.Y) € By x Ba)

= P(X € B)P(Y € By)

= [ [fx(@)dm(z) [ fr(y)dm(y)
B Bs

— / fx (@) fy (y)dma(z,y)
B1 X B>
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which implies (6.7). The same computation shows the converse:

P((X,Y) € By x Bs) :/B - f(X,Y)(x7y) dma(z,y)

_ /B  Ix(@)fr () dma(e,y)
= P(X € B1)P(Y € By).

For the final claim note that the function fx (z)fy (y) plays the role of the joint
density if X and Y are independent. O

Corollary 6.15

If Gaussian random variables are orthogonal, then they are independent.

Proof

Inserting p = 0 into (6.5) we immediately see that the two-dimensional Gaus-
sian density is the product of the one-dimensional ones. |

Proposition 6.16

The density of the sum of independent random variables with densities fx, fy
is given by

fX+Y(Z):/RfX(:c)fy(z—x)dx.

Exercise 6.7

Suppose that the joint density of X, Y is 14 where A is the square with
corners at (0,1), (1,0), (2,1), (1,2). Are X, Y independent?

Exercise 6.8

Find P(Y > X) and P(X +Y > 1), if X, Y are independent with
fx =11, fy = 31,9
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6.5.3 Conditional probability

We consider the case of two random variables X, Y with joint density fx v (z,y).
Given Borel sets A, B, we compute
P(X €AY € B)
P(X € A)
_ Jaxs Ty (T/, y) dma(,y)
- fA fx () dm(z)
fA (x,v) (@ y )dz

fAfX

using Fubini’s theorem. So the conditional distribution of Y given X € A has
a density

PYeB|XeA)=

fA Jix, Y)(fC y) dx
fAfX

The case where A = {a} does not make sense here since then we would have

hylX € A) =

zero in the denominator. However, formally we may put

f(X,Y) (a,y)
fx(a)

which makes sense if only fx(a) # 0. This restriction turns out to be not
relevant since

H@mmﬁmeAM(mﬂ(”()wmwmwmw

/ /f(XY) z,y)dy dx
{z:fx (z
:/ x(z)dx

{95 fx(z

We may thus define the conditional probability of Y € B given X = a by
means of h(y|X = a) which we briefly write as h(y|a):

h(y|X = a) =

P(YeB|X =a)= / h(yla) dy
B
and the conditional expectation

Ewwzwzémmw@
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This can be viewed as a random variable with X as the source of randomness.
Namely, for w € {2 we write

BY|X)(@) = [ hlol X)) dv
R
This function is of course measurable with respect to the o-field generated by
X.

The expectation of this random variable can be computed using Fubini’s
theorem:

E(E(Y[X)) = E( / yh(y X (@) dy)

:44yh(g|x)dyfx($)dx

://yf(ij)(x,y)dxdy
R JR

= /R yfy(y)dy
=E(Y).

More generally, for A C 2, A= X~1(B), B Borel,
/ E(Y|X)dP = / 15(X)E(Y|X)dP
A Q
— [ 16C0@)( [ shluIX @) d)aPE)
Q R
— [ [ 1@uhislo) dyfx (o) as
R JR
= / / 1p(x)yfixvy(z,y)dedy
R JR

:/ 14(X)Y dP
2

:/ Y dP.
A

This provides a motivation for a general notion of conditional expectation of
a random variable Y given random variable X: E(Y|X) is a random variable
measurable with respect to the o-field Fx generated by X and such that for

all A € Fx
/E(Y|X)dP:/YdP.
A A

We will pursue these ideas further in the next chapter.
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Exercise 6.9

Let fx,y = 14, where A is the triangle with corners at (0,0), (2,0),
(0,1). Find the conditional density h(y,z) and conditional expectation
EY|X =1).

Exercise 6.10

Let fxy(z,y) = (xr +y)1la, where A =[0,1] x [0,1]. Find E(X|Y =y)
for each y € R.

6.5.4 Characteristic functions determine distributions

We have now sufficient tools to prove a fundamental property of characteristic
functions.

Theorem 6.17 (Inversion Formula)

If the cumulative distribution function of a random variable X is continuous
at a,b € R, then

1u

1 ¢ —iua _ ,—iub
Fx(b) — Fx(a) = lim —/ "% ox(w)du

Proof
First, by the definition of px,

1 c e—iua _ e—iub 1 c

- L= du = —
o |, o exwdu=on

e—iua _ e—iub )
S / ' dPy (z) du.
1Uu R

We may apply Fubini’s theorem since

—iua _ o—iub b
|¥emx|:|/ emxd(m”gb_a
a

1

which is integrable with respect to Px X m[_. . We compute the integral in u

i ¢ g—iua ._ e—iub S gy — i ¢ elu(z—a) ._ elu(z—b) du—

2 J_. iu 2 J_. iu
1 /c sinu(z — a) — sinu(x — b) du + 1 [ cosu(z —a) — cos u(z —b) du.
2 J_. U 27 J_. iu
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The second integral vanishes since the integrand is an odd function. We change
variables in the first: y = u(x — a), z = u(x — b) and then it takes the form

1 c(x—a) : 1 c(x—b) :
I(a:,c):—/ Smydyf— szdz:h(x,c)ffg(:c,c),
2m —c(z—a) Y 27 —c(z=b) *

say. We employ the following elementary fact without proof:

L siny
dy -7 ast— 00,8 — —00.
Y
S

Consider the following cases:

1. x < a, then also z < b and ¢(x—a) — —o0, c(x—b) — —00, —¢(x—a) — oo,
—c(x — b) — oo as ¢ — oo. Hence I1(z,¢) — —3, Ix(z,¢) — —% and so
I(xz,c) — 0.

2. © > b, then also x > a, and c¢(x —a) — o0, c(x —b) — 00, —c(x —a) — —o0,
—c(z —b) = —o0, a8 ¢ — o0 so [1(x,¢) — %, I(z,c) — % and the result is
the same as in 1.

3. a <z < bhence I1(z,¢) — 3, Ir(z,c) — —3 and the limit of the whole
expression is 1.

Write f(x) = lim¢_,00 I(z,¢) (we have not discussed the values x = a, x = b
but they are irrelevant as will be seen).

] 1 ¢ g—iua _ eflub )
lim — T@X(u) du = lim (a: ¢)dPx (x)
1

c—o0 27 c—00

/ f(x)dPx(x

by Lebesgue’s dominated convergence theorem. The integral of f can be easily
computed since f is a simple function:

/ f(x)dPx () = Py ((a,5]) = Fx (b) — Fx (a)

(Px({a}) = Px({b}) = 0 since Fx is continuous at a and b). O

Corollary 6.18

The characteristic function determines the probability distribution.

Proof

Since Fx is monotone, it is continuous except (possibly) at countably many
points where it is right-continuous. Its values at discontinuity points can be
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approximated from above by the values at continuity points. The latter are
determined by the characteristic function via the inversion formula.

Finally, we see that Fx determines the measure Px. This is certainly so
for B = (a,b]: Px((a,b]) = Fx(b) — Fx(a). Next we show the same for any
interval, then for finite unions of intervals, and the final extension to any Borel
set is via the monotone class theorem. |

Theorem 6.19
If px is integrable, then X has a density which is given by

1 ° .
fx(x) = 5/700 e "ox(u)du.
Proof

The function f is well-defined. To show that it is a density of X we first show
that it gives the right values of the probability distribution of intervals (a, b]
where Fx is continuous:

b (%) b
/a fx(z)dz = % - ox(u) </a e iuw d:c) du
1
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1 c —iua __ ,—iub
= lim —/ cpx(u)%du

c—o00 27 e

= Fx(b) 7Fx(a)

by the inversion formula. This extends to all a, b since Fx is right continuous
and the integral on the left is continuous with respect to a and b. Moreover,
Fx is non-decreasing so f; fx(x)dz >0 for all @ < b hence fx > 0. Finally

/OO fX(I)d$=bE%FX(b)— lim Fx(a)=1

a— —0oQ0

so fx is a density. |

6.5.5 Application to mathematical finance

Classical portfolio theory is concerned with an analysis of the balance between
risk and return. This balance is of fundamental importance, particularly in
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corporate finance, where the key concept is the cost of capital, which is a rate
of return based on the level of risk of an investment. In probabilistic terms,
return is represented by the expectation and risk by the variance. A theory
which deals only with two moments of a random variable is relevant if we
assume the normal (Gaussian) distribution of random variables in question,
since in that case these two moments determine the distribution uniquely. We
give a brief account of basic facts of portfolio theory under this assumption.
Let k be a return on some investment in single period, that is, k(w) =
w where V(0) is the known amount invested at the beginning, and
V(1) is the random terminal value. A typical example which should be kept in

mind is buying and selling one share of some stock. With a number of stocks
Si(1,w)—S5i(0)

S5 (0) ’
but for simplicity we restrict our attention to just two, ki, ko. A portfolio is
formed by deciding the percentage split, between holdings in S; and S5, of the
initial wealth V(0) by choosing the weights w = (w1, w2), w1 + wg = 1. Then,

wé:zé(;) shares

available, we are facing a sequence k; of returns on stock S;, k; =

as is well known and elementary to verify, the portfolio of n; =

’LUQV(O)

of stock number one and ne = 0 shares of stock number two, has return

kw = wik1 + waks.

We assume that the vector (ki, k2) is jointly normal with correlation coefficient
p We denote the expectations and variances of the ingredients by u; = E(k;),
= Var(k;). It is convenient to introduce the following matrix

C[Cn 012]{ U% 00102}

2
pPo102 03

where ¢12 = ¢o1 is the covariance between k; and ko. Assume (which is not
elegant to do but saves us an algebraic detour) that C' is invertible, with C~! =
[d;j]. By definition, the joint density has the form

Ty, T -5 dz i j
f( 1 2) o \/m p{ ]Zl J — M ( IU/])}
It is easy to see that (6.5) is a particular case of this formula with u; = 0,
o, =1, -1 < p < 1. It is well known that the characteristic function ¢(t1,t2) =
E(exp{i(t1k1 + tok2)}) of the vector (k1,k2) is of the form

2 2
. 1
(p(tl,tQ) = eXp{z E ti,ui — 5 E Cijtitj}. (68)
i=1

ij=1

We shall show that the return on the portfolio is also normally distributed
and we shall find the expectation and standard deviation. This can all be done
in one step
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Theorem 6.20

The characteristic yy, function of ky, is of the form

. 1
ow(t) = exp{it(wip1 + wape)) — itQ(w%Uf + w%og + 2unwapoioa)}

Proof

By definition ¢y (t) = E(exp{itkw}) and using the form of ky we have

ow(t) = E(exp{it(wik1 + waka)}
= E(exp{itwi k1 + itwaka})
= o(twy, tws)

by the definition of the characteristic function of a vector. Since the vector is
normal, (6.8) immediately gives the result. O

The multi-dimensional version of Corollary 6.18 (which is easy to believe
after mastering the one-dimensional case, but slightly tedious to prove, so we
take it for granted, referring the reader to any probability textbook) shows that
kw has normal distribution with

Hw = W11 + wolto

2 2 2 2 2
O = WI0T + w505 + 2wW1w2p0102

The fact that the variance of a portfolio can be lower than the variances of the
components is crucial. These formulae are valid in general case (i.e. without
the assumption of a normal distribution) and can be easily proved using the
formula for ky. The main goal of this section was to see that the portfolio
return is normally distributed.

Example 6.4

Suppose that the second component is not random, i.e. S3(1) is a constant
independent of w. Then the return ks is risk-free and it is denoted by r (the
notation is usually reserved for the case where the length of the period is one
year). It can be thought of as a bank account and it is convenient to assume
that S2(0) = 1. Then the portfolio of n shares purchased at the price S1(0) and
m units of the bank account has the value V(1) = nS1(1) +m(1+r) at the end

of the period and the expected return is kyw = wip + wor, wy = ”5%6())),
wy = 1 — wi. The assumption of normal joint returns is violated but the

standard deviation of this portfolio can be easily computed directly from the



6. Product measures 185

definition giving ovw = wyo1 (02 = 0 of course and the formula is consistent
with the above).

Remark 6.3

The above considerations can be immediately generalized to portfolios built of
any finite number of ingredients with the following key formulae

kw = szkzv
Hw = Zwiﬂi;

2 _ s
Oy = E WiW; Cyj-
%,

This is just the beginning of the story started in the 1950s by Nobel prize
winner Harry Markowitz. A vast number of papers and books on this topic have
been written since, proving the general observation that ‘simple is beautiful’.

6.6 Proofs of propositions

Proof (of Proposition 6.2)

Denote by Fgr the o-field generated by the Borel ‘rectangles’ R = {B; X
By : Bi,By € B}, and by Fr the o-field generated by the true rectangles
I ={I x Iy : I, I7 are intervals}.

Since Z C R, obviously Fr C Fgr.

To show the inverse inclusion we show that Borel cylinders By X {25 and
{1 X By are in Fz. For that write D = {A: A x {25 € Fz}, note that this is a
o-field containing all intervals hence B C D as required. O

Proof (of Proposition 6.11)

Let s, =Y cxla, be an increasing sequence of simple functions convergent to
f. Let Ry = Ak x [0,¢x] and the union of such rectangles is in fact fsndm.
Then |~ U, Rk = Ay so Ay is measurable.

For the second claim take a y section of Ay which is the interval [0, f(x)
Its measure is f(z) and by the definition of the product measure my(Ay)

).
[ f(z)d. O
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Proof (of Proposition 6.16)

The joint density is the product of the densities: fx y(z,y) = fx(z)fy (y) and
substituting this to (6.6) immediately gives the result. O
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The Radon—Nikodym Theorem

In this chapter we shall consider the relationship between a real Borel measure v
and the Lebesgue measure m. Key to such relationships is Theorem 4.17, which
shows that for each non-negative integrable real function f, the set function

A»—»y(A):/Afdm (7.1)

defines a (Borel) measure v on (R, M). The natural question to ask is the
converse: exactly which real Borel measures can be found in this way? We shall
find a complete answer to this question in this chapter, and in keeping with our
approach in Chapters 5 and 6, we shall phrase our results in terms of general
measures on an abstract set 2.

7.1 Densities and Conditioning

The results we shall develop in this chapter also allow us to study probability
densities (introduced in Section 4.7.2), conditional probabilities and conditional
expectations (see Sections 5.4.3 and 6.5.3) in much greater detail. For v as
defined above to be a probability measure, we clearly require [ fdm = 1. In
particular, if v = Px is the distribution of a random variable X the function
f = fx corresponding to v in (7.1) was called the density of X.

In similar fashion we defined the joint density f(x y) of two random variables
in Section 6.5.1, by reference of their joint distribution to two-dimensional

187
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Lebesgue measure mo: if X and Y are real random variables defined on some
probability space (£2,F, P) their joint distribution is the measure defined on
Borel subsets B of R? by Pix,y)(B) = P((X,Y) € B). In the special case
where this measure, relative to ms, is given as above by an integrable function
fxy), we say that X and Y have this function as their joint density.

This, in turn, leads naturally (see Section 6.5.3) to the concepts of condi-

tional density F (@.9)
x,la,y
hlyla) = h(yIX = a) = S5, 7=

and conditional expectation
B(Y|X = a) = [ yhlyla)dy.
R

Recalling that X : 2 — R, the last equation can be written as E(Y|X)(w) =
Jz yh(y| X (w)) dy, displaying the conditional expectation as a random variable
E(Y|X) : 2 — R, measurable with respect to the o-field Fx generated by X.
An application of Fubini’s theorem leads to a fundamental identity, valid for
all A e Fx

/AE(Y|X)dP:/AYdP. (7.2)

The existence of this random variable in the general case, irrespective of the
existence of a joint density, is of great importance in both theory and applica-
tions — Williams [12] calls it ‘the central definition of modern probability’. It is
essential for the concept of martingale, which plays such a crucial role in many
applications, and which we introduce at the end of this chapter.

As we described in Section 5.4.3, the existence of orthogonal projections
in L? allows one to extend the scope of the definition further still: instead of
restricting ourselves to random variables measurable with respect to o-fields
of the form Fx we specify any sub-o-field G of F and ask for a G-measurable
random variable E(Y'|G) to play the role of E(Y|X) = E(Y|Fx) in (7.2). As was
the case for product measures, the most natural context for establishing the
properties of the conditional expectation is that of general measures; note that
the proof of Theorem 4.17 simply required monotone convergence to establish
the countable additivity of P. We therefore develop the comparison of abstract
measures further, as always guided by the specific examples of random variables
and distributions.

7.2 The Radon—Nikodym Theorem

In the special case where the measure v has the form v(A) = [ 4 [ dm for some
non-negative integrable function f we said (Section 4.7.2) that v is absolutely
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continuous with respect to m. It is immediate that | 4 Jdm = 0 whenever
m(A) =0 (see Theorem 4.3 (iv)). Hence m(A) = 0 implies v(A4) = 0 when the
measure v is given by a density. We use this as a definition for the general case
of two given measures.

Definition 7.1

Let §2 be a set and let F be a o-field of its subsets. (The pair (£2,F) is a
measurable space) Suppose that v and p are measures on (£2, F). We say that
v is absolutely continuous with respect to p if p(A) = 0 implies v(A) = 0 for
A € F . We write this as v < p.

Exercise 7.1

Let A1, A2 and p be measures on ({2, F). Show that if \; < pand e <
then (A1 + A2) < p.

It will not be immediately obvious what this definition has to do with the
usual notion of continuity of functions. We shall see later in this chapter how it
fits with the concept of absolute continuity of real functions. For the present,
we note the following reformulation of the definition, which is not needed for
the main result we will prove, but serves to bring the relationship between v
and pu a little ‘closer to home’ and is useful in many applications:

Proposition 7.1

Let v and p be finite measures on the measurable space (§2, F). Then v <« p if
and only if for every £ > 0 there exists a § > 0 such that for F' € F, u(F) < §
implies v(F) < e.

Hint Suppose the (g, §)-condition fails. We can then find ¢ > 0 and sets
(F,) such that for all n > 1, u(F,) < 5= but v(F,) > e. Consider u(A) and

v(A) for A= ﬂnZl(UiZn E).

We generalise from the special case of Lebesgue measure: if 1 is any measure
on (£2,F) and f : 2 — R is a measurable function for which [ f du exists, then
v(F) = [, f dp defines a measure v < pu. (This follows exactly as for m, since
p(F) = 0 implies [}, fdu = 0. Note that we employ the convention 0 x co = 0.)

For o-finite measures, the following key result asserts the converse:
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Theorem 7.2 (Radon—Nikodym)

Given two o-finite measures v, p on a measurable space (£2,F), with v < p,
then there is a non-negative measurable function h : 2 — R such that v(F) =
J phdu for every F' € F. The function h is unique up to p-null sets: if g also
satisfies v(F) = [, gdu for all F € F, then g = h a.e. (u).

Since the most interesting case for applications arises for probability spaces
and then h € £'(p), we shall initially restrict attention to the case where y and
v are finite measures. In fact, it is helpful initially to take p to be a probability
measure, i.e. u(£2) = 1. From among several different approaches to this very
important theorem, we base our argument on one given by R.C. Bradley in
the American Mathematical Monthly (Vol 96, no 5., May 1989, pp. 437-440),
since it offers the most ‘constructive’ and elementary treatment of which we
are aware.

It is instructive to begin with a special case: Suppose (until further notice)
that u(£2) = 1. We say that the measure p dominates v when 0 < v(F) < p(F)
for every F' € F. This obviously implies ¥ < p. In this simplified situation we
shall construct the required function A explicitly. First we generalise the idea of
partitions and their refinements, which we used to good effect in constructing
the Riemann integral, to measurable subsets in ({2, F).

Definition 7.2

Let (£2,F) be a measurable space. A finite (measurable) partition of {2 is a
finite collection of disjoint subsets P = (4;)i<n in F whose union is §2. The
finite partition P’ is a refinementof P if each set in P is a disjoint union of sets

in P’.

Exercise 7.2

Let P, and P, be finite partitions of {2. Show that the coarsest partition
(i.e. with least number of sets) which refines them both consists of all
intersections A N B, where A € Py, B € Ps.

The following is a simplified ‘Radon—Nikodym theorem’ for dominated mea-
sures:

Theorem 7.3
Suppose that p(2) = 1 and 0 < v(F) < p(F) for every F € F. Then there
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exists a non-negative F-measurable function h on 2 such that v(F) = [, hdu
for all F' € F.

We shall prove this in three steps: in Step 1 we define the required func-
tion hp for sets in a finite partition P and compare the functions hp, and hp,
when the partition P, refines P;. This enables us to show that the integrals
/. o h% dp are non-decreasing if we take successive refinements. Since they are
also bounded above (by 1), ¢ = sup fQ h% dp exists in R. In Step 2 we then con-
struct the desired function h by a careful limit argument, using the convergence
theorems of Chapter 4. In Step 3 we show that h has the desired properties.

Step 1: The function hp for a finite partition

Suppose that 0 < v(F) < u(F) for every F' € F. Let P = {Ay, Aa, ..., Ax}
be a finite partition of {2 such that each A; € F. Define the simple function
hp : 2 — R by setting

A,
hp(w)=¢ = % for w € A; when u(A;) >0, and hp(w) = 0 otherwise.

Since hp is constant on each ‘atom’ A;, v(A;) = fAi hp du. Then hp has the
following properties:
(i) For each finite partition P of 2, 0 < hp(w) <1 for all w € £2.
(ii) If A = U;jc; Aj for an index set J C {1,2,...k} then v(A4) = [, hpdu.
Thus v(2) = [, hp dp.
(iii) If P, and Ps are finite partitions of (2 and Ps refines P; then, with h,, = hp,,
(n =1,2) we have

(a) for all A€ Py, [, hidp=v(A) = [, hodp,
(b) for all A € 7)1, fA hiho du = fA h% d,u.
(iv) [o(h3 —h}) dp= [,(he — h1)? dp and therefore

[ 1an= [ wan+ [ (o -nanz [ 13au
(9] (9] (%} (%}

We now prove these assertions in turn.
(i) This is trivial by construction of hp, since p dominates v.
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(ii) Let A = (J,c; A; for some index set J C {1,2,...,k}. Since the {4;}
are disjoint and v(A;) = 0 whenever p(A;) = 0, we have

WA =Y vy = Y A4

jed FETu(A)>0 (A4;)
= Z ciu(A Z/ hpdu
JEJ,u(A;)>0 jeJ

Z/h'pdu

In particular, since P partitions {2, this holds for A = (2.

(ili) (a) With the Pp,hy, as above (n = 1,2) we can write A = |J jesB;
for each A € Pp, where J is a finite index set and B; € Pa. The sets B; are
pairwise disjoint, and again v(B;) = 0 when p(B;) = 0, so that

[man=v) =S sy = ¥ Aum)

jed J€J,u(B;)>0 #(B;)

—Z/ hydp = /thu.
A

jeJ

(b) With A as in part (a) and u(A) > 0, note that h; = :Eﬁg is constant
on A, so that

w4 N R
J nwan= 25 [ nean= S = [ G ran= [ tan

(iv) By (iii) (b), [, h1(h2 —h1)dp = 0 for every A € Py. Since the A; € Py
partition {2, we also have

k
/hl(hrhl)du:Z/ hi(hy — hy)dp = 0.
§2 i=1 A

Hence
[ ha = du= [ (0 = 2maha 1 1) d
2 (9]
:/[héf%l(hz—hl)fhﬂdu
(9]
- / (13— 3)dp,
(9]
and thus

/hgduz/h%du+/(h2—h1)2dp2/h%dp.
2 2 2 2



7. The Radon—-Nikodym Theorem 193

Step 2: Passage to the limit — construction of h.

In Step 1 we showed that the integrals [, P h% dp are non-decreasing over suc-
cessive refinements of a finite partition of {2. Moreover, by (i) above, each func-
tion hp satisfies 0 < hp(w) < 1 for all w € £2. Thus, setting ¢ = sup [, h3 du,
where the supremum is taken over all finite partitions of {2, we have 0 < ¢ < 1.
(Here we use the assumption that p(£2) = 1.)

For each n > 1 let P, be a finite measurable partition of {2 such that
/. o h%ﬂ dy > c— ﬁ. Let Q,, be the smallest common refinement of the partitions
P1,Pa, ..., Py. For each n, Q,, refines P, by construction, and Q,, 4 refines 9,
since each Qj consists of all intersections A1y N As N ... N Ag, where A; € P;,
i < k. Hence each set in Q,, is a disjoint union of sets in Q,, 1. We therefore
have the inequalities:

1
C——n</h?vnduS/hénduS/hénﬂduSC-
4 2 2 2

Using the identity proved in Step 1 (iv), we now have

1
/ (hayer — ho, ) dji = / (W3, — b3, )du < —.
0 0 n n 47’1

The Schwarz inequality applied with f = |hg,., — ha,

for each n > 1,
/ |hQn+1 - hQn
Q

By the Beppo-Levi Theorem, since Y, -, [, |ho,., — ho,|dpu is finite, we
conclude that the series >, -, (ho,,, —hg,) converges almost everywhere (1),
so that the limit function

h=hp, + (ho,., —he,) =limho,

n>1

and g = 1, then yields

1

(noting that Q; = P1) is well-defined almost everywhere (u). We complete the
construction by setting h = 0 on the exceptional p-null set.

Step 3: Verification of the properties of h.

By Step 1 (i) it follows that 0 < h(w) < 1, and it is clear from its construc-
tion that h is F-measurable.

We need to show that v(F) = [, hdu for every F' € F. Fix any such
measurable set F' and let n > 1. Define R,, as the smallest common refinement
of the two partitions Q,, (defined as in Step 2) and {F, F°}. Since F' is a finite
disjoint union of sets in R,,, we have v(F) = [, hg, du from Step 1 (ii).
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By Step 2, ¢ — = < [,h% du < [,h% du < ¢, so, as before, we can
conclude that |, olhr, — ho,)*du < ﬁ, and using the Schwarz inequality once
more, this time with ¢ = 1, we have

1

| / (hr, — ho,)dy| < / hr, — ha,
F F

Foralln, v(F) = [, hg, dp = [,.(hr, —ho,)dpu+ [ ho, dp. The first integral
on the right converges to 0 as n — oo, while the second converges to fF hdu
by dominated convergence theorem (since for allm > 1,0 < hg, <1 and u(f2)
is finite). Thus we have verified that v(F) = [, hdpu, as required.

It is straightforward to check that the assumption p(£2) = 1 is not essential
since for any finite positive measure p we can repeat the above arguments
using —&+ instead of . We write the function A defined above as g—; and call
it the Radon—Nikodym derivative of v with respect to u. Its relationship to
derivatives of functions will become clear when we consider real functions of

bounded variation.

Exercise 7.3

Let {2 = [0, 1] with Lebesgue measure and consider measures p, v given
by densities 14, 1p respectively. Find a condition on the sets A, B so
that 4 dominates v and find the Radon-Nikodym derivative Z—Z applying
the above definition of the function h.

Exercise 7.4

Suppose {2 is a finite set equipped with the algebra of all subsets. Let p
and v be two measures on {2 such that u({w}) # 0, v({w}) # 0, for all
w € (2. Decide under which conditions y dominates v and find g—;.

The next observation is an easy application of the general procedure high-
lighted in Remark 4.1:

Proposition 7.4

If 4+ and ¢ are finite measures with 0 < pu < ¢, and if h, = %(% is constructed
as above, then for any non-negative F-measurable function g on {2 we have

/gdu=/ghud¢-
(% (]

The same identity holds for any g € £ ().
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Hint Begin with indicator functions, use linearity of the integral to extend to
simple functions, and monotone convergence for general non-negative g. The
rest is obvious from the definitions.

For finite measures we can now prove the general result announced earlier:

Theorem 7.5 (Radon—Nikodym)

Let v and p be finite measures on the measurable space (2, F) and suppose
that v < p. Then there is a non-negative F-measurable function h on {2 such
that v(A) = [, hdp for all Ae F.

Proof
Let ¢ = v 4+ pu. Then ¢ is a positive finite measure which dominates both
v and u. Hence the Radon—Nikodym derivatives h, = j—; and h, = Z—g are

well-defined by the earlier constructions. Consider the sets F' = {h, > 0} and
G ={h, =0} in F. Clearly u(G) = [ h,de = 0, hence also v(G) = 0, since
v < p. Define h = Z—:lp, and let A € F, A C F. By the previous proposition,
with h14 instead of g, we have

V(A):/hydgoz/hhudapz/hd,u
A A A

as required. Since y and v are both null on G this proves the theorem. (I

Exercise 7.5

Let £2 = [0, 1] with Lebesgue measure and consider probability measures
u, v given by densities f, g respectively. Find a condition characterising

the absolute continuity ¥ < p and find the Radon-Nikodym derivative
dv
d_lt'

Exercise 7.6

Suppose 2 is a finite set equipped with the algebra of all subsets and
let ¢ and v be two measures on 2. Characterise the absolute continuity
v < p and find g—;.

You can now easily complete the picture for o-finite measures and verify
that the function h is ‘essentially unique’:
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Proposition 7.6

The Radon—Nikodym theorem remains valid if the measures v and p are o-
finite: for any two such measures with v < p we can find a finite-valued non-
negative measurable function f on 2 such that v(F) = [, hdu for all F € F.
The function h so defined is unique up to p-null sets, i.e. if g : 2 — R* also
satisfies v(F) = [, gdu for all F' € F then g = h a.e. (with respect to p).

Hint There are sequences (4,), (By) of sets in F with u(Ay),v(By,) finite
for all m,n > 1 and (U, An = 2 = U,,>1 Bm. We can choose these to be
sequences of disjoint sets (why?). Hence display 2 as the disjoint union of
the sets A, N B, (m,n > 1), thus finding a sequence (C,,) of disjoint sets
with union (2, all of whose members have finite measure under both p and
v. Fix n and apply the above results to the measurable space ({2, F,), where
Fn={FNC, : F e F}, then ‘paste together’ the resulting functions for all n.

Radon-Nikodym derivatives of measures obey simple combination rules
which follow from the uniqueness property. We illustrate this with the sum and
composition of two Radon-Nikodym derivatives, and leave the ’inverse rule’ as
an exercise.

Proposition 7.7

Assume we are given o-finite measures \, v, u satisfying A < p and v < p with

Radon-Nikodym derivatives % and g—;, respectively.

(i) With ¢ = A+ v we have Z—ﬁ = g—f;Jr Z—Z a.s. (u),

(i) If A < v then % = %j—l’: a.s. (u).

Exercise 7.7

Show that if u,r are equivalent measures, i.e. both v < p and p < v

are true, then
dp  dv.

L= (G s (.

Given a pair of o-finite measures A, p on (£2, F) it is natural to ask whether
we can identify the sets for which p(E) = 0 implies A(F) = 0. This would
mean that we can split the mass of A into two pieces, one being represented
by a p-integral, and the other ‘concentrated’ on p-null sets, i.e. away from the
mass of . We turn this idea of ‘separating’ the masses of two measures into
the following
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Definition 7.3

If there is a set E € F such that \(F') = A(ENF) for every F € F then A is
concentrated on E. If two measures p, v are concentrated on disjoint subsets of
(2, we say that they are mutually singular and write u 1 v.

Clearly, if X is concentrated on E and ENF = @, then A(F') = A(ENF) = 0.
Conversely, if for all F € F, FNE = @ implies \(F) = 0, consider A(F) =
AF NE) 4+ AMEFN\E). Since (F\E)NE = () we must have A(F\E) = 0, so
A(F) = AM(F N E). We have proved that A is concentrated on E if and only if
forall F € F, FNE = O implies A(F') = 0. We gather some simple facts about
mutually singular measures:

Proposition 7.8

If 11, v, A1, A2 are measures on a o-field F, the following are true:
(i) If Ay L g and A9 L p then also (A1 + A2) L p.

(ii) If Ay < pand Ao L p then Ay L Aq.

(i) If v < p and v L p then v = 0.

Hint For (i), with i = 1,2 let A;, B; be disjoint sets with A; concentrated on
A;, pon B;. Consider A; U Ay and By N Bsy. For (ii) use the remark preceding
the proposition.

The next result shows that a unique ‘mass splitting’ of a o-finite measure
relative to another is always possible:

Theorem 7.9 (Lebesgue decomposition)

Let A, u be o-finite measures on ({2, F). Then A can be expressed uniquely as
a sum of two measures, A\ = A\, + As; where A\, < p and s Lp.

Proof

Existence: We consider finite measures; the extension to the o-finite case is
routine. Since 0 < A < A+ pu = ¢, i.e. ¢ dominates A, there is 0 < h < 1 such
that A(E) = [, hdy for all measurable E. Let A = {w : h(w < 1} and B =
{w: h(w) =1}. Set A (E) = A(ANE) and A\;(E) = A(BNE) for every E € F.

Now if E C A and p(E) = 0 then M(E) = [, hdp = [, hd), so that
J5(1 —h)dXx =0. But h <1 on A, hence also on E. Therefore we must have
AE)=0.Henceif E € F and pu(E) =0, \(E) = MANE)=0as ANE C A.
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So A¢ < A. On the other hand, if £ C B we obtain \(E) = [, hdy =
Jp1dA + p) = ME) + u(E), so that u(E) = 0. As A = B® we have shown
that u(E) = 0 whenever EN A = @, so that p is concentrated on A. Since A4
is concentrated on B this shows that Ay and p are mutually singular.
Uniqueness is left to the reader. (Hint: employ Proposition 7.8.) The theo-
rem is proved. O

Combining this with the Radon-Nikodym theorem we can describe the
structure of A with respect to pu as ‘basis measure’:

Corollary 7.10

With p, A, Aq, As as in the theorem, there is a u-a.s. unique non-negative mea-
surable function h such that A(E) = [, hdu+ As(E) for every E € F.

Remark 7.1

This result is reminiscent of the structure theory of finite-dimensional vector
spaces: if x € R™ and m < n, we can write x = y + z, where y = 2111 Yi€;
is the orthogonal projection onto R™ and z is orthogonal to this subspace.
We also exploited similar ideas for Hilbert space. In this sense the measure p
has the role of a ‘basis’ providing the ‘linear combination’ which describes the
projection of the measure A onto a subspace of the space of measures on 2.

Exercise 7.8

Consider the following measures on the real line: P, = §g, P» =
%m|[o,2s]7 P = %Pl + %Pg (see Example 3.1). For which i # j do we
have P; <« P;? Find the Radon-Nikodym derivative in each such case.

Exercise 7.9

Let A = do + mlp,3, 4 = 01 + mljg4 and find Ay, As, and h as in
Corollary 7.10.

7.3 Lebesgue—Stieltjes measures

Recall (see Section 3.5.3) that given any random variable X : 2 — R, we
define its probability distribution as the measure Py = P o X' on Borel
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sets on R (i.e. we set P(X < 1) = Po X !((~o00,7]) = Px((—o0,x]) and
extend this to B.) Setting Fx(x) = Px((—o00,z]) we verified in Proposi-
tion 4.30 that the distribution function Fx so defined is monotone increasing,
right-continuous, with limits at infinity Fx(—o00) = lim,—, o Fx(2) = 0 and
Fx(+00) = lim; 00 Fx(x) = 1.

In Chapter 4 we studied the special case where Fx(z) = Px((—o0,x]) =
ffoo fx dm for some real function fx, the density of Px with respect to
Lebesgue measure m, Proposition 4.22 showed that if fx is continuous, then F'x
is differentiable and has the density fx as its derivative at every x € R. On the
other hand, the Lebesgue function in Example 4.8 illustrated that continuity
of Fx is not sufficient to guarantee the existence of a density.

Moreover, when Fx has a density fx, the measure Px was said to be ‘ab-
solutely continuous’ with respect to m. In the context of the Radon—-Nikodym
theorem we should reconcile the terminology of this special case with the gen-
eral one considered in the present Chapter. Trivially, when Px (B) = [ pfxdm
we have Px < m, so that Px has a Radon—Nikodym derivative % with
respect to m. The a.s. uniqueness ensures that % = fx a.s.

Later in this chapter we shall establish the precise analytical requirements
on the cumulative distribution function Fx which will guarantee the existence
of a density.

7.3.1 Construction of Lebesgue—Stieltjes measures

To do this we first study, only slightly more generally, measures defined on
(R, B) which correspond in similar fashion to increasing, right-continuous func-
tions on R. Their construction mirrors that of Lebesgue measure, with only
a few changes, by generalising the concept of ‘interval length’. The measures
we obtain are known as Lebesgue-Stieltjes measures. In this context we call a
function F' : R — R a distribution function if F' is monotone increasing and
right-continuous. It is clear that every finite measure p defined on (R, B) defines
such a function by F(z) = p((—o0,x]), with F(—o0) = lim,—,_o F(z) = 0,
F(400) = limy_00 F(z) = p(£2).

Our principal concern, however, is with the converse: given a monotone
right-continuous F' : R — R, can we always associate with F' a measure on
(£2,B), and if so, what is its relation to Lebesgue measure?

The first question is answered by looking back carefully at the construction
of Lebesgue measure m on R in Chapter 2: first we defined the natural concept
of interval length, I(I) = b — a, for any interval I with endpoints a,b (a < b),
and by analogy with our discussion of null sets, we defined Lebesgue outer
measure m* for an arbitrary subset of R as the infimum of the total lengths
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oo U(I,,) of all sequences (I,,),>10f intervals covering A. To generalise this
idea, we should clearly replace b — a by F(b) — F'(a) to obtain a ’generalised
interval length’ relative to F', but since F' is only right-continuous we will need
to take care of possible discontinuities. Thus we need to identify the possible
discontinuities of monotone increasing functions — fortunately these functions

are rather well-behaved, as you can easily verify in the following:

Proposition 7.11

If F: R — R is monotone increasing (i.e. 21 < 3 implies F(z1) < F(x2))
then the left-limit F'(z—) and the right-limit F(x+) exist at every z € R and
F(x—) < F(z) < F(z+). Hence F has at most countably many discontinuities,
and these are jump discontinuities, i.e. F(z—) < F(z+).

Hint For any z, consider sup{F(y) : y < z} and inf{F(y) : © < y} to verify the
first claim. For the second, note that F(x—) < F(z+) if I has a discontinuity
at x. Use the fact that Q is dense in R to show that there can only be countably
many such points.

Since F' is monotone, it remains bounded on bounded sets. For simplicity
we assume that lim,_,_ o, F'(z) = 0. We define the ‘length relative to F’ of the
bounded interval (a,b] by

Ip(a,b] = F(b) — F(a).

Note that we have restricted ourselves to left-open, right-closed intervals.
Since F' is right-continuous, F'(z+) = F(z) for all z, including a,b. Thus
lr(a,b] = F(b+) — F(a+), and all jumps of F have the form F(z) — F(z—).
By restricting to intervals of this type we also ensure that [ is additive over
adjoining intervals: if a < ¢ < b then lp(a,b] = lp(a,c] + lr(c,b)].

We generalise Definition 2.2 as follows:

Definition 7.4

The F-outer measure of any set A C R is the element of [0, o0]
mp(A) =inf Zp(A)

where

Zp(A) = {ilF(In) I = (an, byl an < bn, A C G I}

n=1
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Our ‘covering intervals’ are now also restricted to be left-open and right-
closed. This is essential to ‘make things fit together’, but does not affect mea-
surability: recall (Theorem 2.16) that the Borel o-field is generated whether we
start from the family of all intervals or from various sub-families.

Now consider the proof of Theorem 2.4 in more detail: our purpose there
was to prove that the outer measure of an interval equals its length. We show
how to adapt the proof to make this claim valid for m} and [r applied to
intervals of the form (a,b]. It will be therefore helpful to review the proof of
Theorem 2.4 before reading on!

Step 1. The proof that m%.((a,b]) < Iz (a,b] remains much the same:

To see that lp(a,b] € Zr((a,b]), we cover (a,b] by (I,) with I = (a,],
I, = (a,a] = @, n > 1. The total length of this sequence is F(b) — F(a) =
Ir(a,b], hence the result follows by definition of inf.

Step 2. It remains to show that [r(a,b] < m%((a,b]). Here we need to be
careful always to ‘approach points from the right’ in order to make use of the
right-continuity of F' and thus to avoid its jumps.

Fix e > 0 and 0 < 6 < b — a. By definition of inf we can find a covering of
I = (a,b] by intervals I,, = (ay, by] such that Y>> Ip(I,,) < mi(I)+ 5. Next,
let J,, = (an,b),), where by right-continuity of F', for each n > 1 we can choose
by, > by and F(b),) — F(bn) < sagr- Then F(b;,) — F(an) < {F(bn) — F(an)} +

The (Jp)n>1 then form an open cover of the compact interval [a + 0, b], so
that by the Heine-Borel Theorem there is a finite subfamily (J,)n<n, which
also covers [a+ 0, b]. Re-ordering these N intervals J,, we can assume that their
right-hand endpoints form an increasing sequence and then

N
F(b) = F(a+6) =lr(a+8,b <Y {F(b,) = Flan)}
N oo
< AP (ba) = Flan) + g} < D lelI) + 5

< mi(I) +e.

This holds for all € > 0, hence F(b) — F(a + ¢) < m¥(I) for every 6 > 0.
By right-continuity of F, letting 6 | 0 we obtain lr(a,b] = lims)o lp(a+ 0,b] <
mi(a,b]. This completes the proof that m¥.((a,b]) = lr(a,b].

This is the only substantive change needed from the construction that led
to Lebesgue measure. The proof that m7 is an outer measure, i.e.

mi(4) >0, mip() =0, mp(A)<mi(B)if ACB,
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mi(JAi) <> mi(A),
i=1 i=1

is word-for-word identical with that given for Lebesgue outer measure (Propo-
sition 2.3, Theorem 2.5). Hence, as in Definition 2.3 we say that a set E is
measurable (for the outer measure m%.) if for each A C R

mi(A) = mi(ANE) +mi(An E°).

Again, the proof of Theorem 2.8 goes through verbatim, and we denote the
resulting Lebesgue-Stieltjes measure, i.e. m¥ restricted to the o-field Mg of
Lebesgue—Stieltjes measurable sets, by mp. By construction, just like Lebesgue
measure, mp is a complete measure: subsets of mp-null sets are in Mp. How-
ever, as we shall see later, M does not always coincide with the o-field M of
Lebesgue-measurable sets, although both contain all the Borel sets. It is also
straightforward to verify that the properties of Lebesgue measure proved in
Section 2.4 hold for general Lebesgue-Stieltjes measures, with one exception:
the outer measure m¥ will not, in general, be translation-invariant. We can see
this at once for intervals, since lp((a +t,0+t]) = F(b+t) — F(a +t) will not
usually equal F(b) — F(a); simply take F(x) = 23, for example. In fact, it can
be shown that Lebesgue measure is the unique translation-invariant measure
on R.
Note, moreover, that a singleton {a} is now not necessarily a null set for
mp: we have, by the analogue of Theorem 2.13, that
mp({a}) = lim mg((a — l,a]) = F(a)— lim F(a — l)

Jim - Jim - F(a) — F(a—).
Thus, the measure of the set {a} is precisely the size of the jump at a (if any).
From this it is easy to see by similar arguments how the ‘length’ of an interval
depends on the presence or absence of its endpoints: given that mp((a,b]) =
F(b)—F(a), we see that: mp((a,b)) = F(b—)—F(a), mp([a,b]) = F(b)—F(a—),
mr(la,b)) = F(b—) — F(a).

Example 7.1

When F' = 1, o) we obtain mp = d,, the Dirac measure concentrated at
a. Similarly, we can describe a general discrete probability distribution, where
the random variable X takes the values {a; : i = 1,2,...,n} with probabilities
{p: = 1,2,...,n} as the Lebesgue-Stieltjes measure arising from the function

F =3 pilias oo

Mixtures of discrete and continuous distributions, such as described in Ex-
ample 3.1, clearly also fit into this picture. Of course, Lebesgue measure m is
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the special case where the distribution is uniform, i.e. if F(x) = z for all z € R
then mp = m.

Example 7.2

Only slightly more generally, every finite Borel measure p on R corresponds to a
Lebesgue—Stieltjes measure, since the distribution function F(x) = p((—oo, z])
is obviously increasing and is right-continuous by Theorem 2.13 applied to p
and the intervals I, = (—oo,z + %]) The corresponding Lebesgue—Stieltjes
measure mp = p, since they coincide on the generating family of intervals of
the above form. Hence they coincide on the o-field B of Borel sets. By our
construction of mp as a complete measure it follows that m g is the completion
of p.

Example 7.3

Return to the Lebesgue function F discussed in Example 4.8. Since F' is contin-
uous and monotone increasing, it induces a Lebesgue—Stieltjes measure mp on
the interval [0, 1], whose properties we now examine. On each ‘middle thirds’
set I is constant, hence these intervals are null sets for mp, and as there are
countably many of them, so is their union, the ‘middle thirds’ set, D. Hence
the Cantor set C' = D¢ satisfies

1= F(1) — F(0) = mp([0,1]) = mp(C)

(Note that since F' is continuous, mp({0}) = F(0) — F(0—) = 0; in fact, each
singleton is mp-null.) We thus conclude that mpg is concentrated on a null set
for Lebesgue measure m, i.e. mp L m, and that in the Lebesgue decomposition
of mp relative to m there is no absolutely continuous component (by uniqueness
of the decomposition).

Exercise 7.10

Suppose the monotone increasing function F' is non-constant at most
countably many points (as would be the case for a discrete distribution).
Show that every subset of R is m p-measurable.

Hint Consider mp over the bounded interval [—M, M| first.
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Exercise 7.11

Find the Lebesgue-Stieltjes measure mp generated by

0if z <O,
F(z)=< 2zifze€l0,1],
2ifx > 1.

7.3.2 Absolute continuity of functions

We now address the requirements on a distribution F' which ensure that it has
a density. As we saw in Example 4.8, continuity of a probability distribution
function does not guarantee the existence of a density. The following stronger
restriction, however, does the trick:

Definition 7.5

A real function F' is absolutely continuous on the interval [a, ] if, given € > 0,
there is § > 0 such that for every finite set of disjoint intervals J = (2, yx), k <
n, contained in [a,b] and with Y, _;(yx — ) < d, we have > _, |F(z) —
F(yk)| <e.

This condition will allow us to identify those distribution functions which
generate Lebesgue—Stieltjes measures that are absolutely continuous (in the
sense of measures) relative to Lebesgue measure. We will see shortly that abso-
lutely continuous functions are also ‘of bounded variation’: this describes func-
tions which do not ‘vary too much’ over small intervals. First we verify that
the indefinite integral (see Proposition 4.22) relative to a density is absolutely
continuous.

Proposition 7.12

If f € £([a,b]), where the interval [a,b] is finite, then the function F(z) =
f; fdm is absolutely continuous.

Hint Use the absolute continuity of u(G) = [, | f| dm with respect to Lebesgue
measure .

Exercise 7.12

Decide which of the following functions are absolutely continuous: (a)
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f(@) = |z|, z € [-1,1], (b) g(z) = \/57 z € [0,1], (c) the Lebesgue
function.

The next result is the important converse to the above example, and shows
that all Stieltjes integrals arising from absolutely continuous functions lead
to measures which are absolutely continuous relative to Lebesgue measure,
and hence have a density. Together with the Example this characterises the
distributions arising from densities (under the conditions we have imposed on
distribution functions).

Theorem 7.13

If F' is monotone increasing and absolutely continuous on R, let mp be the
Lebesgue—Stieltjes measure it generates. Then every Lebesgue-measurable set
is mp-measurable, and on these sets mp < m.

Proof

We first show that if the Borel set B has m(B) = 0, then also mp(B) = 0.
Recall that, given § > 0 we can find an open set O containing B with m(O) < ¢
(Theorem 2.12), and there is a sequence of disjoint open intervals (Ij)r>1,
I, = (ag, br) with union O. Since the intervals are disjoint, their total length is
less than §. By the absolute continuity of F', given any € > 0, we can find § > 0
such that for every finite sequence of intervals J, = (zk, yx), & < n, with total
length > (yx — ax) < 0, we have > ) {F(yx) — F(x)} < 5. Applying this
to the sequence (Iy)k<n for a fixed n we obtain > {F(bx) — F(ax)} < 5.
As this holds for every n, we also have Y .~ {F(bx) — F(ax)} < § < e. This
is the total length of a sequence of disjoint intervals covering O D B, hence
mp(B) < € for every € > 0, so mp(B) = 0.

Now for every Lebesgue-measurable set E with m(E) = 0 we can find a
Borel set B O E with m(B) = 0. Thus also mp(B) = 0. Now E is a subset of
an mp-null set, hence it is also mp-null. Hence all m-measurable sets are m p-
measurable and m-null sets are mp-null, i.e. mp < m when both are regarded
as measures on M. O

Together with the Radon-Nikodym Theorem, the above result helps to
clarify the structural relationship between Lebesgue measure and Lebesgue—
Stieltjes measures generated by monotone increasing right-continuous func-
tions, and thus, in particular, for probability distributions: when the function
F is absolutely continuous it has a density f, and can therefore be written
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as its ‘indefinite integral’. Since the Lebesgue—Stieltjes measure mpr < m, the
Radon-Nikodym derivative d;;np is well-defined. Conversely, for the density f
of F' to exist, the function F' must be absolutely continuous. It now remains to
clarify the relationship between the Radon—Nikodym derivative CZ”—mF and the
density f. It is natural to expect from the example of a continuous f (Proposi-
tion 4.22) that f should be the derivative of F' (at least m-a.e.). So we need to
understand which conditions on F will ensure that F'(z) exists for m-almost
all z € R.

We shall address this question in the somewhat wider context where the

‘integrator’ function F is no longer necessarily monotone increasing, but has

bounded variation, as introduced in the next section.

7.3.3 Functions of bounded variation

Since in general we need to handle set functions that can take negative values,
for example, the map

E — / gdm, where g € £'(m),
E

we therefore need a concept of ‘generalised length functions’ which are ex-
pressed as the difference of two monotone increasing functions. We need first
to characterise such functions. This is done by introducing the following

Definition 7.6

A real function F' is of bounded variation on [a,b] (briefly F' € BV]a,b]) if
Trla,b] < 0o, where for any z € [a, ]

Trla,] = sup{)_ |F(xr) = F(ar-1)[}
k=1

with the supremum taken over all finite partitions of [a, 2] with a = zg < 21 <
o< Ty =2

We introduce two further non-negative functions by setting
n
Prla,a] = sup{)_[F(xx) — F(zr-1)]"}
k=1

and

Nrla,z] = sup{y_[F(zx) = F(zr-1)]"}
k=1
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where the supremum is again taken over all partitions of [a, z]. The functions
Tr(Pr, Nr) are known respectively as the total (positive, negative) variation
functions of F'. We shall keep a fixed in what follows, and consider these as
functions of z for x > a.

We can easily verify the following basic relationships between these defini-
tions:

Proposition 7.14

If F is of bounded variation on [a, b], we have F(z) — F(a) = Prp(z) — Np(z),
while Tr(z) = Pr(z) + Np(z) for z € [a,b].

Hint Consider p(z) = Y ;_,[F(zr) — F(zk-1)]" and n(z) = > p_,[F(xx) —
F(zr_1)]” for a fixed partition of [a,z] and note that F(z) — F(a) = p(z) —
n(x). Now use the definition of the supremum. For the second identity consider
Tr(z) > p(x) + n(z) = 2p(x) — F(x) + F(a) and use the first identity.

Proposition 7.15

If F is of bounded variation and a < x < b then Tr[a,b] = Tr[a, x| + Tr[z,b].
Similar results hold for Pr and Npg. Hence all three variation functions are
monotone increasing in x for fixed a € R. Moreover, if F' has bounded variation
on [a, b], then it has bounded variation on any [c,d] C [a, b].

Hint Adding a point to a partition will increase all three sums. On the other
hand, putting together partitions of [a,c] and [c,b] we obtain a partition of
[a,b].

We show that bounded variation functions on finite intervals are exactly
what we are looking for:

Theorem 7.16

Let [a,b] be a finite interval. A real function is of bounded variation on [a, b]
if and only if it is the difference of two monotone increasing real functions on
[a, b].

Proof

If F is of bounded variation, use F(z) = [F(a) 4+ Pr(x)] — Nr(z) from Proposi-
tion 7.14 to represent F' as the difference of two monotone increasing functions.
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Conversely, if F' = g — h is the difference of two monotone increasing functions,
then for any partition a = 29 < 21 < ... < z, = b of [a, b] we obtain, since g, h
are increasing,

Z |F(x;) — F(zi-1)| = Z lg(xi) — h(zs) — g(xi—1) + h(zi-1)|

< Z[g(xi) —g(xi—1)] + Z[h(fﬂz‘) — h(wi—1)]

< g(b) — g(a) + h(b) — h(a).

Thus M = g(b) — g(a) + h(b) — h(a) is an upper bound independent of the
choice of partition, and so Tr[a,b] < M < oo, as required. O

This decomposition is minimal: if F' = F; — F5 and F}, F> are increasing,
then for any partition a = o < 1 ... < x, = b we can write, for fixed i <n
{F(x:) = F(zio)} " = {F(a;) = Fzi-1)}~ = F(zi) = Flai-1)
= {Fi(zi) — Fi(zi-1)} — {F2(2i) — Fa(wio1)}
which shows from the minimality property of z = x* — 2~ that each term in
the difference on the right dominates its counterpart of the left. Adding and
taking suprema we conclude that Pr is dominated by the total variation of F}
and N by that of F5. In other words, in the collection of increasing functions

whose difference is F', the functions (F'(a) + Pr) and Np have the smallest sum
at every point of [a, b].

Exercise 7.13
(a) Let F' be monotone increasing on [a, b]. Find Tr[a, b].

(b) Prove that if FF € BVJa,b] then F is continuous a.e. (m) and
Lebesgue-measurable.

(c) Find a differentiable function which is not in BV0, 1].

(d) Show that if there is a (Lipschitz) constant M > 0 such that |F(z) —
F(y)| < M|z —y| for all z,y € [a,b], then F' € BV[a,b].

The following simple facts link bounded variation and absolute continuity
for functions on a bounded interval [a, b]:

Proposition 7.17

Suppose the real function F is absolutely continuous on [a, b]; then we have:



7. The Radon—-Nikodym Theorem 209

(i) F € BV]a,b],

(ii) If F = Fy — F» is the minimal decomposition of F as the difference of two
monotone increasing functions described in Theorem 7.16, then both F
and Fy are absolutely continuous on [a, b].

Hint Given ¢ > 0 choose § > 0 as in Definition 7.5. In (i), starting with
an arbitrary partition (z;) of [a,b] we cannot use the absolute continuity of
F unless we know that the subintervals are of length §. So add enough new
partition points to guarantee this and consider the sums they generate. For (ii),
compare the various variation functions when summing over a partition where
the sum of intervals lengths is bounded by 4.

Definition 7.7

If F € BV|[a,b], where a,b € R, let F' = F; — F3 be its minimal decomposition
into monotone increasing functions. Define the Lebesgue—Stieltjes signed mea-
sure of F' as the countably additive set function mg given on the o-field B of
Borel sets by mrp = mp, — mp,, where mp, is the Lebesgue—Stieltjes measure
of Fj, (i=1,2).

We shall examine signed measures more generally in the next section. For
the present, we note the following

Example 7.4

When considering the measure Py (E) = |, g Jx dm induced on R by a density
fx we restrict attention to fx > 0 to ensure that Px is non-negative. But for
a measurable function f : R — R we set (Definition 4.4)

[Efdmz/Eﬁdm—[Ef—dmwhenever/E|f|dm<oo.

The set function v defined by v(E) = [, fdm then splits naturally into the
difference of two measures, i.e. v = vt — v~ where vt (E) = [, f*dm and
v~ (E) = [, f~ dm. Restricting to a function f supported on [a,b] and setting
F(z) = famfdm we obtain mr = v, and if I = F} — F, as in the above
definition, then mp, = v+, mp, = v~ by the minimality properties of the

splitting of F.
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7.3.4 Signed measures

The above example and the definition of Lebesgue—Stieltjes measures generated
by a BV function motivate the following abstract definition and the subsequent
search for a similar decomposition into the difference of two measures. We pro-
ceed to outline briefly the structure of signed measures in the abstract setting,
which provides a general context for the above development of Stieltjes inte-
grals and distribution functions. Our results will enable us to define integrals
of functions relative to signed measures by reference to the decomposition of
the signed measure into ‘positive and negative parts’, exactly as above. We also
obtain a more general Lebesgue decomposition and Radon-Nikodym theorem,
thus completing the description of the structure of a bounded signed measure
relative to a given o-finite measure. This leads to the general version of the
Fundamental Theorem of the Calculus signalled earlier.

Definition 7.8

A signed measure on a measurable space (§2,F) is a set function v : F —
(—o0, +00] satisfying

(i) v(©@)=0

(ii) v(Usey Bi) = Yooy v(E) it E; € F and E;NE; = O for i # j.

We need to avoid ambiguities like co—oo by demanding that v should take at
most one of the values too; therefore we consistently demand that v(E) > —oo
for all sets F in its domain. Note also that in (ii) either both sides are +o0,
or they are both finite, so that the series converges in R. Since the left side is
unaffected by any re-arrangement of the terms of the series, it follows that the
series converges absolutely whenever it converges, i.e. Y., [V(E;)| < oo if and
only if [v(U 2, E;)| < co. The convergence is clear in the motivating example,
since for any £ C R we have

|1/(E)|:|/Efdm|§/E|f|dm<oowhenf€£1(R).

Note that v is finitely additive (let E; = @ for all ¢ > n in (ii), then (i) implies
v(U, Ei) =Y v(E) if E; € Fand E;NE; = O for i # j, 4,5 < n).
Hence if F C E, F € F, and |[v(E)| < oo, then |v(F')| < oo, since both sides of
v(E)=v(F)+v(E\ F) are finite and v(E\F') > —oco by hypothesis.

Signed measures do not inherit the properties of measures without change:
as a negative result we have
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Proposition 7.18

A signed measure v defined on a o-field F is monotone increasing (F C E
implies v(F') < v(E)) if and only v is a measure on F.

Hint @ is a subset of every E € F !

On the other hand, a signed measure attains its bounds at some sets in F.
More precisely: given a signed measure v on ({2, F) one can find sets A and B
in F such that v(A) = inf{v(F) : F € F} and v(B) = sup{v(F) : F € F}.

Rather than prove this result directly we shall deduce it from the Hahn-
Jordan decomposition theorem. This basic result shows how the set A and its
complement can be used to define two (positive) measures v, v~ such that
v=vt—v=, with vH(F)=v(FNA°) and v~ (F) = —v(FNA) forall F € F.
The decomposition is minimal: if v = Ay — Ao where the \; are measures, then
vt <A and v= < Ao

Restricting attention to bounded signed measures (which suffices for appli-
cations to probability theory), we can derive this decomposition by applying
the Radon—Nikodym theorem. (Our account is a special case of the treatment
given in [10], Ch.6, for complex-valued set functions.) First, given a bounded
signed measure v : F — R, we seek the smallest (positive) measure p that
dominates v, i.e. satisfies u(E) > |v(E)| for all E € F. Defining

W|(E) = sup{>_[v(Ei)| :{Ei} C F, E= ] Ei, E:NE; = Qi i # j}
i=1 i>1

produces a set function which satisfies |v|(E) > |v(E)| for every E. The re-
quirement p(E;) > |v(E;)| for all ¢ then yields

wE) = ZN(Ez‘) > Z lv(E:)]

for any measure p dominating v. Hence to prove that |v| has the desired prop-
erties we only need to show that it is countably additive. We call |v| the total
variation of v. Note that we use countable partitions of {2 here, just as we used
sequences of intervals when defining Lebesgue measure in R.

Theorem 7.19

The total variation |v| of a bounded signed measure is a (positive) measure on

F.
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Proof

Partitioning £ € F into sets {E;}, choose (a;) in RT such that a; < |v|(E;)
for all 4. Partition each F; in turn into sets {A;;},, and by definition of sup
we can choose these to ensure that a; < ) [v(A;;)| for every ¢ > 1. But
the {A;;} also partition E, hence >, a; < >, ; [v(A; ;)| < [v[(£). Taking the
supremum over all sequences (a;) satisfying these requirements ensures that
22 WI(Ei) = sup 3_; ai < [v[(E).

For the converse inequality consider any partition { By} of E and note that
for fixed k, { BsNE;};>1 partitions By, while for fixed i, { BN E; }x>1 partitions
F;. This means that

S B = SIS vBnE) <3S BN B,
E>1 k>1 i>1 k>14>1

Since the terms of the double series are all non-negative, we can exchange the
order of summation, so that finally

S B <D D WBRNE) <> VI(E).
k>1 i>1k>1 i>1

But the partition {By} of E was arbitrary, so the estimate on the right also
dominates |v|(E). This completes the proof that |v| is a measure. O

We now define the positive (resp. negative) variation of the signed measure
v by setting:

1 1
vh= Sl +v), v =5l -,
Clearly both are positive measures on F, and we have

v=vt —v  and [v|=vT +v.
With these definitions we can immediately extend the Radon—Nikodym and
Lebesgue decomposition theorems to the case where v is a bounded signed mea-
sure (we keep the notation used in Section 7.3.2, so here u remains positive!):

Theorem 7.20

Let u be o-finite (positive) measure and suppose that v is a bounded signed
measure. Then there is unique decomposition v = v, + v, into two signed
measures, with v, < p and vs L p. Moreover, there is a unique (up to sets of
p-measure 0) h € L' (p) such that v, (F) = [, hdp for all F € F.
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Proof

Given v = vT — v~ we wish to apply the Lebesgue decomposition and Radon—
Nikodym theorems to the pairs of finite measures (v*, u) and (v, u). First we
need to check that for a signed measure A < p we also have |A\| < p (for then
clearly both AT < p and A~ < p). But if u(E) = 0 and {F;} partitions FE,
then each p(F;) = 0, hence A(F;) = 0, so that >, [A(#3)| = 0. As this holds
for each partition, |A(E)| = 0. -

Similarly, if A is concentrated on a set A, and AN E = @, then for any
partition {F;} of E we will have A(F;) = 0 for every ¢ > 1. Thus |A|(E) = 0,
so || is also concentrated on A. Hence if two signed measures are mutually
singular, so are their total variation measures, and thus also their positive
and negative variations. Applying the Lebesgue decomposition and Radon—
Nikodym theorems to the measures v* and v~ provides (positive) measures
W H)a, @)s, (W )a, (v )s such that vT = (), + (v1)s, and (vT).(F) =
S b/ dp, while v™ = (7)o + (v )s and (v )o(F) = [ h” dp, for non-negative
functions h',h” € L'(n), and with the measures (v )s, (v~ )s each mutually
singular with p. Letting v, = (v 1), — (™), we obtain a signed measure v, < u,
and a function h = b’ — b € L (p) with v(F) = [ hdp for all F € F. The
signed measure vs = (vT); — (v7);s is clearly singular to p, and h is unique up
to p-null sets, since this holds for A/, h” and the decomposition v = v+ — v~ is
minimal. |

Example 7.5

If g € L' (1) then v(E) = [, gdu is a signed measure and v < . The Radon—
Nikodym theorem shows that (with our conventions) all signed measures v <
have this form.

We are nearly ready for the general form of the Fundamental Theorem of
Calculus. First we confirm, as may be expected from the proof of the Radon—
Nikodym theorem, the close relationship between the derivative of the bounded
variation function F' induced by a bounded signed (Borel) measure v on R and
the derivative f = F':

Theorem 7.21

If v is a bounded signed measure on R and F(x) = v((—o0o,z]) then for any
a € R, the following are equivalent:

(i) F is differentiable at a, and F’(a) = L.

(i) given € > 0 there exists § > 0 such that | <2

m(J)

— L| < € if the open interval
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J contains a and I(J) < e.

Proof

We may assume that L = 0; otherwise consider p = v — Lm instead, restricted
to a bounded interval containing a. If (i) holds with L = 0 and £ > 0 is given,
we can find § > 0 such that

|F(y) — F(z)| < |y — x| whenever |y — z| < 4.

Let J = (x,y) be an open interval containing a with (y—z) < 4. For sufficiently
large N we canensurethata>ac+% > x and so for k > 1, ykza:—i-ﬁ is
bounded above by a and decreases to x as k — oo. Thus

v(yeu)| = [F(9) = Flw)| < |F () — F(a)] + | F(a) — F(y)|
<e{(y—a)+ (a— o)} < em(J).

;((‘{]))| < . Hence

(ii) holds. For the converse, let €,d be as in (ii), so that with z < a < y and
y —x < 6 (i) implies [v(z,y + +)| < e(y + + — ) for all large enough n. But
as (z,y] =N, (z,y + £), we also have

But since y, — x, v(yk, y] — v(z,y] and we have shown that |

vz, yl| <[F(y) — F(z)| <e(y — ). (7.3)

Finally, since (ii) holds, [v({a})| < |v(I)| < €l(I) for any small enough open
interval I containing a. Thus F'(a) = F'(a—) and so F is continuous at a. Since
r < a <y <x+d, we conclude that (7.3) holds with a instead of z, which
shows that the right-hand derivative of F' at a is 0, and with a instead of y
which shows the same for the left-hand derivative. Thus F'(a) = 0, and so (i)
holds. O

Theorem 7.22 (Fundamental Theorem of Calculus)

Let F' be absolutely continuous on [a, b]. Then F is differentiable m-a.e. and its
Lebesgue—Stieltjes signed measure mpr has Radon—Nikodym derivative CZ”—mF =

F' m-a.e. Moreover, for each z € [a, b,

F(z) - F(a) = mrla, o] = / " dt.
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Proof

The Radon-Nikodym theorem provides 22 = h € £!(m) such that mp(E) =
Jz hdm for all E € B. Choosing the partltlons

i ,
Pn = {(ti;ti—H] : ti =a-+ 2_n(b_ a),z S 2”}
we obtain, successively, each P, as the smallest common refinement of the
partitions Pi, Pa, ..., Pp_1. Thus, setting h,(a) =0 and

2mn

on
_ mp(ti,tiv] iv1) — F(t:)
hn () _;W (tirtie1] ZTl(ti7ti+l] fora<x <b,

we obtain a sequence (h,,) corresponding to the sequence (hg, ) constructed in
Step 2 of the proof of the Radon—Nikodym theorem. It follows that h,(x) —
h(z) m-a.e. But for any fixed = € (a,b), condition (ii) in Theorem 4.2 applied
to the function F on each interval (¢;,¢;41) with length less than §, and with
L = h(x), shows that h = F’ m-a.e. The final claim is now obvious from the
definitions. O

The following result is therefore immediate and it justifies the terminology
‘indefinite integral’ in this general setting.

Corollary 7.23

If F is absolutely continuous on [a,b] and F’ = 0 m-a.e. then F is constant.

A final corollary now completes the circle of ideas for distribution functions
and their densities:

Corollary 7.24
If f € £'([a,b]) and F(z) = [ f dm for each z € [a,b] then F is differentiable
m-a.e. and F'(x) = f(x) for almost every z € [a, b].

As a further application of the Radon—Nikodym theorem we derive the
Hahn-Jordan decomposition of v which was outlined earlier. First we need the
following

Theorem 7.25

Let v be a bounded signed measure and let |v| be its total variation. Then
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we can find a measurable function h such that |h(w)| = 1 for all w € 2 and
V(E) = [y hd|y| for all E € F.

Proof

The Radon-Nikodym theorem provides a measurable function h with v(E) =
Jzhdly| for all E € F since every |v|-null set is v-null ({E,0,0,...} is a
partition of E). Let Co = {w : |h(w)| < a} for a > 0. Then, for any partition

{E,L} of Ca,
/ hd|v|
E;

S IE)N =
i>1 i>1
As this holds for any partition, it holds for their supremum, ie. |[v|(Cy) <
alv|(Cy). For a@ < 1 we must conclude that C, is |v|-null, and hence also
v-null. Therefore |h| > 1 v-a.e.
To show that |h| < 1 v-a.e. we note that if E has positive |v|-measure, then,
by definition of A,

<3 alul(B) = al|(Ca).

i>1

phdwll _ )] _

wWI(B)  I(E) —
That this implies |h| < 1 v-a.e. follows from the proposition below, applied
with p = |v|. Thus the set where |h| # 1 is |v|-null, hence also v-null, and we

can redefine h there so that |h(w)| =1 for all w € £2. O

Proposition 7.26
Given a finite measure p and a function f € L£!(p), suppose that for every

E € F with p(E) > 0 we have |ﬁfEfdp| < 1. Then |f(w)| < 1, p-a.e.

Hint Let £ = {f > 1}. If p(E) > 0 consider [, ;T(EL) dp.

We are ready to derive the Hahn—Jordan decomposition very simply:

Proposition 7.27

Let v be a bounded signed measure. There are disjoint measurable sets A, B
such that AUB = 2 and v (F) =v(BNF), v (F)=v(ANF) for all F € F.
Consequently, if v = A\; — Ap for measures A1, Ay then Ay > v and Xy > v—.

Hint Since dv = h d|v| and |h| =1 1let A = {h = -1}, B = {h = 1}. Use the

definition of v* to show that v (F) = § [.(1+h)d|v| = v(F N B) for every F.
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Exercise 7.14

Let v be a bounded signed measure. Show that for all F, vt (F) =
supgcr V(G), v~ (F) = —infgcrpv(G), all the sets concerned being
members of F.

Hint v(G) < v (G) <v(BNG)+v(BNF)\(BNG))=v(BNF).

Exercise 7.15

Show that when v(F) = [, f du where f € £ (1), where 1 is a (positive)
measure, the Hahn decomposition sets are A = {f < 0} and B = {f >
0}, and vt (F) = [ f* dv, while v~ (F) = [, f~ dv.

We finally arrive at a general definition of integrals relative to signed mea-
sures:

Definition 7.9

Let p be signed measure and f a measurable function on F' € F. Define the

integral [}, fdu by
du = dut — du~
[ ran= [ paut = [ rau

whenever both terms on the right are finite or are not of the form =+ (oo — 00).

The function is sometimes called summable if the integral so defined is finite.
Note that the earlier definition of a Lebesgue—Stieltjes signed measure fits into
this general framework. We normally restrict attention to the case when both
terms are finite, which clearly holds when y is bounded.

Exercise 7.16

Verify the following: Let p be a finite measure and define the signed
measure v by v(F) = [, gdu. Prove that f € L'(v) if and only if
fg € L' (p) and [, fdv = [, fgdu for all p-measurable sets E.
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7.4 Probability

7.4.1 Conditional expectation relative to a o-field

Suppose we are given a random variable X € L!(P), where (2,F,P) is a
probability space. In Chapter 5 we defined the conditional expectation E(X|G)
of X € L%(P) relative to a sub-o-field G of F as the a.s. unique random variable
Y € L?(G) satisfying the condition

/YdP:/XdP for all G € G. (7.4)
G G

The construction was a consequence of orthogonal projections in the Hilbert
space £2 with the extension to all integrable random variables undertaken ‘by
hand’, which required a little care. With the Radon-Nikodym theorem at our
disposal we can verify the existence of conditional expectations for integrable
random variables very simply:

The (possibly signed) bounded measure v(F) = [, X dP is absolutely con-
tinuous with respect to P. Restricting both measures to ({2, G) maintains this
relationship, so that there is a G-measurable, P-a.s. unique random variable Y
such that v(G) = [, Y dP for every G € G. But by definition v(G) = [, X dP,
so the defining equation (7.4) of Y = E(X|G) has been verified.

Remark 7.2

In particular, this shows that for X € £2(F) its orthogonal projection onto
L2(G) is a version of the Radon-Nikodym derivative of the measure v : F —
J X dP.

We shall write E(X|G) instead of Y from now on, always keeping in mind
that we have freedom to choose a particular ‘version’, i.e. as long as the results
we seek demand only that relations concerning E(X|G) hold P-a.s., we can alter
this random variable on a null set without affecting the truth of the defining
equation:

Definition 7.10

A random variable E(X|G) is called the conditional expectation of X relative
to a o-field G if

(1) E(X|G) is G-measurable,

(2) JGE(X|G)dP = [, X dP forall G € G.
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We investigate the properties of the conditional expectation. To begin with,
the simplest are left for the reader as a proposition. In this and the subsequent
theorem we make the following assumptions:

(i) All random variables concerned are defined on a probability space (£2, F, P);
(i) X,Y and all (X,,) used below are assumed to be in £1(2, F, P);
(iii) G and H are sub-o-fields of F.

The properties listed in the next proposition are basic, and are used time
and again. Where appropriate we give verbal description of its ‘meaning’ in
terms of information about X.

Proposition 7.28

The conditional expectation E(X|G) has the following properties:
(i) E(E(X]9)) = E(X)
(more precisely: any version of the conditional expectation of X has the
same expectation as X).
(ii) If X is G -measurable, then E(X|G) = X
(if, given G, we already ‘know’ X, our ‘best estimate’ of it is perfect).
(iii) If X is independent of G, then E(X|G) = E(X)
(if G ‘tells us nothing’ about X, our best guess of X is its average value).
v nearity aX + =a + or any real numbers a,
i Li ity) E((aX +bY)|G E(X|G)+bE(Y|G) f 1 b b
(note again that this is really says that each linear combination of ver-
sions of the right-hand-side is a version of the left-hand-side).

Theorem 7.29

The following properties hold for E(X|G) as defined above:
(i) If X > 0 then E(X|G) > 0 a.s.
(positivity).
(i) If {X,}n>1 are non-negative and increase a.s. to X, then {E(X,|G)}n>1
increase a.s. to E(X|G)
(‘monotone convergence’ of conditional expectations).

(iii) If Y is G-measurable and XY is integrable, then E(XY|G) = YE(X|G)
(‘taking out a known factor’).

(iv) If H C G then E([E(X|G)]|H) = E(X|H)
(the tower property).
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(v) If ¢ : R — R is a convex function and ¢(X) € L£1(P), then
E(p(X)9) = ¢(E(X]G)).

(This is known as the conditional Jensen inequality — a similar result
holds for expectations. Recall that a real function ¢ is convez on (a,b) if
for all z,y € (a,b), p(pz + (1 — p)y) < pe(x) + (1 — p)e(y); the graph of ¢
stays on or below the straight line joining (z, (), (v, ©(y)).)

Proof
(i) For each k > 1 the set E, = {E(X|G) < —1} € G, so that

XdP:/ E(X|G)dP.
Ey Ey

As X > 0, the left-hand side is non-negative, while the right-hand-side is
bounded above by —+P(Ey). This forces P(E)) = 0 for each k, hence also
P(E(X|G) < 0} = P(U, Ex) = 0. Thus E(X|G) > 0 a.s.

(ii) For each n let Y;, be a version of E(X,|G). By (i) and as in Section 5.4.3,
the (Y},) are non-negative and increase a.s. Letting Y = limsup,, ¥;, provides
a G-measurable random variable such that the real sequence (Y;(w)), con-
verges to Y'(w) for almost all w. Corollary 4.9 then shows that ([, Y dP)n>1
increases to [, Y dP. But we have [,Y;, dP = [, X, dP for each n, and (X,,)
increases pointwise to X. By the monotone convergence theorem it follows that
(/o XndP)yp>1 increases to [, X dP, so that [, X dP = [,Y dP. This shows
that Y is a version of E(X|G) and therefore proves our claim.

(iii) We can restrict attention to X > 0, since the general case follows from
this by linearity. Now first consider the case of indicators: if Y = 1 for some
E € G, we have, for all G € G,

/1EE(X|g)dP:/ E(X|G)dP = XdP:/ 15X dP
G ENG ENG G

so that 1gE(X|G) satisfies the defining equation and hence is a version of the
conditional expectation of the product XY. So E(XY|G) = YE(X|G) has been
verified when Y = 1 and E € G. By the linearity property this extends to
simple functions, and for arbitrary ¥ > 0 we now use (ii) and a sequence
(Y,) of simple functions increasing to Y to deduce that, for non-negative X,
E(XY,|9) = Y,E(X|G) increases to E(XY|G) on the one hand and to YE(X|G)
on the other. Thus if X and Y are both non-negative we have verified (iii).
Linearity allows us to extend this to general Y =Y+ — Y~

(iv) We have [,E(X|G)dP = [, X dP for G € G and [, E(X|H)dP =
Jy X dP for H € H C G. Hence for H € H we obtain [, E(X|G)dP =
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Jy E(X|H)dP. Thus E(X|H) satisfies the condition defining the conditional
expectation of E(X|G) with respect to H, so that E[E(X|G)|H] = E(X|H).

(v) A convex function can be written as the supremum of a sequence of
affine functions, i.e. there are sequences (a,), (b,) of reals such that p(x) =
sup,, (anx + by,) for every x € R. Fix n, then since ¢(X (w)) > a, X (w) + b, for
all w, the positivity and linearity properties ensure that

E(0(X)|G)(w) = E([an X + b,]|G)(w) = anE(X[G)(w) + bn

for all w € 2\ A, where P(A,) = 0. Since A = |J,, A, is also null, it follows
that for all n > 1, E(¢(X)|G)(w) > a,E(X|G)(w)+ b, a.s. Hence the inequality
also holds when we take the supremum on the right, so that (E(p(X)|G)(w) >
Y[(E(X]G)(w)] a.s. This proves (v). O

An immediate consequence of (v) is that the L¥-norm of E(X|G) is bounded
by that of X for p > 1, since the function ¢(x) = |z|? is then convex: we obtain

IE(X[G)|" = (E(X]G)) < E(p(X)|g) = E(|X?|G) a.s.
so that
IE(X[9)II; = E(E(X]G)") < E(E(IX[?|G)) = E(IX[") = | X},

where the penultimate step applies property (1) to | X|P. Take pt" roots to have
[EXIG)p < [1X]lp-

Exercise 7.17

Let 2 = [0, 1] with Lebesgue measure and let X (w) = w. Find E(X|G) if
(a) G ={[0, 3], (5.1],[0,1],@}, (b) G is generated by the family of sets
{B C [0, 1], Borel}.

7.4.2 Martingales

Suppose we wish to model the behaviour of some physical phenomenon by a
sequence (X,,) of random variables. The value X, (w) might be the outcome of
the n'" toss of a ‘fair’ coin which is tossed 1000 times, with ‘Heads’ recorded
as 1, ‘Tails’ as 0. Then Y (w) = Zi(f? X, (w) would record the number of times
that the coin had landed ‘Heads’. Typically, we would perform this random
experiment a large number of times before venturing to make statements about
the probability of ‘Heads’ for this coin. We could average our results, i.e. seek
to compute E(Y'). But we might also be interested in guessing what the value of

X, (w) might be after k < n tosses have been performed, i.e. for a fixed w € 2,
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does knowing the values of (X;(w));<r give us any help in predicting the value
of X, (w) for n > k? In an ‘idealised’ coin-tossing experiment it is assumed that
it does not, that is, the successive tosses are assumed to be independent — a
fact which often perplexes the beginner in probability theory.

There are many situations where the (X,,) would represent outcomes where
the past behaviour of the process being modelled can reasonably be taken to
influence its future behaviour, e.g. if X,, records whether it rains on day n.
We seek a mathematical description of the way in which our knowledge of
past behaviour of (X,,) can be codified. A natural idea is to use the o-field
Fr = o{X; : 0 <i < k} generated by the sequence (X, ),>0 as representing
the knowledge gained from knowing the first k outcomes of our experiment. We
call (X,,)n>0 a (discrete) stochastic process to emphasise that our focus is now
on the ‘dynamics’ of the sequence of outcomes as it unfolds. We include a 0*"
stage for notational convenience, so that there is a ‘starting point’ before the
experiment begins, and then F{ represents our knowledge before any outcome
is observed.

So the information available to us by ‘time’ k (i.e. after k outcomes
have been recorded) about the ‘state of the world’ w is given by the values
(Xi(w))o<i<k and this is encapsulated in knowing which sets of F, contain the
point w. But we can postulate a sequence of o-fields (F,)n>0 quite generally,
without reference to any sequence of random variables. Again, our knowledge
of any particular w is then represented at stage k > 1 by knowing which sets in
Fi contain w. A simple example is provided by the binomial stock price model
of Section 2.6.3 (see Exercise 2.13). Guided by this example, we turn this into
a general

Definition 7.11

Given a probability space (§2, F, P) a (discrete) filtration is an increasing se-
quence of sub-o-fields (F,)n>0 of F; i.e.

FoCcFH CcF,C...CcF,C...CF.

We write F = (F,)n>0. We say that the sequence (X,),>0 of random variables
is adapted to the filtration F if X, is F,,-measurable for every n > 0. The tuple
(02, F, (Fn)n>o0, P) is called a filtered probability space.

We shall normally assume in our applications that Fo = {@, 2}, so that
we begin with ‘no information’, and very often we shall assume that the ‘final’
o-field generated by the whole sequence, i.e. Foo = 0(Up>0Fn), is all of F (so
that, by the end of the experiment, ‘we know all there is to know’). Clearly
(X,) is adapted to its natural filtration (F,)n, where F,, = o(X; : 0 < i <n}
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for each n, and it is adapted to every filtration which contains this one. But
equally, if 7, = o(X; : 0 < i < n} for some process (X,,),, it may be that
some for other process (Y, )n, each Y,, is F,-measurable, i.e. (Y,), is adapted to
(Fn)n- Recall that by Proposition 3.12 this implies that for each n > 1 there is a
Borel-measurable function f,, : R®** — R such that Y,, = f(Xo, X1, X2, .., X5,).

We come to the main concept introduced in this section:

Definition 7.12

Let (£2,F, (Fn)n>0, P) be a filtered probability space. A sequence of random
variables (X, )n>0 on (£2,F, P) is a martingale relative to the filtration F =
(Fn)n>o0 provided:

(i) (Xn)n is adapted to F;
(ii) each X, is in £1(P),
(iii) for each n > 0, E(X,,41|Fn) = Xn.

We note two immediate consequences of this definition which are used over
and over again:

1) If m > n > 0 then E(X,,|F,) = X,,. This follows from the tower property
of conditional expectations, since (a.s.)

E(Xpm|Fn) = E(E(Xpn|Fm-1)|Fn) = E(Xm-1|Fn) = ... = E(Xpy1|Fn) = X
2) Any martingale (X,,) has constant expectation:
E(Xn) = E(E(Xn|Fo)) = E(Xo)

holds for every n > 0, by 1) and (i) in Proposition 7.28.

A martingale represents a ‘fair game’ in gambling: betting, for example, on
the outcome of the coin tosses, our winnings in ‘game n’ (the outcome of the
nth toss) would be AX, = X,, — X,,_1, that is the difference between what
we had before and after that game. (We assume that Xy = 0.) If the games
are fair we would predict at time (n — 1), before the n‘* outcome is known,
that E(AX,|F,—1) = 0, where F, = o{X; : i < k} are the o-fields of the
natural filtration of the process (X,). This follows because our knowledge at
time (n — 1) is encapsulated in F,_1 and in a fair game we would expect our
incremental winnings at any stage to be 0 on average. Hence in this situation
the (X,,) form a martingale.

Similarly, in a game favourable to the gambler we should expect that
E(AX,|Fn-1) > 0, i.e. E(X,|Fn—1) > X,—1 a.s. We call a sequence satis-
fying this inequality (and (i), (ii) of Definition 7.12) a submartingale, while a
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game unfavourable to the gambler (hence favourable to the casino!) is repre-
sented similarly by a supermartingale, which has E(X,|F,-1) < X,,—1 a.s. for
every n. Note that for a submartingale the expectations of the (X,,) increase
with n, while for a supermartingale they decrease. Finally, note that the prop-
erties of these processes do not change if we replace X,, by X,, — Xy (as long
as Xo € LY(Fp), to retain integrability and adaptedness) so that we can work
without loss of generality with processes that start with Xy = 0.

Example 7.6

The most obvious, yet in some ways quite general, example of a martingale
consists of a sequence of conditional expectations: given a random variable
X € LY(F) and a filtration (F,)n>0 of sub-o-fields of F, let X,, = E(X|F,)
for every m. Then E(Xp41|Fn) = E(E(X |Fpnt1)|Fn) = E(X|F,) = X, using
the tower property again. We can interpret this by regarding each X,, as giving
us the information available at time n, i.e. contained in the o-field F,,, about
the random variable X. (Remember that the conditional expectation is the
‘best guess’ of X, with respect to mean-square errors, when we work in £2.)
For a finite filtration {F,, : 0 < n < N} with Fny = F it is obvious that
E(X|Fn) = X. For an infinite sequence we might hope similarly that ‘in the
limit” we will have ‘full’ information about X, which suggests that we should
be able to retrieve X as the limit of the (X,,) in some sense. The conditions
under which limits exist require careful study — see e.g. [12], [8] for details.

A second standard example of a martingale is:

Example 7.7

Suppose (Zp)n>1 is a sequence of independent random variables with zero
mean. Let Xo = 0,Fy = {9, 2}, set X,, = >_7_, Z) and define F,, = 0{Z} :
k <n} for each n > 1. Then (X, )n>0 is a martingale relative to the filtration
(Fn). To see this recall that for each n, Z, is independent of F,_1, so that
E(Zn|Fn-1) = E(Z,) = 0. Hence E(X,,|Frn-1) = E(Xpn-1|Fn-1) + E(Z,) =
Xn—1, since X,,_1 is Fy,_1-measurable. (You should check carefully which prop-
erties of the conditional expectation we used here!)

A ‘multiplicative’ version of this example is the following:

Exercise 7.18

Let Z,, > 0 be a sequence of independent random variables with E(Z,,) =
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uw=1Let F,, = 0{Zy : k <n} and show that, Xo =1, X,, = Z12>...Z,
(n > 1) defines a martingale for (F,), provided all the products are
integrable random variables, which holds, e.g., if all Z,, € L>({2, F, P).

Exercise 7.19

Let (Z,)n>1 be a sequence of independent random variables with mean
w = E(Z,) # 0 for all n. Show that the sequence of their partial sums
X, =21+ Zs+ -+ Z, is not a martingale for the filtration (F,),,
where F,, = 0{Z; : k < n}. How can we ‘compensate’ for this by altering
X7

Let X = (X,)n>0 be a martingale for the filtration F = (F,),>0 (with
our above conventions); briefly we simply refer to the martingale (X, F). The
function ¢(z) = 22 is convex, hence by Jensen’s inequality (Theorem 7.29)
we have E(X2,||F,) > (E(X,41]|Fn))? = X2, so X? is a submartingale. We
investigate whether it is possible to ‘compensate’; as in Exercise 7.19, to make
the resulting process again a martingale. Note that the expectations of the X2
are increasing, so we will need to subtract an increasing process from X2 to
achieve this.

In fact, the construction of this ‘compensator’ process is quite general. Let
Y = (Y,,) be any adapted process with each Y;, € L. For any process Z write
its increments as AZ,, = Z, — Z,,_1 for all n. Recall that in this notation the
martingale property can be expressed succinctly as E(AZ,|F,—1) = 0 — we
shall use repeatedly in what follows.

We define two new processes A = (A,,) and M = (M,,) with A9 =0, My =0,
via their successive increments

AA, = E(AY,|Fn-1) and AM,, = AY,, — AA, for n > 1.

We obtain E(AM,,|F,—1) = E([AY,, —E(AY,|Fp_1)]|Fn_1) = E(AY,|Fn_1)—
E(AY,|Fn-1) = 0, as E(AY,,|F,—1) is F,—1-measurable. Hence M is a mar-
tingale. Moreover, the process A is increasing if and only if 0 < AA, =
E(AY,|Fn-1) = E(Y,,|Fn-1) — Yi—1, which holds if and only if Y is a sub-
martingale. Note that A, = >} | A4y = >} [E(Yi|Fro1) — Yie1] is Fpos-
measurable. Thus the value of A, is ‘known’ by time n — 1. A process with
this property is called predictable, since we can ‘predict’ its future values one
step ahead. It is a fundamental property of martingales that they are not pre-
dictable: in fact, if X is a predictable martingale, then we have

Xn-1 =E(X,|Fn-1) = X, as. for every n
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where the first equality is the definition of martingale, while the second follows
since X, is F,_1-measurable. Hence a predictable martingale is a.s. constant,
and if it starts at 0 it will stay there. This fact gives the decomposition of an
adapted process Y into the sum of a martingale and a predictable process a
useful uniqueness property: first, since My = 0 = Ag, we have Y,, = Yy + M,, +
A,, for the processes M, A defined above. If also Y,, = Yy + M}, + A]

n?

where
M is a martingale, and A/, is predictable, then

M, — M = A, — A, as.

is a predictable martingale, 0 at time 0. Hence both sides are 0 for every n and
so the decomposition is a.s. unique.

We call this the Doob decomposition of an adapted process. It takes on
special importance when applied to the submartingale Y = X? which arises
from a martingale X. In that case, as we saw above, the predictable process A
is increasing, so that A, < A, a.s. for every n, and the Doob decomposition
reads:

XP=X+M+A
In particular, if Xo = 0 (as we can assume without loss of generality), we have
written X2 = M+ A as the sum of a martingale M and a predictable increasing
process A. The significance of this is revealed in a very useful property of
martingales, which was a key component of the proof of the Radon—Nikodym

theorem (see Step 1 (iv) of Theorem 7.3, where the martingale connection is well
hidden!): for any martingale X we can write, with (AX,,)? = (X, — X,,_1)? :

E(AX,)?|Fno1) =E([X2 —2X, X1 + X2 ]| Fn_1)
B(X2|Fn1) — 2Xn 1 EB(AX,|Fn) — X2,
=E([X] — X7 ]| Fnza)-

Hence given the martingale X with Xy = 0, the decomposition X2 = M + A
yields, since M is also a martingale:

0=E(AM,|F,_1) = E(AX,)? — AA,)|Fn_1)
=E([X2 — X2_]|Fac1) — E(AAL|Fo).

In other words, since A is predictable,
E((AX,)?|Fn1) = B(AA,L|Fn1) = AA, (7.5)

which exhibits the process A as a conditional ‘quadratic variation’ process of
the original martingale X. Taking expectations: E((AX,)?) = E(AA,,).
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Example 7.8

Note also that E(X2) = E(M,,) + E(A,)) = E(4,) (why?), so that both sides
are bounded for all n if and only if the martingale X is bounded as a sequence
in £L2(£2, F, P). Since (A,,) is increasing, the a.s. limit Ay (w) = lim, . Ap(w)
exists, and the boundedness of the integrals ensures in that case that E(As) <
0.

Exercise 7.20

Suppose (Zp)n>1 is a sequence of Bernoulli random variables, with each
Z, taking the values 1 and —1, each with probability % Let Xy = 0,
Xn =Z1+ 22+ -+ Z,, and let (F,,), be the natural filtration generated
by the (Z,,). Verify that (X?2) is a submartingale, and find the increasing
process (A,,) in its Doob decomposition. What ‘unexpected’ property of
(A,) can you detect in this example?

In the discrete setting we now have the tools to construct ‘stochastic in-
tegrals’ and show that they preserve the martingale property. In fact, as we
saw for Lebesgue—Stieltjes measures, for discrete distributions the ‘integral’
is simply an appropriate linear combination of increments of the distribution
function. If we wish to use a martingale X as an integrator, we therefore need
to deal with linear combinations of the increments AX,, = X,, — X,,_1. Since
we are now dealing with stochastic processes (that it, functions of both n and
w) rather than real functions, measurability conditions will help determine
what constitutes an ‘appropriate’ linear combination. So, if for w € {2 we set
Iy(w) = 0 and form sums

n

In(w) = > er(w)(AXp) (W) = Y en(w)(Xp(w) — X1 (w)) for n > 1,

k=1 k=1

we look for measurability properties of the process (¢, ), which ensure that the
new process (I, ), has useful properties. We investigate this when (c,), is a
bounded predictable process and X is a martingale for a given filtration (F,),.
Some texts call the process (I,), a martingale transform — we prefer the term
discrete stochastic integral. We calculate the conditional expectation of I,:

E(Inp—'.nfl) = E([Infl + CnAXn”fnfl) =1Ip1+ CnE(AanTnfl) = In—1,

since ¢, is F,,—1-measurable and E(AX,|F,_1) = E(X,|Fn-1) — Xpn—1 = 0.
Therefore, when the process ¢ = (¢, ), which is integrated against the martin-
gale X = (X,,), is predictable, the martingale property is preserved under the
discrete stochastic integral: I = (I,,),, is also a martingale with respect to the



228 Measure, Integral and Probability

filtration (Fy,)n. We shall write this stochastic integral as ¢ - X, meaning that
for allm > 0, I, = (¢- X),,. The result has sufficient importance for us to record
it as a theorem:

Theorem 7.30

Let (2, F, (Fn)n>0, P) be a filtered probability space. If X is a martingale and
c is a bounded predictable process, then the discrete stochastic integral ¢- X is
again a martingale.

Note that we use the boundedness assumption in order to ensure that
e AX}, is integrable, so that its conditional expectation makes sense. For £2-
martingales (which are what we obtain in most applications) we can relax this
condition and demand merely that ¢, € £L2(F,_1) for each n.

While the preservation of the martingale property may please mathemati-
cians, it is depressing news for gamblers! We can interpret the process c¢ as
representing the size of the stake the gambler ventures in every game, so that
¢p, is the amount (s)he bets in game n. Note that ¢, could be 0, which mean
that the gambler ‘sits out’ game n and places no bet. It also seems reasonable
that the size of the stake depends on the outcomes of the previous games, hence
cn is F,_1-measurable, and thus c is predictable.

The conclusion that ¢- X is then a martingale means that ‘clever’ gambling
strategies will be of no avail when the game is fair. It remains fair, whatever
strategy the gambler employs! And, of course, if it starts out unfavourable to
the gambler, so that X is a supermartingale (X,,—1 > E(X,,|F,—1)), the above
calculation shows that, as long as ¢,, > 0 for each n , then E(I,,|F,—1) < I,,—1, 80
that the game remains unfavourable, whatever non-negative stakes the gambler
places (and negative bets seem unlikely to be accepted, after all...). You will
verify immediately, of course, that a submartingale X produces a submartingale
¢+ X when c is a non-negative process. Sadly, such favourable games are hard
to find in practice.

Combining the definition of (I,,), with the Doob decomposition of the sub-
martingale X? we obtain the identity which illustrates why martingales make
useful ‘integrators’. We calculate the expected value of the square of (¢ X),
when ¢ = (¢,) is predictable and X = (X,,) is a martingale:

E((c- X)7) =B()_ cxAXi]?) =E( > ¢;cr AX;AXp).
k=1 Gk=1
Consider terms in the double sum separately: when j < k we have

E(CjCkAXjAXk) = E(CjCkAXjAXﬂfk,l) = E(CjCkAXjE(AXka,l)) =0
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since the first three factors are all Fj_1- measurable, while E(AX|Fr—1) =0
since X is a martingale. With j, k interchanged this also shows that these terms
are 0 when k£ < j.

The remaining terms have the form

E(ck(AXy)?) = E(RE((AXR)?|Fi-1)) = E(c; Ady).

By linearity, therefore, we have the fundamental identity for stochastic integrals
relative to martingales (also called the Ito isometry):

E() e AX)?) =E(D | R AA).
k=1 k=1

Remark 7.3

The sum inside the expectation sign on the right is a ‘Stieltjes sum’ for the in-
creasing process, so that it is now at least plausible that this identity allows us
to define martingale integrals in the continuous-time setting, using approxima-
tion of processes by simple processes, much as was done throughout this book
for real functions. The Ito isometry is of critical importance in the definition of
stochastic integrals relative to processes such as Brownian motion: in defining
Lebesgue—Stieltjes integrals our integrators were of bounded variation. Typi-
cally, the paths of Brownian motion (a process we shall not define in this book
— see (e.g.) [3] for its basic properties) are not of bounded variation, but the
Ito isometry shows that their quadratic variation can be handled in the (much
subtler) continuous-time version of the above framework, and this enables one
to define integrals of a wide class of functions, using Brownian motion (and
more general martingales) as ‘integrator’.

We turn finally to the idea of stopping a martingale at a random time.

Definition 7.13

A random variable 7 : 2 — {0,1,2,...,n,..} U{co} is a stopping time relative
to the filtration (F,) if for every n > 1, the event {7 = n} belongs to F,.

Note that we include the value 7(w) = oo, so that we need {7 = oo} €
Foo = 0(Up>1Fp), the ‘limit o-field’. Stopping times are also called random
times, to emphasise that the ‘time’ 7 is a random variable.

For a stopping time 7 the event {7 < n} = U}_,{7 = k} is in F,, since for
each k <n {r =k} € Fj, and the o-fields increase with n. On the other hand,
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given that for each n the event {7 <n} € F,,, then
{T:n}:{rgn}\{Tgn—l}E}-n.

Thus we could equally well have taken the condition {r < n} € F, for all n as
the definition of stopping time.

Example 7.9

A gambler may decide to stop playing after a random number of games, de-
pending on whether his winnings X have reached a pre-determined level L (or
his funds are exhausted!). The time 7 = min{n : X,, > L} is the first time
at which the process X hits the interval [L,c0); more precisely, for w € (2,
T(w) = n if Xp(w) > L while Xj(w) < L for all k¥ < n. Since {r = n} is thus
determined by the values of X and those of the Xy for & < n it is now clear
that 7 is a stopping time.

Example 7.10

Similarly, we may decide to sell our shares in a stock S if its value falls below
75% of its current (time 0) price. Thus we sell at the random time 7 = min{n :
Sn < %So}, which is again a stopping time. This is an example of a ‘stop-loss
strategy’, and is much in evidence in a bear market.

Quite generally, the first hitting time 74 of a Borel set A C R by an adapted
process X is defined by setting 74 = min{n > 0: X,, € A}. For any n > 0 we
have {74 < n} = Up<,{Xi € A} € F,,. To cater for the possibility that X never
hits A we use the convention min @ = oo, so that {74 = 0o} = 2\ (Up>0{74 <
n}) represents this event. But its complement is in Foo = 0(Up>0F), thus so
is {74 = co}. We have proved that 74 is a stopping time.

Returning to the gambling theme, we see that stopping is simply a particular
form of gambling strategy, and it should thus come as no surprise that the
martingale property is preserved under stopping (with similar conclusions for
super- and submartingales). For any adapted process X and stopping time
7, we define the stopped process X7 by setting X[ (w) = X,ar(w)(w) at each
w € §2. (Recall that for real x,y we write z A y = min{z, y}.)

The stopped process X7 is again adapted to the filtration (F,),, since
{X:an € A} means that either 7 > n and X,, € A, or 7 = k for some k < n
and Xj, € A. Now the event { X,, € A} N {7 > n} € F,,, while for each k the
event {r =k} N{Xy € A} € F. For all k < n these events therefore all belong
to Fp,. Hence so does {X,r, € A}, which proves that X7 is adapted.
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Theorem 7.31

Let (2, F,(Fy),P) be a filtered probability space, and let X be a martin-
gale with Xy = 0. If 7 is a stopping time, the stopped process X7 is again a
martingale.

Proof

We use the preservation of the martingale property under discrete stochastic
integrals (‘gambling strategies’). Let ¢, = 1{;>,3 for each n > 1. This defines
a bounded predictable process ¢ = (c,,), since it takes only the values 0,1 and
{en, =0} ={r <n—-1} € F,_1, so that also {¢,, = 1} = N\{c, =0} €
Fn—1. Hence by Theorem 7.30 the process c - X is again a martingale. But by
construction (¢- X)g =0 = Xy = X, while for any n > 1

(C . X)n = Cl(Xl — Xo) + CQ(XQ — Xl) + ...+ Cn(Xn — anl) = X-,—/\n.

O

Since ¢, > 0 as defined in the proof, it follows that the supermartingale
and submartingale properties are also preserved under stopping. For a mar-
tingale we have, in addition, that expectation is preserved, i.e. (in general)
E(X;an) = E(Xj). Similarly, expectations increase for stopped submartingales,
and decrease for stopped supermartingales.

None of this, however, guarantees that the random variable X, defined by
X7 (w) = X;(u)(w) has finite expectation — to obtain a result which relates its
expectation to that of Xy we generally need to satisfy much more stringent
conditions. For bounded stopping times (where there is a uniform upper bound
N with 7(w) < N for all w € 2), matters are simple: if X is a martingale, X, ay,
is integrable for all n, and by the above theorem E(X;A,) = E(Xo). Now apply
this with n = N, so that X;r, = X;an = X;. Thus we have E(X,) = E(Xy)
whenever 7 is a bounded stopping time. We shall not delve any further, but
refer the reader instead to texts devoted largely to martingale theory, e.g. [12],
[8], [3]. Bounded stopping times suffice for many practical applications, for
example in the analysis of discrete American options in finance.

7.4.3 Applications to mathematical finance
A major task and challenge for the theory of finance is to price assets and

securities building models consistent with market practice. This consistency
means that any deviation from the theoretical price should be penalized by the
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market. Specifically, if a market player quotes a price different from the price
provided by the model, she should be bound to lose money.

The problem is the unknown future which has somehow to be reflected in the
price since market participants express their beliefs about the future by agreeing
on prices. Mathematically, an ideal situation is where the price process X (t) is a
martingale. Then we would have the obvious pricing formula X (0) = E(X(T))
and in addition we would have the whole range of formulae for the intermediate
prices by means of conditional expectation based on information gathered.

However, the situation where the prices follow a martingale is incompatible
with the market fact that money can be invested risk-free, which creates a
benchmark for expectations for investors investing in risky securities. So we
modify our task by insisting that the discounted values Y (¢) = X (¢t) exp{—rt}
form a martingale. The modification is by means of a deterministic constant so
it does not create a problem for asset valuation.

A particular goal is pricing derivative securities where we are given the
terminal value (a claim) of the form f(S(T")), where f is known and the prob-
ability distributions of the values underlying asset S(t) are assumed to be
known by taking some mathematical model. The above martingale idea would
solve the pricing problem by constructing a process X (¢) in such a way that
X(T) = f(S(T)) (We call X a replication of the claim.)

We can summarise the tasks: Build a model of the prices of the underlying
security S(t) such that

1. There is a replication X (¢) such that X (T) = f(S(T)),
2. The process Y (t) = X (t) exp{—rt} is a martingale, so Y (0) is the price of

the security described by f,

3. Any deviation from the resulting prices leads to a loss.

Steps 1 and 2 are mathematical in nature, but Step 3 is related to real
market activities.

We perform the task for the single step binomial model.

Step 1. Recall that the prices in this model are S(0), S(1) = S(0)n where
n = U or n = D with some probabilities. Let f(z) = (z — K)*. We can easily
find X (0) so that X (1) = (S(1) — K)* by building a portfolio of n shares S
and m units of bank account (see Section 6.5.5) after solving the system

nS(0)U +mR = (S(0)U — K)™,
nS(0)D +mR = (S(0)D — K)™.

Note that X (1) is obtained by means of the data at time ¢ = 0 and the model
parameters.

Step 2. Write R = exp{r}. The martingale condition we need is trivial:
X(0)R = E(X(1)). The task here is to find the probability measure (X is
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defined, we have no influence on R, so this is the only parameter we can adjust).
Recall that we assume D < R < U. We solve

X(0)R=pX(0)U + (1 -p)X(0)D

which gives
_R-D
-~ U-D

and we are done. Hence the theoretical price of a call is

p

C =R 'p(S(0)U — K) = exp{—r}E(S(1) — K)™.

Step 3. To see that within our model the price is right suppose that someone
is willing to buy a call for C’ > C. We sell it immediately investing the proceeds
in the portfolio from step 1. At exercise our portfolio matches the call payoff
and have earned the difference C' — C. So we keep buying the call until the
seller realises the mistake and raises the price. Similarly if someone is selling a
call at C" < C we generate cash by forming the (—n, —m) portfolio, buy a call
(which, as a result of replication, settles our portfolio liability at maturity) and
we have profit until the call prices quoted hit the theoretical price C.

The above analysis summarises the key features of a general theory. A
straightforward extension of this trivial model to n steps gives the so-called
CRR (Cox—Ross—Rubinstein) model, which for large n is quite adequate for re-
alistic pricing. We evaluated the expectation in the binomial model to establish
the CRR price of a European call option in Proposition 4.37.

For continuous time the task becomes quite difficult. In the Black—Scholes
model S(t) = S(0) exp{(r — £02)t + ow(t)}, where w(t) is a stochastic process
(called the Wiener process or Brownian motion) with w(0) = 0 and independent
increments such that w(t) —w(s) is Gaussian with zero mean and variance t —s,
s <t.

Exercise 7.21
Show that exp{—rt}S(t) is a martingale.

Existence of the replication process X (¢) is not easy but can be proved, as
well as the fact that the process Y(¢) is a martingale. This results in the same
general pricing formula: exp{—rT}E(f(S(T)). Using the density of w(T") this
number can be written in an explicit form for particular derivative securities
(see Section 4.7.5 where the formulae for the prices of a call and put options
were derived).
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Remark 7.4

The reader familiar with finance theory will notice that we are focused on
pricing derivative securities and this results in considering the model where the
discounted prices form a martingale. This model is a mathematical creation
not necessarily consistent with real life, which requires a different probability
space and different parameters within the same framework. The link between
the real world and the martingale one is provided by a special application of
Radon-Nikodym theorem which links the probability measures, but this is a
story we shall not pursue here and refer the reader to numerous books devoted
to the subject (for example [5]).

7.5 Proofs of propositions

Proof (of Proposition 7.1)

Suppose the (e, d)-condition fails. With A as in the hint, we have u(A) <
pUisnFi) < Y, 5 = o=t for every n > 1. Thus pu(A) = 0. But
v(F,) > € for every n, hence v(E,) > e, where E, = |J;>nF;. The se-
quence (E,), decreases, so that, as v(F) is finite, Theorem 2.13 (i) gives:
v(A) = v(lim, E,) = lim, v(E,) > . Thus v is not absolutely continuous
with respect to u. Conversely, if the (g, 6)-condition holds, and p(F) = 0, then
w(F) < § for any 6 > 0, and so, for every given ¢ > 0, v(F) < e. Hence
v(F)=0.Sov < pu. O

Proof (of Proposition 7.4)

We proceed as in Remark 4.1. Begin with g as the indicator function 14 for
G € G. Then we have: [, gdp = u(G) = [, hy de by construction of h,,. Next,
let g = 22;1 a;lg, for sets G1,Ga,...,G, in G, and reals a1, ag,...,a,; then
linearity of the integrals yields

n n n

[odn=3an@) =3 ai( | hedo) =Y ai( [ 16hude) = [ ghude.
2 i=1 i=1 Gi j 2 §2
Finally, any G-measurable non-negative function g is approximated from below
by an increasing sequence of G-simple functions g, = Y., a;1¢;,, its integral
Jo 9dp is the limit of the increasing sequence ([, gnhy dp)n. But since 0 <
hy, <1 by construction, (g,h,) increases to gh, pointwise, hence the sequence
(fQ gnhy, dp), also increases to fQ gh,, dep, so the limits are equal. For integrable
g = g7 — g~ apply the above to each of g7, g~ separately, and use linearity. [
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Proof (of Proposition 7.6)

If U,>; An = £ and the A, are not disjoint, replace them by E,, where
Ey=A, FE, = An\(UZ:ll E;), n > 1. The same can be done for the B,, and
hence we can take both sequences as disjoint. Now 2 = J . n>1(An N By,) is
also a disjoint union, and v, i are both finite on each A, N B,,. Re-order these
sets into a single sequence (C,),>1 and fix n > 1. Restricting both measures to
the o-field F,, = {FNC, : F € F} yields them as finite measures on ({2, F,,),
so that the Radon-Nikodym theorem applies, and provides a non-negative F,,-
measurable function h, such that v(E) = [, hdu for each E € F,. But any
set F' € F has the form F = |J, F, for F,, € F,, so we can define h by
setting h = h,, for every n > 1. Now v(F) = Y > | an hndp = [, hdp. The
uniqueness is clear: if g has the same properties as h,then f s (h—g)dp =0 for
each F' € F,so h — g =0 a.e. by Theorem 4.15. O

Proof (of Proposition 7.7)

(1) This is trivial, since ¢ = A + v is o-finite and absolutely continuous with
respect to u, and we have, for F' € F :

dX dv

do
/F_ dp=§(F) = (A +v)(F) :A<F>+V<F>:/F[@ gl e

dp

The integrands on the right and left extremes are thus a.s. (i) equal, so the
result follows.

(ii) Write % =g and g—” = h. These are non-negative measurable functions

and we need to show that, for F € F

A(F) = /F ghd.

First consider this when g is replaced by a simple function of the form ¢ =
> i, ¢ilg,. Then we obtain:

/F<z>dy:iz:;ciu(FﬂEi) :gci/F

Now let (¢,,) be a sequence of simple functions increasing pointwise to g. Then

hdp :/ oh dpu.
F

NE;

by monotone convergence theorem:

)\(F):/gdz/:lim/ d)ndz/:lim/ d)nhdu:/ghdu,
F n Jr n Jr F

since (¢nh) increases to gh. This proves our claim. O
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Proof (of Proposition 7.8)

Use the hint: A1 + Ay is concentrated on A; U As, while y is concentrated on
By N By. But A; U A is disjoint from By N By, hence the measures A1 + Ay
and p are mutually singular. This proves (i). For (ii), choose a set E for which
u(E) = 0 while A2 is concentrated on E. Let F' C E, so that u(F) = 0 and
hence A\ (F) = 0 (since \y < p). This shows that A; is concentrated on E°,
hence A1 and A9 are mutually singular. Finally, (ii) applied with A\; = Ao = v
shows that v L v, which can only happen when v = 0. O

Proof (of Proposition 7.11)

Fix x € R. The set A = {F(y) : y < x} is bounded above by F(z), while
B = {F(y) : + < y} is bounded below by F(z). Hence sup A = K; < F(z),
and inf B = Ko > F(z) both exist in R and for any € > 0, we can find y; < z
such that K1 —e¢ < F(y1) and y2 > x such that Ko + & > F(y2). But since
F is increasing this means that K7 — e < F(y) < K; throughout the interval
(y1,2) and Ky < F(y) < K2+ ¢ throughout (y, y2). Thus both one-sided limits
F(z—) = limy1, F(y) and F(z+) = lim |, F(y) are well-defined and by their
definition F(z—) < F(z) < F(z+).

Now let C' = {z € R : F is discontinuous at z}. For any x € C we have
F(x—) < F(z+). Hence we can find a rational r = r(z) in the open interval
(F(z=), F(z+)). No two distinct = can have the same r(z), since if z1 < x2
we obtain F(x1+) < F(xz2—) from the definition of these limits. Thus the
correspondence x < r(z) defines a one-one correspondence between C and a
subset of Q, so C' is at most countable. At each discontinuity we have F(x—) <
F(z+), so all discontinuities result from jumps of F. O

Proof (of Proposition 7.12)

Fix € > 0, and let a finite set of disjoint intervals Jx = (g, yx) be given. Let
E =J, Ji- Then

n

n Yk n Yk
|F(yr) — F(zi)| =) | [ fdm|< |fldm = [ |f|dm.
D) = Flonl =31 [ pamd <32 [ it = |,

k=1

But since f € £', the measure ;(G) = [, |f|dm is absolutely continuous with
respect to Lebesgue measure m and hence, by Proposition 7.1, there exists
d > 0 such that m(F) < ¢ implies u(F) < e. But if the total length of the
intervals Jj, is less than §, then m(F) < §, hence u(F) < e. This proves that
the function F' is absolutely continuous. (I
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Proof (of Proposition 7.14)

Use the functions defined in the hint: for any partition (x)k<» of [a, z] we have

F(rg_1)]

. TTMs ||M:
§
S
+
\
(]
=
=
g
3
-

)()

so that p(z) = n(z)+[F(b)—F(a)] < Np(z)+[F((b)—F(a)] by definition of sup.
This holds for all partitions, hence Pr(z) = sup p(z) < Np(z)+[F((b) — F(a)].
On the other hand, writing n(z) = p(z)+[F(a) — F(b)] yields Np(z) < Pp(z)+

[F(a) — F(b)]. Thus Pr(z) — Np(x) = F(b) — F(a). Now for any fixed partition

we have
2) > Y |Fla) = Fzp-1)| = p(z) + n(x) = p(z) + {p(x) - [F(b) - F(a)]}
i

=2p(z) — [Pr(z) — Np(x)] = 2p(z) + Np(z) — Pr(z).

Take the supremum on the right: Tr(z) > 2Pr(z) + Np(z) — Pp(z) =
Pp(x) + Np(z). But we can also write Y ,_, [F(zx) — F(zr-1)| = p(x) +
n(x) < Pp(x) + Np(x) for any partition, so taking the sup on the left provides
Tr(r) < Pp(xz) + Np(z). So the two sides are equal. O

Proof (of Proposition 7.15)

It will suffice to prove this for T, as the other cases are similar. If the partition
P of [a, b] produces the sum ¢(P) for the absolute differences, and if P’ = PU{c}
for some ¢ € (a,b), then t(P)[a,b] < t(P)]a, ]+ t(P’)[c, b] and this is bounded
above by Trla, c] + Tr[c, b] for all partitions. Thus it bounds Tr[a, b] also. On
the other hand, any partitions of [a, ] and [c, b] together make up a partition of
[a, b], so that Tr[a,b] bounds their joint sums. So the two sides must be equal.
In particular, fixing a, Tr([a, ] < Tr[a,b] when ¢ < b, hence Tp(x) = Tr[a, x]
is increasing with x. The same holds for Pr and Np. The final statement is
obvious. O

Proof (of Proposition 7.17)

(i) Given e > 0, find 6 > 0 such that > | (y; — x;) < & implies Y ;| |F(yi) —

F(x;)| < 5‘5 . Given a partition (t;)i<x of [a,b], we add further partition
T p D

points, umformly spaced and at a distance 2 “ from each other, to ensure that
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the combined partition (z;);<n has all its points less than § apart. To do this
we simply need to choose M as the integer part of T' = b_Ta + 1. Since the (¢;)
form a subset of the partition points (z;)i=o,1,..., v it follows that

K N
Z |[F'(ti) — F(ti-1)] < Z |F'(2i) — F(2zi-1)].

The latter sum can be re-ordered into M groups of terms where each group
begins and ends with two consecutive new partition points: the k** group then
contains (say) my points altogether, and by their construction, the sum of
their consecutive distances (i.e. the distance between the two new endpoints!)
is less than 4, so for each k < M, 37" |F(wik) — F(wi—1x)| < £, where
the (w; k) are the re-ordered points (z;). Thus the whole sum is bounded by
M(4#£2) < T(3#%) < e. This shows that F € BV[a,b], since the bound is
independent of the original partition (¢;)i<x.

For (ii), note first that, by (i), the function F has bounded variation on
[a, b], so that over any subinterval [z;, y;] the total variation function Tg[x;, y;]
is finite. Again take £, as given in the definition of absolutely continu-
ous functions. If (x;,¥;)i<n are subintervals with Z?zl lyi — x| < & then
S |F(yi) — F(z;)] < e. As in the previous proposition this implies that
Tr|zi,yi;] < e. Thus both Pglz;,y;] and Ng[z;,y;] are less than e, so that the
functions F; and Fs are absolutely continuous. O

Proof (of Proposition 7.18)

Obviously v(@) = 0 and @ C E for any E. So if v is monotone increasing,
v(E) > v(0) > 0. Hence v is a measure. Conversely, if v is a measure, F' C E,
v(E)=v(F)+v(E\F)>v(E). O

Proof (of Proposition 7.26)

If £ = {f > 1} has p(E) > 0, -/ is well-defined and [, -/ dp =
ﬁfEfdp > 1. This contradicts the hypothesis, so p(E) = 0. Similarly,
F ={f < —1} has p(F) = 0. Hence |f| <1 p-a.e. O

Proof (of Proposition 7.27)

Choose h, A, B as in the hint. Recall that v+ = 1(|v| + v), and note that
3(1+ h) = hlg, so that, for F € F,

VH(F) = %/F(l—&—h)d|u|):/FmBhd|u| — W(FNB).
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But then, since B = A€,
v (F)=~[v(F)—vT(F)]=—w(F)-v(FNB)]=-v(FNA).

Finally, if v = A1 — Ay where the )\; are measures, then v < A1, so that
vT(F) =v(FNB) <A\ (FNB) < A\ (F) by monotonicity. This proves the final
statement of the proposition. O

Proof (of Proposition 7.28)

(i) Is immediate, as fQ E(X|G)dP = fQ X dP by definition.

(i) If both integrands are G-measurable and [, E(X|G)dP = [, X dP for
all G € G, then the integrands are a.s. equal by Theorem 4.15, and thus X is
a version of E(X|G).

(iii) For any G € G, 1¢ and X are independent random variables, so that

/ XdP = E(X1¢) = E(X)E(1e) = / E(X)dP
G G
Hence by definition E(X) is a version of E(X|G). But E(X) is constant, so the

identity holds everywhere.
(iv) Use the linearity of integrals:

/G(aX+bY):a/(;XdPer/GYdP:a/GE(X|g)dP+b/GE(Y|g)dP
_ / [aE(X|G) AP + bE(Y|G)] dP,
G

so the result follows. O






5

Limit theorems

In this chapter we introduce something of a change of pace and the reader may
omit the more technically demanding proofs at a first reading, in order to gain
an overview of the principal limit theorems for sequences of random variables.
We put the spotlight firmly on probability to derive substantive applications
of the preceding theory.

First, however we discuss some basic modes of convergence of sequences of
functions of real variable. Then we move to the probabilistic setting to which
this chapter is largely devoted.

8.1 Modes of convergence

Let E be a Borel subset of R™. For a given sequence (f,) in LP(E), p > 1, we
can express the statement ‘f, — f as n — oo’ in a number of distinct ways:

Definition 8.1

(1) fn — f uniformly on E: given ¢ > 0, there exists N = N(e) such that, for
alln > N,
[fn = flloe = sup(|fn(z) — f(z)]) <e.
el

(Note that we need f,, € L*°(FE) for the sup to be finite in general.)

241
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(2) fn — f pointwise on E: for each z € E, given £ > 0, there exists N =
N(g,x) such that |f,(z) — f(z)] < e for all n > N.

(3) fn — f almost everywhere (a.e.) on E: there is a null set F' C E such that
fn — f pointwise on E\ F.

(4) fn — f in LP — norm (in the p'" mean): || f, — f|l, — 0 as n — oo, i.e. for
given € > 0, 3N = N(¢) such that

1
I — fllp = < Az —fIPdm> -
E

for all n > N.

Handling these different modes of convergence requires some care; at this
point we have not even shown that they are all genuinely different. Clearly,
pointwise (and a.e.) limits are often easier to ‘guess’, however, we cannot always
be certain that the limit function, if it exists, is again a member of LP(E).
For mean convergence, however, this is ensured by the completeness of LP(E),
and similarly for uniform convergence, which is just convergence in the L°°—
norm. Note that the conclusions of the dominated and monotone convergence
theorems yield the mean convergence of a.e. convergent sequences (f,), but
only by imposing additional conditions on the (fy,).

Theorem 8.1

With (f,,) as above, the only valid implications are the following: (1) = (2) =
(3). For finite measures, (1) = (4).

Proof

The above implications are obvious. It is also obvious that (3) # (2). To see
that (2) # (1) take B = [0,1], fn = 1(g 1) which converges to f = 0 at all
points but sup f, =1 for all n.

For (3) # (4) take fn, = nl( 1); fu converges to 0 pointwise, but
fol fedm=nPl =nr-1>1.

To see that (4) % (3), let £ = [0,1] and put

S1=toy 92=1
98 =11 92 =1

=

)

Al 0=

] 95 =1 g6 = 1;

NS
IS
N
)
—
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1 1
/ gﬁdm:/ gndm — 0
0 0

but for each z € [0,1], gn(x) = 1 for infinitely many n, so g,(x) does not
converge at any x in E. |

Then

Example 8.1

We investigate
hn(x) = 2™

for convergence in each of these modes on E = [0, 1].
The sequence converges everywhere to the function h(z) = 0 for z € [0, 1),
h(1) =1, and so it also converges almost everywhere.
It does not converge uniformly since supyg 1) |hn(z) — h(z)| =1 for all n.
It converges in LP for p > 0:

:C;zm-i-l 1
pn+1 0

— 0.

/01 [hn () — h(z)|P da = /01 P dx =

Remark 8.1

There are still other modes of convergence which can be considered for se-
quences of measurable functions, and the relations between these and the above
are quite complex in general. Here we will not pursue this theme in general,
but specialize instead to probability spaces, where we derive additional rela-
tionships between the different limit processes.

Exercise 8.1

For each of the following decide whether f,, — 0 (i) in L?, (ii) uniformly,
(iii) pointwise, (iv) a.e.

(&) fn= 1[n,n+%]’

(b) fn = nl[o’%] — n1[7; 0].

n’

8.2 Probability

The remainder of this chapter is devoted to a discussion of the basic limit
theorems for random variables in probability theory. The very definition of
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‘probabilities’ relies on a belief in such results, i.e. that we can ascribe a meaning
to the ‘limiting average’ of successes in a sequence of independent identically
distributed trials. Then the purpose of the ‘endless repetition’ of tossing a coin
is to use the ‘limiting frequency’ of Heads as the definition of the probability
of Heads.

Similarly, the pivotal role ascribed in statistics to the Gaussian density has
its origin in the famous Central Limit Theorem (of which there is actually a
large variety) which shows this density to describe the limit distribution of a
sequence of distributions under appropriate conditions. Convergence of distri-
butions therefore provides yet a further important limit concept for sequences
of random variables.

In both cases the concept of independence plays a crucial role and first of
all we need to extend this concept to infinite sequences of random variables. In
what follows,

X1, Xo,..., Xn,...

will denote a sequence of random variables defined on a probability space.

Definition 8.2

We say that random variables X1, Xo,... are independent if for any n € N the
variables X1,..., X,, are independent (see Definition 3.3).

An alternative is to demand that any finite collection of X; be independent.
Of course this condition implies independence since finite collections cover the
initial segments of n variables.

Conversely, take any finite collection of X; and let n be the greatest index
of this finite collection. Now Xj,..., X, are independent and then for each
subset the collection of its elements is independent; this includes, in particular,
the chosen one.

We study the following sequence

Sp=X1++ X,

If all X; have the same distribution (we say that they are identically dis-
tributed), then 2= is the average value of X,, (or X1, it does not matter) after
n repetitions of the same experiment.

We study the bahaviour of S, as n goes to infinity? The two main questions
we address are:

1. When do the random variables i converge to a certain number? Here there

is an immediate question of the appropriate mode of convergence. Positive

answers to such questions are known as laws of large numbers.
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2. When do the distributions of the random variables ST converge to a mea-
sure? Under what conditions is this limit measure Gaussian? The results
we obtain in response are known as central limit theorems.

8.2.1 Convergence in probability

Our first additional mode of convergence, convergence in probability, is some-
times termed ‘convergence in measure’.

Definition 8.3

A sequence X1, Xa,... converges to X in probability if for each ¢ > 0
P(X,—X|>¢)—0

as 1 — OQ.

Exercise 8.2

Go back to the proof of Theorem 8.1 (with E = [0, 1]) to see which of the
sequences of random variables constructed there converge in probability.

Exercise 8.3

Find an example of a sequence of random variables on [0, 1] that does
not converge to 0 in probability.

We begin by showing that convergence almost surely (i.e. almost every-
where) is stronger than convergence in probability. But first we prove an aux-

iliary result.

Lemma 8.2

The following conditions are equivalent
(a) Y, — 0 almost surely

(b) for each ¢ > 0,
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Proof

Convergence almost surely, expressed succinctly, means that
P{w:Ve>03IN eN:Vn> N, |V, (w)| <e}) =1.

Writing this set of full measure another way we have
PV U Niw: Ml <eh =1
e>0 NeNn>N

The probability of the outer intersection (over all £ > 0) is less then the prob-
ability of any of its terms, but being already 1, it cannot increase, hence for all

e>0
P Niw: Wa@)l <eh=1.

NeNn>N
We have a union of increasing sets so

hmPﬂ{w (W) <e})=1

n>N

thus

Jim (1= PO {w: Va@)] <)) =

n>N
but we can write 1 = P({2) so that

P((H{w: [Ya)| <e}) = P2\ (| {w:[Ya(w) <e})

n>N n>N

P({J{w: [Ya) = €})

n>N

by De Morgan’s law. Hence (a) implies (b). Working backwards, these steps
also prove the converse. O

Theorem 8.3

If X,, — X almost surely then X,, — X in probability.

Proof

For simplicity of notation consider the difference Y,, = X,, — X and the problem
reduces to the discussion of convergence of Y,, to zero. We have

lim P( U{w w)| >e}) > hm PH{w: |Yr(w)| > €})

k—o0

and by Lemma 8.2 the limit on the left is zero hence so is that on the right. O
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Note that the two sides of the inequality neatly summarize the difference
between convergence a.s. and in probability. For convergence in probability we
consider the probabilities that individual Y,, are at least € away from the limit,
while for almost sure convergence we need to consider the whole tail sequence
(Y)n>k simultaneously.

The following example shows that the implication in the above theorem
cannot be reversed and also shows that the convergence in L? does not imply
almost sure convergence.

Example 8.2

Consider the following sequence of random variables defined on 2 = [0,1]
with Lebesgue measure: Y1 = 19,1}, Yo = 1j9,1/2], Y3 = L[1/2,1], Ya = 1{0,1/4];
Y5 = 1(1/4,1/2) and so on (like in the proof of Theorem 8.1). The sequence clearly
converges to zero in probability and in L? but for each w € [0,1], V,(w) = 1
for infinitely many n, so it fails to converge pointwise.

Convergence in probability has an additional useful feature:

Proposition 8.4

The function defined by d(X,Y) = E(Hj‘(x;ﬂ,—‘) is a metric and convergence in

d is equivalent to convergence in probability.

Hint If X,, — X in probability then decompose the expectation into
fA—f—fQ\A where A = {w : [ X, (w) — X(w)| < e}

We now give a basic estimate of the probability of a non-negative random
variable taking values in a given set by means of the moments of this random
variable.

Theorem 8.5 (Chebyshev's Inequality)
If Y is a non-negative random variable, € > 0, 0 < p < co, then

E(Y?)

P(Y >¢) <
cb

Proof

This is immediate from basic properties of integral: let A = {w : Y(w) > ¢}
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and then
E(Y?) > / Y?PdP (integration over a smaller set)
> PILEA) -eP
since Y?P(w) > eP on A, which gives the result after dividing by &?. O

Chebyshev’s inequality will be used mainly with small . But let us see what
happens if € is large.

Proposition 8.6
Assume that E(Y?) < oco. Then

ePP(Y >e)— 0 ase— oo.

Hint Write

E(YP):/ YPdP+/ Y?dP
{w:Y (w)>e} {w:Y(w)<e}

and estimate the first term as in the proof of Chebyshev’s inequality.

Corollary 8.7

Let X be a random variable with finite expectation E(X) = m and variance
02. Let 0 < a < oo; then

1

_2.

P(|X —m| > ao) <
a

Proof

Using Chebyshev’s inequality with Y = |X — m| and p = 2, ¢ = ao we find
that E(X 2) 1
-m
P(IX —m|>a0) < — == -
as required. O

Remark 8.2

Chebyshev’s inequality also shows that convergence in LP implies convergence
in probability. For, let Y,, = |X,, — X| and assume that || X,, — X||, — 0. This
implies that P(Y,, > &) — 0. The converse is false in general, as the next
example shows.
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Example 8.3

Let 2 = [0, 1] with Lebesgue measure and let X,, = nlp 1y. The sequence X,
converges to 0 pointwise so we take X = 0 and we see that [|X,, — X||, =

fovlT n?dm =nP~1. If p > 1, then || X, — X/, / 0, however as we have already
seen (Exercise 8.2),

P(X,—-X|>e)=P(X,=n)=—-—0

1
n

showing that X,, — X in probability.

8.2.2 Weak law of large numbers

The simplest ‘law of large numbers’ provides an L?-convergence result:

Theorem 8.8

If X3, X, ... are independent, E(X;) = m, Var(X;) < K < oo, then % —m
in L? and hence in probability.

Proof

First note that E(S,) = E(X1) + - - - + E(X,,) = nm by the linearity of expec-
tation. Hence IE(ST) =m and so ]E(ST —m)? = Var(%). By the properties of
the variance (Proposition 5.20)

Sn 1 1 1 K
Var(g) = ﬁVar(Sn) = F(Var(Xl) + -+ Var(X,)) < ﬁnK == 0

as n — oo. This in turn implies convergence in probability as we saw in Re-
mark 8.2. O

Exercise 8.4

Using Chebyshev’s inequality find a lower bound for the probability
that the average number of heads in 100 tosses of a coin differs from 1

2
by 0.1.

Exercise 8.5

Find a lower bound for the probability that the average number shown
on a die in 1000 tosses differs from 3.5 by 0.01.
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We give some classical applications of the weak law of large numbers. The
Weierstrass theorem says that every continuous function can be uniformly ap-
proximated by polynomials. The Chebyshev inequality provides an easy proof.

Theorem 8.9 (Bernstein—Weierstrass Approximation Theorem)

If f:]0,1] — R is continuous then the sequence of Bernstein polynomials

n

) = 3 () =0 o)

k=0

converges to f uniformly.

Proof

The number f,(z) has a probabilistic meaning. Namely, f,(z) = E(f(%))
where S, = X; + -+ X,

¥, — 1 with probability x
‘| 0 with probability 1 — z.

Then writing E,. instead of £ to emphasize the fact that the underlying prob-
ability depends on x, we have

sup [fn(z) — f(z)| < sup IEx(f(%))*f(x)l

z€[0,1] z€[0,1]

Sh,
< sup Eolf(—) — f(=)].
z€[0,1] n

Take any € > 0 and find § > 0 such that if |z —y| < § then |f(z) — f(y)| < 5
(this is possible since f is uniformly continuous).

BAICH —I@I= [ WEH sl
' )~ fa)lap

S
{w:] 58 o265}

Sn
< g +2 suwp [f@)]- P(= x| = 9).

z€[0,1]

| ™

The last term converges to zero by the law of large numbers since z = E(S#),
and Var(22) is finite. This convergence is uniform in :

Sn Var(22) (1 - 2) 1
P —ol20) = —5 w02 = dng?
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(due to 4z(1—x) < 1 and Var(S,) = nVar(X;) = nz(1—z) ). So, for sufficiently
large n the right-hand side is less than € which completes the proof. |

In many practical situations it is impossible to compute integrals (in par-
ticular areas or volumes) directly. The law of large numbers is the basis of the
so-called Monte Carlo method which gives an approximate solution by random
selection of points. The next two examples illustrate this method.

Example 8.4

We restrict ourselves to F' C [0,1] x [0, 1] for simplicity. Assume that F' is
Lebesgue measurable and our goal is to find its measure. Let X,,,Y, be inde-
pendent, uniformly distributed in [0,1]. Let M, = £ >} | 1p(Xy, Y3). If we
draw the pairs of numbers n times, then this sum gives the number of hits
of the set F, and M,, — m(F) in probability. To see this first observe that
E(1rp (X%, Yi)) = P((Xk,Y) € F) = m(F) by the assumption on the distri-
bution of X}, Yi: independence guarantees that the distribution of the pair is
two-dimensional Lebesgue measure restricted to the square. Then

m(F)

ne

— 0.

P(|My —m(F)| Z ) <

A similar example illustrates the use of the Monte Carlo method for com-
puting integrals.

Example 8.5

Let f be an integrable function defined on [0,1]. With X,, independent uni-
formly distributed on [0, 1] we take

I, =

S|

> F(Xx)
k=1
and we show that L
I, — / f(z)dx
0

in probability. First note that the distribution of X is Lebesgue measure on
[0,1] hence

E(f(Xy)) = / J(x) dPx, (z) = / f(z) da,

and so E(I,,) = fol f(x)dx. The weak law provides the desired convergence.

P\, /O f@)da] > &) — 0.
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We return to considering further weak laws of large numbers for sequences
of random variables. The assumption that E(X}) and Var(X}) are finite can be
relaxed. There is, however, a price to pay by imposing additional conditions.

First we introduce some convenient notation. For a given sequence of ran-
dom variables (X)g>1 introduce the truncated random variables

Xi(n) = Xg - L x, (w)|<n}

and set m, = E(X;(n)). Note that m,, = E(Xx(n) for all & > 1 since the
distributions of all X are the same. Also write

Sm=X1(n)+ -+ Xn(n)

for all m > 1.

Theorem 8.10

If X} are independent identically distributed random variables such that

aP(|X1| >a) =0 asa— oo, (8.2)
then g

—~ —m, — 0 in probability. (8.3)

n

We shall need the following lemma which is of interest in itself and will be
useful in what follows.

Lemma 8.11
Y >0,Y € LP, 0 < p < 00, then

E(Y?) =/ py" ' P(Y > y)dy.
0

In particular (p = 1)
EY)= / P(Y > y)dy.
0
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Proof (of the Lemma)

This is a simple application of Fubini’s theorem:
o0
/ py"IP(Y >y) dy
0
:/ / pypill{w:Y(w)>y}(w) dP(w) dy
0 [0}

:// Py’ "y (w)>y} (W) dy dP(w)  (by Fubini)
2Jo

Y (w)
:// pyp_ldydp(w)
2 J0

= / Y?(w)dP(w) (computing the inner integral, w fixed)
Q
=E(YP)

as required. O

Proof (of the Theorem)

Take € > 0 and obviously

P o) 2 2) < PUZE | 2 0) + P(S, # S0,

We estimate the first term

5 E(% —m,|?)

P(|== —my| >¢) < ”6—2 (by Chebyshev)
n
_ E( X Xk(n) —nmy?)
N n2e2
_ Var(d_ Xi(n))
N n2e2 '

Note that the truncated random variables are independent, being functions of



254 Measure, Integral and Probability

the original ones, hence we may continue the estimation:

< 2 Var(Xy(n))

n2g2
- %&;(n» (as Var(Xy(n)) are the same)
< %sgn)) (by Var(Z) = E(Z*) - (EZ)* <E(Z?))
- nLgQ 000 2yP(|X1(n)| >y)dy (by the Lemma for p = 2)

n
— 2uP(|X1| > y) dy.
mgoy(lll y)dy

The function y — 2yP(|X1| > y) converges to 0 as y — oo by hypothesis,
hence for given é > 0 there is yo such that for y > yg this quantity is less than
162, and we have

1w 1 m
= — 9P(| X4| > y)dy + — 2yP(| X4| > y)d
= 2P0l wavs o [ >y
1 1 de?

< — P(|X1] > —Nn—
_nEQyoyg[loaf{fo}{y (X1l >y} + —n=

)

provided n is sufficiently large. So the first term converges to 0. Now we tackle
the second term:

P(S, # S,) < P(Xy(n) # Xy, for some k < n)
< Z P(Xi(n) # Xi) (by subadditivity of P)
k=1
= nP(X;i(n) # X1) (the same distributions)

= TLP(|X1| > n)
— 0 by hypothesis.

This completes the proof. O

Remark 8.3

Note that we cannot generalize the last theorem to the case of uncorrelated
random variables since we made essential use of the independence. Although
the identity

Var (Z Xk(n)> = ZVar(Xk(n))
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holds for uncorrelated random variable, we needed the independence of the
(X)) — which implies that of the (X (n)) — to conclude that the truncated
random variables are uncorrelated.

Theorem 8.12

If X,, are independent and identically distributed, E(]X;]) < oo, then (8.2) is
satisfied, m,, — m = E(X}) and 22 — m in probability. (Note that we do not

n
assume here that X; has finite variance.)

Proof

The finite expectation of | X1| gives condition (8.2):

aP(X1| > a) = a /Q Lo, )20y AP

IN

/Q | X111 (i) X1 () >0} AP

= / |X;|dP
{w:| X1 (w)|>a}

— 0

as a — oo by the dominated convergence theorem. Hence %ﬂ —m, — 0 but
my = E(X11 () x, (w)|<n}) — E(X1) as n — oo so the result follows. O

8.2.3 The Borel-Cantelli Lemmas

The idea that a point w € §2 belongs to ‘infinitely many’ events of a given
sequence (A,) C F can easily be made precise: for every n > 1 we need to
be able to find an m,, > n such that w € A,,, . This identifies a subsequence
(my) of indices such that for each n > 1, w € A, ie. w € |,,>, Am for
every n > 1. Thus we say that w € A,, infinitely often, and write w € A, i.0.,
ifwe MoZ; Un_, An. We call this set the upper limit of the sequence (A,)
and write it as

[ee] (oo}
lim sup A, = ﬂ U A,

n— 00 —
n=1m=n

Exercise 8.6

Find limsup,,_,., Ay for a sequence A; = [0,1], A3 = [0,

Ag=10,7], A5 = [1, 3] etc.
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Given € > 0, a sequence of random variables (X,,) and a random variable
X, for each n set A, = {|X,, — X| > ¢}. Then w € A,, i.o. precisely when
for every € > 0, |X,(w) — X(w)| > € occurs for all elements of an infinite
subsequence (m;,) of indices, which means that (X,,) fails to converge to X.
Hence it follows that
X, — X as.(P) <= Ve>0P(lim sup A4,) = P(|X,,—X|>¢eio0.)=0.

Similarly, define
lim inf A, = U ﬂ A,.
nee n=1m=n

(We say that this set is the lower limit of the sequence (Ay,).)

Proposition 8.13

(i) We have w € liminf,,_,o A, if and only if w € A,, except for finitely many
n. (We say that w € A,, eventually.)

(i) P(X, — X) =lim.—o P(|X,, — X| < ¢ eventually).
(iii) If A =limsup,,_,., An then A° = liminf,, ., AS.
(iv) For any sequence (A,) of events, P({w € A,, ev.}) < P({w € A, i.0.})

Hint: Use Fatou’s lemma on the indicator functions of the sets in (iv).

The sets lim inf,,_, A, and limsup,,_,, A, are ‘tail events’ of the sequence
(A,) : we can only determine whether a point belongs to them by knowing the
whole sequence. It is frequently true that the probability of a tail event is either
0 or 1 - such results are known as 0 — 1 laws. The simplest of these is provided
by combining the two ‘Borel-Cantelli lemmas’ to which we now turn: together
they show that for a sequence of independent events (A,), limsup, . A,
has either probability 0 or 1, depending on whether the series of their individ-
ual probabilities converges or diverges. In the first case, we do not even need
independence, but can prove the result in general.

Exercise 8.7

Let S, = X1 + X2 + ... + X,, describe the position after n steps of
a symmetric random walk on Z?. Using the asymptotic formula: n! ~
(%)n V27mn and the Borel-Cantelli lemmas show that the probability of
{S, =01i.0.}is 1 when d =1,2 and 0 for d > 2.

We have the following simple but fundamental fact.
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Theorem 8.14 (Borel-Cantelli Lemma)
If

i P(A,) <

then
P(lim sup A4,)=0

n—oo

i.e. ‘w € A, for infinitely many n’ occurs only with probability zero.

Proof

First note that limsup,,_,., A, C Uy— A hence

P(lim sup 4,) < P(U Ap)  (for all k)

n—oo

n=k
o0
< > P(A,)  (by subadditivity)
n=k
—0
since the tail of a convergent series converges to 0. |

The basic application of the lemma provides a link between almost sure
convergence and convergence in probability.

Theorem 8.15

If X,, — X in probability then there is a subsequence Xy, converging to X
almost surely.

Proof

We have to find a set of full measure on which a subsequence would converge.
So the set on which the behaviour of the whole sequence is ‘bad’ should be
of measure zero. For this we employ the Borel-Cantelli lemma whose conclu-
sion is precisely that. So we introduce the sequence A,, encapsulating the ‘bad’
behaviour of X,,, which from the point of convergence is expressed by inequal-
ities of the type |X,(w) — X(w)| > a. Specifically, we take a = 1 and since
P(|X, — X|>1) — 0 we find k; such that

P(X,—-X|>1)<1
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for n > k. Next for a = % we find kg > ki such that for all n > ko

1 1
P(X,—X|> < —.
(X0 - X|>35) <

We continue that process obtaining an increasing sequence of integers k,, with

1 1
P(| Xy, — X| > 5) <3
The series >~ P(A,) converges, where 4, = {w : [ X}, (w) — X(w)| > 1},
hence A = limsup A,, has probability zero.
We observe that for w € 2\ A, limsup Xj, (w) = X (w). For, if w € 2\ A,
then for some k, w € (77, (22\ Ay) so for all n > k, | X, (w) — X(w)| < £,
hence we have obtained the desired convergence. |

The second Borel-Cantelli lemma partially completes the picture. Under

the additional condition of independence it shows when the probability that
infinitely many events occur is one.

Theorem 8.16

Suppose that the events A,, are independent. We have

n—00

[ee]
ZP(An) =oc0 = P(lim sup 4,)=1.
n=1

Proof

It is sufficient to show that for all &k

P(GAn):l
n=k

since then the intersection over k will also have probability 1. Fix k£ and consider
the partial union up to m > k. The complements of A,, are also independent

hence
P(() 45) =[] Pas) = [ - P(An)).
n=~k n=~k n==k

Since 1 —x <e™ 7,

m

(1= P(Ap) < [J e "™ =exp(— ) P(An)).
n==k
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The last expression converges to 0 as m — co by the hypothesis, hence
m
P(() 45) =0
n=k

but
P(mA%):P(Q\UAn):l_P(UAn)'
n=~k n=~k n=~k

The sets B,, = ngk A, form an increasing chain with Uf:::k B,, = Uzozk A,

and so P(By,), which as we know converges to 1, converges to P(lr—, Ay ).

Thus this quantity is also equal to 1. O

Below we discuss strong laws of large numbers, where convergence in prob-
ability is strengthened to almost sure convergence. But already we can observe
some limitations of these improvements. Drawing on the second Borel-Cantelli
lemma we give a negative result.

Theorem 8.17

Suppose that X7, X5, ... are independent identically distributed random vari-
ables and assume that E(]X1]) = co (hence also E(|X,,|) = oo for all n). Then

(i) P({w:|X,(w)| > n for infinitely many n}) = 1,

(i) P(limp—oo 22 exists and is finite) = 0.

Proof
(i) First

E(|X,]) = /0 P(|Xi| >xz)dz (by Lemma 8.11)

0o k41
Z/ P(|Xi|>z)dz (countable additivity)
ok

=
Il

hE

< P(|X1|>k’)

=
Il

0

because the function z — P(]X;| > ) reaches its maximum on [k, k + 1] for
x =k since {w : | X1(w)| > k} D {w: | X1(w)| > «} if x > k. By the hypothesis
this series is divergent, but P(|X1| > k) = P(|Xk| > k) as the distributions are
identical, so

> P(|IXk| > k) = oc.
k=0
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The second Borel-Cantelli lemma is applicable yielding the claim.

(ii) Denote by A the set where the limit of 22 exists (and is finite). Some
elementary algebra of fractions gives

& _ Sn+1 - (’I’L + 1)Sn - nSn—f—l Sn — nXni1 Shn Xny1

n  n+l n(n+1)  nan+1)  nam+l) n+l

For any wg € A the left-hand side converges to zero and also

7571(&00) — 0.
n(n+1)
Hence also X%(lwo) — 0. This means that

wo ¢ {w : | Xk (w)| > k for infinitely many k} = B,

say, so A C £2\ B. But P(B) =1 by (i), hence P(A) = 0. O

8.2.4 Strong law of large numbers

We shall consider several versions of the strong law of large numbers, first by
imposing additional conditions on the moments of the sequence (X,,), and then
gradually relaxing these we arrive at Theorem 8.21, which provides the most
general positive result.

The first result is due to von Neumann. Note that we do not impose the
condition that the X, have identical distributions. The price we pay is having
to assume that higher order moment are finite. However, for many familiar
random variables, Gaussian for example, this is not a serious restriction.

Theorem 8.18

Suppose that the random variables X, are independent, E(X,) = m, and
E(X}}) < K. Then

I
—:—g X, —m a.s.
n n

k=1

Proof

By considering X,, —m we may assume that E(X,,) = 0 for all n. This simplifies
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4
Xk>

X+ Y XPX7+) XXX}
i#j i#j

the following computation

“

E

E(S,)

>~ T
HMz HM:
—_ —

+ Y XiXXeX

,7,k,l distinct
The last two terms vanish by independence:
E() XiX;X7) =Y E(X,X;X7) =Y E(X:)E(X;)E(X}) =0
i#] i#] i#]

and similarly for the term with all indices distinct

EQ XX, Xp X)) = > E(X:X; X X))

= Y E(X)E(X;)E(X))E(X;) = 0.

The first term is easily estimated by the hypothesis

E(YXi) =) E(X}) <nkK.

To the remaining term we first apply the Schwarz inequality

B X7X7) =Y E(X7X7) <) EXH,/EX}) <NK
1#] i#] i#]
where N is the number of components of this kind. (We could do better by em-
ploying independence, but then we would have to estimate the second moments
by the fourth and it would boil down to the same.)

To find N first note that the pairs of two distinct indices can be chosen in
() = @ ways. Having fixed, 4, the term X7 X7 arises in 6 ways corre-
sponding to possible arrangements of 2 pairs of 2 indices: (4,1, 7,7), (4,7,1,7),
(4,4,7,%), (4, 7,%,%), (4,2, 7,1), (4,%,%,5). So N =3n(n — 1) and we have

E(SH) < K(n+3n(n—1)) = K(n+3n? —3n) < 3Kn2
By Chebyshev’s inequality
E(Sa

n

) 3K 1
<5

Sn
P 2 &) = P(ISa| 2 ne) < 72

The series Y nl—g converges and by Borel-Cantelli the set limsup A,, with 4,, =
{w: 22| > ¢} has measure zero. Its complement is the set of full measure we
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need on which the sequence ST converges to 0. To see this let w ¢ limsup A,
which means that w is in finitely many A,. So for a certain ng, all n > ng,
wé Ay, ie. ST < ¢ (as observed before). and this is precisely what was needed

for the convergence in question. |

The next law will only require finite moments of order 2, even not necessarily
uniformly bounded.

We precede it by an auxiliary but crucial inequality due to Kolmogorov.
It gives a better estimate than does the Chebyshev inequality. The latter says
that

P(Sal 2 ) < T3]

In the theorem below the left-hand side is larger hence the result is stronger.

Theorem 8.19

If Xi,...,X, are independent with 0 expectation and finite variances, then for
any € >0

Var(S,,)
> < —
P(1r§n1?§Xn |Sk| - E) - g2

where S, = X1 + -+ X,,.

Proof

We fix an € > 0 and describe the first instance that |Sk| exceeds €. Namely, we
write
_ 1 if|S1|<€,...,|Sk71|<€,|Sk|26
ok { 0 ifall |S;] <e.
For any w at most one of the numbers ¢ (w) may be 1, the remaining ones
being 0, hence their sum is either 0 or 1. Clearly

n
Zcpk:() & max |Sk| <e,
P 1<k<n

n
= > E.
;gok 1 & 1I£]?%<n|5k| >e

Hence

1<k<n

P(max |Sk| >e) =P _or =1)=E(>_ ¢x)
k=1 k=1
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since the expectation is the integral of an indicator function:

n

EC>  en) :/ 0dP+/ 1dP.
= {w oy or(w)=0} (Wi D1y or(w)=1}

So it remains to show that
= 1 1 o
E(> o) < =2 Var(Sn) = ZE(S5),
k=1
the last equality because E(S,,) = 0. We estimate E(S2) from below

E(S7) 2 E() - Sh) (since Y pp < 1)
k=1 k=1
= E(Z[Sz +285k(Sp — Sk) + (Sy — Sk)?]r)  (simple algebra)
k=1
> E(Z[Sz +255(Sn, — Sk)]vr) (non-negative term deleted)
k=1

3

n

=E(D_ Sier) +2E(D Sk(Sn — Sk)er).
k=1 k=1
We show that the last expectation is equal to 0. Observe that ¢y, is a function of
random variables X1, ..., Xy so it is independent of X1, ..., X, and also S is
independent of Xy1, ..., X, for the same reason. We compute one component
of this last sum:

E(Sk(Sn — Sk)er) = E(Sker( > Xi))  (by the definition of S,)
i=k+1

= E(Sker)E( Z X;) (by independence)
i=k+1
=0 (since E(X;) =0 for all 7).

In the remaining sum note that for each k < n, cka,f > gak52 (this is 0 > 0 if
o =0 and Sy > €2 if ¢, = 1, both true), hence

E() Sier) 2B wr) =B o)
k=1 k=1

k=1

which gives the desired inequality. (I
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Theorem 8.20

Suppose that X7, X5, ... are independent with E(X,,) = 0 and

Z iVar(Xn) < 0.
n=1

n2
Then g
— 0 almost surely.
n
Proof
We introduce auxiliary random variables
Y, = max | Sk
k<2om
and for 2m~1 < p < 2™
Sn 1 1
—| < — max |Sk| < ——=Y,.
|n|_ n k<om ol < gm—17"

It is sufficient to show that ;/m — 0 almost surely and by Lemma 8.2 it is

sufficient to show that for each € > 0
oS Ym
ZP(|2—m|Z€)<OO-
m=1

First take a single term P(]Y;,| > 2™¢) and estimate it by Kolmogorov’s in-
equality (Theorem 8.19)

Var(Sym)

P(|Y| 2 27e) < —5 2

The problem reduces to showing that

— 1
Z Var(ng)4—m < 0.

m=1
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We rearrange the components

Z Var(Sam) 4m Z e ZVar (Xk)
m=1

m=1
=1 =1
= Var(X) e + Var(X5) Z 1
m=1 m=1
o0 o0 1
+Var(X3) Z + Var( X4)ZE
1=2 m=2
o0 oo 1
+Var(X5s) Z -+ + Var(Xs) Z ™
1=3 m=3

since Var(X7), Var(Xz) appear in all components of the series in m (1
21), Var(X3), Var(X,) appear in all except the first one (2! < 3,4 < 2?)
Var(X5s), ..., Var(Xg) appear in all except the first two (22 < 5,6,7,8 < 23),
and so on. We arrive at the series

ZVar(Xk)ak
k=1

)

where 1
w= D
{m:2m >k}
This is a geometric series with ratio i and the first term % where j is the least

integer such that 27 > k. If we replace 2j by k we increase the sum by adding
more terms and the first terms is then

2k:
5%
ap < —2 T
l—13
and by the hypothesis
iVar(Xk)ak < éi\far(Xk)i < 00
-3 2k
k=1 k=1
which completes the proof. O

Finally, we relax the conditions on moments even further; simultaneously
we need to impose the assumption that the random variables are identically
distributed.
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Theorem 8.21

Suppose that X1, Xo, ... are independent identically distributed, with E(X;) =
m < 00. Then

Sn,

— — m almost surely.

n

Proof

The idea is to use the previous theorem where we needed finite variances. Since
we do not have that here we truncate X,,

Y, = Xn(n) = an{w:\Xn(w)\Sn}'

The truncated random variables have finite variances since each is bounded:
|Y,.] < n (the right-hand side is forced to be zero if X,, dare upcross the level
n). The new variables differ from the original ones if | X,| > n. This, however,
cannot happen too often as the following argument shows. First

D P(Y, # X,)

n=1

> P(IXn| > n)

n

P(|X1] > n) (the distributions being the same)

M

3
Il
—

/7; P(|X1| > z)dz (as P(|Xy1| > z) > P(|X1]| > n))

3
Il
—

P(|X1| > x)dx

INA
:Ng

Il
&=

(|IX1]) (by Lemma 8.11)

N
8

So by Borel-Cantelli, with probability one only finitely many events X,, # Y,
happen, so in other words, there is a set 2/ with P(£’) = 1 such that for
w e 2, Xp(w) =Y, (w) for all except finitely many n. So on 2’ if Y1+'7'L'+Y'
converges to some limit, then the same holds for S#

To use the previous theorem we have to show the convergence of the series

> Var(Y,,
>

n=1
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but since Var(Y,,) = E(Y,2) — (EY,,)? < EY,? it is sufficient to show the conver-

gence of
i E(Y,?)
n=1

To this end note first

E(Y;?) = /o 2zP(|Y,| > z)dz (by Lemma 8.11)

/ 20P(|Vy| > z)de  (since P(|[Y,] > n) = 0)

0
/0
0

(
2eP(|X,| > 2z)dax  (if |Y,| < n then Y, = X,,)
n
= 22P(

P(|X1] > x)dz (identical distributions).

Next

n

2¢P(|X1| > z)dx

1
Zn—g
n=1

o0
>

=1
o'}
/O

We examine the function z — Y7 | Jza1( ) (z).
If 0 <z <1 then none of the terms in the series is killed and

>

S—

oo

2210 ) (2) P(|X1] > ) dz

:M| —
S—

3

MS

I
o

1
—3 %L, (@) P(|X1] > ) dz.

Il
N

n

o0

1 =1
anl[On) Z;n—:

n=1

2

as is well known.
If © > 1, then we only have the sum over n > z. Let m = Int(z) (the integer
part of x). We have

1 =1 1
Zﬁxl[oyn)(m)zx Z ﬁgm/m :c_de:IESQ'
n=1 n=m-+1

In each case the function in question is bounded by 2 so

> E(Y? >
> (nQ") g4/ P(|X1| > z)dz = 4E(|X;|) < 00
0

n=1




268 Measure, Integral and Probability

Consider Y,, — EY,, and apply the previous theorem to get

1 n
— E (Yy —EY;) — 0 almost surely.
n

k=1

We have

E(Yz) = E(Xeliw:x,<k}) = E(X1 10 x, ) <k}) — M

since X11y,:x, (w)|<k} — X1, the sequence being dominated by |X1| which is
integrable. So we have by the triangle inequality

1< 1< 1<
i _ < |Z _ - _ .
|nZYk m|_|nZ(Yk EYk)|+nZ|EYk m| — 0
k=1 k=1 k=1
As observed earlier, this implies almost sure convergence of % O

8.2.5 Weak convergence

In order to derive central limit theorems we first need to investigate the con-
vergence of the distributions of the sequence (X,,) of random variables.

Definition 8.4

A sequence P, of Borel probability measures on R™ converges weakly to P if
and only their cumulative distribution functions F;, converge to the distribution
function F' of P at all points where F' is continuous. If P, = Px,, P = Px
are the distributions of some random variables, then we say that the sequence
(X,,) converges weakly to X.

n?

The name ‘weak’ is justified since this convergence is implied by the weakest
we have come across so far, i.e. convergence in probability.

Theorem 8.22

If X,, converge in probability to X, then the distributions of X, converge
weakly.

Proof

Let F(y) = P(X < y). Fix y, a continuity point of F', and € > 0. The goal is

to obtain
F(y) —e < Fu(y) < F(y) +e¢
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for sufficiently large n. By continuity of F' we can find § > 0 such that

P(X<y)=5<P(X<y—0d), PX<y+6)<Fly+s.

By convergence in probability,

P(X, — X| > 0) < %

Clearly, if X,, <y and |X,, — X| <4, then X < y—+0 so
P((Xn <y) N (1Xn — X[ <6)) < P(X <y+9).
We can estimate the left-hand side from below:
P(Xn < y) = 5 < P(X0 Sy)N (X = X| < 9)).
Putting all these together we get
P(Xn<y) <P(X <y)+e
and letting ¢ — 0 we have achieved half of the goal. The other half is obtained

similarly. |

However it turns out that weak convergence in a certain sense implies con-
vergence almost surely. What we mean by ‘in a certain sense’ is explained in
the next theorem: it also gives a central role to the Borel sets and Lebesgue
measure in [0, 1].

Theorem 8.23 (Skorokhod Representation Theorem)

If P, converge weakly to P, then there exist X,,, X, random variables defined
on the probability ([0, 1], B,m[g,1]), such that Px, = P,, Px = P and X,, — X

a.s.

Proof

Take X,I, X,7, X, X~ corresponding to F},, F, the distribution functions of
P,, P, as in Theorem 4.31. We have shown there that Fx+ = Fx- = F which
implies P(X* = X7) = 1. Fix an w such that X*(w) = X~ (w). Let y be
a continuity point of F' such that y > X (w). Then F(y) > w and, by the
weak convergence, for sufficiently large n we have Fj,(y) > w. Then, by the
construction, X, (w) < y. This inequality holds for all except finitely many n
so it is preserved if we take the upper limit on the left:

limsup X,;F(w) < y.
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Take a sequence y, of continuity points of F converging to X +(w) from above
(the set of discontinuity points of a monotone function is at most countable).
For y = yi consider the above inequality and pass to the limit with &k to get

limsup X,/ (w) < X (w).

Similarly
liminf X (w) > X~ (w)
SO
X~ (w) < liminf X, (w) < limsup X;F (w) < X1 (w).
The extremes are equal a.s. so the convergence holds a.s. |

The Skorokhod theorem is an important tool in probability. We will only
need it for the following result, which links convergence of distributions to that
of the associated characteristic functions.

Theorem 8.24

If Px, converge weakly to Px then ¢x, — ¢x.

Proof

Take the Skorokhod representation Y, Y of the measures Px,, Px. Almost
sure convergence of Y, to Y implies that E(e!¥») — E(e!"Y) by the domi-
nated convergence theorem. But the distributions of X,,, X are the same as
the distributions of Y,,, Y, so the characteristic functions are the same. |

Theorem 8.25 (Helly’s Theorem)

Let F,, be a sequence of distribution functions of some probability measures.
There exists F', the distribution function of a measure (not necessarily proba-
bility), and a sequence k,, such that Fj (z) — F(x) at the continuity points of
F.

Proof

Arrange the rational numbers in a sequence: Q = {q1,¢o, ...}. The sequence
F,(q1) is bounded (the values of a distribution function lie in [0,1]), hence it
has a convergent subsequence,

Fa(q1) — v
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Next consider the sequence Fj1 (g2), which is again bounded, so for a subse-
quence k2 of k! we have convergence

Fiz2 (g2) — y2.
Of course also
Fiz (q1) — y1-
Proceeding in this way we find k2, kX ..., each term a subsequence of the
previous one, with
Fia (gm) = ym  for m <3,
Fa (gm) = ym  for m <4,
and so on. The diagonal sequence Fy, = Fj» converges at all rational points.
We define Fp on Q by
Fo(q) = lim Fy, (q)

and next we write
F(z) =inf{Fg(q) : ¢ € Q, ¢ > z}.

We show that F' is non-decreasing. Since F,, are non-decreasing, the same
is true for Fg (1 < g2 implies Fy, (q1) < Fj,(¢2) which remains true in the
limit). Now let 1 < z3. F(z1) < Fg(q) for all ¢ > x1 hence in particular for
all ¢ > x9, so F(z1) < infysy, Fo(q) = F(z2).

We show that F' is right-continuous. Let x, \, . By the monotonicity of
F, F(z) < F(z,) hence F(z) < lim F(z,). Suppose that F(z) < lim F(zy,).
By the definition of F there is ¢ € Q, x < ¢, such that Fg(q) < lim F(z,). For
some ng, ¢ < xp, < ¢ hence F(z,,) < Fp(q) again by the definition of F, thus
F(2p,) < lim F(x,) which is a contradiction.

Finally, we show that if F is continuous at z, then Fj (z) — F(z). Let
€ > 0 be arbitrary and find rationals q; < g2 < = < g3 such that

F(z) —e < F(q1) < F(z) < F(g3) < F(z) +e.
Since Fy, (q2) — Fol(g2) > F(q1), for sufficiently large n
F(z) —e < Fy, (¢g2).
But Fj, is non-decreasing, so
Fy, (q2) < Fi, (2) < Fi, (g3)-
Finally, Fy, (q3) — Fo(gs) > F(gs), so for sufficiently large n
F, (g3) < F(z) +e.
Putting together the above three inequalities we get
F(z)—e < Fy, (x) < F(z) +¢

which proves the convergence. (I
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Remark 8.4

The limit distribution function need not correspond to a probability measure.
Example: Fy, = 1, ), Fn — 0 s0 F' = 0. This is a distribution function (non-
decreasing, right continuous) and the corresponding measure satisfies P(A) = 0
for all A. We then say informally that the mass escapes to infinity. The following
concept is introduced to prevent this happening.

Definition 8.5

We say that a sequence of probabilities P, on R¢ is tight if for each € > 0 there
is M such that P, (R%\ [-M, M]) < ¢ for all n.

By an interval in R” we understand the product of intervals: [—-M, M| =
{z = (z1,...,2p) € R" : x; € [-M,M] all i}. It is important that the M
chosen for ¢ is good for all n — the inequality is uniform. It is easy to find
such an M = M, for each P, separately. This follows from the fact that
P.([-M,M]) = 1 as M — co.

Theorem 8.26 (Prokhorov's Theorem)

If a sequence P, is tight, then it has a subsequence convergent weakly to some
probability measure P.

Proof

By Helly’s theorem a subsequence F}, converges to some distribution function
F. All we have to do is to show that F' corresponds to some probability measure
P, which means we have to show that F(co) =1 (i.e. limy_,o, F(y) = 1). Fix
e > 0 and find a continuity point such that F,(y) = P,((—o0,y]) > 1 — ¢ for
all n (find M from the definition of tightness and take a continuity point of F'
which is larger than M). Hence lim,_,o F), (y) > 1 — ¢, but this limit is F(y).
This proves that lim, ., F(y) = 1. O

We need to extend the notion of the characteristic function.

Definition 8.6

We say that ¢ is the characteristic function of a Borel measure P on R if
o(t) = [ e dP(z).
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In the case where P = Px we obviously have ¢op = ¢x, so the two defini-
tions are consistent.

Theorem 8.27

Suppose (P,,) is tight and let P be the limit of a subsequence of (P,,) as provided
by Prokhorov’s theorem. If ¢, (u) — ¢(u) where ¢, are the characteristic
functions of P, and ¢ is the characteristic function of P, then P, — P weakly.

Proof

Fix a continuity point of F'. For every subsequence F}, there is a subsequence
(subsubsequence) I
(Helly’s theorem). Denote the corresponding measure by P’. Hence ¢;, — ¢p/,
but on the other hand, ¢;, — ¢. So ¢pr = ¢ and consequently P’ = P
(Corollary 6.18). The above is sufficient for the convergence of the sequence
F.(y). O

Iy, for brevity, such that Fj converge to some function H

n?

8.2.6 Central Limit Theorem
The following lemma will be useful in what follows. It shows how to estimate

the ‘weight’ of the ‘tails’ of a probability measure, and will be a useful tool in
proving tightness.

Lemma 8.28

If o is the characteristic function of P, then

PR\ [-M, M]) < TM /0 "1 = Re(u)) du.
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Proof

M/Ol[lﬂ?cp( )]dufM/ 173%/ el d P(z)] du

_M/ 1—/cosxu ) dP ()] du

= / M/M[l — cos(zu)]dudP(z) (by Fubini)
R

= [0 -2 apg
R

M
in( L
> [ -2 e
[t|>1 M
int
> inf (1— &)/ dP(x)
[t]>1 t |&|>1
1
> S P(R\ [-M, M)
sincelfSitﬂ21fsin12%. O

Theorem 8.29 (Levy's Theorem)

Let ¢y, be the characteristic functions of P,. Suppose that ¢, — ¢ where ¢ is
a function continuous at 0. Then ¢ is the characteristic function of a measure
P and P, — P weakly.

Proof

It is sufficient to show that P, is tight (then P, — P weakly for some P and
kn, oK, — @p, ¢ = @p, and by the previous theorem we are done).
Applying Lemma 8.28 we have

Po(R\ [=M, M]) < TM /O "1 = R ()] du

Since @, — ¢, |¢n| < 1, and for fixed M, this upper bound is integrable, so by
the dominated convergence theorem

™ /O "1 = R ()] du — TM /O "1 = Rep(w)] du
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If M — oo, then
ar 1
7M/ [1—Rp(u)]du <7M - — - sup |1 —Rp(u)] — 0
0 M o1
(0,771
by continuity of ¢ at 0 (recall that ©(0) = 1). Now let £ > 0 and find M such
that 7supjg 1|1 — Reo(u)| < 3, and ng such that for n > ng
0

1

s & ]
|/0 1~ R ()] duf/O (L~ o] du < =

Hence
Po(R\ [=My, Mo]) <€

for n > ng. Now for each n = 1,2,...,n¢ find M,, such that P, ([—M,, M,]) >
1 —¢ and let M = max{My, Mi,...,M,,}. Of course since M > My,
P, ([-M,M]) > P,([-My, My]) > 1 — ¢ for each n which proves the tight-
ness of P,. O

For a sequence X} with my = E(Xy), oi = Var(X}y) finite, let S,, = X3 +
---+ X,, as usual and consider the normalized random variables

_ S —E(Sn)
" /Var(S,)

Clearly E(T,,) = 0 and Var(T,,) = 1 (by Var(aX) = a?Var(X)). Write ¢ =
Var(S,,) (if X,, are independent, then as we already know, ¢2 = >"}'_, 07). We

state a condition under which the sequence of distributions of 7}, converges to

the standard Gaussian measure G (with the density ﬁe’%#):

n

1
— Z/ (x —mg)*dPx, () — 0 asn — oo. (8.4)
Ch =1 Y {z:lz—mi|>ecn }

In particular, if the distributions of X,, are the same, m; = m, o = o, then

this condition is satisfied. To see this, note that assuming independence we

2

2 =no? and then

have ¢

(x — m)2 dPx, (x) = (x — m)2 dPx, (x)

/{z:|xm>ea\/ﬁ} /{z:|xm>ea\/ﬁ}

hence

1 & / 2
— (x —m)*dPx, (z)
no? ; z:|z—m|>eo/n} i

1
=T s f}(:cfm)QdPXI(x)HO
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as n — oo since the set {z : |x — m| > eo\/n} decreases to .
We are ready for the main theorem in probability. The proof is quite tech-
nical and advanced, and may be omitted at a first reading.

Theorem 8.30 (Lindeberg—Feller Theorem)

Let X, be independent with finite expectations and variances. If condition (8.4)
holds, then P, — G weakly.

Proof

Assume first that mj = 0. It is sufficient to show that the characteristic func-
tions 7, converge to the characteristic function of G, i.e. to show that

u2

or, (u) e 2
We compute

o1, (1) = E(e™T") (by the definition of o7, )

= E(elen L= Xn)

n
= E(H eic'uTXk)
k=1

E(e'z**) (by independence)

I
=

el
Il

1

0x, (i) (by the definition of ¢x, ).

Cn

I
s

el
Il

1

What we need to show is that

We shall make use of the following formulae (particular cases of Taylor’s
formula for a complex variable)

log(14 z) = 2z + 601]z|*> for some 6; with |6;] < 1,
; 1
eV =1+iy+ 592y2 for some 0y with |02] <1,

. 1 1
eV =1+iy— §y2 + 693|y|3 for some 03 with 03] < 1.
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So for fixed e > 0
o= [ dmapg @+ [ dapg ()
|z|>ecn, |z|<ecn
1
= /| R (14 iuz+ 592u2x2)dPXk (x)
x|>ecn
. Loo 1 31,3
+ o (1+iux — QU + 693|u| |z|?) dPx, ()
z|<ecp
Lo 2 Lo 2
=14 =-u O2*dPx, () — zu x“dPx, (x)
|z|>ecy |z|<ecn
1, - .
rgll® [ okl
zr|<eCn

since [z dPx, (z) = 0 (this is E(X})). For clarity we introduce the following
notation

= / 22 dPx, (),
|z|>ecn

ﬂnk = / 1’2 dPX;C (’JJ)
|z|<ecn

Observe, that B,x < £2¢2 because on the set over which we take the integral
we have 22 < £2¢2 and we integrate with respect to a probability measure.
Condition (8.4) now takes the form

n
1
Z o3 nk — 0 asn — oo. (8.5)
k=1 T
Since N .
> (o + Buk) = Y _ Var(Xy) =}
k=1 k=1
we have

Buk — 1 asn — oo. (8.6)

[
3°w|'—‘

el
Il
-

The numbers a,k, Bnr are positive so the last convergence is monotone (the
sequence is increasing). The above relations hold for each € > 0.
We now analyse some terms in the expression for ¢x, . Since

| 023° APy, ()] < / 2? dPx, (x),
|z|>ecn || >ecn
we have a 6 with |05 <1 such that

/ 0222 dPx, (z) = 0} / 22 dPx, (z) = Ohany.
|z|>ecn

|z|>ecn
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Next

| B3]z APy, (x)] < /

|z|<ecn |z|<ecn

|z|3 APy, (z) < / ecpz® dPx, (2)

|z|<ecn

(we replace one x by ec¢,, leaving the remaining two) hence for some 65 with
03] <1

| 0s)2* APy, (z)] < 0 / cona? APy, () = Ohccn .

|z|<ecn |z|<ecn
We substitute this to the expression for ¢x, obtaining

1 1 .
_u2ﬂnk + 6|U|39§56nﬂnk

1
ox,(u) =1+ §u29’2ank ~3

Replace u by = to get

U 1
px( ) =143 u29’ nk — = ﬂnﬁ |u|39§5 7ok = 1 e

Cn 2
with 1 1,1 1 1
_ 2n/ 2 3’
Ynk = 5“ 92%05711@ - EU %ﬁnk + 6|U| 935%@11@-
The relations (8.5), (8.6) give

n

1 1 .
> Yk — f§u2 + 6|u|=‘9gs. (8.7)
k=1

Recall that what we are really after is

log H ox(— Z log ¢, (—

where we introduced Taylor’s formula for the logarithm, so we are not that far
from the target. All we have to do is to show that

n

Yk + 01| 7nr]?)
=1

IlogHszk ) + u2| —0
as n — 00. So let § > 0 be arbitrary and u fixed.
llog [ () + 2a2
en 2
k=1
n 1 n
< |;7nk + §u2l + 164] ; |

n
+ Z Yk + |ule]65].
k=1

n
1, 1 .
< ‘;’YnkJr §u2— Elul e
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The first term on the right converges to zero by (8.7) so it is less than % for
sufficiently large n. It remains to show that

- 1)
Z Yk |* + Jul’e < 5
k=1

for large n. We choose € so small that |u|?e < g. It remains to show that
n
4]
Z |'Ynk|2 < Z
k=1

for large n. We have a formula for ~,,; and we know something about Y ;_, Yk
hence we use the following trick

n n

E |’7nk|2 < knllax |7nk| : § |’7nk|-
=1,...,n

k=1 k=1

The first factor has:
1

1 1
max |ynx| < zu? max |a—gk| + —u?e? + 6|u
=1, = c

|353
1,...,n 2 k=1,...,n n 2

(using Bnr < e2¢2) but

n 1 o1 1 1
Z |’7nk| < _UQ Z gank + 5“2 + 6|u|3€

where we used the fact > i—%’“ < 1. Writing ZZ=1 %%Oénk = a,, a, — 0, for
clarity we have, taking ¢ < 1,

n 2 2.2 3.3 2 3

U u-e u|\~e u U u|~e
E Iynk]? < (;an t——+ %)(—an + =+ %) < Cay, + De
k=1

2 2

for some numbers (depending only on u) C, D. So finally choose € so that
De < g and then take ng so large that Ca,, < % for n > ng. O

As a special case we immediately deduce a famous result:
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Corollary 8.31 (de Moivre-Laplace Theorem)

Let X, be identically distributed independent random variables with P(X,, =
1) = P(X,, = —1) = 5. Then

S, 1 /” 12
Pla< —=<b — e 27 dux.
( n ) — 5 ).

Exercise 8.8

Use the Central Limit Theorem to estimate the probability that the
number of Heads in 1000 independent tosses differs from 500 by less
than 2%.

Exercise 8.9

How many tosses of a coin are required to have the probability at least
0.99 that the average number of Heads differs from 0.5 by less than 1%?

8.2.7 Applications to mathematical finance

We shall show that the Black-Scholes model is a limit of a sequence of suitably
defined CRR models with option prices converging as well. For fixed T recall
that in the Black-Scholes model the stock price is of the form

S(T) = 5(0) exp{¢(T)}

where &(T) = (r — %2)T + ow(T), r is the risk-free rate for continuous com-
pounding. Randomness is only in w(7T"), which is Gaussian with zero mean and
variance T

To construct the approximating sequence fix n to decompose the time period
into n steps of length % and write

T
R, = exp{rg},

which is the risk free growth factor for one step. We construct a sequence
Mn(i), © = 1,...,n of independent, identically distributed random variables,
with binomial distribution, so that the price in the binomial model after n
steps

Su(T) = S(0) X (1) X -+ X 1a(n)

converges to S(T). Write
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where each value is taken with probability % Our task is to find U, D,,
assuming that U,, > D,,. The following condition

Ruv= 5(Un+ D) (8.8)

guarantees that S, (T) is a martingale (see Section 7.4.3). We look at the log-
arithmic returns:

S0y = (1) X () = D)

We wish to apply the Central Limit Theorem to the sequence Inn, (i) so we
adjust the variance. We want to have

Var(In(na (1) x -+ x na(n))) = To™.

On the left, using independence,
n n
Var(z Inn, (7)) = Z Var(lnn, (7)) = nVar(Inn,(1)).
i=1 i=1
For the binomial distribution with p = %

Var(Inn,(1)) = i(ln(Un) —In(Dy))?,

so the condition needed is

Since U,, > D,

so finally

U, =D, exp{QU\/g}. (8.9)

We solve the system (8.8),(8.9) to get

. 2
Dn:e"%

’ 1 +e20\/T/n’
Un —_ Dne20\/T/n.
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Consider the expected values
E(In( (1) % -+ % 1 (n))) = E(Y_ Inna (i) = nE(In (1))
i=1

_ n%(ln(Un) +1n(Dy)) = an,

say.

Exercise 8.10
Show that

an — (r— =o)T.

For each n we have a sequence of n independent identically distributed
random variables &, (i) = Inn, (i) forming the so-called triangular array. We
have the following version of Central Limit Theorem. It can be proved in exactly
the same way as Theorem 8.30 (see also [2]).

Theorem 8.32

If &(i) is a triangular array, A, = > & (i), E(A\y) — p = (r — 30T,
Var(\,) — 02T then the sequence (\,) converges weakly to a Gaussian ran-
dom variable with mean x and variance 02T

The conditions stated in the Theorem hold true with the values assigned
above to U,, and D,,, as we have seen. As a result, In S,,(T") converges to In S(T)
weakly. The value of put in the binomial model is given by

P, (0) = exp{—rT}E(K — S,(T))" = exp{—rT}E(g(In S, (T)))
where g(x) = (K — e®)*" is a bounded, continuous function. Therefore
P,(0) — exp{—rT}E(g(InS(T)))

which, as we know (see Exercise 4.20) , gives the Black-Scholes formula. The
convergence of call prices follows immediately form the call-put parity which
holds universally, in each model.
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8.3 Proofs of propositions

Proof (of Proposition 8.4)

Clearly d(X,Y) =d(Y,X). If d(X,Y) = 0 then E(|X —Y]) =0 hence X =Y
almost everywhere so X = Y in L'. The triangle inequality follows from the
triangle inequality for the metric p(x,y) = Hﬁ%‘y—‘
Next, assume that X,, — X in probability. Let € > 0
[ X0 — X
d(Xn, X) :/ _
! [ X, —X|<$5 1+ [X; — X
/ [ X — X|
+ e B
X, -X|>5 1+ | Xn — X]|

3
+P(|Xn_X|Z§)

dpP

dP

<

N ™

since the integrand in the first term is less than e (estimating the denominator
by 1) and we estimate the integrand in the second term by 1. For n large enough
the second term is less than 5.

Conversely, let E, , = {w : |X,(w) — X(w)| > €} and assume 0 < ¢ < 1.

Additionally let A,, = {w: | X, (w — X(w)| < 1} and write

|Xn_X| / |Xn_X|
d(X,X) = —n 4P — " __dP.
(Xn X) /Anl+|XnX| * ac 1+1X, — X|

We estimate from below each of the two terms. First,

/ Mdpz/ Mdp
A, 1+ X0 = X| AnE.., 1+ 1X = X

/ edP
AnNE.

3
§P(An NE:,)

>

|~

. a a
since 47 > 5 if @ < 1. Second,

X, — X 1 1
/ dez/ —dPZ/ ~dP > SP(A, N E..,)
ac 1+ [X, — X| A ASNE; 2

since ¢ < 1. Hence, d(X,,X) > SP(E.,) — 0, so (X,) converges to X in
probability. |
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Proof (of Proposition 8.6)

First

E(YP):/ YPdP+/ Y?dp
{w:Y (w)>e} {wY (w)<e}

> ePP(Y >¢) +/ YPdP.
{wY (w)<e}

Now if we let ¢ — oo, then the second term converges to [, Y?dP = E(Y?)
and the first term has no choice but to converge to 0. O

Proof (of Proposition 8.13)

(i) Write A = liminf, , A,. If w € A then there is an N such that w € 4,
for all n > N, which implies w € A,, for all except finitely many n. Conversely,
if n € A,, eventually, then there exists N such that w € A,, for all n > N and
w € A.

(ii) Fix e > 0. If A5 = {|X,, — X| < ¢} then {|X,, — X| < e ev.} =
liminf, .., A5 = A°, say. But

{(Xn— X} =[{IXn—X|<cev}=[)4°

e>0 e>0

and the sets A° decrease as € \, 0. Taking ¢ = £ successively shows that

n

P(X, — X) ﬂhmmfA/”)—hmAf—hmPQX — X|<eev.}).

n=1

(iii) By de Morgan

D¢
1Ce
b
)

I
C
3
gCS

n n=1
(iv) If A = liminf, .o A, then 14 = liminf,, 14, (since 14(w) =
1 if and only if 14, = 1 ev.) and if B = limsup,,_, Ay, then 15 =

limsup,,_,o 14, (since 1p(w) =1 if and only if 14, = 1 i.0.). Fatou’s lemma
implies

||38

1

P(A, ev.) :/ lim inf 14, dP <lim inf / 1,4,dP
2

that is
P(B) <lim inf P(A,) <lim sup P(A4,).
But

lim sup P(A4,) =lim sup / 14,dP < / lim sup 14, dP
2 2

n—00 n—00 n—00



8. Limit theorems 285

by Fatou in reverse (see the proof of Theorem 4.18), hence

n—oo

lim sup P(4,) = / 14dP =P(A) = P(A4, i.0.).
Q
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Solutions to exercises

Chapter 2

2.1

2.2

2.3

2.4

2.5

If we can cover A by open intervals with prescribed total length, then we can
also cover A by closed intervals with the same endpoints (closed intervals
are bigger), and the total length is the same. The same is true for any other
kind of intervals. For the converse, suppose that A is null in the sense of
covering by closed intervals. Let ¢ > 0, take a cover C,, = [ay,,b,] with
Snulbn —ay) < &, let I, = (a, — 3553, by + €57). They are bigger so
they cover A; the total length is less than . In the same way we refine the
cover by any other kind of intervals.

Write each element of C' in ternary form. Suppose C is countable and so
they can be arranged in a sequence. Define a number which is not in this
sequence but has ternary expansion and so is in C', by exchanging 0 and 2
at the nth position.

For continuity at = € [0,1] take any ¢ > 0 and find F(z) — ¢ < a <
F(z) <b< F(z) + ¢ of the form a = £, b = 2. By the construction of F,
these numbers are values of F taken on some intervals (a1, az), (b1, bs), with
ternary ends, and a1 < & < by. Take a § such that a; <z —d <z 4+ < be
to get the continuity condition. For the graph, see Figure 4.7.

m*(B) <m*(AUB) < m*(A) + m*(B) = m*(B) by monotonicity (Propo-
sition 2.3) and subadditivity (Theorem 2.5). Thus m*(A U B) is squeezed
between m*(B) and m*(B) so has little choice.

Since A € BU(AAB), m*(A) < m*(B)+m*(AAB) = m*(B) (monotonic-

287
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ity and subadditivity), and the inverse is shown in the same way.

2.6 Since AUB = AU(B\ A) = AU (B\ (AN B)), using additivity and
Proposition 2.10 we have P(AU B) = P(A) + P(B) — P(AN B). Similarly
P(AUBUC)=P(A)+P(B)+ P(C)—P(ANB)—P(ANnC)—-P(Bn
C)+ P(ANnBNCQO).

2.7 Tt is sufficient to note that

(aab): U(avbfi]a (aab): U[a+%vb)'

2.8 If E is Lebesgue measurable, then existence of O and F is given by The-
orems 2.12 and 2.19, respectively. Conversely, let € = %, find O,,, F,, and
then m*((N O, \ E) = 0, m*(E\JF,) =0 so E is Borel up to null set.
Hence F is in M.

2.9 We can decompose A into [J;2, (AN H;); the components are pairwise dis-

joint, so
o0

(oo}
P(A) = ZP(AﬂHi) = ZP(A|H1‘) - P(H;)
i=1 i=1
using the definition of conditional probability.

2.10 Since A°NB =(2\A)NB =B\ (ANB), P(A°NB)=P(B)—P(ANB) =
P(B) = P(A) - P(B) = P(B)(1 - P(A)) = P(B) - P(A°).

2.11 There are 32 paths altogether. S(5) = 524.88 = 500U2D? so there are
(3) = 10 paths. S(5) > 900 in two cases: S(5) = 1244.16 = 500U° or S(5) =
933.12 = 500U*D so we have 6 paths with probability 0.5° = 0.03125 each
so the probability in question is 0.1875.

2.12 There are 2™ paths of length m, F,, can be identified with the power set
of the set of all such paths, thus it has 22" elements.

2.13 F,, C Finga since if the first m + 1 elements of a sequence are identical, so
are the first m elements.

2.14 It suffices to note that P(A,, NA;) = 1, which is the same as P(A,,)P(Ay).

Chapter 3

3.1 If f is monotone (in the sense that x1 < x5 implies f(z1) < f(x2)), the
inverse image of interval (a,c0) is either [b, 00) or (b, 00) with b = sup{z :
f(z) < a}, so it is obviously measurable.

3.2 The level set {z : f(x) = a} is the intersection of f~!([a,00)) and
f~1((—o0,a)), each measurable by Theorem 3.1.



9. Solutions to exercises 289

3.3

3.4

3.5

3.6

3.7

3.8

If b > a, then (f*)~!((—o00,b]) = R, and if b < a, then (f*)~!((—o0,b]) =
f71((—00,b]); in each case a measurable set.

Let A be a non-measurable set and let f(z) = 1 if © € A, f(x) = —1
otherwise. The set f~!([1,00)) is non-measurable (it is A) so f is non-
measurable, but f? = 1 which is clearly measurable.

Let g(x) = limsup f(z), h(xz) = liminf f,(z); they are measurable by The-
orem 3.5. Their difference is also measurable and the set where f,, converges
is the level set of this difference: {z : f,, converges} = {z : (h — g)(z) = 0}
hence is measurable.

If sup f = oo then there is nothing to prove. If sup f = M, then f(x) < M
for all x so M is one of the z in the definition of ess sup. Let f be continuous
and suppose ess supf < M finite. Then we take z between these numbers
and by the definition of ess sup, f(z) < z a.e. Hence A = {z : f(z) > z} is
null. However, by continuity A contains the set f~!((z, M)) which is open
— a contradiction. If sup f is infinite, then for each z the condition f(x) < z
a.e. does not hold. The infimum of the empty set is +00 so we are done.

It is sufficient to notice that if G is any o-field containing the inverse images
of Borel sets, then Fx C G.

Let f : R — R be given by f(z) = 22. The complement of the set f(R)
equal to (—oo,0) cannot be of the form f(A) since each of these is contained
in [0, 00).

3.9 The payoff of a down-and-out European call is f((S(0),S(1),...,5(n)))
with f(zo,z1,...,2n) = (zny — K)* - 14, where A = {(z0,21,...,2N) :
min{zg, 21, ..., N} > L}.

Chapter 4

4.1

4.2

(a) 3 nt(z) dz = 0m([0, 1)) + 1m([1,2)) + 2m([2,3)) + - - - + 9m([9, 10)) +
10m([10,10]) = 45.

(b) Jo Int(2?) dz = 0m((0, 1]) +1m([1, v2))+2m([v'2, V3)) +3m([V3,4)) =
5—V3— V2.

(c) fo% Int(sinz) dz = 0m([0, 5))+1m([5, §]) +0m((§, 7]) — Lm((7, 27]) =
We have f(z) = Y 7o, k287114, (), where Ay, is the union of 2~ inter-
vals of length Sik each, that are removed from [0,1] at the kth stage. The
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convergence is monotone so

ﬁl 1, 72\
fdm = hm k == k (—) .
/[0,1] Z 3 ]; 3

Since 21211 a¥ = 1 differentiating term by term with respect to o we
have >3, kak~1 = = a)2 With a = 2 we get f[01 fdm=3.

4.3 The simple function al,4 is less than f so its integral, equal to am(A), is
smaller than the integral of f. Next, f < bl 4, hence the second inequality.

4.4 Let fn =nlg 1; lim fo(z) = 0 for all 2 but [ f, dm = 1.

4.5 Let aw # —1. We have [z*dz =
sider E = (0,1):

1 a+1
a+11’

1 1 "
/ % dx = ot |O
0 a+1

which is finite if @ > —1. Next E = (1, 00):

(indefinite integral). First con-

o ]- . 1 n
/ z%dz = lim z%" ‘1
1 o+ 1 n—oo
and for this to be finite we need o < —1.
VT VT <

4.6 The sequence fn(x) = lﬁj s Ty S s S
%x_gb < 725 which is integrable on [1,00), so the sequence of integrals

converges to 0 pointwise

converges to 0.

4.7 First a = 0. Substitute u = nx:

> p2pe—n’? e’
0 1+ o 1+(3%)
The sequence of integrands converges to ue™" for all u > 0, it is dominated
by g(u) = ue"

o0 oo o0 2 1
lim/ fndm:/ 1imfndm:/ ue™ " du= .
0 0 0 2

Now a > 0. After the same substitution we have

% p2pe—n e’
/a 1+ 22 dx/l—l—( ) [naoo) du*/fn

say, and f, — 0, fn(u) < ue ™", so lim [ f, dm = 0.

, SO
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4.8

4.9

4.10

4.11

4.12
4.13

The sequence f,(x) converges for z > 0 to e”*. We find the dominating

function. Let n > 1. For z € (0,1), z» > z2, (1+ Z) > 1, s0 fox) < ﬁ

which is integrable over (0,1). For z € [1,00), 2w <1, 80 falz) < (14
=)~ ™. Next

n —1 2 ~1_1
(1+£) :1+x+w<£) £ 2t > g2
n 21 n 2n 4
s0 fn(x) < % which is integrable over [1,00).

Therefore, by the dominated convergence theorem,

o0 (o)
lim/ fndm = / e fdx = 1.
0 0

(a) f_ll [n®z"| dz = n® f_ll |z|" dx = n® fol 2™ dz (|z|" is an even function)
= T%L:l If a < 0, then the series ZnZl SL_:l converges by comparison with
nl%“’ we may apply the Beppo—Levi theorem and the power series in ques-

tion defines an integrable function. If a = 0 the series is Zn21 " =

which is not integrable since f_ll(zn21 ") de =7, f_ll x"dz = co. By
comparison the series fails to give an integrable function if a > 0.

(b) Write i = e = 30,y w0, fo% e ™ do = a(~H)e [
(f%) fo e " dr = - (integration by parts) and, as is well known,
o 1

n2
Sl =T
n=1n2 "~ 6"

We extend f by putting f(0) = 1 so that f is continuous hence Riemann

integrable on any finite interval. Let a,, = fé;ﬁl)ﬂ f(z)dz. Since f is even,

G_pn = G, and hence ffooo f(z)dz =237 a,. The series converges since
an = (—1)"|an|, |an| < & (z > nm, |f7§:+1) sinzdz| = 2). However for

f to be in L' we would need [p|f|dm = 23" by finite, where b, =
f(n+1)7r |f ()| dz. This is impossible due to b, > —2

nmw = (n+1)m"

Denote [~ e~ dz = I; then

9 —( 2, 2) 27 o] g
I° = e W T ) dxdy = re” drda=m
R2 o Jo

using polar coordinates and Fubini’s theorem (Chapter 6).

o _lz=w)?

. — . 00 2
Substitute z = % inI; o= [0 e ® de = ﬁfime 222 dz,
which completes the computation.
Jg 7557 do = arc tan 2| "% = 7 hence [%_c(z)dz = 1.

o0 Az _ _ 1. .—)dzjoo _ 1 _
Jo e Mde = —5e |3 = &, hence ¢ = \.
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4.14 Let an, — 0, a, > 0. Then Px({y}) = limp—oo Px((y — an,y]) = Fx(y) —
lim;, o0 Fx (y — an) which proves the required equivalence. (Recall that Px
is always right-continuous.)

4.15 (a) Fx(y) =1 for y > a and zero otherwise.

(b) Fx(y) = 0 fory < 0, Fx(y) = 1 for y > %, and Fx(y) = 2y
otherwise.

(c) Fx(y) =0fory <0, Fx(y) =1fory > 3, and Fx(y) = 1— (1—2y)?
otherwise.
4.16 In this case ¢(z) = o Hy) = Yy, %(p_l(y) =1y =3 hence fys(y) =
2
Lo (¢/9)zy 3 = %y 1,11 (y)-
417 (a) [, adP = aP(2) = a (constant function is a simple function).
1
(b) Using Exercise 4.15 fx (z) = 21 1(z) so B(X) = [ 2zdz = .
(c) Again by Exercise 4.15, fx = 41y 1)(2), E(X) = J2 4aPde =

CV\M ~

3
418 (a) With fx = ;1,4 B(X) = ;= [Yode = 7102 — a®) = L(a +b).
(b) Consider the simple triangle distribution with fx(z) = = + 1 for
€[-1 ] fX( )= —x+1 for z € (0,1] and zero elsewhere. Then imme-
dlately f xfx(x)dzr = 0. A similar computation for the density fy whose
triangle’s base is [a, b] gives E(X) = %t
c) A fooo ze~* dz = 1 (integration by parts).
4.19 (a) px(t) = (b 1@)1t (elt — elat)
(b) (PX _ )\f e(lt >\)J,dx _
(c) mt) = ehut=a ot
4.20 Using call-put parity, the formula for the call and symmetry of the Gaus-
sian distribution we have P = S(0)(N(dy) — 1) — Ke7"(N(da) — 1) =
—S(0)N(—=d1) + Ke " N(—d>)

71t7

Chapter 5

5.1 First f = f as f = f everywhere. Second, if f = g a.e., then of course g = f
a.e. Third, if f =gonafullset F; CE (m(E\ F1) =0) and g = h on a
full set Fy C F, then f = h on F} N Fy which is full as well.

2 (a) || fn — fmlh = m —n if m > n so the sequence is not Cauchy.
() | fn = fmllr = [" L dz = logm — logn (for simplicity assume that
n <m),let e = 1, take any N, let n = N, take m such that logm—log N > 1
(logm — oo as m — o0) — the sequence is not Cauchy.
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5.3
5.4

5.5

5.6

5.7

5.8

5.9

5.10
5.11

5.12

5.13

5.14

() Ifn = fml = fn = dx = —%|nm =1 _ L (n < m as before), and

n m

for any e > 0 take N such that & < § and for n,m > N, clearly %— % <e
— the sequence is Cauchy.

lgn — gml|% = f;ﬂ —rdr = 73;83 | = %(nl—g — %) — the sequence is Cauchy.
(@) [|fn— fml3=m —nifn>mso the sequence is not Cauchy.
(b) || fn — me2 =" 112 dz =1 — L — 0 — the sequence is Cauchy.
©) I fo—fml3 = [ L de = (ﬁ — 53) — the sequence is Cauchy.

£+l =4, 11f — g = 1, [.fI? = 1, lgll> = 1, and the parallelogram law

is violated.

If + gl =0, If —gllf = 5, IfIF = %, lgll} = 7, which contradicts the
2 1 1

parallelogram law.

Since sinna cosmz = g[sin(n + m)x + sin(n — m)a] and sinnzsinma =

%[cos(n —m)z + cos(n+m)z], it is easy to compute the indefinite integrals.

They are periodic functions so the integrals over [—m, 7] are zero (for the

latter we need n # m).

No: take any n, m (suppose n < m) and compute

1 1 4 1/n
4 " -1
— = r—] = — = — >
lon = anli= [ () do=-a (m—m) 21
m 1/m
so the sequence is not Cauchy.
Let 2 = [0, 1] with Lebesgue measure, X (w) = \}, EX) = folem =

dr = 2, BE(X?) flidx—ooIfwetakeX()—L—chen

f0f 75

E(X)=0and E(X?) =
Var(aX) = E((aX)?) — (E(aX))2 =a%(E(X?) - (E(X))?) = a*Var(X).
Let fx(z) = fliy, B(X) = 92, VarX = B(X?) — @05 p(x?) =
[ b2 dy = 71 (b® — a®) and surnple algebra gives the result
(a) BE(X)=a, E((X —a)?) =0 since X =a a.s.

(b) By Exercise 4.15 fx(z) = 21 ( ) and by Exercise 4.17, E(X) = i;

so Var(X f022:c7—)2d:£*2f1:c2d:£748
(c) By Exercise 4.15, fx = 4a1y,, 1]( x), and by Exercise 4.17, E(X) = %,
hence Var(X —4f0 z(x— §)?dz = 5.

Cov(Y,2Y +1) = BE((Y)(2Y +1)) - E(Y)E(2Y +1) =2E(Y?)-2(E(Y))* =
2Var(Y'), Var(2Y + 1) = Var(2Y) = 4Var(Y), hence p = 1.

X, Y are uncorrelated by Exercise 5.7. Take a > 0 so small that the sets
A={w:sin2rw > 1—a}, B={w:cos2mw > 1— a} are disjoint. Then
P(ANB) =0but P(A)P(B) # 0.
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Chapter 6

6.1 The function
& if0<y<az<l1
gla,y) =4 — f0<z<y<l
0 otherwise

is not integrable since the integral of g7 is infinite (the same is true for the
integral of g—). However,

1 1 1 1
/ / g(z,y)dzdy = —1, / / g(z,y)dyde =1
0 0 0 0

which shows that the iterated integrals may not be equal if Fubini’s theorem
condition is violated.

2 3 2

6.2 [ flopxi1,g @y dme = [7) [§ 2Py dady = [7, 9ydy = F.

6.3 By symmetry it is sufficient to consider x > 0, y > 0, and hence the area is
4% [ Va? = 22 da = abr.

6.4 Fix z € [0,2], f02 1a(z,y)dy = m(A,), hence fx(z) = =z for z € [0,1],
fx(x) =2 —x for x € (1,2] and zero otherwise (triangle distribution). By
symmetry, the same holds for fy.

65 P(X+Y >4) =PY > -X+4) = [ [, fxy(z,y)dedy where A =

2 (4
{(z,y) :y >4 —2}N][0,2] x [1,4], s0o P(X +Y > 4) = fo f4_x%(12 +
y?)dyde = & fOQ(—éle + 32% + 162)) do = <.

2y g 402
P(Y>X):/ / —(x2+y2)da:dy+/ / — (2% +y?) dz dy
1 Jo 50 2 Jo 50
1 (%4, 1 [*8
= Zpdy+— | (S +2y?)d
5/, 3V y+502(3+y)y
143

150

Similarly P(Y > X) = [ [, fx,y(z,y)dedy where A = {(z,y) : y > 2} N
[0,2]2>< [1,4], so We4get ff V(2 + y?)drdy + f24 f02 =22 4+ y?)dydz =
s i 300 Ay + 55 o (5 + 2% dy = 155

6.6
0 z2<0
z 0<z<1
fX+Y(Z)*/RfX,Y(‘T’Z*x)dx7 2—2z 1<2<2
0 2<z

6.7 By Exercise 6.4, fx y(z,y) # fx(z)fy(y) so X,Y are not independent.



9.

Solutions to exercises 295

6.8 fyi(—x)(2z) = fj;o W f-x(z—y)dy = fj;o 3110,21()1—1,0)(z —y) dy so

6.9

z< —lor2<z
(z+1) —-1<2z<0

0<z2<1
(2—2) 1<2z2<2

fr-x(z) =

NN~ O

fxaiy(2) = fj;o fx(@)fy(z —2)dz = fj;: Lio,1] (x)%l[o,g] (z — z) dz hence

0 z<0or3<z
37 0<z<1
— 2 = =
fX+Y(Z)— % 1<z2<2
1(3-2) 2<2<3
P(Y > X) = PY = X > 0) = I fyox(2)dz = L+ [2L(2—2)dz =
sti=5 ,
P(X+Y>1 = Ji fxiv( )dZ:%Jer%(sz)dz:%Jr%:%
+1 :
fx(@) = [y 3 lady =1— h(y,x):%l%’i)andE(Y|X:1):

6.10 fy(y) = fy(@ +y)de = 3 +y, hlzly) = FL1a(z,y), BXY = y) =

Chapter 7

7.1

If u(A) =0 then A\ (A) =0 and A2(A) =0, hence (A + A2)(A) = 0.

7.2 Let Q be a finite partition of {2 which refines both P; and P». Thus each

7.3

set A € Q can be written as a disjoint union A = U, E; = ;- F; where
E; € P1, Fj € P,. Each element of A belongs to exactly one F; and exactly
one Fy so A=J; ;(E; N F}) is a disjoint union as well. Hence Q refines the
partition R = {E ﬁ F:E € Py, F € Py} (which is a partition as the above
argument applied to A = (2 shows). It is sufficient to see that R refines P;,
i=1,2. But £ € P; can be written as ' = ENUpep, F' = Upep, (ENF)
so F is a disjoint union of elements of R. Similar argument shows that R
refines Ps.

We have to assume first that m(A4) # 0. Then B C A clearly implies
that p dominates v. (In fact m(B \ A) = 0 is slightly more general.) Then
consider the partition { B, A\ B, £2\ A} to see that h = 1. To double check,
v(F) =m(FNB) = [prpladm = [pop1pdp.
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7.4 Clearly p({w}) > v({w}) is equivalent to p dominating v. For each w we

dv () = v
have 7 (w) = Stah-

7.5 Since v(E) = [, gdm and we wish to have v(E) = [, g—; dp =[5 g—Zf dm
it is natural to aim at taking g”( ) = ?(z). Then a sufficient condition for
this to work is that if A = {« : f(z) = 0} then v(A) = 0, ie. g(z) =0

a.e. on A. Then we put % (z) = ;%x on A and 0 on A° and we have

dp
V(E) = [poac9dm = [, . Z—Zf dm = [, Z—Z dy, as required.
7.6 Clearly v < p is equivalent to A = {w : u({w}) =0} C {w : v({w}) = 0}

and then g—;(w) = %{Z}L) on A and zero outside.

7.7 Since v <« p we may write h = g_u’ so that v(F) = [ hdu. As u(F) =0
if and only if ¥(F) = 0, the set {h = 0} is both g-null and v-null. Thus
h=1 = (g—:)’l is well-defined a.s., and we can use (ii) in Proposition 7.7
with A\ = i to conclude that 1 = h~'h implies d—’lj = h~!, as required.

7.8 60((0,25]) = 0, but 5=m/[9,25((0,25]) = 1; 5=m|0,25({0}) = 0 but 6o({0}) =
1 so neither P; << P, nor P, < P;. Clearly P, < P; with 42 1( ) =
2 x 1{0}( x) and Py < P; with sz( )=2x 1(0,25]( x).

7.9 A = m|[273], As = 0o + m|(172), and h = 1[2’3].

A
v

PN N

7.10 Suppose F' is non-constant at a; with positive jumps ¢;, i = 1,2,... Take
M # a;, with —M # a; and let I = {i: a; € [-M, M]}. Then

mp([=M,M]) = F(M) = F(-M) =3 e = mp({a;})
icl icl
which is finite since F' is bounded on a bounded interval. So any A C
(=M, M] \ U;c{ai} is mp-null hence measurable. But {a;} are mpg-
measurable hence each subset of [—M, M| is mp-measurable. Finally, any
subset E of R is a union of the sets of the form E N [-M,M], so E is
m p-measurable as well.

7.11 mp has density f(x) =2 for z € [0, 1] and zero otherwise.

7.12 (a) |z| =14 [*, f(y) dy, where f(y) = —1for y € [-1,0], and f(y) =1 for
€ (0,1].
(b) Let 1 > & > 0, take § = &2, Y.7_, (yx — xx) < &, with yi < zpqq;
then

O Ve = vil)® < (Vi — Var)® — 2\/yn1 + a1 < Yo — 21
k=1

n
<Y (e —mn) <e
k=1



9. Solutions to exercises 297

7.13

7.14

7.15

7.16

7.17

7.18

(c) Lebesgue function f is a.e. differentiable with f =0 ae. If it were
absolutely continuous, it could be written as f(x fo f'ly)dy = 0, a
contradiction.
(a) If F' is monotone increasing on [a, b], Zle |F(z;) — F(xi—1)| = F(b) —
F(a) for any partition ¢ = z9 < 21 < --- < z = b. Hence Tr[a,b] =
F(b) — F(a).

(b) If F € BV][a,b] we can write F = F; — Fy where both F;, Fy are
monotone increasing, hence have only countably many points of disconti-
nuity. So F' is continuous a.e. and thus Lebesgue-measurable.

(¢) f(x) = a*cos % for x # 0 and f(0) = 0 is differentiable but does
not belong to BV[0, 1]

(d) If F is Lipschitz, Z?:l |F($Z) - F(xi_1)| < MZ?:l |$Z - 331'_1| =
M(b — a) for any partition so Tr[a,b] < M(b— a) is finite.

Recall that v*(F) = v(E N B), where B is the positive set in the Hahn
decomposition. As in the hint, if G C F, v(G) <vT(GNB) <v(GNB) +
v(FNB)\ (GNB)) =v(FNB). Since the set (FNB)\ (GNB) C B,
its v-measure is non-negative. But F N B C F so sup{v(G) : G C F} is
attained and equals v(FNB) = v*(F). A similar argument shows v~ (F) =
sup{—v(G)} = —inchF{V( )}-

For all F € Fut(F) = [pop fdp = supgep [o fdp. If f > 0 on a set
C C ANF with [L(C) >0, then [, fdu > 0,s0that [, fdu+ [5-p fdu>
supgcr [ f dp. This is a contradiction since C U (BN F) C F. So f <0
a.s. (u) on ANF. We can take the set {f = 0} into B, since it does not affect
the integrals. Hence {f < 0} C A and {f > 0} C B. But the two smaller
sets partition {2, so we have equality in both cases. Hence f™ = flp and
f~ = —f14, therefore for all FF € F

Y = b _ _ +
Py =vBoF) = [ fau= [ rran
v (F)=—-v(ANF)=— fd,u:/Ff_d,u.

ANF

f e L'(v) iff both [ f*dv and [ f~ dv are finite. Then [, f*gdu and
Jsfy du are well-defined and finite and their difference is [}, fgdu. So
fge L' (), as [L(fT—f7)|gldu < oo. Conversely, if fg € L' () then both
I f+|g| du and [, f~|g|du are finite hence so is their difference [, fdv.
(a) E(X|G)(w) = % ifw € [0, %], E(X|G)(w) = 3 otherwise

(b) E(X|G)(w) =w if w € [0, 1], E(X|G)(w) = 2 otherwise.
E(Xo|Frot) = E(Z1Zs... 20| Fucs) = Z1Zs...Zn E(Zn|Fo_1), and
since Z, is independent of Fy,_1, E(Z,|Fn-1) = E(Z,) = 1, hence the
result.
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7.19

7.20

7.21

E(X,) = nu # u=E(X7) so X,, is not a martingale. Clearly Y,, = X,, —nu
is a martingale.

E((Z1+ Zo+ -+ 4 Zn)*|Fno1) S E(Z1+ Zo+ -+ + Zn|Fu1)? = (Z1 +
Zay+- -+ Z,_1)? using Jensen inequality. The compensator is deterministic:
A, =n.

For s < t, since the increments are independent and w(t) — w(s) has the
same distribution as w(t — s),

E(exp(—ou(t) — ga’t)) = e~ 1 Eexp(~o(w(t) — w(s))|F)
= eI B exp ([ (w(t) - w(s))
= e )3 R (exp(—ow(t — 5))).

Now ow(t — s) «~ N(0,02(t — s)) so the expectation equals E(e=7Vt=5%) =
e~ 30" (t=9) (where Z «~ N(0,1)) and so the result follows.

Chapter 8

8.1

8.2

8.3

8.4

8.5

(a) fn =1, n41) converges to 0 in LP, pointwise, a.e. but not uniformly.
(b) fn = nly 1—nl;_1 g converges to 0 pointwise and a.e. It converges
neither in LP nor uniformly.

We have 2 = [0,1] with Lebesgue measure. The sequences X,, = 10,1y,
Xy, = nl 1) converge to 0 in probability since P(|X,| > ¢) < L and the
same holds for the sequence g,,.

There are endless possibilities, the simplest being X, (w) = 1 (but this
sequence converges to 1) or, to make sure that it does not converge to
anything, X, (w) =n.

Let X,, = 1 indicate the heads and X,, = 0 the tail, then %ﬁl is the
average number of heads in 100 tosses. Clearly E(X,) = 1, E(%ﬁl) =1
Var(X,) = 1, Var($®) = L2100 1 = L5 so

100 1002 = %0
Siwo 1 1
P(l— —=|>01) < ———
( 100 2" — 0.1) < 0.12400
and Sip 1 13
P22 _ 2 <01)>1— =2
(oo —2! <0V =1~ G0 = 3
Let X,, be the number shown on the die, E(X,,) = 3.5, Var(X,,) = 2.9.

S1000
P(|
1000

— 3.5/ < 0.01) > 0.29.
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8.6 The union (J;-_ A, is equal to [0, 1] for all m and so is limsup,, . Ay.
8.7 Let d = 1. There are (2") paths that return to 0, so P(S2, =0) = (%”) 2%

(2n)!  (3)*V272n  2ny2

e

(n!)2 ~ (2)2m2mn NG

so P(Sap, = 0) ~ ﬁ with ¢ = \/% Hence >~ 7, P(A,,) diverges and Borel-
Cantelli applies (as (4, ) are independent) so that P(Se, = 0 i.0.) = 1.
Same for d = 2 since P(A,) ~ +. But for d > 2, P(4,) ~ #, the series

converges and by the first Borel-Cantelli lemma P(S3, =0 i.0.) = 0.
. S—
8.8 Write S = Sigo0; P(|S —500] < 10) = P(E220 < 0.63) ~ 0.47.

Now

8.9 The condition on n is P(|%> — 0.5] < 0.005) = P(M\/OTZ" < 0.01y/n) >
n
0.99, hence n > 66 615.
8.10 Write z,, = e?V7/™. Then

1 1 1. (2R,x,)? 1+ a2
—(1 n+InD,)=-1 wD,) == n
2(nU +1InD,) 2n(UD) 2111(14_%%)2

=Ine" "™ — In(
2x,

).

So it suffices to show that the last term on the right is ";—nT +o(L). But

n
].+CE% l‘,;l Tz ea\/T/n+ea\/T/n

= 5 L 5 = cosh(a\/T/n)

2x,
2
o
:1 _— —_
+ 2n +O(n)
so that ) ) )
1+=x o°T 1 o°T 1
| %) =1In(l + — )= — —
n( . )=In(l+ ——+o(~)) = 5~ +o()
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Appendix

Existence of non-measurable and non-Borel sets

In Chapter 2 we defined the o-field B of Borel sets and the larger o-field M
of Lebesgue-measurable sets, and all our subsequent analysis of the Lebesgue
integral and its properties involved these two families of subsets of R. The set
inclusions

Bc M cCP(R)

are trivial; however, it is not at all obvious at first sight that they are strict,
i.e. that there are sets in R which are not Lebesgue-measurable, as well as that
there are Lebesgue-measurable sets which are not Borel sets. In this appendix
we construct examples of such sets. Using the fact that A C R is measurable
(resp. Borel-measurable) iff its indicator function 14 € M (resp. B) it follows
that we will automatically have examples of non-measurable (resp. measurable
but not Borel) functions.

The construction of a non-measurable set requires some set-theoretic prepa-
ration. This takes the form of an axiom which, while not needed for the consis-
tent development of set theory, nevertheless enriches that theory considerably.
Its truth or falsehood cannot be proved from the standard axioms on which
modern set theory is based, but we shall accept its validity as an axiom, without
delving further into foundational matters.

301
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The Axiom of Choice

Suppose that A = {A, : @ € A} is a non-empty collection, indexed by some
set /A, of non-empty disjoint subsets of a fixed set 2, Then there exists a set
E C 2 which contains precisely one element from each of the sets A, i.e. there
is a choice function f: A — A.

Remark

The Axiom may seem innocuous enough, yet it can be shown to be independent
of the (Zermelo-Fraenkel) axioms of sets theory. If the collection A has only
finitely many members there no problem in finding a choice function, of course.
To see that the existence of such a function is problematic for infinite sets,
consider the following illustration given by Bertrand Russell: imagine being
faced with an infinite collection of pairs of shoes and another of pairs of socks.
Constructing the set consisting of all left shoes is simple; that of defining the
set of all left socks is not!

To construct our example of a non-measurable set, first define the following
equivalence relation on [0, 1]:  ~ y if y — z is a rational number (which will be
in [—1, 1]). This relation is easily seen to be reflexive, symmetric and transitive.
Hence it partitions [0, 1] into disjoint equivalence classes (A4, ), where for each
«, any two elements x,y of A, differ by a rational, while elements of different
classes will always differ by an irrational. Thus each A, is countable, since Q
is, but there are uncountably many different classes, as [0, 1] is uncountable.

Now use the Axiom of Choice to construct a new set £ C [0,1] which
contains exactly one member a, from each of the A,. Now enumerate the
rationals in [—1, 1]: there are only countably many, so we can order them as a
sequence (gy). Define a sequence of translates of E by E,, = E + ¢q,. If E is
Lebesgue-measurable, then so is each F,, and their measures are the same, by
Proposition 2.10.

But the (E,,) are disjoint: to see this, suppose that z € E,,, N E,, for some
m # m. Then we can write aq + ¢m = 2z = ag + ¢, for some ay,ag € E, and
their difference a, —ag = ¢n — gy, is rational. Since E contains only one element
from each class, a = 8 and therefore m = n. Thus |J,—, E, is a disjoint union
containing [0, 1].

Thus we have [0,1] C U2, E,, C [-1,2] and m(E,) = m(E) for all n. By
countable additivity and monotonicity of m this implies:

1=m([0,1]) < im(En) =m(E)+m(E)+--- <3

This is clearly impossible, since the sum must be either 0 or co. Hence we must
conclude that F is not measurable.
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For an example of a measurable set that is not Borel, let C' denote the Cantor
set, and define the Cantor function f : [0,1] — C as follows: for € [0, 1] write
x = 0.a1a3 ... in binary form, i.e. z = > ° | $2, where each a,, = 0 or 1 (taking
non-terminating expansions where the choice exists). The function = +— a,, is
determined by a system of finitely many binary intervals (i.e. the value of a,
is fixed by « satisfying finitely many linear inequalities) and so is measurable
~ hence so is the function f given by f(z) =Y o2, %ﬂ Since all the terms of
y=>" 2?“# have numerators 0 or 2, it follows that the range Rf of f is a
subset of C'. Moreover, the value of y determines the sequence (a,) and hence
x, uniquely, so that f is invertible.

Now comnsider the image in C of the non-measurable set E constructed
above, i.e. let B = f(E). Then B is a subset of the null set C, hence by the
completeness of m it is also measurable and null. On the other hand, F =
f71(B) is non-measurable. We show that this situation is incompatible with B
being a Borel set.

Given a set B € B and a measurable function g, then ¢~!(B) must be
measurable. For, by definition of measurable functions, g~!(I) is measurable
for every interval I, and we have

g‘l(U A;) = U g M A), 97N A% = (g7H(A)"

quite generally for any sets and functions. Hence the collection of sets whose
inverse images under the measurable function g are again measurable forms a
o-field containing the intervals, hence also contains all Borel sets.

But we have found a measurable function f and a Lebesgue-measurable set
B for which f~'(B) = E is not measurable. Therefore the measurable set B
cannot be a Borel set, i.e. the inclusion B C M is strict.
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Cauchy

— density, 108
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central limit theorem, 276, 280
central moment, 146

centred

— random variable, 151
characteristic function, 116, 272
Chebyshev’s inequality, 247
complete

— measure space, 43

— space, 128

completion, 43

concentrated, 197

conditional

— expectation, 153, 178, 179, 218
— probability, 47

contingent claim, 71, 72
continuity of measure, 39
continuous
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— almost everywhere, 242
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— in LP, 242

— in p-th mean, 144
— in probability, 245
— pointwise, 242

— uniform, 11, 241
— weak, 268
correlation, 138, 151
countable

— additivity, 27, 29
covariance, 151
cover, 20

de Moivre—Laplace theorem, 280
de Morgan’s laws, 3
density, 107

— Cauchy, 108

— Gaussian, 107, 174

— joint, 173

— normal, 107, 174

— triangle, 107
derivative

— Radon-Nikodym, 194
derivative security, 72
— European, 71

Dirac measure, 68
direct sum, 139
distance, 126
distribution

— function, 109, 110, 199
— gamma, 109

— geometric, 69

— marginal, 174

— Poisson, 69

— triangle, 107

— uniform, 107

dominated convergence theorem, 92

dominating measure, 190
Doob decomposition, 226

essential

— infimum, 66

— supremum, 66

essentially bounded, 141

event, 47

eventually, 256

exotic option, 72

expectation

— conditional, 153, 178, 179, 218
— of random variable, 114

Fatou’s lemma, 82
filtration, 51, 222

— natural, 222

first hitting time, 230

formula

— inversion, 180

Fourier series, 140
Fubini’s theorem, 171
function

— Borel, 57

— Cantor, 303

— characteristic, 116, 272
— Dirichlet, 99

— essentially bounded, 141
— integrable, 86

— Lebesgue, 20

— Lebesgue measurable, 57
— simple, 76

— step, 102

fundamental theorem of calculus, 9, 97,

214
futures, 71

gamma distribution, 109
Gaussian density, 107, 174

geometric distribution, 69

Holder inequality, 142

Hahn-Jordan decomposition, 211, 216

Helly’s theorem, 270
Hilbert space, 136, 138

i.o., 255

identically distributed, 244
independent

— events, 48, 49

— random variables, 70, 244
— o-fields, 49

— o-fields, 48

indicator function, 4, 59
inequality

— Chebyshev, 247
Holder, 142

Jensen, 220

— Kolmogorov, 262

— Minkowski, 143

— Schwarz, 132, 143

— triangle, 126

infimum, 6

infinitely often, 255

inner product, 135, 136

— space, 136

integrable function, 86
integral

— improper Riemann, 99
— Lebesgue, 77, 87

— of a simple function, 76
— Riemann, 7
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invariance

— translation, 35
inversion formula, 180
Ito isometry, 229

Jensen inequality, 220
joint density, 173

Kolmogorov inequality, 262

L*(E), 131

L?(E), 140

L>(FE), 141

law of large numbers
— strong, 260, 266

— weak, 249

LP convergence, 242
Lebesgue

— decomposition, 197
— function, 20

— integral, 76, 87

— measurable set, 27
— measure, 35
Lebesgue-Stieltjes

— measurable, 202

— measure, 199
lemma

— Borel-Cantelli, 257
— Fatou, 82

— Riemann—Lebesgue, 104
Levy’s theorem, 274
liminf, 6

limsup, 6
Lindeberg—Feller theorem, 276
lower limit, 256
lower sum, 77

marginal distribution, 174
martingale, 223

— transform, 227

mean value theorem, 81
measurable

— function, 57

— Lebesgue-Stieltjes, 202
— set, 27

— space, 189

measure, 29

— absolutely continuous, 107
— Dirac, 68

— F-outer, 200

— Lebesgue, 35

— Lebesgue-Stieltjes, 199
— outer, 20, 45

— probability, 46

— product, 164

— regular, 44

— o-finite, 162

— signed, 209, 210

— space, 29

measures

— mutually singular, 197
metric, 126

Minkowski inequality, 143
model

— binomial, 50

— Black-Scholes, 118

— CRR, 233

moment, 146

monotone class, 165

— theorem, 165
monotone convergence theorem, 84
monotonicity

— of integral, 81

— of measure, 21, 35
Monte-Carlo method, 251
mutually singular measures, 197

negative part, 63
negative variation, 207
norm, 126

normal density, 107, 174
null set, 16

option

— American, 72

— European, 71

— exotic, 72

— lookback, 72
orthogonal, 137-139
orthonormal

— basis, 140

— set, 139

outer measure, 20, 45

parallelogram law, 136
partition, 190

path, 50

pointwise convergence, 242
Poisson distribution, 69
polarization identity, 136
portfolio, 183

positive part, 63

positive variation, 207
power set, 2

predictable, 225
probability, 46

— conditional, 47

— distribution, 68
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— measure, 46

— space, 46
probability space
— filtered, 222
process

— stochastic, 222
— stopped, 230
product

— measure, 164
— o-field, 160
Prokhorov’s theorem, 272
put option, 72

Radon-Nikodym

— derivative, 194

— theorem, 190, 195
random time, 229
random variable, 66

— centred, 151
rectangle, 3
refinement, 7, 190
replication, 232
return, 183

Riemann

— integral, 7

—— improper, 99
Riemann’s criterion, 8
Riemann—-Lebesgue lemma, 104

Schwarz inequality, 132, 143

section, 162, 170

sequence

— Cauchy, 11, 128

— tight, 272

set

— Borel, 40

— Cantor, 19

— Lebesgue measurable, 27

— null, 16

o-field, 29

— generated, 40

— product, 160

o-field

— generated

—— by random variable, 67

o-finite measure, 162

signed measure, 209, 210

simple function, 76

Skorokhod representation theorem, 110,
269

space

— Banach, 136

— complete, 128

— Hilbert, 136, 138

— inner product, 136

- L*(E), 131

- LP(E), 140

— measurable, 189

— measure, 29

— probability, 46

standard normal distribution, 114
step function, 102

stochastic

— integral, discrete, 227

— process, discrete, 222

stopped process, 230

stopping time, 229

strong law of large numbers, 266
subadditivity, 24

submartingale, 223

summable, 217

supermartingale, 224
supremum, 6

symmetric difference, 35

theorem

— Beppo-Levi, 95

— Bernstein-Weierstrass Approximation,
250

— central limit, 276, 280

— de Moivre—Laplace, 280

— dominated convergence, 92

— Fubini, 171

— Fundamental of Calculus, 214

— fundamental of calculus, 9, 97

— Helly, 270

— intermediate value, 6

— Levy, 274

— Lindeberg—Feller, 276

— mean value, 81

— Miller-Modigliani, 117

— monotone class, 165

— monotone convergence, 84

— Prokhorov, 272

— Radon-Nikodym, 190, 195

— Skorokhod representation, 110, 269

tight sequence, 272

total variation, 207

translation invariance

— of measure, 35

— of outer measure, 26

triangle inequality, 126

triangular array, 282

uncorrelated random variables, 151
uniform convergence, 11, 241
uniform distribution, 107

upper limit, 255
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upper sum, 77

variance, 147
variation

— bounded, 206
— function, 207
— negative, 212

— positive, 212
— total, 207, 211

weak

— convergence, 268

— law of large numbers, 249
Wiener process, 233



