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Preface

These are notes for the lecture course “Differential Geometry I” given by the
second author at ETH Ziirich in the fall semester 2017. They are based on
a lecture course! given by the first author at the University of Wisconsin—
Madison in the fall semester 1983.

One can distinguish extrinsic differential geometry and intrinsic differ-
ential geometry. The former restricts attention to submanifolds of Euclidean
space while the latter studies manifolds equipped with a Riemannian metric.
The extrinsic theory is more accessible because we can visualize curves and
surfaces in R3, but some topics can best be handled with the intrinsic theory.
The definitions in Chapter 2 have been worded in such a way that it is easy
to read them either extrinsically or intrinsically and the subsequent chapters
are mostly (but not entirely) extrinsic. One can teach a self contained one
semester course in extrinsic differential geometry by starting with Chapter 2
and skipping the sections marked with an asterisk such as §2.8.

Here is a description of the content of the book, chapter by chapter.
Chapter 1 gives a brief historical introduction to differential geometry and
explains the extrinsic versus the intrinsic viewpoint of the subject.z This
chapter was not included in the lecture course at ETH.

The mathematical treatment of the field begins in earnest in Chapter 2,
which introduces the foundational concepts used in differential geometry
and topology. It begins by defining manifolds in the extrinsic setting as
smooth submanifolds of Euclidean space, and then moves on to tangent
spaces, submanifolds and embeddings, and vector fields and flows.> The
chapter includes an introduction to Lie groups in the extrinsic setting and a
proof of the Closed Subgroup Theorem. It then discusses vector bundles and
submersions and proves the Theorem of Frobenius. The last two sections
deal with the intrinsic setting and can be skipped at first reading.

!Extrinsic Differential Geometry
2Tt is shown in §1.3 how any topological atlas on a set induces a topology.
30ur sign convention for the Lie bracket of vector fields is explained in §2.5.7.
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Chapter 3 introduces the Levi-Civita connection as covariant derivatives
of vector fields along curves.i It continues with parallel transport, introduces
motions without sliding, twisting, and wobbling, and proves the Develop-
ment Theorem. It also characterizes the Levi-Civita connection in terms of
the Christoffel symbols. The last section introduces Riemannian metrics in
the intrinsic setting, establishes their existence, and characterizes the Levi-
Civita connection as the unique torsion-free Riemannian connection on the
tangent bundle.

Chapter 4 defines geodesics as critical points of the energy functional and
introduces the distance function defined in terms of the lengths of curves. It
then examines the exponential map, establishes the local existence of min-
imal geodesics, and proves the existence of geodesically convex neighbor-
hoods. A highlight of this chapter is the proof of the Hopf~-Rinow Theorem
and of the equivalence of geodesic and metric completeness. The last section
shows how these concepts and results carry over to the intrinsic setting.

Chapter 5 introduces isometries and the Riemann curvature tensor and
proves the Generalized Theorema Egregium, which asserts that isometries
preserve geodesics, the covariant derivative, and the curvature.

Chapter 6 contains some answers to what can be viewed as the funda-
mental problem of differential geometry: When are two manifolds isometric?
The central tool for answering this question is the Cartan—Ambrose—Hicks
Theorem, which etablishes necessary and sufficient conditions for the exis-
tence of a (local) isometry between two Riemannian manifolds. The chapter
then moves on to examine flat spaces, symmetric spaces, and constant sec-
tional curvature manifolds. It also includes a discussion of manifolds with
nonpositive sectional curvature, proofs of the Cartan-Hadamard Theorem
and of Cartan’s Fixed Point Theorem, and as the main example a discussion
of the space of positive definite symmetric matrices equipped with a natural
Riemannian metric of nonpositive sectional curvature.

This is the point at which the ETH lecture course ended. However,
Chapter 6 contains some additional material such as a proof of the Bonnet—
Myers Theorem about manifolds with positive Ricci curvature, and it ends
with brief discussions of the scalar curvature and the Weyl tensor.

The logical progression of the book up to this point is linear in that
every chapter builds on the material of the previous one, and so no chapter
can be skipped except for the first. What can be skipped at first reading
are only the sections labelled with an asterisk that carry over the various
notions introduced in the extrinsic setting to the intrinsic setting.

4The covariant derivative of a global vector field is deferred to §5.2.2.



Chapter 7 deals with various specific topics that are at the heart of the
subject but go beyond the scope of a one semester lecture course. It begins
with a section on conjugate points and the Morse Index Theorem, which
follows on naturally from Chapter 4 about geodesics. These results in turn
are used in the proof of continuity of the injectivity radius in the second
section. The third section builds on Chapter 5 on isometries and the Rie-
mann curvature tensor. It contains a proof of the Myers—Steenrod Theorem,
which asserts that the group of isometries is always a finite-dimensional Lie
group. The fourth section examines the special case of the isometry group of
a compact Lie group equipped with a bi-invariant Riemannian metric. The
last two sections are devoted to Donaldson’s differential geometric approach
to Lie algebra theory as explained in [17]. They build on all the previous
chapters and especially on the material in Chapter 6 about manifolds with
nonpositive sectional curvature. The fifth section establishes conditions un-
der which a convex function on a Hadamard manifold has a critical point.
The last section uses these results to show that the Killing form on a simple
Lie algebra is nondegenerate, to establish uniqueness up to conjugation of
maximal compact subgroups of the automorphism group of a semisimple Lie
algebra, and to prove Cartan’s theorem about the compact real form of a
semisimple complex Lie algebra.

The appendix contains brief discussions of some fundamental notions of
analysis such as maps and functions, normal forms, and Euclidean spaces,
that play a central role throughout this book.

We thank everyone who pointed out errors or typos in earlier versions of
this book. In particular, we thank Charel Antony and Samuel Trautwein for
many helpful comments. We also thank Daniel Grieser for his constructive
suggestions concerning the exposition.

28 August 2021 Joel W. Robbin and Dietmar A. Salamon
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Chapter 1

What is Differential
Geometry?

This preparatory chapter contains a brief historical introduction to the sub-
ject of differential geometry (§1.1), explains the concept of a coordinate
chart (§1.2), discusses topological manifolds and shows how an atlas on a
set determines a topology (§1.3), introduces the notion of a smooth structure
(§1.4), and outlines the master plan for this book (§1.5).

1.1 Cartography and Differential Geometry

Carl Friedrich Gaufl (1777-1855) is the father of differential geometry. He
was (among many other things) a cartographer and many terms in modern
differential geometry (chart, atlas, map, coordinate system, geodesic, etc.)
reflect these origins. He was led to his Theorema Egregium (see 5.3.1) by
the question of whether it is possible to draw an accurate map of a portion
of our planet. Let us begin by discussing a mathematical formulation of this
problem.

Consider the two-dimensional sphere S? sitting in the three-dimensional
Euclidean space R3. It is cut out by the equation

:E2+y2+z2:1.

A map of a small region U C S? is represented mathematically by a one-to-
one correspondence with a small region in the plane z = 0. In this book we
will represent this with the notation ¢ : U — ¢(U) C R? and call such an
object a chart or a system of local coordinates (see Figure 1.1).

1
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-2

N
Figure 1.1: A chart.

What does it mean that ¢ is an “accurate” map? Ideally the user would
want to use the map to compute the length of a curve in S?. The length of
a curve v connecting two points p, ¢ € S? is given by the formula

1
L(y) = /0 S dt, 4(0) =p, (1) =a,

so the user will want the chart ¢ to satisfy L(y) = L(¢ o) for all curves ~.
It is a consequence of the Theorema Egregium that there is no such chart.
Perhaps the user of such a map will be content to use the map to plot
the shortest path between two points p and ¢ in U. This path is called a
geodesic and is denoted by 7,,. It satisfies L(v,,) = du(p, ¢), where

du(p,q) = inf{L(7) [v(t) € U, v(0) =p, (1) = ¢}

so our less demanding user will be content if the chart ¢ satisfies

du(p,q) = de(o(p), #(q)),

where dg(¢(p), ¢(q)) is the length of the shortest path in the plane. It is
also a consequence of the Theorema FEgregium that there is no such chart.
Now suppose our user is content to have a map which makes it easy to
navigate close to the shortest path connecting two points. Ideally the user
would use a straight edge, magnetic compass, and protractor to do this.
S/he would draw a straight line on the map connecting p and g and steer a
course which maintains a constant angle (on the map) between the course
and meridians. This can be done by the method of stereographic projection.
This chart is conformal (which means that it preserves angles). According
to Wikipedia stereographic projection was known to the ancient Greeks
and a map using stereographic projection was constructed in the early 16th
century. Exercises 3.7.5, 3.7.12, and 6.4.22 use stereographic projection; the
latter exercise deals with the Poincaré model of the hyperbolic plane. The
hyperbolic plane provides a counterexample to Euclid’s Parallel Postulate.
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Figure 1.2: Stereographic Projection.

Exercise 1.1.1. It is more or less obvious that for any surface M C R3
there is a unique shortest path in M connecting two points if they are
sufficiently close. (This will be proved in Theorem 4.5.3.) This shortest
path is called the minimal geodesic connecting p and ¢. Use this fact to
prove that the minimal geodesic joining two points p and ¢ in S? is an arc
of the great circle through p and ¢. (This is the intersection of the sphere
with the plane through p, ¢, and the center of the sphere.) Also prove that
the minimal geodesic connecting two points in a plane is the straight line
segment connecting them. Hint: Both a great circle in a sphere and a line
in a plane are preserved by a reflection. (See also Exercise 4.2.5 below.)

Exercise 1.1.2. Stereographic projection is defined by the condition that
for p € S?\ n the point @(p) lies in the xy-plane z = 0 and the three
points n = (0,0,1), p, and ¢(p) are collinear (see Figure 1.2). Using the
formula that the cosine of the angle between two unit vectors is their inner
product prove that ¢ is conformal. Hint: The plane through p, ¢, and n
intersects the xy-plane in a straight line and the sphere in a circle through
n. The plane through n, p, ¢(p), and the center of the sphere intersects the
sphere in a meridian. A proof that stereographic projection is conformal
can be found in [27, page 248|. The proof is elementary in the sense that
it doesn’t use calculus. An elementary proof can also be found online at
http://people.reed.edu/jerry/311/stereo.pdf.

Exercise 1.1.3. It may seem fairly obvious that you can’t draw an accurate
map of a portion of the earth because the sphere is curved. However, the
cylinder

C={(z,y,2) eR}| 22+ 9> =1}

is also curved, but the map 1 : R? — C defined by (s, t) = (cos(t), sin(t), s)
preserves lengths of curves, i.e. L(1 o) = L(v) for any curve 7 : [a, b] — R2.
Prove this.
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1.1.4. Standard Notations. The standard notations N, Ny, Z, Q, R,
C denote respectively the natural numbers (= positive integers), the non-
negative integers, the integers, the rational numbers, the real numbers, and
the complex numbers. We denote the identity map of a set X by idx and the
n xn identity matriz by 1, or simply 1. The notation V* is used for the dual
of a vector space V', but when K is a field such as R or C the notation K*
is sometimes used for the multiplicative group K\ {0}. The terms smooth,
infinitely differentiable, and C*° are all synonymous.

1.2 Coordinates

The rest of this chapter defines the category of smooth manifolds and smooth
maps between them. Before giving the precise definitions we will introduce
some terminology and give some examples.

Definition 1.2.1. A chart on a set M is a pair (¢,U) where U is a subset
of M and ¢ : U — ¢(U) is a bijection from U to an open set ¢(U) in R™.
An atlas on M is a collection

o = {((bon Ua)}aeA
of charts such that the domains U, cover M, i.e. M = UaeA U,.

The idea is that if ¢(p) = (z1(p),...,xm(p)) for p € U, then the func-
tions x; form a system of local coordinates defined on the subset U of M.
The dimension of M should be m since it takes m numbers to uniquely spec-
ify a point of U. We will soon impose conditions on charts (¢, U), however

for the moment we are assuming nothing about the maps ¢ (other than that
they are bijective).

Example 1.2.2. Every open subset U C R™ has an atlas consisting of a
single chart, namely (¢,U) = (idy, U) where idy denotes the identity map
of U.

Example 1.2.3. Assume that 2 C R™ is an open set, that M is a subset
of the product R™ x R” = R™*" and that h : Q — R" is a continuous map
whose graph is M, i.e.

graph(h) := {(z,y) € @ x R" [y = h(z)} = M.
Let U = graph(h) = M and let ¢(z,y) = = be the projection of U onto (.
Then the pair (¢,U) is a chart on M. The inverse map is given by

¢~ (z) = (z,h(x))
for z € Q = ¢(U). Thus M has again an atlas consisting of a single chart.



1.2. COORDINATES 5

Example 1.2.4. The m-sphere
S ={p= (20, ,&m) ER™ |2 + - + a7, = 1}

has an atlas consisting of the 2m 42 charts ¢;+ : U+ — D™ where D™ is the
open unit disk in R™, U;x = {p € S™| £ x; > 0}, and ¢;4 is the projection
which discards the ith coordinate. (See Example 2.1.14 below.)

Example 1.2.5. Let

A= AT € R(m+1)><(m+1)
be a symmetric matrix and define a quadratic form F : R™*! — R by

F(p):=p"Ap,  p=(20,..,%m).
After a linear change of coordinates the function F' has the form

F(p) = a3~y o
(Here r + 1 is the rank of the matrix A.) The set M = F~1(1) has an atlas
of 2m + 2 charts by the same construction as in Example 1.2.4, in fact S™
is the special case where A = 1,41, the (m + 1) x (m + 1) identity matrix.
(See Example 2.1.13 below for another way to construct charts.)

Figure 1.3 enumerates the familiar quadric surfaces in R3. The para-
boloids are examples of graphs as in Example 1.2.3 with Q = R? and n = 1,
and the ellipsoid and the two hyperboloids are instances of the quadric hyper-
surfaces defined in Example 1.2.5. The sphere is an instance of the ellipsoid
(with a = b= ¢ =1) and the cylinder is a limit of the ellipsoid as well as of
the elliptic hyperboloid of one sheet (as @ = b = 1 and ¢ — 00). The pictures
were generated by computer using the parameterizations

x = acos(t) cos(s), y = bsin(t) cos(s), z = csin(s)
for the ellipsoid,
x = acos(t) cosh(s), y = bsin(t) cosh(s), z = csinh(s),
for the elliptic hyperboloid of one sheet, and
x = acos(t) sinh(s), y = bsin(t) sinh(s), z = Fccosh(s)

for the elliptic hyperboloid of two sheets. These quadric surfaces will be
often used in the sequel to illustrate important concepts.
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In the following two examples K denotes either the field R of real numbers
or the field C of complex numbers, K* := {A € K|\ # 0} denotes the
corresponding multiplicative group, and V denotes a vector space over K.

Example 1.2.6. The projective space of V is the set of lines (through
the origin) in V. In other words,

P(V)={¢CcV]|{is a l-dimensional K-linear subspace}

When K =R and V = R™*! this is denoted by RP™ and when K = C
and V = C™*! this is denoted by CP™. For our purposes we can identify the
spaces C™ 11 and R?"+2 but the projective spaces CP™ and RP?™ are very
different. The various lines ¢ € P(V) intersect in the origin, however, after
the identification P(V') = {[v] | v € V' \ {0}} with [v] := K*v = Kv \ {0} the
elements of P(V') become disjoint, i.e. P(V') is the set of equivalence classes
of an equivalence relation on the open set V' \ {0}. Assume that V = K™*!
and define an atlas on P(V') as follows. For each integer i = 0,1,...,m
define U; := {[v] |v = (x0,...,Zm), x; # 0} and define ¢; : U; — K™ by

éi([v]) = <‘”° L, it T %>

)

This atlas consists of m + 1 charts.
Example 1.2.7. For each positive integer k the set
Gr(V):={¢ C V|l is a k-dimensional K-linear subspace}

is called the Grassmann manifold of k-planes in V. Thus G1(V) = P(V).
Assume that V' = K™ and define an atlas on G (V) as follows. Let ey, ..., e,
be the standard basis for K", i.e. e; is the ith column of the n x n identity
matrix 1,. Each partition {1,2,...,n} = TUJ, I = {i1 < -+ < i},
J ={j1 < -+ < jn—p} of the first n natural numbers determines a direct
sum decomposition K” =V = V; @ V; via the formulas

V}:Keil—{—-..—FKeik’ VJ:Kej1+"'+Kejn,k~

Let Us denote the set of all k-planes ¢ € G (V') which are transverse to Vj,
i.e. such that £ NV; = {0}. The elements of U; are precisely those k-planes
of the form ¢ = graph(A), where A : V; — V; is a linear map. Define the
map ¢r : Uy — KF*("=k) by the formula

n—~k
o1(0) = (ars), Ae;, = Zarsejs, r=1,..., k.
s=1

Exercise: Prove that the set of all pairs (¢, Ur) as I ranges over the subsets
of {1,...,n} of cardinality k form an atlas.
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1.3 Topological Manifolds*

Definition 1.3.1. A topological manifold is a topological space M such
that each point p € M has an open neighborhood U which is homeomorphic
to an open subset of a Euclidean space.

Brouwer’s Invariance of Domain Theorem asserts that, when U C R™
and V' C R" are nonempty open sets and ¢ : U — V is a homeomorphism,
then m = n. This means that if M is a connected topological manifold
and some point of M has a neighborhood homeomorphic to an open subset
of R, then every point of M has a neighborhood homeomorphic to an open
subset of that same R™. In this case we say that M has dimension m or
is m-dimensional or is an m-manifold. Brouwer’s theorem is fairly difficult
(see [24, p. 126] for example) but if ¢ is a diffeomorphism, then the result is
an easy consequence of the invariance of the rank in linear algebra and the
chain rule. (See equation (1.4.1) below.)

By definition, a topological m-manifold M admits an atlas where every
chart (¢,U) of the atlas is a homeomorphism ¢ : U — ¢(U) from an open
set U C M to an open set ¢(U) C R™. The following definition and lemma
explain when a given atlas determines a topology on M.

Definition 1.3.2. Let M be a set. Two charts (¢1,U1) and (¢2,U2) on M
are said to be topologically compatible iff ¢1(U; N Us) and ¢2(U; N Us)
are open subsets of R™ and the transition map

b1 := d2 0 d7 " 1 (U NUs) — ¢o(Uy NU)

is a homeomorphism. An atlas is said to be a topological atlas iff any two
charts in this atlas are topologically compatible.

Lemma 1.3.3. Let & = {(¢a,Uq)}aca be an atlas on a set M.
(1) If & is a topological atlas, then the collection

da(UNUy) is an open subset of R™ }

for every a € A (1.3.1)

U = {U C M‘
s a topology on M, and with this topology each U, is an open subset of M
and each ¢, is a homeomorphism. Thus M is a topological manifold with
the topology (1.3.1).

(ii) If M s a topological manifold and each U, is an open set and each ¢,
is a homeomorphism, then <7 is a topological atlas and the topology (1.3.1)
coincides with the topology of M.

Proof. Exercise. O
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If M is a topological manifold, then the collection of all charts (U, ¢)
on M such that U is open and ¢ is a homeomorphism is a topological atlas.
It is the unique maximal topological atlas in the sense that it contains
every other topological atlas as in part (ii) of Lemma 1.3.3. However, we will
often consider smaller, even finite, topological atlases, and by Lemma 1.3.3
each of these determines the topology of M.

Exercise 1.3.4. Show that the atlas in each example in §1.2 is a topological
atlas. Conclude that each of these examples is a topological manifold.

Any subset S C X of a topological space X inherits a topology from X,
called the relative topology of S. A subset Uy C S is called relatively
open in S (or S-open) iff there is an open set U C X such that Uy = U N S.
A subset Ay C S is called relatively closed (or S-closed) iff there is a
closed set A C X such that A9 = AN S. The relative topology on S is the
coarsest topology such that the inclusion map S — X is continuous.

Exercise 1.3.5. Show that the relative topology satisfies the axioms of a
topology (i.e. arbitrary unions and finite intersections of S-open sets are S-
open, and the empty set and S itself are S-open). Show that the complement
of an S-open set in S is S-closed and vice versa.

Exercise 1.3.6. Each of the sets defined in Examples 1.2.2, 1.2.3, 1.2.4,
and 1.2.5 is a subset of some Euclidean space R¥. Show that the topology
in Exercise 1.3.4 is the relative topology inherited from the topology of R”.
The topology on R is of course the metric topology defined by the distance
function d(z,y) = |x — y|.

If ~ is an equivalence relation on a topological space X, then the quo-
tient space Y := X/~ := {[z]|x € X} is the set of all equivalence classes
[z] := {2’ € X |2/ ~ x}. The map 7 : X — Y defined by 7(z) = [z] will
be called the obvious projection. The quotient space inherits the quo-
tient topology from Y. Namely, a set V C Y is open in this topology
iff the preimage 7—!(V) is open in X. This topology is the finest topol-
ogy on Y such that projection 7 : X — Y is continuous. Since the oper-
ation V +— 771(V) commutes with arbitrary unions and intersections the
quotient topology obviously satisfies the axioms of a topology.

Exercise 1.3.7. Show that the topology on the projective space P(V) in
Example 1.2.6 determined by the atlas is the quotient topology inherited
from the open set V' \ {0}. Express the Grassmann manifold Gi(V) in
Example 1.2.7 as a quotient space and show that the topology determined
by the atlas is the quotient topology. (Recall that in both examples V' = K"
with K=Ror K=C.)
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1.4 Smooth Manifolds Defined*

Let U C R® and V C R™ be open sets. A map f: U — V is called smooth
iff it is infinitely differentiable, i.e. iff all its partial derivatives

aa1+"'+an f

(0% Qp )
020 - 9zl

9°f = a=(ag,...,a) € Nj,
exist and are continuous. In later chapters we will sometimes write C*° (U, V')
for the set of smooth maps from U to V.

Definition 1.4.1. Let U C R™ and V C R™ be open sets. For a smooth
map f = (fi,.--, fm): U =V and a point x € U the derivative of f at x
is the linear map df (x) : R™ — R™ defined by

flz +t€) — f(x)

, € R™.
: §

df ()¢ -

= %tzof(ijtg):%g%

This linear map is represented by the Jacobian matrix of f at x which
will also be denoted by

df1 df1

8751(96) @(Cﬁ)

df (z) == : : e R™*™,
O fm 9fum
87331(@ m(ﬂf)

Note that we use the same notation for the Jacobian matrix and the corre-
sponding linear map from R™ to R™.

The derivative satisfies the chain rule. Namely, if U C R?, V' C R™,
and W C R are open sets and f: U — V and ¢ : V — W are smooth map,
then go f: U — W is smooth and

d(g o f)(x) = dg(f(2)) o df (z) : R" — R’ (1.4.1)

for every x € U. Moreover the identity map idy : U — U is always smooth
and its derivative at every point is the identity map of R™. This implies that,
if f: U — V is a diffeomorphism (i.e. f is bijective and f and f~! are both
smooth), then its derivative at every point is an invertible linear map. This
is why the Invariance of Domain Theorem (discussed after Definition 1.3.1)
is easy for diffeomorphisms: if f : U — V is a diffeomorphism, then the
Jacobian matrix df (z) € R™*" is invertible for every x € U and so m = n.
The Inverse Function Theorem (see Theorem A.2.2 in Appendix A.2) is a
kind of converse.
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Definition 1.4.2 (Smooth manifold). Let M be a set. A chart on M
is a pair (¢,U) where U C M and ¢ is a bijection from U to an open sub-
set p(U) C R™ of some Euclidean space. Two charts (¢1,Ur) and (¢p2,Us)
are said to be smoothly compatible iff ¢1(U; NUsz) and ¢2(Uy NUs) are
both open in R™ and the transition map

d21 =20 ¢1 " : ¢1(Ur NUs) — ¢o(Ur N Ua) (1.4.2)

s a diffeomorphism. A smooth atlas on M is a collection o/ of charts
on M any two of which are smoothly compatible and such that the sets U,
as (¢, U) ranges over the elements of <7, cover M (i.e. for every p € M
there is a chart (¢,U) € o/ with p € U). A maximal smooth atlas is an
atlas which contains every chart which is smoothly compatible with each of
its members. A smooth manifold is a pair consisting of a set M and a
maximal smooth atlas of on M.

Lemma 1.4.3. If o/ is a smooth atlas, then so is the collection </ of all
charts smoothly compatible with each member of </ . The smooth atlas </ is
obuviously mazximal. In other words, every smooth atlas extends uniquely to
a mazximal smooth atlas.

Proof. Let (¢1,U;) and (¢o,Us) be charts in ./ and let = € ¢y (U N Us).
Choose a chart (¢,U) € o such that ¢; '(z) € U. Then ¢y (U NU; N o) is
an open neighborhood of z in R™ and the transition maps

podr!: p1(UNUL NU) — ¢(UNU NTY),
prodp L pUNULNUy) = ¢o(UNULNUy)

are smooth by definition of /. Hence so is their composition. This shows
that the map ¢o ogbfl : 91 (U1 NU2) — ¢2(U NUs) is smooth near z. Since x
was chosen arbitrary, this map is smooth. Apply the same argument to its
inverse to deduce that it is a diffeomorphism. Thus 7 is a smooth atlas. [

Definitions 1.4.2 and 1.3.2 are mutatis mutandis the same, so every
smooth atlas on a set M is a fortiori a topological atlas, i.e. every smooth
manifold is a topological manifold. (See Lemma 1.3.3.) Moreover the defi-
nitions are worded in such a way that it is obvious that every smooth map
is continuous.

Exercise 1.4.4. Show that each of the atlases from the examples in §1.2is a
smooth atlas. (You must show that the transition maps from Exercise 1.3.4
are smooth.)
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When &7 is a smooth atlas on a topological manifold M one says that o7
is a smooth structure on the (topological) manifold M iff &/ C 4,
where 4 is the maximal topological atlas on M. When no confusion can
result we generally drop the notation for the mazximal smooth atlas as in the
following exercise.

Exercise 1.4.5. Define the notion of a continuous map between topological
manifolds and of a smooth map between smooth manifolds via continuity,
respectively smoothness, in local coordinates. Let M, N, and P be smooth
manifolds and f : M — N and g : N — P be smooth maps. Prove that
the identity map idys is smooth and that the composition go f: M — P
is a smooth map. (This is of course an easy consequence of the chain
rule (14.1).)

Remark 1.4.6. It is easy to see that a topological manifold can have
many distinct smooth structures. For example, {(idg,R)} and {(¢,R)}
where ¢(x) = 23 are atlases on the real numbers which extend to distinct
smooth structures but determine the same topology. However these two
manifolds are diffeomorphic via the map z — z'/3. In the 1950’s it was
proved that there are smooth manifolds which are homeomorphic but not dif-
feomorphic and that there are topological manifolds which admit no smooth
structure. In the 1980’s it was proved in dimension m = 4 that there are
uncountably many smooth manifolds that are all homeomorphic to R* but
no two of them are diffeomorphic to each other. These theorems are very
surprising and very deep.

A collection of sets and maps between them is called a category iff the
collection of maps contains the identity map of every set in the collection and
the composition of any two maps in the collection is also in the collection.
The sets are called the objects of the category and the maps are called the
morphisms of the category. An invertible morphism whose inverse is also in
the category is called an isomorphism. Some examples are the category of
all sets and maps, the category of topological spaces and continuous maps
(the isomorphisms are the homeomorphisms), the category of topological
manifolds and continuous maps between them, and the category of smooth
manifolds and smooth maps (the isomorphisms are the diffeomorphisms).
Each of the last three categories is a subcategory of the preceding one.

Often categories are enlarged by a kind of “gluing process”. For example,
the “global” category of smooth manifolds and smooth maps was constructed
from the “local” category of open sets in Euclidean space and smooth maps
between them via the device of charts and atlases. (The chain rule shows
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that this local category is in fact a category.) The point of Definition 1.3.2
is to show (via Lemma 1.3.3) that topological manifolds can be defined
in a manner analogous to the definition we gave for smooth manifolds in
Definition 1.4.2.

Other kinds of manifolds (and hence other kinds of geometry) are de-
fined by choosing other local categories, i.e. by imposing conditions on the
transition maps in Equation (1.4.2). For example, a real analytic manifold
is one where the transition maps are real analytic, a complex manifold is one
whose coordinate charts take values in C" and whose transition maps are
holomorphic diffeomorphisms, and a symplectic manifold is one whose coor-
dinate charts take values in R?" and whose transition maps are canonical
transformations in the sense of classical mechanics. Thus CP" is a complex
manifold and RP" is a real analytic manifold.

1.5 The Master Plan

In studying differential geometry it is best to begin with extrinsic differential
geometry which is the study of the geometry of submanifolds of Euclidean
space as in Examples 1.2.3 and 1.2.5. This is because we can visualize
curves and surfaces in R3. However, there are a few topics in the later
chapters which require the more abstract Definition 1.4.2 even to say inter-
esting things about extrinsic geometry. There is a generalization to these
manifolds involving a structure called a Riemannian metric. We will call
this generalization intrinsic differential geometry. Examples 1.2.6 and 1.2.7
fit into this more general definition so intrinsic differential geometry can be
used to study them.

Since an open set in Euclidean space is a smooth manifold the definition
of a submanifold of Euclidean space (see §2.1 below) is mutatis mutandis
the same as the definition of a submanifold of a manifold. The definitions
in Chapter 2 are worded in such a way that it is easy to read them either
extrinsically or intrinsically and the subsequent chapters are mostly (but not
entirely) extrinsic. Those sections which require intrinsic differential geom-
etry (or which translate extrinsic concepts into intrinsic ones) are marked
with a *.
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Chapter 2

Foundations

This chapter introduces various fundamental concepts that are central to
the fields of differential geometry and differential topology. Both fields con-
cern the study of smooth manifolds and their diffeomorphisms. The chapter
begins with an introduction to submanifolds of Euclidean space and smooth
maps (§2.1), to tangent spaces and derivatives (§2.2), and to submanifolds
and embeddings (§2.3). In §2.4 we move on to vector fields and flows and
introduce the Lie bracket of two vector fields. Lie groups and their Lie alge-
bras, in the extrinsic setting, are the subject of §2.5, which includes a proof
of the Closed Subgroup Theorem. In §2.6 we introduce vector bundles over
a manifold as subbundles of a trivial bundle and in §2.7 we prove the theo-
rem of Frobenius. The last two sections of this chapter are concerned with
carrying over all these concepts from the extrinsic to the intrinsic setting
and can be skipped at first reading (§2.8 and §2.9).

2.1 Submanifolds of Euclidean Space

To carry out the Master Plan §1.5 we must (as was done in [50]) extend
the definition of smooth map to maps f : X — Y between subsets X C R*
and Y C R? which are not necessarily open. In this case amap f: X — Y is
called smooth iff for each zyp € X there exists an open neighborhood U C R”
of xp and a smooth map F :U — R’ that agrees with f on UNX. A
map f : X — Y is called a diffeomorphism iff f is bijective and f and f~*
are smooth. When there exists a diffeomorphism f: X — Y then X and Y
are called diffeomorphic. When X and Y are open these definitions coin-
cide with the usage in §1.4.

15
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Exercise 2.1.1 (Chain rule). Let X C R¥, Y C RY, Z C R™ be arbitrary
subsets. If f: X — Y and g : Y — Z are smooth maps, then so is the
composition go f: X — Z. The identity map id : X — X is smooth.

Exercise 2.1.2. Let E C R* be an m-dimensional linear subspace and
let v1,...,v, be a basis of £. Then the map f : R™ — FE defined by
f(x) :=>"", xv; is a diffeomorphism.

Definition 2.1.3. Let k,m € Ny. A subset M C R* is called a smooth
m-dimensional submanifold of R* iff every point p € M has an open
neighborhood U C RF such that U N M is diffeomorphic to an open sub-
set Q C R™. A diffeomorphism

p:UNM —Q
1s called a coordinate chart of M and its inverse
vi=¢ 1 Q>UNM
is called a (smooth) parametrization of U N M (see Figure 2.1).

UnM M ) Q
D ? <>

Figure 2.1: A coordinate chart ¢ : U N M — Q.

In Definition 2.1.3 we have used the fact that the domain of a smooth
map can be an arbitrary subset of Euclidean space and need not be open.
The term m-manifold in R¥ is short for m-dimensional submanifold of R¥.
In keeping with the Master Plan §1.5 we will sometimes say manifold rather
than submanifold of R* to indicate that the context holds in both the in-
trinsic and extrinsic settings.

Lemma 2.1.4. If M C R¥ is a nonempty smooth m-manifold, then m < k.

Proof. Fix an element py € M, choose a coordinate chart ¢ : UNM —
with pgp € U and values in an open subset 2 C R”, and denote its in-
verse by 1 :=¢ "' :Q — UNM. Shrinking U, if necessary, we may as-
sume that ¢ extends to a smooth map & : U — R™. This extension satis-
fies ®(¢(x)) = ¢(¢(x)) = = and hence d®(¢(x))dy(z) =id : R™ — R™ for
all x € Q, by the chain rule. Hence the derivative di(x) : R™ — RF is in-
jective for all z € 2, and hence m < k because () is nonempty. This proves
Lemma 2.1.4. O
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Example 2.1.5. Consider the 2-sphere
M :=5*={(z,y,2) eR*|2® +y* + 2* = 1}
depicted in Figure 2.2 and let U C R3 and © C R? be the open sets
U:={(z,y,2) e R¥|z >0}, Q:={(z,y) e R*|2* +y* < 1}.
The map ¢ : U N M — § given by
o(z,y,2) = (z,y)
is bijective and its inverse 1 := ¢~ : Q — U N M is given by
(x,y) = (2,5, V1 -2 —y?).

Since both ¢ and 1 are smooth, the map ¢ is a coordinate chart on S2.
Similarly, we can use the open sets z < 0,y > 0,y < 0, x > 0, x < 0 to cover
S? by six coordinate charts. Hence S? is a manifold. A similar argument
shows that the unit sphere S™ C R™*! (see Example 2.1.14 below) is a
manifold for every integer m > 0.

SIS

Figure 2.2: The 2-sphere and the 2-torus.

Example 2.1.6. Let  C R™ be an open set and h :  — R*¥™™ be a smooth
map. Then the graph of h is a smooth submanifold of R™ x RF—™ = RF:

M := graph(h) = {(z,y) |z € Q, y = h(x)}.

It can be covered by a single coordinate chart ¢ : U N M — (), where
U :=Q x RF™ ¢ is the projection onto 2, and 1) := ¢~ : Q — U is given
by ¢¥(z) = (x, h(x)) for x € Q.

Exercise 2.1.7 (The case m = 0). Show that a subset M C R* is a 0-
dimensional submanifold if and only if M is discrete, i.e. for every p € M
there exists an open set U C R¥ such that U N M = {p}.
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Exercise 2.1.8 (The case m = k). Show that a subset M C R™ is an
m-~dimensional submanifold if and only if M is open.

Exercise 2.1.9 (Products). If M; C R¥ is an m;-manifold for i = 1,2,
show that M; x My is an (m; + mg)-dimensional submanifold of RF1+kz,
Prove that the m-torus T™ := (S!)™ is a smooth submanifold of C™.

The next theorem characterizes smooth submanifolds of Euclidean space.
In particular condition (iii) will be useful in many cases for verifying the
manifold condition. We emphasize that the sets Uy := U N M that appear
in Definition 2.1.3 are open subsets of M with respect to the relative topology
that M inherits from the ambient space R¥ and that such relatively open
sets are also called M-open (see §1.3).

Theorem 2.1.10 (Manifolds). Let m and k be integers with 0 < m < k.
Let M C RF be a set and pg € M. Then the following are equivalent.

(i) There exists an M-open neighborhood Uy C M of po and a diffeomor-
phism ¢g : Uy — Qg onto an open set Qo C R™.

(ii) There exist open sets U,Q C R¥ and a diffeomorphism ¢ : U — Q such
that pg € U and

$(UN M) =Qn (R™ x {0})

(see Figure 2.3).
(iii) There exists an open set U C R and a smooth map f : U — RF—™

such that py € U, the derivative df (p) : RF — RF™™ is surjective for every
point p e UNM, and
UnM=f"10)={peU|f(p)=0}.

Moreover, if (i) holds, then the diffeomorphism ¢ :U — Q in (ii) can be
chosen such that U N M C Uy and ¢(p) = (¢o(p),0) for everyp € UN M.

U Q

e

Figure 2.3: Submanifolds of Euclidean space.
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Proof. First assume (ii) and denote the diffeomorphism in (ii) by

¢:(¢1a¢2a"'a¢k‘):U—>QCRk.
Then part (i) holds with Uy :=U N M, Qy := {z € R"™|(z,0) € Q}, and

¢0 := (D1, Om)|vy : Uo = Qo,

and part (iii) holds with f := (¢mi1,...,¢%) : U — RE~™, This shows that
part (ii) implies both (i) and (iii).

We prove that (i) implies (ii). Let ¢g : Uy — Qo be the coordinate chart
in part (i), let ¥g := gbgl : Qo — Up be its inverse, and let xg := ¢o(po) € Qo.
Then the derivative diy(zo) : R™ — RF is injective by Lemma 2.1.4. Hence
there exists a matrix B € R¥*(*=™) guch that det([dyo(z¢) B]) # 0. Define
the map ¥ : Qg x RF=™ — R by

W(x,y) := o(z) + By.

Then the k x k-matrix di)(xo,0) = [dio(xo) B] € R¥** is nonsingular, by
choice of B. Hence, by the Inverse Function Theorem A.2.2, there exists an
open neighborhood Q C Qo x RE=™ of (20,0) such that U := »(Q) C R is
open and 1,Z)|Q Q—Uisa diffeomorphism. In particular, the restriction of v

to € is injective. Now the set {z € Qo | (z,0) € Q} is open and contains (.
Hence the set

U = {wo(m) |z € Qq, (2,0) € ?z} - {p € Uy | (¢o(p),0) € ﬁ} cM

is M-open and contains pg. Hence, by the definition of the relative topology,
there exists an open set W C R¥ such that Uy = W N M. Define

U:=0nwW, Q:=Qny ' (W).
Then U N M = Uy and 1) restricts to a diffeomorphism from 2 to U.
Now let (z,y) € Q. We claim that
P(z,y) € M = y=0. (2.1.1)

If y = 0, then obviously ¥(z,y) = ¢o(z) € M. Conversely, let (z,y) €  and
suppose that p :=¢(z,y) € M. Thenpe UNM =UNWNM = Uy C Uy
and hence (¢o(p),0) € €, by definition of Up. This implies

Y(d0(p),0) = vo(¢o(p)) = p = ¥(x,y).

Since the pairs (z,y) and (¢o(p),0) both belong to the set Q and the re-
striction of 1 to Q is injective we obtain x = ¢¢(p) and y = 0. This
proves (2.1.1). It follows from (2.1.1) that the map ¢ := (¢|o)™': U — Q
satisfies (U N M) = {(z,y) € Q| ¢Y(z,y) € M} = QN (R™ x {0}). Thus we
have proved that (i) implies (ii).



20 CHAPTER 2. FOUNDATIONS

We prove that (iii) implies (ii). Let f : U — R¥=™ be as in part (iii).
Then py € U and the derivative df(pg) : RF — R*¥™ is a surjective linear
map. Hence there exists a matrix A € R™** such that

det( dféo) > 70

Define the map ¢ : U — RF by

o(p) = < o > for p € U,

Then det(d¢(po)) # 0. Hence, by the Inverse Function Theorem A.2.2, there
exists an open neighborhood U’ C U of py such that Q' := ¢(U’) is an open
subset of R¥ and the restriction ¢/ := ¢|y : U' — @ is a diffeomorphism.
In particular, the restriction ¢|y- is injective. Moreover, it follows from the
assumptions on f and the definition of ¢ that

U’ﬁM:{pEU’|f(p):O}:{pEU"qﬁ(p)GRmx{O}}

and so ¢/ (U'NM) = 'N(R™ x {0}). Hence the diffecomorphism ¢’ : U’ — €/
satisfies the requirements of part (ii). This proves Theorem 2.1.10. ]

The next corollary relates the notion of a smooth map on a smooth
submanifold as defined in the beginning of §2.1 to the standard notion of
smoothness in local coordinates used in the intrinsic setting of §2.8 below.

Corollary 2.1.11. Let M C R* be a smooth m-dimensional submanifold
and let f : M — R’ be a map. Then the following are equivalent.

(i) For every py € M there exists an open neighborhood U C R* of pg and
a smooth map F : U — R’ that agrees with f on U N M.

(i) If Uy € M is an M-open set and ¢q : Uy — € is a diffeomorhism onto
an open set 9 C R™, then the composition f o qﬁo_l : Qp — R is smooth.

Proof. Assume (ii), let pg € M, and choose ¢ = (¢1,...,¢1) : U — Q C R¥
as in part (ii) of Theorem 2.1.10. Shrinking U, if necessary, we may assume
that Q = Qy x Q;, where Qg C R™ is an open set and Q; € RF™ i an
open neighborhood of the origin. Then the map Qy — R : 2+ f o ¢~!(x,0)
is smooth by part (ii). Define F(p):= fo ¢ (¢1(p),...,om(p),0,...,0)
for p € U. Then the map F : U — R’ is smooth and agrees with f on UNM.
Thus f satisfies (i). That (i) implies (ii) follows from Exercise 2.1.1 and this

proves Corollary 2.1.11. O
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Definition 2.1.12 (Regular value). Let U C R¥ be an open set and
let f:U — R be a smooth map. An element ¢ € RY is called a regular
value of f iff, for allp € U, we have

flp)=c — df (p) : RF — Rf is surjective.

Otherwise ¢ is called a singular value of f. Theorem 2.1.10 asserts that,
if ¢ is a regular value of f, then the preimage

M:=f"Ye)={peU|f(p)=c}

is a smooth (k — £)-dimensional submanifold of R¥.

Examples and Exercises

Example 2.1.13. Let A = AT € RF¥** be a symmetric matrix and de-
fine the function f : R¥ — R by f(z) := 2T Az. Then df (z)¢ = 22T AL
for 2,& € RF and hence the linear map df (x) : R¥ — R is surjective if and
only if Az £ 0. Thus ¢ = 0 is the only singular value of f and hence, for
every element ¢ € R\ {0}, the set M := f~'(c)={z c RF|2TAz =} is a
smooth manifold of dimension m = k — 1.

Example 2.1.14 (The sphere). As a special case of Example 2.1.13 con-
sider the case k=m+1, A =1, and ¢ = 1. Then f(z) = |z|* and so we
have another proof that the unit sphere

Sm = {x eR™ | |af? = 1}

in R™*! is a smooth m-manifold. (See Examples 1.2.4 and 2.1.5.)

Example 2.1.15. Define the map f: R?> x R? — R by f(z,y) := |z — y[2.
This is another special case of Example 2.1.13 and so, for every r > 0, the
set M = {(z,y) € R3 x R3| |z — y| = r} is a smooth 5-manifold.

Example 2.1.16 (The 2-torus). Let 0 < 7 < 1 and define f : R — R by
flz,y,2) = (@® +y* +r° =22 = 1)? —4(2> + v*)(r* = 22).
This map has zero as a regular value and M := f~1(0) is diffeomorphic to
the 2-torus T? = S x S'. An explicit diffeomorphism is given by
(e, elt) > ((1 4 rcos(s)) cos(t), (1 + rcos(s)) sin(t), rsin(s)).

This example corresponds to the second surface in Figure 2.2.
Exercise: Show that f(z,y, z) = 0if and only if (\/22 + y2 — 1)? + 22 = r2.
Verify that zero is a regular value of f.
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Example 2.1.17. The set
M = {($2,y2722,y272$a$y) ’x)yvz S R? 5[32 +Z/2 + 22 = 1}

is a smooth 2-manifold in RS. To see this, define an equivalence relation on
the unit sphere S? C R? by p ~ ¢ iff ¢ = +p. The quotient space (the set of
equivalence classes) is called the real projective plane and is denoted by

RP? := §2/{+1}.

(See Example 1.2.6.) It is equipped with the quotient topology, i.e. a sub-
set U C RP? is open, by definition, iff its preimage under the obvious projec-
tion S%2 — RP? is an open subset of S2. Now the map f : S? — RS defined
by

f(x? y? Z) = (x27y27227yz7 Zx? :Uy)

descends to a homeomorphism from RP? onto M. The submanifold M is
covered by the local smooth parameterizations

Q%M:(xvy)'_)f(xﬂﬁ Vl_x2_y2)7
Q= M:(x,2) —~ f(z,V1—122—222),

Q= M:(y,2) = f(V1—-y?=22y,2),

defined on the open unit disc 2 C R%2. We remark the following.

(a) M is not the preimage of a regular value under a smooth map R — R*,
(b) M is not diffeomorphic to a submanifold of R3.

(c) The projection ¥ := {(yz,zx,:py) |z,y,2 €R, 22 + 9% + 22 = 1} of M
onto the last three coordinates is called the Roman surface and was dis-
covered by Jakob Steiner. The Roman surface can also be represented as

the set of solutions (&,7,¢) € R? of the equation n?¢? + (2€2 + 22 = &nC.
It is not a submanifold of R3.

Exercise: Prove this. Show that M is diffeomorphic to a submanifold of R.
Show that M is diffeomorphic to RP? as defined in Example 1.2.6.

Exercise 2.1.18. Let V : R™ — R be a smooth function and define the
Hamiltonian function H : R" x R™ — R (kinetic plus potential energy) by

Hr,y) =3 Iy + V(o).

Prove that c is a regular value of H if and only if it is a regular value of V.
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Exercise 2.1.19. Consider the general linear group
GL(n,R) = {g € R™™| det(g) # 0}
Prove that the derivative of the function f = det : R®*™ — R is given by

df (9)v = det(g) trace(g~1v)
for all g € GL(n,R) and v € R™"*™. Deduce that the special linear group
SL(n,R) := {g € GL(n,R) | det(g) = 1}
is a smooth submanifold of R™*™.

Example 2.1.20. The orthogonal group

O(n) = {g ER™™|gTg = 11}
is a smooth submanifold of R™*™. To see this, denote by

P = {s e RV ST = S}
the vector space of symmetric matrices and define f : R"*" — ¥, by

flg)=9g"9g.
Its derivative df(g) : R™*" — ., is given by
df(g)v =g v +0v'g.

This map is surjective for every g € O(n): if g'g = 1 and S = ST € .7,
then the matrix v := % g5 satisfies
IR U U R B
df (g)v = 59 9S + 2(gS) g= 25—1— 25 =S.
Hence 1 is a regular value of f and so O(n) is a smooth manifold. It has
the dimension
nn+1) n(n-—1)

dim O(n) = n? — dim.#, = n? — 5 = 5

Exercise 2.1.21. Prove that the set
M = {(z,y) € R*|zy = 0}

is not a submanifold of R?2. Hint: If U C R? is a neighborhood of the
origin and f : U — R is a smooth map such that U N M = f~1(0), then
df(0,0) = 0.
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2.2 Tangent Spaces and Derivatives

The main reason for first discussing the extrinsic notion of embedded mani-
folds in Euclidean space as explained in the Master Plan §1.5 is that the
concept of a tangent vector is much easier to digest in the embedded case:
it is simply the derivative of a curve in M, understood as a vector in the
ambient Euclidean space in which M is embedded.

2.2.1 Tangent Space

Definition 2.2.1 (Tangent vector). Let M C R* be a smooth m-dimen-
sional manifold and fix a point p € M. A vector v € R¥ is called a tangent
vector of M at p iff there exists a smooth curve v : R — M such that

v(0) =p,  4(0) =v.
The set
TpM = {¥(0)|v: R — M is smooth, v(0) = p}
of tangent vectors of M at p is called the tangent space of M at p.
Theorem 2.2.3 below shows that T}, M is a linear subspace of RE. As does
any linear subspace it contains the origin; it need not actually intersect M.

Its translate p + T, M touches M at p; this is what you should visualize
for T),M (see Figure 2.4).

M

Figure 2.4: The tangent space T,M and the translated tangent space p+T,M.

Remark 2.2.2. Let p € M be as in Definition 2.2.1 and let v € R¥. Then

Je >0 Fy:(—e,e) - M such that

vel,M A { 7 is smooth, v(0) = p, ¥(0) = v.

To see this suppose that v : (—e,&) — M is a smooth curve with v(0) = p
and 4(0) = v. Define ¥ : R — M by

F(t) == (\/;W) . teR

Then 7 is smooth and satisfies 7(0) = p and 5(0) = v. Hence v € T,M.
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Theorem 2.2.3 (Tangent spaces). Let M C R* be a smooth m-dimen-
stonal manifold and fix a point p € M. Then the following holds.

(i) Let Uy € M be an M-open set with p € Uy and let ¢o: Uy — Qo
be a diffeomorphism onto an open subset Qo C R™. Let zg:= ¢o(p) and
let g := qbal : Qo — Uy be the inverse map. Then

T,M = im (dng(azo) R™ ]Rk) .
(ii) Let U,Q C R* be open sets and ¢ : U — Q be a diffeomorphism such
thatp € U and ¢(UNM) = QN (R™ x {0}). Then
T,M = de(p)~" (R™ x {0}).

(iii) Let U C R* be an open neighborhood of p and f : U — RF"™ be a
smooth map such that 0 is a reqular value of f and U N M = f~1(0). Then

T,M = ker df (p).

(iv) T,M is an m-dimensional linear subspace of R¥.

Proof. Let 1y : Qo — Uy and z¢ € Qg be as in (i) and let ¢ : U — Q be as
in (ii). We prove that

im dipo(z0) C TyM C do(p)~ (R™ x {0}). (2.2.1)
To prove the first inclusion in (2.2.1), choose a constant r > 0 such that
By (z9) :={x € R™| |z — zo| < r} C Qo.
Now let £ € R™ and choose € > 0 so small that
gl <.
Then xg + t£ € Qg for all t € R with |¢| < e. Define v : (—¢,e) — M by
Y(t) := o (xo + &) for —e<t<e.

Then ~ is a smooth curve in M satisfying

d

7(0) = vo(x0) = p, 7(0) = atl,_, Yo(wo + &) = dipo(wo)E.

Hence it follows from Remark 2.2.2 that dig(x0)§ € T, M, as claimed.
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To prove the second inclusion in (2.2.1) we fix a vector v € T, M. Then,
by definition of the tangent space, there exists a smooth curve v : R — M
such that v(0) = p and 4(0) = v. Let U C R* be as in (ii) and choose £ > 0
so small that v(t) € U for |t| < e. Then

o(v(t)) € (U N M) C R™ x {0}
for || < € and hence

d

Ao(p)r = dor0)3(0) = 4|

o(y(t)) € R™ x {0}.
This shows that v € dg(p)~! (R™ x {0}) and thus we have proved (2.2.1).
Now the sets im diyg(z0) and d¢(p) ! (R™ x {0}) are both m-dimensional
linear subspaces of R¥. Hence it follows from (2.2.1) that these subspaces
agree and that they both agree with T,M. Thus we have proved asser-
tions (i), (ii), and (iv).
We prove (iii). Let v € T, M. Then there is a smooth curve v : R — M
such that v(0) = p and +(0) = v. For ¢ sufficiently small we have v(t) € U,
where U C RF is the open set in (iii), and f((t)) = 0. Hence

&) = dF(0)73(0) = &

This implies T, M C ker df (p). Since T, M and the kernel of df (p) are both
m-dimensional linear subspaces of R¥, we deduce that T,M = ker df(p).
This proves part (iii) and Theorem 2.2.3. O

f(v(#) =0.

t=0

Exercise 2.2.4. Let M C R¥ be a smooth m-dimensional manifold and
let p; € M be a sequence that converges to a point p € M. Let 7; be a
sequence of nonzero real numbers and let v € R* such that

lim 7; =0, limpZ p:v
1—00 i—»0 T

Prove that v € T,M. Hint: Use part (iii) of Theorem 2.2.3.

Example 2.2.5. Let A = AT € R**F be a nonzero matrix as in Exam-
ple 2.1.13 and let ¢ # 0. Then part (iii) of Theorem 2.2.3 asserts that the
tangent space of the manifold

M = {xGRk‘xTAx:c}
at a point x € M is the (k — 1)-dimensional linear subspace

TzM:{feRk‘zTAgzo}.
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Example 2.2.6. As a special case of Example 2.2.5 with A =1 and c=1
we find that the tangent space of the unit sphere S™ C R™*! at a point
x € S™ is the orthogonal complement of z. i.e.

T,8™ =at+ = {¢€ e R | (z,£) = 0}.
Here (z,&) = >_I" ;& denotes the standard inner product on R™*1.
Exercise 2.2.7. What is the tangent space of the 5-manifold

M = {(m,y) e R? ><]R3| |z — y| :’I“}
at a point (x,y) € M? (See Exercise 2.1.15.)

Example 2.2.8. Let H(z,y) := 3 ly|? + V(z) be as in Exercise 2.1.18 and
let ¢ be a regular value of H. If (x,y) € M := H~!(c), then

TagpyM = {(&;n) € R" x R™[(y,n) + (VV(x),£) = 0}.
Here VV := (0V/0z1,...,0V/0xy,) : R® — R™ denotes the gradient of V.
Exercise 2.2.9. The tangent space of SL(n,R) at the identity matrix is the

space
sl(n,R) := T1SL(n,R) = {& € R™" | trace(§) = 0}

of traceless matrices. (Prove this, using Exercise 2.1.19.)

Example 2.2.10. The tangent space of O(n) at g is
T,0(n) = {U eRVM | gTw40vTg= 0} :

In particular, the tangent space of O(n) at the identity matrix is the space
of skew-symmetric matrices

o(n) := T10(n) = {g eRVMET ¢ = o}

To see this, choose a smooth curve R — O(n) : t = g(t). Then g(t)Tg(t) = 1
for all t € R and, differentiating this identity with respect to ¢, we ob-
tain g(t)Tg(t) + g(t)Tg(t) = 0 for every t. Hence every matrix v € T,0(n)
satisfies the equation gTv 4+ vTg = 0. With this understood, the claim fol-
lows from the fact that g'v +v"g = 0 if and only if the matrix ¢ := g~ v
is skew-symmetric and that the space of skew-symmetric matrices in R™*"

has dimension n(n —1)/2.

Exercise 2.2.11. Let © C R™ be an open set and h : @ — RF™™ be a
smooth map. Prove that the tangent space of the graph of h at a point
(z, h(x)) is the graph of the derivative dh(z) : R™ — RF—™:

M ={(z,h(z)) [z € Q},  Tigp@)M ={(§ dh(x)€) | € R™}.
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Exercise 2.2.12 (Monge coordinates). Let M be a smooth m-manifold
in R¥ and suppose that p € M is such that the projection T,M — R™ x {0}
is invertible. Prove that there exists an open set @ C R™ and a smooth
map h : Q — RF™ such that the graph of h is an M-open neighborhood
of p (see Example 2.1.6). Of course, the projection T, M — R™ x {0} need
not be invertible, but it must be invertible for at least one of the (:@) choices
of the m-dimensional coordinate plane. Hence every point of M has an M-
open neighborhood which may be expressed as a graph of a function of some
of the coordinates in terms of the others as in e.g. Example 2.1.5.

2.2.2 Derivative

A key purpose behind the concept of a smooth manifold is to carry over
the notion of a smooth map and its derivatives from the realm of first year
analysis to the present geometric setting. Here is the basic definition. It ap-
peals to the notion of a smooth map between arbitrary subsets of Fuclidean
spaces as introduced in the beginning of §2.1.

Definition 2.2.13 (Derivative). Let M C R* be an m-dimensional smooth

manifold and let
f:M—R

be a smooth map. The derivative of f at a point p € M is the map
df (p) : TyM — R*
defined as follows. Given a tangent vector v € T, M, choose a smooth curve
vy:R—-M

satisfying
(0)=p,  4(0)=v,
and define the vector df (p)v € R by

= ) = i LOEDZTR)

df (p)v : (2.2.2)

t=0

That the limit on the right in equation (2.2.2) exists follows from our
assumptions. We must prove, however, that the derivative is well defined,
i.e. that the right hand side of (2.2.2) depends only on the tangent vector v
and not on the choice of the curve v used in the definition. This is the
content of the first assertion in the next theorem.
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Theorem 2.2.14 (Derivatives). Let M C R* be an m-dimensional smooth
manifold and f : M — R® be a smooth map. Fiz a point p € M. Then the
following holds.

(i) The right hand side of (2.2.2) is independent of .
(ii) The map df (p) : T,M — R’ is linear.
(iii) If N C R’ is a smooth n-manifold and f(M) C N, then

df (p)TyM C Ty N.

(iv) (Chain Rule) Let N be as in (iii), suppose that f(M) C N, and
let g: N — R? be a smooth map. Then

d(go f)(p) = dg(f(p)) o df(p) : T,M — R”.
(v) If f=id: M — M, then df (p) =id : T,M — T, M.

Proof. We prove (i). Let v € T,M and v : R — M be as in Definition 2.2.13.
By definition there is an open neighborhood U C R of p and a smooth
map F : U — R’ such that

F(p') = fp) for all p’ € U N M.

Let dF(p) € RF denote the Jacobian matrix (i.e. the matrix of all first
partial derivatives) of F' at p. Then, since y(t) € U N M for ¢ sufficiently
small, we have

dF(p)v = dF(~(0))¥(0)

d
| Fo)

d
i . f(v(@))-

The right hand side of this identity is independent of the choice of F' while
the left hand side is independent of the choice of 4. Hence the right hand
side is also independent of the choice of v and this proves (i). Assertion (ii)
follows immediately from the identity

df (p)v = dF (p)v

just established.
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Assertion (iii) follows directly from the definitions. Namely, if v is as in
Definition 2.2.13, then 5 := fovy : R — N is a smooth curve in N satisfying

B0)=f(1(0)) = f(p) =:q,  B(0) =df(p)v=: w.
Hence w € T;N. Assertion (iv) also follows directly from the definitions.
If g : N — R? is a smooth map and /3, ¢, w are as above, then

dlgo o= G| af6®)

d
= % — 9(5(75))
= dg(q)w
= dg(f(p))df (p)v.

This proves (iv). Assertion (v) follows again directly from the definitions
and this proves Theorem 2.2.14. ]

Corollary 2.2.15 (Diffeomorphisms). Let M C R¥ be a smooth m-mani-
fold and N C R be a smooth n-manifold and let f : M — N be a diffeomor-
phism. Assume M and N are nonempty. Then m =n and the deriva-
tive df (p) : TyM — Ty N is a vector space isomorphism with inverse

df (p)~' =df 7 (f (D) : TN = TyM
for allpe M.

Proof. Define g := f~' : N — M so that go f = idy; and f o g = idy.
Then it follows from Theorem 2.2.14 that, for p € M and ¢ := f(p) € N, we
have dg(q) o df (p) = id : T,M — T,M and df(p) o dg(q) =id : T,N — T;N.
Hence df (p) : T,M — TN is a vector space isomorphism and its inverse is
given by dg(q) = df(p)~! : T,N — T,M. Hence m = n and this proves
Corollary 2.2.15. O

Exercise 2.2.16. Let M C R” be a smooth manifold and let f : M — R’ be
a smooth map. Let p; € M be a sequence that converges to a point p € M,
let 7; be a sequence of nonzero real numbers, and let v € T, M such that

lim 7; =0, lim biTPb_,,
1—>00 1—00 T
(See Exercise 2.2.4.) Prove that
i T =I®) e
1—»00 Ti

Hint: Use the local extension F' of f in the proof of Theorem 2.2.14.
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2.2.3 The Inverse Function Theorem

Corollary 2.2.15 is analogous to the corresponding assertion for smooth maps
between open subsets of Euclidean space. Likewise, the inverse function
theorem for manifolds is a partial converse of Corollary 2.2.15.

Figure 2.5: The Inverse Function Theorem.

Theorem 2.2.17 (Inverse Function Theorem). Assume that M C RF
and N C RY are smooth m-manifolds and f: M — N is a smooth map.
Let po € M and suppose that the derivative

df(po) : TpDM — Tf(po)N

1s a vector space isomorphism. Then there exists an M-open neighbor-
hood U C M of py such that V := f(U) C N is an N-open subset of N and
the restriction f|y : U — V is a diffeomorphism.

Proof. Choose coordinate charts ¢g : Uy — (70, defined on an M-open neigh-
borhood Uy C M of pg onto an open set Up C R™, and g : Vo — Vo, defined
on an N-open neighborhood Vy C N of f(pg) onto an open set Vy C R™.
Shrinking Uy, if necessary, we may assume that f(Up) C Vp. Then the map

Fr=voofopy':Up— Vo

(see Figure 2.5) is smooth and its derivative df(zo) : R™ — R™ is bijective
at xo := ¢o(po). Hence the Inverse Function Theorem A 2.2 asserts that
there exists an open neighborhood UcC Uo of 29 such that V := f ( ) is an
open subset of Vj and the restriction of f to U is a dlﬁeomorphlsm from U
to V. Hence the assertion holds with U := b0 YU) and V := Yo (V). This
proves Theorem 2.2.17. O
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Regular Values

Definition 2.2.18 (Regular value). Let M C R* be a smooth m-manifold,
let N C R be a smooth n-manifold, and let f : M — N be a smooth map.
An element q € N is called a regular value of f iff, for every pe M
with f(p) = q, the derivative df (p) : TyM — Ty, N is surjective.

Theorem 2.2.19 (Regular values). Let f : M — N be as in Defini-
tion 2.2.18 and let ¢ € N be a regular value of f. Then the set

P:=f"q)={peM|flp)=q}

is a smooth submanifold of RF of dimension m — n and, for each pointp € P,
its tangent space at p is given by

T,P = kerdf (p) = {v e T,M |df (p)v =0} .

Proof 1. Fix a point pg € P and choose a linear map A : R¥ — R™~" such
that the restriction of A to the (m — n)-dimensional linear subspace

ker df (po) = {v € Ty, M | df (po) = 0} C Ty, M C R”
is a vector space isomorphism. Define the map F': M — N x R™™" by

F(p) = (f(p), Ap)

for p € M. The derivative of F' at pg is given by dF (pg)v = (df (po)v, Av)
for v € T, M and is a vector space isomorphism. Hence, by Theorem 2.2.17
there exists an M-open neighborhood U C M of py such that V := F(U)
is an open subset of N x R™™" in the relative topology and the restric-
tion F|y:U — V is a diffeomorphism. Hence the P-open set U NP is
diffeomorphic to the open set 2 := {y € R™"|(¢q,y) € V} C R™™™ by the
diffeomorphism ¢ : U N P — €, defined by ¢(p) := Ap for p € U N P, whose
inverse is the smooth map ¢ : Q — UN P given by ¥(y) = (F|v) (g, )
for y € Q. This shows that P is a smooth (m — n)-manifold in R¥.

Now let p € P and v € T,,P. Then there exists a smooth curve y : R — P

such that v(0) = p and §(0) = v. Since f(y(t)) = ¢ for all ¢, we have

d

df (p)v = i

F(y(®) =0
t=0
and so v € ker df(p). Hence T,,P C kerdf(p) and equality holds because
both T,P and kerdf(p) are (m — n)-dimensional linear subspaces of RF.
This proves Theorem 2.2.19. O
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Proof 2. Here is another proof of Theorem 2.2.19 in local coordinates. Fix
a point pg € P and choose a coordinate chart ¢g : Uy — ¢o(Up) C R™ on
an M-open neighborhood Uy C M of py. Likewise, choose a coordinate
chart ¥ : Vo — ¢o(Vo) € R™ on an N-open neighborhood Vy C N of g.
Shrinking Up, if necessary, we may assume that f(Up) C V. Then the
point ¢g := 1g(q) is a regular value of the map

fo =100 fogyt: do(Up) — R™

Namely, if z € ¢o(Up) satisfies fo(z) = ¢, then p := qbal(x) € UpN P, so the
maps dog ' (z) : R™ — T,M, df (p) : TyM — T,N, and dipy(q) : T,N — R"
are all surjective, hence so is their composition, and by the chain rule this
composition is the derivative dfp(z) : R™ — R™. With this understood, it
follows from Theorem 2.1.10 that the set

fo (co) = {z € ¢o(Uo) | f(¢g " (2)) = q} = do(Uo N P)

is a manifold of of dimension m — n contained in the open set ¢o(Up) C R™.
Using Definition 2.1.3 and shrinking Uy further, if necessary, we may assume
that the set ¢o(Up N P) is diffeomorphic to an open subset of R™~". Com-
posing this diffeomorphism with ¢y we find that Uy N P is diffeomorphic to
the same open subset of R™~™. Since the set Uy C M is M-open, there
exists an open set U C RF such that U N M = Uy, hence UNP =UynN P,
and so Uy N P is a P-open neighborhood of pg. Thus we have proved
that every element pg € P has a P-open neigborhood that is diffeomor-
phic to an open subset of R™™™. Thus P C R* is a manifold of dimen-
sion m — n (Definition 2.1.3). The proof that the tangent spaces of P are
given by T}, P = ker df (p) remains unchanged and this completes the second
proof of Theorem 2.2.19. O

Definition 2.2.20. Let M C R¥ and N C R be smooth m-manifolds. A
smooth map f: M — N is called a local diffeomorphism iff its deriva-
tive df (p) : TyM — TN is a vector space isomorphism for every p € M.

Example 2.2.21. The inclusion of an M-open subset U C M into M and
the map R — S1 : t — €'t are examples of local diffeomorphisms.

Exercise 2.2.22. Prove that the image of a local diffeomorphism is an open
subset of the target manifold. Hint: Use the Inverse Function Theorem.

In the terminology introduced in §2.3 and §2.6.1 below, local diffeomor-
phisms are both immersions and submersions. In particular, if f: M — N
is a local diffeomorphism, then every element g € N is a regular value of f
and its preimage f~!(q) is a discrete subset of M.
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2.3 Submanifolds and Embeddings

This section deals with subsets of a manifold M that are themselves mani-
folds as in Definition 2.1.3. Such subsets are called submanifolds of M.

Definition 2.3.1 (Submanifold). Let M C R* be an m-dimensional man-
ifold. A subset P C M is called a submanifold of M of dimension n, iff P
itself is an n-manifold.

Definition 2.3.2 (Embedding). Let M C R* be an m-dimensional mani-
fold and N C RY be an n-dimensional manifold. A smooth map f : N — M
is called an immersion iff its derivatve df(q) : TuN — Ty M s injective
for every q € N. It is called proper iff, for every compact subset K C f(N),
the preimage f~Y(K) = {q € N | f(q) € K} is compact. The map f is called
an embedding iff it is a proper injective immersion.

Remark 2.3.3. In our definition of proper maps it is important that the
compact set K is required to be contained in the image of f. The literature
also contains a stronger definition of proper which requires that f~1(K) is
a compact subset of NV for every compact subset K C M, whether or not K
is contained in the image of f. This holds if and only if the map f is proper
in the sense of Definition 2.3.2 and has an M-closed image. (Exercise!)

_ e

Figure 2.6: A coordinate chart adapted to a submanifold.

Theorem 2.3.4 (Submanifolds). Let M C R* be an m-dimensional man-
ifold and N C R* be an n-dimensional manifold.

(1) If f: N - M is an embedding, then f(N) is a submanifold of M.

(ii) If P C M is a submanifold, then the inclusion P — M is an embedding.
(iii) A subset P C M is a submanifold of dimension n if and only if, for
every po € P, there exists a coordinate chart ¢ : U — R™ on an M-open
neighborhood U of py such that o(U N P) = ¢(U) N (R™ x {0}) (Figure 2.6).
(iv) A subset P C M is a submanifold of dimension n if and only if, for ev-
ery po € P, there exists an M -open neighborhood U C M of py and a smooth
map g : U — R™™™ such that 0 is a reqular value of g and U N P = g~1(0).

The proof is pased on the following lemma.
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Lemma 2.3.5 (Embeddings). Let M and N be as in Theorem 2.3.4,
let f: N — M be an embedding, let q9 € N, and define

Pi=f(N),  poi=fla) € P,

Then there exists an M -open neighborhood U C M of pg, an N-open neigh-
borhood V- C N of qo, an open neighborhood W C R™™"™ of the origin, and
a diffeomorphism F :V x W — U such that, for all g € V and all z € W,

F(g,0) = f(q), (2.3.1)
F(q,z) e P = z=0. (2.3.2)

Proof. Choose any coordinate chart ¢g : Uy — R on an M-open neighbor-
hood Uy C M of pg. Then d(¢o o f)(qo) = ddo(f(q0)) © df (qo) : TgeN — R™
is injective. Hence there is a linear map B : R™™" — R™ such that the map

TooN X R = R™ : (1w, ¢) > d(do © f)(qo)w + BC (23.3)
is a vector space isomorphism. Define the set

Q= {(qu) e N xR™™| f(q) € Uy, ¢po(f(q)) + Bz € d)o(Uo)} )
This is an open subset of N x R™™" and we define F': Q) — M by

F(q,2) == ¢y " (do(f(q)) + Bz).

This map is smooth, it satisfies F(q,0) = f(q) for all ¢ € f~1(Uy), and
the derivative dF(qo,0) : TyoN x R™™™ — T, M is the composition of the
map (2.3.3) with dgo(po) ™! : R™ — Tp, M and so is a vector space isomor-
phism. Thus the Inverse Function Theorem 2.2.17 asserts that there is an
N-open neighborhood V C N of gy and an open neighborhood Wy C R™™"
of the origin such that Vo x Wy C Q, the set Uy := F(Vy x Wy) is M-open,
and the restriction of F' to Vo x Wy is a diffeomorphism onto Uy. Thus we
have constructed a diffeomorphism F' : Vy x Wy — Up that satisfies (2.3.1).

We claim that the restriction of F' to the product V' x W of sufficiently
small open neighborhoods V C N of ¢o and W C R™™" of the origin also
satisfies (2.3.2). Otherwise, there exist sequences ¢; € Vp converging to go
and z; € Wy \ {0} converging to zero such that F(g;,z;) € P. Hence there
exists a sequence ¢} € N such that F(g;, z;) = f(g;). This sequence converges
to f(qo). Since f is proper we may assume, passing to a suitable subsequence
if necessary, that ¢} converges to a point ¢, € N. Then

flgo) = lim f(q;) = lim F(g;, ;) = f(qo)-
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Since f is injective, this implies ¢ = qo. Hence (¢;,0) € Vp x Wy for i
sufficiently large and F(q},0) = f(q}) = F(gi, zi). This contradicts the fact
that the map F': Vj x Wy — M is injective, and proves Lemma 2.3.5. [

Proof of Theorem 2.3.4. We prove (i). Let go € N, denote pg := f(qo) € P,
and choose a diffeomorphism F': V' x W — U as in Lemma 2.3.5. Then the
set V C N is diffeomorphic to an open subset of R™ (after schrinking V'
if necessary), the set U N P is P-open because U C M is M-open, and we
have UNP = {F(q,0)[qe V} = f(V) by (2.3.1) and (2.3.2). Hence the
map f:V = UNP is a diffeomorphism whose inverse is the composition
of the smooth maps F~':UNP -V xW and VxW =V :(qz2)— q.
Hence a P-open neighborhood of pg is diffeomorphic to an open subset of R™.
Since py € P was chosen arbitrary, this shows that P is an n-dimensional
submanifold of M.

We prove (ii). The inclusion ¢: P — M is obviously smooth and in-
jective (it extends to the identity map on R¥). Moreover, T,P C T,M for
every p € P and the derivative du(p) : T,P — T, M is the obvious inclusion
for every p € P. That ¢ is proper follows immediately from the definition.
Hence ¢ is an embedding.

We prove (iii). If a coordinate chart ¢ as in (iii) exists, then the set U N P
is P-open and is diffeomorphic to an open subset of R™. Since pg € P
was chosen arbitrary this proves that P is an n-dimensional submanifold
of M. Conversely, suppose that P is an n-dimensional submanifold of M and
let pg € P. Choose any coordinate chart ¢ : Uy — R™ of M defined on an
M-open neighborhood Uy C M of pg. Then ¢o(Uy N P) is an n-dimensional
submanifold of R™. Hence Theorem 2.1.10 asserts that there are open
sets VW C R™ with py € V C ¢o(Up) and a diffeomorphism ¢ : V — W
such that

do(po) €V, Y(V N go(Up N P)) =W N (R™ x {0}).

Now define U := ¢51(V) C Uyp. Then pg € U, the chart ¢ restricts to a
diffeomorphism from U to V, the composition ¢ := 1o ¢oly : U — W is a
diffeomorphism, and ¢(U N P) = (VN po(Up N P)) =W N (R™ x {0}).
We prove (iv). That the condition is sufficient follows directly from
Theorem 2.2.19. To prove that it is necessary, assume that P C M is a
submanifold of dimension n, fix an element pg € P, and choose a coordi-
nate chart ¢ : U — R™ on an M-open neighborhood U C M of py as in
part (iii). Define the map ¢g: U — R™™™ by ¢(p) := (¢n+1(p);-- -, dm(p))
for p € U. Then 0 is a regular value of g and g~(0) = U N P. This proves
Theorem 2.3.4. O
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Exercise 2.3.6. Let M C R”* be a smooth m-manifold and §) # P C M.
(i) If P is an n-dimensional submanifold of M, then 0 < n < m.

(ii) P is a O-dimensional submanifold of M if and only if P is discrete, i.e.
every p € P has an M-open neighborhood U such that U N P = {p}.

(iii) P is an m-dimensional submanifold of M if and only if P is M-open.

Example 2.3.7. Let S' € R? 2 C be the unit circle and consider the map
f:S' — R? given by f(x,y) := (x,2y). This map is a proper immersion but
is not injective (the points (0, 1) and (0, —1) have the same image under f).
The image f(S') is a figure 8 in R? and is not a submanifold (Figure 2.7).

The restriction of f to the submanifold N := S'\ {(0,—1)} is an injec-
tive immersion but it is not proper. It has the same image as before and
hence f(N) is not a manifold.

Figure 2.7: A proper immersion.

Example 2.3.8. The map f : R — R? given by f(t) := (t2,¢) is proper
and injective, but is not an embedding (its derivatuve at ¢ = 0 is not in-
jective). The image of f is the set f(R) = C = {(z,y) € R?|2® = y?} (see
Figure 2.8) and is not a submanifold. (Prove this!)

Figure 2.8: A proper injection.

Example 2.3.9. Define the map f : R — R? by f(t) := (cos(t),sin(¢)). This
map is an immersion, but it is neither injective nor proper. However, its
image is the unit circle in R? and hence is a submanifold of R2. The
map R — R?: ¢+ f(¢3) is not an immersion and is neither injective nor
proper, but its image is still the unit circle.
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2.4 Vector Fields and Flows

This section introduces vector fields on manifolds (§2.4.1), explains the flow

of a vector field and the group of diffeomorphisms (§ 2.4.2), and defines the
Lie bracket of two vector fields (§2.4.3).

2.4.1 Vector Fields

Definition 2.4.1 (Vector field). Let M C R¥ be a smooth m-manifold. A
(smooth) vector field on M is a smooth map X : M — R such that

X(p) e T,M
for every p € M. The set of smooth vector fields on M will be denoted by
Vect(M) := {X : M — R¥| X is smooth, X (p) € T,M for all p € M}

Exercise 2.4.2. Prove that the set of smooth vector fields on M is a real
vector space.

Example 2.4.3. Denote the standard cross product on R? by

T2Ys — T3Y2
T XYy = T3Y1 — T1Y3
T1Y2 — T2Y1

for 2, € R3. Fix a vector £ € S? and define the maps X,Y : S? — R3 by

X(p)=&xp,  Y(p):=({xp) xp.

These are vector fields with zeros £¢. Their integral curves (see Defini-
tion 2.4.6 below) are illustrated in Figure 2.9.

2 Q

Figure 2.9: Two vector fields on the 2-sphere.
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Example 2.4.4. Let M := R%. A vector field on M is then any smooth
map X : R?2 — R2. As an example consider the vector field

X(:Bay) = (x7 _y)'

This vector field has a single zero at the origin and its integral curves are

illustrated in Figure 2.10.

R

Figure 2.10: A hyperbolic fixed point.

Example 2.4.5. Every smooth function f : R™ — R determines a gradient
vector field

of
8951
of
X=Vf:=| 922 |.R™ 5 R™

of
OTm,
Definition 2.4.6 (Integral curve). Let M C R¥ be a smooth m-manifold,
let X be a smooth vector field on M, and let I C R be an open interval.
A continuously differentiable curve v : I — M is called an integral curve
of X iff it satisfies the equation 4(t) = X (y(t)) for every t € I. Note that
every integral curve of X is smooth.

Theorem 2.4.7. Let M C R be a smooth m-manifold and X € Vect(M)
be a smooth vector field. Fix a point pg € M. Then the following holds.

(i) There exists an open interval I C R containing 0 and a smooth curve
v : I — M satisfying the equation

Y(t) =X(v(@),  7(0) =po (2.4.1)
for every t € 1.

(i) If v1 : I = M and 72 : Is — M are two solutions of (2.4.1) on open
intervals Iy and Iy containing 0, then 1 (t) = v2(t) for every t € I1 N I5.
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Figure 2.11: Vector fields in local coordinates.

Proof. We prove (i). Let ¢g : Up — R™ be a coordinate chart on M, defined
on an M-open neighborhood Uy C M of pg. The image of ¢g is an open set
Q := ¢o(Up) C R™ and we denote the inverse map by v := qﬁal Q- M
(see Figure 2.11). Then, by Theorem 2.2.3, the derivative diy(z) : R™ — R*
is injective and its image is the tangent space Ty, M for every x € .
Define f : Q@ — R™ by f(z) := dio(z) 1 X (¢o(x)) for z € Q. This map
is smooth and hence, by the basic existence and uniqueness theorem for
ordinary differential equations in R™ (see [63]), the equation

w(t) = f(z@t),  2(0) =20 := dolpo), (2.4.2)

has a solution z : I —  on some open interval I C R containing 0. Hence
the function v :=1gox : I — Uy C M is a smooth solution of (2.4.1). This
proves (i).

The local uniqueness theorem asserts that two solutions v; : I; — M
of (2.4.1) for i = 1,2 agree on the interval (—e,e) C I NIy for ¢ > 0
sufficiently small. This follows immediately from the standard uniqueness
theorem for the solutions of (2.4.2) in [63] and the fact that z : I — Qis a
solution of (2.4.2) if and only if v :=¢gox : I — Up is a solution of (2.4.1).

To prove (ii) we observe that the set I := I; N Iy is an open interval
containing zero and hence is connected. Now consider the set

A:={tel|n(t)=7()}.

This set is nonempty, because 0 € A. It is closed, relative to I, because the
maps 1 : I — M and v : I — M are continuous. Namely, if ¢; € I is a
sequence converging to t € I, then ~;(t;) = ~2(t;) for every i and, taking
the limit i — oo, we obtain ;1 () = v2(t) and hence t € A. The set A is also
open by the local uniqueness theorem. Since [ is connected it follows that
A = I. This proves (ii) and Theorem 2.4.7. O
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2.4.2 The Flow of a Vector Field

Definition 2.4.8 (The flow of a vector field). Let M C R¥ be a smooth
m-manifold and X € Vect(M) be a smooth vector field on M. For py € M
the maximal existence interval of pgy is the open interval

I(po) := U 7 I C R is an open interval containing 0
Po) = and there is a solution v : I — M of (2.4.1)

By Theorem 2.4.7 equation (2.4.1) has a solution v : I(pg) — M. The flow
of X is the map ¢ : D — M defined by

D :={(t,po) |po € M, t € I(po)}
and ¢(t,po) := y(t), where vy : I(po) — M is the unique solution of (2.4.1).

Theorem 2.4.9. Let M C R* be a smooth m-manifold and X € Vect(M)
be a smooth vector field on M. Let ¢ : D — M be the flow of X. Then the
following holds.

(i) D is an open subset of R x M.
(ii) The map ¢ : D — M is smooth.
(iii) Let po € M and s € I(py). Then

I(¢(s,p0)) = I(po) — s (2.4.3)
and, for every t € R with s+t € I(py), we have
¢(8 + tvp()) = ¢(t7 ¢(87p0))' (244)

The proof is pased on the following lemma.

Lemma 2.4.10. Let M, X, D, ¢ be as in Theorem 2.4.9 and let K C M be
a compact set. Then there exists an M-open set U C M and an € > 0 such
that K C U, (—e,e) x U C D, and ¢ is smooth on (—e,e) x U.

Proof. In the case where M = () is an open subset of R™ this is proved
in [64, Satz 4.1.4 & Satz 4.3.1 & Satz 4.4.1]. Using local coordinates (as
in the proof of Theorem 2.4.7) we deduce that, for every p € M, there
exists an M-open neighborhood U, C M of p and a constant ¢, > 0 such
that (—ep,p) X Up C D and the restriction of ¢ to (—¢p, &p) X Up is smooth.
Using this observation for every p € K (and the axiom of choice) we obtain
an M-open cover K C J,cx Up. Since the set K is compact there exists a fi-
nite subcover K C Uy, U---UUp,, =: U. Now define € := min{ep,,...,ep, }
to deduce that (—e,e) x U C D and ¢ is smooth on (—¢,¢) x U. This proves
Lemma 2.4.10. O
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Proof of Theorem 2.4.9. We prove (iii). The map v : I(pg) —s — M defined
by v(t) := ¢(s+t,po) is a solution of the initial value problem #(t) = X (y(¢))
with 7(0) = ¢(s,po). Hence I(pg) —s C I(¢(s,po)) and equation (2.4.4)
holds for every ¢t € R with s +¢ € I(pg). In particular, with ¢ = —s we
have pg = ¢(—s,¢(s,p0)). Thus we obtain equality in equation (2.4.3) by
the same argument with the pair (s.pg) replaced by (—s, ¢(s,po)).

We prove (i) and (ii). Let (tg,po) € D so that pgp € M and ty € I(pp).
Suppose tg > 0. Then K := {¢(t,po)|0 <t <ty} is a compact subset
of M. (It is the image of the compact interval [0,p] under the unique
solution 7 : I(pg) — M of (2.4.1).) Hence, by Lemma 2.4.10, there is an
M-open set U C M and an € > 0 such that

KcU, (—e,e) x U C D,

and ¢ is smooth on (—e,e) x U. Choose N so large that to/N < . Define
Up:=U and, for k =1,..., N, define the sets Uy C M inductively by

U, = {p S U‘¢(t0/N,p) S kal}-

These sets are open in the relative topology of M.

We prove by induction on k that (—e, ktg/N + ) x Uy C D and ¢ is
smooth on (—e&,ktg/N + ¢) x Ux. For k = 0 this holds by definition of ¢
and U. If k € {1,..., N} and the assertion holds for & — 1, then we have

pelUry = peU, ¢(to/N,p) €U
= (—&,¢) CI(p), (—&, (k= 1)to/N +¢) C I(¢(to/N,p))
— (=&, kto/N +¢) C I(p).

Here the last implication follows from (2.4.3). Moreover, for p € Uy and
to/N —e <t < kto/N + ¢, we have, by (2.4.4), that

d)(tap) = ¢(t - 750/]Va ¢(t0/N’ p))

Since ¢(to/N,p) € Ui_1 for p € Uy the right hand side is a smooth map
on the open set (to/N — €, ktog/N +¢) x Uy. Since U, C U, ¢ is also a
smooth map on (—¢,¢) X Uy and hence on (—¢,ktg/N + ¢) x U. This
completes the induction. With k = N we have found an open neighborhood
of (tg,po) contained in D, namely the set (—e,ty + &) x Uy, on which ¢ is
smooth. The case tg < 0 is treated similarly. This proves (i) and (ii) and
Theorem 2.4.9. O

Definition 2.4.11. A vector field X € Vect(M) is called complete iff, for
each pg € M, there exists an integral curve v : R — M of X with v(0) = po.
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Lemma 2.4.12. Let M C R* be a compact manifold. Then every vector
field on M is complete.

Proof. Let X € Vect(M). It follows from Lemma 2.4.10 with K = M
that there exists an € > 0 such that (—¢,¢) C I(p) for all p € M. By Theo-
rem 2.4.9 this implies I(p) = R for all p € M. Hence X is complete. O

Let M C R* be a smooth manifold and X € Vect(M). Then
X is complete <= I(p)=RVpeM <+ D=RxM.

Assume X is complete, let ¢ : R x M — M be the flow of X, and define
the map ¢' : M — M by ¢'(p) := ¢(t,p) for t € R and p € M. Then
Theorem 2.4.9 asserts that ¢! is smooth for every ¢t € R and that

"t = ¢° o ¢, #° =1id (2.4.5)
for all s,t € R. In particular, this implies that ¢f o ¢7! = ¢~ 0 ¢! = id.
Hence ¢ is bijective and (¢f)~! = ¢, so each ¢' is a diffeomorphism.
Exercise 2.4.13. Let M C R* be a smooth manifold. A vector field X on M
is said to have compact support iff there exists a compact subset K C M

such that X (p) = 0 for every p € M \ K. Prove that every vector field with
compact support is complete.

We close this subsection with an important observation about incomplete
vector fields. The lemma asserts that an integral curve on a finite existence
interval must leave every compact subset of M.

Lemma 2.4.14. Let M C R* be a smooth m-manifold, let X € Vect(M),
let ¢ : D — M be the flow of X, let K C M be a compact set, and let pg € M
be an element such that

I(pp) N [0,00) = [0,b), 0<b< oo
Then there exists a number 0 < tx < b such that
tg <t<b = o(t,po) € M\ K

Proof. By Lemma 2.4.10 there exists an € > 0 such that (—e¢,e) C I(p) for
every p € K. Choose € so small that € < b and define

tg :=b—¢e>0.

Choose a real number tx <t < b. Then I(¢(t,po)) N[0,00) = [0,b —t) by
equation (2.4.3) in part (ii) of Theorem 2.4.9. Since 0 <b—1t < b —tx = ¢,
this shows that (—¢,e) ¢ I(¢(t,po)) and hence ¢(t,po) ¢ K. This proves
Lemma 2.4.14. O
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The next corollary is an immediate consequence of Lemma 2.4.14. In
this formulation the result will be used in §4.6 and in §7.3.

Corollary 2.4.15. Let M C R* be a smooth m-manifold, let X € Vect(M),
and let v : (0,T) — M be an integral curve of X. If there exists a compact
set K C M that contains the image of v, then v extends to an integral curve
of X on the interval (—p, T + p) for some p > 0.

Proof. Here is another more direct proof that does not rely on Lemma 2.4.10.
Since K is compact, there exists a constant ¢ > 0 such that | X (p)| < ¢ for
all p € K. Since ~(t ) € K for 0 <t < T, this implies

() — 1(s)] = /w wwi/w D) dr < et - 5)

for 0 < s <t < T. Thus the limit py := limy\ o (t) exists in RF and, since K
is a closed subset of R*, we have py € K C M. Define v, : [0,T) — M by

| po, for t =0,
Yolt) = { (), for0<t<T.

We prove that 7 is differentiable at ¢ = 0 and 0(0) = X (po). To see this, fix
a constant € > 0. Since the curve [0,T) — R : t — X (y(t)) is continuous,
there exists a constant 6 > 0 such that

0<t<d = [(X(v() = X(po)| < €
Hence, for 0 < s <t < 6§, we have

r)dr

/wm—X%»m
WMwm X(po)) dr

() =~(s) = (t = )X (po)| =

,/“ ~ X(po)| dr
t — s
Take the limit s — 0 to obtain

v(t)t— PO X (o)

for 0 <t <4§. Thus 7 is differentiable at ¢ =0 with 4(0) = X (po), as
claimed. Hence vy extends to an integral curve 7 : (—p,T) — M of X for
some p > 0 via y(t) := ¢(t,po) for —p <t < 0and Y(t) :==(t) for 0 <t < T.
Here ¢ is the flow of X. That ~ also extends beyond ¢ = T, follows by re-
placing (t) with v(T'—t) and X with —X. This proves Corollary 2.4.15. [

DO = 308) = (= )X (o)

<e
s—0 t—s -
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The Group of Diffeomorphisms

Let us denote the space of diffeomorphisms of M by
Diff (M) :={¢: M — M| ¢ is a diffeomorphism} .

This is a group. The group operation is composition and the neutral element
is the identity. Now equation (2.4.5) asserts that the flow of a complete
vector field X € Vect(M) is a group homomorphism

R — Diff (M) : t — ¢".

This homomorphism is smooth and is characterized by the equation
d 4 t 0
79 =X(@w), o =p
for all p € M and t € R. We will often abbreviate this equation in the form
d
Ezﬁ =X o ¢, #° = id. (2.4.6)

Exercise 2.4.16 (Isotopy). Let M C R* be a compact manifold and I ¢ R
be an open interval containing 0. Let

Ix M —RF:(t,p) — Xi(p)

be a smooth map such that X; € Vect(M) for every ¢. Prove that there is
a smooth family of diffeomorphisms I x M — M : (¢,p) — ¢:(p) satisfying

d .
agbt = Xt O ¢t7 ¢)0 = ld (247)
for every t € I. Such a family of diffeomorphisms
I - Diff(M) : t — ¢

is called an isotopy of M. Conversely prove that every smooth isotopy
I — Diff (M) : t — ¢, is generated (uniquely) by a smooth family of vector
fields I — Vect(M) : t — X;.
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2.4.3 The Lie Bracket

Let M C R¥ and N C R’ be smooth m-manifolds and X € Vect(M) be
smooth vector field on M. If ¢y : N — M is a diffeomorphism, then the
pullback of X under 1 is the vector field on N defined by

(¥ X)(q) := dy(q) "' X (¥(q)) (2.4.8)

forge N. If ¢ : M — N is a diffeomorphism, then the pushforward of X
under ¢ is the vector field on N defined by

(6:X)(q) == do(¢~ " (9) X (67" (q)) (2.4.9)
for g € N.

Lemma 2.4.17. Let M C R¥, N Cc RY, and P C R" be smooth m-dimen-
stonal submanifolds, let ¢ : M — N and ) : N — P be diffeomorphisms,
and let X € Vect(M) and Z € Vect(P). Then

0 X = (071X (2.4.10)

and

(Vo)X =X,  (Yo¢)'Z=09¢"Y"Z (2.4.11)
Proof. Equation (2.4.10) follows from the fact that
™' (q) = dp(¢™ ' (q)) ™ : TyN = Tyma ()M

for all ¢ € N (Corollary 2.2.15) and the equations in (2.4.11) follow directly
from the chain rule (Theorem 2.2.14). This proves Lemma 2.4.17. O

We think of a vector field on M as a smooth map
X:M—RF

that satisfies the condition X(p) € T,M for every p € M. Ignoring this
condition temporarily, we can differentiate X as a map from M to R¥ and
its derivative at p is then a linear map

dX(p) : T,M — RF.

In general, this derivative will not take values in the tangent space T, M.
However, if we have two vector fields X and Y on M, then the next lemma
shows that the difference of the derivative of X in the direction Y and of Y’
in the direction X does take values in the tangent spaces of M.
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Lemma 2.4.18 (Lie bracket). Let M C R* be a smooth m-manifold and
let X,Y € Vect(M) be complete vector fields. Denote by

R — Diff (M) : t > ¢, R — Diff (M) : t + 2"

the flows of X and Y, respectively. Fix a point p € M and define the smooth
map v: R — M by

Y(t) := ¢ opt ot 0T (p). (2.4.12)
Then 4(0) =0 and

q
dt

1

(Vi) = 5"7(0)

d

:ds

t=0

_ (@11 a1

d t\ *
-Gl ey

=dX(p)Y(p) —dY (p)X(p) € TI,M

Exercise 2.4.19. Let v : R — R be a C%-curve and assume #(0) = 0.
Prove that %L:O’y(\/f) = limy_,0 =2 (y(t) — 7(0)) = 3%4(0).

Proof of Lemma 2.4.18. Define the map 3 : R? — M by
B(s,t) i= ¢ 0t 0 ¢~ 0yt (p)
for s,t € R. Then ~(t) = 8(t,t) and
op

D00 = X) - @ GNX @), (2419
2(s.0) = A0 )Y (67 0) ~ ¥ ) (2.4.15)
for all s,t € R. Hence
88 88
4(0) = g(0,0) + E(O,O) =0.

This implies the first equality in (2.4.13) by Exercise (2.4.19). To prove
the remaining assertions, note that 8(s,0) = 3(0,t) = p, hence the second
derivatives 9?3/0s% and 0%3/0t? vanish at s = t = 0, and therefore

. 0%p
7(0) = 25 5.(0,0). (2.4.16)
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Combining equations (2.4.15) and (2.4.16) we find

53(0)

9
Os
d

ds

9
s=0 ot

((¢°).Y) ()

s=0

(,0) dp*(¢~*(p))Y (67°(p))

s=0

T ds

Likewise, combining equations (2.4.14) and (2.4.16) we find

0
d
d

4
dt

|,
dt|,_

dt,_

In both cases the right hand side is the derivative of a smooth curve in the
tangent space T, M and so is itself an element of T}, M. Moreover, we have

S3(0)

This proves Lemma 2.4.18.

-2 AT )Y ()

-2 y 2 _§'evtosT0)

_ gtt:o 2 _9eyosT0)

-2 (X)) X )

= dX(p)Y (p) — gt . 53 _ )0 ¢°(p)
= dX(p)Y (p) — % » % . P’ o ¢°(p)
= dX(p)Y(p) — % SZOY(qu(p))

dX(p)Y (p) — dY (p)X (p).
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Definition 2.4.20 (Lie bracket). Let M C R* be a smooth manifold and
let X,Y € Vect(M) be smooth vector fields on M. The Lie bracket of X
and Y is the vector field [X,Y] € Vect(M) defined by

(X, Y](p) :=dX(p)Y (p) — dY (p) X (p). (2.4.17)

Warning: In the literature on differential geometry the Lie bracket of two
vector fields is often (but not always) defined with the opposite sign. The
rationale behind the present choice of the sign will be explained in §2.5.7.

Lemma 2.4.21. Let M C RF and N C R* be smooth manifolds, let X,Y, Z
be smooth vector fields on M, and let

¢o:N—-M
be a diffeomorphism. Then
X, Y] = [¢*X,9"Y], (2.4.18)
[X,Y] +[Y, X] =0, (2.4.19)
(X, [V, Z]|+ [V, [Z, X]|+ [Z,[X,Y]] = 0. (2.4.20)

The last equation is called the Jacobi identity.
Proof. Let R — Diff(M) : t — 1 be the flow of Y. Then the map
R — Diff(N) it ¢ Lorplog
is the flow of the vector field ¢*Y on N. Hence, by Lemma 2.4.17 and
Lemma 2.4.18, we have
d

[¢"X,¢"Y] = —

2| (@7ewtog) X

t=0
d o) %
d * X
G
=¢"[X,Y].
This proves (2.4.18). Equation (2.4.19) is obvious. To prove (2.4.20), let ¢!
be the flow of X. Then by (2.4.18) and (2.4.19) and Lemma 2.4.18 we have

¥.2,X)= 5 ()12

dt
d 1 * 1 *

4 vy
= HY)X]’Z] + [Y7 [Zv X”
= [Z,[X, Y]]+ [V, [Z, X]].

This proves Lemma 2.4.21. O
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Definition 2.4.22. A Lie algebra is a real vector space g equipped with
a skew-symmetric bilinear map g X g — g : (§,n) — [£,n] that satisfies the

Jacobi identity (€, [n, (]| + [0, [C, €] + (¢, [§, m]] = 0 for all §,n,¢ € g.

Example 2.4.23. The Vector fields on a smooth manifold M C R* form a
Lie algebra with the Lie bracket (2.4.17). The space gl(n,R) = R™*" of real
n X n-matrices is a Lie algebra with the Lie bracket

[€,n] == &n —ng.

It is also interesting to consider subspaces of gl(n, R) that are invariant under
this Lie bracket. An example is the space

o(n) := {g € gl(n,R) |7 +¢= 0}

of skew-symmetric n X n-matrices. It is a nontrivial fact that every finite-
dimensional Lie algebra is isomorphic to a Lie subalgebra of gl(n,R) for
some n. For example, the cross product defines a Lie algebra structure
on R? and the resulting Lie algebra is isomorphic to o(3).

Remark 2.4.24. There is a linear map R™*"™ — Vect(R™) : £ — X, which
assigns to a matrix £ € gl(m,R) the linear vector field X, : R™ — R™
given by X¢(x) := &x for x € R™. This map preserves the Lie bracket,
i.e. [X¢, Xy] = X[¢, and hence is a Lie algebra homomorphism.

To understand the Lie bracket geometrically, consider again the curve
V(1) = ¢ opt o 7 o™ (p)

in Lemma, 2.4.18, where ¢! and v are the flows of the vector fields X and Y,
respectively. Since ¥(0) = 0, Exercise 2.4.19 asserts that

d
XYI0) = 530 = 5| oVoutos oy (a2)
t—=

Geometrically this means that by following first the backward flow of Y
for time &, then the backward flow of X for time e, then the forward flow
of Y for time ¢, and finally the forward flow of X for time e, we will not, in
general, get back to the original point p where we started but approximately
obtain an “error” e2[X,Y](p). An example of this (which we learned from
Donaldson) is the mathematical formulation of parking a car.
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Example 2.4.25 (Parking a car). The configuration space for driving a
car in the plane is the manifold M := C x S!, where S' C C denotes the
unit circle. Thus a point in M is a pair p = (2, \) € C x C with |A\| = 1. The
point z € C represents the position of the car and the unit vector A € S!
represents the direction in which it is pointing. The left turn is represented
by a vector field X and the right turn by a vector field Y on M. These
vector field are given by X(z,\) := (A,i\) and Y (z,\) := (A, —i)\). Their
Lie bracket is the vector field [X,Y](z,A\) = (—2i),0). This vector field
represents a sideways move of the car to the right. And a sideways move
by 22 can be achieved by following a backward right turn for time ¢, then
a backward left turn for time e, then a forward right turn for time ¢, and
finally a forward left turn for time e.

This example can be reformulated by identifying C with R? via z = z+iy
and representing a point in the unit circle by the angle § € R/277Z via
A = €l In this formulation the manifold is M = R? x R/277Z, a point in M
is represented by a triple (z,y,0) € R3, the vector fields X and Y are

X(z,y,0) := (cos(),sin(0), 1), Y(z,y,0) := (cos(),sin(0), —1),
and their Lie bracket is [ X, Y](x,y,0) = 2(sin(f), — cos(#), 0).

Lemma 2.4.26. Let X,Y € Vect(M) be complete vector fields on a man-
ifold M and ¢, " € Diff (M) be the flows of X and Y, respectively. Then
the Lie bracket [X,Y] vanishes if and only if the flows of X andY commute,
i.e. ¢°opt =t o ¢* for all s,t € R.

Proof. If the flows of X and Y commute, then the Lie bracket [ X, Y] vanishes
by Lemma 2.4.18. Conversely, suppose that [X,Y] = 0. Then we have

d sy v sy 4 NE T _
for every s € R and hence
(¢°)Y =Y. (2.4.22)

Fix a real number s and define the curve v: R — M by ~(t) := ¢*(¢)*(p))
for t € R. Then v(0) = ¢*(p) and

() = do™ (' (p))Y (0" (p) = ((6"),Y) (4(t)) = Y (4(#))

for all t. Here the last equation follows from (2.4.22). Since ¢! is the flow of
Y we obtain y(t) = !(¢*(p)) for all t € R and this proves Lemma 2.4.26. [

Exercise 2.4.27. In the situation of Lemma 2.4.26 prove that {¢' o ¢’ };cr
is the flow of the vector field X + Y.
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2.5 Lie Groups

Combining the concept of a group and a manifold, it is interesting to consider
groups which are also manifolds and have the property that the group op-
eration and the inverse define smooth maps. We shall only consider groups
of matrices.

2.5.1 Definition and Examples

Definition 2.5.1 (Lie group). A nonempty subset G C R™™ is called a
Lie group iff it is a submanifold of R™*™ and a subgroup of GL(n,R), i.e.

g,heG = gh e G
(where gh denotes the product of the matrices g and h) and
geG = det(g) # 0 and g~* € G.

(Since G # () it follows from these conditions that the identity matriz 1 is
an element of G.)

Example 2.5.2. The general linear group G = GL(n,R) is an open subset
of R™*™ and hence is a Lie group. By Exercise 2.1.19 the special linear group

SL(n,R) = {g € GL(n,R) | det(g) = 1}
is a Lie group and, by Example 2.1.20, the special orthogonal group
SO(n) = {g € GL(n,R) ‘ng =1, det(g) = 1}

is a Lie group. In fact every orthogonal matrix has determinant +1 and
so SO(n) is an open subset of O(n) (in the relative topology).

In a similar vein the group GL(n,C) := {g € C"*"| det(g) # 0} of com-
plex matrices with nonzero (complex) determinant is an open subset of C"*"
and hence is a Lie group. As in the real case, the subgroups

SL(n,C) := {g € GL(n,C) | det(g) = 1},
U(n) := {g € GL(n,C) | g*g = 1},
SU(n) := {g € GL(n,C) | g*g = 1, det(g) = 1}

are submanifolds of GL(n,C) and hence are Lie groups. Here ¢g* := g
denotes the conjugate transpose of a complex matrix.

Exercise 2.5.3. Prove that SL(n,C), U(n), and SU(n) are Lie groups.
Prove that SO(n) is connected and that O(n) has two connected components.

T
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Exercise 2.5.4. Prove that GL(n,C) can be identified with the group

I 0

Hint: Use the isomorphism R"” x R" — C" : (z,y) — x + iy. Show that a
matrix ® € R?"*2" commutes with .Jy if and only if it has the form

_ X Y nxn
c1>_<Y X), X,Y € R™™,

What is the relation between the real determinant of ® and the complex
determinant of X +1iY?

Exercise 2.5.5. Let Jy be as in Exercise 2.5.4 and define
Sp(2n) = {\Il € GL(2n,R) | UTJp¥ = JO} .

G:={® € GL(2n,R) | ®Jy = Jo®}, Jo = < 0 -1 >

This is the symplectic linear group. Prove that Sp(2n) is a Lie group.
Hint: See [49, Lemma 1.1.12].

Example 2.5.6 (Unit quaternions). The quaternions form a four-
dimensional associative unital algebra H, equipped with a basis 1,i,j, k.
The elements of H are vectors of the form

T = xo + ix1 + joo + ks o, 21, %2, 23 € R. (2.5.1)

The product structure is the bilinear map H x H — H : (z,y) — zy, deter-
mined by the relations

i2=j2=k*>=-1, ij=—ji=k, jk=-kj=i, ki=—-ik=]j.

This product structure is associative but not commutative. The quaternions
are equipped with an involution H — H : x — Z, which assigns to a quater-
nion z of the form (2.5.1) its conjugate z := x¢ — ix; — jro — krg. This
involution satisfies the conditions

rty=a+y  TH=gzr, az=|z*, |zy|=|2||y|

for z,y € H, where |z| := /22 + 22 + 22 + 22 denotes the Euclidean norm
of the quaternion (2.5.1). Thus the unit quaternions form a group

Sp(1) :={z € H’ x| =1}

with the inverse map x +— Z. Note that the group Sp(1) is diffeomorphic
to the 3-sphere S2 C R* under the isomorphism H = R*. Warning: The
unit quaternions (a compact Lie group) are not to be confused with the
symplectic linear group in Exercise 2.5.5 (a noncompact Lie group) despite
the similarity in notation.
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Let G € GL(n,R) be a Lie group. Then the maps
GxG—=G:(g,h)— gh, G—G:grgt

are smooth (see [64]). Fixing an element h € G we find that the derivative
of the map G — G : g — gh at g € G is given by the linear map

TyG = TynG : g — gh. (2.5.2)

Here g and h are both matrices in R™®*" and gh denotes the matrix prod-
uct. In fact, if g € T,G, then, since G is a manifold, there exists a smooth
curve v : R — G with v(0) = g and 4(0) = g. Since G is a group we obtain
a smooth curve 5 : R — G given by 5(t) := v(t)h. It satisfies 5(0) = gh and
so gh = B(0) € T,,G.

The linear map (2.5.2) is obviously a vector space isomorphism whose
inverse is given by right multiplication with A~!. It is sometimes convenient
to define the map Ry, : G — G by

for g € G (right multiplication by h). This is a diffeomorphism and the linear
map (2.5.2) is the derivative of Ry, at g, so

dRy(g9)g = gh for g € T,G.

Similarly, each element g € G determines a diffeomorphism L, : G — G,
given by
Ly(h) := gh

for h € G (left multiplication by g). Its derivative at h € G is again given by
matrix multiplication, i.e. the linear map dLg4(h) : T, G — Ty, G is given by

dL,(h)h = gh  for h € T},G. (2.5.3)
Since Ly is a diffeomorphism its derivative dLy(h) : T),G — Ty, G is again a
vector space isomorphism for every h € G.
Exercise 2.5.7. Prove that the map G — G : g — ¢~ ! is a diffeomorphism

and that its derivative at g € G is the vector space isomorphism

T,G =Ty G:ve —g tog™L.

Hint: Use [64] or any textbook on first year analysis.
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2.5.2 The Lie Algebra of a Lie Group

Let
G C GL(n,R)

be a Lie group. Its tangent space at the identity matrix 1 € G is called the
Lie algebra of G and will be denoted by

g = Lie(G) := T1G.

This terminology is justified by the fact that g is in fact a Lie algebra, i.e.
it is invariant under the standard Lie bracket operation

[€,n] == &n—n¢

on the space R™*" of square matrices (see Lemma 2.5.9 below). The proof
requires the notion of the exponential matrix. For £ € R"*"™ and ¢ € R
we define

> tkfk

exp(t&) = o (2.5.4)

k=0
A standard result in first year analysis asserts that this series converges
absolutely (and uniformly on compact t-intervals), that the map

R — R™™ : t — exp(tf)

is smooth and satisfies the differential equation

< exp(1€) = £ exp(t€) = expli€)E, (2.5.5)
and that
exp((s +1)€) = exp(s€) exp(t€),  exp(06) =1 (25.6)

for all s,t € R. This shows that the matrix exp(t) is invertible for each ¢
and that the map R — GL(n,R) : t — exp(t§) is a group homomorphism.

Exercise 2.5.8. Prove the following analogue of (2.4.12). For {,n € g

% By exp(Vt€) exp(Vn) exp(—vt€) exp(—Vtn) = [€, 7). (2.5.7)

In other words, the infinitesimal Lie group commutator is the matrix com-
mutator. (Compare Equations (2.5.7) and (2.4.21).)
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Lemma 2.5.9. Let G C GL(n,R) be a Lie group and denote by g := Lie(G)
its Lie algebra. Then the following holds.

(i) If € € g, then exp(t&) € G for every t € R.

(ii) If g € G and n € g, then gng™* € g.

(i) If &,n € g, then [§,n] = &n—ng € g.

Proof. We prove (i). For every g € G we have a vector space isomor-

phism g =T7G = T4G: £ — £g as in (2.5.2). Hence each element £ € g
determines a vector field X¢ € Vect(G), defined by

Xe(g) := &g € T,G, g € G. (2.5.8)
By Theorem 2.4.7 there is an integral curve 7y : (—¢,¢) — G satisfying

V() = Xe(v(2) = &v(8),  ~(0) =1

By (2.5.5), the curve (—¢,g) — R"*" : ¢ = exp(t£) satisfies the same initial
value problem and hence, by uniqueness, we have exp(t§) = (t) € G for
all t € R with [t|] < e. Now let ¢ € R and choose N € N such that ‘%| <e.
Then exp(£¢) € G and hence it follows from (2.5.6) that

N
exp(t§) = exp (N§> € G.

This proves (i).
We prove (ii). Consider the smooth curve v : R — R™*" defined by

Y(t) == gexp(tn)g "

By (i) we have y(t) € G for every ¢t € R. Since 7(0) = 1 we have

This proves (ii).
We prove (iii). Define the smooth map 7 : R — R"*" by

n(t) := exp(t&)n exp(—t§).

By (i) we have exp(t§) € G and, by (ii), we have n(t) € g for every t € R.
Hence [¢,n] = n(0) € g. This proves (iii) and Lemma 2.5.9. O

By Lemma 2.5.9 the curve v : R — G defined by ~(t) := exp(t§)g is the
integral curve of the vector field X¢ in (2.5.8) with initial condition v(0) = g.
Thus X¢ is complete for every £ € g.
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Lemma 2.5.10. If £ € g and v : R — G is a smooth curve satisfying

Vs+t)=7(s)(t), ~(0)=1,  4(0)=¢, (2.5.9)
then y(t) = exp(t§) for every t € R.

Proof. For every t € R we have

. d d .
YO = | s+t = y(sh(t) =F(0)y(E) = &x(D).
Sls=0 ds s=0
Hence 7 is the integral curve of the vector field X¢ in (2.5.8) with v(0) = 1.
This implies v(t) = exp(t&) for every t € R, as claimed. O

Example 2.5.11. Since the general linear group GL(n,R) is an open subset
of R™*™ its Lie algebra is the space of all real n x n-matrices

gl(n,R) := Lie(GL(n,R)) = R™*".
The Lie algebra of the special linear group is
sl(n,R) := Lie(SL(n,R)) = {¢ € gl(n,R) | trace(¢) = 0}

(see Exercise 2.2.9) and the Lie algebra of the special orthogonal group is

s0(n) == Lie(SO(n)) = {g cgl(n,R) | +¢= o} = o(n)
(see Example 2.2.10).

Exercise 2.5.12. Prove that the Lie algebras of the general linear group
over C, the special linear group over C, the unitary group, and the special
unitary group are given by

gl(n,C) := Lie(GL(n,C)) = C™*",

C):
sl(n,C) := Lie(SL(n, C)) = {¢ € gl(n,C) } trace(§) =0},
u(n) = Lie(U(n)) = {€ € gi(n, R) | € +€ = 0},
su(n) := Lie(SU(n)) = {¢€ € gl(n,C) | "+ £ =0, trace(§) = 0} .

These are vector spaces over the reals. Determine their real dimensions.
Which of these are also complex vector spaces?

Remark 2.5.13. Let G C GL(n,R) be a subgroup. In Theorem 2.5.27
below it is shown that G is a Lie group if and only if it is a closed subset
of GL(n,R) in the relative topology. This observation can be used in many
of the examples and exercises of the present section.
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Exercise 2.5.14. Let V be a finite-dimensional vector space. Prove that
the vector space g := V x End(V) is a Lie algebra with the Lie bracket

[(u,A), (v,B)] := (Av — Bu, AB — BA) (2.5.10)

for u,v € V and A, B € End(V). Find the corresponding Lie group. Find
an embedding of g into End(R x V') as a Lie subalgebra.

Exercise 2.5.15. Let (V,w) be a 2n-dimensional symplectic vector space,
so w:V xV — R is a nondegenerate skew-symmetric bilinear form. The
Heisenberg algebra of (V,w) is the Lie algebra b :=V x R with the Lie
bracket of two elements (v,t), (v/,t') € V x R defined by

(v, 1), (W, 8] :== (0,w(v,v)). (2.5.11)

Find a corresponding Lie group structure on H =V x R. Embed H as a
Lie subgroup into GL(n + 2, R) and find a formula for the exponential map.
Hint: Take V = R x R" and w((z,y),(2",y)) = (z,9') — (y,2') and
define (z,y,t) - (', ¢, t") = (x+ 2,y + o, t +t + (x,9)).

2.5.3 Lie Group Homomorphisms

Let G,H be Lie groups and g,h be Lie algebras. A Lie group homo-
morphism from G to H is a smooth map p : G — H that is a group
homomorphism. A Lie group isomorphism is a bijective Lie group ho-
momorphism whose inverse is also a Lie group homomorphism. A Lie group
automorphism is a Lie group isomorphism from a Lie group to itself. A
Lie algebra homomorphism from g to h is a linear map ® : g — b that
preserves the Lie bracket. A Lie algebra isomorphism is a bijective Lie
algebra homomorphism whose inverse is also a Lie algebra homomorphism.
A Lie algebra automorphism is a Lie algebra isomorphism from a Lie
algebra to itself.

Lemma 2.5.16. Let G and H be Lie groups and denote their Lie algebras
by g := Lie(G) and b := Lie(H). Let p: G — H be a Lie group homomor-
phism and denote its derivative at 1 € G by

pi=dp(l):g—b.
Then p is a Lie algebra homomorphism. Moreover,

plexp(€)) =exp(p(€)),  plgsg™") = p(g9)p(&)p(g) ™"
forall € € g and all g € G.
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Proof. The proof has three steps.
Step 1. For all £ € g and t € R we have p(exp(t€)) = exp(tp(§)).

Fix an element { € g. Then exp(t§) € G for every t € R by Lemma 2.5.9.
Thus we can define a curve v : R — H by ~(¢) := p(exp(t£)). Since p is
smooth, this is a smooth curve in H and, since p is a group homomorphism
and the exponential map satisfies (2.5.6), our curve +y satisfies the conditions

Vs +t)=2(s)(@),  0)=1,  §(0) = dp(1)§ = H(¢).
Hence 7(t) = exp(tp(§)) by Lemma 2.5.10. This proves Step 1.

Step 2. For all g € G and n € g we have p(gng™') = p(g)p(n)p(9)

Define the smooth curve v : R — G by 7(t) := gexp(tn)g~'. It takes values
in G by Lemma 2.5.9. By Step 1 we have
-1

-1

= p(g) exp(tp(n))p(g) "

1

p(7(t)) = p(g)p(exp(tn))p(g)
for every ¢. Since v(0) = 1 and %(0) = gng~

plgng™") = dp(~(0))%(0)

|, P

% o) exp(tp(n))p(g) !

= p(9)p(n)p(9)

we obtain

-1

This proves Step 2.

Step 3. For all &, n € g we have p([§,n]) = [6(£), p(n)].

Define the curve n : R — g by n(t) := exp(t&)nexp(—t&) for t € R. It takes
values in the Lie algebra of G by Lemma 2.5.9 and 7(0) = [¢, n]. Hence

e = | plestemesn(—1)

= 2 ole(e)) pmp (exp(—16))
t=0

d

= | exp(tA(€)) p(n) exp (~tp(€))
t=0

[6(8), p(n)] -

Here the first equality follows from the fact that p is linear, the second
equality follows from Step 2 with g = exp(t£), and the third equality follows
from Step 1. This proves Step 3 and Lemma 2.5.16. O
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Exercise 2.5.17. A Lie group homomorphism p : G — H is uniquely deter-
mined by the Lie algebra homomorphism p whenever G is connected. Hint:
If p1,p2 : G — H are Lie group homomorphisms such that p; = pg, prove
that the set A :={g € G|p1(g) = p2(g)} is both open and closed.

Exercise 2.5.18. If p : g — b is a bijective Lie algebra homomorphism, then
its inverse is also a Lie algebra homomorphism.

Exercise 2.5.19. If p: G — H is a bijective Lie group homomorphism,
then p~! : H — G is smooth and hence p is a Lie group isomorphism. Hint:
Use Lemma 2.5.16 to prove that p : g — b is injective. If p is not surjective,
show that p has no regular value in contradiction to Sard’s theorem.

Example 2.5.20. The complex determinant defines a Lie group homomor-
phism det : U(n) — S!. The associated Lie algebra homomorphism is

trace = det : u(n) — iR = Lie(S").

Example 2.5.21 (Unit quaternions and SU(2)). The Lie group SU(2)
is diffeomorphic to the 3-sphere. Every matrix in SU(2) can be written as

g< ro +iry x9 + ixg

2,2 2 2
=1. 2.5.12
—xg + i3 a:o—i:m)’ SRR (2:5.12)

Here the x; are real numbers. They can be interpreted as the coordinates
of a unit quaternion x = xg + iz; + jra + kxg € Sp(1) (see Example 2.5.6).
The reader may verify that the map Sp(1) — SU(2) : z +— ¢ in (2.5.12) is a
Lie group isomorphism.

Exercise 2.5.22 (The double cover of SO(3)). Identify the imaginary
part of H with R? and write a vector ¢ € R? = Im(H) as a purely imaginary
quaternion & = i + j&1 + k&s. Prove that if £ € Im(H) and x € Sp(1),
then x£x € Im(H). Define the map p : Sp(1) — SO(3) by p(x)§ := zéx
for x € Sp(1) and ¢ € Im(H). Prove that the linear map p(z) : R3 — R3 is
represented by the 3 x 3-matrix

23+ 28 — 23— 2% 2(x132 — WOT3) 2(z123 + x0T2)
p(z) = 2(z1m2 + wor3) i+ a3 — 23— 22 2(wows — z071)
2(z123 — woT2) 2(woxs + wow1) w3+ 2% — 22 — 23

Show that p is a Lie group homomorphism. Find a formula for the map
p:=dp(1): sp(1) — s0(3)

and show that it is a Lie algebra isomorphism. For z,y € Sp(1) prove
that p(x) = p(y) if and only if y = +=.



2.5. LIE GROUPS 61

Example 2.5.23. Let g be a finite-dimensional Lie algebra. Then the set

® is a bijective linear map and

P[¢, n] = [®E, 7] (2.5.13)
forall £,n € g

Aut(g):=<¢P:g—g

of Lie algebra automorphisms of g is a Lie group. Its Lie algebra is the
space of derivations on g denoted by

¢ is a linear map and

Sl§n=1[0&n +[&dn o (2.5.14)
forall §,n € g

Der(g):=<¢d:9—¢

Now suppose that g = Lie(G) is the Lie algebra of a Lie group G. Then
there is a map Ad : G — Aut(g) defined by

Ad(g)n = gng™" (2.5.15)

for g € G and n € g. Part (ii) of Lemma 2.5.9 asserts that Ad(g) maps g
to itself for every g € G. It follows directly from the definitions that the
map Ad(g) : g — g is a Lie algebra automorphism for every g € G and that
the map Ad : G — Aut(g) is a Lie group homomorphism. The associated
Lie algebra homomorphism is the linear map ad : g — Der(g) defined by

ad(&§)n = [£,n] (2.5.16)

for £, € g. To verify the equation ad = Ad we compute

d

Ad(&)n = @, Ad(exp(t§))n = % ., exp(t&)n exp(—t§) = [, 7).

Exercise 2.5.24. Let g be any Lie algebra. Define the map ad : g — End(g)
by (2.5.16) and prove that the endomorphism ad(§) : g — g is a derivation
for every € € g. Prove that ad : g — Der(g) is a Lie algebra homomorphism.

Exercise 2.5.25. Let g be any finite-dimensional Lie algebra. Prove that
the group Aut(g) in (2.5.13) is a Lie subgroup of GL(g) with the Lie al-
gebra Lie(Aut(g)) = Der(g). Hint: Show that a linear map §: g — g is
a derivation if and only if the linear map exp(td) : g — g is a Lie algebra
automorphism for every ¢ € R. Use the Closed Subgroup Theorem 2.5.27.
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2.5.4 Closed Subgroups

This section deals with subgroups of a Lie group G that are also submanifolds
of G. Such subgroups are called Lie subgroups. We assume throughout
that G C GL(n,R) is a Lie group with the Lie algebra g := Lie(G) = T1G.

Definition 2.5.26 (Lie subgroup). A subset H C G is called a Lie sub-
group of G iff it is both a subgroup and a smooth submanifold of G.

A useful general criterion is the Closed Subgroup Theorem which asserts
that a subgroup H C G is a Lie subgroup if and only if it is a closed subset
of G. This was first proved in 1929 by John von Neumann [54] for the special
case G = GL(n,R) and then in 1930 by Elie Cartan [15] in full generality.

Theorem 2.5.27 (Closed Subgroup Theorem). Let H be a subgroup
of G. Then the following are equivalent.

(i) H is a smooth submanifold (and hence a Lie subgroup) of G.
(ii) H is a closed subset of G.
It (i) holds, then the Lie algebra of H is the space

h:={neg ‘ exp(tn) € H for all t € R} . (2.5.17)

Proof of Theorem 2.5.27 (i) = (ii) and (2.5.17). Assume that H is a Lie
subgroup of G and let h C g be defined by (2.5.17). We prove that b is
the Lie algebra of H. Assume first that n € h. Then the curve v: R — G
defined by v(t) := exp(tn) for ¢ € R takes values in H and satisfies y(0) = 1
and 4(0) = n, and this implies n € T3H = Lie(H). Conversely, if n € Lie(H),
then Lemma 2.5.9 asserts that exp(tn) € H for all ¢ € R and hence 7 € b.
This shows that h = Lie(H).

Next we prove in three steps that H is a closed subset of G. Choose any
inner product on g, denote by || the associated norm, and denote by h* C g
the orthogonal complement of h with respect to this inner product.

Step 1. There exist open neighborhoods V.C H of 1 and W C bt of the
origin such that the map ¢ : V x W — G, defined by

¢(h,€) := hexp(§)

forh eV and & € W, is a diffeomorphism from V X W onto an open neigh-
borhood U = ¢(V x W) C G of 1.

The derivative of the map H x b+ — G : (h, €) — hexp(€) at the point (1, 0)
is bijective. Hence Step 1 follows from the Inverse Function Theorem.
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Step 2. There exists a 6 >0 such that, if £,& € bt satisfy |€],]€| < 0
and exp(&') exp(—¢€) € H, then £ =¢'.

Let V,W, ¢ be as in Step 1, choose an open neighorhood V' C G of 1 such
that V' N H = V, and choose a constant § > 0 such that the following holds.
(a) If ¢ € bt satisfies |¢| < 6, then € € W.

(b) If &, & € g satisfy €], €| < 0, then exp(¢') exp(—&) € V.

Let &,¢" € bt such that |¢],[€'| < § and h := exp(¢') exp(—€) € H. Then we
have £, € W by (a) and h € V' NH =V by (b). Also ¢(h,&) = ¢(1,¢)
and so & = £, because ¢ is injective on V' x W. This proves Step 2.

Step 3. Let h; be a sequence in H that converges to an element g € G.
Then g € H.

Let ¢ : V x W — U be as in Step 1 and let § > 0 be as in Step 2. Since the
sequence hi_1 g converges to 1, there exists an ¢9 € N such that h;” Ly e U for
all i > iy. Hence, for each i > iy, there exists a unique pair (h},&) € V. x W
such that hi_lg = h}exp(&;). This sequence satisfies lim; o & = 0. Hence
there exists an integer i; > ig such that |¢;| < ¢ for all ¢ > ;. Since

hihiexp(&i) = g = hjhjexp(&;),
we also have exp(&;) exp(—§;) = (hih'i)*lhjh;- € Hforalli,j > i;. By Step 3,
this implies & = &; for all 4,7 > 7;. Hence & = lim;_,o & = 0 for all 7 > 4
and so g = h;h; € H. This proves Step 3.

By Step 3 the Lie subgroup H is a closed subset of G. Thus we have
proved that (i) implies (ii) and (2.5.17) in Theorem 2.5.27. O

The proof of the converse implication requires three preparatory lemmas.
Lemma 2.5.28. Let & € g and let v : R — G be a curve that is differentiable
at t =0 and satisfies v(0) = 1 and ¥(0) = &. Then

exp(t€) = lim ~(t/k)k (2.5.18)
k—o00
for every t € R.

Proof. Fix a nonzero real number ¢ and define &, := k(v(¢t/k) — 1) € R™*"
for k € N. Then

k _
Jm & = ¢ lim, W =13(0) =%

and hence N
exp(t§) = klggo <]l + %) = kl;n;o v(t/k)E.

(See [64, Satz 1.5.2].) This proves Lemma 2.5.28. O



64 CHAPTER 2. FOUNDATIONS

Lemma 2.5.29. Let H C G be a closed subgroup. Then the setl in (2.5.17)
is a Lie subalgebra of g

Proof. Let £,n € b and define the curve v : R — H by

(1) := exp(t&) exp(tn)
for t € R. This curve is smooth and satisfies v(0) = 1 and 4(0) =& + 7.
Since H is closed, it follows from Lemma 2.5.28 that
exp(t(€ + 7)) = lim 4(t/k)" € H

for all t € R and so £ + 7 € § by definition. Thus b is a linear subspace of g.
Now fix an element € € h. If h € H, then

exp(sh™1¢h) = h L exp(sé)h € H

for all s € R and hence h='¢h € b by definition. Take h = exp(tn) with n € b
to obtain exp(—tn){exp(tn) € h for all ¢t € R. Differentiating this curve
at t = 0 gives [{,n] € b and this proves Lemma 2.5.29. O

Lemma 2.5.30. Let H C G be a closed subgroup and let h C g be the Lie
subalgebra in (2.5.17). Let & € g, let (&)ien be a sequence in g, and let (T;);en
be a sequence of positive real numbers such that

exp(§;) € H, &#0
for alli € N and

lim 7; =0, lim & =0, lim = =¢.
1—>00 1—00

Then & € §.
Proof. Fix a real number t. Then, for each ¢ € N, there exists a unique

integer m; € Z such that m;7; <t < (m; + 1)7;. The sequence m; satisfies

. . : &i
lim m;m; = t, lim m;& = lim m;m; = = t€
1—00 1—00 i—00 T;

and hence
exp(t€) = lim exp(m;&;) = lim exp(&;)™ € H.
i—00 i—00

Thus exp(t§) € H for every t € R and so £ € h by (2.5.17). This proves
Lemma 2.5.30. O
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Proof of Theorem 2.5.27 (ii) = (i). Choose any inner product on g. Let
H C G be a closed subgroup of G and define the set h C g by (2.5.17).
Then § is a Lie subalgebra of g by Lemma 2.5.29. Define

k := dim(h), ¢:=dim(g) > k,

and choose a basis 71, . . ., ng of g such that the vectors 7. ..., n; form a basis
of h and 7, € h* for v > k. Let hg € H and define the map © : R* — G by

Ot ..., t") := hoexp(t'm + - - + t*ni) exp(t* o q + -+ + th).

Then ©(0) = hg, O(R* x {0}) C H, and the derivative dO(0) : R — T}, G
is bijective. Hence the inverse function theorem asserts that © restricts to a
diffeomorphism from an open neighborhood Q C R¢ of the origin to an open
neighborhood U := O(§2) C G of hg that satisfies

0(0) =ho,  O(2N(R"x {0})) CUNH.

We prove the following.
Claim. There exists an open set Qy C RY such that

0€QCQ,  O(QN[Rx{0})=UynH, Uy := 0(). (2.5.19)

Assume, by contradiction, that such an open set 0y does not exist. Then
there exists a sequence t; = (t},...,t!) € R such that

limt; =0, t;€Q\(R*x{0}), O)<cH.

71— 00

Define

k )4
h; := hg exp <Z t?n,,) € H, &= Z t¢n, € b\ {0}.

v=1 v=k+1

Then h; exp(&;) = O(t;) € H and hence
lim & =0, & #0,  exp(&) =h;'Ot;) € H.
1—00

Passing to a subsequence, if necessary, we may assume that the sequence
&i/|&i| converges. Denote its limit by & := lim;, &;/|&|. Then £ € b by
Lemma 2.5.30 and ¢ € h* by definition. Since |£| = 1, this is a contradiction.
This contradiction proves the Claim. Thus there does, after all, exist an
open set y C R that satisfies (2.5.19), and the map ©~1 : Uy — Qg is then
a coordinate chart on G which satisfies ©~1(Uy N H) = Qo N (R* x {0}).
Hence H is a submanifold of G and this proves Theorem 2.5.27. O
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Exercise 2.5.31. The subgroup {exp(it) |t € Q} C S! is not closed.

Exercise 2.5.32. Choose a nonzero vector (wi,...,w,) € R"” such that at
least one of the ratios w;/w; is irrational. Prove that the subgroup

Sw — {(627ritw1,e27ritw27 . e?ﬂ'itwn> ’t c R} C (Sl)n o~ T

of the torus is not closed. Similar examples exist in any Lie group that
contains a torus of dimension at least two.

Exercise 2.5.33. Let Gy and G; be Lie subgroups of GL(n,R) with the
Lie algebras go := Lie(Gp) and g; := Lie(G1). Prove that G := Go N G; is a
Lie subgroup of GL(n,R) with the Lie algebra g = go N g1.

Exercise 2.5.34 (Center). The center of a group G is the subgroup
Z(G):={g€G|gh=nhgforal heG}. (2.5.20)

Let G C GL(n,R) be a Lie group. Prove that its center Z(G) is a Lie sub-
group of G. If G is connected, prove that the Lie algebra of the center Z(G)
is the center of the Lie algebra g = Lie(G), defined by

Z(g) :={¢ecg|[¢&n =0forallneg}. (2.5.21)

Hint: If G is connected, prove that an element & € g satisfies [, n] = 0 for
all n € g if and only if exp(t{)h = hexp(t&) for all t € R and all h € G.

Exercise 2.5.35. Let G C GL(n,R) be a compact Lie group with the Lie
algebra g := Lie(G) and let £ € g. Prove that the set T¢ := {exp(tf) ‘t € R}
is a closed, connected, abelian subgroup of G and deduce that it is a Lie
subgroup of G (called the torus generated by ¢).

Exercise 2.5.36. Let G C GL(n,R) be a Lie group with the Lie algebra g
and let £ : R — g be a smooth function. Prove that the differential
equation §(t) = &(t)y(t), 7v(0) = 1, has a unique solution v : R — G.
Hint: Prove the existence of a solution 7 : R — GL(n,R) and show that
the set {t € R|~(t) € G} is open and closed.

Remark 2.5.37 (Malcev’s Theorem). Let G C GL(n,R) be a Lie group
with the Lie algebra g and let h C g be a Lie subalgebra. Then the set

h:[0,1] — G is a smooth path
H:= < h(1)| such that 2(0) =1 and (2.5.22)
h(t)h(t)~" € b for all t € [0, 1]
is a subgroup of G, called the integral subgroup of §). A theorem by
Anatolij Ivanovich Malcev [47] (see also [28, Corollary 13.4.6]) asserts that H
is a Lie subgroup of G if and only if T, := {exp(tn) ‘ teR} CHforallneb.
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2.5.5 Lie Groups and Diffeomorphisms

There is a natural correspondence between Lie groups and Lie algebras on
the one hand and diffeomorphisms and vector fields on the other hand. We
summarize this correspondence in the following table.

Lie groups Diffeomorphisms
G Cc GL(n,R) Diff (M)
g = Lie(G) = T1G Vect(M) = TigDiff (M)
exponential map flow of a vector field
t — exp(tf) t— ¢l = “exp(tX)”
adjoint representation pushforward
£ glg? X ¢ X
Lie bracket on g Lie bracket of vector fields
[€, ] = &n —ng [X,Y]=dX .Y —dY - X

To understand the correspondence between the exponential map and the
flow of a vector field compare equation (2.4.6) with equation (2.5.5). To un-
derstand the correspondence between the adjoint representation and push-
forward observe that

d

d
Y = — tog™? -1 =
o 7 tzod)ow 0P, ang 7

gexp(tn)g~ ',
t=0

where 9! denotes the flow of Y. To understand the correspondence between
the Lie brackets recall that

d

xyl= 2 @y em=2

it g exp(t§)n exp(—t§),
t=

t=0

where ¢! denotes the flow of X. We emphasize that the analogy between
Lie groups and Diffeomorphisms only works well when the manifold M is
compact so that every vector field on M is complete. The next exercise gives
another parallel between the Lie bracket on the Lie algebra of a Lie group
and the Lie bracket of two vector fields.

Exercise 2.5.38. Let G C GL(n,R) be a Lie group with Lie algebra g and
let £,n € g. Define the smooth curve v : R — G by

Y(t) = exp(t&) exp(tn) exp(—t€) exp(—tn).
Show that 4(0) = 0 and £%(0) = [£, 7] (cf. Exercise 2.5.8 and Lemma 2.4.18).

Exercise 2.5.39. Let G C GL(n,R) be a Lie group with Lie algebra g and
let £,n € g. Show that [{,n] = 0 if and only if the exponential maps com-
mute, i.e. exp(sf)exp(tn) = exp(tn) exp(sf) = exp(s§ + tn) for all s,t € R.
How can this observation be deduced from Lemma 2.4.267
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Definition 2.5.40. Let M C R* be a smooth manifold and let G C GL(n,R)
be a Lie group. A (smooth) group action of G on M is a smooth map
GxM—M:(g9,p) — ¢g(p) (2.5.23)
that for each pair g, h € G satisfies the condition
Pg © dh = dgh, ¢1 = id. (2.5.24)

If (2.5.23) is a smooth group action, then the infinitesimal action of the
Lie algebra g := Lie(G) on M is the map g — Vect(M) : £ — X¢ defined by

d
Xﬁ(p) = % o0 ¢exp(y§)(p) (2525)

foréE egandpe M.

Exercise 2.5.41. Let (2.5.23) be a smooth group action of a Lie group G
on a manifold M. Prove that

Xy1gg = Py Xe, Xiem = [Xe, Xy (2.5.26)
for all g € G and all £, € g = Lie(G).

Exercise 2.5.42. Show that the maps GL(m,R) x R™ — R™ : (gz) — gz,
SO(m +1) x S™ = 8™ : (g,z) — gz, and R x S' — S1: (0, 2) — €i%2 are
smooth group actions. Verify the formulas in (2.5.26) in these examples.

A smooth group action of a Lie group G on a manifold M can the thought
of as a “Lie group homomorphism”

G — Diff(M) : g — ¢y. (2.5.27)

While the group Diff (M) is infinite-dimensional, and so cannot cannot be a
Lie group in the formal sense, it has many properties in common with Lie
groups as explained above. For example, one can define what is meant by a
smooth path in Diff (M) and extend formally the notion of a tangent vector
(as the derivative of a path through a given element of Diff (M)) to this
setting. In particular, the tangent space of Diff (M) at the identity can then
be identified with the space of vector fields TigDiff (M) = Vect(M ), and the
infinitesimal action in (2.5.25) is the Lie algebra homomorphism associated
to the “Lie group homomorphism” (2.5.27). In fact, we have chosen the sign
in the definition of the Lie bracket of vector fields so that the map & — X¢
is a Lie algebra homomorphism and not a Lie algebra anti-homomorphism.
This will be discussed further in §2.5.7.
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2.5.6 Smooth Maps and Algebra Homomorphisms

Let M be a smooth submanifold of R¥. Denote by .# (M) := C*(M,R)
the space of smooth real valued functions f: M — R. Then .#(M) is a
commutative unital algebra. Each p € M determines a unital algebra ho-
momorphism ¢, : # (M) — R defined by ¢,(f) = f(p) for p € M.

Theorem 2.5.43. Every unital algebra homomorphism e : % (M) — R has
the form € = €, for some p € M.

Proof. Assume that ¢ : # (M) — R is an algebra homomorphism.
Claim. For all f,g € .F(M) we have e(g) =0 = &(f) € f(g~1(0)).

Indeed, the function f — e(f) -1 lies in the kernel of ¢ and so the func-
tion h := (f —e(f) - 1)® + ¢* also lies in the kernel of e. There must be at
least one point p € M where h(p) = 0 for otherwise 1 = e(h)e(1/h) = 0.
For this point p we have f(p) = ¢(f) and g(p) = 0, hence p € ¢g~1(0), and
therefore e(f) = f(p) € f(g~1(0)). This proves the claim.

The theorem asserts that there exists a p € M such that every f € # (M)
satisfies (f) = f(p). Assume, by contradiction, that this is false. Then for
every p € M there exists a function f € .# (M) such that f(p) # e(f). Re-
place f by f —e(f) to obtain f(p) # 0 =e(f). Now use the axiom of choice
to obtain a family of functions f, € .# (M), one for every p € M, such
that f,(p) # 0 =e(fp) for all pe M. Then the set U, := f, '(R\ {0}) is
an M-open neighborhood of p for every p € M. Choose a sequence of com-
pact sets K, C M such that K, C inty;(Ky41) for all n and M = J,, Kp.
Then, for each n, there is a g, € .# (M) (a finite sum of the form ), f7) such
that £(g,) = 0 and g,,(¢) > 0 for all ¢ € K,,. If M is compact, this is already
a contradiction because a positive function cannot belong to the kernel of ¢.
Otherwise, choose f € .%# (M) such that f(¢) >n for all ¢ € M \ K,, and
all n € N. Then ¢(f) € f(g,1(0)) C f(M\ K,,) C [n,00) by the claim and
so (f) > n for all n. This is a contradiction and proves Theorem 2.5.43. [

Now let N be another smooth submanifold (say of RY) and let C°°(M, N)
denote the space of smooth maps from M to N. A homomorphism from
F(N) to F (M) is a (real) linear map ® : #(N) — % (M) that satisfies

®(fg) = @(f)2(9),  2(1)=1

Let Hom(#(N),.% (M)) denote the space of homomorphisms from .%(N)
to #(M). An automorphism of the algebra .% (M) is a bijective homo-
morphism ® : .# (M) — .#(M). The automorphisms of .7 (M) form a group
denoted by Aut(.#(M)).
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Corollary 2.5.44. The pullback operation
C*°(M,N) = Hom(Z#(N), #(M)) : ¢ — ¢*

is bijective. In particular, the map Diff (M) — Aut(F (M)) : ¢ — ¢* is an
anti-isomorphism of groups.

Proof. This is an exercise with hint. Let ® : . % (N) — .#(M) be a unital
algebra homomorphism. By Theorem 2.5.43 there exists a map ¢ : M — N
such that g, 0 ® = €y, for all p € M. Prove that fo¢: M — R is smooth
for every smooth map f : N — R and deduce that ¢ is smooth. O

Remark 2.5.45. The pullback operation is functorial, i.e.

(Yog) =" o™,  idy =idz).
for ¢ € C*°(M,N) and ¢ € C*°(N, P). Here id denotes the identity map
of the space indicated in the subscript. Hence Corollary 2.5.44 may be
summarized by saying that the category of smooth manifolds and smooth

maps is anti-isomorphic to a subcategory of the category of commutative
unital algebras and unital algebra homomorphisms.

Exercise 2.5.46. If M is compact, then there is a slightly different way to
prove Theorem 2.5.43. An ideal in .% (M) is a linear subspace ¢ C .# (M)
satisfying the condition fe % (M), ge ¢ = fge #. A maximal
ideal in .7 (M) is an ideal ¢ C .# (M) such that every ideal ¢’ C .#(M)
containing ¢ is equal to #. Prove that, if M is compact and ¢ C .#(M)
is an ideal with the property that for every p € M there is an f € ¢
with f(p) # 0, then ¢ = .%(M). Deduce that each maximal ideal in .7 (M)
has the form 7, :={f € #(M)| f(p) = 0} for some p € M.

Exercise 2.5.47. If M is compact, give another proof of Corollary 2.5.44
as follows. The set ®~!(_#,) is a maximal ideal in .# (N for each p € M.
Use Exercise 2.5.46 to deduce that there is a unique map ¢ : M — N such

that <I>_1(fp) = Z4(p) for all p € M. Show that ¢ is smooth and ¢* = .

Exercise 2.5.48. It is a theorem of ring theory that, when I C R is an ideal
in a ring R, the quotient ring R/I is a field if and only if the ideal I is max-
imal. Show that the kernel of the ring homomorphism ¢, : # (M) — R of
Theorem 2.5.43 is the ideal _#Z, of Exercise 2.5.46. Conclude that M is com-
pact if and only if every maximal ideal ¢ in .%# (M) is of the form ¢ = 7,
for some p € M. Hint: The functions of compact support form an ideal. It
can be shown that if M is not compact and ¢ is a maximal ideal contain-
ing all functions of compact support, then the quotient field .#(M)/ 7 is a

non-Archimedean ordered field which properly contains R.
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2.5.7 Vector Fields and Derivations
A derivation of .% (M) is a linear map ¢ : # (M) — % (M) that satisfies

6(fg) = 6(f)g + fo(g)-

and the derivations form a Lie algebra denoted by Der(.#(M)). We may
think of Der(.#(M)) as the Lie algebra of Aut(.# (M )) with the Lie bracket
given by the commutator. By Theorem 2.5.43 the pullback operation

Diff(M) — Aut(Z(M)) : ¢ — ¢ (2.5.28)

can be thought of as a Lie group anti-isomorphism. Differentiating it at the
identity ¢ = id gives a linear map

Vect(M) — Der(F(M)) : X — Lx. (2.5.29)

Here the operator Lx : .Z (M) — (M) is given by the derivative of a
function f in the direction of the vector field X, i.e.

d
Lxf=df-X =3 fod,
tli—o
where ¢! denotes the flow of X. Since the map (2.5.29) is the derivative
of the “Lie group” anti-homomorphism (2.5.28) we expect it to be a Lie
algebra anti-homomorphism. Indeed, one can show that

Lixy)=LyLx —LxLy = —[Lx,Ly] (2.5.30)

for X,Y € Vect(M). This confirms that our sign in the definition of the Lie
bracket in §2.4.3 is consistent with the standard conventions in the theory
of Lie groups. In the literature the difference between a vector field and the
associated derivation Lx is sometimes neglected in the notation and many
authors write X f := df - X = Lxf, thus thinking of a vector field on a
manifold M as an operator on the space of functions. With this notation one
obtains the equation [X,Y]f =Y (X f) — X(Y f) and here lies the origin for
the use of the opposite sign for the Lie bracket in many books on differential
geometry.

Exercise 2.5.49. Prove that the map (2.5.29) is bijective. Hint: Fix a
derivation § € Der(.%#(M)) and prove the following. Fact 1: If U C M is
an open set and f € .% (M) vanishes on U, then §(f) vanishes on U. Fact 2:
If p € M and the derivative df(p) : T,M — R is zero, then (5(f))(p) = 0.
(By Fact 1, the proof of Fact 2 can be reduced to an argument in local
coordinates.)

Exercise 2.5.50. Verify the formula (2.5.30).
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2.6 Vector Bundles and Submersions

This section characterizes submersions (§2.6.1) and introduces the concept
of a smooth vector bundle in the extrinsic setting (§2.6.2).

2.6.1 Submersions

Let M C R* be a smooth m-manifold and N C R? be a smooth n-manifold.
A smooth map f: N — M is called a submersion iff its derivative

df(q) : TqN — Tf(q)M

is surjective for every ¢ € N.

Figure 2.12: A local right inverse of a submersion.

Lemma 2.6.1. Let M C R¥ be a smooth m-manifold, N C R® be a smooth
n-manifold, and f : N — M be a smooth map. The following are equivalent.

(1) f is a submersion.

(ii) For every gy € N there is an M-open neighborhood U of po := f(qo) and
a smooth map g : U — N such that g(f(q0)) = qo and fog=id: U — U.
Thus f has a local right inverse near every point in N (see Figure 2.12).

Proof. We prove that (i) implies (ii). Since the derivative
df (qo) : Tgo N — Tpo M

is surjective we have n > m and
dimker df (qo) = n — m.

Hence there is a linear map A : RY — R"~™ whose restriction to the kernel
of df (qo) is bijective. Now define the map ¢ : N — M x R"™™ by

¥(q) == (f(q), Alg — @)
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for ¢ € N. Then 1(qo) = (po,0) and its derivative
dip(qo) : Ty N — Tpy M x R"™™

sends w € Ty, N to (df (qo)w, Aw) and is therefore bijective. Hence it follows
from the inverse function theorem for manifolds (Theorem 2.2.17) that there
exists an IN-open neighborhood V' C N of ¢y such that the set

W :=¢(N)CMxR"™™

is an open neighborhood of (pg,0) and ¢|y : V. — W is a diffeomorphism.
Let
U:={peM|(p,0)ecW}

and define the map g : U — N by

Then pg € U, g is smooth and

(p,0) =v¥(g(p)) = (f(9(p)), Alg(p) — q0))-
Hence f(g(p)) = p for all p € U and

9(po) =¥ (po, 0) = qo.

This shows that (i) implies (ii). The converse is an easy consequence of the
chain rule and is left to the reader. This proves Lemma 2.6.1 0

Corollary 2.6.2. The image of a submersion f: N — M is open.

Proof. If po = f(qo) € f(N), then the neighborhood U C M of py in
Lemma 2.6.1 (ii) is contained in the image of f. O

Corollary 2.6.3. If N is a nonempty compact manifold, M is a connected
manifold, and f : N — M is a submersion, then f is surjective and M is
compact.

Proof. The image f(IN) is an open subset of M by Corollary 2.6.2, it is a
relatively closed subset of M because N is compact, and it is nonempty
because N is nonempty. Since M is connected this implies that f(N) = M.
In particular, M is compact. O

Exercise 2.6.4. Let f : N — M be a smooth map. Prove that the
sets {g € N |df(q) is injective} and {q € N | df(q) is surjective} are open (in
the relative topology of N).
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2.6.2 Vector Bundles

Let M C R* be an m-dimensional smooth manifold.

Definition 2.6.5. A (smooth) vector bundle (over M of rank n) is a
smooth submanifold E C M x R® of dimension m + n such that, for every
point p € M, the set

E,:= {v e R (p,v) eE}

is an n-dimensional linear subspace of RY (called the fiber of E over p).
A wvector bundle E over M is equipped with a smooth map

. E—M

defined by mw(p,v) := p. This map is called the canonical projection of E.
If EC M xR is a vector bundle, then a (smooth) section of E is a
smooth map s : M — R® such that s(p) € E, for every p e M.

A section s : M — Rf of a vector bundle F over M determines a smooth
map o : M — E which sends the point p € M to the pair (p,s(p)) € E.
This map satisfies m o 0 = id. It is sometimes convenient to abuse notation
and eliminate the distinction between s and ¢. Thus we will sometimes use
the same letter s for the map from M to R¢ and the map from M to E.

Definition 2.6.6. Let M C R* be a smooth m-manifold. The set
T™ :={(p,v)|pe M,veT,M}
1s called the tangent bundle of M.

The tangent bundle is a subset of M x R¥ and, for every p € M, its
fiber T, M is an m-dimensional linear subspace of R* by Theorem 2.2.3.
However, it is not immediately obvious from the definition that TM is a
submanifold of M x R¥. This will be proved below. The sections of TM are
the vector fields on M.

Exercise 2.6.7. Let f : M — N be a smooth map between manifolds.
Prove that the tangent map TM — T'N : (p,v) — (f(p),df (p)v) is smooth.

Exercise 2.6.8. Let M C R* be a smooth m-manifold and let ¢ : U — Q
be a smooth coordinate chart on an M-open set U C M with values in an
open set {2 = ¢(U) C R™. Prove that the map ¢ :TU — Q x R™ defined
by ¢(p,v) := (¢(p),dé(p)) for p € U and v € T,M is a diffeomorphism. It
is called a standard coordinate chart on TM. Deduce that TM is
a smooth 2m-dimensional submanifold of M x R* and hence is a smooth
vector bundle over M. (See also Corollary 2.6.12 below.)
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Exercise 2.6.9. Let V C R’ be an n-dimensional linear subspace. The
orthogonal projection of R onto V is the matrix IT € R that satisfies

M=I1°=0", imll=V. (2.6.1)

Prove that there is a unique matrix IT € R*¢ satisfying (2.6.1). Prove that,
for every symmetric matrix S = ST € R‘, the kernel of S is the orthogonal
complement of the image of S. If D € R™ is any injective matrix whose
image is V, prove that det(DTD) # 0 and

II=D({D"'D)"'DT. (2.6.2)

Theorem 2.6.10 (Vector bundles). Let M C R* be a smooth m-manifold
and let E C M x RY be a subset. Assume that, for every p € M, the set

E,:= {v e R | (p,v) € E} (2.6.3)

is an n-dimensional linear subspace of RY. Let TI: M — R be the map
that assigns to each p € M the orthogonal projection of RY onto E,, i.e.

M(p) =(p)* =T(p)",  imI(p) = E,. (2.6.4)

Then the following are equivalent.

(i) E is a vector bundle.

(ii) For every py € M and every vy € E, there is a smooth map s : M — R’
such that s(po) = vo and s(p) € E, for allp € M.

(iii) The map I : M — R*¢ is smooth.

(iv) For every po € M there is an open neighborhood U C M of py and a
diffeomorphism 7w Y(U) — U x R™ : (p,v) — ®(p,v) = (p, ®,(v)) such that
the map ®, : E, — R"™ is an isometric isomorphism for allp € U.

(v) For every po € M there is an open neighborhood U C M of py and a
diffeomorphism 7 Y(U) — U x R™ : (p,v) — ®(p,v) = (p, ®,(v)) such that
the map ®, : E, — R" is a vector space isomorphism for all p € U.

Condition (i) implies that the projection w : E — M s a submersion. In (ii)
the section s can be chosen to have compact support, i.e. there exists a
compact subset K C M such that s(p) =0 for allpe M \ K.

Before giving the proof of Theorem 2.6.10 we explain some of its conse-
quences.
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Definition 2.6.11. The maps ® : 7= 5(U) — U x R™ in Theorem 2.6.10 are
called local trivializations of E. They fit into commutative diagrams

P

7 (U) UxR".

\ pry

U

Corollary 2.6.12. Let M C RF be a smooth m-manifold. Then TM is a
vector bundle over M and hence is a smooth 2m-manifold in R¥ x RF.

Proof. Let ¢: U — € be a coordinate chart on an M-open set U C M with
values in an open subset 2 C R™. Denote its inverse by 1 := ¢~ : Q — M.
By Theorem 2.2.3 the linear map di)(x) : R™ — RF¥ is injective and its image
is Ty M for every x € (2. Hence the map D : U — R¥*™ defined by

D(p) := dip(¢(p)) € RF*™

is smooth and, for every p € U, the linear map D(p) : R™ — R is injec-
tive and its image is 7,M. Thus the function 1™ : M — R¥** defined
by (2.6.4) with E, = T,M is given by

™) = D) (D) DW)) D) forpel.

Hence II"™ is smooth and so T'M is a vector bundle by Theorem 2.6.10. [

Let M C RF be an m-manifold, N C R’ be an n-manifold, f : N — M
be a smooth map, and E C M x R?% be a vector bundle. The pullback
bundle is the vector bundle f*E — N defined by

FE = {(q,v) €N xRl |ve Ef(q)}
and the normal bundle of E is the vector bundle E+ — M defined by
Et .= {(p,w) e M x R (v, w) :()VvEEp}.

Corollary 2.6.13. The pullback and normal bundles are vector bundles.
Proof. Let TI = II¥ : M — R%*? be the map defined by (2.6.4). This map

is smooth by Theorem 2.6.10. Moreover, the corresponding maps for f*FE
and E* are given by
/' F =nFof: N »R™, 0 =1-1F: M - R

These maps are smooth and hence it follows from Theorem 2.6.10 that f*FE
and E* are vector bundles. O
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Proof of Theorem 2.6.10. We first assume that F is a vector bundle and
prove that m : £ — M is a submersion. Let ¢ : M — E denote the zero
section given by o(p) := (p,0). Then moo = id and hence it follows from the
chain rule that the derivative dn(p,0) : T(, 0)E — T, M is surjective. Now
it follows from Exercise 2.6.4 that for every p € M there is an € > 0 such
that the derivative dn(p,v) : T(p ) E — TpM is surjective for every v € Ej,
with |v] < e. Consider the map fy : E — E defined by

Ialp,v) := (p, Av).
This map is a diffeomorphism for every A > 0. It satisfies
T =mo f)
and hence
dr(p,v) = dn(p, \v) o dfa(p,v) : Tipy B — T M.

Since dfy(p,v) is bijective and dm(p, \v) is surjective for A\ < e/ |v| it follows
that drn(p,v) is surjective for every p € M and every v € E,. Thus the
projection 7 : B — M is a submersion for every vector bundle F over M.
We prove that (i) implies (ii). Let pp € M and vy € Ep,,. We have
already proved that 7 is a submersion. Hence it follows from Lemma 2.6.1
that there exists an M-open neighborhood U C M of pg and a smooth map

o0:U—FE

such that
moog=1id: U = U, Jo(po)Z(po,vo).

Define the map sg : U — R¢ by
(p,s0(p)) :==00(p) forpel.
Then so(po) = vo and so(p) € E, for all p € U. Now choose € > 0 such that
{peM|lp—pl<etcU

and choose a smooth cutoff function B : R¥ — [0,1] such that 8(po) = 1
and B(p) = 0 for |[p — po| > e. Define s : M — R’ by

s(p) = { 57(]))50(]7)’ ii; g

This map satisfies the requirements of (ii).
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We prove that (ii) implies (iii). Thus we assume that E satisfies (ii).
Choose pg € M and a basis v1,...,v, of E,. By (ii) there exists smooth

sections s1,..., 8, : M — R of E such that s;(pg) = v; fori = 1,...,n. Now
there exists an M-open neighborhood U C M of pg such that the vec-
tors s1(p), ..., Sn(p) are linearly independent, and hence form a basis of E,

for every p € U. Hence, for every p € U, we have
E,=imD(p),  D(p):=[s1(p)---sa(p)] € R™".

By Exercise 2.6.9, this implies II(p) = D(p)(D(p)"D(p)) " 'D(p)T for ev-
ery p € U. Thus every pg € M has a neighborhood U such that the re-
striction of II to U is smooth. This shows that (ii) implies (iii).

We prove that (iii) implies (iv). Fix a point pg € M and choose a ba-
sis v1,...,v, of B, . For p € M define

D(p) i= [M(p)ur -+ T(p)on] € RET

Then D : M — R™ is a smooth map and D(pg) has rank n. Hence the set
U:={pe M|rankD(p) =n} C M

is an open neighborhood of pg and E, = imD(p) for all p € U. Thus
7 (U)={(p,v) cE|pc U} CE

is an open set containing 7! (pg). Define the map ® : 771(U) — U x R" by

T —1/2 T
D(p,v) = (p.0p(0)),  @y(0) == (DE)TDE)) " D)
for p € U and v € E,. This map is bijective and its inverse is given by

—1/2
o7 p.6) = (0.9, 1(9), 2,16 = D) (DO)TDW)) ¢

for pe U and £ € R". Thus @ is a diffeomorphism and |®,(v)| = |v| for

all p € U and all v € E,. This shows that (iii) implies (iv).

That (iv) implies (v) is obvious.

We prove that (v) implies (i). Shrinking U if necessary, we may as-
sume that there exists a coordinate chart ¢ : U — €2 with values in an open
set 2 € R™. Then the composition (¢ x id) o ® : 7= H(U) — Q x R" is a dif-
feomorphism. Thus E C R¥ x R is a manifold of dimension m + n and this
proves Theorem 2.6.10. 0

Exercise 2.6.14. Define the notion of an isomorphism between two vector
bundles E and F over M. Construct a vector bundle E C S' x R? of rank 1
that does not admit a global trivialization, i.e. that is not isomorphic to the
trivial bundle S' x R. Such a vector bundle is called a M&bius strip.
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The Implicit Function Theorem

Next we carry over the Implicit Function Theorem in Corollary A.2.6 to
smooth maps on vector bundles.

Theorem 2.6.15 (Implicit Function Theorem).

Let M C R* be a smooth m-manifold, let N C R¥ be a smooth n-manifold,
let EC M x R be a smooth vector bundle of rank n, let W C E be open,
and let f : W — N be a smooth map. For p € M define f, : Wy, — N by

W, :={vekE,|(pv)eW}, Ip(v) == f(p,v).

Let pg € M such that 0 € Wy, and df,,(0) : E,, — T, N is bijective,
where qo := f(po,0) € N. Then there exist a constant € > 0, open neighbor-
hoods Uy C M of po and Vo C N of qo, and a smooth map h : Uy x Vo — R
such that {(p,v) € E|p € Uy, |v| <e} CW and

h(p,q) € E,, |h(p,q)| < e (2.6.5)
for all (p,q) € Uy x Vp and
fr(v) =q = v = h(p,q) (2.6.6)

for all (p,q) € Uy x Vg and all v € E, with |v| < e. Thus h(po, qo) = 0.

Proof. Choose a coordinate chart ¢ : V' — R" on an open set V C N con-
taining gp. Choose an open neighborhood U C M of py such that (p,0) € W
and f(p,0) € V for all p € U, there is a coordinate chart ¢ : U — Q C R™,
and there is a local trivialization ® : 771(U) — U x R™ as in Theorem 2.6.10
with |®,(v)| = |v| for p € U and v € E,,. Define B, := {{ € R"| [{| < r} and
choose 7 > 0 so small that @ 3(U x B,) CW and fo® YU x B,) C V.
Define the map F': Q x R" x B, — R" by

F(z,y,6) i=vo fo® " (¢7 (2),6) —y

for (z,y) € QA x R™ and € € B,. Let zp:= ¢(pp) and yo :=1¥(qo). Then
we have F(zg,0,0) = 0 and the derivative d3F'(zg,0,0) : R* — R" of F
with respect to £ at (xg,%0,0) is bijective. Hence Corollary A.2.6 asserts
that there exist open neighborhoods Uy C U of py and Vy C V of qg, a con-
stant 0 < & < r, and a smooth map ¢ : ¢(Up) x (V) — Be such that

F(z,y,§) =0 = g(@,y) =¢
for all (z,y) € ¢(Up) x ¥(Vp) and all £ € B.. Thus the map
h:UpxVo—=RY,  hip,q) =2, (9(6(p), ¥(a))),

satisfies the requirements of Theorem 2.6.15. O
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2.7 The Theorem of Frobenius

Let M C R* be an m-dimensional manifold and n be a nonnegative integer.
A subbundle of rank n of the tangent bundle T'M is a subset £ C TM
that is itself a vector bundle of rank n over M, i.e. it is a submanifold
of TM and the fiber E,, = {v € T,M | (p,v) € E} is an n-dimensional linear
subspace of T,M for every p € M. Note that the rank n of a subbundle
is necessarily less than or equal to m. In the literature a subbundle of the
tangent bundle is sometimes called a distribution on M. We shall, however,
not use this terminology in order to avoid confusion with the concept of a
distribution in the functional analytic setting.

Definition 2.7.1. Let M C RF be an m-dimensional manifold and E C TM
be a subbundle of rank n. The subbundle E is called involutive if, for any
two vector fields X, Y € Vect(M), we have

X(p),Y(p)e E,VpeM = (X.Y](p) e E,¥Vpe M. (2.7.1)

The subundle E is called integrable if, for every pg € M, there exists a
submanifold N C M such that po € N and T,N = E, for every p € N.
A foliation box for E (see Figure 2.13) is a coordinate chart ¢ : U — )
on an M-open subset U C M with values in an open set  C R™ x R™™"
such that the set QN (R™ x {y}) is connected for every y € R™™ ™ and, for
every p € U and every v € T,M, we have

ve kb, = do(p)v € R™ x {0}.

AL

Figure 2.13: A foliation box.

Theorem 2.7.2 (Frobenius). Let M C R* be an m-dimensional manifold
and E CTM be a subbundle of rank n. Then the following are equivalent.

(1) E is involutive.
(ii) E is integrable.
(iii) For every pop € M there exists a foliation box ¢ : U — Q with py € U.
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It is easy to show that (iii) = (ii) = (i) (see below). The hard part of
the theorem is to prove that (i) = (iii). This requires the following lemma.

Lemma 2.7.3. Let E C TM be an involutive subbundle and X € Vect(M)
be a complete vector field such that X (p) € E, for every p € M. Denote by

R — Diff (M) : t s ¢
the flow of X. Then, for allt € R and all p € M, we have

de' (p)Ep = Egt(p).- (2.7.2)
We show first how Theorem 2.7.2 follows from Lemma 2.7.3.

Lemma 2.7.8 implies Theorem 2.7.2. We prove first that (iii) implies (ii).
Let pg € M, choose a foliation box ¢ : U — § for F with pg € U, and define

N:=(pecU]|op) e R" x{yo}}

where (zo,y0) := ¢(po) € Q. Then N satisfies the requirements of (ii).

We prove that (ii) implies (i). Choose two vector fields X,Y € Vect(M)
that satisfy X (p),Y (p) € E, for all p € M and fix a point pp € M. Then,
by (ii), there exists a submanifold N C M containing pg such that T,N = E,
for every p € N. Hence the restrictions X|y and Y|y are vector fields
on N and so is the restriction of the Lie bracket [X,Y] to N. Thus we
have [X,Y](po) € T, N = E,, as claimed.

We prove that (i) implies (iii). Thus we assume that E is an involutive
subbundle of TM and fix a point pg € M. By Theorem 2.6.10 there exist
vector fields X1,..., X, € Vect(M) such that X;(p) € E, for all ¢ and p and
the vectors Xi(po), ..., Xn(po) form a basis of E,,. Using Theorem 2.6.10
again we find vector fields Y1, ...,Y,,—, € Vect(M) such that the vectors

X1(po)s -+ Xn(po), Y1(po)s - - s Ym—n(po)

form a basis of T,,M. Using cutoff functions as in the proof of Theo-
rem 2.6.10 we may assume without loss of generality that the vector fields X;
and Y; have compact support and hence are complete (see Exercise 2.4.13).
Denote by ¢},..., ¢! the flows of the vector fields Xy, ..., X,,, respectively,
and by ¢4, ... ¢! _ the flows of the vector fields Y1, ..., Y,,—,. Define the
map

Y R xR 5 M

by
Y(z,y) == ¢ oo i opf ool " (po).
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By Lemma 2.7.3, this map satisfies

oY
for all x € R™ and y € R™~". Moreover,

oy
8901-

9%
dy;

(07 0) = Xi(p())a (07 O) = }/}(pO)a

and so the derivative
di(0,0) : R" x R™™" — T}, M

is bijective. Hence, by the Inverse Function Theorem 2.2.17, there exists an
open neighborhood 2 C R™ x R™™" of the origin such that the set

U=¢yQ)cM

is an M-open neighborhood of py and ¥|q: Q — U is a diffeomorphism.
Thus the vectors ¢ /0x;(x,y) are linearly independent for every (z,y) € 2
and, by (2.7.3), form a basis of Fy, ). Hence

¢:= (o) LU —=Q
is a foliation box and this proves Theorem 2.7.2, assuming Lemma 2.7.3. [

To complete the proof of the Frobenius theorem it remains to prove
Lemma 2.7.3. This requires the following result.

Lemma 2.7.4. Let E C TM be an involutive subbundle. If 5 :R%? — M s
a smooth map such that

ap 0B
%(S’O) € E,B(S,O)’ a(sat) € E,B(s,t)a (2'7'4)
for all s,t € R, then
op
%(37 t) € Eg(s,) (2.7.5)

for all s,t € R.

We first show how Lemma 2.7.3 follows from Lemma 2.7.4.
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Lemma 2.7.4 implies Lemma 2.7.53. Let X € Vect(M) be a complete vector
field satisfying X (p) € E, for every p € M and let ¢! be the flow of X.
Choose a point pp € M and a vector vy € E,,. By Theorem 2.6.10 there is a
vector field Y € Vect(M) with values in E such that Y (pg) = vo. Moreover
this vector field may be chosen to have compact support and hence it is
complete (see Exercise 2.4.13). Thus there is a solution v : R — M of the
initial value problem

Define 8 : R? — M by

for s,t € R. Then

gf(s, 0) =4(s) =Y (7(s)) € Ep(s,0),

op
E(Svt) = X(B(s,1)) € Eg(s
for all s,t € R. Hence it follows from Lemma 2.7.4 that
: op
d¢' (po)vo = d¢'(+(0))%(0) = g(oﬁ € Egt(py)
for every t € R. This proves Lemma 2.7.3, assuming Lemma 2.7.4. O

Proof of Lemma 2.7.4. Given any point pg € M we choose a coordinate
chart ¢ : U — €2, defined on an M-open set U C M with values in an
open set © C R™ x R™™™, such that pg € U and d¢(po)E,, = R™ x {0}.
Shrinking U, if necessary, we find that for every p € U the linear sub-
space dp(p)E, C R™ x R™™™ is the graph of a matrix A € R(™=™)*"_ Thus
there exists a smooth map A : Q — R(™=)x" guch that, for every p € U,

dp(p)Ep = {(& A(z,9)S) [ €R"},  (2,y) == p(p) € Q. (2.7.6)

For (z,y) €  define the linear maps

%
ox

0A

(z,y) : R" — R(m—n)xn i

(Q?, y) L RMN R(mfn)xn
by
DA ", 9A DA ~—  0A
836(96,?;)-5-—iz:;&am(ﬂc,ZJ), Fy(w,y)-n-— j;njayj(x,y),

for € = (&,...,&) € R and n = (1, ..., m—n) € R™ ™. We prove the
following,.
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Claim 1. Let (z,y) € Q, ,&' € R™ and definen,n’ € R™ " byn:= A(z,y)&
and n' := A(z,y)¢'. Then

9A 9A 9A Y ,
(ax(w,y) -€+ay($,y)-n> ¢ = <ax($,y)-€ +ay(w,y)‘n>£'

The graphs of the matrices A(z) determine a subbundle E C  x R™ with
the fibers

EZ = {(5,7]) ER" xR ™|n= A(w,y)f}
for z = (z,y) € Q. This subbundle is the image of the restriction
Ely ={(p,v)[peU veEp}

under the diffeomorphism TM|y — Q x R™ : (p,v) — (¢(p),déd(p)v) and
hence it is involutive. Now fix two elements £, &’ € R™ and define the vector
fields ¢, (" : Q — R™ by

((2) = (§A(R)E),  ((2):=( AR)), 2€9.
Then ¢ and ¢’ are sections of E and their Lie bracket [¢, ('] is given by
[€,¢')(2) = (0, (dA(2)¢(2)) € = (dA(2)¢(2)) €) -

Since E is involutive the Lie bracket [¢,{'] must take values in the graph
of A. Hence the right hand side vanishes and this proves Claim 1.

Claim 2. Let I,J C R be open intervals and let z = (x,y) : I x J —  be
a smooth map. Fix two points so € I and tg € J and assume that

0 0
%(80, t()) = A(l‘(SO, to), y(S(), to)) %(80, to), (2.7.7)
oy B ox
E(Svt) - A(‘T(Svt)ay<37t))g(87t) (278)
forallsel andt € J. Then
oy ox
%(30775) = A(l‘(S(),t),y(SO,t))g(So,t) (279)

forallt e J.
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Equation (2.7.9) holds by assumption for ¢ = ty. Moreover, dropping the
argument z(sg,t) = z = (z,y) for notational convenience we obtain

0 <8y 8:U> 0%y 4 0%z B (&4 Oz 04 8y> Ox
ot \ O0s 0s 0sOt (95875 dr Ot Oy Ot) 0Os
9%y < O0x  0A (Aaw)> Ox
dsot 636t ot Oy ot 0s
0%y < Oz 04 (Aasc)) Ox
dsot 85875 ds Oy Os ot
B 0%y or O0A O0y)\ Ox
T 0sot 838t < ds | oy as> ot
0A [0y oz
+(8y (85 A88>) ot
(2 (k)
Oy \0s Os ot

Here the second step follows from (2.7.8), the third step follows from Claim 1,
and the last step follows by differentiating equation (2.7.8) with respect to s.
Define the curve n: J — R™™" by

(1) 1= 92 (50,2) — Al 1), y(s0.1)) o

By (2.7.7) and what we have just proved, the curve 7 satisfies the linear
differential equation

i(0) = (G (alonrt)ytoo.0) 0(0)) 57
Hence n(t) = 0 for all ¢ € J. This proves (2.7.9) and Claim 2.

Now let 3 : R? — M be a smooth map satisfying (2.7.4) and fix a real
number so. Consider the set W := {t € R|0;5(s0,t) € Eg(sy1)}- By going
to local coordinates, we obtain from Claim 2 that W is open. Moreover, W
is obviously closed, and W # () because 0 € W by (2.7.4). Hence W = R.
Since s9 € R was chosen arbitrarily, this proves (2.7.5) and Lemma 2.7.4. [

(s0,t) — (s0,1)-

(s0,1), n(to) = 0.

Any subbundle £ C T'M determines an equivalence relation on M via
there is a smooth curve v : [0,1] — M
such that 7(0) = po, (1) = p1, ¥(t) €

If F is integrable, this equivalence relation is called a foliation and the
equivalence class of pg € M is called the leaf of the foliation through pq.
The next example shows that the leaves do not need to be submanifolds.

Po ~ P1 (2.7.10)
E'Y(t) V t
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Example 2.7.5. Consider the torus M := S' x S! ¢ C? with the tangent
bundle

TM = {(21,22,i>\121,i)\222) eC |z =|zl=1, AN € ]R}.
Let w1, w9 be real numbers and consider the subbundle
E = {(21, 22, itwy 21, itwaz9) € C'| |21| = |22| = 1, t € R} .
The leaf of this subbundle through z = (21, 22) € T? is given by

L= {(eitwlzh eitw222> ‘ te ]R} .

It is a submanifold if and only if the quotient w;/we is a rational number
(or wy = 0). Otherwise each leaf is a dense subset of TZ.

Exercise 2.7.6. Prove that (2.7.10) defines an equivalence relation for every
subbundle & C T'M.

Exercise 2.7.7. Each subbundle E C T'M of rank 1 is integrable.

Exercise 2.7.8. Consider the manifold M = R3. Prove that the sub-
bundle E C TM = R?® x R? with fiber E, = {({,1,{) e R®|( —y& =0}
over p = (z,y,2) € R3 is not integrable and that any two points in R? can
be joined by a path tangent to FE.

Exercise 2.7.9. Consider the manifold M = S3 ¢ R* = C2 and define
E:={(2,0) €C*xC*||2]=1,( Lz iCLz}.

Thus the fiber
E.,CT.S% =zt

is the maximal complex linear subspace of 7.53. Prove that E has real
rank 2 and is not integrable.

Exercise 2.7.10. Let £ C T'M be an involutive subbundle of rank n and
let L C M be a leaf of the foliation determined by E. A subset V C L is
called L-open iff it can be written as a union of submanifolds N of M
with tangent spaces T, N = E, for p € N. Prove that the L-open sets form
a topology on L (called the intrinsic topology). Prove that the obvious
inclusion ¢ : L — M is continuous with respect to the intrinsic topology on L.
Prove that the inclusion ¢: L — M is proper if and only if the intrinsic
topology on L agrees with the relative topology inherited from M (called
the extrinsic topology).

Remark 2.7.11. It is surprisingly difficult to prove that each closed leaf L
of a foliation is a submanifold of M. A proof due to David Epstein [19] is
sketched in §2.9.4 below.
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2.8 The Intrinsic Definition of a Manifold*

It is somewhat restrictive to only consider manifolds that are embedded in
some Euclidean space. Although we shall see that (at least) every compact
manifold admits an embedding into a Euclidean space, such an embedding is
in many cases not a natural part of the structure of a manifold. In particular,
we encounter manifolds that are described as quotient spaces and there are
manifolds that are embedded in certain infinite-dimensional Hilbert spaces.
For this reason it is convenient, at this point, to introduce a more general
intrinisc definition of a manifold. (See Chapter 1 for an overview.) This
requires some background from point set topology that is not covered in
the first year analysis courses. We shall then see that all the definitions and
results of this chapter carry over in a natural manner to the intrinsic setting.
We begin by recalling the intrinsing definition of a smooth manifold in §1.4.

2.8.1 Definition and Examples

Figure 2.14: Coordinate charts and transition maps.

Definition 2.8.1 (Smooth m-manifold). Let m € Ny and M be a set.
A chart on M is a pair (¢,U) where U C M and ¢ is a bijection from U
to an open set p(U) C R™. Two charts (¢1,U1), (¢2,Uz2) are called com-
patible iff ¢1 (U1 NUs) and ¢2(Uy NUs) are open and the transition map

P21 = po 0 py ' d1 (U1 NU2) — ¢o(Ur NUs) (2.8.1)

is a diffeomorphism (see Figure 2.14). A smooth atlas on M is a collec-
tion o/ of charts on M any two of which are compatible and such that the
sets U, as (¢, U) ranges over o, cover M (i.e. for every p € M there exists
a chart (¢,U) € o/ with p € U). A maximal smooth atlas is an atlas
which contains every chart which is compatible with each of its members.

A smooth m-manifold is a pair consisting of a set M and a maximal
atlas o/ on M.
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In Lemma 1.4.3 it was shown that, if &/ is an atlas, then so is the
collection .7 of all charts compatible with each member of 7. Moreover,
the atlas 7 is maximal, so every atlas extends uniquely to a maximal atlas.
For this reason, a manifold is usually specified by giving its underlying set M
and some atlas on M. Generally, the notation for the atlas is suppressed and
the manifold is denoted simply by M. The members of the atlas are called
coordinate charts or simply charts on M. By Lemma 1.3.3 a smooth
m-manifold admits a unique topology such that, for each chart (¢, U) of the
smooth atlas, the set U C M is open and the bijection

¢:U— o(U)

is a homeomorphism onto the open set ¢p(U) C R™. This topology is called
the intrinsic topology of M and is described in the following definition.

Definition 2.8.2. Let M be a smooth m-manifold. The intrinsic topology
on the set M 1is the topology induced by the charts, i.e. a subset

WcM

is open in the intrinsic topology iff ¢(U NW) is an open subset of R™ for
every chart (¢,U) on M.

Remark 2.8.3. Let M C RF be smooth m-dimensional submanifold of R¥
as in Definition 2.1.3. Then the set of all diffeomorphisms (¢, U N M) as
in Definition 2.1.3 form a smooth atlas as in Definition 2.8.1. The intrin-
sic topology on the resulting smooth manifold is the same as the relative
topology defined in §1.3.

Remark 2.8.4. A topological manifold is a topological space such that
each point has a neighborhood U homeomorphic to an open subset of R™.
Thus a smooth manifold (with the intrinsic topology) is a topological man-
ifold and its maximal smooth atlas &/ is a subset of the set . of all
pairs (¢, U) where U C M is an open set and ¢ is a homeomorphism from U
to an open subset of R™. One says that the maximal smooth atlas ¢ is a
smooth structure on the topological manifold M iff the topology of M is
the intrinsic topology of the smooth structure and every chart of the smooth
structure is a homeomorphism. As explained in §1.4 a topological manifold
can have many distinct smooth structures (see Remark 1.4.6). However, it
is a deep theorem beyond the scope of this book that there are topological
manifolds which do not admit any smooth structure.

LAt this point we do not assume that the intrinsic topology on the manifold M is
Hausdorff or second countable. These hypotheses will be imposed after the end of the
present chapter. For explanations see the comments at the end of §2.8.1 and of §2.9.5.
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Example 2.8.5. The complex projective space CP" is the set
CP"™ = {€ C C""| ¢ is a 1-dimensional complex subspace}
of complex lines in C**!. It can be identified with the quotient space
CP" = (€1 {0}) /C°

of nonzero vectors in C"*t! modulo the action of the multiplicative group

C* = C\ {0} of nonzero complex numbers. The equivalence class of a
nonzero vector z = (o, ..., z,) € C"*! will be denoted by
2] =[z0:21: " :2n) i ={X2| A€ C"}
and the associated line is £ = Cz. An atlas on CP" is given by the open
cover U; := {[z0: -+ :2y]|2i #0} for i = 0,1,...,n and the coordinate
charts ¢; : U; — C™ are
20 Zi—1 i+l Zn
; D =—,... e, — 2.8.2
¢Z([ZO Zn]) <Z7;7 ) 2 ) 2 ) ) Zi) ( )

Exercise: Prove that each ¢; is a homeomorphism and the transition maps
are holomorphic. Prove that the manifold topology is the quotient topology,
i.e. if 7 : C"*1\ {0} — CP" denotes the obvious projection, then a sub-
set U C CP™ is open if and only if 7=1(U) is an open subset of C**1\ {0}.

Example 2.8.6. The real projective space RP" is the set
RP™ = {¢ C R""!| ¢ is a 1-dimensional linear subspace }
of real lines in R™*!. Tt can again be identified with the quotient space
RP" = (R"1\ {0}) /R"

of nonzero vectors in R"*! modulo the action of the multiplicative group
R* = R\ {0} of nonzero real numbers, and the equivalence class of a nonzero
vector © = (g, ..., 7,) € R""! will be denoted by

[x] = [zo: 21 : - xy) :i={Ax| A € R*}.
An atlas on RP" is given by the open cover
Ui = {[CEQ : l’n]’l’l#O}

and the coordinate charts ¢; : U; — R™ are again given by (2.8.2), with z;
replaced by x;. The arguments in Example 2.8.5 show that these coordinate
charts form an atlas and the manifold topology is the quotient topology. The
transition maps are real analytic diffeomorphisms.
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Example 2.8.7. The real n-torus is the topological space
™ .= R"/Z"

equipped with the quotient topology. Thus two vectors z,y € R™ are equiv-
alent iff their difference x — y € Z™ is an integer vector and we denote by
7w : R™ — T" the obvious projection which assigns to each vector x € R" its
equivalence class

m(x) = [z] ==+ 2"

Then a set U C T™ is open if and only if the set 771 (U) is an open subset
of R™. An atlas on T" is given by the open cover

Uy =A{lz] |z € R", |z —a| < 1/2},

parametrized by vectors @ € R", and the coordinate charts ¢, : U, — R"
defined by ¢q([z]) := = for z € R™ with |z —a| < 1/2. Exercise: Show
that each transition map for this atlas is a translation by an integer vector.

Example 2.8.8. Consider the complex Grassmannian
Gr(C") :={V Cc C"|v is a k-dimensional complex linear subspace} .

This set can again be described as a quotient space G;(C") = F;(C™)/U(k).
Here
Fi(C™) = {D e C™* | D*D = 11}

denotes the set of unitary k-frames in C" and the group U(k) acts on Fj(C™)
contravariantly by D — Dg for g € U(k). The projection

T J—'k(C") — Gk((C”)

sends a matrix D € Fi(C") to its image V := w(D) := im D. A subset
U C Gi(C") is open if and only if 7~1(U) is an open subset of Fj(C"). Given
a k-dimensional subspace V' C C™ we can define an open set Uy C G (C") as
the set of all k-dimensional subspaces of C™ that can be represented as graphs
of linear maps from V to V. This set of graphs can be identified with the
complex vector space HomC(V, V1) of complex linear maps from V to V+
and hence with C(*~%)*F This leads to an atlas on G, (C") with holomorphic
transition maps and shows that G;(C") is a manifold of complex dimension
kn — k. Exercise: Verify the details of this construction. Find explicit
formulas for the coordinate charts and their transition maps. Carry this
over to the real setting. Show that CP™ and RP"™ are special cases.
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Example 2.8.9 (The real line with two zeros). A topological space M
is called Hausdorff iff any two points in M can be separated by disjoint
open neighborhoods. This example shows that a manifold need not be a
Hausdorff space. Consider the quotient space

M:=Rx{0,1}/ =

where [z,0] = [z,1] for x # 0. An atlas on M consists of two coordinate
charts ¢g : Up — R and ¢ : Uy — R where

U :={[z,i] |z € R}, ¢i([z,i]) ==

for ¢ = 0,1. Thus M is a l-manifold. But the topology on M is not
Hausdorff, because the points [0, 0] and [0, 1] cannot be separated by disjoint
open neighborhoods.

Example 2.8.10 (A 2-manifold without a countable atlas). Consider
the vector space X = R x R? with the equivalence relation

either y1 = yo # 0, t1 + x1y1 = t2 + Toyo

t1, 21, = |t2, 22, —
[1 191] [2 2y2] Ory1:y2207t1:t2,x1:x2'

For y # 0 we have [0,z,y] = [t,z — t/y,y|, however, each point (z,0) on
the z-axis gets replaced by the uncountable set R x {(x,0)}. Our manifold
is the quotient space M := X/ =. This time we do not use the quotient
topology but the topology induced by our atlas (see Definition 2.8.2). The
coordinate charts are parametrized by the reals: for ¢ € R the set Uy C M
and the coordinate chart ¢, : Uy — R? are given by

Ut = {[t,.’I},yHIB,yGR}, ¢t([t7$7y]) = (IE,y)

A subset U C M is open, by definition, iff ¢;(UNU;) is an open subset of R?
for every t € R. With this topology each ¢; is a homeomorphism from Uy
onto R? and M admits a countable dense subset S := {[0,z,]|z,y € Q}.
However, there is no atlas on M consisting of countably many charts. (Each
coordinate chart can contain at most countably many of the points [¢,0, 0].)
The function f : M — R given by f([t,z,y]) := t + xy is smooth and each
point [¢,0,0] is a critical point of f with value ¢. Thus f has no regular
value. Exercise: Show that M is a path-connected Hausdorff space.

In Theorem 2.9.12 we will show that smooth manifolds whose topology is
Hausdorff and second countable are precisely those that can be embedded in
Euclidean space. Most authors tacitly assume that manifolds are Hausdorff
and second countable and so will we after the end of the present chapter.
However before §2.9.1 there is no need to impose these hypotheses.
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2.8.2 Smooth Maps and Diffeomorphisms

Our next goal is to carry over all the definitions from embedded manifolds
in Euclidean space to the intrinsic setting.

Definition 2.8.11 (Smooth map). Let

(M, {(¢a,Ua)}aca), (N, {(45,Vp)}peB)

be smooth manifolds. A map f: M — N is called smooth iff it is continu-
ous and the map

foa =1go foodsl: da(Uan fH(Vp)) = vs(Va) (2.8.3)

is smooth for every a € A and every B € B. It is called a diffeomorphism
iff it is bijective and f and f~' are smooth. The manifolds M and N are
called diffeomorphic iff there exists a diffeomorphism f: M — N.

The reader may check that the notion of a smooth map is independent
of the atlas used in the definition, that compositions of smooth maps are
smooth, and that sums and products of smooth maps from M to R are
smooth.

Exercise 2.8.12. Let M be a smooth m-dimensional manifold with an atlas

o = {(d)aa Ua)}aeA :

Consider the quotient space
M= {a} x ¢a(Ua) [ ~,
acA

where
def

(yz)~ (Bry) <= 6. (x) =5 ().
for a,8 € A, v € ¢o(Uy), and y € ¢g(Ug). Define an atlas on M by

U, = {[a,a:] ’x € gba(Ua)}, ga([a,x]) = .
Prove that M is a smooth m-manifold and that it is diffeomorphic to M.

Exercise 2.8.13. Prove that CP! is diffeomorphic to S?. Hint: Stereo-
graphic projection.
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2.8.3 Tangent Spaces and Derivatives

In the situation where M is a submanifold of Euclidean space and p € M we
have defined the tangent space of M at p as the set of all derivatives §(0) of
smooth curves 7 : R — M that pass through p = «(0). We cannot do this
for manifolds in the intrinsic sense, as the derivative of a curve has yet to be
defined. In fact, the purpose of introducing a tangent space of M is precisely
to allow us to define what we mean by the derivative of a smooth map. There
are two approaches. One is to introduce an appropriate equivalence relation
on the set of curves through p and the other is to use local coordinates.

Definition 2.8.14. Let M be a manifold with an atlas & = {(pa, Un) }aca
and let p € M. Two smooth curves vo,71 : R — M with ~y(0) = v1(0) =p
are called p-equivalent iff for some (and hence every) a € A with p € U,
we have

9 gato = 5 gatni).

dt |,—o t=0
We write o £ Y1 iff Yo is p-equivalent to y1 and denote the equivalence class
of a smooth curve v : R — M with v(0) = p by [y],. Every such equivalence
class is called a tangent vector of M at p. The tangent space of M at p
is the set of equivalence classes
TyM :={[v]p |v: R — M is smooth and v(0) = p} . (2.8.4)

Definition 2.8.15. Let M be a manifold with an atlas o = {(¢a,Uq) taca
and let p € M. The o/-tangent space of M at p is the quotient space

T7M = | J {a} xR™ / 2, (2.8.5)
pEU

where the union runs over all « € A with p € U, and

(@O~ (B = d(ds0d") @E=n @ = da(p).
FEach equivalence class [a, &), is called a tangent vector of M at p.

In Definition 2.8.14 it is not immediately obvious that the set T,M
in (2.8.4) is a vector space. However, the quotient space T;‘{M in (2.8.5) is
obviously a vector space of dimension m and there is a natural bijection

T,M — T/ M : [4], — [a, 4 qﬁa('y(t))} . (2.8.6)
p

t=0

This bijection induces a vector space structure on the set 7),M. In other
words, the set T, M in (2.8.4) admits a unique vector space structure such
that the map T,M — Tf M in (2.8.6) is a vector space isomorphism.
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Exercise 2.8.16. Verify the phrase “and hence every” in Definition 2.8.14
and deduce that the map T,M — TI;QVM in (2.8.6) is well defined. Show
that it is bijective.

From now on we will use either Definition 2.8.14 or Definition 2.8.15 or
both, whichever way is most convenient, and drop the superscript <.

Definition 2.8.17 (Derivative of a smooth curve). For each smooth
curve v : R — M with v(0) = p we define the derivative ¥(0) € T,M as the
equivalence class

50 =Bl = o

%@(t))] e T,M.

Definition 2.8.18 (Derivative of a smooth map). Let f : M — N
be a smooth map between two smooth manifolds (M, {(¢a,Uqs)}aca) and
(N, {(¥s,V3)}pen) and let p € M. The derivative of f at p is the map

df(p) : TpM — Tf(p)N

t=0

defined by the formula

df (p)[Vlp = [f oV s(p) (2.8.7)

for each smooth curve v : R — M with v(0) = p. Here we use (2.8.4).
Under the isomorphism (2.8.6) this corresponds to the linear map

df(p)[avé.]p = [B7df5a($)£]f(p)v T = ¢a(p), (288)
for oo € A with p € Uy and B € B with f(p) € Vs, where fzo is given
by (2.8.3).

Remark 2.8.19. Think of N = R" as a manifold with a single coordinate
chart, namely the identity map ¢g = id : R" — R". For every ¢ € N = R"
the tangent space TN is then canonically isomorphic to R" via (2.8.5).
Thus for every smooth map f : M — R" the derivative of f at p € M is a
linear map df (p) : T,M — R", and the formula (2.8.8) reads

df (p)lev, €l = d(f o ¢ ') (@), = ga(p).
This formula also applies to maps defined on some open subset of M. In
particular, with f = ¢, : Uy, — R™ we have
doa(p)[e, &lp = €.

Thus the map d¢q(p) : T,M — R™ is the canonical vector space isomor-
phism determined by «.

With these definitions the derivative of f at p is a linear map and we have
the chain rule for the composition of two smooth maps as in Theorem 2.2.14.
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2.8.4 Submanifolds and Embeddings

Definition 2.8.20 (Submanifold). Let M be a smooth m-manifold and let
n e {0,1,...,m}. A subset N C M is called an n-dimensional submanifold
of M iff, for every p € N, there exists a local coordinate chart ¢ : U —
for M, defined on an an open neighborhood U C M of p and with values in

an open set @ C R™ x R™™" such that (U NN) = QN (R™ x {0}).

By Theorem 2.1.10 an m-manifold M C R* in the sense of Defini-
tion 2.1.3 is a submanifold of R¥ in the sense of Definition 2.8.20. By The-
orem 2.3.4 the notion of a submanifold N C M of a manifold M c R¥ in
Definition 2.3.1 agrees with the notion of a submanifold in Definition 2.8.20.

Exercise 2.8.21. Let N be a submanifold of M. Show that if M is Haus-
dorff, so is NV, and if M is paracompact, so is N.

Exercise 2.8.22. Let N be a submanifold of M and let P be a submanifold
of N. Prove that P is a submanifold of M. Hint: Use Theorem 2.1.10.

Exercise 2.8.23. Let N be a submanifold of M. Prove that there exists an
open set U C M such that N C U and N is closed in the relative topology
of U.

All the theorems we have proved for embedded manifolds and their proofs
carry over almost word for word to the present setting. For example we have
the inverse function theorem, the notion of a regular value, the notions of
a submersion and of an immersion, the notion of an embedding as a proper
injective immersion, and the fact from Theorem 2.3.4 that a subset P C M
is a submanifold if and only if it is the image of an embedding.

Exercise 2.8.24 (Lines in Euclidean space). The tangent bundle of the
2-sphere is the 4-manifold

TS? = {(a:,y) € R3 x R3‘ lz| =1, (z,y) = 0}
(see Example 2.2.6). Define an equivalence relation on T'S? by

@y ~@y) & P =z =y

for (z,y), (2',y") € TS?. Show that the quotient space T'S?/~ can be iden-
tified with the set L of all lines in R?, by assigning to each pair (z,y) € T.S?
the line £, , := {y +tx ‘ te R} C R3. Show that the space L of lines in R3
admits the unique structure of a smooth manifold such that the canonical
projection TS? — L : (z,y) — 44 is a submersion. Show that the manifold
topology on L agrees with the quotient topology on T'S?/~. Show that the
map L — RP? x R3 : £, , — ([z],y) is an embedding.
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Example 2.8.25 (Veronese embedding). The map
CP? — CP? : [20 : 21 : z2] — [zg : zf : zg 2122 1 2220 ¢ 2071

is an embedding. (Exercise: Prove this.) It restricts to an embedding of
the real projective plane into RP? and also gives rise to embeddings of RP?
into R* as well as to the Roman surface: an immersion of RP? into R3. (See
Example 2.1.17.) There are similar embeddings

d
CP" - CPY, N = <"§ >
for all n and d, defined in terms of monomials of degree d in n + 1 variables.
These are the Veronese embeddings.

Example 2.8.26 (Pliicker embedding). The Grassmannian Go(R?*) of
2-planes in R?* is a smooth 4-manifold and can be expressed as the quotient
of the space F»(IR*) of orthonormal 2-frames in R* by the orthogonal group
O(2). (See Example 2.8.8.) Write an orthonormal 2-frame in R? as a matrix

Lo Yo

p=|" Y1  DD=1
T2 Y2
T3 Y3

Then the map f : Go(R*) — RP?, defined by
f([D]) = [Pm ©Po2 P03 : P23 P31 ¢p12}7 Pij ‘= TiY; — LY,
is an embedding and its image is the quadric
X := f(G2(R") = {p € RP® | po1p23 + po2ps1 + posprz = 0} .

(Exercise: Prove this.) There are analogous embeddings

f:Gr(®R") - RPN-1, N .= (Z)

for all k£ and n, defined in terms of the k x k-minors of the (orthonormal)
frames. These are the Pliicker embeddings.
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2.8.5 Tangent Bundle and Vector Fields

Let M be a m-manifold with an atlas &/ = {(¢a,Ua)}acas- The tangent
bundle of M is defined as the disjoint union of the tangent spaces, i.e.

TM = | J {p} x T,M = {(p,v)|p € M, v € T,M}.
peEM

Denote by 7 : TM — M the projection given by 7 (p,v) := p. Recall the
notion of a submersion as a smooth map between smooth manifolds, whose
derivative is surjective at each point.

Lemma 2.8.27. The tangent bundle of M is a smooth 2m-manifold with
coordinate charts

ba : Uy =1 HUs) = ¢a(Us) x R™, G (D, ) := (a(p), dba(p)v) .

The projection w : TM — M 1is a surjective submersion. If M is second
countable and Hausdorff, so is T M.

Proof. For each pair «, 8 € A the set
bo(Us NUs) = ¢a(Us NUZ) x R™
is open in R™ x R™ and the transition map
o =050 65" Ga(Ua NUs) = ¢5(Ua NTp)
is given by

gﬁa(xag) = (d),é’a(l‘)?dﬂﬁﬂa(x)g)
for x € ¢po(Uy NUg) and § € R™ where

Ppo = b5 0 g

Thus the transition maps are all diffeomorphisms and so the coordinate
charts ¢, define an atlas on T'M. The topology on T'M is determined by
this atlas via Definition 2.8.2. If M has a countable atlas, so does T'M. The
remaining assertions are easy exercises. O

Definition 2.8.28. Let M be a smooth m-manifold. A (smooth) vector
field on M is a collection of tangent vectors X(p) € T,M, one for each
point p € M, such that the map M — TM : p — (p, X(p)) is smooth. The
set of all smooth vector fields on M will be denoted by Vect(M).
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Associated to a vector field is a smooth map M — T'M whose composi-
tion with the projection 7w : TM — M is the identity map on M. Strictly
speaking this map should be denoted by a symbol other than X, for exam-
ple by X. However, it is convenient at this point, and common practice,
to slightly abuse notation and denote the map from M to T'M also by X.
Thus a vector field can be defined as a smooth map

X:M—->TM

such that
moX=1id: M — M.

Such a map is also called a section of the tangent bundle.
Now suppose & = {(¢a,Ua)}4ecq is an atlas on M and X : M — TM
is a vector field on M. Then X determines a collection of smooth maps

Xao : 0a(Uy) — R™

given by
Xa(2) = doa(p)X(p),  p:=d, (2), (2.8.9)

for z € ¢o(Uy). We can think of each X, as a vector field on the open set
?a(Usy) C R™, representing the vector field X on the coordinate patch U,.
These local vector fields X, satisfy the condition

Xp(¢pa(2)) = ddppa(z)Xa(z) (2.8.10)
for x € ¢o(Uy NUg). This equation can also be expressed in the form

XalpaUanUs) = P8aX8losUants)- (2.8.11)

Conversely, any collection of smooth maps X, : ¢o(U,) — R™ satisfy-
ing (2.8.10) determines a unique vectorfield X on M via (2.8.9). Thus we
can define the Lie bracket of two vector fields X,Y € Vect(M) by

(X, Y] (@) = [Xa, Ya](2) = dXo(2)Ya(z) — dYa(2)Xa(z)  (2.8.12)

for a € Aand z € ¢o(Uy). It follows from equation (2.4.18) in Lemma 2.4.21
that the local vector fields

[X,Y]a : ¢a(Us) — R™
satisfy (2.8.11) and hence determine a unique vector field [X,Y] on M via

[X,Y](p) := déa(p) ' [Xa, Yal(6a(p)),  p € Ua. (2.8.13)
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Thus the Lie bracket of X and Y is defined on U, as the pullback of the Lie
bracket of the vector fields X, and Y, under the coordinate chart ¢,. With
this understood all the results in §2.4 about vector fields and flows along with
their proofs carry over word for word to the intrinsic setting whenever M is a
Hausdorff space. This includes the existence and uniquess result for integral
curves in Theorem 2.4.7, the concept of the flow of a vector field in Defini-
tion 2.4.8 and its properties in Theorem 2.4.9, the notion of completeness
of a vector field (that the integral curves exist for all time), and the various
properties of the Lie bracket such as the Jacobi identity (2.4.20), the formu-
las in Lemma 2.4.18, and the fact that the Lie bracket of two vector fields
vanishes if and only if the corresponding flows commute (see Lemma 2.4.26).
One can also carry over the notion of a subbundle £ C T'M of rank n to
the intrinsic setting by the condition that FE is a smooth submanifold of T'M
and intersects each fiber T, M in an n-dimensional linear subspace

E, ={veT,M|(p,v) € E}.

Then the characterization of subbundles in Theorem 2.6.10 and the theorem
of Frobenius 2.7.2 including their proofs also carry over to the intrinsic
setting whenever M is a Hausdorff space.

2.8.6 Coordinate Notation

Fix a coordinate chart ¢, : U, — R™ on an m-manifold M. The components
of ¢, are smooth real valued functions on the open subset U, of M and it
is customary to denote them by

', 2™ Uy — R
The derivatives of these functions at p € U, are linear functionals
dz'(p) : T,M — R, i=1,...,m. (2.8.14)
They form a basis of the dual space
T, M := Hom(T,M,R).

(A coordinate chart on M can in fact be characterized as an m-tuple of real
valued functions on an open subset of M whose derivatives are everywhere
linearly independent and which, taken together, form an injective map.)
The dual basis of T, M will be denoted by

0 0

@(p),---,axim(p) € T,M. (2.8.15)
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Thus 5
i e )L iti=4,
da'(p) 7 P) = 9 '_{ 0, ifij,
for i,7 = 1,...,m and 9/0x" is a vector field on the coordinate patch U,,.

For each p € U, it is the canonical basis of T, M determined by ¢,. In the
notation of (2.8.5) and Remark 2.8.19 we have

0
ox’
where e¢; = (0,...,0,1,0,...,0) (with 1 in the ith place) denotes the stan-

dard basis vector of R™. In other words, for all £ = (¢1,...,€™) € R™ and
all p € U,, the tangent vector

(p) = [, eilp = doa(p) e,

vi=dpa(p)~'E € T,M

is given by

v=longly = D€ () (2.8.16)
=1

Thus the restriction of a vector field X € Vect(M) to U, has the form

X|Ua :;glaxia

where £, ..., 6™ : U, — R are smooth real valued functions. If the map

Xo: 0a(Uy) = R™
is defined by (2.8.9), then
Xoodg' =(€h...,&m).

The above notation is motivated by the observation that the derivative of
a smooth function f : M — R in the direction of a vector field X on a
coordinate patch U, is given by

N Of
EXf|Ua—;£ Bt

Here the term Of/0x' is understood as first writing f as a function of
x', ..., 2™, then taking the partial derivative, and afterwards expressing this
partial derivative again as a function of p. Thus 9f/dz" is the shorthand

notation for the function (821- (fodah))oda:Us—R.
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2.9 Consequences of Paracompactness®

In geometry it is often necessary to turn a construction in local coordinates
into a global geometric object. A key technical tool for such “local to global”
constructions is an existence theorem for partitions of unity.

2.9.1 Paracompactness

The existence of a countable atlas is of fundamental importance for almost
everything we will prove about manifolds. The next two remarks describe
several equivalent conditions.

Remark 2.9.1. Let M be a smooth manifold and denote by
w c2M

the topology induced by the atlas as in Definition 2.8.2. Then the following
are equivalent.

(a) M admits a countable atlas.

(b) M is o-compact, i.e. there is a sequence of compact subsets K; C M
such that K; C int(K;1) for every i € N and M = |2, K;.

(c) Every open cover of M has a countable subcover.

(d) M is second countable, i.e. there is a countable collection of open sets
9B C U such that every open set U € % is a union of open sets from the
collection A. (£ is then called a countable base for the topology of M.)

That (a) = (b) = (¢) = (a) and (a) = (d) follows directly from the
definitions. The proof that (d) implies (a) requires the construction of a
countable refinement and the axiom of choice. (A refinement of an open
cover {U; }icr is an open cover {V;};cs such that each set Vj is contained in
one of the sets U;.)

Remark 2.9.2. Let M and % be as in Remark 2.9.1 and suppose in ad-
dition that M is a connected Hausdorff space. Then the existence of a
countable atlas is also equivalent to each of the following conditions.

(e) M is metrizable, i.e. there is a distance function d : M x M — [0, c0)
such that % is the topology induced by d.

(f) M is paracompact, i.e. every open cover of M has a locally finite
refinement. (An open cover {V;};ecs is called locally finite iff every p € M
has a neighborhood that intersects only finitely many V;.)
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That (a) implies (e) follows from the Urysohn Metrization Theorem
which asserts (in its original form) that every normal second countable topo-
logical space is metrizable [51, Theorem 34.1]. A topological space M is
called normal iff points are closed and, for any two disjoint closed sets
A, B C M, there are disjoint open sets U,V C M such that A C U and
B C V. It is called regular iff points are closed and, for every closed set
A C M and every b € M \ A, there are disjoint open sets U,V C M such
that A C U and b € V. It is called locally compact iff, for every open
set U C M and every p € U, there is a compact neighborhood of p con-
tained in U. It is easy to show that every manifold is locally compact and
every locally compact Hausdorff space is regular. Tychonoff’s Lemma
asserts that a regular topological space with a countable base is normal [51,
Theorem 32.1]. Hence it follows from the Urysohn Metrization Theorem
that every Hausdorff manifold with a countable base is metrizable. That (e)
implies (f) follows from a more general theorem which asserts that every
metric space is paracompact (see [51, Theorem 41.4] and [62]). Conversely,
the Smirnov Metrization Theorem asserts that a paracompact Haus-
dorff space is metrizable if and only if it is locally metrizable, i.e. every
point has a metrizable neighborhood (see [51, Theorem 42.1]). Since ev-
ery manifold is locally metrizable this shows that (f) implies (e). Thus we
have (a) = (e) <= (f) for every Hausdorff manifold.

The proof that (f) implies (a) does not require the Hausdorff property
but we do need the assumption that M is connected. (A manifold with
uncountably many connected components, each of which is paracompact, is
itself paracompact but does not admit a countable atlas.) Here is a sketch.
If M is a paracompact manifold, then there is a locally finite open cover
{Ua}aca by coordinate charts. Since each set U, has a countable dense
subset, the set {a € A|U, NU,, # (0} is at most countable for each o € A.
Since M is connected we can reach each point from U,, through a finite
sequence of sets Uy, , ..., Us, with Uy, | N Uy, # 0. This implies that the
index set A is countable and hence M admits a countable atlas.

Remark 2.9.3. A Riemann surface is a 1-dimensional complex manifold
(i.e. the coordinate charts take values in C and the transition maps are
holomorphic) with a Hausdorff topology. It is a deep theorem in the theory
of Riemann surfaces that every connected Riemann surface is necessarily
second countable (see [2]). Thus pathological examples of the type discussed
in Example 2.8.10 cannot be constructed with holomorphic transition maps.
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Exercise 2.9.4. Prove that every manifold is locally compact. Find an ex-
ample of a manifold M and a point pg € M such that every closed neighbor-
hood of pg is non-compact. Hint: The example is necessarly non-Hausdorff.

Exercise 2.9.5. Prove that a manifold M admits a countable atlas if and
only if it is o-compact if and only if every open cover of M has a countable
subcover if and only if it is second countable. Hint: The topology of R™ is
second countable and every open subset of R is o-compact.

Exercise 2.9.6. Prove that every submanifold M C R* (Definition 2.1.3)
is second countable.

Exercise 2.9.7. Prove that every connected component of a manifold M is
an open subset of M and is path-connected.

2.9.2 Partitions of Unity

Definition 2.9.8 (Partition of unity). Let M be a smooth manifold. A
partition of unity on M is a collection of smooth functions

0o : M — [0,1], a € A,

such that each point p € M has an open neighborhood V- C M on which only
finitely many 0, do not vanish, i.e.

#{a e Albaly 0} < oo, (2.9.1)

and, for every p € M, we have

D ba(p) =1. (2.9.2)

a€A

If {Ua} 4e 4 8 an open cover of M, then a partition of unity {0u},c 4 (indexed
by the same set A) is called subordinate to the cover iff each 6, is
supported in Uy, i.e.

supp(fy) :={p € M |0,(p) # 0} C U,.

Theorem 2.9.9 (Partitions of unity). Let M be a smooth manifold whose
topology is paracompact and Hausdorff. Then, for every open cover of M,
there exists a partition of unity subordinate to that cover.

The proof requires two preparatory lemmas.
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Lemma 2.9.10. Let M be a smooth manifold with a Hausdorff topology.
Then, for every open set V.C M and every compact set K C 'V, there exists
a smooth function k : M — [0, 00) with compact support such that k(p) > 0
for every p € K and supp(k) C V.

Proof. Assume first that K = {pg} is a single point. Since M is a mani-
fold it is locally compact. Hence there is a compact neighborhood C C V
of pp. Since M is Hausdorff C is closed and hence the set U := int(C)
is a neighborhood of py whose closure U C C' is compact and contained
in V. Shrinking U, if necessary, we may assume that there is a coordinate
chart ¢ : U — Q) with values in some open neighborhood 2 C R™ of the
origin such that ¢(pg) = 0. (Here m is the dimension of M.) Now choose a
smooth function kg : 2 — [0, 00) with compact support such that xo(0) > 0.
Then the function x: M — [0, 1], defined by k|y := kgo ¢ and k(p):=0
for p € M \ U is supported in V' and satisfies x(pg) > 0. This proves the
lemma in the case where K is a point.

Now let K be any compact subset of V. Then, by the first part of
the proof, there is a collection of smooth functions s, : M — [0,00),
one for every p € K, such that k,(p) > 0 and supp(xp) C V. Since K
is compact there are finitely many points pi,...,pr € K such that the
sets {p € M| rp,(p) >0} cover K. Hence the function x := > kp; 1s sup-
ported in V' and is everywhere positive on K. This proves Lemma 2.9.10. [

Lemma 2.9.11. Let M be a topological space. If {V;},c; is a locally finite
collection of open sets in M, then

Uv-Ur

i€ly i€lp
for every subset Iy C 1.

Proof. The set [U,¢y, V; is obviously contained in the closure of J;¢ 10 Vi-

To prove the converse choose a point py € M \ ;¢ I V. Since the collec-
tion {V;}ier is locally finite, there exists an open neighborhood U of py such
that the set I :== {i € I|V; N U # (0} is finite. Hence the set

Uo:=U\ |J Vi

i€lpNly

is an open neighborhood of py and we have Uy N'V; = () for every i € I.
Hence po ¢ ¢, Vi- This proves Lemma 2.9.11. O
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Proof of Theorem 2.9.9. Let {Uqy},c 4 be an open cover of M. We prove in
four steps that there is a partition of unity subordinate to this cover. The
proofs of steps one and two are taken from [51, Lemma 41.6].

Step 1. There is a locally finite open cover {Vi},c; of M such that, for
every it € 1, the closure V; is compact and contained in one of the sets Uy.

Denote by 7 C 2M the set of all open sets V' C M such that V is compact
and V C U, for some o € A. Since M is a locally compact Hausdorff
space the collection ¥ is an open cover of M. (If p € M, then there is an
a € A such that p € U,; since M is locally compact there is a compact
neighborhood K C U, of p; since M is Hausdorff K is closed and thus
V := int(K) is an open neighborhood of p with V' C K C U,.) Since M is
paracompact the open cover ¥ has a locally finite refinement {V;};er. This
cover satisfies the requirements of Step 1.

Step 2. There is a collection of compact sets K; C V;, one for each i € I,
such that M = J;c; K.

Denote by # C 2™ the set of all open sets W C M such that W C V; for
some 4. Since M is a locally compact Hausdorff space, the collection # is an
open cover of M. Since M is paracompact #  has a locally finite refinement
{W;}jes. By the axiom of choice there is a map

J—=T1:j—1
such that
W; C Vi, Vjed

Since the collection {W;};cs is locally finite, we have
K, = UW]': UWJ‘CVZ'
ij=i ij=i

by Lemma 2.9.11. Since V; is compact so is K;.
Step 3. There is a partition of unity subordinate to the cover {V;}icr.

Choose a collection of compact sets K; C V; for ¢ € I as in Step 2. Then,
by Lemma 2.9.10 and the axiom of choice, there is a collection of smooth

functions k; : M — [0, 00) with compact support such that

supp(k;) C Vi, Kilk, >0 Viel.
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Since the cover {V;};es is locally finite the sum

/ﬁ::Zm:M—HR
el

is locally finite (i.e. each point in M has a neighborhood in which only
finitely many terms do not vanish) and thus defines a smooth function on M.
This function is everywhere positive, because each summand is nonnegative
and, for each p € M, there is an i € I with p € K; so that x;(p) > 0. Thus
the funtions x; := k;/k define a partition of unity satisfying supp(x;) C V;
for every i € I as required.

Step 4. There is a partition of unity subordinate to the cover {Uy}aca-

Let {x;}ier be the partition of unity constructed in Step 3. By the axiom
of choice there is a map I — A : i — «; such that V; C U,, for every ¢ € I.
For a € A define 6, : M — [0, 1] by

0, := Z Xi-
a; =«

Here the sum runs over all indices ¢ € I with o; = . This sum is locally
finite and hence is a smooth function on M. Moreover, each point in M has
an open neighborhood in which only finitely many of the 6, do not vanish.
Hence the sum of the 6, is a well defined function on M and

)SUED B SR STEIE

acA acA o=« el

This shows that the functions 6, form a partition of unity. To prove the
inclusion supp(6,) C U, we consider the open sets

Wi = {p € M|xi(p) >0}

for © € I. Since W; C V; this collection is locally finite. Hence, by
Lemma 2.9.11, we have

supp(f,) = W; = U W, = U supp(x;) C U Vi C U,.
;=

;= ;= =

This proves Theorem 2.9.9. O
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2.9.3 Embedding in Euclidean Space

Theorem 2.9.12. Let M be a second countable smooth m-manifold with a
Hausdorff topology. Then there exists an embedding f : M — R*™+1 with
closed image.

Proof. The proof has five steps.

Step 1. Let U C M be an open set and let K C U be a compact set.
Then there exists an integer k € N, a smooth map f: M — R, and an
open set V.C M, such that K CV C U, the restriction f|y : V — R* is an
injective immersion, and f(p) =0 for allp € M\ U.

Choose a smooth atlas &7 = {(¢q, Us)}aca on M such that, for each a € A,
either U, C U or U, N K = (). Since M is a paracompact Hausdorff mani-
fold, Theorem 2.9.9 asserts that there exists a partition of unity {6, }aca sub-
ordinate to the open cover {Uy }aeca of M. Since the sets {p € U, | 0o (p) > 0}
with U, C U form an open cover of K and K is a compact subset of M,
there exist finitely many indices ajq, ...,y € A such that

Kc{peM|bs(p)+ - +ba,(p) >0} =V CU.
Let k:=¥¢(m + 1) and, for i = 1,..., ¢, abbreviate
bi = day, Oi == 0q,.
Define the smooth map f : M — R* by

61(p)
01(p)¢1(p)
f(p) == : for p e M.
Oe(p)
0e(p)9e(p)

Then the restriction f|y : V — RF is injective. Namely, if pg, p1 € V satisfy

f(po) = f(p1),

then

I:= {Z | Qi(po) > O} = {Z ‘ 92'(]91) > 0} 75 0
and, for i € I, we have 6;(pg) = 0;(p1), hence ¢;(py) = ¢i(p1), and so py = p;.
Moreover, for every p € V the derivative df (p) : T,M — RF is injective, and
this proves Step 1.
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Step 2. Let f: M — R be an injective immersion and let A ¢ REm+1)xk
be a nonempty open set. Then there exists a matrix A € A such that the
map Af : M — R*™+1 s an injective immersion.

The proof of Step 2 uses the Theorem of Sard (see [1, 50]). The sets

Wo = {(p,q) € M x M |p+#q},
Wy = {(p,v)GTM‘U#O}

are open subsets of smooth second countable Hausdorff 2m-manifolds and
the maps

Fy: Ax Wy — R+ Fi: Ax W — R+t
defined by

Fo(A,p,q) = A(f(p) = (@), Fi(A,p,v) = Adf (p)v

for A € A, (p,q) € Wy, and (p,v) € Wi, are smooth. Moreover, the zero
vector in R?™*! is a regular value of Fy because f is injective and of F}
because f is an immersion. Hence it follows from the intrinsic analogue of
Theorem 2.2.19 that the sets

Mo == F; 1 (0) = {(A,p,q) € Ax Wy | Af(p) = Af(a)},
My = F[H0) = {(A,p,v) € Ax Wy | Adf (p)v =0}

are smooth manifolds of dimension
dim My =dimM; = 2m + 1)k — 1.

Since M is a second countable Hausdorfl manifold, so are My and Mj.
Hence the Theorem of Sard asserts that the canonical projections

Mo — A: (A, p,q) — A=:m(A,p,q),
My — A:(Ap,v)— A=:m(A,p,v),

have a common regular value A € A. Since
dim My = dim M7 < dim A,

this implies

A e A\ (mo(Mo) Um(My)).

Hence Af : M — R?>™*! is an injective immersion and this proves Step 2.
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If M is compact, the result follows from Steps 1 and 2 with K =U = M.
In the noncompact case the proof requires two more steps to construct an
embedding into R¥"*4 and a further step to reduce the dimension to 2m + 1.

Step 3. Assume M is not compact. Then there exists a sequence of open
sets Uy C M, a sequence of smooth functions p; : M — [0,1], and a sequence
of compact sets K; C U; such that

supp(pi) c U;, K; = pi_l(l) c U;, U; N Uj =0

for alli,j € N with |i — j] > 2 and M = J;2, K.

Since M is second countable, there exists a sequence of compact sets C; C M
such that C; C int(Cjy1) for all i € N and M = J,cy Ci (Remark 2.9.1).
Define the compact sets B; C M by Cp := () and

B; :=C; \ Ci_1 for i € N.
Then M = |J;cn B; and, for all ¢, j € N with j > i 4 2, we have
B, CcC;C int(C'j_l), Bj - Cj \int(Cj_l)

and so B; N Bj = 0. Since M is metrizable by Remark 2.9.2, there exists
a distance function d : M x M — [0, 00) that induces the intrinsic topology
on M. Define

A’i = B‘a i = iy Di) = i yq).
U B a=dnB) = el da)
JEN\{i—1,,i+1}

Then A; is a closed subset of M, because any convergent sequence in M must
belong to a finite union of the B;. Since A; N B; = (), this implies ¢; > 0.
For i € N define the set U; C M by

U; == {p eM | there exists a ¢ € B; with d(p,q) < 62-/3} .

Then {U,};cn is a sequence of open subsets of M such that B; C U; C Cjyq
for all i € N and U; N U; = 0 for |i — j| > 2. In particular, each set U; has a
compact closure.

For each i there exists of a partition of unity subordinate to the open
cover M = U; U (M \ B;) and hence a smooth function p; : M — [0, 1] such
that supp(p;) C U; and p;| g, = 1. Define K; := p; 1(1) = {p € U; | pi(p) = 1}
for : € N. Then K; is a compact set and B; C K; C U; for each i € N.
Hence M = J;cy Ki and this proves Step 3.
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Step 4. Assume M is not compact. Then there exists an embedding
[ M — R

with a closed image and a pair of orthonormal vectors x,y € R¥™+* such
that, for every € > 0, there exists a compact set K C M with

sup inf S) sr —ty| < e. (2.9.3)

peM\K 5teR | [ f(p)]

Assume M is not compact and let K;,U;, p; be as in Step 3. Then, by
Steps 1 and 2, there exists a sequence of smooth maps ¢; : M — R*™+1 such
that gi|anp, =0, the restriction g;|x, : K; — R*™*! is injective, and the
derivative dg;(p) : T,M — R?*™T! is injective for all p € K; and all i € N.
Let £ € R?"*! be a unit vector and define the maps f; : M — R*™+1 by

fip) = pitp) [ ig + 2@ (2.9.4)
1+ |gi(p)?

for p € M and i € N. Then the restriction f;|x, : K; — R*™*! is injective,
the derivative df;(p) : T,M — R?™+1 is injective for all p € K;, and

supp(fi) C Us, fi(KG) € Ba(i§), fi(M) C Bi+1(0).
Define the maps f°44, fev: M — R?™+1 and p°dd, p®v : M — R by

o () { poi—1(p), ifi € Nand p € U1,

0, if p € M\ Usen Uzi-1,
Fodd () 1= { fai1(p), lfl € Nand p € Uy,
0, ifpe M\ UieN Us;_1,
v (p) = p2i(p), ifi€Nandpe Uy,
! ”’{m if p e M\ Uen Ui,
£ (p) = { f2i(p), 1f@ € Nand p € Uy,
0, ifpe M\ UieN Us;,

and define the map f: M — R¥m+4 by

)= (72 ®), 1), 6 (), 1 (1)

forpe M.
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We prove that f is injective. To see this, note that

2i—2 < |fod(p)| < 2i
€ Ko = . ’
p=fem { f ()] <20 +1,
2 — 1 < |f¥(p)| < 2i+1,
| fodd(p)| < 2i + 2,

Now let po,p1 € M such that f(po) = f(p1). Assume first that py € Ko;—1.
Then p°d(p1) = p°dd(pg) = 1 and hence p; € Ujen K2j-1. By (2.9.5), we
also have 2i — 2 < |f°4d(p)| = | f°44(po)| < 2i and hence p; € Ko;_1. This
implies fo;—1(p1) = f°4(p1) = f°%(po) = f2i-1(po) and so py = p1. Now
assume po € Ko;. Then p®(p1) = p®(po) =1 and hence p; € UjeN Ky;.
By (2.9.5), we also have 2i — 1 < | f*V(p1)| = |f(po)| < 2i + 1, so p1 € Ky,
which implies foi(p1) = f(p1) = < (po) = f2i(po), and so again py = p1.
This shows that f is injective. That f is an immersion follows from the fact
that the derivative df;(p) is injective for all p € K; and all i € N.

We prove that f is proper and has a closed image. Let (p,),en be a
sequence in M such that the sequence (f(p,))yen in R is bounded.
Choose i € N such that |f°44(p,)| < 2i and |f¥(p,)| < 2i + 1 for all v € N.
Then p, € UJQZ:1 K for all v € N by (2.9.5). Hence (p,),en has a convergent
subsequence. Thus f : M — R*™*4 is an embedding with a closed image.

Next consider the pair of orthonormal vectors

x:=(0,&,0,0), y:=(0,0,0,¢)

in R+ = R x R?"F! x R x R+ Let (p,)yen be a sequence in M
that does not have a convergent subsequence and choose a sequence i, € N
such that p, € Kog;,—1 U Ky;, for all v € N. Then ¢, tends to infinity.
If p, € Ko, 1 for all v, then we have limsup,_, | f°%(p,)| 7 f¥(p,)| < 1
by (2.9.5). Passing to a subsequence, still denoted by (p,),en, we may
assume that the limit A := lim, 00| f°4(£,)| 71 f<V (p,)| exists. Then

odd oy
0<az1, fim @l g @Al A

v=oo | f(py)| VI+X2T veee [f(pu)l V142

and it follows from (2.9.4) that

(2.9.5)
pE Ko; —

) i )
lim 2 \Pv) lim ————— = \¢.
AT S R TR,
This implies
. f(pl/) _ < £ AL ) = L A
Jim fol - e i) Tyt T
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Similarly, if p, € Ko;, for all v, there exists a subsequence such that the
limit A := lim, 00| £V (p, )| 71 £°4(p, )| exists and, by (2.9.4), this implies

mf(pu)_<0 & >: U N
v=o0 | f(py)] WVIHATTVIHN) VI N VI N
This shows that the vectors x and y satisfy the requirements of Step 4.

Step 5. There exists an embedding f : M — R?*™ 1 with a closed image.

For compact manifolds the result was proved in Steps 1 and 2 and for m = 0
the assertion is obvious, because then M is a finite or countable set with
the discrete topology. Thus assume that M is not compact and m > 1.
Choose f: M — R¥*4 and z,y € R¥"*+* as in Step 4 and define

A= A e REMADX(Am+4) the vectors Ax and Ay
' are linearly independent |

Since m > 1, this is a nonempty open subset of RZm+1)x(Am+4) e prove

that the map Af : M — R*"*+! is proper and has a closed image for ev-
ery A € A. To see this, fix a matrix A € A. Let (p,),en be a sequence in M
that does not have a convergent subsequence. Then by Step 4 there exists a
subsequence, still denoted by (p,),en, and real numbers s,¢ € R such that

2 2 . f(pv) .
s°+te =1, lim = sx + ty, lim |f(p,)| = cc.
M T F ) A )
This implies
. Af(p)
lim = sAx +tAy #0
v=oo |f(py)]

and hence lim, o |Af(py)| = co. Thus the preimage of every compact sub-
set of R?™*! under the map Af : M — R?*"+1 is a compact subset of M,
and hence Af is proper and has a closed image (Remark 2.3.3).

Now it follows from Step 2 that there exists a matrix A € A such that the
map Af : M — R?>™*1! is an injective immersion. Hence it is an embedding
with a closed image. This proves Step 5 and Theorem 2.9.12. O

The Whitney Embedding Theorem asserts that every second count-
able Hausdorff m-manifold M admits an embedding f: M — R?>™. The
proof is based on the Whitney Trick and goes beyond the scope of this
book. The next exercise shows that Whitney’s theorem is sharp.

Remark 2.9.13. The manifold RP? cannot be embedded into R3. The same
is true for the Klein bottle K := R?/ = where the equivalence relation is
given by [z,y] =[x + k, ¢ — y] for z,y € R and k, ¢ € Z.
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2.9.4 Leaves of a Foliation

Let M be an m-dimensional paracompact Hausdorfl manifold and £ C T M
be an integrable subbundle of rank n. Let L C M be a closed leaf of the
foliation determined by FE. Then L is a smooth n-dimensional submanifold
of M. Here is a sketch of David Epstein’s proof of this fact in [19].

(a) The space L with the intrinsic topology admits the structure of a mani-
fold such that the obvious inclusion ¢ : L — M is an injective immersion.
This is an easy exercise. For the definition of the intrinsic topology see
Exercise 2.7.10. The dimension of L is n.

(b) If f : X — Y is a continuous map between topological spaces such thatY
is paracompact and there is an open cover {V;}jes of Y such that f~1(V;)
18 paracompact for each j, then X is paracompact. To see this, we may
assume that the cover {V}};c is locally finite. Now let {U,}aca be an open
cover of X. Then the sets U, N f~1(V;) define an open cover of f~1(V;).
Choose a locally finite refinement {W;;}ics, of this cover. Then the open
cover {Wi;}jes ier; of M is a locally finite refinement of {Us}aca.

(¢) The intrinsic topology of L is paracompact. This follows from (b) and
the fact that the intersection of L with every foliation box is paracompact
in the intrinsic topology.

(d) The intrinsic topology of L is second countable. This follows from (a)
and (c¢) and the fact that every connected paracompact manifold is second
countable (see Remark 2.9.2).

(e) The intersection of L with a foliation box consists of at most countably
many connected components. This follows immediately from (d).

(f) If L is a closed subset of M, then the intersection of L with a foliation
box has only finitely many connected components. To see this, we choose
a transverse slice of the foliation at pg € L, i.e. a connected submanifold
T C M through pg, diffeomorphic to an open ball in R™~", whose tangent
space at each point p € T is a complement of E,. By (d) we have that TN L
is at most countable. If this set is not finite, even after shrinking 7', there
must be a sequence p; € (T'NL)\{po} converging to pp. Using the holonomy
of the leaf (obtained by transporting transverse slices along a curve via a
lifting argument) we find that every point p € T'N L is the limit point of a
sequence in (T'N L)\ {p}. Hence the one-point set {p} has empty interior in
the relative topology of T'N L for each p € TN L. Thus T'N L is a countable
union of closed subsets with empty interior. Since T'NL admits the structure
of a complete metric space, this contradicts the Baire category theorem.

(g) It follows immediately from (f) that L is a submanifold of M.
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2.9.5 Principal Bundles

An interesting class of foliations arises from smooth Lie group actions.
Let G C GL(NV,R) be a compact Lie group and let P be a smooth m-
manifold whose topology is Hausdorff and second countable. A smooth
(contravariant) G-action on P is a smooth map

PxG— P:(pg)— pg (2.9.6)

that satisfies the conditions

(pg)h =p(gh),  pl=p (2.9.7)

for all p € P and all g,h € G. Fix any such group action. Then every
group element g € G determines a diffeomorphism P — P : p — pg, whose
derivative at p € P is denoted by T,P — T,,P : v+ vg. Every Lie alge-
bra element § € g := Lie(G) = T7G determines a vector field X¢ € Vect(P)
which assigns to each p € P the tangent vector

Xe(p) i=p§ = Ll

pexp(tf) € T,P. (2.9.8)
dt |,

The linear map g — Vect(P) : £ — X¢ is called the infinitesimal action.
It is a Lie algebra anti-homomorphism because the group action is contra-
variant. (Exercise: Prove that [X¢, X;] = —X[¢ ) for §,n € g.) The group
action (2.9.6) is said to be with finite isotropy iff the isotropy subgroup

Gp:={9€ G|pg=p}

is finite for all p € P. The isotropy subgroup G, is a Lie subgroup of G
with Lie algebra g, := Lie(G,,) = {£ € g| X¢(p) = 0}. Since G is compact,
this shows that G, is a finite subgroup of G if and only if g, = {0}
or, equivalently, the map g — TP : £ — X¢(p) = p€ is injective. Thus, in
the finite isotropy case, the group action determines an involutive subbun-
dle E C TP with the fibers E, := pg = {X¢(p) | £ € g} for p € P. When G
is connected, the leaves of the corresponding foliation are the group or-
bits pG := {pg|g € G}. These are the elements of the orbit space

P/G:={pG|p € P}.

There is a natural projection 7 : P — P/G defined by = (p) := pG for p € P
and the orbit space P/G is equipped with the quotient topology (a sub-
set U C P/G is open if and only if 771(U) is an open subset of P). The
group action is called free iff G, = {1} for all p € P. The next theorem
shows that, in the case of a free action, the quotient space admits a unique
smooth structure such that the projection 7 : P — P/G is a submersion.
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Theorem 2.9.14 (Principal Bundle). Let P be a smooth m-manifold
whose topology is Hausdorff and second countable. Suppose P is equipped
with a smooth contravariant action of a compact Lie group G and assume
the group action is free. Then dim(G) < m and B := P/G admits a unique
smooth structure such that the projection w: P — B is a submersion. The
intrinsic topology of B, induced by the smooth structure, agrees with the
quotient topology, and it is Hausdorff and second countable.

Proof. For each p € P the map G — P : g — pg is an embedding and this
implies k := dim(G) < dim(P) = m. Define n:=m — k. A local slice of
the group action is a smooth map ¢ : {2 — P, defined on an open set {2 C R",
such that the map Q@ x G — P : (z,9) — ¢(x)g is an embedding. With this
understood, we prove the assertions in five steps.

Step 1. For every pg € P there exists a local slice 1y : Qg — P, defined on
an open neighborhood Qo C R™ of the origin, such that 1o(0) = po.

Choose a coordinate chart ¢ : V' — R™ on an open neighborhood V C P
of pg such that ¢(pg) = 0 and ¢(V') = R™. Define vy, ...,vn € Tp, P by

do(po)v; := e; fori=1,...,m,

where eq,..., e, is the standard basis of R"™. Reorder the coordinates
on R™, if necessary, such that the vectors vy, ..., v, project to a basis of the
quotient space T, P/pog. Define ¢ : R — P by

W(z1,. ) =& Nzt ..., T, 0,...,0)
and define the map ¢ : R" x G — P by
U(x,g) = (x)g for x € R" and g € G.

Then v is smooth and its derivative di(0, 1) : R” x g — T,) P is given by
dip(0,1)(Z,6) =) Fyv; + po
i=1

for x = (Z1,...,2,) € R” and £ € g. Hence d(0, 1) is bijective and so it
follows from the Inverse Function Theorem 2.2.17 that there exist open
neighborhoods 2 C R™ of 0, 21 C G of 1, and W C P of pg such that the
restricted map

Y1 :=Ylaxo, :Ax QY =W

is a diffeomorphism.
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Next we prove that there exists an open neigborhood €y C Q of the
origin such that the restricted map

1/)0 = w‘QoxthO xG—= P

is injective. Suppose otherwise that no such neighborhood € exists. Then
there exist sequences (z;,g;), (x},9.) € Q x G such that (z;,9;) # (2}, 9))
and 9 (z;, 9;) = ¥ (x}, g) for all i and the sequences (z;);en and (2});ey in Q
converge to the origin. Since G is compact we may assume, by passing to
a subsequence if necessary, that the sequences (g;)ien and (g;)ien converge.
Denote the limits by

g:= lim g; € G, g = lim g} € G.
71— 00 1— 00

Then

pog = lim «(x;)g; = lim «(z})g} = pog’
21— 00 12— 00

and so g = ¢’ because the group action is free. Thus the sequence (g.g;” 1)¢€N
in G converges to 1 and hence belongs to the set )y for ¢ sufficiently large.
Since

1 (i, 1) = o(xs) = o(2})gig; " = (e, gig; ")
for all 7, this contradicts the injectivity of ;. Thus we have proved that

the map g : Qo x G — P is injective for a suitable neighborhood 2y C Q
of the origin. That it is an immersion is a direct consequence of the formula

d?ﬁo(ﬂ«"ag)@ ZJ\) = (dl’(x)/x\"i_ L(x)(/g\g_l))g = (dwo(% ]1)(5/57 /g\g_l))g

for all z € Qp, T € R", g € G, and g € T,G, and the fact that the deriva-
tive dipo(z, 1) is bijective for all z € Qp (even for all z € Q).

Thus we have proved that 1y : 29 x G — P is an injective immersion.
Shrinking €y further, if necessary, we may assume that €y has a compact
closure and that v is injective on €y x G. This implies that v is proper.
Namely, if (z;,9:);cn is a sequence in Qg x G and (z,9) € Qy x G such
that 1o(z, g) = lim;— o0 Yo (i, g;), then there is a subsequence (z;,, gi, )ven
that converges to a pair (2/,¢’) € Qy x G. This subsequence satisfies

@0(45/79/) = Vli{go wO(wiyagiu) = ¢(f’3,g)

Since 7 is injective on Qg x G, this implies + = 2’ and ¢ = ¢’. Thus
every subsequence of (z;,gi)ien has a further subsequence that converges
to (x,g) and so the sequence (x;, g;);en itself converges to (x,g). Thus the
map g : ¢ X G — P is a proper injective immersion and this proves Step 1.
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Step 2. Let v:Q — P be a local slice. Then the set U :=m(1(2)) C B is
open in the quotient topology and the map wo v : Q — U is a homeomorphism
with respect to the quotient topology on U.

The map 1 : Q@ x G — P, defined by ¥(z,g) := t(x)g for x € Q and g € G,
is an embedding. Hence W := (2 x G) is an open G-invariant subset
of P and ¢ :Q x G = W is a G-equivariant homeomorphism. Moreover,
for every element p € P, we have m(p) € U if and only if there exists
an element z € Q and an element g € G such that p = (x)g = ¥(z,g).
Thus 7~ H(U) = (Q x G) = W is an open subset of P, and so U is an open
subset of B = P/G with respect to the quotient topology. The continuity
of mou:Q — U follows directly from the definition. Moreover, if Q' C Q is
an open set and U’ := 7(¢(£)), then 771 (U’) = ¥(€ x G) is open by the
same argument, and so U’ C B is open with respect to the quotient topology.
Thus mo¢: Q — U is a homeomorphism and this proves Step 2.

Step 3. By Step 1 there exists a collection o : Qo — P, a € A, of local
slices such that the sets Uy := m(1o(2a)) cover the orbit space B = P/G.
For a € A define

¢o = (moO ta) LUy = Qo

Then o = {(¢pa,Ua)}taca is a smooth structure on B which renders the
canonical projection m: P — B into a submersion. Moreover, this smooth
structure is compatible with the quotient topology on B.

For a, 8 € A define Qg := ¢o(Ua NUp) and dpga = ¢p 0 dyt : Qup — Qsa.
We must prove that ¢g, is smooth. To see this, define 9, : Qo x G — P
by Ya(z,g) = ta(z)g for @ € A, x € Q,, and g € G. Then 9, is a diffeo-
morphism onto its image and ¥, (Qap X G) = ¥5(Qsa x G) = 71U NUp).
For x € Q,p the element ¢g,(x) € Qp, is the projection of wﬁ_l 0 Yo (x, 1)
onto the first factor. Thus ¢g, is smooth and so is its inverse ¢n5. This
shows that {(Ua, ¢a)}aca is a smooth structure on B. Second, 7 is a sub-
mersion with respect to this smooth structure, because ¢, o ™o ¥ (z,9) = x
foralla € A, all x € Q,, and all g € G. Third, this smooth structure is com-
patible with the quotient topology by Step 2. This proves Step 3.

Step 4. There is only one smooth structure on B with respect to which the
projection w: P — B is a submersion.

Fix any smooth structure on B for which the projection w: P — B is a
submersion. Then the dimension of B is n = dim(P) — dim(G), and so the
smooth structure consists of bijections ¢, : Uy — €2 from subsets U, C B
onto open sets 2, C R™ such that the sets U, cover B and the transition
maps are diffeomorphisms between open subsets of R™.
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We prove that the intrinsic topology on B agrees with the quotient topol-
ogy. To see this, fix a subset U C B. Then the following are equivalent.

(a) U is open with respect to the intrinsic topology on B.
(b) ¢a(UNU,) is open in R” for all o € A.

(c) 7Y (UNU,) is open in P for all a € A.

(d) #=1(U) is open in P.

(e) U is open with respect to the quotient topology on B.

The equivalence of (a) and (b) follows from the definition of the intrinsic
topology. That (b) implies (c) follows from the three observations that the
set 77 1(Uy,) is open in P, the map ¢nom: 71 (Uy) — Q4 is continuous,
and (¢o 0 m) Hpa(UNUy,)) =71 (UNU,). That (c) implies (b) follows
from the fact that the map ¢ o m: 771 (U,) — Q4 is a submersion and hence
maps the open set 7~ (U NU,) onto an open subset of Q, (Corollary 2.6.2).
The equivalence of (¢) and (d) follows from the fact that the map 7 : P — B
is continuous and U, C B is open (both with respect to the intrinsic topology
on B) and so 7~ (U,) is open in P for all a € A. The equivalence of (d)
and (e) follows from the definition of the quotient topology on B.

Now let ¢ : Q@ — P be a local slice and define the set U := 7 (:(2)) C B
and the map ¢ := (mo0¢)~!: U — Q. Then the composition

@bao(ﬁil:¢aOWOL:¢(UﬂUa)_>¢Oé(UﬂUa)

is a homeomorphism between open subsets of R”. Moreover, ¢, o ¢! is the
composition of the smooth maps ¢ : {z € Q| 7(i(z)) € Uy} — 71U NU,),
7 HUNUy) = UNU,g, and ¢q : UNUy = ¢o(UNU,). So ¢po 0 ¢~ L is
smooth and its derivative is everywhere bijective because 7 is a submersion
and the kernel of dr(:(z)) is transverse to the image of di(x). Thus ¢ 0 ¢~
is a diffeomorphism by the Inverse Function Theorem and this proves Step 4.

Step 5. The quotient topology on B is a Hausdorff and second countable.

Let to : Qo — P for « € A be a collection of local slices such that the
sets Uy 1= 7(ta(Q4a)) cover B. Then the open sets 7~ (U,) form an open
cover of P and so there is a countable subcover. Thus B is second count-
able. To prove that B is Hausdorff, fix two distinct elements by, b; € B and
choose pg, p1 € P such that 7(pg) = by and w(p1) = b1. Then pyG and p;G
are disjoint compact subsets of P and hence can be separated by disjoint
open subsets Uy, U; C P, because P is a Hausdorff space. Now for i =0, 1
theset V; := {p € P|pG C U,} is open (exercise) and contains the orbit p;G.
Hence Wy := m(Vp) and Wy :=m(V}) are disjoint open subsets of B such
that by € Wy and by € Wy. This proves Step 5 and Theorem 2.9.14. ]
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Example 2.9.15. There are many important examples of free group actions
and principal bundles. A class of examples arises from orthonormal frame
bundles (§3.4). The complex projective space B = CP" arises from the
action of the circle G = S! on the unit sphere P = $?"*! ¢ C"*! (Exam-
ple 2.8.5). The real projective space B = RP" arises from the action of the
finite group G = Z/2Z on the unit sphere P = 5™ C R"™! (Example 2.8.6).
The complex Grassmannian B = G (C™) arises from the action of G = U(k)
on the space P = Fj(C") of unitary k-frames in C" (Example 3.7.6). If G is
a Lie group and K C G is a compact subgroup, then by Theorem 2.9.14 the
homogeneous space G/K admits a unique smooth structure such that the
projection 7 : G — G/K is a submersion. The example SL(2,C)/SU(2) can
be identified with hyperbolic 3-space (§6.4.3), the example U(n)/O(n) can
be identified with the space of Lagrangian subspaces of a symplectic vector
space ([49, Lemma 2.3.2]), the example Sp(2n)/U(n) can be identified with
Siegel upper half space or the space of compatible linear complex structures
on a symplectic vector space (Exercise 6.5.24 and [49, Lemma 2.5.12]), and
the example G2/SO(4) can be identified with the associative Grassman-
nian ([68, Remark 8.4]).

Standing Assumption

We have seen that all the results in the present chapter carry over to the
intrinsic setting, assuming that the topology of M is Hausdorff and paracom-
pact. In fact, in many cases it is enough to assume the Hausdorff property.
However, these results mainly deal with introducing the basic concepts such
as smooth maps, embeddings, submersions, vector fields, flows, and verifying
their elementary properties, i.e. with setting up the language for differen-
tial geometry and topology. When it comes to the substance of the subject
we shall deal with Riemannian metrics and they only exist on paracompact
Hausdorff manifolds. Another central ingredient in differential topology is
the theorem of Sard and that requires second countability. To quote Moe
Hirsch [29]: “Manifolds that are not paracompact are amusing, but they
never occur naturally and it is difficult to prove anything about them.”
Thus we will set the following convention for the remaining chapters.

We assume from now on that each intrinsic manifold M
is Hausdorff and second countable and hence is also paracompact.

For most of this text we will in fact continue to develop the theory for
submanifolds of Euclidean space and indicate, wherever necessary, how to
extend the definitions, theorems, and proofs to the intrinsic setting.
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Chapter 3

The Levi-Civita Connection

For a submanifold of Euclidean space the inner product on the ambient space
determines an inner product on each tangent space, the first fundamental
form. The second fundamental form is obtained by differentiating the map
which assigns to each point in M C R™ the orthogonal projection onto the
tangent space (§3.1). The covariant derivative of a vector field along a curve
is the orthogonal projection of the derivative in the ambient space onto the
tangent space (§3.2). We will show how the covariant derivative gives rise
to parallel transport (§3.3), examine the frame bundle (§3.4), discuss mo-
tions without “sliding, twisting, and wobbling”, and prove the development
theorem (§3.5).

In §3.6 we will see that the covariant derivative is determined by the
Christoffel symbols in local coordinates and thus carries over to the in-
trinsic setting. The intrinsic setting of Riemannian manifolds is explained
in §3.7. The covariant derivative takes the form of a family of linear op-
erators V : Vect(y) — Vect(7), one for every smooth curve v : I — M, and
these operators are uniquely characterized by the axioms of Theorem 3.7.8.
This family of linear operators is the Lewvi-Civita connection.

3.1 Second Fundamental Form

Let M C R™ be a smooth m-manifold. Then each tangent space of M is an
m-~dimensional real vector space and hence is isomorphic to R™. Thus any
two tangent spaces T, M and T;M are of course isomorphic to each other.
While there is no canonical isomorphism from T,M to T;M we shall see
that every smooth curve v in M connecting p to ¢ induces an isomorphism
between the tangent spaces via parallel transport of tangent vectors along ~.

121



122 CHAPTER 3. THE LEVI-CIVITA CONNECTION

Throughout we use the standard inner product on R" given by
(v, W) = Viwy + vowa + - - + Vywy,

for v = (v1,...,v,) € R" and w = (w1, ..., w,) € R”. The associated Eu-
clidean norm will be denoted by

”U|:\/<’U,’U>:\/’U%—FU%—F”-—FU%

for v = (v1,...,v,) € R". When M C R" is a smooth m-dimensional sub-
manifold, a first observation is that each tangent space of M inherits an inner
product from the ambient space R™. The resulting field of inner products is
called the first fundamental form.

Definition 3.1.1. Let M C R" be a smooth m-dimensional submanifold.
The first fundamental form on M is the field which assigns to each p € M

the bilinear map
gp : TpyM x T,M — R
defined by
gp(v,w) = (v, w) (3.1.1)
forv,w e T,M.

A second observation is that the inner product on the ambient space also
determines an orthogonal projection of R™ onto the tangent space T, M for
each p € M. This projection can be represented by the matrix II(p) € R™*"
which is uniquely determined by the conditions

I(p) =TI(p)> =T(p)", (3.1.2)

and
II(p)v =v = veT,M (3.1.3)

for p € M and v € R" (see Exercise 2.6.9).

Lemma 3.1.2. The map I1: M — R"*" defined by (3.1.2) and (3.1.3) is
smooth.

Proof. This follows directly from Theorem 2.6.10 and Corollary 2.6.12. More
explicitly, if U C M is an open set and ¢ : U — {2 is a coordinate chart onto
an open subset 2 C R™ with the inverse 1) := ¢! : Q — U, then

11(p) = (o) (W (6(p) Tdi(o(p)))  du(6(p)]

for p € U and this proves Lemma 3.1.2. O
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Figure 3.1: A unit normal vector field.

Example 3.1.3 (Gauf3 map). Let M C R™*! be a submanifold of codi-
mension one. Then M+ is a vector bundle of rank one (Corollary 2.6.13),
and so each fiber T, M~ is spanned by a unit vector v(p) € R™, determined
by T, M up to a sign. By Theorem 2.6.10 each pg € M has an open neigh-
borhood U C M on which there exists a smooth map

v:U — R™HL

satisfying
vip) LT,M,  |v(p) =1 (3.1.4)

for all p € U (see Figure 3.1). Such a map v is called a Gau3 map. The
function IT : M — R™*™ is in this case given by

I(p) = 1—v(p)v(p)" (3.1.5)
forpeU.

Example 3.1.4. Let M = S? C R3. Then v(p) = p and so

1—22 —ay -z
p)=T-pp' = | —yz 1-y¢ vz,
—zx —zy 11—z

for p = (x,y,2) € S2.
Example 3.1.5 (M&bius strip). Consider the submanifold

x = (1+7rcos(0/2))cos(d),
M =< (z,y,2) €ER®| y=(1+7rcos(h/2))sin(h),
z=rsin(0/2), r,0 R, |r| <e

for € > 0 sufficiently small. Show that there does not exist a global smooth
function v : M — R? satisfying (3.1.4).
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Example 3.1.6. Let U C R" be an open set and f : U — R"™" be a smooth
function such that 0 € R*™™ is a regular value of f and U N M = f~1(0).
Then T,M = kerdf(p) and

() = 1-df)" (dF ) w)T) (o)

for every pe U N M.

Example 3.1.7. Let Q@ C R™ be an open set and v : & — M be a smooth
embedding. Then Ty, M = im dy)(z) and

116 (2)) = () (de(@)Tdv(@))  di(a)T
for every = € €.

Next we differentiate the map II : M — R™ ™ in Lemma 3.1.2. The
derivative at p € M takes the form of a linear map

dll(p) : T,M — R™"

which, as usual, is defined by
d
dIl = —
(pv = —

for v € T, M, where v : R — M is chosen such that v(0) = p and ¥(0) = v
(see Definition 2.2.13). We emphasize that the expression dIl(p)v is a matrix
and can therefore be multiplied by a vector in R™.

() e B

Lemma 3.1.8. For allp € M and v,w € T,M we have
(dlI(p)v)w = (dIl(p)w)v € T,M* .

Proof. Choose a smooth path v : R — M and a vector field X : R — R"
along ~ such that

10)=p,  F0)=v,  X(0)=uw.
For example, we can choose X (t) := II(~y(¢))w. Then
X(t) = ()X (1)
for every t € R. Differentiate this equation to obtain
X () = T(y(£)X () + (dII(y()5 (1) X (2)- (3.1.6)

Hence

(dIL(3(8)4(6) X (8) = (1 = TL(+(£))) X (t) € T M~ (3.1.7)
for every ¢ € R and, with ¢t = 0, we obtain (dII(p)v) w € T,M=.



3.1. SECOND FUNDAMENTAL FORM 125

Now choose a smooth map
R? — M : (s,t) — (s, 1)

satisfying

_ 9 0 0) = 9 0 0) =
7(0)0) =D, %(07 0) =, 5(07 0) = w,

(for example by doing this in local coordinates) and denote
0y 0
X(s,t) := %(s,t) €Ty M, Y(s,t) := a(s,t) € Ty M.
oy _ oty _ox
ds  0s0t Ot

and hence, using (3.1.7), we obtain

(amen ) 57 = ()
(

With s =t = 0 we obtain
(dll(p)w)v = (dIl(p)v)w € T,M*
and this proves Lemma 3.1.8. ]
Definition 3.1.9. The collection of symmetric bilinear maps
hp : T,M x TyM — T,M™*,

defined by
hp(v, w) := (dI(p)v)w = (dll(p)w)v (3.1.8)

forpe M andv,w € T,M is called the second fundamental form on M.
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Example 3.1.10. Let M C R™*! be an m-manifold and v : M — S™ be
a GauB map so that T,M = v(p)* for every p € M (see Example 3.1.3).
Then I(p) = 1 — v(p)v(p)" and hence

hp(%w) = —V(p)(du(p)v,w}
forp e M and v,w € T,M.
Exercise 3.1.11. Choose a splitting R” = R™ x R®"™™ and write the ele-

ments of R™ as tuples (z,y) = (Z1,..., Tm,Y1,---,Yn—m) Let M C R™ be a
smooth m-dimensional submanifold such that p =0 € M and

ToM =R™ x {0},  ToM* ={0} x R*™.

By the implicit function theorem, there are open neighborhoods 2 C R™
and V C R™™ of zero and a smooth map f : 2 — V such that

M (Q % V) = graph(f) = {(z, () |z € 9}
Thus f(0) = 0 and df(0) = 0. Prove that the second fundamental form

hy : TyM x T,M — T,M* is given by the second derivatives of f, i.e.

m an
hp('U,’LU) = 0, E W(O)Uﬂﬂj
Gg=1 """

for v,w € T,M = R™ x {0}.

Exercise 3.1.12. Let M C R" be an m-manifold. Fix a point p € M and
a unit tangent vector v € T, M so that |v| = 1 and define

L={p+tv+w|teR, wlT,M}.

Let v : (—e,e) = M N L be a smooth curve such that v(0) = p, (0) = v,
and |§(t)| = 1 for all £. Prove that

Draw a picture of M and L in the case n = 3 and m = 2.
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Figure 3.2: A vector field along a curve.

3.2 Covariant Derivative

Definition 3.2.1. Let I C R be an open interval and let v: 1 — M be a
smooth curve. A vector field along ~ is a smooth map X : I — R"™ such
that X (t) € Ty M for everyt € I (see Figure 5.2). The set of smooth vector
fields along v is a real vector space and will be denoted by

Vect(y) :== {X : I - R"| X is smooth and X(t) € T,,;yMVtel}.

The first derivative X (¢) of a vector field along y at ¢ € I will, in general,
not be tangent to M. We may decompose it as a sum of a tangent vector
and a normal vector in the form

X () = T(y)X () + (1= T(v(1)) X (2),

where II : M — R™ " is defined by (3.1.2) and (3.1.3). The tangential
component of this decomposition plays an important geometric role. It is
called the covariant derivative of X at ¢.

Definition 3.2.2 (Covariant derivative). Let I C R be an open inter-
val, let v : I — M be a smooth curve, and let X € Vect(y). The covariant
derivative of X is the vector field VX € Vect(), defined by

VX(t) :=T(v(t)X(t) € Tyy M (3.2.1)
fortel.

Lemma 3.2.3 (Gaul—Weingarten formula). The derivative of a vector
field X along a curve ~ is given by

X () = VX() + hoy (3(0), X (1)). (3.2.2)

Here the first summand is tangent to M and the second summand is orthog-
onal to the tangent space of M at ~y(t).

Proof. This is equation (3.1.6) in the proof of Lemma 3.1.8. O
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It follows directly from the definition that the covariant derivative along
acurve v : I — M is a linear operator V : Vect(y) — Vect(7y). The following
lemma summarizes the basic properties of this operator.

Lemma 3.2.4 (Covariant derivative). The covariant derivative satisfies
the following axioms for any two open intervals I,J C R.

(1) Let v: I — M be a smooth curve, let A: I — R be a smooth function,
and let X € Vect(y). Then

V(AX) = AX + AV X. (3.2.3)

(ii) Let v:1 — M be a smooth curve, let o :J — I be a smooth function
and let X € Vect(vy). Then

V(Xoo)=6(VXoo). (3.2.4)
(iii) Let v : I — M be a smooth curve and let X,Y € Vect(y). Then
d
%<X, Y)=(VX,Y) +(X,VY). (3.2.5)

(iv) Let~ : I x J — M be a smooth map, denote by Vs the covariant deriva-
tive along the curve s — y(s,t) (with t fixred), and denote by V; the covariant
derivative along the curve t — (s, t) (with s fived). Then

Vi0ry = V;0sy. (3.2.6)

Proof. Part (i) follows from the Leibniz rule %()\X ) = AX 4+ AX and (ii)
follows from the chain rule 4(X o0) = &(X o). To prove part (iii), use
the orthogonal projections I1(y(t)) : R™ — T, ;)M to obtain

XY= (X) + (X7
X, II

(7)Y) + (I(7)X,Y)

=

=

= (I(7)X,Y) + (X, T(7)Y)
= (VX,Y) + (X, VY).

Part (iv) holds because the second derivatives commute and this proves
Lemma 3.2.4. O

Part (i) in Lemma 3.2.4 asserts that the operator V is what is called a
connection, part (iii) asserts that it is compatible with the first fundamental
form, and part (iv) asserts that it is torsion-free. Theorem 3.7.8 below as-
serts that these conditions (together with an extended chain rule) determine
the covariant derivative uniquely.
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3.3 Parallel Transport

Definition 3.3.1 (Parallel vector field). Let I C R be an interval and
let v: I — M be a smooth curve. A vector field X along -y is called parallel

if
VX(t) =0

forallt e 1.

Example 3.3.2. Assume m = n so that M C R™ is an open set. Then a
vector field along a smooth curve v : I — M is a smooth map X : [ — R™.
Its covariant derivative is equal to the ordinary derivative VX () = X(t)
and hence X is is parallel if and only if it is constant.

Remark 3.3.3. For every X € Vect(vy) and every t € I we have

VX(t) =0 < X(t) 1 T’y(t)M

In particular, 4 is a vector field along v and V+4(t) = II(v(¢))%(t). Hence %
is a parallel vector field along v if and only if 4(t) L T,y M for all t € I.
We will return to this observation in Chapter 4.

In general, a vector field X along a smooth curve v : I — M is parallel
if and only if X (¢) is orthogonal to T, ;M for every t and, by the Gauf—
Weingarten formula (3.2.2), we have

VX =0 — X = hy (¥, X).

The next theorem shows that any given tangent vector vg € T’ ;)M extends
uniquely to a parallel vector field along ~.

Theorem 3.3.4 (Existence and uniqueness). Let I C R be an interval
and v : I — M be a smooth curve. Let tg € I and vg € Ty )M be given.
Then there is a unique parallel vector field X € Vect(7y) such that X (tg) = vo.

Proof. Choose a basis e1, ..., e, of the tangent space T’ ;)M and let
X1,..., Xm € Vect(y)
be vector fields along v such that
Xi(to) = ei, 1=1,...,m.

(For example choose X;(t) := II(y(t))e;.) Then the vectors X;(tg) are lin-
early independent. Since linear independence is an open condition there is a
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constant € > 0 such that the vectors Xi(t),..., X;(t) € Ty M are linearly
independent for every t € Iy := (to — &,t9 +¢) N 1. Since Ty M is an
m-dimensional real vector space this implies that the vectors X;(¢) form a
basis of T, M for every t € In. We express the vector VX;(t) € T, ;)M in
this basis and denote the coefficients by a¥(t) so that

VXi(t) =) af(t)Xp(t).
k=1

The resulting functions a : Ip — R are smooth. Likewise, if X : I — R" i
any vector field along ~, then there are smooth functions & : Iy — R such
that

= Zgi(t)Xi(t) for all t € I.

The derivative of X is given by
=3 (dxim +£mX)
=1

and the covariant derivative by

X0 =3 (Emxin +£ VX))
-SreonoEeog
=1 =1 k=1
3o (¢ )
k=1
for t € Iy. Hence VX (t) = 0 if and only if
‘ aj(t) (1)
§(t) +A()E() =0,  At) == : :
ay(t) A (1)

Thus we have translated the equation VX = 0 over the interval I into a time
dependent linear ordinary differential equation. By a theorem in Analysis 11
(see [64, Lemma 4.4.3]), this equation has a unique solution for any initial
condition at any point in Ip. Thus we have proved that every tg € I is
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contained in an interval Iy C I, open in the relative topology of I, such
that, for every t; € Ip and every vy € T, 4,)M, there exists a unique parallel
vector field X : Iy — R™ along 7|z, satisfying X (¢1) = v;. We formulate this
condition on the interval Iy as a logical formula:

Vir€ly Voo €TypyM 3 X € Vect(v]g,)

such that VX = 0 and X (¢1) = v;. (3.3.1)

If two I-open intervals Iy, Iy C I satisfy this condition and have nonempty
intersection, then their union Iy U I; also satisfies (3.3.1). (Prove this!) Now
define

J = U {Ip C I|1y is an I-open interval, I satisfies (3.3.1), tg € Iy} .

This interval J satisfies (3.3.1). Moreover, it is nonempty and, by defi-
nition, it is open in the relative topology of I. We prove that it is also
closed in the relative topology of I. Thus let (¢;);en be a sequence in J
converging to a point t* € I. By what we have proved above, there ex-
ists a constant £ > 0 such that the interval I* := (t* —e,t* + &) N [ satis-
fies (3.3.1). Since the sequence (t;);cn converges to t*, there exists an i € N
such that t; € I*. Since t; € J there exists an interval Iy C I, open in the
relative topology of I, that contains ¢y and ¢; and satisfies (3.3.1). Hence
the interval Iy U I'* is open in the relative topology of I, contains tg and t*,
and satisfies (3.3.1). This shows that ¢* €J. Thus we have proved that the
interval .J is nonempty, and open and closed in the relative topology of I.
Hence J = I and this proves Theorem 3.3.4. O

Definition 3.3.5 (Parallel transport). Let I C R be an interval and
let v: 1 — M be a smooth curve. For ty,t € I we define the map

(ID,Y(t, to) : T'y(tO)M — T,y(t)M
by ®(t,to)ve := X (t) where X € Vect(y) is the unique parallel vector field

along v satisfying X (to) = vo. The collection of maps ®~(t,to) fort,tg € I
is called parallel transport along ~.

Recall the notation
V*TM = {(S,’U) ‘ sel,ve T’y(s)M}

for the pullback tangent bundle. This set is a smooth submanifold of I x R™.
(See Theorem 2.6.10 and Corollary 2.6.13.) The next theorem summarizes
the properties of parallel transport. In particular, the last assertion shows
that the covariant derivative can be recovered from the parallel transport
maps.
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Theorem 3.3.6 (Parallel transport). Let v : I — M be a smooth curve
on an interval I C R.

(i) The map ®,(t,s) : Ty M — TyyM is linear for all s,t € I.
(ii) For allr,s,t € I we have

q)’Y(t7 8) ° @7(37 T) = (I)’Y(ta 7’), CI)’Y(tv t) = id.
(iii) For all s,t € I and all v,w € Ty M we have
(D4 (t, 5)v, Py (2, s)w) = (v, w).

Thus @ (t,s) : Ty M — TyyM is an orthogonal transformation.
(iv) If J C R is an interval and o : J — I is a smooth map, then

Droo(t,5) = By(a(t),a(s)).

for all s,t € J.
(v) The map

I x~y*TM — ~*TM : (t,(s,v)) = (t,P4(t, 5)v)

is smooth.
(vi) For all X € Vect(y) and t,to € I we have

%Qw(to,t)X(t) = &, (19, 1) VX(1).
Proof. Assertion (i) holds because the sum of two parallel vector fields
along v is again parallel and the product of a parallel vector field with a
constant real number is again parallel. Assertion (ii) follows directly from
the uniqueness statement in Theorem 3.3.4.

We prove (iii). Fix a number s € I and two tangent vectors

v, W € TW(S)M.
Define the vector fields X,Y € Vect(y) along v by
X(t) := @,(¢, s)v, Y (t) := ®,(t, s)w.

These vector fields are parallel. Thus, by equation (3.2.5) in Lemma 3.2.4,
we have

C0Y) = (VX,Y) + (X, 9Y) =0

Hence the function I — R : ¢ — (X (¢), Y (¢)) is constant and this proves (iii).



3.3. PARALLEL TRANSPORT 133

We prove (iv). Fix an element s € J and a tangent vector v € T (,(s)) M.
Define the vector field X along v by

X(t) :==®,(t,0(s))v
for t € I. Thus X is the unique parallel vector field along ~ that satisfies
X(o(s)) =w.
Denote B
yi=~ooc:J— M, X:=Xoo:I—>R"
Then X is a vector field along 4 and, by the chain rule, we have

d ~ d . .
ZX(t) = 2 X (0(t) = ()X (o(1)).

Projecting orthogonally onto the tangent space T’ (;))M we obtain
VX(t) =6(t)VX(a(t)) =0

for every t € J. Hence X is the unique parallel vector field along 7 that
satisfies X (s) = v. Thus

D= (t, s)v = X (t) = X (0(t)) = By (0 (t), 0 (s))v.

This proves (iv).

We prove (v). Fix a point ¢y € I, choose an orthonormal basis ey, ..., en,
of Ty M, and define X;(t) := @, (t,t9)e; for t € I and i =1,...,m. Thus
X, € Vect(7) is the unique parallel vector field along v such that X;(t9) = e;.
Then by (iii) we have

(Xi(t), X;(t)) = 4
for all 4,5 € {1,...,m} and all t € I. Hence the vectors X;(t),..., Xmn(t)
form an orthonormal basis of T),;) M for every ¢ € I. This implies that, for
each s € I and each tangent vector v € T, ()M, we have

v=) (Xi(s),v)Xi(s)
i=1
Since each vector field X; is parallel it satisfies X;(t) = ®,(t, s)X;(s). Hence
Oyt s)v =Y (Xi(s),0)X;(t) (3.3.2)
i=1

for all s,t € I and v € T, (5yM. This proves (v).
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We prove (vi). Let X7, ..., X, € Vect() be as in the proof of (v). Thus
every vector field X along « can be written in the form

X(t) = iﬁi(t)Xz’(t)v E(t) = (Xu(t), X (1)).
Since the vector fields X; are parallel we have
VX(t) = iéi(t)Xi(t)
for all ¢ € 1. Hence
D, (to, ) X (t) = f}éi(t)Xi(to), D, (o, )V X (t) = f}éi(t)Xi(to)-

Evidently, the derivative of the first sum with respect to t is equal to the
second sum. This proves (vi) and Theorem 3.3.6. O

Remark 3.3.7. For s,t € I we can think of the linear map
(I)A/(t, S)H(’y(s)) :R™ — T'y(t)M C R"”

as a real n x n matrix. The formula (3.3.2) in the proof of (v) shows that
this matrix can be expressed in the form

m

D, (1, $)I(1(s) = 3. Xi(O)Xi(s)T € R
=1

The right hand side defines a smooth matrix valued function on I x I and
this is equivalent to the assertion in (v).

Remark 3.3.8. It follows from assertions (ii) and (iii) in Theorem 3.3.6
that

. (t, 5)7t = D (s,t) = Py(L,5)"

for all s, € I. Here the linear map @, (t,s)* : T,y M — T M is under-
stood as the adjoint operator of ®,(t,s) : TysyM — T M with respect to
the inner products on the two subspaces of R" inherited from the Euclidean
inner product on the ambient space.
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The two theorems in this section carry over verbatim to any smooth
vector bundle E C M x R"™ over a manifold. As in the case of the tangent
bundle one can define the covariant derivative of a section of E along v as
the orthogonal projection of the ordinary derivative in the ambient space R"”
onto the fiber £, . Instead of parallel vector fields one then speaks about
horizontal sections and one proves as in Theorem 3.3.4 that there is a unique
horizontal section along  through any point in any of the fibers £, ;). This
gives parallel transport maps from E, ) to E, ;) for any pair s,¢ € I and
Theorem 3.3.6 carries over verbatim to all vector bundles  C M x R"™. We
spell this out in more detail in the case where E = TM+ C M x R" is the
normal bundle of M.

Let v : I — M be a smooth curve. A normal vector field along ~ is
a smooth map Y : I — R" such that Y (t) L T, M for every t € I. The set
of normal vector fields along v will be denoted by

Vect™ () ;== {Y : I — R"|Y is smooth and Y (t) L TyyM for allt € I}.

This is again a real vector space. The covariant derivative of a normal
vector field Y € Vectt(v) at t € I is defined as the orthogonal projection of
the ordinary derivative onto the orthogonal complement of 7’ ;)M and will
be denoted by ‘

VY (1) = (1 - TI(y(t))) Y (). (3.3.3)

Thus the covariant derivative defines a linear operator

V- Veett (y) — Veet™ (7).

There is a version of the Gaufi—-Weingarten formula for the covariant deriva-
tive of a normal vector field. This is the content of the next lemma.

Lemma 3.3.9. Let M C R" be a smooth m-manifold. For p € M and
u € TyM define the linear map hy(u) : T,M — T,M=* by

hp(w)v == hy(u,v) = (dII(p)u)v (3.3.4)

forv e T,M. Then the following holds.
(i) The adjoint operator hy(u)* : T,M+ — T,M is given by

hp(u)*w = (dI(p)u)w, w € T,M* . (3.3.5)

(ii) IfI C R is an interval, 7 : I — M is a smooth curve, andY € Vect™ (),
then the derivative of Y satisfies the GauB3—Weingarten formula

Y(£) = VAV (t) = by (4(1)7Y (). (3.3.6)
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Proof. Since II(p) € R™*™ is a symmetric matrix for every p € M so is the
matrix dII(p)u for every p € M and every u € T, M. Hence

for every v € T,M and every w € T,M*. This proves (i).
To prove (ii) we observe that, for Y € Vect* () and ¢ € I, we have

(v (£))Y (t) = 0.
Differentiating this identity we obtain
H(y()Y (1) + (dII(y(1))5(1) Y (£) = 0

and hence
Y(t) = Y(t) = T(v(t)Y (t) — (dII(v()(1)) Y (t)
= VY (1) = hyn (3(£))"Y ()

for t € I. Here the last equation follows from (i) and the definition of V.
This proves Lemma 3.3.9. O

Theorem 3.3.4 and its proof carry over to the normal bundle TM-=*.
Thus, if v : I — M is a smooth curve, then for all s € I and w € Tﬂ/(S)Ml

there is a unique normal vector field Y € Vect™(y) such that
VY =0,  Y(s)=w.
This gives rise to parallel transport maps
O (t,8) : Ty M+ — T,y M+

defined by
1 o
O (¢, s)w =Y (1)

fors,t € landw € T, (M L where Y is the unique normal vector field along
7 satisfying V1Y = 0 and Y (s) = w. These parallel transport maps satisfy
exactly the same conditions that have been spelled out in Theorem 3.3.6
for the tangent bundle and the proof carries over verbatim to the present
setting.
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3.4 The Frame Bundle

Each tangent space of an m-manifold M is isomorphic to the Euclidean
space R™, however, in general there is no canonical isomorphism. The space
of all pairs consisting of a point p in the manifold M and an isomorphism
from R™ to the tangent space of M at p is itself a smooth manifold, called
the frame bundle of M.

3.4.1 Frames of a Vector Space

Let V be an m-dimensional real vector space. A frame of V is a basis
e1,...,em of V. It determines a vector space isomorphism e : R™ — V via

65 ::Zéiei) é-: (61)"'7€m) ERm
i=1

Conversely, each isomorphism e : R”™ — V determines a basis eq,...,en,
of V via ¢; = €(0,...,0,1,0...,0), where the coordinate 1 appears in the
ith place. The set of vector space isomorphisms from R™ to V will be
denoted by

Liso(R™ V) :={e: R™ — V| e is a vector space isomorphism} .

The general linear group GL(m) = GL(m,R) (of nonsingular real m x m-
matrices) acts on this space by composition on the right via

GL(m) X Liso(R™, V) = Lisoc(R™, V) : (a,€) = a"e:=eoa.
This is a contravariant group action in that
a*b*e = (ba)*e, Tre=e
for a,b € GL(m) and e € Liso(R™, V). Moreover, the action is free, i.e. for
all a € GL(m) and e € Liso(R™, V'), we have
ate=e = a=1.

It is transitive in that for all e, e’ € Liso(R™, V) there is a group element
a € GL(m) such that ¢/ = a*e. Thus we can identify the space Liso(R™, V)
with the group GL(m) via the bijection

GL(m) = Liso(R™, V) : a — aeq

induced by a fixed element ey € Liso(R™,V). This identification is not
canonical; it depends on the choice of eg. The space Liso(R™, V) admits a
bijection to a group but is not itself a group.
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3.4.2 The Frame Bundle

Definition 3.4.1 (Frame bundle). Let M C R"™ be a smooth m-manifold.
The frame bundle of M is the set

F(M):={(p,e)|lpe M,ec F(M),}, (3.4.1)
where F (M), is the space of frames of the tangent space at p, i.e.
F(M)p = Liso(R™, T, M).
Define a right action of GL(m) on F(M) by
a*(p,e) ;== (p,a*e) = (p,eoa) (3.4.2)
for a € GL(m) and (p,e) € F(M).
One can think of a frame e € Liso(R™,T,M) as a linear map from R™
to R™ whose image is T,M and hence as an n X m-matrix of rank m.
The basis of T,,M associated to this frame is given by the columns of the

matrix e € R™. Thus the frame bundle F(M) of an embedded mani-
fold M C R" is a subset of the Euclidean space R™ x R™*",

Lemma 3.4.2. The frame bundle
F(M) CR" x R™™
is a smooth manifold of dimension m +m?, the group action
GL(m) x F(M) = F(M) : (a, (p.€)) - a*(p,e)
18 smooth, and the projection
T F(M)— M

defined by m(p,e) :=p for (p,e) € F(M) is a surjective submersion. The
orbits of the GL(m)-action on F(M) are the fibers of this projection, i.e.

GL(m)*(p,e) = 7~ (p) = F(M),

for (p,e) € F(M), and the group GL(m) acts freely and transitively on each
of these fibers.
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Proof. Let U C M be an M-open set. A moving frame over U is a se-
quence of m smooth vector fields Ey, ..., E,, € Vect(U) on U such that the
vectors Eq(p), ..., En(p) form a basis of T,M for each p € U. Any such
moving frame gives a bijection

U x GL(m) — F(U) : (p,a) — a*(p, E(p)) = (p, E(p) o a),
where
E(p) := (E1(p),- ... En(p)) € F(M),

for p € U. This bijection (when composed with a parametrization of U)
gives a parametrization of the open set F(U) in F(M). The assertions of
the lemma then follow from the fact that the diagram

U x GL(m) F(U)

commutes. More precisely, suppose that there exists a coordinate chart
o:U—Q
with values in an open set 2 C R™, and denote its inverse by
vi=¢1: Q.
Then the open set
FU) = 774(U) = {(p.) € F(M) |p € U} = (U x R™™) 1 F(M)
is parametrized by the map
Q x GL(m) = F(U) : (z,a) = (¢¥(z),dy(z) o a).
This map is amooth and so is its inverse
F(U) = Qx GL(m) : (p,e) = (¢(p), dd(p) o e).

These are the desired coordinate chart on F(M). Thus F(M) is a smooth
manifold of dimension m + m?. Moreover, in these coordinates the projec-
tion 7 : F(U) = U is the map Q x GL(m) = Q: (z,a) — x and so 7 is a
submersion. The remaining assertions follow directly from the definitions
and this proves Lemma 3.4.2. ]
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The frame bundle F(M) is a principal bundle over M with struc-
ture group GL(m). More generally, a principal bundle over a manifold B
with structure group G is a smooth manifold P equipped with a surjective
submersion 7 : P — B and a smooth contravariant action

GxP— P:(g,p) — pg

by a Lie group G such that 7(pg) = w(p) for all p € P and g € G and such
that the group G acts freely and transitively on the fiber P, := 7—1(b) for
each b € B. In this book we shall mostly be concerned with the frame bundle
of a manifold M and the orthonormal frame bundle.

Definition 3.4.3. The orthonormal frame bundle of M is the set
O(M) = {(p,e) ER" xR™™|pec M, ime=T,M, e'e= llm}.

If we denote by e; :=e(0,...,0,1,0,...,0) (with 1 as the ith argument) the
basis of T, M induced by the isomorphism e : R™ — T,M , then we have

. €1,...,€Em 15 an
ele=1 < (eje;) =0 '
(eis €;) &Y orthonormal basis.

Thus O(M) is the bundle of orthonormal frames of the tangent spaces T, M
or the bundle of orthogonal isomorphisms e : R™ — T,M. It is a principal
bundle over M with structure group O(m).

Exercise 3.4.4. Prove that O(M) is a submanifold of (M) and that the
obvious projection 7 : O(M) — M is a submersion. Prove that the action
of GL(m) on F(M) restricts to an action of the orthogonal group O(m)
on O(M) whose orbits are the fibers

O(M)y, = {e € R™*™m ‘ (p,e) € (’)(M)}
= {e € Liso(R™, T, M) ’ ele = ]1}.

Hint: If ¢ : U — Q is a coordinate chart on M with inverse ¢ : Q@ — U,
then

ex = dip(x)(dp () () T2 R = Ty M

is an orthonormal frame of the tangent space Ty, M for every x € .
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3.4.3 Horizontal Lifts

We have seen in Lemma 3.4.2 that the frame bundle F(M) is a smooth
submanifold of R™ x R™*™. Next we examine the tangent space of F(M) at
a point (p,e) € F(M). By Definition 2.2.1, this tangent space is given by

R — F(M):t— (y(t),e(t))
is a smooth curve satisfying
v(0) =p and e(0) =e

Tip,e)F (M) = § (7(0),€(0))

The next lemma gives an explicit formula for this tangent space in terms of
the second fundamental form h,, : T,M x T,M — T,M L in Definition 3.1.9.
Compare this formula with Lemma 4.3.1 in the next chapter.

Lemma 3.4.5. Let M C R" be a smooth m-dimensional submanifold. Then
the tangent space of F(M) at (p,e) is given by

(3.4.3)

peT,M,ecR"™™, and
(1-T(p))e = hy(P)e

Proof. We prove the inclusion “C” in (3.4.3). Let (p,e) € T(, ) F (M) and
choose a smooth curve R — F(M) : t — (v(t), e(t)) such that

10)=p, e(0)=e  H(0)=p  €0)=¢
Fix a vector £ € R™ and define the vector field X € Vect(y) by X (t) := e(t)&
for t € R. Then the Gaufi-Weingarten formula (3.2.2) asserts that
e(t)g = X (1)
= VX(t) + hy) (1(2), X (1))
= H(y(£))e@)S + hoyry (7(2), e(£)€)
for all t € R. Take t = 0 to obtain

(1 —TL(p))e€ = hy(p; e§) = hy(p)eg

for all £ € R™. This proves the inclusion “C” in (3.4.3). Equality holds
because both sides of the equation are (m-+m?)-dimensional linear subspaces
of R™ x R™ ™ This proves Lemma 3.4.5. O

T(p,e)f(M) = {(ﬁ7 /6\)

It is convenient to consider two kinds of curves in F (M), namely vertical
curves with constant projections to M and horizontal lifts of curves in M.
We denote by L(R™,T,M) the space of linear maps from R™ to T, M.
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Definition 3.4.6 (Horizontal lift). Let v : R — M be a smooth curve. A
smooth curve B : R — F(M) is called a lift of ~ iff

mof=nr.
Any such lift has the form B(t) = (y(t),e(t)) with e(t) € Liso(R™, Ty M).

The associated curve of frames e(t) of the tangent spaces TyyM s called a
moving frame along v. A curve

Bt) = (v(t),e(t)) € F(M)

1s called horizontal or a horizontal lift of ~ iff the vector field

along v s parallel for every & € R™. Thus a horizontal lift of v has the form

B(t) = (v(1), D4(t, 0)e) (3.4.4)
for some e € Liso(R™, T,Y(O)M).

Lemma 3.4.7. (i) The tangent space of F(M) at (p,e) € F(M) is the direct
sum

Tipe) 7 (M) = Hepey ® Vipye)
of the horizontal space
Hpe) = { (v, hp(v)e) |veT,M} (3.4.5)
and the vertical space

Vipe) = {0} x LR™, T, M). (3.4.6)

(ii) The vertical space V{;, ) at (p,e) € F(M) is the kernel of the linear map

dr(p,e) : Ty ey F(M) — T, M.

p,e)

(iii) A curve B: R — F(M) is horizontal if and only if it is tangent to the
horizontal spaces, i.e. B(t) € Hggy for every t € R.

(iv) If B : R — F(M) is a horizontal curve, so is a*f for every a € GL(m).
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Proof. The proof has four steps.
Step 1. Let (p,e) € F(M). Then Vi, ) = ker dr(p,e) C Ty o) F(M).

Since 7 is a submersion, the fiber 771(p) is a submanifold of F(M) by
Theorem 2.2.19 and T{,, .y 7~ (p) = ker dr(p, e). Now let (p, €) € ker dr(p, ).
Then there exists a vertical curve 8 : R — F(M) with 7o 8 = p such that

B(0) = (p,e),  B(0) = (p,e).

Any such curve has the form 3(t) := (p,e(t)) where e(t) € Liso(R™, T, M).
Hence p =0 and e = é(0) € L(R™,T,M). This shows that

ker dm(p,e) C Vipe)- (3.4.7)
Conversely, for every e € L(R™,T,M), the curve
R — LR™,T,M) :t—e(t) :=e+te

takes values in the open set Liso(R™,T,M) for t sufficiently small and
hence f(t) := (p, e(t)) is a vertical curve with 5(0) = (0,e). Thus

Vipe) C ker dm(p,e) C T(p, o) F (M). (3.4.8)
Combining (3.4.7) and (3.4.8) we obtain Step 1 and part (ii).
Step 2. Let (p,e) € F(M). Then H, o C T, e)F(M). Moreover, every

horizontal curve B : R — F(M) satisfies 3(t) € Hggy for all t € R.

Fix a tangent vector v € T, M, let v: R — M be a smooth curve satisfy-
ing v(0) = p and 4(0) = v, and let 5 : R — F(M) be the horizontal lift of -y
with 5(0) = (p,e). Then

B(t) = (v(t),e(t),  e(t) := Dy(t, 0)e.
Fix a vector £ € R™ and consider the vector field
X(t) == e(t) = D4(t,0)eg

along . This vector field is parallel and hence, by the GauBB—Weingarten
formula, it satisfies

¢(0)§ = X (0) = ha(0) ((0), X(0)) = hp(v)et.
Here we have used (3.3.4). Thus
(v, hp(v)e) = (4(0),€(0)) = B(0) € Tp() F(M) = T(p ) F (M)

and so H, .y C T(p¢)F (M). Moreover, B(0) = (v, hy(v)e) € Hpe) = Hpg o)
and this proves Step 2.
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Step 3. We prove part (i).

We have V(p’e) C T(p@)]:(M) by Step 1 and H(p,e) C T(p,e)f"(M) by Step 2.
Moreover H(;, ¢y NV, ¢y = {0} and so T(,, oy F (M) = H(;, ¢) @ V{3,¢) for dimen-
sional reasons. This proves Step 3.

Step 4. We prove parts (iii) and (iv).

By Step 2 every horizontal curve 5 : R — F(M) satisfies 3(t) € Hpg. Con-
versely, let R — F(M) : t — B(t) = (v(t),e(t)) be a smooth curve satisfy-
ing ((t) € Hpgyy for all t. Then é(t) = h. ) (¥(t))e(t) for all t. By the Gaufi-
Weingarten formula (3.2.2) this implies that the vector field X (t) = e(t)§
along ~ is parallel for every £ € R™ so (3 is horizontal. This proves part (iii).
Part (iv) follows from (iii) and the fact that the horizontal tangent bun-
dle H C TF(M) is invariant under the induced action of the group GL(m)
on TF(M). This proves Lemma 3.4.7. O

FM),=7 (p)

M) —

(p.e)

T

M P
Figure 3.3: The frame bundle.

The reason for the terminology introduced in Definition 3.4.6 is that one
draws the extremely crude picture of the frame bundle displayed in Fig-
ure 3.3. One thinks of (M) as “lying over” M. One would then represent
the equation v = 7 o 8 by the following commutative diagram:

F(M) ;
B ™
)

hence the word “lift”. The vertical space is tangent to the vertical line in
Figure 3.3 while the horizontal space is transverse to the vertical space. This
crude imagery can be extremely helpful.
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Exercise 3.4.8. The group GL(m) acts on F (M) by diffeomorphisms. Thus
for each a € GL(m) the map
F(M) = F(M): (p,e) = a(p,e) = (p,eca)

is a diffeomorphism of F(M). The derivative of this diffeomorphism is a
diffeomorphism of the tangent bundle T'F (M) and this is called the induced
action of GL(m) on TF(M). Prove that the horizontal and vertical sub-
bundles are invariant under the induced action of GL(m) on T'F(M).

Exercise 3.4.9. Prove that H, ) C T, O(M) and that

T(pve)O(M) = H(pve) @ ‘/(/]),6)7 ‘/(/p,(i) = ‘/(pve) m T(pve)O(M)
for every (p,e) € O(M).

The following definition introduces an important class of vector fields on
the frame bundle that will play a central role in Section 3.5. They will be
used to prove the Development Theorem 3.5.21 in §3.5.4 below.

Definition 3.4.10 (Basic vector field). Every vector £ € R™ determines
a vector field Bg € Vect(F(M)) defined by

Be(p,€) := (e, hp(ef)e) (3.4.9)
for (p,e) € F(M). This vector field is horizontal, i.e.
Bg(p, 6) S H(

ps€)
and projects to €€, i.e.

dr(p,e)Be(p, ) = e€
for all (p,e) € F(M). These two conditions determine the vector field By
uniquely. It is called the basic vector field corresponding to &.
Exercise 3.4.11. (i) Prove that every basic vector field B¢ € Vect(F(M))
is tangent to the orthonormal frame bundle O(M).

(ii) Let R — F(M) : t — (v(¢),e(t)) be an integral curve of the vector
field B¢ and a € GL(m). Prove that R — F(M) : t — a*B(t) = (v(t), a*e(t))
is an integral curve of By-1¢.

(iii) Prove that the vector field Be € Vect(F(M)) is complete for all £ € R™
if and only if the restricted vector field Be|o(ar) € Vect(O(M)) on the or-
thonormal frame bundle is complete for all £ € R™.

Definition 3.4.12 (Complete manifold). A smoth m-manifold M C R"
1s called complete iff, for every smooth curve £ : R — R™ and every
element (po,eo) € F(M), there exists a smooth curve f:R — F(M) such

that 5(0) = (po, o) and B(t) = Bewy (B(t)) for all t € R.
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3.5 Motions and Developments

Our aim in this sections is to define motion without sliding, twisting, or
wobbling. This is the motion that results when a heavy object is rolled,
with a minimum of friction, along the floor. It is also the motion of the large
snowball a child creates as it rolls it into the bottom part of a snowman.

We shall eventually justify mathematically the physical intuition that
either of the curves of contact in such ideal rolling may be specified arbi-
trarily; the other is then determined uniquely. Thus for example the heavy
object may be rolled along an arbitrary curve on the floor; if that curve is
marked in wet ink, another curve will be traced in the object. Conversely,
if a curve is marked in wet ink on the object, the object may be rolled so as
to trace a curve on the floor. However, if both curves are prescribed, it will
be necessary to slide the object as it is being rolled, if one wants to keep the
curves in contact.

We assume throughout this section that M and M’ are two m-dimensio-
nal submanifolds of R™. Objects on M’ will be denoted by the same letter
as the corresponding objects on M with primes affixed. Thus for example
I'(p’) € R™ ™ denotes the orthogonal projection of R™ onto the tangent
space Ty M’', V' denotes the covariant derivative of a vector field along a
curve in M’, and ‘I>'7, denotes parallel transport along a curve in M’.

3.5.1 DMotion

Definition 3.5.1. A motion of M along M’ (on an interval I C R) is
a triple (¥,~,7') of smooth maps

U:I— 0O(n), v:I— M, vl — M

such that
\I/(t)T,y(t)M = T’y/(t)M, Vtel.

Note that a motion also matches normal vectors, i.e.
V()T M+ = TypyM'™  Viel

Remark 3.5.2. Associated to a motion (¥,~,~') of M along M’ is a family
of (affine) isometries ¢y : R™ — R™ defined by

Pi(p) = (t) + ¥ () (p — (1)) (3.5.1)

for t € I and p € R™. These isometries satisfy

Pe(y (1) ='(t),  db(y()TyyM = TyyM'  Vitel
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Remark 3.5.3. There are three operations on motions.
Reparametrization. If (¥,~,+') is a motion of M along M’ on an in-
terval I CR and o : J — I is a smooth map between intervals, then the
triple

(‘1100—7,700-77,00-)
is a motion of M along M’ on the interval J.

Inversion. If (¥,v,~') is a motion of M along M’, then

(T 9,7)

is a motion of M’ along M.

Composition. If (¥,~,+) is a motion of M along M’ on an interval
and (¥',4/,+") is a motion of M’ along M” on the same interval, then

(U2, 7,7")
is a motion of M along M".

We now give the three simplest examples of “bad” motions; i.e. motions
which do not satisfy the concepts we are about to define. In all three of
these examples, p is a point of M and M’ is the affine tangent space to M
at p:

M :=p+T,M={p+v|veTl,M}.

Example 3.5.4 (Pure sliding). Take a nonzero tangent vector v € T,M
and let

~(t) :==p, Y (t) =p+to, U(t) .= 1.
Then 4(t) =0, 4'(t) = v # 0, and so
()y(t) # (@)

(See Figure 3.4.)

Figure 3.4: Pure sliding.
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Example 3.5.5 (Pure twisting). Let v and ' be the constant curves

and take W(t) to be the identity on T, M~ and any curve of rotations on the
tangent space T, M. As a concrete example with m = 2 and n = 3 one can
take M to be the sphere of radius one centered at the point (0,1,0) and p
to be the origin:

M::{(:c,y,z)€R3|x2+(y71)2+22:1}, p:=(0,0,0).

Then M’ is the (z, z)-plane and A(t) is any curve of rotations in the (z, 2)-
plane, i.e. about the y-axis T,M~*. (See Figure 3.5.)

£
N

P

M’

Figure 3.5: Pure twisting.

Example 3.5.6 (Pure wobbling). This is the same as pure twisting except
that W(¢) is the identity on T,M and any curve of rotations on T,M=L. As
a concrete example with m = 1 and n = 3 one can take M to be the circle
of radius one in the (z,y)-plane centered at the point (0,1,0) and p to be
the origin:

M= {(z,y,0) e R*|2* + (y—1)*=1},  p:=(0,0,0).

Then M’ is the z-axis and W(t) is any curve of rotations in the (y, z)-plane,
i.e. about the axis M’. (See Figure 3.6.)

o

M’ P

Figure 3.6: Pure wobbling.
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3.5.2 Sliding

When a train slides on the track (e.g. in the process of stopping suddenly),
there is a terrific screech. Since we usually do not hear a screech, this means
that the wheel moves along without sliding. In other words the velocity of
the point of contact in the train wheel M equals the velocity of the point
of contact in the track M’. But the track is not moving; hence the point of
contact in the wheel is not moving. One may explain the paradox this way:
the train is moving forward and the wheel is rotating around the axle. The
velocity of a point on the wheel is the sum of these two velocities. When
the point is on the bottom of the wheel, the two velocities cancel.

Definition 3.5.7. A motion (V,~,v) is said to be without sliding iff it
satisfies W(t)y(t) = A/ (t) for every t.

Here is the geometric picture of the no sliding condition. As explained
in Remark 3.5.2 we can view a motion as a smooth family of isometries

Pe(p) == (t) + V() (p — (1))

acting on the manifold M with v(t) € M being the point of contact with M.
Differentiating the curve t — 14(p) which describes the motion of the point
p € M in the space R™ we obtain

Cp) =4 (1) — (1) + ¥(0) (o~ 1 ().
Taking p = ~y(ty) we find

d

= ((t0)) = 4'(to) — ¥(to)¥(to)-

t=to
This expression vanishes under the no sliding condition. In general the
curve t — ¥ (y(tp)) will be non-constant, but (when the motion is without
sliding) its velocity will vanish at the instant ¢ = ¢o; i.e. at the instant when
it becomes the point of contact. In other words the motion is without sliding
if and only if the point of contact is motionless.

We remark that, if the motion is without sliding, we have:

/()] = 12@)5(®)] = [4(0)]

so that the curves v and 4/ have the same arclength:

/ 5(0)| dt = / (0)] dr

on any interval [to,?;] C I. Hence any motion with 4 = 0 and 4’ # 0 is not
without sliding (such as the example of pure sliding above).
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Exercise 3.5.8. Give an example of a motion where |¥(t)| = |¥/(¢)| for
every t but which is not without sliding.

Example 3.5.9. We describe mathematically the motion of the train wheel.
Let the center of the wheel move right parallel to the z-axis at height one
and the wheel have radius one and make one revolution in 27 units of time.
Then the track M’ is the z-axis and we take

M= {(z,y) e R*|2* + (y — 1)* = 1}.
Choose
~(t) := (cos(t — 7/2),1 + sin(t — 7/2))
= (sin(t), 1 — cos(t)),
V(t) = (t,0),
and define ¥(t) € GL(2) by

cos(t) sin(t)

w0 = (o) o) )

The reader can easily verify that this is a motion without sliding. A fixed
point pg on M, say pp = (0,0), sweeps out a cycloid with parametric equa-~
tions

x =t —sin(t), y=1—cos(t).

(Check that (&,7) = (0,0) when y = 0; i.e. for t = 2n.)

Remark 3.5.10. These same formulas give a motion of a sphere M rolling
without sliding along a straight line in a plane M’. Namely in coordinates
(x,y, z) the sphere is given by the equation

2+ (y -1+ =1,

the plane is y = 0 and the line is the z-axis. The z-coordinate of a point is
unaffected by the motion. Note that the curve 4’ traces out a straight line
in the plane M’ and the curve v traces out a great circle on the sphere M.

Exercise 3.5.11. The operations of reparametrization, inversion, and com-
position respect motion without sliding; i.e. if (¥,v,7') and (¥',4',~")
are motions without sliding on an interval I and ¢ : J — [ is a smooth
map between intervals, then the motions (¥ o o,v0 0,7 o), (U1~ ~),
and (V¥ ~,~") are also without sliding.
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3.5.3 Twisting and Wobbling

A motion (¥,~v,+) on an intervall I C R transforms vector fields along ~y
into vector fields along 7/ by the formula

X'(t) = (X)(t) := U)X (t) € Ty M’
for t € I and X € Vect(y); so X’ € Vect(v').

Lemma 3.5.12. Let (¥,v,v') be a motion of M along M' on an interval
I C R. Then the following are equivalent.

(i) The instantaneous velocity of each tangent vector is normal, i.e. fort € 1
V()T M C Ty M'™.
(ii) ¥ intertwines covariant differentiation, i.e. for X € Vect(7)
V(X)) =0VX.

(iii) W transforms parallel vector fields along v into parallel vector fields
along ', i.e. for X € Vect(v)

VX =0 = V' (¥X) = 0.
(iv) VU intertwines parallel transport, i.e. for s,t € I and v € TysM
U(t) Dy (t,s)v = <I>fyl (t,s)¥(s)v.
A motion that satisfies these conditions is called without twisting.

Proof. We prove that (i) is equivalent to (ii). A motion satisfies the equation

(O((2) = ' (' (2) T (t)

for every t € I. This restates the condition that ¥(¢) maps tangent vectors
of M to tangent vectors of M’ and normal vectors of M to normal vectors
of M'. Differentiating the equation X'(t) = ¥(¢)X (t) we obtain

X'(t) = U)X (t) + T (t) X (t).
Applying II'(y/(t)) this gives
VX' =0VX +1I'(y)UX.

Hence (ii) holds if and only if II'(y/(¢))¥(t) = 0 for every ¢t € I. Thus we
have proved that (i) is equivalent to (ii). That (ii) implies (iii) is obvious.
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We prove that (iii) implies (iv). Let to € I and vo € T',(;,)M. Define the
vector field X € Vect(y) by X (t) := ®,(t,t0)vg for t € I and let X' := UX.
Then VX = 0, hence V'X’ = 0 by (iii), and hence

X'(t) = ®L,(t,t0) X' (to) = @, (t,t0)¥(to)vo

for all t € I. Since X'(t) = U(t) X (t) = ¥(t)P,(t, to)vo, this implies (iv).
We prove that (iv) implies (ii). Let X € Vect(y) and X’ := ¥X. By (iv)
we have
@7, (o, t) X' (t) = W(to) P (to, 1) X ().

Differentiating this equation with respect to ¢ at ¢ = tg and using Theo-
rem 3.3.6, we obtain V'X'(tg) = ¥(tg)VX (to). This proves the lemma. [

Lemma 3.5.13. Let (¥,v,v') be a motion of M along M’ on an interval
I C R. Then the following are equivalent.

(1) The instantaneous velocity of each normal vector is tangent, i.e. fort € I
()T M+ C Ty M.
(ii) W intertwines normal covariant differentiation, i.e. for Y € Vect™ ()
V' (TY) = oviy.

(iii) U transforms parallel normal vector fields along ~y into parallel normal
vector fields along v, i.e. for Y € Vect(v)

VY =0 e V' (TY) = 0.

(iv) ¥ intertwines parallel transport of normal vector fields, i.e. for s,t € I
and w € TV(S)ML

T()OL (L, s)w = D" (L, 5)U(s)w.

A motion that satisfies these conditions is called without wobbling.

The proof that the four conditions in Lemma 3.5.13 are equivalent is
word for word analogous to the proof of Lemma 3.5.12 and will be omitted.

In summary a motion is without twisting iff tangent vectors at the point
of contact are rotating towards the normal space and it is without wobbling
iff normal vectors at the point of contact are rotating towards the tangent
space. In case m = 2 and n = 3 motion without twisting means that the
instantaneous axis of rotation is parallel to the tangent plane.
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Remark 3.5.14. The operations of reparametrization, inversion, and com-
position respect motion without twisting, respectively without wobbling; i.e.
if (U,7,7') and (¥’,~',~”) are motions without twisting, respectively with-
out wobbling, on an interval I and o : J — [ is a smooth map between
intervals, then the motions (Voo,vy00,7 0a), (¥~1,4/,7), and (V'V,~,~")
are also without twisting, respectively without wobbling.

Remark 3.5.15. Let I C R be an interval and tg € I. Given curves
v:I— M and v : I = M’ and an orthogonal matrix Wy € O(n) such that
Vol 1) M = Twl(to)M/

there is a unique motion (¥, ~,~") of M along M’ (with the given v and +/)
without twisting or wobbling satisfying the initial condition:

U(to) = .

Indeed, the path of matrices ¥ : I — O(n) is uniquely determined by the
conditions (iv) in Lemma 3.5.12 and Lemma 3.5.13. It is given by the explicit
formula

U(t)v = @, (t, to) WoD (to, t)II(7(t))v
+ @75 (8, t0) Lo (t0,1) (v — TI(1(1)))

for t € I and v € R™. We prove below a somewhat harder result where the
motion is without twisting, wobbling, or sliding. It is in this situation that
and ' determine one another (up to an initial condition).

(3.5.2)

Remark 3.5.16. We can now give another interpretation of parallel trans-
port. Giveny : R — M and vg € T, )M take M’ to be an affine subspace of
the same dimension as M. Let (¥,v,7’) be a motion of M along M’ without
twisting (and, if you like, without sliding or wobbling). Let X’ € Vect(v/)
be the constant vector field along +' (so that V' X’ = 0) with value

X'(t) = Yguo, U = U(tp).
Let X € Vect() be the corresponding vector field along  so that
\I/(t)X(t) = \I/()’Uo

Then X (t) = ®,(t,t9)vo. To put it another way, imagine that M is a ball. To
define parallel transport along a given curve v roll the ball (without sliding)
along a plane M’ keeping the curve v in contact with the plane M’. Let +/
be the curve traced out in M’. If a constant vector field in the plane M’ is
drawn in wet ink along the curve v/, it will mark off a (covariant) parallel
vector field along v in M.

Exercise 3.5.17. Describe parallel transport along a great circle in a sphere.
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3.5.4 Development

A development is an intrinsic version of motion without sliding or twisting.

Definition 3.5.18. A development of M along M’ (on an interval I)
is a triple (®,v,7') where v : I — M and v : I — M’ are smooth paths
and @ is a family of orthogonal isomorphisms

(I)(t) : T,y(t)M — T’y/(t)M/
parametrized by t € I, such that
D(LYi(E) = 7 (1) (3.5.3)
for allt € I and ® intertwines parallel transport, i.e.
O(t)D,(t,s) = CIJiY,(t, $)P(s) (3.5.4)

for all s,t € I. In particular, the family ® of isomorphisms is smooth, i.e.
if X is a smooth vector field along v, then the formula X'(t) := ®(t) X (t)
defines a smooth vector field along ~'.

Lemma 3.5.19. Let I C R be an interval, v : I — M and ~' : I — M’
be smooth curves, and ®(t) : TyyyM — T.Y/(t)M’ be a family of orthogonal
isomorphisms parametrized by t € I. Then the following are equivalent.

(1) (®,7,7) is a development.
(ii) @ satisfies (3.5.3) and

V/(®X) = DVX (3.5.5)

for all X € Vect(y).
(iii) There exists a motion (V,~,~") without sliding and twisting such that

®(t) =V (t)|r, M forallt e 1. (3.5.6)

(iv) There exists a motion (V,v,~") of M along M without sliding, twisting,
and wobbling that satisfies (3.5.6).

Proof. That (3.5.4) is equivalent to (3.5.5) was proved in Lemma 3.5.12.
This (i) is equivalent to (ii). That (iv) implies (iii) and (iii) implies (i) is
obvious. To prove that (i) implies (iv) choose any ¢y € I and any orthogonal
matrix Wo € O(n) such that Wol|r, , jm = P(to) and define ¥(¢) : R" — R"
by (3.5.2). This proves Lemma 3.5.19. O
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Remark 3.5.20. The operations of reparametrization, inversion, and com-
position yield developments when applied to developments; i.e. if (®,7,~") is
a development of M along M’ on an interval I, (®',+',4") is a development
of M’ along M" on the same interval I, and o : J — I is a smooth map of
intervals, then the triples

(Poo,yoo,v00), (2719.7),  (2P,7,7)

are all developments.

Theorem 3.5.21 (Development Theorem). Let pg € M and ty € R,
let v/ : R — M’ be a smooth curve, and let

Dy : TpoM — Tﬂ//(tO)M,

be an orthogonal isomorphism. Then the following holds.

(i) There exists a development (®,7,v'|;) on some open interval I C R
containing ty that satisfies the initial condition

v(to) =po,  @(to) = Po. (3.5.7)

(i) Any two developments (P1,v1,7|1,) and (P2, v2,7'|1,) as in (i) on two
intervals 11 and Iy agree on the intersection Iy N Ia, i.e.

Y1(t) = 12(1), Dy (t) = Paft)

for everyt € Iy N Is.
(iii) If M is complete, then (i) holds with I = R.

Proof. Let v: R — M be any smooth curve such that
Y(to) = po
and, for ¢t € R, define the linear map
D(t) : TyyM — Ty M’

by

D(t) := @, (t,t0)PoP (Lo, 1) (3.5.8)
This is an orthogonal transformation for every ¢ and it intertwines parallel
transport. However, in general ®(¢)7(¢) will not be equal to ¥'(t).
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To construct a development that satisfies (3.5.3), we choose an orthonor-
mal frame eg : R™ — T M and, for ¢t € R, define e(t) : R™ — T, ;)M by

6(t) = (p,y(t,to)eo. (359)
We can think of e(t) as a real n x m-matrix and the map
R — R™™: ¢+ e(t)

is smooth. In fact, the map ¢ +— (y(t),e(t)) is a smooth path in the frame
bundle F(M). Define the smooth map & : R — R™ by

A (£) = @ (t, to) Poeok (1). (3.5.10)

We prove the following.

Claim: The triple (®,7,v') is a development on an interval I C R if and
only if the path t — (y(t),e(t)) satisfies the differential equation

(3(2), (1)) = Be(ry(7(t), e(t)) (3.5.11)

for every t € I, where Beyy € Vect(F(M)) denotes the basic vector field
associated to £(t) € R™ (see equation (3.4.9)).

The triple (®,~,7’) is a development on [ if and only if

for every ¢ € I. By (3.5.8) and (3.5.10) this is equivalent to the condition

DL, (t,t0) Do (to, 1)¥(t) = ' (t) = BL,(t, to) Poeok(t),

hence to
D (to, t)7(t) = eok(t),
and hence to
H(t) = Dyt to)ent (1) = e()E() (3.5.12)

for every ¢t € I. By (3.5.9) and the Gaufi—-Weingarten formula, we have

é(t) = hyy (7(t))e(?)

for every t € R. Hence it follows from (3.4.9) that (3.5.12) is equivalent
to (3.5.11). This proves the claim.

Parts (i) and (ii) follow directly from the claim. Part (iii) follows from
the claim and Definition 3.4.12. This proves Theorem 3.5.21. O
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Remark 3.5.22. As any two developments (®1,71,7'|r,) and (P2, v2,7'|1,)
on two intervals I; and I that satisfy the initial condition (3.5.7) agree
on I; NIy there is a development defined on I1 Uly. Hence there is a
unique mazimally defined development (®,v,7'|r), defined on a maximal
interval I = I(to, po, Po), associated to the initial data tg, po, Po.

Denote the space of initial data by

) /
Pi= {(t,p, ®) fseafl)ftlelogi’n;pl ‘tgri\jfo?mz?igilM } ’ (3.5.13)
define the set D C R x P by
D := {(t, t0, po, o) | (to, po, Po) € P, t € I(to,po, Po)} (3.5.14)
and let
D — P (t,to, po, Po) — (t,7(t), (1)), (3.5.15)

be the map which assigns to each (g, po, Po) € P and each t € I(tg, po, Po)
the value at time ¢ of the unique development (®,~,~'|;) associated to the
inital condition (g, po, Po) on the maximal time interval I = I(tg,po, Po)-
Then the space P has a natural structure of a smooth manifold (in the
intrinsic setting), and it follows from Theorem 2.4.9 and the proof of The-
orem 3.5.21 that D is an open subset of R x P and the map (3.5.15) is
smooth.
The smooth structure on P can be understood as follows. The space

Oy) = {(t.e) [ (v'(t),€') € O(M")}

is the pullback of the orthonormal frame bundle O(M’) — M’ under the
curve 7 : R — M’ or, equivalently, is the orthonormal frame bundle of the
pullback tangent bundle (7/)*I'M. Thus O(v) is a smooth submanifold
of R x R™*™_ The group O(m) acts diagonally on O(v') x O(M) and the
action is free. Hence the quotient (O(y') x O(M))/O(m) is a smooth man-
ifold by Theorem 2.9.14, and it can be naturally identified with P via the
bijection [(t,€), (p,e)] = (t,p, e’ oe™t).

Remark 3.5.23. The statement of Theorem 3.5.21 is essentially symmetric
in M and M’ as the operation of inversion carries developments to develop-
ments. Hence given

YR M, pyeM, toe€R,  Po:Tyu)M — Ty M,

we may speak of the development (®,+,~") corresponding to v with initial
conditions /(to) = pf, and ®(ty) = Po.
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Corollary 3.5.24 (Motions). Let po € M and ty € R, let ' : R — M’ be
a smooth curve, and let Vo € O(n) be a matriz such that

WoTp M = Ty () M.

Then the following holds.

(1) There exists a motion (¥,~,~'|;) without sliding, twisting and wobbling
on some open interval I C R containing tg that satisfies the initial condi-
tion y(ty) = po and ¥(ty) = V.

(ii) Any two motions as in (i) on two intervals I and Iy agree on the
intersection Iy N Is.

(iii) If M is complete, then (i) holds with I = R.
Proof. Theorem 3.5.21 and Remark 3.5.15. 0

Corollary 3.5.25 (Completeness). The following are equivalent.

(1) M is complete, i.e. for every smooth curve & : R — R™ and every
element (po,eo) € F(M), there exists a smooth curve :R — F(M) such
that B(t) = Be)(B(t)) for allt € R and B(0) = (po, eo) (Definition 3.4.12).
(ii) For every smooth curve & : R — R™ and every element (po,eg) € O(M),
there is a smooth curve a: R — O(M) such that &(t) = Bey(a(t)) for ev-
eryt € R and a(0) = (po, €o)-

(iii) For every smooth curvey' : R — R™, every pg € M, and every orthogo-
nal isomorphism ®¢ : Tp, M — R™ there exists a development (®,7,~") of M
along M" =R™ on all of R that satisfies v(0) = pg and ®(0) = Py.

Proof. We have already noted that the basic vector fields are all tangent to
the orthonormal frame bundle O(M) C F(M). Now note that if a smooth
curve I — F(M) : t — B(t) = (7(t),e(t)) on an interval I C R satisfies the
differential equation

B(t) = Bewy(B(1))

for all ¢, then so does the curve
I — F(M):tw—a*B(t) = (v(t),e(t) ca)

for every a € GL(m,R). Since any frame eg:R"™ — T, M can be car-
ried to any other (in particular an orthonormal one) by a suitable ma-
trix a € GL(m,R), this shows that (i) is equivalent to (ii).

That (i) implies (iii) was proved in Theorem 3.5.21.
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We prove that (iii) implies (ii). Fix a smooth map £ : R — R™ and an
element (pg,ep) € O(M). Define
By :=eyt : TpyM — R™
and .
v (t) == / £(s)ds e R™  forteR.
0

By (ii) there exists a development (®,~,~) of M along R™ on all of R that
satisfies the initial conditions

7(0) =po,  ©(0) = Po.
Then
D(t) = Po®,(0,1) : Ty(n M = R™,  (t)¥(t) =4(t) =&(?)
for all t € R by Definition 3.5.18. Define

e(t) := ®,(t,0)eg = ®(t) " : R™ — T, () M

for t € R. Then (vy,e) : R — F(M) is a smooth curve that satisfies the initial
condition ((0),e(0)) = (po, eo) and the differential equation

(1) = @(6)T1E(t) = e(t)é(t),

(1) = o (H())e(t) = By (e(DE(L))e(t)

by the Gaufi—-Weingarten formula. Thus

(7(2), €(t)) = Be(ry(v(1), e(t))
for all t € R. This proves Corollary 3.5.25. 0

It is of course easy to give an example of a manifold which is not com-
plete; e.g. if (®,7,7') is any development of M along M’ then M \ {~(t1)}
is not complete as the given development is only defined for ¢ # 1. In §4.6
we give equivalent characterizations of completeness. In particular, we will
see that any compact submanifold of R” is complete.

Exercise 3.5.26. An affine subspace of R" is a subset of the form
E=p+E={p+v|veE}

where E C R" is a linear subspace and p € R”. Prove that every affine
subspace of R" is a complete submanifold.
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3.6 Christoffel Symbols

The goal of this subsection is to examine the covariant derivative in local
coordinates on an embedded manifold M C R"™ of dimension m. Let

.U —Q

be a coordinate chart, defined on an M-open subset U C M with values in
an open set 2 C R™, and denote its inverse by

b= QUCM

At this point it is convenient to use superscripts for the coordinates of a
vector x € 2. Thus we write

r= (..., 2™) e Q.

If p =4 (z) € U is the corresponding element of M, then the tangent space
of M at p is the image of the linear map di)(z) : R™ — R" (Theorem 2.2.3)
and thus two tangent vectors v,w € T, M can be written in the form

_ N OV

(3.6.1)

w=diain =S 0 (@)
j=1

for € = (¢4,...,6€™) €R™ and n = (n',...,n™) € R™. Recall that the re-
striction of the inner product in the ambient space R™ to the tangent space
is the first fundamental form g, : T,M x T,M — R (Definition 3.1.1). Thus

gp(v,w) = (v,w) = Z figij(w)nj, (3.6.2)
i,j=1
where the functions g;; : 2 — R are defined by

gij(x) = <g;i (x), gj;(x)> for x € Q. (3.6.3)

In other words, the first fundamental form is in local coordinates represented
by the matrix valued function g = (g;;){—; : 2 — R™*™.
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Figure 3.7: A vector field along a curve in local coordinates.

Now let ¢ = (c!,...,¢™) : I — Q be a smooth curve in ), defined on an
interval I C R, and consider the curve

vy=toc:I M

(see Figure 3.7). Our goal is to describe the operator X — VX on the space
of vector fields along v in local coordinates. Let X : I — R" be a vector
field along . Then

X(t) € TyyM = TyeyM = im (dip(c(t)) : R™ — R")
for every t € I and hence there exists a unique smooth function
E= (..., &"): ] 5 R"

such that

X (1) = du(e(t))e) = Y00 4 (). (3.6.4)
=1

X

Differentiate this identity to obtain

. m .. m . . 2
X(0) = Y6000 (e) + 3 €W W) g (e).  (365)
i=1

3,j=1

We examine the projection VX (¢) = II(y(¢)) X (¢) of this vector onto the tan-
gent space of M at 7(t). The first summand on the right in (3.6.5) is already
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tangent to M. For the second summand we simply observe that the vec-
tor (¢ (x))0% /0x'd2 lies in tangent space Ty, M and can therefore be
expressed as a linear combination of the basis vectors O /dz!, ... 9y /dx™.
The coefficients will be denoted by Ff’](x) Thus there exist smooth func-

tions FZ:Q%Rfori,j,kzl,...,m such that

2 m
H((a) 5o (a) = T () 2% (2) (3.6

0107
k=1

forallz € Qandalli,j € {1,...,m}. The coefficients Ff”j : Q — R are called
the Christoffel symbols associated to the coordinate chart ¢ : U — Q. To
sum up we have proved the following.

Lemma 3.6.1. Let ¢: I — ) be a smooth curve and define
yi=voc:I— M.

If ¢ : I — R™ is a smooth map and X € Vect(y) is given by (3.6.4), then
its covariant derivative at time t € I is given by

VX() =Y | €+ Y THe)E ) (t) %(C(t)), (3.6.7)

k=1 ij=1
where the Ffj are the Christoffel symbols defined by (3.6.6).

Our next goal is to understand how the Christoffel symbols are deter-
mined by the metric in local coordinates. Recall from equation (3.6.2) that
the inner products on the tangent spaces inherited from the standard Eu-
clidean inner product on the ambient space R™ are in local coordinates
represented by the matrix valued function

9= (9ij)i5=1 : @ — R™™

(% %
9ij = <8mi’ O >Rn- (3.6.8)

We shall see that the Christoffel symbols are completely determined by the
functions g;; : @ — R. Here are first some elementary observations.

given by
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Remark 3.6.2. The matrix g(z) € R™*" is symmetric and positive definite
for every x € 2. This follows from the fact that the matrix dip(z) € R™*™
has rank m and the matrix g(x) is given by

g(x) = dip () dy(x)
Thus £Tg(x)¢ = |dy(z)€]2 > 0 for all £ € R™\ {0}.

Remark 3.6.3. For x €  we have det(g(x)) > 0 by Remark 3.6.2 and
so the matrix g(x) is invertible. Denote the entries of the inverse ma-
trix g(x)~! € R™*™ by ¢g*(x). They are determined by the condition

G : 1, ifi=k
.. Jk — k: ’ )
ZgZ](x)g (I) - 5@ { 0’ if 7 75 k.

J=1

Since g(z) is symmetric and positive definite, so is its inverse matrix g(z)~!.

In particular, we have g*(x) = ¢ (z) for allz € Q and all k, £ € {1,...,m}.

Remark 3.6.4. Suppose that X,Y € Vect(y) are vector fields along our
curve y = oc:I — M and £, n:1 — R™ are defined by

Z () ({M ), Z 8333 ().

Then the inner product of X (t) and Y (¢) is given by

(X(),Y (1) =Y & Ogis(c®)n’ (©).

ij=1
Lemma 3.6.5 (Christoffel symbols). Let Q@ C R™ be an open set and
let gij : Q=R fori,j=1,...,m be smooth functions such that each ma-
triz (gij(x)){y=1 is symmetric and positive definite. Let Ffj Q= R be
smooth functions fori,j,k=1,...,m. Then the Ffj satisfy the conditions

Fk = F;Cu ’Z _ Z (gikré?é + gjkﬂ%) (3.6.9)

fori,j, k., =1,...,m if and only if they are given by

m

1 (Ogui 09¢; 09gij
rk = § ke A A 6.1
K e:1g 2 <8:z:9 + oxt Ozt (3.6.10)

If the I’fj are defined by (3.6.6) and the g;; by (3.6.8), then the Ffj sat-
isfy (3.6.9) and hence are given by (3.6.10).
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Proof. Suppose that the Ffj are given by (3.6.6) and the g;; by (3.6.8). Let
c:I—Q, &En: I —R™
be smooth functions and suppose that the vector fields X, Y along the curve
yi=voc:I—-M

are given by

X(0) =Y €W e), Y1) = 1) (elt)).

i=1 j=1

Dropping the argument ¢ in each term, we obtain from Remark 3.6.4 and

Lemma 3.6.1 that
Y)=> gi(c)sn,
2%
(X,VY) Zglk b+ TR |,
4,

(VX,Y) ngj ¢k +Zr’c EE | .
Hence it follows from equation (3.2.5) in Lemma 3.2.4 that
X
—Z<9w 577 + gij(c )& +Z gw §Zj€>
_Zgzk )ENT = > gin(oT(c)eini

0=—(X,Y)— (X,VY)— (VX,Y)

i,5,k,€
—ngg )& = 7 gk (0T,
i,9,k,¢
= Z (8% Zgzk Zg]k > gy
4,5,0 k

This holds for all smooth mapsc: I — Qand&,n: I — R™, sothe Ffj satisfy
the second equation in (3.6.9). That they are symmetric in ¢ and j is obvious.
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To prove that (3.6.9) is equivalent to (3.6.10), define

m
Lyij = Z gekffj-
k=1

Then (3.6.9) is equivalent to

09 i _
oxt

Leij = Lojs, Lije + Tjig.

and (3.6.10) is equivalent to

1 (0gei | Oge5  Ogij
Loy = 2 <85L‘j + oxt Ozt )’

If the I'y;; are given by (3.6.13), then they satisfy
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(3.6.11)

(3.6.12)

(3.6.13)

Lyij = Ty
and
09ij ~ Ogie  0gje  0gji  Ogje  Ogie
2lije + 2L i = Ozt + oxi Ozt + Ozt + oxi  Oxd
agij
=2
ozt

for all 4, j, £. Conversely, if the I'y;; satisfy (3.6.12), then

Ogi;

6;;5 = Fijg + Fjiﬁa

Ogui

%jz = ngj + Fiéj = Ffi]' + Fiﬂ’
0gu;

o =~ Ltii + Tjei = Toij + Djie.

Take the sum of the last two minus the first of these equations to obtain

Ogei , 094 99ij _ opr
Oxi ~ Ox*  Oxt b

Thus (3.6.12) is equivalent to (3.6.13) and so (3.6.9) is equivalent to (3.6.10).

This proves Lemma 3.6.5.

O]
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3.7 Riemannian Metrics*

We wish to carry over the fundamental notions of differential geometry to
the intrinsic setting. First we need an inner product on the tangent spaces
to replace the first fundamental form in Definition 3.1.1. This is the content
of Definition 3.7.1 and Lemma 3.7.4 below. Second we must introduce the
covariant derivative of a vector field along a curve. With this understood all
the definitions, theorems, and proofs in this chapter carry over in an almost
word by word fashion to the intrinsic setting.

3.7.1 Existence of Riemannian Metrics

We will always consider norms that are induced by inner products. But in
general there is no ambient space that can induce an inner product on each
tangent space. This leads to the following definition.

Definition 3.7.1. Let M be a smooth m-manifold. A Riemannian metric
on M is a collection of inner products

TyM x T,M — R : (v,w) = gp(v,w),
one for every p € M, such that the map
M —=R:p— gp(X(p),Y(p))

is smooth for every pair of vector fields X,Y € Vect(M). We will also
denote the inner product by (v,w), and drop the subscript p if the base
point is understood from the context. A smooth manifold equipped with a
Riemannian metric is called o Riemannian manifold.

Example 3.7.2. If M C R" is a smooth submanifold, then a Riemannian
metric on M is given by restricting the standard inner product on R™ to
the tangent spaces T,M C R™. This is the first fundamental form of an
embedded manifold (see Definition 3.1.1).

More generally, assume that M is a Riemannian m-manifold in the in-
trinsic sense of Definition 3.7.1 with an atlas & = {(¢a, Us)}aca. Then the
Riemannian metric g determines a collection of smooth functions

9o = (Gayij)ij=1 : Pa(Ua) = R™™, (3.7.1)

one for each o € A, defined by

T ga(@)n = gp(v,w), Galp) =2, doa(P)v=¢, doa(p)w=mn, (3.7.2)
for x € ¢o(Uy) and &, € R™.
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Each matrix go(x) is symmetrix and positive definite. Note that the
tangent vectors v and w in (3.7.2) can also be written in the form

v = [aag]lh w = [aﬂn]p'
Choosing standard basis vectors
£ = e, n=¢;

in R™ we obtain

s ily = dbalp) s = (1)
and hence
i) = (o (0 @) 5 (00 ) (3.73)

For different coordinate charts the maps g, and gg are related through the
transition map

Pga = dp oty 0a(UaNUs) = ¢g(Ua N Up)
via
9o () = ddpa()" g5(dpa(x))dpsa() (3.7.4)

for € ¢o(Uy NUg). Equation (3.7.4) can also be written in the shorthand
notation

Jo = P3a98
for o, 8 € A.

Exercise 3.7.3. Every collection of smooth maps
Ja : Ga(Uy) — RTX™

with values in the set of positive definite symmetric matrices that satis-
fies (3.7.4) for all o, 5 € A determines a global Riemannian metric via (3.7.2).

In this intrinsic setting there is no canonical metric on M (such as the
metric induced by R" on an embedded manifold). In fact, it is not completely
obvious that a manifold admits a Riemannian metric and this is the content
of the next lemma.
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Lemma 3.7.4. Every paracompact Hausdorff manifold admits a Rieman-
nian metric.

Proof. Let m be the dimension of M and let & = {(¢qa,Us)}aca be an atlas
on M. By Theorem 2.9.9 there is a partition of unity {f,}aca subordinate
to the open cover {Uy}aca. Now there are two equivalent ways to construct
a Riemannian metric on M.

The first method is to carry over the standard inner product on R™ to
the tangent spaces T,M for p € U, via the coordinate chart ¢,, multiply
the resulting Riemannian metric on U, by the compactly supported function
0., extend it by zero to all of M, and then take the sum over all . This
leads to the following formula. The inner product of two tangent vectors
v,w € T,M is defined by

= 3" 0a(p)(dda(p)v, da(p)w), (3.7.5)

p€Uq

where the sum runs over all o € A with p € U, and the inner product is
the standard inner product on R™. Since supp(f,) C U, for each a and the
sum is locally finite we find that the function

M—=R:p—(X(p),Y ()

is smooth for every pair of vector fields X, Y € Vect(M). Moreover, the right
hand side of (3.7.5) is symmetric in v and w and is positive for v = w # 0
because each summand is nonnegative and each summand with 6,(p) > 0 is
positive. Thus equation (3.7.5) defines a Riemannian metric on M.

The second method is to define the functions

ot Pa(Uy) — RTXT

= 04(65" (2))dna(@) Ty (@) (3.7.6)

yeEA

for x € ¢o(Us) where each summand is defined on ¢o(Uy N U,) and is
understood to be zero for x ¢ ¢ (U, N Uy). We leave it to the reader to
verify that these functions are smooth and satisfy the condition (3.7.4) for
all a, B € A. Moreover, the formulas (3.7.5) and (3.7.6) determine the same
Riemannian metric on M. (Prove this!) This proves Lemma 3.7.4. O
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3.7.2 Two Examples

Example 3.7.5 (Fubini—-Study metric). The complex projective space
carries a natural Riemannian metric, defined as follows. Identify CP™ with
the quotient of the unit sphere S?"*! c C"*! by the diagonal action of
the circle S!, i.e. CP™ = §?"*1 /81 Then the tangent space of CP" at the
equivalence class

2] =[z0: " :2,] €CP"

of a point z = (zq,...,2,) € S?"*! can be identified with the orthogonal
complement of Cz in C"*'. Now choose the inner product on 11,1CP™ to
be the one inherited from the standard inner product on C"*! via this
identification. The resulting metric on CP" is called the Fubini—Study
metric. Exercise: Prove that the action of U(n + 1) on C"*! induces a
transitive action of the quotient group

PSU(n + 1) :=U(n +1)/5*
by isometries. If z € S?"*1, prove that the unitary matrix
g:=2zz"—1

descends to an isometry ¢ on CP™ with fixed point p := [z] and d¢(p) = —id.
Show that, in the case n = 1, the pullback of the Fubini-Study metric on CP*

under the stereographic projection
S\ {(0.0,1)} — CP\ ([0 1]} : (1, 2,25) 1 [1 : H]

1-— I3
is one quarter of the standard metric on S2.

Example 3.7.6. Think of the complex Grassmannian G(C") of k-planes
in C™ as a quotient of the space

Fi(C) = {D e C™k | DD = ]1}

of unitary k-frames in C™ by the right action of the unitary group U(k).
The space Fj(C"™) inherits a Riemannian metric from the ambient Euclidean
space C"*¥. Show that the tangent space of G,(C") at a point A = imD,
with D € Fj(C™) can be identified with the space

ThGi(C) = {f) e k| D*D = o} .

Define the inner product on this tangent space to be the restriction of the
standard inner product on C™** to this subspace. Exercise: Prove that
the unitary group U(n) acts on G (C™) by isometries.
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3.7.3 The Levi-Civita Connection

A subtle point in this discussion is how to extend the notion of covariant
derivative to general Riemannian manifolds. In this case the idea of project-
ing the derivative in the ambient space orthogonally onto the tangent space
has no obvious analogue. Instead we shall see how the covariant derivatives
of vector fields along curves can be characterized by several axioms and
these can be used to define the covariant derivative in the intrinsic setting.
An alternative, but somewhat less satisfactory, approach is to carry over
the formula for the covariant derivative in local coordinates to the intrinsic
setting and show that the result is independent of the choice of the coor-
dinate chart. Of course, these approaches are equivalent and lead to the
same result. We formulate them as a series of exercises. The details are
straightforward.

Assume throughout that M is a Riemannian m-manifold with an atlas

A = {(¢a,Ua)}aca

and suppose that the Riemannian metric is in local coordinates given by
o = (ga,ij)zljzl : ¢a(Ua) — R™X™
for € A. These functions satisfy (3.7.4) for all a, 8 € A.

Definition 3.7.7. Let f: N — M be a smooth map between manifolds. A
vector field along f is a collection of tangent vectors

X(q) € Ty(gM,
one for each q € N, such that the map
N —=TM :q— (f(q),X(q))
is smooth. The space of vector fields along f will be denoted by Vect(f).
As before we will not distinguish in notation between the collection of
tangent vectors X(q) € Ty, M and the associated map N — TM and
denote them both by X. The following theorem introduces the Levi-Civita

connection as a collection of linear operators V : Vect(y) — Vect(7y), one for
each smooth curve v: 1 — M.
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Theorem 3.7.8 (Levi-Civita connection). There exists a unique collec-
tion of linear operators

V : Vect(y) — Vect(7)

(called the covariant derivative), one for every smooth curve v: I — M
on an open interval I C R, satisfying the following axioms.

(Leibniz Rule) For every smooth curve v : I — M, every smooth function
A: I — R, and every vector field X € Vect(y), we have

V(AX) = AX + AV X. (3.7.7)

(Chain Rule) Let 2 C R™ be an open set, let ¢ : I — Q be a smooth curve,
let v : 2 — M be a smooth map, and let X be a smooth vector field along ~.
Denote by V; X the covariant derivative of X along the curve z* — () (with
the other coordinates fixed). Then V; X is a smooth vector field along v and
the covariant derivative of the vector field X o ¢ € Vect(yoc) is

V(Xoc) =Y &t)VX(c(t)). (3.7.8)
j=1

(Riemannian) For any two vector fields X,Y € Vect(y) we have

%(X,Y> — (VX,Y) + (X, VY). (3.7.9)

(Torsion-free) Let I,J C R be open intervals and v : I x J — M be
a smooth map. Denote by V; the covariant derivative along the curve
s+ y(s,t) (with ¢ fixed) and by V, the covariant derivative along the curve
t — (s, t) (with s fixed). Then

VsO0py = Vi 0g7y. (3.7.10)

Proof. The proof is based on a reformulation of the axioms in local co-
ordinates. The (Leibnitz Rule) and (Chain Rule) axioms assert that the
covariant derivative is in local coordinates given by Christoffel symbols Ffj
as in equation (3.6.7) in Lemma 3.6.1. The (Riemannian) and (Torsion-free)
axioms assert that the Christoffel symbols satisfy the equations in (3.6.9)
and hence, by Lemma 3.6.5, are given by (3.6.10). (See also Exercise 3.7.10.)
This proves Theorem 3.7.8. O
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Exercise 3.7.9. The Christoffel symbols of the Riemannian metric are
the functions F’;ﬂ-j : pa(Uqy) — R. defined by

m

1 (0gapi . OGaw;  O9ayij
Fk e ke~ 017'Z Oh'] . a,t) 711
wn ;ga 2 ( Oz’ * Ozt dxt (37.11)

(see Lemma 3.6.5). Prove that they are related by the equation

0650, 06,
ozt Oxd

8¢k’ 82¢kl
Bapk Box K’
o o5 = Ggiggs T2 (Fﬂﬂ"ﬂ" ° ‘bB“)
k i’

for all «, 8 € A.

Exercise 3.7.10. Denote ¥, := ¢! : ¢o(Us) — M. Prove that the covari-
ant derivative of a vector field

X(0) =360 2 ()

i=1

along v =y 0co : I — M is given by

V() = Y (&0 + D0 T emE AN | 2. (3.712)

k=1 i,j=1
Prove that VX is independent of the choice of the coordinate chart.

Exercise 3.7.11. Let @ C R? be open and A: Q — (0,00) be a smooth
function. Let g : Q — R?X2 be given by

o= (" )

Compute the Christoffel symbols Ffj via (3.6.10).

Exercise 3.7.12. Let ¢ : S?\ {(0,0,1)} — C be the stereographic projec-

tion, given by
b1 D2
P(p) == ( ; )
®) 1—ps 1—ps

Prove that the metric g : R? — R2*2 has the form g(z) = A(x)1 where

4

= e

for z = (2!, 2%) € R
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3.7.4 Basic Vector Fields in the Intrinsic Setting

Let M be a Riemannian m-manifold with an atlas &/ = {(¢a,Ua)}yca-
Then the frame bundle (3.4.1) admits the structure of a smooth manifold
with the open cover U, := 7~ (U,) and coordinate charts

ba : Uy = ¢a(Ua) x GL(m)
given by B

¢a(p7 e) = (¢o¢ (p)7 d¢a(p)€) .
The derivatives of the horizontal curves in Definition 3.4.6 form a horizon-
tal subbundle H C TF(M) of the tangent bundle of the Frame bundle

whose fibers H, .y over an element (p,e) € F(M) can in local coordinates
be described as follows. Let

x = ¢a(p), a = doq(p)e € GL(m), (3.7.13)
and let (Z,a) € R™ x R™*™_ This pair has the form
(Z,0) = doo(p, ) (P, ©), (P €) € Hyp e, (3.7.14)
if and only if
af =— Y T (2)7a] (3.7.15)
ij=1

for k,£ =1,...,m, where the functions F’O“M-j : 0a(Uqs) — R are the Christof-
fel symbols defined by (3.7.11). Thus a tangent vector (p,€) € T(, ) F (M)
is horizontal if and only if its coordinates (Z,a) in (3.7.14) satisfy (3.7.15).
Hence, for every vector & € R™, there exists a unique horizontal vector
field B¢ € Vect(F(M)) (the basic vector field associated to §) such that

dr(p, e)Be(p, e) = e§
for all (p,e) € F(M). This vector field assigns to a pair (p,e) € F(M) with
the coordinates (x,a) € R™ x GL(m) as in (3.7.13) the horizontal tangent
vector (p,e) € H,ey C T(pe)F (M) whose coordinates (z,a) € R™ x R™*™
satisfy (3.7.15) and & = a§.
Exercise 3.7.13. Verify the equivalence of (3.7.14) and (3.7.15). Prove

that the notion of a horizontal tangent vector of F(M) is independent of
the choice of the coordinate chart. Hint: Use Exercise 3.7.9.

Exercise 3.7.14. Examine the orthonormal frame bundle O(M) in the
intrinsic setting.

Exercise 3.7.15. Carry over the proofs of Theorem 3.3.4, Theorem 3.3.6,
and Theorem 3.5.21 to the intrinsic setting.
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Chapter 4

(Geodesics

This chapter introduces geodesics in Riemannian manifolds. It begins in §4.1
by introducing geodesics as extremals of the energy and length functionals
and characterizing them as solutions of a second order differential equation.
In §4.2 we show that minimizing the length with fixed endpoints gives rise
to an intrinsic distance function d : M x M — R which induces the topol-
ogy M inherits from the ambient space R". §4.3 introduces the exponential
map, §4.4 shows that geodesics minimize the length on short time intervals,
§4.5 establishes the existence of geodesically convex neighborhoods, and §4.6
shows that the geodesic flow is complete if and only if (M, d) is a complete
metric space, and that in the complete case any two points are joined by a
minimal geodesic. §4.7 discusses geodesics in the intrinsic setting.

4.1 Length and Energy

This section explains the length and energy functionals on the space of paths
with fixed endpoints and introduces geodesics as their extremal points.

4.1.1 The Length and Energy Functionals

The concept of a geodesic in a manifold generalizes that of a straight line in
Euclidean space. A straight line has parametrizations of form ¢ — p + o(t)v
where o : R — R is a diffeomorphism and p,v € R™. Different choices of o
yield different parametrizations of the same line. Certain parametrizations
are preferred, for example those parametrizations which are “proportional
to the arclength”, i.e. where o(t) = at + b for constants a,b € R, so that
the tangent vector & (¢t)v has constant length. The same distinctions can

175
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be made for geodesics. Some authors use the term geodesic to include all
parametrizations of a geodesic while others restrict the term to cover only
geodesics parametrized proportional to the arclength. We follow the latter
course, referring to the more general concept as a “reparametrized geodesic”.
Thus a reparametrized geodesic need not be a geodesic.

We assume throughout that M C R” is a smooth m-manifold.

Definition 4.1.1 (Length and energy). Let I =[a,b] CR be a com-
pact interval with a < b and let v: 1 — M be a smooth curve in M. The
length L(v) and the energy E(v) are defined by

b
L) = [ i) d, (4.11)

b
E(y) := ;/ 5(t)]? dt. (4.1.2)

A variation of v is a family of smooth curves vs : I — M, where s
ranges over the reals, such that the map R x I — M : (s,t) — ~s(t) is
smooth and vy = . The variation {7s}scr s said to have fixed endpoints

iff vs(a) = v(a) and ~vs(b) = v(b) for all s € R.

Remark 4.1.2. The length of a continuous function 7 : [a,b] — R™ can
be defined as the supremum of the numbers SN | |y(t;) — v(ti_1)| over all
partitions a =ty < t; < --- < tny = b of the interval [a,b]. By a theorem in
first year analysis [64] this supremum is finite whenever « is continuously
differentiable and is given by (4.1.1).

We shall sometimes suppress the notation for the endpoints a,b € I.
When 7(a) = p and 7y(b) = ¢ we say that 7 is a curve from p to ¢g. One
can always compose vy with an affine reparametrization t' = a + (b — a)t to
obtain a new curve v/(t) := v(t') on the unit interval 0 < ¢ < 1. This new
curve satisfies L(v') = L(vy) and E(y') = (b — a)E(y). More generally, the
length L(7), but not the energy E(7), is invariant under reparametrization.

Remark 4.1.3 (Reparametrization). Let [ = [a,b] and I' = [d/,V] be
compact intervals. If v : I — R™ is a smooth curve and o : I’ — I is a
smooth function such that o(a’) = a, o(V') = b, and 6(¢') > 0 for all ¢ € I’,
then the curves v and vy o ¢ have the same length. Namely,

Lioo)= [ ' jt,wa(t'))\ o - | '

Here second equality follows from the chain rule and the third equality
follows from the change of variables formula for the Riemann integral.

"Y(U(t'))‘c'r(t’) dt' = L(v). (4.1.3)
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Theorem 4.1.4 (Characterization of geodesics). Let I = [a,b] C R be
a compact interval and let v : I — M be a smooth curve. Then the following
are equivalent.
(i) 7y is an extremal of the energy functional, i.e. every variation {7s}scr
of v with fized endpoints satisfies

dis s=0 E(PYS) =0.
(ii) v is parametrized proportional to the arclength, i.e. the veloc-
ity |4(t)| = ¢ > 0 is constant, and either 7 is constant, i.e. y(t) = p = q for
allt €I, or ¢ >0 and v is an extremal of the length functional, i.e.
every variation {s}ser of v with fized endpoints satisfies

% s=0 L(75) = 0

(iii) The velocity vector of v is parallel, i.e. V4(t) =0 for allt € I.
(iv) The acceleration of v is normal to M, i.e. §(t) L TyyM for allt € I.
(V) If (®,7,7) is a development of M along M' =R™, then " : I — R™ is
a straight line parametrized proportional to the arclength, i.e. ¥/ = 0.

Proof. See §4.1.3. O

Definition 4.1.5 (Geodesic). A smooth curve vy : I — M on an interval I
1s called a geodesic iff its restriction to each compact subinterval satisfies
the equivalent conditions of Theorem 4.1.4. So v is a geodesic if and only if

V4(t) =0 forallt e I. (4.1.4)
By the Gaufi—-Weingarten formula (3.2.2) with X =4 this is equivalent to

§(8) = hyy(7(1),4(t)  forallt € 1. (4.1.5)

Remark 4.1.6. (i) The conditions (i) and (ii) in Theorem 4.1.4 are mean-
ingless when I is not compact because then the curve has at most one
endpoint and the length and energy integrals may be infinite. However, the
conditions (iii), (iv), and (v) in Theorem 4.1.4 are equivalent for smooth
curves on any interval, compact or not.

(ii) The function s+— E(v,) associated to a smooth variation is always
smooth and so condition (i) in Theorem 4.1.4 is meaningful. However, more
care has to be taken in part (ii) because the function s — L(s) need not be
differentiable. It is differentiable at s = 0 whenever (t) # 0 for all t € I.
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4.1.2 The Space of Paths

Fix two points p,q € M and a compact interval I = [a, b] and denote by
Qg = Qo) :={y:I— M|y is smooth and y(a) = p, ¥(b) = ¢}

the space of smooth curves in M from p to g, defined on the interval I. Then
the length and energy are functionals L, E : ), , — R and their extremal
points can be understood as critical points as we now explain.

We may think of the space 2, , as a kind of “infinite-dimensional man-
ifold”. This is to be understood in a heuristic sense and we use these terms
here to emphasize an analogy. Of course, the space €2, , is not a manifold
in the strict sense of the word. To begin with it is not embedded in any
finite-dimensional Euclidean space. However, it has many features in com-
mon with manifolds. The first is that we can speak of smooth curves in €2, 4.
Of course €, 4 is itself a space of curves in M. Thus a smooth curve in €, ,
would then be a curve of curves, namly a map R — €, , : s — 7, that as-
signs to each real number s a smooth curve ~, : I — M satisfying vs(a) = p
and v5(b) = g. We shall call such a curve of curves smooth iff the associated
map R x I — M : (s,t) — 75(t) is smooth. Thus smooth curves in Q, , are
the variations of v with fixed endpoints introduced in Definition 4.1.1.

Having defined what we mean by a smooth curve in €, , we can also
differentiate such a curve with respect to s. Here we can simply recall that,
since M C R™, we have a smooth map R x I — R™ and the derivative of
the curve s — 7, in 2, , can simply be understood as the partial derivative
of the map (s,t) — 7,(t) with respect to s. Thus, in analogy with embed-
ded manifolds, we define the tangent space of the space of curves €, ,
at 7y as the set of all derivatives of smooth curves R — €2, , : s — 5 passing
through ~, i.e.

0
T’YQP,(] = {83

Let us denote such a partial derivative by X (¢) := %‘5:0 Ys(t) € Ty M.
Thus we obtain a smooth vector field along «y. Since v5(a) = p and v5(b) = ¢
for all s, this vector field must vanish at ¢ = a,b. This suggests the formula

Vs
s=0

R — €4 : s+ 7, is smooth and vg = ’y} .

T,Q, = {X € Vect(y) | X(a) = 0, X(b) = 0}. (4.1.6)

That every tangent vector of the path space 2, 4 at 7y is a vector field along ~y
vanishing at the endpoints follows from the above discussion. The converse
inclusion is the content of the next lemma.
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Lemma 4.1.7. Let pge M, v € Q,,4, and X € Vect(y) with X(a) =0
and X (b) = 0. Then there exists a smooth map R — Q, , : s — 75 such that

Yo (t) = (), % ., vs(t) = X (t) foralltel. (4.1.7)

Proof. The proof has two steps.

Step 1. There exists smooth map M x I — R™ : (r,t) — Yi(r) with compact
support such that Yi(r) € T, M for allt € I andr € M and Yo (r) = Yy(r) =0
forallr e M.

Define Z;(r) :=(r) X (¢t) for t € I and r € M. Choose an open set U C R"
such that y(I) C U and U N M is compact (e.g. take U :=J,«,<, B:(7(t))
for ¢ > 0 sufficiently small). Now let 3:R™ — [0,1] be a smooth cutoff
function with support in the unit ball such that 5(0) =1 and define the
vector fields Y; by Y (r) := B(e 1 (r — v(t)))Z(r) for t € I and r € M.

Step 2. We prove the lemma.

The vector field Y; : M — TM in Step 1 is complete for each t. Thus
there exists a unique smooth map R x I — M : (s,t) — v5(t) such that,
for each ¢t € I, the curve R — M : s — ~,(t) is the unique solution of the
differential equation %’ys(t) = Yi(vs(t)) with vo(t) = v(t). These maps s
satisfies (4.1.7) by Step 1. O

We can now define the derivative of the energy functional F at v
in the direction of a tangent vector X € T,£), , by

dE(v)X : E(vs), (4.1.8)

s=0

" ds
where s — 7, is as in Lemma 4.1.7. Similarly, the derivative of the length
functional L at v in the direction of X € T, , is defined by

dL(y)X = di‘i . L(7s). (4.1.9)

To define (4.1.8) and (4.1.9) the functions s — E(vs) and s — L(s) must
be differentiable at s =0. This is true for £ but it only holds for L
when () # 0 for all t € I. Second, we must show that the right hand sides
of (4.1.8) and (4.1.9) depend only on X and not on the choice of {7s}scr-
Third, we must verify that dE(v) : T, 4 = R and dL(y) : Q, 4 — R are lin-
ear maps. This is an exercise in first year analysis (see also the proof of The-
orem 4.1.4). A curve v € €, is then an extremal point of E (respectively L
when 4(t) # 0 for all t) if and only if dE(v) = 0 (respectively dL(v) = 0).
Such a curve is also called a critical point of E (respectively L).
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4.1.3 Characterization of Geodesics

Proof of Theorem 4.1.4. The equivalence of (iii) and (iv) follows directly
from the equations V4(t) = II(y(t))5(t) and ker(IL(y(t))) = Ty M.

We prove that (i) is equivalent to (iii) and (iv). Let X € T,Q,, and
choose a smooth curve of curves R — €, , : s = v, satisfying (4.1.7). Then
the function (s,t) — |3s()|? is smooth and hence

d
dE()X = —
(7) I

d 1 [t
()] dt

ds|,_o2 /g
1 /%o ,
5 | ol hoF
a S s=0
(4.1.10)

:A%wmipﬁwﬁﬁ

- /: <7(t),X(t)> dt

b
—- [ G.x) at

B E(vs)

That (iii) implies (i) follows directly from this identity. To prove that (i) im-
plies (iv) we argue indirectly and assume that there exists a point to € [0, 1]
such that 9(to) is not orthogonal to T, )M. Then there exists a vec-
tor vg € Ty4)M such that (¥(to),vo) > 0. We may assume without loss
of generality that a <ty <b. Then there exists a constant ¢ > 0 such
that a < tg —e <ty +¢e < b and

to—e<t<ty+e = (H(#), IL(~(t))v) > 0.

Now choose a smooth cutoff function 5 : I — [0, 1] such that 3(¢) =0 for
all t € I with [t —to| > € and B(to) = 1. Define X € 7,9, 4 by

X(t) := B()I(v(t))vo fort e I.
Then (5(t), X (t)) > 0 for all ¢ and (5(¢o), X (tp)) > 0. Hence

b
dmwX:—/mexu»ﬁ<o

and so y does not satisfy (i). Thus (i) is equivalent to (iii) and (iv).



4.1. LENGTH AND ENERGY 181

We prove that (i) is equivalent to (ii). Assume first that v satisfies (i).
Then v also satisfies (iv) and hence #(t) L T, M for all t € I. This implies

1d 9
0=©®(@),¥®) === 7).
G0, 40) = 3 2 (1)
Hence the function I — R : ¢ — |4(t)|* is constant. Choose ¢ > 0 such
that |y(t)| = c¢. If ¢ = 0, then 7(¢) is constant and so y(t) =p=gq. If ¢ > 0,

then

d
dL(N)X = —
(7) I

b
[ hetol a
s=0Ja
b
0 .
[ 5 e a
a s=0
b
)
o (so. 5,
b

= i/ <”y(t),X(t)> dt

a

1

i)

Thus, in the case ¢ > 0, v is an extremal point of F if and only if it is an
extremal point of L. Hence (i) is equivalent to (ii).

We prove that (iii) is equivalent to (v). Let (®,7,4') be a development
of M along M’ = R™. Then

¥'(t) = 2(t)5 (1), %‘P(t)X(t) = ®(H)VX(1)

for all X € Vect(y) and all ¢t € I. Take X = 4 to obtain 4'(t) = ®(¢t)V4(t) for
all t € I. Thus V4 = 0 if and only if 4’ = 0. This proves Theorem 4.1.4. [

Remark 4.1.3 shows that reparametrization by a nondecreasing surjective
map o : I’ — I gives rise to map

Qpg(I) = Qpg(I') iy y00
which preserves the length functional, i.e.
L(yoo) = L(v)

for all v € ©, 4(I). Thus the chain rule in infinite dimensions should assert
that if yoo is an extremal (i.e. critical) point of L, then 7 is an extremal point
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of L. Moreover, if ¢ is a diffeomorphism, the map + + « o ¢ is bijective and
should give rise to a bijective correspondence between the extremal points
of L on €, 4(I) and those on €, 4(I’). Finally, if the tangent vector field 5
vanishes nowhere, then v can be parametrized by the arclength. This is
spelled out in more detail in the next exercise.

Exercise 4.1.8. Let v: I = [a,b] — M be a smooth curve such that

y(t) #0

b
=/rwne

(i) Prove that there exists a unique diffeomorphism o : [0,7] — I such that

for all ¢t € I and define

o) =t e ﬂ:/ywwds

for all ¢ € [0,7] and all ¢ € [a,b]. Prove that v :=~yo00:[0,7] - M is
parametrized by the arclength, i.e. |[¥/(t')| =1 for all ¢’ € [0, T].
(ii) Prove that

b
cwa=—/kwwxmma V() = BT Aw). (1)

Hint: See the relevant formula in the proof of Theorem 4.1.4.

(iii) Prove that v is an extremal point of L if and only if the curve 7 in
part (i) is a geodesic.

(iv) Prove that v is an extremal point of L if and only if there exists a
geodesic v/ : I' — M and a diffeomorphism o : I’ — I such that o/ =~ oo.

Next we generalize this exercise to cover the case where 7 is allowed to
vanish. Recall from Remark 4.1.6 that the function s — L(~,) need not be
differentiable. As an example consider the case where v = g is constant
(see also Exercise 4.4.12 below).

Exercise 4.1.9. Let v : I — M be a smooth curve and let X € 7,8, ().
Choose a smooth curve of curves R — €, ,(I) : s — 7, that satisfies (4.1.7).
Prove that the one-sided derivatives of the function s — L(7s) exist at s =0
and satisfy the inequalities

= el

X(t ﬁ<—Ls
/‘ a5 7 (0%)

Exercise 4.1.10. Let (@,7,7) be a development of M along M’. Show
that v is a geodesic in M if and only if 7/ is a geodesic in M’.
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4.2 Distance

Assume that M C R"™ is a connected smooth m-dimensional submanifold.
Two points p,q € M are of distance |p — ¢| apart in the ambient Euclidean
space R™. In this section we define a distance function which is more in-
timately tied to M by minimizing the length functional over the space of
curves in M with fixed endpoints. Thus it may happen that two points
in M have a very short distance in R™ but can only be joined by very long
curves in M (see Figure 4.1). This leads to the intrinsic distance in M.
Throughout we denote by I = [0, 1] the unit interval and, for p,q € M, by

Qpg:={7:[0,1] = M|~ is smooth and v(0) = p, v(1) =q}  (4.2.1)

the space of smooth paths on the unit interval joining p to gq. Since M is
connected the set €2, ; is nonempty for all p,q € M. (Prove this!)

Figure 4.1: Curves in M.

Definition 4.2.1. The intrinsic distance between two points p,q € M is
the real number d(p,q) > 0 defined by

d(p,q) == duf L(v). (4.2.2)
p,q

The inequality d(p,q) > 0 holds because each curve has nonnegative length
and the inequality d(p,q) < oo holds because €, 4 # .

Remark 4.2.2. Every smooth curve v : [0, 1] — R" with endpoints v(0) = p
and (1) = ¢ satisfies the inequality

v = [ o ‘/Olwze)dt’:m—q«

Thus d(p,q) > |p — q|. For y(t) := p+ t(q — p) we have equality and hence
the straight lines minimize the length among all curves from p to q.
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Lemma 4.2.3. The function d : M x M — [0,00) defines a metric on M :

(i) If p,q € M satisfy d(p,q) =0, then p = q.
(ii) For all p,q € M we have d(p,q) = d(q,p).
(iii) For all p,q,r € M we have d(p,r) < d(p,q) + d(q,r).

Proof. By Remark 4.2.2 we have d(p,q) > |p — q| for all p,q € M and this
proves part (i). Part (ii) follows from the fact that the curve 5(t) := v(1 — t)
has the same length as v and belongs to €2, whenever v € €, ,. To prove
part (ili) fix a constant ¢ > 0 and choose curves vy € ,, and 71 € Q4
such that L(yo) < d(p,q) +¢ and L(y1) < d(q,7) + €. By Remark 4.1.3 we
may assume without loss of generality that vo(1 —t) = v1(t) = ¢ for t > 0
sufficiently small. Under this assumption the curve

(t) := 0(2t), for 0 <t <1/2,
M= y@t—1), for1/2<t<1

is smooth. Moreover, v(0) = p and (1) = 7 and so vy € Q,,. Thus

d(p,7) < L(v) = L(v) + L(n) < d(p,q) +d(g,7) + 2.

Hence d(p,r) < d(p,q) + d(q,r) + 2¢ for every ¢ > 0. This proves part (iii)
and Lemma 4.2.3. O

Remark 4.2.4. It is natural to ask if the infimum in (4.2.2) is always
attained. This is easily seen not to be the case in general. For example,
let M result from the Euclidean space R by removing a point pg. Then
the distance d(p, q) = |p — ¢| is equal to the length of the line segment from p
to ¢ and any other curve from p to q is longer. Hence if pg is in the interior
of this line segment, the infimum is not attained. We shall prove below that
the infimum is attained whenever M is complete.

N

Figure 4.2: A geodesic on the 2-sphere.
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Example 4.2.5. Let
M:= 8% = {pER3| lp| =1}

be the unit sphere in R® and fix two points p,q € S2. Then d(p, q) is the
length of the shortest curve on the 2-sphere connecting p and ¢q. Such a
curve is a segment on a great circle through p and ¢ (see Figure 4.2) and its
length is

d(p,q) = cos ' ((p, ), (4.2.3)

where (p, q) denotes the standard inner product, and we have
0 <d(p,q) <.

(See Example 4.3.11 below for details.) By Lemma 4.2.3 this defines a metric
on S2. Exercise: Prove directly that (4.2.3) is a distance function on S2.

We now have two topologies on our manifold M C R™, namely the topol-
ogy determined by the metric d in Lemma 4.2.3 and the relative topology
inherited from R™. The latter is also determined by a distance function,
namely the extrinsic distance function defined as the restriction of the Eu-
clidean distance function on R™ to the subset M. We denote it by

do: M x M —[0,00),  do(p,q):==1[p—q|. (4.2.4)

A natural question is if these two metrics d and dg induce the same topology
on M. In other words is a subset U C M open with respect to dy if and only
if it is open with respect to d? Or, equivalently, does a sequence p, € M
converge to pg € M with respect to d if and only if it converges to pg with
respect to dp? Lemma 4.2.7 answers this question in the affirmative.

Exercise 4.2.6. Prove that every translation of R™ and every orthogonal
transformation preserves the lengths of curves.

Lemma 4.2.7. For every pg € M we have

d
p.a—po |p — q|

Lemma 4.2.8. Let pg € M and let ¢g : Uy — Qg be a coordinate chart onto
an open subset of R™ such that its derivative dgo(po) : Tpo M — R™ is an
orthogonal transformation. Then

d
lim (p.q)

pi b0 [B0@) — dol@)] -
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The proofs will be given below. The lemmas imply that the topology M
inherits as a subset of R™, the topology on M determined by the metric d,
and the topology on M induced by the local coordinate systems on M are
all the same.

Corollary 4.2.9. For every subset U C M the following are equivalent.
(i) U is open with respect to the metric d in (4.2.2).

(ii) U is open with respect to the metric do in (4.2.4).

(iii) For every coordinate chart ¢og : Uy — Qo of M onto an open sub-
set Qg C R™ the set ¢po(Up NU) is an open subset of R™.

Proof. By Remark 4.2.2 we have

Ip—q| < d(p,q) (4.2.5)

for all p,g € M. Thus the identity idys : (M,d) — (M,dp) is Lipschitz
continuous with Lipschitz constant one and so every dp-open subset of M
is d-open. Conversely, let U C M be a d-open subset of M and let pg € U
and € > 0. Then, by Lemma 4.2.7, there exists a constant ¢ > 0 such that
all p,q € M with |p — pg| < 6 and |¢ — po| < & satisfy

d(p,q) < (1+¢)lp—gql
Since U is d-open, there exists a constant p > 0 such that
Bp(po, d) cU.
With

. p
= 1)
Po mm{’1+s}

this implies By, (po,do) C U. Namely, if p € M satisfies

Ip — pol < po <6,

then
d(p,po) < (1+¢€)lp—po| < (1+¢e)po < p

and so p € U. Thus U is dg-open and this proves that (i) is equivalent to (ii).

That (ii) implies (iii) follows from the fact that each coordinate chart ¢g
is a homeomorphism. To prove that (iii) implies (i), we argue indirectly
and assume that U is not d-open. Then there exists a sequence p, € M \ U
that converges to an element pyg € U. Let ¢g: Uy — Qy be a coordinate
chart with pg € Up. Then lim,_,o|d0(pr) — ¢o(po)] = 0 by Lemma 4.2.8.
Thus ¢o(Up NU) is not open and so U does not satisfy (iii). This proves
Corollary 4.2.9. I




4.2. DISTANCE 187

Figure 4.3: Locally, M is the graph of f.

Proof of Lemma 4.2.7. By Remark 4.2.2 the estimate |p — ¢| < d(p, ¢) holds
for all p,q € M. The lemma asserts that, for all py € M and all £ > 0, there
exists a dg-open neighborhood Uy C M of pg such that all p, ¢ € Uy satisfy

lp—q| <d(p,q) < (1+¢)lp—q| (4.2.6)

Let pg € M and ¢ > 0, and define z : R" — T,,,M and y : R* — T, M+ by

x(p) :=I(po)(p — po),  y(p) := (1 —1(po)) (» — po),

where II(pg) : R" — T, M denotes the orthogonal projection as usual.
Then the derivative of the map x|y : M — T, M at p = pg is the iden-
tity on T,,M. Hence the Inverse Function Theorem 2.2.17 asserts that
the map x|y : M — T,y M is locally invertible near py. Extending this
inverse to a smooth map from T, M to R" and composing it with the
mapy: M — TPOML, we obtain a smooth map

fiTpeM — Ty M+
and an open neighborhood W C R" of pg such that
peEM = y(p) = f(z(p))
for all p € W (see Figure 4.3). Moreover, by definition the map f satisfies
f(0)=0€ T, M+,  df(0)=0:TpM — Tp,M~.

Hence there exists a constant > 0 such that, for every x € T,,, M, we have

s
<0 — wo+f@)eWand [df@)= sup LD,
0£T€Tpa M |
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Define
Up:={pe MnW||z(p)| <d}.

Given p,q € Uy let v : [0,1] — M be the curve whose projection to the z-axis
is the straight line joining z(p) to z(q), i.e.

z(y(t)) = z(p) + t(z(q) — z(p))
y(v(1) = flz(v(1))) = f(x(t))
Then ~(t) € Uy for all ¢t € [0,1] and

/|x +g(t)] dt

/\x T df (a())(t)| dt
< / (1 + df (@)]) [a(1)] dt

/\x )| dt

() — 2(q)]

(1+¢) M(po)(p — q)|

<(I+e)lp—dl-

Hence d(p,q) < L(y) < (1 +¢€) |p — ¢| and this proves Lemma 4.2.7. O

[T
S 5
~
= '~
= =

l—i—e

(I+e¢)lx

~— ~— ~— ~—

Proof of Lemma 4.2.8. By assumption we have

|déo(po)v| = |v]
for all v € T}, M. Fix a constant € > 0. Then, by continuity of the derivative,
there exists a dg-open neighborhood My C M of pg such that for all p € M,
and all v € T,M we have
(1 —¢)|dgo(p)v] < |v| < (1 +¢)[deo(p)v].
Thus for every curve v : [0,1] — My we have

(1—e)L(¢o07)) < L(7) < (1 +¢&)L(do © 7).
One is tempted to take the infimum over all curves « : [0,1] — My joining
two pints p, ¢ € My to obtain the inequality

(1—2)|po(p) — do(q)] < d(p,q) < (1+¢)l¢o(p) — do(q)|- (4.2.7)

However, we must justify these inequalities by showing that the infimum
over all curves in My agrees with the infimum over all curves in M joining
the points p and gq.
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It suffices to show that the inequalities hold on a smaller heighbor-
hood My C My of pg. Choose such a smaller neighborhood M7 such that the
open set ¢ (M) is a convex subset of Q. Then the right inequality in (4.2.7)
follows by taking the curve v : [0,1] — M; from v(0) = p to (1) = ¢ such
that ¢g o~ :[0,1] — ¢o(M1) is a straight line. To prove the left inequality
in (4.2.7) we use the fact that My is d-open by Lemma 4.2.7. Hence, after
shrinking M if necessary, there exists a constant r > 0 such that

po € My C By(po,d) C Bsy(po,d) C M.

Then, for p,q € My we have d(p,q) < 2r while L() > 4r for any curve ~
from p to g which leaves My. Hence the distance d(p, q) of p,q € M; is the
infimum of the lengths L(7) over all curves v : [0, 1] — My that join v(0) = p
to v(1) = g. This proves the left inequality in (4.2.7) and Lemma 4.2.8. [J

A next question one might ask is the following. Can we choose a coor-
dinate chart ¢ : U — Q on M with values in an open set {2 C R" so that
the length of each smooth curve « : [0,1] — U is equal to the length of the
curve ¢ := ¢ o~ : [0,1] — Q7 We examine this question by considering the
inverse map v := ¢! : Q — U. Denote the components of x and (x) by

z=(z',...,2™) €qQ, U(z) = (WH(x),...,v"(x) € U

Given a smooth curve [0,1] — Q : t = c(t) = (c'(t),...,c™(t)) we can write
the length of the composition v =1 oc:[0,1] — M in the form
'd
Lwod = [ [Sutn| a
0
1 n d
- [ (Gt > dt
0 v=1
2
1 n m A
= Yéi(t) | dt
/0 v=1 (zz; 81:1
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Here the functions g;; : 2 — R are defined by

gij(x) = gﬁ: (x)gg (z) = <g$ (), g;/;(x)> : (4.2.8)
v=1

Thus we have a smooth function g = (g;;) : 2 — R"™ ™ with values in the
positive definite matrices given by g(z) = di(z)"di(x) such that

1
Liwoc) = /0 Ve Tg(ee)e) de (4.2.9)

for every smooth curve ¢ : [0,1] — €. Thus the condition L(¢) o ¢) = L(c)
for every such curve is equivalent to

9 () = i
for all x € Q or, equivalently,
dip(z) Tdap(x) = 1. (4.2.10)

This means that i preserves angles and areas. The next example shows that
for M = S? it is impossible to find such coordinates.

Figure 4.4: A spherical triangle.

Example 4.2.10. Consider the manifold M = S2. If there is a diffeomor-
phism v : Q — U from an open set  C R? onto an open set U C S? that
satisfies (4.2.10), it has to map straight lines onto arcs of great circles and
it preserves the area. However, the area A of a spherical triangle bounded
by three arcs on great circles satisfies the angle sum formula

a+B+y=m+A

(See Figure 4.4.) Hence there can be no such map .
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4.3 The Exponential Map

Geodesics give rise to a flow on the tangent bundle, the geodesic flow. It is
generated by a vector field on the tangent bundle, called the geodesic spray.
The time-1-map of the geodesic flow gives rise to the exponential map.

4.3.1 Geodesic Spray

The tangent bundle TM is a smooth 2m-dimensional manifold in R™ x R"
by Corollary 2.6.12. The next lemma characterizes the tangent bundle of
the tangent bundle. Compare this with Lemma 3.4.5.

Lemma 4.3.1. The tangent space of TM at (p,v) € TM 1is given by
p € T,M and }
(1—1I(p))? = hy(p, v)

Proof. We prove the inclusion “C” in (4.3.1). Let (p,v) € T(,.,)TM and
choose a smooth curve R — T'M : ¢t — (y(¢), X (t)) such that

Y0 =p,  X(O)=v, 4O)=p  X(0)=7.
Then X = VX + hy(¥,X) by the GauB-Weingarten formula (3.2.2) and
hence (1 —TI((2)))X () = hy) (7(t), X(t)) for all t € R. Take t = 0 to
obtain (1 —II(p))v = hy(p,v). This proves the inclusion “C” in (4.3.1).

Equality holds because both sides of the equation are 2m-dimensional linear
subspaces of R" x R™. O

TipyTM = {(ﬁ, 7) € R" x R" (4.3.1)

By Lemma 4.3.1 a smooth map S = (51, 52) : TM — R™ x R" is a vector
field on T'M if and only if

Si(p,v) € T,M,  (1-1I(p))Sa(p,v) = hp(S1(p,v),v)

for all (p,v) € TM. A special case is where S1(p,v) = v. Such vector fields
correspond to second order differential equations on M.

Definition 4.3.2 (Spray). A vector field S € Vect(T'M) is called a spray
iff it has the form S(p,v) = (v, Sa(p,v)) where So : TM — R™ is a smooth
map satisfying

(1 —TI(p))S2(p, v) = hp(v,v), Sa(p, Av) = X\2Ss(p,v) (4.3.2)
for all (p,v) € TM and X € R. The vector field S € Vect(T M) defined by
S(p,v) = (v,hp(v,v)) € TpoyTM (4.3.3)

forpe M and v € T,M is called the geodesic spray.
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4.3.2 The Exponential Map

Lemma 4.3.3. Let~y : I — M be a smooth curve on an open interval I C R.
Then ~y is a geodesic if and only if the curve I — TM :t — (v(t),7(t)) is
an integral curve of the geodesic spray S in (4.3.3).

Proof. A smooth curve I — TM :t— (y(t), X(¢)) is an integral curve of S

if and only if 4(t) = X(t) and X (¢) = h, (X (t), X (t)) for all t € I. By
equation (4.1.5), this holds if and only if v is a geodesic and ¥ = X. O

Combining Lemma 4.3.3 with Theorem 2.4.7 we obtain the following
existence and uniqueness result for geodesics.

Lemma 4.3.4. Let M C R" be an m-dimensional submanifold.

(i) For every p € M and every v € T,M there is an € > 0 and a smooth
curve v : (—e,e) = M such that

Vy=0, (0)=p,  (0)=v. (4.3.4)
(L) If y1 : 1 = M and 7y : Is — M are geodesics and ty € Iy N I with

7(to) = 12(to),  H1(to) = H2(to),
then v1(t) = v2(t) for allt € Iy N I5.
Proof. Lemma 4.3.3 and Theorem 2.4.7. O

Definition 4.3.5 (Exponential map). For p € M and v € T,M the in-
terval

I = U ICR I is an open interval containing 0 and there is a
po = geodesic v : I — M satisfying v(0) = p, ¥(0) = v

1s called the maximal existence interval for the geodesic through p in the
direction v. For p € M define the set V,, C T,M by

Vpi={veT,M|lel,,}. (4.3.5)
The exponential map at p is the map exp,, : V), — M that assigns to every

tangent vector v € V}, the point exp,(v) := (1), where v : Iy, — M is the
unique geodesic satisfying v(0) = p and ¥(0) = v.
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Figure 4.5: The exponential map.

Lemma 4.3.6. (i) The set
Vi={(p,v)lpe M,veV,} CTM

is open and the map V — M : (p,v) = exp,(v) is smooth.
(ii) If pe M and v € V,, then

I, ={teR|tveV,}
and the geodesic vy : I, = M with v(0) = p and ¥(0) = v is given by
v(t) = exp,(tv), tely,.

Proof. Part (i) follows directly from Lemma 4.3.3 and Theorem 2.4.9. To
prove part (ii), fix an element p € M and a tangent vector v € V,, and
let v : I,, — M be the unique geodesic with v(0) = p and 4(0) =v. Fix a
nonzero real number A and define the map vy : A1, , — M by

() := () for t € A1,
Then 4, (t) = My(A\t) ans Hx(t) = A25(\t) and hence
VAa(t) =TI (8))3a (1) = NMT(v(A1)F (M) = N VH(At) = 0
for every t € A™11,,,. This shows that 7, is a geodesic with
MmO)=p,  (0) = Ao

In particular, we have A\™11,, C I »,. Interchanging the roles of v and v
we obtain )\_IIW, = I, »o. Thus

AeE Iy, = 1€y = A eV,

and
Y(A) = 1(1) = exp,(Av)
for A € I, ,. This proves Lemma 4.3.6.
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Since expp(O) = p by definition, the derivative of the exponential map
at v =0 is a linear map from T,,M to itself. This derivative is the identity
map as illustrated in Figure 4.5 and proved in the following corollary.

Corollary 4.3.7. The map exp, : V,, = M is smooth and its derivative at
the origin is dexp,(0) = id : T,M — T,M.

Proof. The set V), is an open subset of the linear subspace T,M C R",
with respect to the relative topology, and hence is a manifold. The tan-
gent space of V), at each point is T, M. By Lemma 4.3.6 the exponential
map exp,, : Vp — M is smooth and its derivative at thmgin is given by

d .
dexp,(0)v = o i exp,,(tv) = ¥(0) = v,

where v : I, — M is once again the unique geodesic through p in the
direction v. This proves Corollary 4.3.7. O

Corollary 4.3.8. Let p € M and, for r > 0, denote

B (p) :={veT,M]| |v|<r}.
If r > 0 is sufficiently small, then B,(p) C Vj, the set

Ur(p) == exp,(B:(p))

is an open subset of M, and the restriction of the exponential map to B(p)
is a diffeomorphism from B,(p) to U,(p).
Proof. This follows directly from Corollary 4.3.7 and Theorem 2.2.17. [
Definition 4.3.9 (Injectivity radius). Let M C R™ be a smooth m-
manifold. The injectivity radius of M at p is the supremum of all real

numbers r > 0 such that B.(p) C V, and the restriction of the exponential
map exp,, to B,(p) is a diffeomorphism onto its image

Ur(p) := exp, (B (p))-
It will be denoted by

B,.(p) C 'V, and
inj(p) := inj(p; M) :==sup{ r > 0| exp,: B.(p) = Uy(p)
s a diffeomorphism

The injectivity radius of M is the infimum of the injectivity radii of M
at p over all p € M. It will be denoted by

inj(M) := piélj\f/[ inj(p; M).
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4.3.3 Examples and Exercises

Example 4.3.10. The exponential map on R™ is given by
exp,(v) =p+v for p,v € R™.

For every p € R™ this map is a diffeomorphism from 7,,R"™ = R™ to R™ and
hence the injectivity radius of R™ is infinity.

Example 4.3.11. The exponential map on S™ is given by

sin(|v])
v

for every p € S™ and every nonzero tangent vector v € 1,5 = p*. The re-
striction of this map to the open ball of radius 7 in T, M is a diffeomorphism
onto its image if and only if r <. Hence the injectivity radius of S™
at every point is m. Exercise: Given p € S™ and 0# v € T,5™ = pr,
prove that the geodesic v : R — S™ with (0) = p and #(0) = v is given
by ~(t) = cos(t|v|)p + Sing"v‘)v for t € R. Show that in the case 0 < |v| < 7
there is no shorter curve in S™ connecting p and g := (1) and deduce that
the intrinsic distance on S™ is given by d(p, q) = cos~!({p, q)) for p,q € S™
(see Example 4.2.5 for m = 2).

expy,(v) = cos(|v])p +

Example 4.3.12. Consider the orthogonal group O(n) C R™*™ with the
standard inner product (v,w) := trace(v'w) on R™ ", The orthogonal
projection II(g) : R"*™ — T,0(n) is given by

II(g)v := % (v - gng)

and the second fundamental form by
hg(v,v) = —gv'w.

Hence a curve v : R — O(n) is a geodesic if and only if ¥4 +4T4 = 0 or,
equivalently, vT4 is constant. This shows that geodesics in O(n) have the
form y(t) = gexp(tf) for g € O(n) and £ € o(n). It follows that

expy(v) = gexp(g~'v) = exp(vg ')g

for g € O(n) and v € T,0(n). In particular, for ¢ = 1 the exponential
map expy : 0(n) — O(n) agrees with the exponential matrix.

Exercise 4.3.13. What is the injectivity radius of the 2-torus T? = S x S,
the punctured 2-plane R? \ {(0,0)}, and the orthogonal group O(n)?
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Geodesics in Local Coordinates

Lemma 4.3.14. Let M C R™ be an m-dimensional manifold and choose a
coordinate chart ¢ : U — Q with inverse

vi=¢ QU

Let Ffj : Q — R be the Christoffel symbols defined by (3.6.6) and letc: I —
be a smooth curve. Then the curve

y:=voc:I—>M
is a geodesic if and only if ¢ satisfies the 2nd order differential equation
m . .
&+ > Th(edd =0 (4.3.6)
ij=1
fork=1,...,m.

Proof. This follows immediately from the definition of geodesics and equa-
tion (3.6.7) in Lemma 3.6.1 with X =4 and & = ¢. O

We remark that Lemma 4.3.14 gives rise to another proof of Lemma 4.3.4
that is based on the existence and uniqueness of solutions of second order
differential equations in local coordinates.

Exercise 4.3.15. Let  C R™ be an open set and g = (g;;) : & — R™*™
be a smooth map with values in the space of positive definite symmetric
matrices. Consider the energy functional

1
Bc) = /0 L(c(t), é(t)) dt

on the space of paths c: [0,1] — Q, where L : Q@ x R™ — R is defined by

L(w,&) = 5 3 Eoy(n)é. (43.7)

ij=1
The Euler—Lagrange equations of this variational problem have the form

d OL ) oL .
aaigk(c(t),c(t)) = W(c(t),c(t)), k=1,...,m. (4.3.8)

Prove that the Euler-Lagrange equations (4.3.8) are equivalent to the geo-
desic equations (4.3.6), where the Ffj : 2 — R are given by (3.6.10).
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4.4 Minimal Geodesics

Any straight line segment in Euclidean space is the shortest curve joining its
endpoints. The analogous assertion for geodesics in a manifold M is false;
consider for example an arc which is more than half of a great circle on a
sphere. In this section we consider curves which realize the shortest distance
between their endpoints.

4.4.1 Characterization of Minimal Geodesics

Lemma 4.4.1. Let I = [a,b] be a compact interval, let v:I — M be a
smooth curve, and define p :=~y(a) and q :=~(b). Then the following are
equivalent.

(1) v is parametrized proportional to the arclength, i.e. |y(t)| = ¢ is constant,
and vy minimizes the length, i.e. L(v) < L(v') for every smooth curve ' in M
joining p and q.

(ii) v minimizes the energy, i.e. E(y) < E(v') for every smooth curve ~/
mn M joining p and q.

Definition 4.4.2 (Minimal geodesic). A smooth curve v:1 — M on a
compact interval I C R is called a minimal geodesic iff it satisfies the
equivalent conditions of Lemma 4.4.1.

Remark 4.4.3. (i) Condition (i) says that (the velocity |¥| is constant
and) L(v) =d(p,q), i.e. that v is a shortest curve from p to ¢g. It is not
precluded that there be more than one such ~; consider for example the
case where M is a sphere and p and ¢ are antipodal.

(ii) Condition (ii) implies that

d

— E(v,) =
as| . (vs) =0

for every smooth variation R x I — M : s — ~4(t) of y with fixed endpoints.
Hence a minimal geodesic is a geodesic.

(iii) Finally, we remark that L(v) (but not E(7)) is independent of the
parametrization of v. Hence, if v is a minimal geodesic, then L(vy) < L(v/)
for every 4/ (from p to q) whereas E(vy) < E(y') for those 7' defined on (an
interval the same length as) I.
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Proof of Lemma 4.4.1. We prove that (i) implies (ii). Let ¢ be the (constant)
value of |¥(t)|. Then

L(y)=(b—a)e, E(y)=

Then, for every smooth curve 7/ : I — M with +/(a) = p and 7/(b) = ¢, we
have

4E(y)? = ¢ L(v)?
S CZL(")/>2

=c? </ab |4/ ()] dt>2

b
<@o-a) [ |0 a
=2(b—a)E(Y)
=4E()E(Y).

Here the fourth step follows from the Cauchy—Schwarz inequality. Now
divide by 4E() to obtain E(y) < E(v).

We prove that (ii) implies (i). We have already shown in Remark 4.4.3
that (ii) implies that v is a geodesic. It is easy to dispose of the case where
M is one-dimensional. In that case any v minimizing F(y) or L(y) must be
monotonic onto a subarc; otherwise it could be altered so as to make the
integral smaller. Hence suppose M is of dimension at least two. Suppose,
by contradiction, that L(vy') < L() for some curve 7' from p to ¢. Since
the dimension of M is bigger than one, we may approximate 7 by a curve
whose tangent vector nowhere vanishes, i.e. we may assume without loss of
generality that 4/(t) # 0 for all t. Then we can reparametrize v’ proportional
to arclength without changing its length, and by a further transformation
we can make its domain equal to /. Thus we may assume without loss of
generality that 4" : I — M is a smooth curve with 7/(a) = p and +/(b) = ¢
such that |4/(¢)| = ¢ and

(b—a)d =L(7") < L(v) = (b—a)c.
This implies ¢ < ¢ and hence

(b—a)d® (b—a)c?

E() = ——F—<——F5—=E0)

This contradicts (ii) and proves Lemma 4.4.1. O




4.4. MINIMAL GEODESICS 199

4.4.2 Local Existence of Minimal Geodesics

The next theorem asserts the existence of minimal geodesics joining two
points that are sufficiently close to each other. It also shows that the
set Uy(p) = exp,(B;(p)) that was introduced in Definition 4.3.9 is actually

the open ball U,(p) = {q € M |d(p,q) < r} whenever r < inj(p; M).

Theorem 4.4.4 (Existence of minimal geodesics). Let M C R" be a
smooth m-manifold, fix a point p € M, and let r > 0 be smaller than the
injectivity radius of M at p. Let v € T,M such that |v| < r. Then

d(p,q) = |v, q := exp,(v),

and a curve vy € Q4 has minimal length L(y) = |v| if and only if there is a
smooth map B : [0,1] — [0, 1] satisfying

BO)=0,  BA)=1, F=0
such that (t) = exp,(8(t)v) for 0 <t < 1.

The proof is based on the following lemma.

Ur

Figure 4.6: The Gaufl Lemma.

Lemma 4.4.5 (Gaufl Lemma). Let M, p, v be as in Theorem 4.4.4,
let I C R be an open interval, and let w: I — V), be a smooth curve whose
norm

lw(t)| =:r
s constant. Define
a(s,t) = expp(sw(t))
for (s,t) € R x I with sw(t) € V,,. Then

g g0\ _
s’ ot/

Thus the geodesics through p are orthogonal to the boundaries of the embed-
ded balls U,(p) in Corollary 4.5.8 (see Figure 4.6).
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Proof of Lemma 4.4.5. For every t € I we have

a(0,1) = exp,(0)
and so the assertion holds for s =0, i.e

<go‘(o t), gt (0, t)> 0.

Moreover, each curve s — af(s,t) is a geodesic, i.e

=Pp

oo
ng - H(Oé)
By Theorem 4.1.4, the function

8»—>‘st)'

is constant for every t, so that

Ja
as(svt)’ -

This implies

gj(o,t)‘—]w(tﬂ—r for (s,t) e Rx I

0 00 g0\ _ [ da g0\ [0 oo
ds \ds ot/ \ °09s’ O s’ %Ot
Oo o

t
82
<88’H(a>838t>
da 0%«
<H(O[)8s7 888t>
da 0%«
Js’ 838t
10 |0al?

~ 20t |0s
—0.

Since the function <‘9—0‘ 9a

5% g7 ) vanishes for s = 0 we obtain

(32, 0 -

for all s and t. This proves Lemma 4.4.5
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Proof of Theorem 4.4.4. Let r > 0 be as in Corollary 4.3.8 and let v € T),M
such that 0 < [v| =: & < r. Denote q := exp,(v) and let v € €2, ;. Assume
first that

(t) € exp, (B:(p)) = U Vitelo,1].

Then there is a unique smooth function [0,1] — T, M : ¢t — v(t) such that
[v(t)] < e and (t) = exp,(v(t)) for every t. The set

I:={t € [0,1}[~(t) # p} = {t € [0, 1] [w(t) # 0} (0, 1]

is open in the relative topology of (0, 1]. Thus I is a union of open intervals
in (0,1) and one half open interval containing 1. Define 5 : [0,1] — [0, 1]
and w : I — T,M by

and
lw®)=¢e, () = exp,(B(t)w(t))

for all ¢ € I. We prove that L(vy) > €. To see this let a : [0,1] x I — M be
the map of Lemma 4.4.5, i.e.

a(s,t) = exp,(sw(t)).
Then ~(t) = a(5(t),t) and hence

5(6) = B0 5 (B0, 1) + S ((0), 1)

for every t € I. Hence it follows from Lemma 4.4.5 that

da 2

Oa
% (0.0

ot

5 ()] = B(t) (B(t), 1) > B(1)22

for every t € I. Hence

L(v) Z/O1 ()] dt:/j!ﬁ(t)l dt Zs/j‘ﬁ(t)‘ dt > e/jﬁ(t) dt = e.
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Here the last equality follows by applying the fundamental theorem of cal-
culus to each interval in I and using the fact that 5(0) = 0 and B(1) = 1.
If L() = e, we must have

%?(B(t),t) =0, B(t)>0 for all t € I.
Thus I is a single half open interval containing 1 and on this interval the
da

condition G (B8(t),t) = 0 implies w(t) = 0. Since w(1) = v we have w(t) = v
for every t € I. Hence () = exp,(8(t)v) for every ¢t € [0,1]. It follows
that 3 is smooth on the closed interval [0, 1] (and not just on I). Thus we
have proved that every v € §, , with values in U, has length L(7) > ¢ with
equality if and only if v is a reparametrized geodesic. But if v € Q,, , does not
take values only in U, there must be a T € (0,1) such that v([0,T]) C U,
and v(T) € OU.. Then L(v|jo7) = €, by what we have just proved,
and L(7ir,1)) > 0 because the restriction of « to [T, 1] cannot be constant;
so in this case we have L(v) > e. This proves Theorem 4.4.4. O

The next corollary gives a partial answer to our problem of finding length
minimizing curves. It asserts that geodesics minimize the length locally.

Corollary 4.4.6. Let M C R™ be a smooth m-manifold, let I C R be an
open interval, and let v: 1 — M be a geodesic. Fix a point tg € I. Then
there exists a constant € > 0 such that

to—e<s<t<ty+e — L(Ys,9) = d(v(s),7(2))-

Proof. Since v is a geodesic its derivative has constant norm |y(¢)| = ¢ (see
Theorem 4.1.4). Choose 6 > 0 so small that the interval [tg — d,to + J] is
contained in I. Then there is a constant r > 0 such that r < inj(y(?))
whenever |t — tg| < 6. Choose € > 0 such that

€ <9, 2ec < 1.
Iftg —e <s<t<ityg+e, then
V(t) = expy (s (T — 5)7(s))

and
|(t —s)¥(s)| = |t — s| ¢ < 2ec < r <inj(y(s)).

Hence it follows from Theorem 4.4.4 that

L(Yls,g) = |t — sl e =d(v(s),7(¢)).

This proves Corollary 4.4.6. O
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4.4.3 Examples and Exercises

Exercise 4.4.7. How large can the constant € in Corollary 4.4.6 be chosen
in the case M = S?? Compare this with the injectivity radius.

Remark 4.4.8. We conclude from Theorem 4.4.4 that
Sr(p) :=={qe M|d(p,q) =7} =exp, ({v e T,M| [v] =r}) (4.4.1)

for 0 < r <inj(p; M). The GauB Lemma 4.4.5 shows that the geodesic
rays [0,1] — M : s+ exp,(sv) emanating from p are the orthogonal tra-
jectories to the concentric spheres S, (p).

Exercise 4.4.9. Let
M c R?

be of dimension two and suppose that M is invariant under the (orthogonal)
reflection about some plane £ C R3. Show that F intersects M in a geodesic.
(Hint: Otherwise there would be points p,q € M very close to one an-
other joined by two distinct minimal geodesics.) Conclude for example that
the coordinate planes intersect the ellipsoid (x/a)? + (y/b)? + (z/c)?> =1 in
geodesics.

Exercise 4.4.10. Choose geodesic normal coordinates near p € M via

q = exp, (Z xi(q)ez) ,
=1

where ey, ..., €, is an orthonormal basis of T, M (see Corollary 4.5.4 below).
Then we have z(p) = 0 and

B.(p) ={qe M|d(p,q) <r} = {q € M‘ Z }mi(q)F < r2} (4.4.2)

for 0 < r <inj(p; M). Hence Theorem 4.5.3 below asserts that B,(p) is
convex for r > 0 sufficiently small.

(i) Show that it can happen that a geodesic in B,(p) is not minimal. Hint:
Take M to be the hemisphere {(z,y,2) € R |22 + 4%+ 22 =1, 2 > 0} to-
gether with the disc {(x,y, z) € R?|2? + y? < 1, z = 0}, but smooth the cor-
ners along the circle 22 +y? = 1, z = 0. Take p = (0,0,1) and r = 7/2.

(ii) Show that, if » > 0 is sufficiently small, then the unique geodesic =y
in B,(p) joining two points ¢q,¢ € B;(p) is minimal and that in fact any
curve v’ from ¢ to ¢’ which is not a reparametrization of - is strictly longer,
ie. L(v) > L(v) = d(g, ).
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Exercise 4.4.11. Let v : I = [a,b] — M be a smooth curve with end-
points y(a) = p and v(b) = ¢ and nowhere vanishing derivative, i.e. 4(t) # 0
for all ¢t € I. Prove that the following are equivalent.

(i) The curve 7 is an extremal of the length functional, i.e. every
smooth map R x I — M : (s,t) — vs(t) with vs(a) = p and ~,(b) = g for
all s satisfies

d

—L =0.

dS (’YS) 50
(ii) The curve 7 is a reparametrized geodesic, i.e. there exists a smooth
map o : [a,b] = [0,1] with o(a) =0, o(b) =1, 6(t) >0 for all t € I, and a
vector v € T, M such that

q=-expy(v), () = expy(a(t)v)

for all t € I. (We remark that the hypothesis 4(t) # 0 implies that o is
actually a diffeomorphism, i.e. 5(¢t) > 0 for all ¢t € I.)

(iii) The curve = minimizes the length functional locally, i.e. there ex-
ists an € > 0 such that L(v|4) = d(7(s),7(t)) for every closed subinter-
val [s,t] C I of length t — s < e.

It is often convenient to consider curves v where 5(¢) is allowed to vanish
for some values of ¢; then v cannot (in general) be parametrized by arclength.
Such a curve v : I — M can be smooth (as a map) and yet its image may
have corners (where 4 necessarily vanishes). Note that a curve with corners
can never minimize the distance, even locally.

Exercise 4.4.12. Show that conditions (ii) and (iii) in Exercise 4.4.11 are
equivalent, even without the assumption that  is nowhere vanishing. De-
duce that, if v : I — M is a shortest curve joining p to ¢, i.e. L(y) = d(p, q),
then v is a reparametrized geodesic.

Show by example that one can have a variation {~s}ser of a reparame-
trized geodesic g = 7 for which the map s — L(~s) is not even differentiable
at s = 0. (Hint: Take v to be constant. See also Exercise 4.1.9.)

Show, however, that conditions (i), (ii) and (iii) in Exercise 4.4.11 remain
equivalent if the hypothesis that 4 is nowhere vanishing is weakened to the
hypothesis that 4(¢) # 0 for all but finitely many ¢ € I. Conclude that a bro-
ken geodesic is a reparametrized geodesic if and only if it minimizes arclength
locally. (A broken geodesic is a continuous map v : I = [a,b] — M for
which there exist a =ty < t; < --- < t, = b such that 7‘[2'71,1?2'] is a geodesic
for :=1,...,n. It is thus a geodesic if and only if 4 is continuous at the
break points, i.e. §(t; ) = 4(t]) fori=1,...,n —1.)
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4.5 Convex Neighborhoods

A subset of an affine space is called convex iff it contains the line segment
joining any two of its points. The definition carries over to a submanifold M
of Euclidean space (or indeed more generally to any manifold M equipped
with a spray) once we reword the definition so as to confront the difficulty
that a geodesic joining two points might not exist nor, if it does, need it be
unique.

Definition 4.5.1 (Geodesically convex set). Let M C R" be a smooth
m-dimensional manifold. A subset U C M is called geodesically con-
vex iff, for all po,p1 € U, there exists a unique geodesic v : [0,1] — U such
that 7(0) = po and v(1) = p1.

It is not precluded in Definition 4.5.1 that there be other geodesics from p
to ¢ which leave and then re-enter U, and these may even be shorter than
the geodesic in U.

Exercise 4.5.2. (a) Find a geodesically convex set U in a manifold M and
points pg, p1 € U such that the unique geodesic 7 : [0, 1] — U with (0) = pg
and (1) = p1 has length L(v) > d(po,p1). Hint: An interval of length
bigger than 7 in S*.

(b) Find a set U in a manifold M such that any two points in U can be
joined by a minimal geodesic in U, but U is not geodesically convex. Hint:
A closed hemisphere in S2.

Theorem 4.5.3 (Convex Neighborhood Theorem). Let M C R" be a
smooth m-dimensional submanifold and fix a point pg € M. Let ¢ : U — Q
be any coordinate chart on an open neighborhood U C M of py with values
i an open set Q C R™. Then the set

Ur:={p U] |o(p) — d(po)| <r} (4.5.1)
1s geodesically convex for r > 0 sufficiently small.
Before giving the proof of Theorem 4.5.3 we derive a useful corollary.

Corollary 4.5.4. Let M C R™ be a smooth m-manifold and let pg € M.
Then, for r > 0 sufficiently small, the open ball

Ur(po) == {p € M [d(po,p) <r} (4.5.2)

1s geodesically convex.
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Proof. Choose an orthonormal basis e1, ..., e of T, M and define

Q:={z e R"| |z| <inj(po; M)},
U= {p € M|d(po,p) < inj(po; M)} .
Define the map ¢ : Q@ — U by

Y(z) == exp,, (Z xiei> (4.5.4)
i=1

for z = (z!,...,2™) € Q. Then v is a diffeomorphism and d(po, ¥(x)) = ||
for all x € Q2 by Theorem 4.4.4. Hence its inverse

(4.5.3)

=101 U—=Q (4.5.5)
satisfies ¢(pg) = 0 and |¢(p)| = d(po, p) for all p € U. Thus
Ur(po) = {p € U 6(p) — dpo)| <} for 0 < r < inj(po; M)
and so Corollary 4.5.4 follows from Theorem 4.5.3. O

Definition 4.5.5 (Geodesically normal coordinates). The coordinate
chart ¢ : U — Q in (4.5.4) and (4.5.5) sends geodesics through pg to straight
lines through the origin. Its components x*,...,z™ : U — R are called geo-

desically normal coordinates at pg.

Proof of Theorem 4.5.3. Assume without loss of generality that ¢(pg) = 0.
Let Ffj : 2 — R be the Christoffel symbols of the coordinate chart and,
for x € Q, define the quadratic function ), : R™ — R by

=3 (&) - Y b,
k=1 ij k=1

Shrinking U, if necessary, we may assume that
krk

i for all z € Q.
2m

)| <

-m

Then, for all z € Q and all £ € R™ we have

m 2
1 .
Q&) > le* - o (Z 3 ) >
=1

Hence Q. is positive definite for every = € ().

€)* > 0.

N |
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Now let 7 : [0,1] — U be a geodesic and define

c(t) :== ¢(y(1))

for 0 <t < 1. Then, by Lemma 4.3.14, ¢ satisfies the differential equation

&+ Th(e)dd = 0.
0,J

Hence ) )
d* |c| d,. g2 e . ¢l
@7:a<c,c>:|6| +<C,C>:QC(C)ZTZO

and so the function t — [¢(y(t))|* is convex. Thus, if v(0),~(1) € U, for
some r > 0, it follows that v(t) € U, for all ¢ € [0, 1].
Consider the exponential map

V ={(p,v) e TM v € V,} = M : (p,v) — exp,(v)

in Lemma 4.3.6. Its domain V is open and the exponential map is smooth.
Since it sends the pair (po,0) € V to exp,, (0) = py € U, it follows from con-
tinuity that there exist constants € > 0 and r > 0 such that

pelU,, vel,M, |v|<e = veV,, exp,(v)eU. (4.5.6)
Moreover, we have
dexp,, (0) =id : TpyM — T),,M

by Corollary 4.3.7. Hence the Implicit Function Theorem 2.6.15 asserts that
the constants ¢ > 0 and r > 0 can be chosen such that (4.5.6) holds and there
exists a smooth map h : U, x U, — R" that satisfies the conditions

h(p,q) € T,M,  |h(p,q)| <e (4.5.7)
for all p,q € U, and
exp,(v) = ¢q — v ="h(p,q) (4.5.8)
for all p,q € U, and all v € T, M with |v| < e. In particular, we have

h(po,po) =0

and exp,,(h(p, q)) = q for all p,q € U,
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Fix two constants € > 0 and r > 0 and a smooth map h : U, x U, = R"
such that (4.5.6), (4.5.7), (4.5.8) are satisfied. We show that any two
points p, ¢ € U, are joined by a geodesic in U,.. Let p,q € U, and define

v(t) := exp,(th(p, q)) for 0 <t <1

This curve v : [0,1] — M is well defined by (4.5.6) and (4.5.7), it is a
geodesic satisfying v(0) = p € U, by Lemma 4.3.6, it satisfies v(1) = ¢ € U,
by (4.5.8), it takes values in U by (4.5.6) and (4.5.7), and so 7([0,1]) C U,
because the function [0,1] — R : ¢ — |$(y(t))|? is convex.

We show that there exists at most one geodesic in U, joining p and gq.
Let p,q € U, and let :[0,1] — U, be any geodesic such that v(0) =p
and (1) = q. Define v :=(0) € T,M. Then 7(t) = exp,(tv) for 0 <t <1
by Lemma 4.3.6. We claim that |v| < e. Suppose, by contradiction, that

2 =2

lv| > e.

Then

T::igl
[l

and, for 0 <t < T', we have [tv| < & and exp,(tv) = 7(t) € U, and so
h(p,~(t)) = tv.
by (4.5.8). Thus
|h(p,~v(t))] = t|v] for0 <t <T.
Take the limit ¢ T to obtain
[h(p,y(T)| =T o] =€

in contradiction to (4.5.7). This contradiction shows that |v| < . Since

exp,(v) = (1) =q € U,
it follows from (4.5.8) that v = h(p,q). This proves Theorem 4.5.3. O

Remark 4.5.6. Theorem 4.5.3 and its proof carry over to general sprays
(see Definition 4.3.2).

Exercise 4.5.7. Consider the set U,(p) ={q € M |d(p,q) <r} for pe M
and r > 0. Corollary 4.5.4 asserts that this set is geodesically convex for r
sufficiently small. How large can you choose r in the cases

M=S5 M=T*=8'xs", M=R}® M=R*\ {0}
Compare this with the injectivity radius. If the set U,(p) in these exam-

ples is geodesically convex, does it follow that every geodesic in U,(p) is
minimizing?
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4.6 Completeness and Hopf—Rinow

For a Riemannian manifold there are different notions of completeness.
First, in §3.4 completeness was defined in terms of the completeness of time
dependent basic vector fields on the frame bundle (Definition 3.4.10). Sec-
ond, there is a distance function

d: M x M —[0,00)

defined by equation (4.2.2) so that we can speak of completeness of the
metric space (M,d) in the sense that every Cauchy sequence converges.
Third, there is the question of whether geodesics through any point in any
direction exist for all time; if so we call a Riemannian manifold geodesically
complete. The remarkable fact is that these three rather different notions of
completeness are actually equivalent and that, in the complete case, any two
points in M can be joined by a shortest geodesic. This is the content of the
Hopf-Rinow theorem. We will spell out the details of the proof for embedded
manifolds and leave it to the reader (as a straight forward exercise) to extend
the proof to the intrinsic setting.

Geodesic Completeness

Definition 4.6.1 (Geodesically complete manifold). Let M C R" be an
m-dimensional manifold. Given a point p € M we say that M is geodesi-
cally complete at p iff, for every tangent vector v € T,M, there exists a
geodesicy : R — M (on the entire real axis) satisfying v(0) = p and ¥(0) = v
(or equivalently V,, = T, M where V,, C T,M is defined by (4.3.5)). The man-
ifold M is called geodesically complete iff it is geodesically complete at
every point p € M.

Definition 4.6.2. Let (M,d) be a metric space. A subset A C M is called
bounded iff

sup d(p, po) < o0
peEA

for some (and hence every) point py € M.
Example 4.6.3. A manifold M C R" can be contained in a bounded subset

of R"™ and still not be bounded with respect to the metric (4.2.2). An
example is the 1-manifold M = {(z,y) e R*|0 <z < 1, y =sin(1/xz)} .

Exercise 4.6.4. Let (M,d) be a metric space. Prove that every compact
subset K C M is closed and bounded. Find an example of a metric space
that contains a closed and bounded subset that is not compact.
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Theorem 4.6.5 (Completeness). Let M C R" be a connected m-dimen-
sional manifold and let d : M x M — [0,00) be the distance function defined
by (4.1.1), (4.2.1), and (4.2.2). Then the following are equivalent.

(1) M is geodesically complete.

(ii) There exists a point p € M such that M is geodesically complete at p.
(iii) Fvery closed and bounded subset of M is compact.

(iv) (M,d) is a complete metric space.

(v) M is complete, i.e. for every smooth curve { : R — R™ and every ele-
ment (po,eo) € F(M) there exists a smooth curve §: R — F(M) satisfying

B(t) = Bewy (B(1),  B(0) = (po, €o)- (4.6.1)

(vi) The basic vector field Be € Vect(F(M)) is complete for every & € R™.

(vii) For every smooth curve 7' : R — R™, every pg € M, and every or-
thogonal isomorphism ®g : T,y M — R™ there exists a development (®,~,~")
of M along R™ on all of R that satisfies v(0) = pg and ®(0) = Py.

Proof. The proof relies on Theorem 4.6.6 below. O

Global Existence of Minimal Geodesics

Theorem 4.6.6 (Hopf-Rinow). Let M C R" be a connected m-manifold
and let p € M. Assume M is geodesically complete at p. Then, for ev-
ery q € M, there exists a geodesic v : [0,1] — M such that

¥(0)=p, ~A(1)=gq,  L(v)=d(p,q).

Before giving the proof of the Hopf-Rinow Theorem we show that it
implies Theorem 4.6.5.

Theorem 4.6.6 implies Theorem 4.6.5. That (i) implies (ii) follows directly
from the definitions.

We prove that (ii) implies (iii). Thus assume that M is geodesically
complete at the point pg € M and let K C M be a closed and bounded
subset. Then 7 := sup,¢x d(po,q) < co. Hence Theorem 4.6.6 asserts that,
for every ¢ € K, there exists a vector v € Tp, M such that |v| = d(po,q) < r
and exp,, (v) = ¢. Thus

K C exp,, (Br(po)), By (po) ={v e Tp M| [v| <r}.

Then B := {v € Ty, M | |v| <, exp,, (v) € K} is a closed and bounded sub-
set of the Euclidean space Ty, M. Hence B is compact and K = exp,, (B).
Since the exponential map exp,, : Tp, M — M is continuous it follows that K
is compact. This shows that (ii) implies (iii).
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We prove that (iii) implies (iv). Thus assume that every closed and
bounded subset of M is compact and choose a Cauchy sequence p; € M.
Choose iy € N such that d(p;, p;) <1 for all 4,j € N with ¢, j > ip. Define

c:= 121%)1;0 d(p1,pi) + 1.

Then d(p1,pi) < d(p1,pio) + d(pig, pi) < d(p1,piy) +1 < c for all i >y and
so d(p1,pi) < c for all i € N. Hence the set {p;|i € N} is bounded and so
is its closure. By (iii) this implies that the sequence p; has a convergent
subsequence. Since p; is a Cauchy sequence, this implies that p; converges.
Thus we have proved that (iii) implies (iv).

We prove that (iv) implies (v). Fix a smooth curve £ : R — R™ and
an element (po,ep) € F(M). Assume, by contradiction, that there exists
a real number 7" > 0 such that there exists a solution 5 : [0,7) — F(M)
of equation (4.6.1) that cannot be extended to the interval [0,T +¢) for
any £ > 0. Write 5(t) =: (y(t),e(t)) so that v and e satisfy the equations

V() = e()E(t),  e(t) = hywy(Y(t)et),  v(0) =po, e(0) = eo.
This implies e(t)n € T,y M and é(t)n € Tj- M for all n € R™ and therefore

(t)
&, e)Te(1)) = Hlelthn, (b)) = (e(t)n, e(t)C) + {elthn, e(1)C) = 0

for all n,¢ € R™ and all ¢ € [0,7). Thus the function ¢ — e(t)Te(t) is con-
stant, hence

e(t)Te(t) =efeo,  le(t)ll= sup W = lleoll (4.6.2)

for 0 <t < T, hence
[F@)] = le(®)s®)] < lleoll IE(E)] < lleoll sup [€(s)| =: cr
0<s<T

and so d(v(s),7(t)) < L(Vjs,) < (¢ = s)er for 0 < s <t <T. Since (M, d)
is a complete metric space, this shows that the limit p; := limy ~py(t) € M
exists. Thus the set K :=v([0,7)) U{p1} C M is compact and so is the set

K = {(p,e) e F(M)|peK, eTe:egeo} C F(M).

By equation (4.6.2) the curve [0,T) — R x F(M) : t — (t,7(t),e(t)) takes
values in the compact set [0, 7] X K and is the integral curve of a vector field
on the manifold R x F(M). Hence Corollary 2.4.15 asserts that [0,7") cannot
be the maximal existence interval of this integral curve, a contradiction. This
shows that (iv) implies (v).
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That (v) implies (vi) follows by taking £(t) = £ in (v).

We prove that (vi) implies (i). Fix an element py € M and a tan-
gent vector vy € T, M. Let eg € Liso(R™, T}, M) be any isomorphism and
choose £ € R™ such that eg = vg. By (vi) the vector field B¢ has a unique
integral curve R — F(M) : t — B(t) = (v(¢), e(t)) with

B(0) = (po, €o)-
Thus

and hence

J(t) = e(t)€ = hyy (e(t)§)e(t)§ = hyr) (7(2), (1))

By the Gaufi—Weingarten formula, this implies V#(t) = 0 for every ¢ and
hence v : R — M is a geodesic with 7(0) = pp and ¥(0) = ep§ = vp. Thus M
is geodesically complete and this shows that (vi) implies (i).

The equivalence of (v) and (vii) was established in Corollary 3.5.25 and
this shows that Theorem 4.6.6 implies Theorem 4.6.5. O

Proof of the Hopf-Rinow Theorem

The proof of Theorem 4.6.6 relies on the next two lemmas.

Lemma 4.6.7. Let M C R" be a connected m-manifold and p € M. Sup-
pose € > 0 s smaller than the injectivity radius of M at p and denote

Sip) i ={veT,M| jv|=1},  S:(p):={p' € M|d(p,p/) =¢}.

Then the map ¥1(p) — Se(p) : v+ exp,(ev) is a diffeomorphism and, for
all g € M, we have

d(p,q) > € = d(S:(p),q) = d(p,q) — e
Proof. By Theorem 4.4.4, we have
d(p,exp,(v)) = |v| for all v € T,M with |v| <e
and
d(p,p) > ¢ for all p' € M\ {exp,(v) |v € TyM, |v| <e}.

This shows that S:(p) = exp,(¢X1(p)) and, since ¢ is smaller than the injec-
tivity radius, the map

Y1(p) = Se(p) : v = exp,(ev)

is a diffeomorphism.
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To prove the second assertion, let ¢ € M such that
r:=d(p,q) >¢
Fix a constant 6 > 0 and choose a smooth curve v : [0,1] — M such that
1W0)=p, A)=q¢  Lly)<r+d
Choose ty > 0 such that v(tg) is the last point of the curve on S:(p), i.e

Y(to) € Se(p),  (t) ¢ Se(p) for tg <t < 1.

Then
d(v(to),q) < L(Vljt,1))
=L(y) - (vl[mo)
< L(y) -
§r+5—a

This shows that d(S:(p),q) < r+ 6 — € for every § > 0 and therefore

d(Se(p),q) <7 —e.

Moreover,
d(p',q) > d(p,q) —d(p,p') =7 —¢

for all p’ € S.(p). Thus
d(S:(p),q) =r—¢

and this proves Lemma 4.6.7. O

Lemma 4.6.8 (Curve Shortening Lemma). Let M C R" be an m-mani-
fold, let p € M, and let € be a real number such that

0 < e < inj(p; M).
Then, for all v,w € T,M, we have

lv| = Jw| = ¢, d(exp,(v),exp,(w)) = 2 — v4+w=0.
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Figure 4.7: Two unit tangent vectors.

Proof. We will prove that, for all v,w € T, M, we have

d(exp, (8v), exp, (w))
6—0 1

=|v—w|. (4.6.3)

Assume this holds and suppose, by contradiction, that there exist two tan-
gent vectors v, w € T, M such that

lv| = |w| =1, d(exp,(ev), exp,(cw)) = 2e, v+ w # 0.
Then
v —w| <2
(see Figure 4.7). Thus by (4.6.3) there exists a constant 0 < 0 < ¢ such that
d(expp(év), expp(éw)) < 26.

Then

d(exp,(ev), exp,(cw))

< d(exp,(ev), exp,(6v)) + d(exp,(v), exp,(dw)) + d(exp,(dw), exp,(sw))

<e—0+20+e—0=2

and this contradicts our assumption.
It remains to prove (4.6.3). For this we observe that

d(expp(év), expp(5w))

0—0 )

_ d(exp, (6v), exp, (dw)) |exp, (6v) — exp,(dw)|
50 |exp,,(0v) — exp, (dw)| 0

i |expp((5v) — expp((sw)’
6—0 )

— lim expp(év) -D . €pr((5’ll)) -p
6—0 0 1)

= |v—w|.

Here the second equality follows from Lemma 4.2.7. O
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Proof of Theorem 4.6.6. By assumption M C R" is a connected submani-
fold, and p € M is given such that the exponential map exp,, : T,M — M is
defined on the entire tangent space at p. Fix a point ¢ € M \ {p} so that

0<r:=d(p,q) < co.

Choose a constant € > 0 smaller than the injectivity radius of M at p and
smaller than r. Then, by Lemma 4.6.7, we have

d(Se(p),q) =7 —e.
Hence there exists a tangent vector v € T, M such that
d(exp,(ev),q) =1 — ¢, lv| = 1.
Define the curve v : [0,7] — M by
v(t) := exp,(tv) for 0 <t <.

By Lemma 4.3.6, this is a geodesic and it satisfies v(0) =p. We must
prove that v(r) = ¢ and L(v) = d(p,q). Instead we will prove the follow-
ing stronger statement.

Claim. For every t € [0,r] we have

d((t),q) =7 —t.
In particular, v(r) = q and L(y) = r = d(p, q).

Consider the subset
Ii={te[0,r]]d(y(t),q) =7 —t} C[0,r].
This set is nonempty, because € € I, it is obviously closed, and
tel — [0,¢t] C 1. (4.6.4)
Namely, if t € I and 0 < s < t, then

d(v(s),q) < d(v(s),7y(t)) +d(v(t),q) <t —s+r—t=r—s

and
d(v(s),q) = d(p,q) — d(p,(s)) = — s.
Hence d(7(s),q) = r — s and hence s € I. This proves (4.6.4).
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We prove that I is open (in the relative topology of [0,7]). Let t € I
be given with ¢t < r. Choose a constant £ > 0 smaller than the injectivity
radius of M at ~(t) and smaller than r —¢. Then, by Lemma 4.6.7 with p
replaced by ~(t), we have

d(S:(v(t)),q) =r —t—e.
Next we choose w € T, ()M such that
|lw| =1, d(expw(t)(sw), q)=r—1t—ec.
Then
d(y(t — &), exp, ) (ew)) = d(v(t — €), q) — d(exp, ) (ew), q)
=(r—t+e)—(r—t—e)
= 2e.
The converse inequality is obvious, because both points have distance &

to y(t) (see Figure 4.8).

Se(V(D) XDy (EW)

Figure 4.8: The proof of the Hopf-Rinow theorem.

Thus we have proved that

d(v(t =€), expy ) (ew)) = 2e.
Since
V(t =€) = exp, ) (—€7(2)),
it follows from Lemma 4.6.8 that
w = 5(t).
Hence exp. ) (sw) = 7(t + s) and this implies that
d(t+e) g =r—t—e

Thus ¢t + ¢ € I and, by (4.6.4), we have [0,¢ 4 ¢] € I. Thus we have proved
that I is open. In other words, I is a nonempty subset of [0,r] which is
both open and closed, and hence I = [0,r]. This proves the claim and
Theorem 4.6.6. O
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4.7 Geodesics in the Intrinsic Setting*

This section examines the distance function on a Riemannian manifold,
shows how the results of this chapter extend to the intrinsic setting, and
discusses several examples.

4.7.1 Intrinsic Distance

Let M be a connected smooth manifold (§2.8) equipped with a Riemannian
metric (§3.7). Then we can define the length of a curve v : [0,1] — M
by the formula (4.1.1) and it is invariant under reparametrization as in
Remark 4.1.3. The distance function d: M x M — R is then given by
the same formula (4.2.2). We prove that it still defines a metric on M and
that this metric induces the same topology as the smooth structure.

Lemma 4.7.1. Let M be a connected smooth Riemannian manifold and
define the function d: M x M — [0,00) by (4.1.1), (4.2.1), and (4.2.2).
Then d is a metric and induces the same topology as the smooth structure.

Proof. The proof has three steps.

Step 1. Fiz a point pg € M and let ¢ : U — Q be a coordinate chart of M
onto an open subset 2 C R™ such that pg € U. Then there exists an open
neighborhood V. C U of py and constants 6,7 > 0 such that

§[6(p) — d(po)| < d(p,po) < 6" |¢(p) — d(po)] (4.7.1)
for every p € V and d(p,po) > dr for everyp € M\ V.

Denote the inverse of the coordinate chart ¢ by @ := ¢~! : Q — M and
define the map g = (g;;){%—; : & — R™*™ by

gij(x) := <gfz‘ (@), grz/;(x)>w(x)

for € 2. Then a smooth curve v : [0,1] — U has the length

1
Liy) = /0 VenTae)i de, — eft) = o((1). (4.7.2)

Let 2o := ¢(po) € Q and choose 7 > 0 such that B, (zo) C Q. Then there is
a constant 6 € (0, 1] such that

3lel < 4 /€Tg(a)e <67 ¢ (4.7.3)

for all z € B,(wo) and &, € R™. Define V := ¢~ (B, (x0)) C U.
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Now let p € V and denote x := ¢(p) € By(xo). Then, for every smooth
curve v : [0,1] = V with v(0) = pp and (1) = p, the curve
¢i= oy

takes values in B, (x() and satisfies ¢(0) = o and ¢(1) = z. Hence, by (4.7.2)
and (4.7.3), we have

1 1
L(*y)zé/o ]c‘(t)|dt25/0é(t)dt’:5|x—a:0|.

If v :[0,1] — M is a smooth curve with endpoints v(0) = pp and (1) = p
whose image is not entirely contained in V, then there exists a T € (0, 1]
such that v(t) € V for 0 <t < T and v(T') € 9V, so ¢(t) = ¢(y(t)) € By(x0)
for 0 <t < T and |¢(T) — x| = r. Hence, by the above argument, we have

L(y) > or.

This shows that d(po,p) > or for p € M\ V and d(po,p) > 6|¢(p) — ¢(po)|
forpe V. IfpeV,x:=¢(p), and ¢(t) := xg+t(x—x0), then v :=ocis a
smooth curve in V' with v(0) = pp and v(1) = p and, by (4.7.2) and (4.7.3),

1
L(y) < 67! / &) dt = 6 |o — o).
0

This proves Step 1.
Step 2. d is a distance function.

Step 1 shows that d(p,pg) > 0 for every p € M \ {po} and hence d satisfies
condition (i) in Lemma 4.2.3. The proofs of (ii) and (iii) remain unchanged
in the intrinsic setting and this proves Step 2.

Step 3. The topology on M induced by d agrees with the topology induced
by the smooth structure.

Assume first that W C M is open with respect to the manifold topology
and let pg € W. Let ¢ : U — € be a coordinate chart of M onto an open
subset 2 C R™ such that py € U, and choose V' C U and 4, r as in Step 1.
Then ¢(V NW) is an open subset of 2 containing the point ¢(py). Hence
there exists a constant 0 < ¢ < dr such that Bs-1.(¢(po)) C (VN W).
Thus by Step 1 we have d(p, pg) > dr > ¢ for all p € M\ V. Hence, if p € M
satisfies d(p,po) < ¢, then p €V, so |p(p) — ¢(po)| < 6~ Ld(p,po) < 6~ 'e
by (4.7.1), and therefore ¢(p) € ¢(V N W). Thus B.(po;d) C W and this
shows that W is open with respect to d.



4.7. GEODESICS IN THE INTRINSIC SETTING* 219

Conversely, assume that W C M is open with respect to d and choose
a coordinate chart ¢ : U — ) onto an open set 2 C R™. We must prove
that ¢(W NU) is an open subset of 2. To see this, choose z¢ € ¢(W NU)
and let pg := ¢ 1(x¢) € WNU. Now choose V C U and §,r as in Step 1.
Choose € > 0 such that Bs-1.(po;d) C W and B.(x¢) C ¢(V). Let z € R”
such that |z — x| < &. Then x € ¢(V) and therefore p := ¢~ 1(z) € V. This
implies d(p,po) < 6 t|é(p) — d(po)| = 6 Yz — x| < 67 1e, thus pe WNU,
and so z = ¢(p) € (W NU). Thus ¢p(W NU) is open, and so W is open in
the manifold topology of M. This proves Step 3 and Lemma 4.7.1. O

4.7.2 Geodesics and the Levi-Civita Connection

With the covariant derivative understood (Theorem 3.7.8), we can define
geodesics on M as smooth curves v : I — M that satisfy the equation
V4 =0, as in Definition 4.1.5. Then all the above results about geodesics,
as well as their proofs, carry over almost verbatim to the intrinsic setting. In
particular, geodesics are in local coordinates described by equation (4.3.6)
(Lemma 4.3.14) and they are the critical points of the energy functional

B() = /0 52 di

on the space €, , of all paths ~ : [0,1] — M with fixed endpoints v(0) =p
and (1) = q. Here we use the fact that Lemma 4.1.7 extends to the in-
trinsic setting via the Embedding Theorem 2.9.12. So for every vector
field X € Vect(y) along v with X (0) = 0 and X (1) = 0 there exists a curve
of curves R — Q, , : s = 75 with 79 = v and Jy¢7s|s=0 = X. Then, by the

properties of the Levi-Civita connection, we have
I 2
dE(7)X = 5 Os ’at’}’s(t” dt
0
1

- / (1), BX (1)) dt

0

. /0 (VA (1), X (1)) dt.

The right hand side vanishes for all X if and only if V4 = 0 (Theorem 4.1.4).
With this understood, we find that, for all p € M and v € T, M, there exists a
unique geodesic v : I, — M on a maximal open interval I, ,, C R containing
zero that satisfies v(0) = p and 4(0) = v (Lemma 4.3.4).
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This gives rise to a smooth exponential map
exp,: Vp={veTp,M|1e€l,,} - M
as in §4.3 which satisfies
dexp,(0) =id : T,M — T, M

as in Corollary 4.3.7. This leads directly to the injectivity radius, the Gaufl
Lemma 4.4.5, the local length minimizing property of geodesics in Theo-
rem 4.4.4, and the Convex Neighborhood Theorem 4.5.3. Also the proof of
the equivalence of metric and geodesic completeness in Theorem 4.6.5 and of
the Hopf-Rinow Theorem 4.6.6 carry over verbatim to the intrinsic setting
of general Riemannian manifolds. The only place where some care must be
taken is in the proof of the Curve Shortening Lemma 4.6.8 as is spelled out
in Exercise 4.7.2 below.

4.7.3 Examples and Exercises

Exercise 4.7.2. Choose a coordinate chart ¢ : U — Q with ¢(pg) = 0 such
that the metric in local coordinates satisfies

9i§(0) = 0ij.
Refine the estimate (4.7.1) in the proof of Lemma 4.7.1 and show that

i 4.9
p.a—po [¢(p) — ¢(q)]

This is the intrinsic analogue of Lemma 4.2.8. Use this to prove that equa-
tion (4.6.3) continues to hold for all Riemannian manifolds, i.e.

=1.

_d(exp,(6v), exp,(dw))
lim
6—0 1)

= |v — w|

for p € M and v,w € T,M. With this understood, the proof of the Curve
Shortening Lemma 4.6.8 carries over verbatim to the intrinsic setting.

Exercise 4.7.3. The real projective space RP" inherits a Riemannian met-
ric from S™ as it is a quotient of S™ by an isometric involution. Prove that
each geodesic in S™ with its standard metric descends to a geodesic in RP™.
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Exercise 4.7.4. Let f: 53 — S? be the Hopf fibration defined by
flz,w) = (|z|2 — |w|?, 2Re Zw,21m2w)

Prove that the image of a great circle in S is a nonconstant geodesic in S?
if and only if it is orthogonal to the fibers of f, which are also great circles.
Here we identify 3 with the unit sphere in C2. (See also Exercise 2.5.22.)

Exercise 4.7.5. Prove that a nonconstant geodesic v : R — S§?"+1 de-
scends to a nonconstant geodesic in CP" with the Fubini-Study metric (see
Example 3.7.5) if and only if 4(t) L C~(t) for every ¢t € R.

Exercise 4.7.6. Consider the manifold
Fi(RY) = {D eRVF|DTD = 11}

of orthonormal k-frames in R", equipped with the Riemannian metric inher-
ited from the standard inner product (X,Y) := trace(X "Y' on the space of
real n X k-matrices.

(a) Prove that
TpFu(R") = {X eRVF|DTX + XTD = o} ,
TpFe(RM): = {DA |A=AT ¢ R’”k’} .

and that the orthogonal projection II(D) : R"*¥ — T F(R") is given by
(D)X = X — %D(DTX +X'D).
(b) Prove that the second fundamental form of Fj(R") is given by

hp(X)Y = —%D(XTY +YTX)

for D € Fx(R") and X,Y € TpFy(R™).
(c) Prove that a smooth map R — Fi(R™) : ¢ — D(t) is a geodesic if and
only if it satisfies the differential equation

D=-DD'D. (4.7.4)

Prove that the function DT D is constant for every geodesic in Fi(R™). Com-
pare this with Example 4.3.12.



222 CHAPTER 4. GEODESICS

Exercise 4.7.7. Let G;(R") = F,(R")/O(k) be the real Grassmannian of
k-dimensional subspaces in R", equipped with a Riemannian metric as in
Example 3.7.6. Prove that a geodesics R — F(R"™) : ¢t — D(t) descends
to a nonconstant geodesic in G(R") if and only if DTD = 0 and D # 0.
Deduce that the exponential map on Gg(R™) is given by

epr(lAX) —im <D oS <<ﬁT5> 1/2) n 5 (ﬁTﬁ>_1/Q sin <<ﬁTﬁ> 1/2>>

for A € Fi(R") and A € TyF,(R") \ {0}. Here we identify the tangent
space ThAFy(R™) with the space of linear maps from A to A+, and choose
the matrices D € F;,(R™) and D € R™* such that

A=imD, D'D=0, AoD=D:RF 5 At=kerD".

Prove that the group O(n) acts on Gg(R™) by isometries. Which subgroup
acts trivially?

Exercise 4.7.8. Carry over Exercises 4.7.6 and 4.7.7 to the complex Grass-
mannian Gi(C"). Prove that the group U(n) acts on Gx(C™) by isometries.
Which subgroup acts trivially?



Chapter 5

Curvature

This chapter begins by introducing the notion of an isometry (§5.1). It
shows that isometries of embedded manifolds preserve the lengths of curves
and can be characterized as diffeomorphisms whose derivatives preserve the
inner products. The chapter then moves on to the Riemann curvature tensor
and establishes its symmetry properties (§5.2). That section also includes
a discussion of the covariant derivative of a global vector field. The next
section is devoted to the generalized Gaufl Theorema Egregium which as-
serts that isometries preserve geodesics, the covariant derivative, and the
Riemann curvature tensor (§5.3). The final section examines the Riemann
curvature tensor in local coordinates and shows how the definitions and re-
sults of the present chapter carry over to the intrinsic setting of Riemannian
manifolds (§5.4).

5.1 Isometries

Let M and M’ be connected submanifolds of R™. An isometry is an isomor-
phism of the intrinsic geometries of M and M’. Recall the definition of the
intrinsic distance function

d: M x M —[0,00)

in §4.2 by

1
do.g) = inf IG). L= [ o]

for p,q € M. Let d’ denote the intrinisic distance function on M’.

223
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Theorem 5.1.1 (Isometries). Let ¢ : M — M’ be a bijective map. Then
the following are equivalent.

(1) ¢ intertwines the distance functions on M and M’ i.e.

d'(¢(p), #(q)) = d(p, q)

for all p,q € M.
(ii) ¢ is a diffeomorphism and

dqb(p) : TpM — T¢(p)M,

is an orthogonal isomorphism for every p € M.

(iii) ¢ is a diffeomorphism and
L(¢pov) = L(7)

for every smooth curve 7 : [a,b] — M.

The bijection ¢ is called an isometry iff it satisfies these equivalent condi-
tions. In the case M = M’ the isometries ¢ : M — M form a group denoted
by Z(M) and called the isometry group of M.

The proof is based on the following lemma.

Lemma 5.1.2. For every p € M there exists a constant € > 0 such that,
for all v,w € T,M with 0 < |w| < |v] < e, we have

d(exp,(w), exp,(v)) = |v| — |w] = w=—wu. (5.1.1)

Remark 5.1.3. It follows from the triangle inequality and Theorem 4.4.4
that

d(exp,(v), exp,(w)) = d(exp,(v),p) — d(exp,(w), p)

= [v] = |w]

whenever 0 < |w| < |v| < inj(p). Lemma 5.1.2 asserts that equality can
only hold when w is a positive multiple of v or, to put it differently, that the
distance between exp,(v) and exp,(w) must be strictly bigger that |v| — |w|
whenever w is not a positive multiple of v.
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Proof of Lemma 5.1.2. As in Corollary 4.3.8 we denote

B.(p) :={veT,M| |v| <e},
Ue(p) :=={q € M|d(p,q) <e}.

By Theorem 4.4.4 and the definition of the injectivity radius, the exponential
map at p is a diffeomorphism exp,, : B:(p) — U:(p) for € < inj(p). Choose
0 < r < inj(p). Then the closure of U, (p) is a compact subset of M. Hence
there is a constant € > 0 such that ¢ < r and e < inj(p’) for every p’ € U,.(p).
Since € < r we have

e <inj(p’)  Vp € U(p). (5.1.2)

Thus exp, : B:(p') — U:(p') is a diffeomorphism for every p’ € Uc(p).
Define p; := exp,(w) and ps := exp,(v). Then, by assumption, we have
d(p1,p2) = |v] —|w| < e. Since p1 € U(p) it follows from our choice of ¢ that
€ < inj(p1). Hence there is a unique tangent vector vy € Tp, M such that

’U1| = d(p17p2) = "U’ - ’w‘, eprl('Ul) = pa.

Following first the shortest geodesic from p to p; and then the shortest
geodesic from p; to p2 we obtain (after suitable reparametrization) a smooth
curve v : [0,2] — M such that

¥0)=p, A1) =p1,  Y(2) = po,

and

L(’Y\[OJ]) =d(p,p1) = |wl, L(’Y’[Lz]) = d(p1,p2) = |[v| — Jw].

Thus L(y) = |v| = d(p,p2). Hence, by Theorem 4.4.4, there is a smooth
function f: [0,2] — [0, 1] satisfying

BO)=0, BE@)=1  B)=0, () =exp,(B(t)v)

for every t € [0,2]. This implies

exp,(w) = p1 = 7(1) = exp,(B(1)),  0<B(1) < 1.

Since w and $(1)v are both elements of B (p) and exp, is injective on B (p),
this implies w = F(1)v. Since B(1) > 0 we have (1) = |w|/|v|. This
proves (5.1.1) and Lemma 5.1.2. O
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Proof of Theorem 5.1.1. That (ii) implies (iii) follows from the definition of
the length of a curve. Namely

L<¢ow>=/b

a
b
a

d

dt

|[de(y(8))7(8)] dt

¢(7(t))’ i

b
- / (0] dt
= L(v).

In the third equation we have used (ii). That (iii) implies (i) follows imme-
diately from the definition of the intrinsic distance functions d and d'.

We prove that (i) implies (ii). Fix a point p € M and choose ¢ > 0
so small that ¢ < min{inj(p; M), inj(é(p); M)} and that the assertion of
Lemma 5.1.2 holds for the point p' := ¢(p) € M’. Then there is a unique
homeomorphism ®, : B:(p) — B:(¢(p)) such that the following diagram
commutes.

.M ) B:(p) T Be(¢(p)) C ToyM' .
- [
M > Up) —Ulélp) M

Here the vertical maps are diffeomorphisms and ¢ : U:(p) — U:(¢(p)) is a
homeomorphism by (i). Hence ®, : B.(p) — B:(¢(p)) is a homeomorphism.

Claim 1. The map ®, satisfies the equations

exply ) (Bp(0)) = Dexpy(v)), (5.13)
[@p(0)] = ], (5.1.4)
O, (tv) = tdy(v) (5.1.5)

for every v € B:(p) and every t € [0, 1].

Equation (5.1.3) holds by definition. To prove (5.1.4) we observe that, by
Theorem 4.4.4, we have

@ ()| = d'(d(p), expyy,) (Pp(v)))
= d'(¢(p), p(exp,(v)))
= d(p, exp,(v))
= |v].



5.1. ISOMETRIES 227

Here the second equation follows from (5.1.3) and the third equation from (i).
Equation (5.1.5) holds for t = 0 because ®,(0) = 0 and for t = 1 it is a
tautology. Hence assume 0 < t < 1. Then

& (exvly ) (@p(t0)), exDly ) (Bp(0))) = & (Blexp, (t0)), (expy (0)))
= d(expp(tv), expp(v))
= |v] = [tv|
= |Dp(0)] = [@p(tv)]-

Here the first equation follows from (5.1.3), the second equation from (i),
the third equation from Theorem 4.4.4 and the fact that |v| < inj(p), and
the last equation follows from (5.1.4). Since 0 < |®,(tv)| < |®p(v)| < € we
can apply Lemma 5.1.2 and obtain

_ [®p(t0)]

Bylt0) = g B (0) = 1 (0)

This proves Claim 1.
By Claim 1, ®, extends to a bijective map @, : T,M — Ty, M’ via

Dy(0) 1= <@, (50),

where § > 0 is chosen so small that ¢ [v| < e. The right hand side of
this equation is independent of the choice of §. Hence the extension is well
defined. It is bijective because the original map ®,, is a bijection from B.(p)
to Be(¢(p)). The reader may verify that the extended map satisfies the
conditions (5.1.4) and (5.1.5) for all v € T,M and all £ > 0.

Claim 2. The extended map ®, : T,M — T¢(p)M’ is linear and preserves
the inner product.

It follows from the equation (4.6.3) in the proof of Lemma 4.6.8 that

v w| = lim d(expp(tv), expp(tw))
t—0 t
L 0lexpy (), 6(exp, (1)
t—0 t
0 exvl ) (@ (t0)), expl ) (B (t0)))

= lim
t—0

= lim
t—0 t

= |Pp(v) — Pp(w)|.
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Here the second equation follows from (i), the third from (5.1.3), the fourth
from (5.1.4), and the last equation follows again from (4.6.3). By polariza-
tion we obtain

2(v,w) = \v|2 + ]w|2 —|v— w[2
= ‘(I)p(v)F + ’(I)p(w”z — [ ®p(v) — q)p(w)’2
= 2(®p(v), Pp(w)).

Thus ®, preserves the inner product. Hence, for all vi,vo,w € T,M, we
have

<¢p<”1 + v2), q)p(w» =

p(v1), Pp(w)) + (Pp(v2), Pp(w))
p(v1) + @p(v2), @p(w)).

Since ®,, is surjective, this implies
Dp(v1 4 v2) = Pp(v1) + Pp(v2)

for all v,vy € T,M. With v; = v and v = —v we obtain

D,(—v) = —,(v)
for every v € T, M and by (5.1.5) this gives

0, () = 10, (1)
for all v € T, M and t € R. This proves Claim 2.
Claim 3. ¢ is smooth and do(p) = ).
By (5.1.3) we have
¢ = exp;(p) o®, o exp, ' : Uz(p) = U:((p))-

Since ®,, is linear, this shows that the restriction of ¢ to the open set U.(p)
is smooth. Moreover, for every v € T,M we have

d

do(p)v = @il

Ofexpy(10)) = G| exlp (19,(0)) = By(0)

Here we have used equations (5.1.3) and (5.1.5) as well as Lemma 4.3.6.

This proves Claim 3 and Theorem 5.1.1. O
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Exercise 5.1.4. Prove that every isometry 1 : R — R" is an affine map

Y(p) = Ap+b

where A € O(n) and b € R". Thus ¢ is a composition of translation and
rotation. Hint: Let eq,..., e, be the standard basis of R". Prove that any
two vectors v, w € R™ that satisfy

o] = Jwl

and
v —e;| = |w — e fori=1,...,n

must be equal.

Remark 5.1.5. If ¢ : R® — R" is an isometry of the ambient Euclidean
space with (M) = M’, then certainly ¢ := 9|)s is an isometry from M
onto M’. On the other hand, if M is a plane manifold

M ={(0,y,2) eR3|0 <y <m/2}
and M’ is the cylindrical manifold
M ={(z,y,2) eR3| 2> +9°> =1, 2 >0,y >0},
Then the map ¢ : M — M’ defined by
$(0,3,2) = (cos(y) sin(y), 2

is an isometry which is not of the form ¢ = v|y;. Indeed, an isometry of the
form ¢ = 1|ps necessarily preserves the second fundamental form (as well
as the first) in the sense that

dip(p) (v, w) = hyy,) (dib(p)v, dib(p)w)
for v,w € T, M but in the example h vanishes identically while A’ does not.
We may thus distinguish two fundamental question:

I. Given M and M’ when are they extrinsically isomorphic, i.e. when is
there an ambient isometry ¢ : R™ — R™ with ¢(M) = M'?

II. Given M and M’ when are they intrinsically isomorphic, i.e. when is
there an isometry ¢ : M — M’ from M onto M'?
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As we have noted, both the first and second fundamental forms are
preserved by extrinsic isomorphisms while only the first fundamental form
need be preserved by an intrinsic isomorphism (i.e. an isometry).

A question which occurred to Gaufl (who worked for a while as a cartog-
rapher) is this: Can one draw a perfectly accurate map of a portion of the
earth? (i.e. a map for which the distance between points on the map is pro-
portional to the distance between the corresponding points on the surface
of the earth). We can now pose this question as follows: Is there an isom-
etry from an open subset of a sphere to an open subset of a plane? Gaufl
answered this question negatively by associating an invariant, the Gauflian
curvature K : M — R, to a surface M C R3. According to his Theorema
FEgregium

Ko¢p=K
for an isometry ¢ : M — M’. The sphere has positive curvature; the plane
has zero curvature; hence the perfectly accurate map does not exist. Our
aim is to explain these ideas.

Local Isometries
We shall need a concept slightly more general than that of “isometry”.

Definition 5.1.6 (Local isometry). A smooth map ¢ : M — M’ is called
a local isometry iff its derivative

d¢(p) : TpM — T¢)(p)M/
18 an orthogonal linear isomorphism for every p € M.

Remark 5.1.7. Let M C R™ and M’ C R" be manifolds and ¢ : M — M’
be a map. The following are equivalent.

(i) ¢ is a local isometry.

(ii) For every p € M there are open neighborhoods U ¢ M and U’ ¢ M’
such that the restriction of ¢ to U is an isometry from U onto U’.

That (ii) implies (i) follows immediately from Theorem 5.1.1. On the other
hand (i) implies that d¢(p) is invertible so that (ii) follows from the inverse
function theorem.

Example 5.1.8. The map
R— S*: 6~ e

is a local isometry but not an isometry.



5.1. ISOMETRIES 231

Exercise 5.1.9. Let M C R™ be a compact connected 1-manifold. Prove
that M is diffeomorphic to the circle S'. Define the length of a compact
connected Riemannian 1-manifold. Prove that two compact connected 1-
manifolds M, M’ C R™ are isometric if and only if they have the same
length. Hint: Let v : R — M be a geodesic with |¥(¢)] = 1. Show that
v is not injective; otherwise construct an open cover of M without finite
subcover. If to < t; with v(to) = v(t1), show that §(to) = ¥(t1); otherwise
show that v(to +t) = y(t1 — t) for all ¢ and find a contradiction.

The next result asserts that two local isometries that have the same value
and the same derivative at a single point must agree everywhere, provided
that the domain is connected.

Lemma 5.1.10. Let M C R" and M’ C R™ be smooth m-manifolds and
assume that M is connected. Let ¢ : M — M’ and b : M — M’ be local
isometries and let pg € M such that

d(po) = w(po) =:pp,  dd(po) = dib(po) : Ty M — Ty M.
Then ¢(p) = 1(p) for every p € M.
Proof. Define the set
Mo = {p € M|¢(p) = ¢(p), dp(p) = diy(p)} .

This set is obviously closed. We prove that My is open. Let p € My and
choose U C M and U’ C M’ as in Remark 5.1.7 (ii). Denote

®, == dp(p) = dip(p) : T,M — TyM',  p':= ¢(p) = 1(p)

Then it follows from equation (5.1.3) in the proof of Theorem 5.1.1 that
there exists a constant € > 0 such that U.(p) C U and U.(p') C U’ and

q € Us(p) = ¢(q) = exp}, 0@, 0 exp,, ' (q) = 9¥(q).
Hence U.(p) C My. Thus My is open, closed, and nonempty. Since M is
connected it follows that My = M and this proves Lemma 5.1.10. O

Exercise 5.1.11. (i) If a sequence of local isometries ¢; : M — M’ con-
verges uniformly to a local isometry ¢ : M — M’, then it converges in the
C®™ topology. Hint: Let p € M. Then every sufficiently small tangent vec-
tor v € TyM satisfies the equation d¢(p)v = (exp’d)(p))*l(qﬁ(expp(v))). Use
this to prove that d¢;(p) converges to dé(p). Deduce that ¢; converges to ¢
uniformly with all derviatives in a neighborhood of p.

(ii) The C*° topology on the space of local isometries from M to M' agrees
with the C° topology.
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5.2 The Riemann Curvature Tensor

This section defines the Riemann curvature tensor and proves the Gaufi—
Codazzi formula (§5.2.1), introduces the covariant derivative of a global
vector field (§5.2.2), expresses the curvature tensor in terms of a global
formula (§5.2.3), establishes its symmetry properties (§5.2.4), and examines
the curvature for a class of Riemannian metrics on Lie groups (§5.2.5).

5.2.1 Definition and Gaufi—Codazzi

Let M C R™ be a smooth manifold and v : R> — M be a smooth map.
Denote by (s,t) the coordinates on R?. Let Z € Vect(v) be a smooth vector
field along v, i.e. Z : R? — R” is a smooth map such that Z(s,t) € TysnM
for all s and t. The covariant partial derivatives of Z with respect to
the variables s and t are defined by

0Z 0z

In particular 05y = 0y/0s and 0yy = 0v/0t are vector fields along v and we
have V;0py — V,0sy = 0 as both terms on the left are equal to II(y)0s0,y.
Thus ordinary partial differentiation and covariant partial differentiation
commute. The analogous formula (which results on replacing d by V and ~
by Z) is in general false. Instead we have the following.

Definition 5.2.1. The Riemann curvature tensor assigns to eachp € M
the bilinear map Ry, : TyM x T,M — L(T,M,T,M) characterized by the
equation

Ry(u,v)w = (Vi Z — 4V, Z)(0,0) (5.2.1)

for u,v,w € T,M where vy : R? — M is a smooth map and Z € Vect(y) is a
smooth vector field along v such that
~(0,0) = p, 057(0,0) = u, 0¢7(0,0) = v, Z(0,0) =w. (5.2.2)

We must prove that R is well defined, i.e. that the right hand side of
equation (5.2.1) is independent of the choice of v and Z. This follows from
the Gaufl—-Codazzi formula which we prove next. Recall that the second fun-
damental form can be viewed as a linear map hy, : T,M — L(T,M,T,M~*)
and that, for u € T,M, the linear map hy,(u) € L(T,M,T,M~*) and its
dual hy(u)* € L(T,M*,T,M) are given by

hp(u)v = (dH(p)u)v, hp(u)*w = (dH(p)u)w
for v € T,M and w € TpML.
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Theorem 5.2.2. The Riemann curvature tensor is well defined and given
by the Gau3—Codazzi formula

Ry(1,0) = hy()* p(0) = D) (1) (5.23)
for u,v € T,M.

Proof. Let u,v,w € T,M and choose a smooth map 7 : R? — M and a
smooth vector field Z along v such that (5.2.2) holds. Then, by the Gaufi—
Weingarten formula (3.2.2), we have

ViZ = 0 Z — hy(0iy)Z
=07 — (dIl(7)0) Z
=0z — (515(1_[ o 'y)) Z.

Hence

ONLT = 0,0,7 — 85((3t(ﬂ °7)) Z)
= 0,0,Z — (850, (Il 0 7))
= 00,7 — (0:0¢(I1 0 7))
= 00,7 — (050¢(I1 0 7))

Z—(0/(Ilon)) 0sZ
Z — (d11(7)0¢y) (Vs Z + hy(857) Z)
Z — hy(0yy)VsZ — hey(04y)*hy (057) Z.

Interchanging s and ¢ and taking the difference we obtain

athZ - 8tst = hv(as’}’)*hv(at")/)z - hv(at’}/)*h”/(as’Y)Z
+ hy(0s7)Z — hy(047) Vs Z.

Here the first two terms on the right are tangent to M and the last two
terms on the right are orthogonal to T, M. Hence

VsViZ = iNoZ = 1(7)(0:VZ — 9, V: Z)
= hy(057) ey (04y) Z — hey(Opy)*hy (0s57y) Z.

Evaluating the right hand side at s = ¢ = 0 we find that
(VsNiZ — NN, Z)(0,0) = hp(u)*hy(v)w — hy(v)*hy(w)w.

This proves the Gaufi-Codazzi equation and shows that the left hand side
is independent of the choice of v and Z. This proves Theorem 5.2.2. O
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5.2.2 Covariant Derivative of a Global Vector Field

So far we have only defined the covariant derivatives of vector fields along
curves. The same method can be applied to global vector fields. This leads
to the following definition.

Definition 5.2.3 (Covariant derivative). Let M C R" be an m-dimen-
sional submanifold and X be a vector field on M. Fix a point p € M and
a tangent vector v € T,M. The covariant derivative of X at p in the
direction v is the tangent vector

Vo X (p) := H(p)dX (p)v € T, M,
where II(p) € R™*™ denotes the orthogonal projection onto T,M .

Remark 5.2.4. Let v : I — M be a smooth curve on an interval I C R and
let X € Vect(M) be a smooth vector field on M. Then X o~ is a smooth
vector field along v and the covariant derivative of X o~ is related to the
covariant derivative of X by the formula

V(X 0)(t) = Gy X (4(2)). (5.2.4)

Remark 5.2.5 (Gau3B—Weingarten formula). Differentiating the equa-
tion X = IIX (understood as a function from M to R™) and using the
notation 9, X (p) := dX(p)v for the derivative of X at p in the direction v
we obtain the Gaufi—Weingarten formula for global vector fields:

0w X(p) = VX (p) + hp(v) X (p). (5.2.5)

Remark 5.2.6 (Levi-Civita connection). Differentiating a vector field Y’
on M covariantly in the direction of another vector field X we obtain a vector
field VxY € Vect(M) defined by

(VxY)(p) :== Vx()Y (p)
for p € M. This gives rise to a family of linear operators
Vx : Vect(M) — Vect(M),
one for each vector field X € Vect(M), and the assignment
Vect(M) — L(Vect(M), Vect(M)) : X — Vx (5.2.6)

is itself a linear operator. This linear operator is called the Levi-Civita
connection on the tangent bundle T'M.
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The Levi-Civita connection (5.2.6) satisfies the conditions

Vix(Y) = fWY, (5.2.7)
Vx(fY) = fVY + (Lx /)Y, (5.2.8)
Lx(Y,Z) = (VxY, Z) + (Y, Vx Z), (5.2.9)
WX — VY = [X,Y] (5.2.10)

for all X|Y,Z € Vect(M) and all f € #(M), where Lxf = df o X
and [X,Y] € Vect(M) denotes the Lie bracket of the vector fields X and Y.
The conditions (5.2.7) and (5.2.8) assert that the linear operator (5.2.6) is
a connection on the tangent bundle 7'M, condition (5.2.9) asserts that
the connection (5.2.6) is Riemannian (i.e. it is compatible with the first
fundamental form), and condition (5.2.10) asserts that it is torsion-free.

The next lemma shows that the Levi-Civita connection (5.2.6) is uniquely
determined by (5.2.9) and (5.2.10), and hence is the unique torsion-free
Riemannian connection on the tangent bundle T'M.

Lemma 5.2.7 (Uniqueness Lemma). There is a unique linear operator
Vect(M) — L(Vect(M), Vect(M)) : X — Vx
satisfying equations (5.2.9) and (5.2.10) for all X,Y,Z € Vect(M).

Proof. Existence follows from the properties of the Levi-Civita connection.
We prove uniqueness. Let X — Dy be any linear operator from Vect(M)
to L(Vect(M), Vect(M)) that satisfies (5.2.9) and (5.2.10). Then we have
Lx(Y,Z)=(DxY,Z)+(Y,DxZ),
Ly(X,Z) = (DyX,Z) + (X, Dy Z),
_£Z<X7Y> = _<DZX7 Y> - <X7 DZY>
Adding these three equations we find
Lx(Y, Z) + Ly (Z,X) - L7(X,Y)
=2(DxY,Z)+ (DyX — DxY, Z)
+ <X, Dy 7 — D2Y> + <Y, Dx7 — DzX>
=2(DxY, Z) +([X,Y], Z) + (X, [2,Y]) + (Y, [Z, X]).
The same equation holds for the Levi-Civita connection and hence

This implies DxY = VxY for all X, Y € Vect(M). O



236 CHAPTER 5. CURVATURE

Exercise 5.2.8. In the proof of Lemma 5.2.7 we did not actually use the
assumption that the operator Dx : Vect(M) — Vect(M) is linear nor that
the operator X — Dyx is linear. Prove directly that if a map

Dy : L(M) — L(M)

satisfies (5.2.9) for all Y, Z € Vect(M), then Dx is linear. Prove that every
map Vect(M) — L(Vect(M), Vect(M)) : X — Dx that satisfies (5.2.10) is
linear.

Exercise 5.2.9. Let ¢! be the flow of a complete vector field X on M and
let ¢! be the flow of a complete vector field Y on M.

(i) Prove that the formula X (p,v) := (X (p),dX (p)v) defines a vector field
on the tangent bundle TM. Hint: Lemma 4.3.1 and equation (5.2.5).

(ii) Prove that the flow of X is given by & (p,v) := (¢'(p), d¢' (p)v).

(iii) Prove that the vector fields ¢~1((x/')*X — X) converge to [X,Y] in
the C' topology as t tends to zero. Hint: Establish CY convergence in
Lemma 2.4.18 and then use this result for the vector fields X and Y.

Remark 5.2.10 (The Levi-Civita connection in local coordinates).
Let ¢ : U — Q be a coordinate chart on an open set U C M with values in
an open set 2 C R™. In such a coordinate chart a vector field X € Vect(M)
is represented by a smooth map & = (£1,...,6™) : Q — R™ defined by

§(o(p)) = do(p) X (p)

for pe U. If Y € Vect(M) is represented by 7, then VxY is represented by
the map

ok, Ui i
(Ven)*:=D 5 2€+ > Tighn’. (5.2.11)
i=1 i,j=1
Here the Ffj : 2 = R are the Christoffel symbols defined by

m

L (Ogsi | Ogej  Ogij
k.= keZ : J 7 2.1
? Zz:;g 2 <8x3 T o o) (5:2.12)

where g;; is the metric tensor and g% is the inverse matrix so that
ik k
Z 9i59”" = 0;
J

(see Lemma 3.6.5). This formula can be used to prove the existence state-
ment in Lemma 5.2.7 and hence define the Levi-Civita connection in the
intrinsic setting.
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5.2.3 A Global Formula

Lemma 5.2.11. For XY, Z € Vect(M) we have
R(X,Y)Z = VxWZ — WVx Z + Vix .y Z. (5.2.13)

Proof. Fix a point p € M. Then the right hand side of equation (5.2.13) at
p remains unchanged if we multiply each of the vector fields X,Y,Z by a
smooth function f : M — [0, 1] that is equal to one near p. Choosing f with
compact support we may therefore assume that the vector fields X and Y
are complete. Let ¢ denote the flow of X and 1! the flow of Y. Define the
map 7 : R? — M by

v(s,t) == ¢° o ' (p), s,t €R.

Then
Oy =X(), Oy = (3Y)(7).

Hence, by Remark 5.2.4 we have
Vs(Zovy)=(VxZ)(7),  Ni(Zov) = (Vv Z) (7).
Using Remark 5.2.4 again we obtain

VaVi(Z 0 ) = Vo (Vesy Z) (7) + (Voupsv Z) (1),
ViVs(Z o) = (Vgsy Vi Z) (7).

Since

0 s
% 0 ¢*Y - [Xa Y]

and dyy = X (7), it follows that

VsVi(Z 07)(0,0) = (VxWZ + Vix y1Z) (p),
ViVs(Z 07)(0,0) = (W Vx Z) (p)-

Hence

Ry(X(p),Y (p)Z(p) = (VsVi(Z 0 7) — ViVs(Z 07))(0,0)
= (vayZ -WVx 7+ V[va}Z) (p).

This proves Lemma 5.2.11. O
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Remark 5.2.12. Equation (5.2.13) can be written succinctly as
[V, W]+ Vixy) = R(X,Y). (5.2.14)
This can be contrasted with the equation
[Lx,Ly]+ Lixy) =0 (5.2.15)
for the operator Lx on the space of real valued functions on M.

Remark 5.2.13. Equation (5.2.13) can be used to define the Riemann
curvature tensor. To do this one must again prove that the right hand side
of equation (5.2.13) at p depends only on the values X (p), Y (p), Z(p) of the
vector fields X, Y, Z at the point p. For this it suffices to prove that the map

Vect(M) x Vect(M) x Vect(M) — Vect(M) : (X,Y,Z) — R(X,Y)Z
is linear over the Ring .% (M) of smooth real valued functions on M, i.e.
R(fX,Y)Z=R(X,fY)Z=R(X,Y)fZ = fR(X,Y)Z (5.2.16)

for X,Y,Z € Vect(M) and f € #(M). The formula (5.2.16) follows from
the equations (5.2.7), (5.2.8), (5.2.15), and [X, fY] = f[X,Y] — (Lx f)Y. It
follows from (5.2.16) that the right hand side of (5.2.13) at p depends only
on the vectors X (p), Y(p), Z(p). The proof requires two steps. One first
shows that if X vanishes near p, then the right hand side of (5.2.13) vanishes
at p (and similarly for Y and Z). Just multiply X by a smooth function
equal to zero at p and equal to one on the support of X; then fX = X and
hence the vector field R(X,Y)Z = R(fX,Y)Z = fR(X,Y)Z vanishes at p.
Second, we choose a local frame Ej,...,E,, € Vect(M), i.e. vector fields
that form a basis of T),M for each p in some open set U C M. Then we may

write
m ) m ) m
X=>¢E, Y=Y 9wE, Z=)» ("E,
i=1 j=1 k=1

in U. Using the first step and the .% (M )-multilinearity we obtain

R(X,Y)Z =Y &W( R(E;, E))Ey
i,,k=1

in U. If X'(p) = X(p), then £'(p) = £ (p) so if X(p) = X'(p), Y(p) = Y'(p),
Z(p) = Z'(p), then (R(X,Y)Z)(p) = (R(X',Y")Z")(p) as required.



5.2. THE RIEMANN CURVATURE TENSOR 239

5.2.4 Symmetries

Theorem 5.2.14. The Riemann curvature tensor satisfies

R(Y,X) = —R(X,Y) = R(X,Y)", (5.2.17)
R(X,Y)Z+R(Y,Z)X + R(Z,X)Y =0, (5.2.18)
(R(X,Y)Z,W) = (R(Z,W)X,Y) (5.2.19)

for X, Y, Z, W € Vect(M). Equation (5.2.18) is the first Bianchi identity.

Proof. The first equation in (5.2.17) is obvious from the definition and the
second follows from the Gaufi—-Codazzi formula (5.2.3). Alternatively, choose
a smooth map 7 : R> — M and two vector fields Z, W along v. Then

0= 8,0(Z, W) — 8,85(Z, W)
— 0.2, W) + 04(Z, W) — O (NLZ, W) — Oh(Z, VW)
= (G2, W) +(Z, VW) = (VN Z, W) = (Z, ViV WV)
= (R(057,0e7)Z, W) + (Z, R(0s, Ory)W).

This proof has the advantage that it carries over to the intrinsic setting. We
prove the first Bianchi identity using (5.2.10) and (5.2.13):

R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y
=VxWZ —-WVxZ +Vixy)Z +WVzX = VWX + Viy 71X
+VzVxY = VxVzY + Viz Y
= Vv, 21X = VXY, Z] + Viz x1Y — WI[Z, X] + Vix y)Z — Vz[X,Y]
=X Y 2]+ [V, [2, X]| + 2, [X, Y]].
The last term vanishes by the Jacobi identity. We prove (5.2.19) by com-
bining the first Bianchi identity with (5.2.17):
(R(X,Y)Z,W) —(R(Z,W)X,Y)
=—(RY,2)X, W) - (R(Z,X)Y,W) — (R(Z,W)X,Y)
=(RY,Z2)W,X)+ (R(Z, X)W, Y) + (R(W,Z2)X,Y)
=(RY,Z2)W,X) — (R(X,W)Z,Y)
= (R(Y, Z)W, X) — (R(W, X)Y, Z).

Note that the first line is related to the last by a cyclic permutation. Re-
peating this argument we find

(R(Y, Z)W, X) — (R(W, X)Y, Z) = (R(Z, W)X,Y) — (R(X,Y)Z,W).

Combining the last two identities we obtain (5.2.19). This proves Theo-
rem 5.2.14. O

R(
R(
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Remark 5.2.15. We may think of a vector field X on M as a section of
the tangent bundle. This is reflected in the alternative notation

QY(M,TM) := Vect(M).

A 1-form on M with values in the tangent bundle is a collection of
linear maps A(p) : T,M — T,M, one for every p € M, which is smooth
in the sense that for every smooth vector field X on M the assignment
p+— A(p)X (p) defines again a smooth vector field on M. We denote by

QY (M, TM)

the space of smooth 1-forms on M with values in T'M. The covariant deriva-
tive of a vector field Y is such a 1-form with values in the tangent bundle
which assigns to every p € M the linear map T, M — T,M : v — V,Y (p).
Thus we can think of the covariant derivative as a linear operator

V QY (M, TM) — QY(M, TM).

The equation (5.2.7) asserts that the operators X +— Vx indeed determine
a linear operator from Q°(M,TM) to Q'(M,TM). Equation (5.2.8) as-
serts that this linear operator V is a connection on the tangent bundle
of M. Equation (5.2.9) asserts that V is a Riemannian connection and
equation (5.2.10) asserts that V is torsion-free. Thus Lemma 5.2.7 can
be restated as asserting that the Levi-Civita connection is the unique
torsion-free Riemannian connection on the tangent bundle.

Exercise 5.2.16. Extend the notion of a connection to a general vector bun-
dle E, both as a collection of linear operators Vx : Q°(M, E) — Q°(M, E),
one for every vector field X € Vect(M), and as a linear operator

V:Q%M,E) — QY(M, E)

satisfying the analogue of equation (5.2.8). Interpret this equation as a Leib-
niz rule for the product of a function on M with a section of E. Show that
V1 is a connection on TM*. Extend the notion of curvature to connections
on general vector bundles.

Exercise 5.2.17. Show that the field which assigns to each p € M the
multi-linear map Ry : T,M x T,M — L(T,M=*, T,M~) characterized by

R (057,07)Y = VyViY —ViVyY
for v: R? — M and Y € Vect'(v) satisfies the equation

R;_(Uﬂ)) = hp(w)hy(v)* = hp(v)hp(u)*
for pe M and u,v € T,M.
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5.2.5 Riemannian Metrics on Lie Groups

We begin with a calculation of the Riemann curvature tensor on a Lie sub-
group of the orthogonal group O(n) with the Riemannian metric inherited
from the standard inner product

(v, w) := trace(v'w) (5.2.20)

on the ambient space gl(n,R) = R™*™. This fits into the extrinsic setting
used throughout most of this book. Note that every Lie subgroup of O(n)
is a closed subset of O(n) by Theorem 2.5.27 and hence is compact.

Example 5.2.18. Let G C O(n) be a Lie subgroup and let
g := Lie(G) = TG

be the Lie algebra of G. Consider the Riemannian metric on G induced by
the inner product (5.2.20) on R"*". Then the Riemann curvature tensor

on G can be expressed in terms of the Lie bracket (see item (d) below).

L are isometries of G for every a € G.

(a) The maps g — ag, g — ga, g — g~
(b) Let v : R — G be a smooth curve and X € Vect(y) be a smooth vector

field along . Then the covariant derivative of X is given by

_ d _ 1 1. _

V() TIVX () = pTA X0+ 5 [T OTXO] . (5221
(Exercise: Prove equation (5.2.21). Hint: Since g C o(n) we have the
identity trace(({n +n&)¢) =0 for all £,n,¢ € g.)

(c) A smooth map v : R — G is a geodesic if and only if there exist matrices
g € G and £ € g such that

v(t) = gexp(tE). (5.2.22)

For G = O(n) we have seen this in Example 4.3.12 and in the general
case this follows from equation (5.2.21) with X = 4. Hence the exponential
map exp : g — G defined by the exponential matrix (as in §2.5) agrees with
the time-1-map of the geodesic flow (as in §4.3).

(d) The Riemann curvature tensor on G is given by
1
g~ Ry(u,v)w = —[lg™ v, g7 0], g7 u] (5.2.23)

for g € G and u, v, w € T;G. Note that the first Bianchi identity is equivalent
to the Jacobi identity. (Exercise: Prove equation (5.2.23).)
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Definition 5.2.19 (Bi-invariant Riemannian metric). Let G be a Lie
subgroup of GL(n,R) and let g = Lie(G) = T1G be its Lie algebra. A Rie-
mannian metric on G is called bi-invariant iff it has the form

(v, w), = (vg~ ", wg™ ) (5.2.24)

forg € G andv,w € T,G, where (-, -) is an inner product on the Lie algebra g
that is invariant under conjugation, i.e. it satisfies the equation

(&) = (g¢g~ " gng ™). (5.2.25)
forallé,megand all g € G.

Exercise 5.2.20. Prove that the Riemannian metric induced by (5.2.20)
on any Lie subgroup G C O(n) is bi-invariant.

Exercise 5.2.21. Use the Haar measure ([66, Chapter 8]) to prove that
every compact Lie group admits a bi-invariant Riemannian metric.

Exercise 5.2.22. Prove that all the assertions in Example 5.2.18 carry over
verbatim to any Lie group equipped with a bi-invariant Riemann metric.

Exercise 5.2.23 (Invariant inner product). Prove that, if an inner prod-
uct on the Lie algebra g of a Lie group G is invariant under conjugation,
then it satisfies the equation

(€], Q) = (& [n: ¢D) (5.2.26)

for all £,m,¢ € g. If G is connected, prove that, conversely, equation (5.2.26)
implies (5.2.25). An inner product on an arbitrary Lie algebra g is called
invariant iff it satisfies equation (5.2.26).

Exercise 5.2.24 (Commutant). Let g be a finite-dimensional Lie algebra.
The linear subspace spanned by all vectors of the form [¢,7] is called the
commutant of g and is denoted by [g,g] :=span{[{,n]|&,neg}. Ifg
is equipped with an invariant inner product, prove that [g,g]* = Z(g) is
the center of g (Exercise 2.5.34) and hence g = [g, 9] ® Z(g). Prove that the
Heisenberg algebra b in Exercise 2.5.15 satisfies [h, ] = Z(h) and hence does
not admit an invariant inner product.

Example 5.2.25 (Killing form). Every finite-dimensional Lie algebra g
admits a natural symmetric bilinear form « : g x g — R that satisfies equa-
tion (5.2.26). It is called the Killing form and is defined by

K(€,n) := trace(ad(&)ad(n)), &,neg, (5.2.27)

where ad : g — Der(g) is the adjoint representation in Example 2.5.23. The
Killing form may have a kernel (which always contains the center of g), and
even if it is nondegenerate, it may be indefinite.
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Exercise 5.2.26. Prove that x([¢,n],() = (&, [n,(¢]) for all {,n,¢ € g.

Exercise 5.2.27. Assume that g admits an invariant inner product. For
each £ € g prove that the derivation ad(&) is skew-adjoint with respect to this
inner product and deduce that x(&,&) = —trace(ad(£)*ad(¢)) = —|ad(€)]?.
Deduce that the Killing form is nondegenerate whenever g has a trivial
center and admits an invariant inner product.

Example 5.2.28 (Right invariant Riemannian metric). Let G be
any Lie subgroup of GL(n,R) (not necessarily contained in O(n)), and
let g:= Lie(G) = T3G be its Lie algebra. Fix any inner product on the
Lie algebra g (not necessarily invariant under conjugation) and consider the
Riemannian metric on G defined by

(v, w)g = (vg~" wg™") (5.2.28)

for v,w € T4G. This metric is called right invariant.

(a) The map g — ga is an isometry of G for every a € G.
(b) Define the linear map A : g — End(g) by

(A, ¢ = 5 (16 1.0~ ([, — (¢ [6.mD) (5.2.29)

for £,m,¢ € g. Then A is the unique linear map that satisfies

A +AE)" =0, A — A(&)n = [€,7]

for all &, € g, where A(£)* is the adjoint operator with respect to the inner
product on g. Let v : R — G be a smooth curve and X € Vect(y) be a
smooth vector field along . Then the covariant derivative of X is given by

VX = (jt(xfyl) + A(wl)xwl) 5. (5.2.30)

(Exercise: Prove this. Moreover, if the inner produt on g is invariant, prove

that A(§)n = —4[¢,n] for all &, € g.)
(c) A smooth curve v : R — G is a geodesic if and only if it satisfies

d .  iye
ST+ AT =0, (5.2.31)

(Exercise: G is complete.)

(d) The Riemann curvature tensor on G is given by

(Ry(Eg.n9)¢a)a ™ = (A (&) +[A(€). Am)])¢ (5.2.32)
for g € G and &,n,( € g. (Exercise: Prove this.)
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5.3 Generalized Theorema Egregium

We will now show that geodesics, covariant differentiation, parallel trans-
port, and the Riemann curvature tensor are all intrinsic, i.e. they are in-
tertwined by isometries. In the extrinsic setting these results are somewhat
surprising since these objects are all defined using the second fundamental
form, whereas isometries need not preserve the second fundamental form in
any sense but only the first fundamental form.

Below we shall give a formula expressing the Gauflian curvature of a
surface M? in R? in terms of the Riemann curvature tensor and the first
fundamental form. It follows that the Gauflian curvature is also intrinsic.
This fact was called by Gaufl the “Theorema Egregium” which explains the
title of this section.

5.3.1 Pushforward

We assume throughout this section that M C R™ and M’ C R™ are smooth
submanifolds of the same dimension m. As in §5.1 we denote objects on M’
by the same letters as objects in M with primes affixed. In particular, ¢’
denotes the first fundamental form on M’ and R’ denotes the Riemann
curvature tensor on M’.

Let ¢ : M — M’ be a diffeomorphism. Using ¢ we can move objects
on M to M’. For example the pushforward of a smooth curve v : I — M is
the curve

Gy i=¢oy: I — M,

the pushforward of a smooth function f : M — R is the function
Guf i =fod 1 M =R,

the pushforward of a vector field X € Vect(y) along a curve v: I — M is
the vector field ¢, X € Vect(¢4y) defined by

(@ X)(t) := dop(v(¢)) X (t)

for t € I, and the pushforward of a global vector field X € Vect(M) is the
vector field ¢, X € Vect(M') defined by

(0 X)(6(p)) := do(p) X (p)

for p € M. Recall that the first fundamental form on M is the Riemannian
metric g defined as the restriction of the Euclidean inner product on the
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ambient space to each tangent space of M. It assigns to each p € M the
bilinear map g, : T, M x T, M — R given by

gp(u,v) = <U7U>7 u,v € TpM

Its pushforward is the Riemannian metric which assigns to each p’ € M’ the
inner product (¢.g), : Ty M' x T,yM" — R defined by

(0+9) p(p) (dP(P)u, d(p)v) := gp (u,v)

for p := ¢71(p') € M and u,v € T,M. The pushforward of the Riemann
curvature tensor is the tensor which assigns to each p’ € M’ the bilinear
map (¢«R)y : TyM' x TyM' — L (T,yM', T,yM'), defined by

(¢+R) () (d(p)u, dp(p)v) := d(p) Ry (u, v) dp(p) ™"

for p:= ¢~ (p') € M and u,v € T,M.

5.3.2 Theorema Egregium

Theorem 5.3.1 (Theorema Egregium). The first fundamental form, co-
variant differentiation, geodesics, parallel transport, and the Riemann cur-
vature tensor are intrinsic. This means that for every isometry ¢ : M — M’
the following holds.

(i) p9=47"
(i) If X € Vect(y) is a vector field along a smooth curve v : I — M, then

V'(¢:X) = 6.V X, (5.3.1)
and if X, Y € Vect(M) are global vector fields, then

Vi xdY = ¢ (VxY). (5.3.2)

(iii) If v : I — M s a geodesic, then ¢ o~y : I — M’ is a geodesic.
(iv) If v : I — M is a smooth curve, then for all s,t € I, we have

Dlyor (£, 5)dD(7(5)) = dp (v (1)) Dy (t, 5). (5.3.3)

(v) R =R
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Proof. Assertion (i) is simply a restatement of Theorem 5.1.1. To prove (ii)
we choose a local smooth parametrization ¢ : 2 — U of an open set U C M,
defined on an open set 2 C R™, so that ¢! : U — € is a coordinate chart.
Suppose without loss of generality that v(t) € U for all ¢ € I and define
c: I —-Qand€:1—R"™by

A0 =), X0 =3 602 et

=1

Recall from equations (3.6.6) and (3.6.7) that
-3 @0+ X e o | ),
k=1 4,7=1

where the Christoffel symbols Ffj : 2 — R are defined by

321/1 Z rk o

0x'0xI U dxk

Now consider the same formula for ¢, X using the parametrization
VY i=¢op: QU =¢U)cC M.

The Christoffel symbols T f] : 2 — R associated to this parametrization of
U’ are defined by the same formula as the Ffj with 1 replaced by ¢’'. But
the metric tensor for ¢ agrees with the metric tensor for 1’:

- o o' oY
95 =\ ai’ ad Oxt’ dxi |-
Hence it follows from Lemma 3.6.5 that P’ ko= Fk for all 4, j, k. This implies
that the covariant derivative of ¢, X is glven by

nf. o\ oy
=> &+ D T ﬁ@

k=1 ij=1
mof. m -\ 8
NI ¢+ S rhde | e
k=1 ij=1
— $,VX.

This proves (5.3.1). Equation (5.3.2) follows immediately from (5.3.1) and
Remark 5.2.4.
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Here is a second proof of (ii). For every vector field X € Vect(M) we
define the operator Dx : Vect(M) — Vect(M) by

DxY :=¢" (Vpx¢:Y).
Then, for all X,Y € Vect(M), we have
Dy X — DxY = ¢" (Vp,y X — Vy,x0:Y) = ¢*[0. X, 6. Y] = [X, Y].
Moreover, it follows from (i) that

O Lx(Y, Z) = Lo, x (DY, ¢+ Z)
= (Vo x0+Y, 0 Z) + (0:Y, Vy, x 0+ Z)
= (0«DxY, ¢ Z) + (¢:Y, ¢ Dx Z)
= ¢.((DxY, Z) + (Y,Dx Z)).

and hence Lx(Y,Z) = (DxY,Z) + (Y,DxZ) for all X,Y,Z € Vect(M).
Thus the operator X +— Dx satisfies equations (5.2.9) and (5.2.10) and, by
Lemma 5.2.7, it follows that DxY = VxY for all X,Y € Vect(M). This
completes the second proof of (ii).

We prove (iii). Since ¢ preserves the first fundamental form it also
preserves the energy of curves, namely

E(¢ory)=E(y)

for every smooth map ~y : [0, 1] — M. Hence  is a critical point of the energy
functional if and only if ¢ o v is a critical point of the energy functional.
Alternatively it follows from (ii) that

/ d . / . .
v <dt¢>ov) = Vi = V5

for every smooth curve v : I — M. If v is a geodesic, the last term vanishes

and hence ¢o~y is a geodesic as well. As a third proof we can deduce (iii) from

the formula ¢(exp,(v)) = expy ) (dp(p)v) in the proof of Theorem 5.1.1.
We prove (iv). For tg € I and vy € Ty (,)M define

X(t) = Oy(t, to)vo,  X'(t) := Plor (£, t0)dd(v(t0))vo-

By (ii) the vector fields X’ and ¢.X along ¢ o« are both parallel and they
agree at t = to. Hence X'(t) = ¢, X (¢) for all t € I and this proves (5.3.3).
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We prove (v). Fix a smooth map v : R? — M and a smooth vector
field Z along ~y, and define

Y =poy:RE= M, 7 :=¢.7Z € Vect(v).
Then it follows from (ii) that
R(0s, 012 =V, N Z' — N 7'
= ¢>k (sttZ - Vtst)

= do(v)R(0sy,0) Z
= (¢=R) (057,07 Z'.

This proves (v) and Theorem 5.3.1. O

The assertions of Theorem 5.3.1 carry over in slightly modified form to
local isometries ¢ : M — M’. In particular, the pushforward of a vector field
on M under ¢ is only defined when ¢ is a diffeomorphism while the pushfor-
ward of a vector field along a curve is defined for any smooth map ¢. Also,
the pushforward of the Riemann curvature tensor under a local isometry is
only defined locally, and local isometries satisfy the local analogue of the
first assertion in Theorema Egregium by definition.

Corollary 5.3.2 (Theorema Egregium for Local Isometries). Every
local isometry ¢ : M — M’ has the following properties.

(i) Every vector field X along a smooth curve v : I — M satisfies (5.3.1).
(ii) If v: I — M is a geodesic, then so is po~y: 1 — M.

(iii) Parallel transport along a smooth curve y : I — M satisfies (5.3.3).
(iv) The curvature tensors R of M and R’ of M’ are related by the formula

Riy, (d(p)u, dg(p)v) = do(p) Ry(u, v)dd(p) ™" (5.3.4)
for allp € M and all u,v € T,M.

Proof. Let pg € M. Then, by the Inverse Function Theorem 2.2.17, there
exists an open neighborhood U C M of py such that U’ := ¢(U) is an open
subset of M’ and the restriction ¢|y : U — U’ is a diffeomorphism. This
restriction is an isometry by Theorem 5.1.1. Hence, by Theorem 5.3.1 the
assertions (i) and (ii) hold for the restriction of y to I := vy~ *(U) (a union
of subintervals of I') and (iv) holds for all p € U. Since these are local state-
ments and py was chosen arbitrary, this proves (i), (ii), and (iv). Part (iii)
follows directly from (i) as in the proof of Theorem 5.3.1 and this proves

Corollary 5.3.2. m
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The next corollary spells out a useful consequence of Corollary 5.3.2. For
sufficiently small tangent vectors equation (5.3.5) below already appeared
in the proof of Theorem 5.1.1 and was used in Lemma 5.1.10 and Exer-
cise 5.1.11. When M is not complete, recall the notation V,, C T,M for
the domain of the exponential map of M at a point p (Definition 4.3.5).
For p' € M' denote the domain of the exponential map by V, C T,y M".

Corollary 5.3.3. Let ¢ : M — M’ be a local isometry and let p € M.
Then d¢(p)V, C ng(p) and, for every v € V,,
¢(exp,(v)) = exply, (dd(p)v). (5.3.5)

Proof. Let v € V), C T,M and define v(t) := exp,(tv) for 0 < ¢ < 1.
Then v:[0,1] - M is a geodesic by Lemma 4.3.6, and hence so is the
curve 7/ := ¢ o~ : [0,1] = M’ by Corollary 5.3.2. Moreover,

7(0) = ¢(7(0)) =d(p),  +(0) = de(v(0))4(0) = de(p)v

by the chain rule. Hence it follows from the definition of the exponential
map (Definition 4.3.5) that d¢(p)v € V(;(p) and

expy () (do(p)v) = 7'(1) = d(7(1)) = ¢(exp,(v)).
This proves Corollary 5.3.3. 0

5.3.3 Gauflian Curvature

As a special case we shall now consider a hypersurface M C R™t! i.e.
a smooth submanifold of codimension one. We assume that there exists a
smooth map v : M — R™F! such that, for every p € M, we have

v(p) L TpM, v(p)| = 1.

Such a map always exists locally (see Example 3.1.3). Note that v(p) is
an element of the unit sphere in R™*! for every p € M and hence we can
regard v as a map from M to S™, i.e. v: M — S™. Such a map is called a
Gaufl map for M. Note that if v : M — S§™ is a Gaul map, so is —v, but
this is the only ambiguity when M is connected. Differentiating v at p € M
we obtain a linear map

dv(p) : TyM — T,,)S™ = T,M
Here we use the fact that T,,)S™ = v(p)*+ and, by definition of the Gauf

map v, the tangent space of M at p is also equal to v(p)*. Thus dv(p) is a
linear map from the tangent space of M at p to itself.
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Definition 5.3.4. The Gauflian curvature of the hypersurface M is the
real valued function K : M — R defined by

K(p) := det(dv(p) : TyM — T,M)

for p € M. (Replacing v by —v has the effect of replacing K by (—1)"K;
so K is independent of the choice of the Gaufl map when m is even.)

Remark 5.3.5. Given a subset B C M, the set v(B) C S™ is often called
the spherical image of B. If v is a diffeomorphism on a neighborhood
of B, the change of variables formula for an integral gives

/ i = / K |piar.
v(B) B

Here ppr and pg denote the volume elements on M and S™, respectively.
Introducing the notation Areay(B) := [ pua we obtain the formula

) = o S

This says that the curvature at p is roughly the ratio of the (m-dimensional)
area of the spherical image v(B) to the area of B where B is a very small open
neighborhood of p in M. The sign of K(p) is positive when the linear map
dv(p) : T,M — T,M preserves orientation and negative when it reverses
orientation.

Remark 5.3.6. We see that the Gauflian curvature is a natural general-
ization of Euler’s curvature for a plane curve. Indeed if M C R? is a
1-manifold and p € M, we can choose a curve v = (z,y) : (—e,e) — M such
that v(0) = p and |¥(s)| = 1 for every s. This curve parametrizes M by the
arclength and the unit normal vector pointing to the right with respect to
the orientation of 7 is v(x,y) = (¢, —&). This is a local Gaufl map and its
derivative (4, —&) is tangent to the curve. The inner product of the latter
with the unit tangent vector ¥ = (&, y) is the Gauffian curvature. Thus

_dx Py  dyd’z df

T dsds2  dsds?  ds

where s is the arclength parameter and 6 is the angle made by the normal
(or the tangent) with some constant line. With this convention K is positive
at a left turn and negative at a right turn.
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Exercise 5.3.7. The Gauflian curvature of an m-dimensional sphere of ra-
dius r is constant and has the value » =" (with respect to an outward pointing
Gaufl map when m is odd).

Exercise 5.3.8. Show that the GauBian curvature of the surface z = 22 —1/?
is —4 at the origin.

We now restrict to the case of surfaces, i.e. of 2-dimensional submani-
folds of R3. Figure 5.1 illustrates the difference between positive and nega-
tive Gauflian curvature in dimension two.

S T

K>0 K=0 K<0

Figure 5.1: Positive and negative Gauflian curvature.

Theorem 5.3.9 (GauB3ian curvature). Let M C R? be a surface and fix
a point p € M. If u,v € T,M 1is a basis, then
(R(u,v)v, u)

K(p) = 0P = (a0)% (5.3.6)

Moreover,
R(u,v)w = —K(p){v(p),u x v)v(p) x w (5.3.7)

for all w,v,w € T,M.

Proof. The orthogonal projection of R? onto the tangent space T,M = v(p)t
is given by the 3 x 3-matrix

(p) = 1—v(p)v(p)"
Hence
dll(p)u = —v(p)(dv(p)u)" — (dv(p)u)v(p)".
Here the first summand is the second fundamental form, which maps T, M

to T, M L and the second summand is its dual, which maps T,M L to T,M.
Thus

hyp(v) = —v(p) (du(p)v)T T, M — TpML,
hp(w)* = —(dv(p)u)v(p)" : T,M* — T, M.
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By the Gaufi—Codazzi formula this implies
Ry(ut,v)w = hy () by (0w — by (0)° <u>w
= (dl/(p)u) (dz/(p)v)T ( ) (dy(p)u)Tw
= (dv(p)v, w)dv(p)u — (dv(p ) w)dv(p)v
and hence
(Rp(u,v)w, z) = (dv(p)u, z)(dv(p)v, w) — (dv(p)u, w){dv(p)v, z). (5.3.8)

Now fix four tangent vectors u, v, w, z € T,,M and consider the composition
R34 R3 2R3, RS
of the linear maps

AE = E'v(p) + Eu+ v,

By = @@, ity Lvp),
R if n € Rv(p),

(¢, v(p))
CC = <<7Z> .
(¢, w)

This composition is represented by the matrix

1 0 0
CBA = ( 0 (dv(p)u,z) (dv(p)v,z) ) .
0 {dv(p)u,w) (dv(p)v, w)

Hence, by (5.3.8), we have

(Rp(u,v)w, z) = det(CBA)
= det(A) det(B) det(C)
= (v(p),u x v)K(p){v(p),z x w)
—K(p)(v(p),u x v)(v(p) x w, 2).

This implies (5.3.7) and
<Rp(u7v)v>u> = K(p)(u(p),u X ’U>2
(p) lu x of?
() (Iuf ol = (u,)?) .

This proves Theorem 5.3.9. O

K
K
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Remark 5.3.10. Equation (5.3.6) implies

(Ry(u, v)w, 2) = K(p)((u, 2w, w) — (u, w) (v, z)) (5.3.9)

for all p € M and all u,v,w,z € T,M. This is proved in Theorem 6.4.8
below. Exercise: Deduce this formula from (5.3.7).

Corollary 5.3.11 (Theorema Egregium of Gauf3). The Gaufian cur-
vature is intrinsic, i.e. if
¢: M — M

is an isometry of surfaces in R3, then
K=Ko¢: M —R.
Proof. Theorem 5.3.1 and Theorem 5.3.9. 0

Exercise 5.3.12. For m = 1 the Gauflian curvature is clearly not intrinsic
as any two curves are locally isometric (parameterized by arclength). Show
that the curvature K (p) is intrinsic for even m while its absolute value |K (p)|
is intrinsic for odd m > 3. Hint: We still have the equation (5.3.8) which,
for z = u and v = w, can be written in the form

(Rp(u, v)v,u) = det ( <dz<p>u7 u)  (dv(p)u, v) ) |

Thus, for every orthonormal basis v1,...,v, of T,M, the 2 x 2 minors of
the matrix

(<dy(p)vi7Uj»i,j:l,...,m
are intrinsic. Hence everything reduces to the following assertion.

Lemma. The determinant of an m x m matrixz is an expression in its 2 X 2
minors if m is even; the absolute value of the determinant is an expression
i the 2 X 2 minors if m is odd and greater than or equal to 3.

The lemma is proved by induction on m. For the absolute value, note the
formula

det(A)™ = det(det(A)L,,) = det(AB) = det(A) det(B)

for an m x m-matrix A where B is the transposed matrix of cofactors.



254 CHAPTER 5. CURVATURE

5.4 Curvature in Local Coordinates*

Riemann

Let M C RF be an m-dimensional manifold and let ¢ = ¥~ : U — Q
be a local coordinate chart on an open set U C M with values in an open
set QQ C R™. Define the vector fields F1, ..., E,, along 1 by

o
ot
These vector fields form a basis of Ty,)M for every = € (2 and the coeffi-
cients g;j : 2 — R of the first fundamental form are g;; = (E;, E;) . Recall
from Lemma 3.6.5 that the Christoffel Ffj :  — R are the coefficients of
the Levi-Civita connection, defined by

m
V.E; = ngEk
k=1

and that they are given by the formula

Ei(x) :=

(:L‘) S Tw(m)M'

= Zg’“é ;g0 + 03 gic — Ougij)-

Define the coefficients Rfjk 1 — Rand Rjjpe : 2 — R of the Riemann cur-
vature tensor by

R(E;, Ej)Ex = > _ Ri3Ex, (5.4.1)
(=1
Rijre := (R(E;i, Ej) By, Eq) = Z R0t (5.4.2)

These coefficients are given by
szk =0 ij + Z (Fw ik — jurzyk) (543)

The coefficients of the Riemann curvature tensor have the symmetries

Rijke = —Rjike = —Rijor = Riuij (5.4.4)
and the first Bianchi identity has the form
Rfjk + Rﬁki + Rll;ij =0, Rijke + Rjkie + Ryije = 0. (5.4.5)

Warning: Care must be taken with the ordering of the indices. Some
authors use the notation Rﬁij for what we call Rfjk and Ryy;; for what we
call Rijké-
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Exercise 5.4.1. Prove equations (5.4.3), (5.4.4), and (5.4.5). Use (5.4.3)
to give an alternative proof of Theorem 5.3.1.

Gaufl

If M C R" is a 2-manifold (not necessarily embedded in R3?), we can use
equation (5.3.6) as the definition of the Gaufiian curvature K : M — R.
Let ¢ : Q — U be a local parametrization of an open set U C M defined on
an open set 2 C R2. Denote the coordinates in R? by (z,y) and define the
functions FE, F,G : 2 — R by

E =00,  F:=(0:0,0,0), G:=9,9]*.

We abbreviate D := EG — F?2. Then the composition of the GauBian curva-
ture K : M — R with the parametrization v is given by

) E F oyF — 10,G
Koy =ppdet| F G1 o £0,G -
30.E 0.F — 30,E —30E + 0,0,F — 302G

. E F
_ L 1
e T
27Y 27T
1 8<8IG—8yF>_ 1 8(8yE—8xF>
2v/D 0y VD

- 2vDoxr\ VD
, E 0,E 0,E
G 9,G 9,G

This expression simplifies dramatically when F' = 0 and we get

1 0 0,G 0 O F
Koy =— — 4 - ) 5.4.6
v 2VEG <8x VEG O0yVEG ( )
Exercise 5.4.2. Prove that the Riemannian metric
E=G= $ F =0,

(1+22+y2)2’
on R2 has constant constant curvature K = 1 and the Riemannian metric

4
E:G:ma F:07

on the open unit disc has constant curvature K = —1.
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Chapter 6

Geometry and Topology

In this chapter we address what might be called the “fundamental problem
of intrinsic differential geometry”: when are two manifolds isometric? The
central tool for addressing this question is the Cartan—Ambrose—Hicks The-
orem (§6.1). In the subsequent sections we will use this result to examine
flat spaces (§6.2), symmetric spaces (§6.3), and constant sectional curvature
manifolds (§6.4). The chapter then examines manifolds of nonpositive sec-
tional curvature and includes a proof of the Cartan Fixed Point Theorem
(§6.5). The last three sections introduce the Ricci tensor and show that
complete manifolds with uniformly positive Ricci tensor are compact (§6.6)
and discuss the scalar curvature (§6.7) and the Weyl tensor (§6.8).

6.1 The Cartan—Ambrose—Hicks Theorem

The Cartan—Ambrose-Hicks Theorem answers the question (at least locally)
when two manifolds are isometric. In general the equivalent conditions given
there are probably more difficult to verify in most examples than the con-
dition that there exist an isometry. However, under additional assumptions
it has many important consequences. The section starts with some basic
observations about homotopy and simple connectivity.

6.1.1 Homotopy

Definition 6.1.1. Let M be a manifold and let I = [a,b] be a compact
interval. A (smooth) homotopy of maps from I to M is a smooth map
v:[0,1] x I — M. We often write yx(t) = (A, t) for A € [0,1] and t € 1
and call v a (smooth) homotopy between vy and 7. We say the

257
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homotopy has fixed endpoints if vy\(a) = vo(a) and yx(b) = vo(b) for all
A€ [0,1]. (See Figure 6.1.)

We remark that a homotopy and a variation are essentially the same
thing, namely a curve of maps (curves). The difference is pedagogical. We
used the word “variation” to describe a curve of maps through a given
map; when we use this word we are going to differentiate the curve to find
a tangent vector (field) to the given map. The word “homotopy” is used
to describe a curve joining two maps; it is a global rather than a local
(infinitesimal) concept.

Figure 6.1: A homotopy with fixed endpoints.

Definition 6.1.2. A manifold M is called simply connected iff for any
two curves v, 71 : [a,b] = M with vyo(a) = v1(a) and vo(b) = v1(b) there ex-
ists a homotopy from ~yy to v1 with endpoints fixred. (The idea is that the
space Sy, 4 of curves from p to q is connected.)

Remark 6.1.3. Two smooth maps 9,71 : [a,b] — M with the same end-
points can be joined by a continuous homotopy if and only if they can be
joined by a smooth homotopy. This follows from the Weierstrass approxi-
mation theorem.

Remark 6.1.4. Assume M is a connected smooth manifold. Then the
topological space (2, ; of all smooth curves in M with the endpoints p and ¢
is connected for some pair of points p,q € M if and only if it is connected
for every pair of points p,q € M. (Prove this!)

Example 6.1.5. The Euclidean space R™ is simply connected; any two
curves Yo,71 : |a,b] — R™ with the same endpoints can be joined by the

homotopy YA (t) := 70(t) + A(71(t) —70(t)).
Example 6.1.6. The punctured plane C\ {0} is not simply connected; two
curves of the form .
(t) =™, 0<t <1,
are not homotopic with fixed endpoints for distinct integers n.

Exercise 6.1.7. Prove that the m-sphere S™ is simply connected for m # 1.
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6.1.2 The Global C-A-H Theorem

Theorem 6.1.8 (Global C-A-H Theorem). Let M C R" and M’ ¢ R
be nonempty, connected, simply connected, complete m-manifolds. Fix two
elements po € M and py € M’ and let ®¢ : T,y M — TPE)M/ be an orthogonal
linear isomorphism. Then the following are equivalent.

(i) There exists an isometry ¢ : M — M’ satisfying
¢(po) =po,  dd(po) = Po. (6.1.1)

(ii) If (®,v,7’) is a development satisfying the initial condition

v(0)=po, ' (0)=py  ®(0) = Do, (6.1.2)
then
7(1) = po = V(1) =p), D(1) =g
(iii) If (®o,70,7y) and (®1,71,7]) are developments satisfying (6.1.2), then
Y0(1) = (1) = Yo(1) = 71 (1).

(iv) If (®,7,7) is a development satisfying (6.1.2), then ®,Ry = R.,.

o

M’

Figure 6.2: Diagram for Example 6.1.9.

Example 6.1.9. Before giving the proof let us interpret the conditions in
case M and M’ are two-dimensional spheres of radius r and r’ respectively in
three-dimensional Euclidean space R3. Imagine that the spheres are tangent
at po = pj. Clearly the spheres will be isometric exactly when r = r’.
Condition (ii) says that if the spheres are rolled along one another with-
out sliding or twisting, then the endpoint 7/(1) of one curve of contact
depends only on the endpoint (1) of the other and not on the intervening
curve y(t). This condition is violated in the case r # 1’ (see Figure 6.2).
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By Theorem 5.3.9 the Riemann curvature of a 2-manifold at p is deter-
mined by the Gauflian curvature K (p); and for spheres we have K (p) = 1/r2.

Exercise 6.1.10. Let v be the closed curve which bounds an octant as
shown in the diagram for Example 6.1.9. Find ~'.

Exercise 6.1.11. Show that in case M is two-dimensional, the condition
®(1) = ®¢ in Theorem 6.1.8 may be dropped from (ii).

Lemma 6.1.12. Let ¢ : M — M’ be a local isometry and let v : I — M be
a smooth curve on an interval I. Fixr an element tg € I and define

po = Y(to), q0 = ¢(po), g := dp(po). (6.1.3)

Then there exists a unique development (®,v,7') of M along M’ on the
entire interval I satisfying the initial conditions

V' (to) =qo,  D(tg) = Py. (6.1.4)
This development is given by
V() =o(y(t), () =d(v(t)) (6.1.5)
fortel.
Proof. Define
V() =0((1),  2(t) = do(v(t))

for t € I. Then 4/(t) = ®(¢)%(t) for all ¢t € I by the chain rule, and ev-
ery vector field X along v satisfies ®VX = V/(®X) by Corollary 5.3.2.
Hence (®,7,') is a development by Lemma 3.5.19. By (6.1.3) this devel-
opment satisfies the initial condition (6.1.4). Hence the assertion follows
from the uniqueness result for developments in Theorem 3.5.21. This proves

Lemma 6.1.12. O

Proof of Theorem 6.1.8. We first prove a slightly different theorem. Namely,
we weaken condition (i) to assert that ¢ is a local isometry (i.e. not neces-
sarily bijective), and prove that this weaker condition is equivalent to (ii),
(iii), and (iv) whenever M is connected and simply connected and M’ is
complete. Thus we drop the hypotheses that M be complete and M’ be
connected and simply connected.

We prove that (i) implies (ii). Given a development as in (ii) we have,
by Lemma 6.1.12,

7' (1) = o(v(1) = é(po) =po, (1) = de(v(1)) = dé(po) = Do,

as required.
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We prove that (ii) implies (iii) when M’ is complete. Choose develop-
ments (®;,7;,7,) for i = 0,1 as in (iii). Define a curve v : [0,1] — M by
“composition”, i.e.

(t) = Yo(2t), 0<t<1/2,
T m@ -2, 1/2<t <1,

so that ~ is continuous and piecewise smooth and (1) = pg. By Theo-
rem 3.5.21 there exists a development (®,v,7') on the interval [0, 1] satis-
fying (6.1.2) (because M’ is complete). Since y(1) = pg it follows from (ii)
that 7/(1) = p and ®(1) = ®y. By the uniqueness of developments and the
invariance under reparametrization, we have

)77’(15)) — { ((1)0(215)7'7/0(2t),76(2t))7 0<t< 1/27

(@(0), (¢ (@1(2-26), 32— 20),71(2-2)), 1/2<¢<1.

Hence 7((1) = ~/(1/2) = 44(1) as required.

We prove that (iii) implies (i) when M’ is complete and M is connected.
Define the map ¢ : M — M’ as follows. Fix an element p € M. Since M is
connected, there exists a smooth curve «: [0,1] — M such that v(0) = pg
and v(1) = p. Since M’ is complete, there exists a development (®,~,~")
with 7/(0) = p{, and ®(0) = @ (Theorem 3.5.21). Now define ¢(p) :=~'(1).
By (iii) the endpoint p’ := /(1) is independent of the choice of the curve ~,
and so ¢ is well-defined. We prove that this map ¢ satisfies the following
(a) If (@,7,7) is a development satisfying v(0) = po, v'(0) = pj, ®(0) = Dy,
then $(1(1)) = /(1) for 0 <t < 1.

(b) If p,q € M satisfy 0 < d(p,q) <inj(p; M) and d(p,q) < inj(é(p); M),
then d'(¢(p), #(q)) = d(p, q)-

That ¢ satisfies (a) follows directly from the definition and the fact that the
triple (®¢,v¢,;) defined by ®.(s) := ®(st), 1(s) := v(st), v(s) := +'(st)
for 0 < s <1 is a development. To prove (b), choose v € T, M such that

vl =d(p,q)  expy(v) =g¢
(Theorem 4.4.4) and let v : [0,1] — M be a smooth curve with
Y(0) =po,  (t) = exp,((2t — 1)v)

for % <t<1. Let (®,7v,7") be the unique development of M along M’
satisfying +/(0) = pj, and ®(0) = ®¢ (Theorem 3.5.21). Then, by (a),
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Also, by part (ii) of Lemma 3.5.19 with X = 4, the restriction of 7’ to the
interval [%,1] is a geodesic. Thus +/(t) = eXPy(p) (2t — 1)v") for 1<t<l,
where the tangent vector v’ € Ty, M’ is given by v’ :=4/(3) = ®(3)v and
hence satisfies |[v'| = |v| = d(p, q) < inj(¢(p), M’). Thus it follows from The-
orem 4.4.4 that d'(¢(p), #(q)) = d'(é(p), exp;ﬁ(p) (")) = |v'| = d(p, q) and this
proves (b). It follows from (b) and Theorem 5.1.1 that ¢ is a local isometry.

We prove that (i) implies (iv). Given a development as in (ii) we have

V(1) =0(v(®),  2(t) =de(v(t))

for every t, by Lemma 6.1.12. Hence it follows from part (iv) of Corol-
lary 5.3.2 (Theorema Egregium for local isometries) that

(I)(t)*R'y(t) - (¢*R)7’(t) = Rfy’(t)

for all t as required.

We prove that (iv) implies (iii) when M’ is complete and M is simply
connected. Choose developments (®;,;,7;) for ¢ = 0,1 as in (iii). Since M
is simply connected there exists a homotopy

[0,1] x [0,1] = M : (A, t) —= y(A, 1) = 7a(t)

from g to 1 with endpoints fixed. By Theorem 3.5.21 there is, for each A,
a development (®y,7y,7}) on the interval [0, 1] with initial conditions

WO0)=p),  @x(0) =D

(because M’ is complete). The proof of Theorem 3.5.21 also shows that
va(t) and @ (t) depend smoothly on both ¢ and \. We must prove that

To see this we will show that, for each fixed t, the curve

A= (2a(8), 1A (1), 74 (1))

is a development; then by the definition of development we have that the
curve X — 74 (1) is smooth and

MYA(L) = @5(1)IAya(1) =0

as required.
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First choose a basis e, ..., e, of Tp,M and extend it to obtain vector
fields E; € Vect(7y) along the homotopy 7 by imposing the conditions that
the vector fields ¢ — E;(\,t) be parallel, i.e.

V.Ei(A\t) =0,  Ei)\0)=e. (6.1.6)
Then the vectors E1(A, 1), ... En(A,t) form a basis of T, ;) M for all A and .
Second, define the vector fields E! along 4/ by
E/(\t) == ®)\(t)Ei(\ 1) (6.1.7)
so that V,E! = 0. Third, define the functions &*,...,£™: [0,1]> - R by

Oy =: ZﬁZEZ, 0y = ZgZE,: (6.1.8)
i=1

i=1
Here the second equation follows from (6.1.7) and the fact that @0,y = 9,7'.
Now consider the vector fields
X" =0y, Y/ := V\E! (6.1.9)

along /. They satisfy the equations

ViX' = Vidrxy = VAdn' = V) (Z 5iE§> = (WEE +¢£Y])
i=1 i=1
and
VY] = ViVAE; = VAV, E; = R'(0,0xY) Ei.
To sum up we have X’(X,0) = Y/(X,0) =0 and

m

ViX' =Y (W&S'E + &), VY =R(0,X)E]. (6.1.10)
i=1
On the other hand, the vector fields

X’ = (I))\a,\’)/, Y;-I = @,\V)\EZ‘ (6.1.11)

along ~/ satisfy the same equations, namely

m
ViX' = ®\Vioyy = PAVAGyy = PAVA (Z EiEi>
=1

=0,) (OB +ENE) =Y (WSE +£Y),
=1 =1
VY, = 0\(ViVAE; — WWViE;) = ®AR(9yy,0x7) Ei
= R/(®201, 2r0AY)PAE; = R' (01, X')E].

Here the last but one equation follows from (iv).
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Since the tuples (6.1.9) and (6.1.11) satisfy the same differential equa-
tion (6.1.10) and vanish at ¢ = 0 they must agree. Hence

Oy = @\, \Ei = PA\E;

for i = 1,...,m. This says that A — (®x(t),7a(t),74(t)) is a development.
For t = 1 we obtain 9y7/'(\, 1) = 0 as required.

Now the modified theorem (where ¢ is a local isometry) is proved. The
original theorem follows immediately. Condition (iv) is symmetric in M
and M'. Thus, if we assume (iv), there are local isometries ¢ : M — M’
and ¢ : M’ — M satisfying ¢(po) = pj, do(po) = Po and ¥(p)) = po,
diy(py) = <I)61. But then 1 o ¢ is a local isometry with v o ¢(pg) = po and
d(¢ o ¢)(po) = id. Hence v o ¢ is the identity. Similarly ¢ o is the identity
so ¢ is bijective (and ¥ = ¢~!) as required. This proves Theorem 6.1.8. O

Remark 6.1.13. The proof of Theorem 6.1.8 shows that the various im-
plications in the weak version of the theorem (where ¢ is only a local
isometry) require the following conditions on M and M

(i) always implies (ii), (iii), and (iv);
(ii) implies (iii) whenever M’ is complete;
(iii) implies (i) whenever M’ is complete and M is connected;

(iv) implies (iii) whenever M’ is complete and M is simply connected.

Remark 6.1.14. The proof that (iii) implies (i) in Theorem 6.1.8 can be
slightly shortened by using the following observation. Let ¢ : M — M’ be
a map between smooth manifolds. Assume that ¢ oy is smooth for every
smooth curve 7y : [0,1] — M. Then ¢ is smooth.

Corollary 6.1.15. Let M and M’ be nonempty, connected, simply con-
nected, complete Riemannian manifolds and let ¢ : M — M’ be a local
isometry. Then ¢ s bijective and hence is an isometry.

Proof. This follows by combining the weak and strong versions of the global
C-A-H Theorem 6.1.8. Let pg € M and define pj, := ¢(po) and g := dp(po).
Then the tuple M, M’, po, pj), ®o satisfies condition (i) of the weak version
of Theorem 6.1.8. Hence this tuple also satisfies condition (iv) of Theo-
rem 6.1.8. Since M and M’ are connected, simply connected, and complete
we may apply the strong version of Theorem 6.1.8 to obtain an isometry
Y M — M’ satisfying ¥(po) = pj, and di)(pg) = Py. Since every isometry
is also a local isometry and M is connected it follows from Lemma 5.1.10
that ¢(p) = ¢(p) for all p € M. Hence ¢ is an isometry, as required. O
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Remark 6.1.16. Refining the argument in the proof of Corollary 6.1.15 one
can show that a local isometry ¢ : M — M’ must be surjective whenever M
is complete and M’ is connected. None of these assumptions can be removed.
(Take an isometric embedding of a disc in the plane or an embedding of
a complete space M into a space with two components, one of which is
isometric to M.)

Likewise, one can show that a local isometry ¢ : M — M’ must be
injective whenever M is complete and connected and M’ is simply connected.
Again none of these asumptions can be removed. (Take a covering R — S!,
or a covering of a disjoint union of two isometric complete simply connected
spaces onto one copy of this space, or some noninjective immersion of a disc
into the plane and choose the pullback metric on the disc.)

6.1.3 The Local C-A-H Theorem

Theorem 6.1.17 (Local C-A-H Theorem). Let M and M’ be smooth
m-manifolds, let po € M and py € M', and let ®¢ : Ty, M — TpéM/ be an
orthogonal linear isomorphism. Letr > 0 be smaller than the injectvity radii
of M at py and of M’ at pj and define

Up={p€Mld(po,p) <r}, Ul :={p €M |d(pyp)<r}.

Then the following are equivalent.
(i) There exists an isometry ¢ : U, — U satisfying (6.1.1).

(ii) If (®,v,7") is a development on an interval I C R with 0 € I, satisfying
the initial condition (6.1.2) as well as y(I) C U, and v'(I) C U}, then

v(1) =po = V(1) =po,  P(1) = Do.
(iit) If (®o,v0,70) and (P1,71,71) are developments as in (i), then
Y0(1) = 1(1) = Y0(1) =1 (1).
(iv) If v € T, M with |v| < r and
V(t) “= €XPyy, (tU), Vl(t) = exp;)() (téov)a (I)(t) = (I)fy’ (ta O)(I)OCI)’Y(Ov t)v
then ®(t). Ry = R’W,(t) for0<t<1.
If these equivalent conditions are satisfied, then
d(exp,, (v)) = expj, (Pov)
for all v € Ty, M with |v| < r.

The proof is based on the following lemma.
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Lemma 6.1.18. Let p € M and v,w € T,M. For 0 <t <1 define

0
() = exp(tv), X(t) := i L exp,, (t(v + Aw)) € Ty M.
Then
ViViX + R(X,4)5 =0, X(0)=0, VX(0)=uw. (6.1.12)

A wector field along 7 satisfying the first equation in (6.1.12) is called a
Jacobi field along ~.

Proof. Define
’7(>‘7 t) = epr(t(U + Aw))? X()‘v t) = 3m/()\, t)

for all A and ¢. Since y(\,0) = p for all A we have X (A,0) =0 and

ViX(A,0) = Vidyv(A, 0) = VA (A, 0) = %(v ) = w.

Moreover, V;0yy = 0 and hence

ViViX = V,Vioxy
= ViVa0ry — \Vi0ry
= R(0yy, Oxy) 0y
= R(Oyy, X)0.

This proves Lemma 6.1.18. O

Proof of Theorem 6.1.17. The proofs (i) = (ii) = (iil) = (i) = (iv)

are as before; the reader might note that when L(y) < r we also have

L(y') < r for any development so that there are plenty of developments

with v : [0,1] = U, and v’ : [0,1] — U.. The proof that (iv) implies (i) is

a little different since (iv) here is somewhat weaker than (iv) of the global

theorem: the equation ®,R = R’ is only assumed for certain developments.
Hence assume (iv) and define ¢ : U, — U, by

¢ = exp% odg o exp;o1 U, — UJ.

We must prove that ¢ is an isometry. Thus we fix a point ¢ € U, and a
tangent vector u € T,M and choose v,w € T, M with |v| < r such that

expp, (v) = ¢,  dexpy (v)w =u. (6.1.13)
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Define v : [0,1] — U,, 7' : [0,1] — U], X € Vect(y), and X’ € Vect(y') by

Y(t) = expy, (tv), X (t) = 9

X expy, (t(v 4+ \w)),

A=0

(1) = exply (tov), X'(1) i=

X exp;% (t(Pov + ADow)).

A=0

Then, by definition of ¢, we have
v i=¢on, do(y)X = X', (6.1.14)
By Lemma 6.1.18, X is a solution of (6.1.12) and X’ is a solution of
ViVi X' =R (0, X0y, X'(\,0)=0, VX' (\0)=®qw. (6.1.15)
Now define ®(t) : T,y M — T, yM' by
D(t) == DL, (t,0)Po P (0, 1).

Then @ intertwines covariant differentiation. Since 4 and 4/ are parallel
vector fields with 4/(0) = ®ov = ®(0)7(0), we have

O(t)F(t) =9'(¢)

for every t. Moreover, it follows from (iv) that ®. R, = Rlv" Combining this
with (6.1.12) we obtain

V,V}(®X) = BUVX = R/(94, 8X)d5 = R (¥, 8X)7.

Hence the vector field ®X along +/ also satisfies the initial value prob-
lem (6.1.15) and thus
X = X' =dp(y)X.

Here we have also used (6.1.14). Using (6.1.13) we find
(1) = expp(v) =g, X(1) = dexpy (v)w = u,
and so
dp(g)u = dp(~(1))X (1) = X'(1) = ®(1)u.
Since ®(1) : Ty1yM — Ty1yM’ is an orthogonal transformation this gives

|[d¢(q)ul = [®(1)u] = Ju].

Hence ¢ is an isometry as claimed. This proves Theorem 6.1.17. O
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6.2 Flat Spaces

Our aim in the next few sections is to give applications of the Cartan-
Ambrose-Hicks Theorem. It is clear that the hypothesis ®,R = R’ for all
developments will be difficult to verify without drastic hypotheses on the
curvature. The most drastic such hypothesis is that the curvature vanishes
identically.

Definition 6.2.1. A Riemannian manifold M is called flat iff the Riemann
curvature tensor R vanishes identically.

Theorem 6.2.2. Let M C R” be a smooth m-manifold.

(1) M is flat if and only if every point has a neighborhood which is isometric

to an open subset of R™, i.e. at each point p € M there exist local coordinates

xl, ... 2™ such that the coordinate vectorfields E; = 0/0z" are orthonormal.

(ii) Assume M is connected, simply connected, and complete. Then M is
flat if and only if there is an isometry ¢ : M — R™ onto Fuclidean space.

Proof. Assertion (i) follows immediately from Theorem 6.1.17 and (ii) fol-
lows immediately from Theorem 6.1.8. O

Exercise 6.2.3. Carry over the Cartan—Ambrose—Hicks theorem and The-
orem 6.2.2 to the intrinsic setting.

Exercise 6.2.4. A one-dimensional manifold is always flat.
Exercise 6.2.5. If M7 and M> are flat, so is M = My x Mo.

Example 6.2.6. By Exercises 6.2.4 and 6.2.5 the standard torus
T" ={z=(21,...,2m) EC™| 21| = -+ = |zn| = 1}
is flat.

Exercise 6.2.7. For a,b > 0 and ¢ > 0 define M C C3 by

M := M(a,b,c) := {(u,v,w) eC? ’ lu| = a, |v] =b, w= CE%}.
a
Then M is diffeomorphic to a torus (a product of two circles) and M is flat. If
a’, > 0and ¢ > 0, prove that there is an isometry ¢ from M’ = M (a’,V/, )
to M = M (a,b,c) if and only if the triples (a’, b, ') and (a, b, ¢) are related
by a permutation.
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Hint: Show first that an isometry ¢ : M’ — M that satisfies the condi-
tion ¢(a’, ¥, ") = (a, b, ¢c) must have the form

P VAN ETANE AR W\ O\ PO
st = (o(5)" (7) 0 (%) (7) () (7))

for integers «, 3,7, 0 that satisfy ad — 8y = +1. Show that this map ¢ is an
isometry if and only if
a” + % = a%a® + 20 + (o + )2,
¢* = afa® +~v0b* + (a + ) (B + 8)c?,
V2 4 % = g2a® + 522 + (B + 6)2c2.
Exercise 6.2.8 (Developable manifolds). Let n = m+1 and let E(t) be

a one-parameter family of hyperplanes in R™. Then there exists a smooth
map v : R — R™ such that

E@) =u(t)t,  |u)| =1, (6.2.1)

for every t. We assume that u(t) # 0 for every ¢ so that u(t) and u(t) are
linearly independent. Show that

L(t) := u(t)t na(t)t =lim E(t) N E(s). (6.2.2)

s—t

Thus L(t) is a linear subspace of dimension m — 1. Now let v : R — R” be
a smooth curve such that

(Y(#),u(t)) =0, (¥(t),a(t)) # 0 (6.2.3)
for all . This means that ¥(t) € E(t) and §(t) ¢ L(t); thus E(t) is spanned
by L(t) and 4(t). For ¢t € R and € > 0 define

L(t)e :={ve L) |v| <e}.

Let I C R be a bounded open interval such that the restriction of v to the
closure of I is injective. Prove that, for € > 0 sufficiently small, the set

My = J(v(6) + L))
tel

is a smooth manifold of dimension m = n — 1. A manifold which arises this
way is called developable. Show that the tangent spaces of My are the
original subspaces E(t), i.e.

T,Mo=E(t) for  pen~(t)+ Lt)e.
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(One therefore calls My the “envelope” of the hyperplanes ~(t) + E(t).)
Show that My is flat. (Hint: use Gaufi-Codazzi.) If (®,v,7') is a de-
velopment of My along R™, show that the map ¢ : My — R™, defined
by

P(y(t) +v) =7'(t) + 2(t)
for v € L(t)e, is an isometry onto an open set M, C R™. Thus a development

“unrolls” My onto the FEuclidean space R™. When n = 3 and m = 2 one
can visualize My as a twisted sheet of paper (see Figure 6.3).

Figure 6.3: Developable surfaces.

Remark 6.2.9. Given a codimension-1 submanifold
M C Rerl

and a curve v : R — M we may form the osculating developable M, to M
along ~ by taking
E(t) == T,y M.

This developable has common affine tangent spaces with M along ~ as
LMo = E(t) = Ty M

for every t. This gives a nice interpretation of parallel transport: My may be
unrolled onto a hyperplane where parallel transport has an obvious meaning
and the identification of the tangent spaces thereby defines parallel transport
in M. (See Remark 3.5.16.)

Exercise 6.2.10. Each of the following is a developable surface in R3.

(i) A cone on a plane curve I' C H, i.e.
M={tp+ (1 —t)q|t>0,qeT}

where H C R3 is an affine hyperplane, p € R3\ H, and I' C H is a 1-manifold.
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(ii) A cylinder on a plane curve T, i.e.
M={q+tv|qel, teR}

where H and T" are as in (i) and v is a fixed vector not parallel to H. (This
is a cone with the cone point p at infinity.)

(iii) The tangent developable to a space curve v : R — R3, i.e.
M = {y(t) +s3(t)| |t —to] <&, 0< s <e},

where (to) and %(tp) are linearly independent and ¢ > 0 is sufficiently small.
(iv) The paper model of a Mdbius strip (see Figure 6.3).

Figure 6.4: A circular one-sheeted hyperboloid.

Remark 6.2.11. A 2-dimensional submanifold M C R3 is called a ruled
surface iff there is a straight line in M through every point. Every devel-
opable surface is ruled, however, there are ruled surfaces that are not devel-
opable. An example is the manifold M = {y(t) + sy(t) | |t — to| < e, |s| < &}
where 7 : R — R3 is a smooth curve with |§| = 1 and #(ty) # 0, and £ > 0 is
sufficiently small; this surface is not developable in general. Other examples
are the elliptic hyperboloid of one sheet

2 .2 2
M := {(x,y,z)eRg 22+y—zzl} (6.2.4)

b2 2

depicted in Figure 6.4, the hyperbolic paraboloid

I2 y2

(both with two straight lines through every point in M), Pliicker’s conoid

M := {(x,y,z) e R?

2
M:={<x,y,z)eR3 x2+y2¢o,z=”"y}, (6.2.6)

x2 + y?
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the helicoid

M = {(x,y,z) e R3

vl _ em} , (6.2.7)

Ve

and the Mobius strip

cos(s) cos(s/2) cos(s) R and
M = sin(s) | + = | cos(s/2)sin(s) sERan (6.2.8)
0 2\ sin(s/2) Slet<ld

These five surfaces have negative Gauflian curvature. The Mobius strip
in (6.2.8) is not developable, while the paper model of the M&bius strip is.
The helicoid in (6.2.7) is a minimal surface, i.e. its mean curvature (the
trace of the second fundamental form) vanishes. A minimal surface which
is not ruled is the catenoid

M = {(z,y,2) € R*| 2> + y* = * cosh (z/c)}.

(Exercise: Prove all this.)

6.3 Symmetric Spaces

In the last section we applied the Cartan-Ambrose-Hicks Theorem in the flat
case; the hypothesis @, R = R’ was easy to verify since both sides vanish. To
find more general situations where we can verify this hypothesis note that
for any development (®,~,7’) satisfying the initial conditions

70)=po, A (0)=p5  ®(0) =Py,
we have
D(t) = L, (t,0) PP, (0, 1)

so that the hypothesis ®, R = R’ is certainly implied by the three hypotheses

Q. (t,0): Ry, = Ry

<I>;,(zt,0)*R;,6 = R;,(t)

(®o)«Rp, = R;g-

The last hypothesis is a condition on the initial linear isomorphism

Qg : Ty M — TpéM’

while the former hypotheses are conditions on M and M’ respectively,
namely, that the Riemann curvature tensor is invariant by parallel trans-
port. It is rather amazing that this condition is equivalent to a simple
geometric condition as we now show.
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6.3.1 Symmetric Spaces

Definition 6.3.1. A Riemannian manifold M is called symmetric about
the point p € M iff there exists a (necessarily unique) isometry

¢ M— M
satisfying
o(p)=p,  do(p) = —id; (6.3.1)

M is called a symmetric space iff it is symmetric about each of its points.
A Riemannian manifold M is called locally symmetric about the point
p € M iff, for r > 0 sufficiently small, there exists an isometry

¢ : Ur(p, M) — Ur(p, M), Ur(p, M) :={q € M |d(p,q) <1},

satisfying (6.3.1); M is called o locally symmetric space iff it is locally
symmetric about each of its points.

Remark 6.3.2. The proof of Theorem 6.3.4 below will show that, if M is
locally symmetric, the isometry ¢ : U,(p, M) — U,(p, M) with ¢(p) = p
and d¢(p) = —id exists whenever 0 < r < inj(p).

Exercise 6.3.3. Every symmetric space is complete. Hint: If v : I — M is
a geodesic and ¢ : M — M is a symmetry about the point () for tg € I,
then ¢(v(to +t)) = y(to — t) for all t € R with tg+¢,t9g —t € I.

Theorem 6.3.4. Let M C R™ be an m-dimensional submanifold. Then the
following are equivalent.

(1) M is locally symmetric.

(ii) The covariant derivative VR (defined below) vanishes identically, i.e.
(vvR)p(Ula v2)w = 0

forallp € M and v,vi,v2,w € T,M.

(iii) The curvature tensor R is invariant under parallel transport, i.e.
(I)V(t, 3)*R'y(s) = R'y(t) (632)
for every smooth curve v : R — M and all s,t € R.

Proof. See §6.3.2. O
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Corollary 6.3.5. Let M and M’ be locally symmetric spaces and fix two
points po € M and pj, € M', and let o : Tpy,M — T%M’ be an orthogonal
linear isomorphism. Let r > 0 be less than the injectivity radius of M at pg
and the injectivity radius of M at p,. Then the following holds.

(i) There exists an isometry ¢ : U,(po, M) — Uy (py, M') with ¢(po) = pj
and dé(po) = Po if and only if @y intertwines R and R/, i.e.

(®0).Rpy = Ry . (6.3.3)

(ii) Assume M and M’ are connected, simply connected, and complete.
Then there exists an isometry ¢ : M — M’ with ¢(po) = pjy and do(po) = Po
if and only if ®¢ satisfies (6.3.3).

Proof. In (i) and (ii) the “only if” statement follows from Theorem 5.3.1
(Theorema Egregium) with ®y := d¢(pp). To prove the “if” statement, let
(®,7,7') be a development satisfying v(0) = po, 7'(0) = pf,, and ®(0) = ®y.
Since R and R’ are invariant under parallel transport, by Theorem 6.3.4, it
follows from the discussion in the beginning of this section that ®,R = R’.
Hence assertion (i) follows from the local C-A-H Theorem 6.1.17 and (ii)
follows from the global C-A-H Theorem 6.1.8. O

Corollary 6.3.6. A connected, simply connected, complete, locally symmet-
TiC space is symmetric.

Proof. Corollary 6.3.5 (ii) with M’ = M, p{, = po, and ®¢ = —id. O

Corollary 6.3.7. A connected symmetric space M is homogeneous; i.e.
given p,q € M there exists an isometry ¢ : M — M with ¢(p) = q.

Proof. If M is simply connected, the assertion follows from part (ii) of Corol-
lary 6.3.5 with M = M’, po = p, p{, = ¢, and &g = ®,(1,0) : T,M — T,M,
where 7 : [0,1] - M is a curve from p to ¢q. If M is not simply connected,
we can argue as follows. There is an equivalence relation on M defined by

pr~q <= Jisometry ¢ : M — M > ¢(p) =q.

Let p,q € M and suppose that d(p,q) < inj(p). By Theorem 4.4.4 there
is a unique shortest geodesic 7 : [0,1] — M connecting p to ¢q. Since M is
symmetric there is an isometry ¢ : M — M such that ¢(y(1/2)) = v(1/2)
and do(y(1/2)) = —id. This isometry satisfies ¢(y(¢)) = v(1 — ¢) and hence
¢(p) = q. Thus p ~ ¢ whenever d(p,q) < inj(p). This shows that each
equivalence class is open, hence each equivalence class is also closed, and
hence there is only one equivalence class because M is connected. This
proves Corollary 6.3.7. O
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6.3.2 Covariant Derivative of the Curvature

For two vector spaces V,W and an integer k£ > 1 we denote by £k(V, W)
the vector space of all multi-linear maps from V¥ = V x .- x V to W.
Thus £1(V, W) = L(V,W) is the space of all linear maps from V to W.

Definition 6.3.8. The covariant derivative of the Riemann curvature
tensor assigns to every p € M a linear map

(VR), : T,M — L*(T,M, L(T,M,T,M))
such that

(VR)(X)(X1,X2)Y = Vx (R(X1,X2)Y) — R(Vx X1, X2)Y
— R(X1,VxX2)Y — R(X1, X2)VxY

(6.3.4)
for all X, X3, X5, Y € Vect(M). We also use the notation
(VoR)p := (VR)p(v)

for p e M and v € T, M so that

(VxR)(X1, X2)Y = (VR)(X) (X1, X2)Y
for all X, X3, X5, Y € Vect(M).
Remark 6.3.9. One verifies easily that the map

Vect(M)* — Vect(M) : (X, X1, X,Y) = (VxR) (X1, XY,

defined by the right hand side of equation (6.3.4), is multi-linear over the
ring of functions .# (M ). Hence it follows as in Remark 5.2.13 that VR is
well defined, i.e. that the right hand side of (6.3.4) at p € M depends only
on the tangent vectors X (p), X1(p), X2(p), Y (p).

Remark 6.3.10. Let v : I — M be a smooth curve on an interval I C R

and
X1, X2,Y € Vect(y)

be smooth vector fields along . Then equation (6.3.4) continues to hold
with X replaced by 4 and each Vx on the right hand side replaced by the
covariant derivative of the respective vector field along ~:

(V3 R) (X1, X2)Y = V(R(X1, X2)Y) — R(VX1, Xo)Y

6.3.5
— R(X1,VX,)Y — R(X1, X,)VY. (6.3.5)
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Theorem 6.3.11. (i) If v : R — M is a smooth curve such that v(0) =
and 4(0) = v, then

d

(VuR)p = p7

©.(0,8): Ry s (6.3.6)
t=0

(ii) The covariant derivative of the Riemann curvature tensor satisfies the
second Bianchi identity

(VxR)(Y, Z) + (WR)(Z, X) + (VzR)(X,Y) = 0. (6.3.7)

Proof. We prove (i). Let vy, v, w € T,M and choose parallel vector fields
X1, X2, Y € Vect(y) along v satisfying the initial conditions X;(0) = vy,
X2(0) = vy, Y(0) = w. Thus

Xl(t) = (t 0)’01, XQ(t) =& (t O)’UQ, Y( ) d ( )
Then the last three terms on the right vanish in equation (6.3.5) and hence
(VUR) (1)1, ’Ug)w = V(R(Xl, XQ)Y)(O)

d
=2l Bonkhe (X1(t), Xa(t)Y(2)
t=0
d
= % (I)’y((],t)R'y(t) ((I)’Y (tv O)Ula (I)’Y (t’ O)UQ)q)’Y (tv O)UJ
=0
d
=7 (@(0,1)4Rozy) (v1,v2)w
=0

Here the second equation follows from Theorem 3.3.6. This proves (i).
We prove (ii). Choose a smooth function v : R® — M and denote by
(r,s,t) the coordinates on R3. If Y is a vector field along -y, we have
(VGTWR)(as'% atV)Y =V (R(as'ya at'Y)Y) - R(as’)/v at/Y)VTY
— R(V;057,0m)Y — R(957, V:0)Y
=V (WYY - UWY) - (MY, - V) Y
+ R(at'% vras’Y)Y - R(8577 vtarfy)Y:

Permuting the variables 7, s,t cyclically and taking the sum of the resulting
three equations we obtain

(Vo R)(057,07)Y + (Vo,y R)(0ry, 0r7)Y + (Vay R)(0r, 057)Y
=V, (%ViY — ViVMY) — (%Y — ViVs) VY
+ V% (VY — YY) - (VY — WV VY
+ % (MY — G%Y) - (WY - V) Y.
The terms on the right cancel out. This proves Theorem 6.3.11. O
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Proof of Theorem 6.5.4. We prove that (iii) implies (i). This follows from
the local Cartan-Ambrose-Hicks Theorem 6.1.17 with

po=po=p,  ®o=—id:T,M — T,M.

This isomorphism satisfies
(®o)+Rp = Ry.
Hence it follows from the discussion in the beginning of this section that
o.R=R
for every development (®,~,~") of M along itself satisfying
H0) =+(0) =p,  B(0) = —id.
Hence, by the local C-A-H Theorem 6.1.17, there is an isometry
¢ : Ur(p, M) — Up(p, M)

satisfying
o(p) =p,  do(p) = —id

whenever 0 < r < inj(p; M).

We prove that (i) implies (ii). By Theorem 5.3.1 (Theorema Egregium),
every isometry ¢ : M — M’ preserves the Riemann curvature tensor and
covariant differentiation, and hence also the covariant derivative of the Rie-
mann curvature tensor, i.e.

$.(VR) = V'R
Applying this to the local isometry ¢ : U,(p, M) — U,(p, M) we obtain
(VaspyoR) () (d(p)v1, dd(p)v2) = dp(p) (VuR) (v1, v2)de(p) ™
for all v,v1,v9 € T, M. Since
dg(p) = —id

this shows that VR vanishes at p.
We prove that (ii) imlies (iii). If VR vanishes, then equation (6.3.6) in
Theorem 6.3.11 shows that the function

S = (IJW(t, S)*R,Y(S) = @W(t, 0)*@7(0, S)*R,y(s)

is constant and hence is everywhere equal to R, ;). This implies (6.3.2) and
completes the proof of Theorem 6.3.4. O
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Covariant Derivative of the Curvature in Local Coordinates

Let ¢ : U — 2 be a local coordinate chart on M with values in an open set
Q C R™, denote its inverse by 1 := ¢~ : Q — U, and let

Ez(l') = aa;f}l(x)ETw(x)M, x €, 1=1,....,m,

be the local frame of the tangent bundle determined by this coordinate
chart. Let Fk : Q0 — R denote the Christoffel symbols and R¢,, : Q — R the
coeflicients of the Riemann curvature tensor so that

V.Ej = ngEk, R(E;, E;)E), = ZRfjkEg.
k V4

ijk

Given i, j, k, 0 € {1,...,m} we can express the vector field (Vg, R)(E;, Ex)Ey
along 1 for each = € Q as a linear combination of the basis vectors E;(z)
This gives rise to functions

ViR, Q=R

defined by
(Ve,R)(E;, Ey)Ep = Zv e Eu. (6.3.8)

These functions are given by

ViR = OiR%, + Z I Ry,

, (6.3.9)
- Z 7 Ruke Z LR = D Th Ry
o
The second Bianchi identity has the form
VR ikl + V Rkw + kazyf — 0 (6310)

Exercise: Prove equations (6.3.9) and (6.3.10). Warning: As in §5.4,
care must be taken with the ordering of the indices. Some authors use the
notation ViRij for what we call ViR;.’M

6.3.3 Examples and Exercises
Example 6.3.12. Every flat manifold is locally symmetric.

Example 6.3.13. If M; and M are (locally) symmetric, so is My x Ma.
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Example 6.3.14. M = R™ with the standard metric is a symmetric space.
Recall that the isometry group Z(R™) consists of all affine transformations
of the form

¢(z) = Az + b, A€ O(m), beR™.

(See Exercise 5.1.4.) The isometry with fixed point p € R™ and d¢(p) = —id
is given by ¢(z) = 2p — x for x € R™.

Example 6.3.15. The flat tori of Exercise 6.2.7 in the previous section are
symmetric (but not simply connected). This shows that the hypothesis of
simple connectivity cannot be dropped in part (ii) of Corollary 6.3.5.

Example 6.3.16. Below we define manifolds of constant curvature and
show that they are locally symmetric. The simplest example, after a flat
space, is the unit sphere S™ = {1: c R |z| = 1}. The symmetry ¢ of
the sphere about a point p € M is given by

¢(x) = —x + 2p, x)p

for x € S™. This extends to an orthogonal linear transformation of the
ambient space. In fact the group of isometries of S is the group O(m + 1)
of orthogonal linear transformations of R™*! (see Example 6.4.16 below).
In accordance with Corollary 6.3.7 this group acts transitively on S™.

Example 6.3.17. A compact two-dimensional manifold of constant neg-
ative curvature is locally symmetric (as its universal cover is symmetric)
but not homogeneous (as closed geodesics of a given period are isolated).
Hence it is not symmetric. This shows that the hypothesis that M be simply
connected cannot be dropped in Corollary 6.3.6.

Example 6.3.18. The real projective space RP™ with the metric inherited
from S™ is a symmetric space and the orthogonal group O(n+1) acts on it by
isometries. The complex projective space CP™ with the Fubini—Study metric
in Example 3.7.5 is a symmetric space and the unitary group U(n + 1) acts
on it by isometries. The complex Grassmannian G(C") in Example 3.7.6
is a symmetric space and the unitary group U(n) acts on it by isometries.
(Exercise: Prove this.)

Example 6.3.19. The simplest example of a symmetric space which is not
of constant curvature is the orthogonal group O(n) = {g € R"*" |gTg =1}
with the Riemannian metric (5.2.20) of Example 5.2.18. The symmetry ¢
about the point a € O(n) is given by ¢(g) = ag~'a. This discussion extends
to every Lie subgroup G C O(n). (Exercise: Prove this.)
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6.4 Constant Curvature

In the §5.3 we saw that the Gauflian curvature of a two-dimensional surface
is intrinsic: we gave a formula for it in terms of the Riemann curvature
tensor and the first fundamental form. We may use this formula to define the
Gaufian curvature for any two-dimensional manifold (even if its codimension
is greater than one). We make a slightly more general definition.

6.4.1 Sectional Curvature

Definition 6.4.1. Let M C R"™ be a smooth m-dimensional submanifold.

Let p e M and let E C T,M be a 2-dimensional linear subspace of the tan-

gent space. The sectional curvature of M at (p, E) is the number
(Bp(u, v)v, u)

K(p, E) = 2|0 — {u, )2 (6.4.1)

where u,v € E are linearly independent (and hence form a basis of E).

The right hand side of (6.4.1) remains unchanged if we multiply u or v
by a nonzero real number or add to one of the vectors a real multiple of the
other; hence it depends only on the linear subspace spanned by u ad v.

Example 6.4.2. If M C R3 is a 2-manifold, then by Theorem 5.3.9 the
sectional curvature K (p,T,M) = K(p) is the GauBian curvature of M at p.
More generally, for any 2-manifold M C R™ (whether or not it has codimen-
sion one) we define the Gauflian curvature of M at p by

K(p) := K(p, T,M). (6.4.2)

Example 6.4.3. If M C R™*! is a submanifold of codimension one and
v:M — 5™ is a Gaul map, then the sectional curvature of a 2-dimensional
subspace EE C T, M spanned by two linearly independent tangent vectors
u,v € T,M is given by

(u, dv(p)u) (v, dv(p)v) — (u, dv(p)v)*

K(p FE) =
P, £) PP — (u,0)?

(6.4.3)
This follows from equation (5.3.8) in the proof of Theorem 5.3.9 which holds
in all dimensions. In particular, when M = S™, we have v(p) = p and hence

K(p,E) =1 for all p and E. For a sphere of radius r we have v(p) = p/r
and hence K (p, E) = 1/r2.
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Example 6.4.4. Let G C O(n) be a Lie subgroup equipped with the Rie-

mannian metric
(v, w) := trace(v'w)

for v,w € T,G C R™". Then, by Example 5.2.18, the sectional curvature
of G at the identity matrix 1 is given by

K(1,B) = [l

for every 2-dimensional linear subspace E C g = Lie(G) = T1G with an
orthonormal basis &, 7.

Exercise 6.4.5. Let ¥ C T, M be a 2-dimensional linear subspace, let r > 0
be smaller than the injectivity radius of M at p, and let N C M be the 2-
dimensional submanifold given by

N :=exp, {ve E| v <r}).

Show that the sectional curvature K(p, E) of M at (p, E) agrees with the
Gauflian curvature of N at p.

Exercise 6.4.6. Let p € M C R" and let £ C T},M be a 2-dimensional lin-
ear subspace. For r > 0 let L denote the ball of radius r in the (n —m + 2)-

dimensional affine subspace of R through p and parallel to the vector sub-
space E + Tle:

L:{p+v+w|v€E,w€TpML, \v[2—|—\w|2<r2}.

Show that, for r sufficiently small, L N M is a 2-dimensional manifold with
Gauflian curvature Krnps(p) at p given by Krna(p) = K(p, E).

6.4.2 Constant Sectional Curvature

Definition 6.4.7. Let k € R and m > 2 be an integer. An m-manifold
M C R™ is said to have constant sectional curvature k iff K(p,FE) =k
for every p € M and every 2-dimensional linear subspace E C T,,M .

Theorem 6.4.8. Let M C R™ be an m-manifold and fix an element p € M
and a real number k. Then the following are equivalent.

(i) K(p, E) = k for every 2-dimensional linear subspace E C T, M.

(ii) The Riemann curvature tensor of M at p is given by

(Ry(v1,v2)v3, 04) = k((vl,m){vg,vg) - <v1,v3><02,v4>) (6.4.4)

for all vi,v9,v3,v4 € T, M.
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Proof. That (ii) implies (i) follows directly from the definition of the sec-
tional curvature in (6.4.1) by taking v; = v4 = v and v9 = v3 = v in (6.4.4).
Conversely, assume (i) and define the multi-linear map Q : T, M 4 5 R by

Q<U17v2,1)3,1)4) = <Rp(U1,U2)Ug,U4> — k((vl,v4><1}2,1}3> — <v1,v3)(v2,v4)).

Then, for all u,v,vi,vs,v3,v4 € T, M, the map () satisfies the equations

Q(v1,v2,v3,v4) + Q(v2,v1,v3,v4) = 0, (6.4.5)

Q(Uh V2, VU3, U4) + Q('U2, v3, V1, ’U4) + Q(Ug, 1, V2, U4) = 0’ (646)
Q(v1,v2,v3,v4) — Q(v3,v4,v1,v2) =0, (6.4.7)
Q(u,v,u,v) = 0. (6.4.8)

Here the first three equations follow from Theorem 5.2.14 and the last follows
from the definition of ) and the hypothesis that the sectional curvature
is K (p, E) = k for every 2-dimensional linear subspace £ C T,,M.

We must prove that ) vanishes. Using (6.4.7) and (6.4.8) we find

0 = Q(u,v1 + v, u,v1 + v2)
- Q(U,Ul,U,'UQ) + Q(U,UQ,U,'Ul)
= QQ(U, Ulauﬂ}?)

for all uw,v,v2 € T, M. This implies

0 = Q(u1 + ug,v1, ur + ug, v2)
= Q(u1,v1,u2,v2) + Q(u2,v1,u1,v2)

for all uy,u2,v1,v2 € T, M. Hence

Q(v1,v2,v3,v4) = —Q(v3,v2,v1,v4)
= Q(’UQ,’U37’U17U4)
= —Q(v3,v1,v2,v1) — Q(v1,v2,V3,04).

Here the second equation follows from (6.4.5) and the last from (6.4.6). Thus
1 1
Q(v1,v2,v3,04) = =5 Q(v3, v1,v2,01) = 5 Q(v1, v3,v2,v4)
for all vi,v9,v3,v4 € T, M and, repeating this argument,

1
Q(v1,v2,v3,14) = ZQ(017U27U37U4)~

Hence @Q = 0 as claimed. This proves Theorem 6.4.8. O
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Remark 6.4.9. The symmetric group S4 on four symbols acts naturally
on the space £4(T,M,R) of multi-linear maps from 7, M* to R. The condi-
tions (6.4.5), (6.4.6), (6.4.7), and (6.4.8) say that the four elements

b )
d =id + (13) + (24) + (13)(24)

of the group ring of S; annihilate (). This suggests an alternate proof of
Theorem 6.4.8. A representation of a finite group is completely reducible
so one can prove that ) = 0 by showing that any vector in any irreducible
representation of Sy which is annihilated by the four elements a, b, c and
d must necessarily be zero. This can be checked case by case for each
irreducible representation. (The group Sy has 5 irreducible representations:
two of dimension 1, two of dimension 3, and one of dimension 2.)

If M and M’ are two m-dimensional manifolds with constant curvature k,
then every orthogonal isomorphism & : T,M — T,y M’ intertwines the Rie-
mann curvature tensors by Theorem 6.4.8. Hence by the appropriate version
(local or global) of the C-A-H Theorem we have the following corollaries.

Corollary 6.4.10. Every Riemannian manifold with constant sectional cur-
vature s locally symmetric.

Proof. Theorem 6.3.4 and Theorem 6.4.8. O

Corollary 6.4.11. Let M and M’ be m-dimensional Riemannian manifolds
with constant curvature k and let p € M and p’ € M'. If r > 0 is smaller
than the injectivity radii of M at p and of M’ at p’, then for every orthogonal
isomorphism

®:T,M — T, M

there exists an isometry
¢ Ur(p, M) = U (p', M)

such that
o(p) =9,  do(p) = .

Proof. This follows from Corollary 6.3.5 and Corollary 6.4.10. Alternatively
one can use Theorem 6.4.8 and the local C-A-H Theorem 6.1.17. O
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Corollary 6.4.12. Any two connected, simply connected, complete Rieman-
nian manifolds with the same constant sectional curvature and the same
dimension are isometric.

Proof. Theorem 6.4.8 and the global C-A-H Theorem 6.1.8. O

Corollary 6.4.13. Let M C R™ be a connected, simply connected, complete
manifold. Then the following are equivalent.

(1) M has constant sectional curvature.

(ii) For every pair of points p,q € M and every orthogonal linear isomor-
phism ® : T,M — T, M there exists an isometry ¢ : M — M such that

o(p) = q, do(p) = @.

Proof. That (i) implies (ii) follows immediately from Theorem 6.4.8 and the
global C-A-H Theorem 6.1.8. Conversely assume (ii). Then, for every pair
of points p,q € M and every orthogonal linear isomorphism

& :T,M — T,M,
it follows from Theorem 5.3.1 (Theorema Egregium) that
®.R, =R,

and so
K(p,E) = K(q,®F)

for every 2-dimensional linear subspace £ C T, M. Since, for every pair of
points p,q € M and of 2-dimensional linear subspaces

E CT,M, F CcT,M,
we can find an orthogonal linear isomorphism ® : T,M — T; M such that
OF = F,
this implies (i). O

Corollary 6.4.13 asserts that a connected, simply connected, complete
Riemannian m-manifold M has constant sectional curvature if and only if
the isometry group Z(M) acts transitively on its orthonormal frame bun-
dle O(M). Note that, by Lemma 5.1.10, this group action is also free.
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Examples and Exercises

Example 6.4.14. Any flat Riemannian manifold has constant sectional
curvature k = 0.

Example 6.4.15. The manifold
M =R"

with its standard metric is, up to isometry, the unique connected, simply
connected, complete Riemannian m-manifold with constant sectional curva-
ture

k=0.

Example 6.4.16. For m > 2 the unit sphere
M =S5

with its standard metric is, up to isometry, the unique connected, simply
connected, complete Riemannian m-manifold with constant sectional curva-
ture

k=1.

Hence, by Corollary 6.4.12, every connected simply connected, complete
Riemannian manifold with positive sectional curvature k =1 is compact.
Moreover, by Corollary 6.4.13, the isometry group Z(S™) is isomorphic to
the group O(m + 1) of orthogonal linear transformations of R™*!. Thus,
by Corollary 6.4.13, the orthonormal frame bundle O(S™) is diffeomorphic
to O(m + 1). This follows also from the fact that, if

Viy+voryUm
is an orthonormal basis of 7,S™ = p* then

pP,V1,...,Um
is an orthonormal basis of R™t1,

Example 6.4.17. A product of spheres is not a space of constant sectional
curvature, but it s a symmetric space. Exercise: Prove this.

Example 6.4.18. For n > 4 the orthogonal group O(n) is not a space of
constant sectional curvature, but it is a symmetric space and has nonnegative
sectional curvature (see Example 6.4.4).
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6.4.3 Hyperbolic Space

Fix an integer m > 2. The hyperbolic space H™ is, up to isometry, the
unique connected, simply connected, complete Riemannian m-manifold with
constant sectional curvature

k=-—1.

A model for H™ can be constructed as follows. A point in R™*! will be
denoted by

p = (x0, ), 0 € R, x=(r1,...,2m) € R™.
Let Q : R™*! x R™*! — R denote the symmetric bilinear form given by
Q(p,q) = —zoYo + T1Y1 + *** + TYm (6.4.9)
for p = (20, 7),q = (y0,y) € R™*L. Since Q is nondegenerate the space
H™ = {p = (z0,2) € R™™ | Q(p,p) = -1, z¢ > 0}

is a smooth m-dimensional submanifold of R™*! and the tangent space
of H™ at p is given by

T,H™ = {v e R™" | Q(p,v) = 0}.
For p = (z9,2) € R™™! and v = (&, &) € R™*! we have

peH” <— xo=+/1+|z?
(&)

veTLH" +— §=——"E—

NAENEE

Now let us define a Riemannian metric on H” by

gp(v,w) == Q(v, w)

:<5">_§Zm>< ) (6.4.10)
B SR IUN
- <§,77> 1 + ’:E‘Q

for v = (&, &) € TH™ and w = (1o, n) € T,H™.

Theorem 6.4.19. H™ is a connected, simply connected, complete Rieman-
nian m-manifold with constant sectional curvature k = —1.
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We remark that the manifold H™ does not quite fit into the extrinsic
framework of most of this book as it is not exhibited as a submanifold
of Euclidean space but rather of “pseudo-Euclidean space”: the positive
definite inner product (v,w) of the ambient space R™*! is replaced by a
nondegenerate symmetric bilinear form Q(v,w). However, all the theory
developed thus far goes through (reading Q(v,w) for (v,w)) provided we
impose the additional hypothesis (true in the example M = H™) that the
first fundamental form g, = Q|r,1 is positive definite. For then Q|r,as is
nondegenerate and we may define the orthogonal projection II(p) onto T, M
as before. The next lemma summarizes the basic observations; the proof is
an exercise in linear algebra.

Lemma 6.4.20. Let Q be a symmetric bilinear form on a vector space V
and for each subspace E of V' define its orthogonal complement by

Ete :={ueV|Qu,v)=0%ve E}.

Assume Q is nondegenerate, i.e. V+@ = {0}. Then, for every linear sub-
space E C 'V, we have

V=E®Ete = EnE+te = {0},

i.e. E1Q is a vector space complement of E if and only if the restriction
of Q to E is nondegenerate.

Proof of Theorem 6.4.19. The proofs of the various properties of H™ are
entirely analogous to the corresponding proofs for S™. Thus the unit normal
field to H™ is given by

v(p) =p
for p € H'™ although the “square of its length” is
Q(p,p) = 1.

For p € H™ we introduce the Q-orthogonal projection II(p) of R™*! onto
the subspace T,H™. It is characterized by the conditions

I(p)% = II(p), kerII(p) Lo imII(p), imII(p) = T,H™,
and is given by the explicit formula

(p)v =v + Q(v,p)p

for v € R+,
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The covariant derivative of a vector field X € Vect(y) along a smooth
curve v : R — H™ is given by

VX(t) = TI(~(t)) X (¢)

t) + QX (2), y(t))(t)

t) — QX (1), ¥()v(¢)-

The last identity follows by differentiating the equation Q(X,~) = 0. This
can be interpreted as the hyperbolic GauB—Weingarten formula as follows.

For p € H™ and u € T,H™ we introduce, as before, the second fundamental
form

X(
X(

hp(u) : T,H™ — (T,H™)*Q
via
hp(w)v == (dII(p)u)v
and denote its Q-adjoint by
hp(uw)* : (T,H™)*Q — T,H™.

For all p € H™, u € T,H™, and v € R™"! we have

(dH(p)u)v = % » (v + Q(v,p+tu)(p + tu))
= Q(v,p)u+ Q(v,u)p,

where the first summand on the right is tangent to H™ and the second
summand is @Q-orthogonal to T,H™. Hence

hp(u)v = Q(v,u)p, hp(u)*w = Q(w, p)u (6.4.11)

for v € T,H™ and w € (T,H™)+e.
With this understood, the Gaufl-Weingarten formula

X = VX + hy(9)X
extends to the present setting. The reader may verify that the operators
V : Vect(y) — Vect(y)

thus defined satisfy the axioms of Theorem 3.7.8 and hence define the Levi-
Civita connection on H™.
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Now a smooth curve v : I — H™ is a geodesic if and only if it satisfies
the equivalent conditions

Vi=0 <= At) LoTypH" Viel <=  §=Q()

A geodesic must satisfy the equation

d
SQ(A) =2Q(3.4) = 0

because ¥ is a scalar multiple of v, and hence Q(%,%) is constant. Fix an
element p € H™ and a tangent vector v € T),H"™ such that

Q(v,v) = 1.
Then the geodesic v : R — H™ with v(0) = p and 4(0) = v is given by
~(t) = cosh(t)p + sinh(t)v, (6.4.12)

where . » . »
cosh(t) := cre , sinh(t) := —
2 2

In fact we have §(t) = y(t) Lg T,pH™. It follows that the geodesics
exist for all time and hence H" is geodesically complete. Moreover, being
diffeomorphic to Euclidean space, H™ is connected and simply connected.

It remains to prove that H'™ has constant sectional curvature k = —1.
To see this we use the GauBi-Codazzi formula in the hyperbolic setting, i.e.

Ry (u,v) = hp(u) hy(v) — hy(v) hy(u). (6.4.13)
By equation (6.4.11), this gives
(Rp(u, v)v, u) = Q(hp(u)u, hy(v)v) — Q(hp(v)u, hy(u)v)
= Q(Q(u7 u)p, Q(”? ’U)p) - Q(Q(u7 v)p, Q(“? ’U)p)
= —Q(u,u)Q(v,v) + Q(u,v)?
_gp(u’ u)gp(v7 U) + gp(uv v)2

for all u,v € T,H™. Hence, for every p € M and every 2-dimensional linear
subspace EY C T, M with a basis u,v € E we have

(Rp(u, v)v, u)
gp(“’v u)gp(vv U) - gp(uv 1))2
This proves Theorem 6.4.19. O

K(p,E) = =—1.
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Exercise 6.4.21. Prove that the pullback of the metric on H" under the

diffeomorphism
R™ - H™ : x — (x/l + ]w\2,$>

is given by
~ ~12 <CU,€>2
|| |z - 5
1+ |z

xT

for x € R™ and 7 € R™ = T,,R™. Thus the metric tensor is given by
Tixj

9ij () = dij
for x = (x1,...,2,) € R™.

Exercise 6.4.22. The Poincaré model of hyperbolic space is the open
unit disc D™ C R™ equipped with the Poincaré metric

g _ 200
e
for y € D™ and y € R™ = T,D™. Thus the metric tensor is given by
46z’j

(1-wP)"

Prove that the diffeomorphism

9ii(y) = y € D™, (6.4.15)

2
D™ s HT -y s 1+ |yl 2y
: 29 2

L—y[” 1yl

is an isometry with the inverse

T

H™ — D™ : (xg,x) — .
14+ x9

Interpret this map as a stereographic projection from the south pole (—1,0).

Exercise 6.4.23. The composition of the isometries in Exercise 6.4.21 and
Exercise 6.4.22 is the diffeomorphism R — D™ : x — y given by

x 2y 1—i—\y|2
y=—— T=—, Vit = ——5.
V14 z2+1 1— |yl 1— |yl

Prove that this is an isometry intertwining the Riemannian metrics (6.4.14)
and (6.4.15).
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Exercise 6.4.24. This exercise shows that every nonconstant geodesic in
the Poincaré model D™ of hyperbolic space in Exercise 6.4.22 converges to
two points on the boundary S™ ! = 9D™ in forward and backward time,
and that any two distinct points on the boundary are the asymptotic limits
of a unique geodesic in D™ up to reparametrization.

Fix an element y € D™ and a tangent vector y € T,D" = R™ of norm
one in the hyperbolic metric, i.e.

N 2
Ayl =1, A T E

Let v:R — D™ be the unique geodesic satisfying v(0) =y and 4(0) = y.
Prove the following.

(6.4.16)

(a) The geodesic v is given by the explicit formula

h(t)A inh(t) (Ay + (A\y, \y
L(t) = O+ sin OO+ P, AG)y) (6.4.17)
1 4 cosh(t)(A — 1) + sinh(¢)(Ay, AY)
for t € R. Hint: Use (6.4.12) and the isometries in Exercise 6.4.22.

(b) The limits

Yt = lim ~(t) € ™71

t—+oo
exist and are given by

g = AT F Ay, AG)y _ A=A = Qg Ay
RS EORY) A1 0w

(6.4.18)

(c) Assume y ¢ Ry. Then there is a unique circle in R™ through y_ and y4
that is orthogonal to S™ ! at y4+. The center ¢ € R™ and the radius r of
this circle are given by

oo vty (oA Qw Gy — My, ARAT
- - 2 _ _ ~\2 ’
L+ (ys,y-) A2 —=2X — (\y, \y) (6.4.19)
o 1—{yr,y-) 1

r

L4 (ys,y-) A2 =22 = (g, Ap)?

(d) Let c and r be as in (¢). Then the geodesic v in (a) satisfies |y(t) — ¢| =r
for all t. Hint: It suffices to verify this equation for ¢ = 0.

(e) If y € Ry, then y_ + y;+ = 0 and the geodesic v traverses a segment of
a straight line through the origin.

(f) Fix two distinct points y_ and %, on the unit sphere S™~!. Then there
exists a geodesic v : R — D™ such that limy, 1o y(t) = yx. If v/ : R — D™
is any other geodesic satisfying limy_, 17/ (t) = y+, then there exist real
numbers a, b such that a > 0 and v/(¢) = y(at + b) for all ¢t € R.
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Exercise 6.4.25. Prove that the isometry group of H™ is the pseudo-ortho-
gonal group

<o = o] Q50 )

Thus, by Corollary 6.4.13, the orthonormal frame bundle O(H™) is diffeo-
morphic to O(m, 1).

Exercise 6.4.26. Prove that the exponential map exp, : T,H™ — H™ is
given by

exp,(v) = cosh ( Q(v, v)) P+ i (Q(i(z;v)) v (6.4.20)

for v € T,H™ = pt@. Prove that this map is a diffeomorphism for every
p € H™. Thus any two points in H™ are connected by a unique geodesic.
Prove that the intrinsic distance function on hyperbolic space is given by

d(p,q) = cosh™" (Q(p.q)) (6.4.21)
for p,q € H™. Compare this with Example 4.3.11.

Exercise 6.4.27. In the case m = 2 the Poincaré model of hyperbolic space
in Exercise 6.4.22 is the open unit disc D C C in the complex plane. It can
be identified with the upper half plane

H = {z € C|Im(z) > 0}
via the diffeomorphism

i—=z
H—-D:z—

i+z

Show that the pullback of the Poincaré metric on D under this diffeomor-
phism is the Riemannian metric on H given by

12l

Y

for z =z +iy € H and z € T,H = C. Show that the isometries of H (in the
identity component) have the form

az+b a b
P(z) = o < . d ) € SL(2,R),

and deduce that the Lie group PSL(2,R) := SL(2,R)/{£1} is isomorphic to
the identity component of O(2,1). Prove that every nonconstant geodesic
in H traverses either a vertical half line or a semicircle centered at a point
on the boundary 0H = R.

2l =
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6.5 Nonpositive Sectional Curvature

In the previous section we have seen that any two points in a connected,
simply connected, complete manifold M of constant negative curvature are
joined by a unique geodesic (Exercise 6.4.26). Thus the entire manifold M
is geodesically convex and its injectivity radius is infinity. This continues
to hold in much greater generality for manifolds with nonpositive sectional
curvature. It is convenient, at this point, to extend the discussion to Rie-
mannian manifolds in the intrinsic setting. In particular, at some point in
the proof of the main theorem of this section and in our main example, we
shall work with a Riemannian metric that does not arise (in any obvious
way) from an embedding.

Definition 6.5.1. A Riemannian manifold M is said to have nonpos-
itive sectional curvature iff K(p, E) <0 for every p € M and every 2-
dimensional linear subspace E C T,M or, equivalently, (Rp(u,v)v,u) <0 for
all pe M and all u,v € TyM. A nonempty, connected, simply connected,
complete Riemannan manifold with nonpositive sectional curvature is called
o Hadamard manifold.

6.5.1 The Cartan—Hadamard Theorem

The next theorem shows that every Hadamard manifold is diffeomorphic to
Euclidean space and has infinite injectivity radius. This is in sharp contrast
to positive curvature manifolds as the example M = 5™ shows.

Theorem 6.5.2 (Cartan—Hadamard). Let M be a connected, simply con-
nected, complete Riemannan manifold. Then the following are equivalent.

(i) M has nonpositive sectional curvature.
(ii) The derivative of each exponential map is length increasing, i.e.
[dexp, (0)7] > [0
for allp € M and all v,v € T,M.
(iii) Each exponential map is distance increasing, i.e.
d(exp,(vo), exp,(v1)) > |vo — v1
for allp € M and all vo,v1 € T,M.

Moreover, if these equivalent conditions are satisfied, then the exponential
map exp,, : T,M — M is a diffeomorphism for every p € M. Thus any two
points in M are joined by a unique geodesic.

The proof makes use of the following two exercises.
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Exercise 6.5.3. Let £ : [0,00) — R™ be a smooth function such that

£0)=0,  £0)#0, &)#0 Vi>0.
Prove that the function f : [0,00) — R given by f(¢) := |£(¢)| is smooth.
Hint: The function 7 : [0, 00) — R™ defined by

[ te), fort >0,
n(t) = { £0), fort=0,

is smooth. Show that f is differentiable and f = ||~ (n, ).

Exercise 6.5.4. Let £ : R — R" be a smooth function such that

Prove that there exist constants € > 0 and ¢ > 0 such that, for all £ € R,

t] <e = E@OP 1@ = (€@1), €)% < clt]®.
Hint: Write

§(t) =to+n(t), &) =v+it)

with n(t) = O(#3) and 7(t) = O(t?). Show that the terms of order 2 and 4
cancel in the Taylor expansion at t = 0.

Proof of Theorem 6.5.2. We prove that (i) implies (ii). Fix a point p € M
and two tangent vectors v,v € T,M. Assume without loss of generality
that v # 0 and define the curve 7 : R — M and the vector field X € Vect(v)
along v by

0 e
v(t) := exp,(tv), X(t) := 35 . exp,(t(v + sv)) € T,yM  (6.5.1)
for t € R. Then
X(0) =0, X (t) = dexp,(tv)tv, VX(0)=v#0. (6.5.2)

To see this, define the map 3 : R? — M by (s, t) := exp,(t(v + sv)). It
satisfies 3(0,t) = (1), 0s5(0,t) = X(¢), B(s,0) = p, and 9;5(s,0) = v + sV
for all s,t € R. Hence VX(0) = V,0,8(0,0) = V;0;3(0,0) = v. Moreover,
the curve ((s,-) is a geodesic for every s, and hence Lemma 6.1.18 asserts
that X = 0,0(0,-) is a Jacobi field along , i.e.

VVX + R(X,4)% = 0. (6.5.3)
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It follows from Exercise 6.5.3 with £(t) := ®,(0,¢)X (¢) that the function

[0,00) = R:t+— | X(¢)]

is smooth and

d -
G| XOI=1vX©) =l
Moreover, for ¢t > 0, we have
d—Q\X| :£<X,VX)
dt? dt | X]|
VX 4+ (X, VVX) (X,VX)?
- | X| P (6.5.4)
_XPIVX] - (X, VX)? L ARG X))
a | X2 | X|
> 0.

Here the third equality follows from the fact that X is a Jacobi field along ~,
and the inequality follows from the nonpositive sectional curvature condition
in (i) and from the Cauchy—Schwarz inequality. Thus the second derivative
of the function [0,00) — R : ¢ — |X ()| — t|v] is nonnegative; so its first
derivative is nondecreasing and it vanishes at ¢t = 0; thus

[ X (&) —t[o] =0
for every t > 0. In particular, for ¢ = 1 we obtain
‘dexpp(v)?)‘ =|X(1)| > |v].

as claimed. Thus we have proved that (i) implies (ii).
We prove that (ii) implies (i). Assume, by contradiction, that (ii) holds
but there exists a point p € M and a pair of vectors v,v € T, M such that

(Rp(v,0)v,7) < 0. (6.5.5)

Define v : R — M and X € Vect(y) by (6.5.1) so that (6.5.2) and (6.5.3)
are satisfied. Thus X is a Jacobi field with

X(0)=0, VX(0)=7#0.

Hence it follows from Exercise 6.5.4 with £(t) := ®,(0,¢) X (¢) that there is a
constant ¢ > 0 such that, for ¢t > 0 sufficiently small, we have the inequality

X @OP VX (@) — (X (), VX()* < et
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Moreover, by (6.5.1) and (6.5.2), limyo¥(t) = v and limp ot~ X (¢) = 0.

Hence, by (6.5.5) there exist constants § > 0 and & > 0 such that
(X0 =0t (X(@),R((1), X(1)7(t) < —et?,
for t > 0 sufficiently small. By (6.5.4) this implies

ig ‘X‘ — ’X‘2|VX‘2 — <X’VX>2 + <X5R(/77X)7> < @ _ it
dt? X[ X =35

Integrate this inequality over an interval [0,] with ct? < £§2 to obtain

d

d
AR R

(X (®)] = [VX(0)|
t=0
Integrating this inequality again gives | X ()| < ¢ |VX(0)| for small positive ¢.
Hence it follows from (6.5.2) that

|dexp, (tv) 0] = |X ()] < £|VX(0)] = ¢ 3]

for ¢t > 0 sufficiently small. This contradicts (ii).

We prove that (ii) implies that the exponential map exp,, : T,M — M is
a diffeomorphism for every p € M. By (ii) exp, is a local diffeomorphism, i.e.
its derivative dexp,(v) : T,M — Texp, (v)M is bijective for every v € T, M.
Hence we can define a Riemannian metric on M’ := T,M by pulling back
the metric on M under the exponential map. To make this more explicit we
choose a basis e1,. .., ey, of T, M and define the map 1 : R™ — M by

Y(z) == exp, (Z $i€i>
i=1
1

for x = (z*,...,2™) € R™. Define the metric tensor by

0 0
gij(z) == <6$ (z), (%q’i(a:)>, i,i=1,...,m.

Then (R™,g) is a Riemannian manifold (covered by a single coordinate
chart) and ¢ : (R™,g) — M is a local isometry, by definition of g. The
manifold (R™, g) is clearly connected and simply connected. Moreover, for
every £ = (€1,...,€") € R™ = TyR™, the curve R — R™ : t s t£ is a
geodesic with respect to g (because 1 is a local isometry and the image of
the curve under 1 is a geodesic in M). Hence it follows from Theorem 4.6.5
that (R™, g) is complete.
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Since both (R™,g) and M are connected, simply connected, and com-
plete, it follows from Corollary 6.1.15 that the local isometry % is bijective.
Thus the exponential map exp,, : T,M — M is a diffeomorphism as claimed.
It follows that any two points in M are joined by a unique geodesic.

We prove that (ii) implies (iii). Fix a point p € M and two tangent
vectors vg, vy € T, M. Let v : [0,1] — M be the geodesic with the endpoints

7(0) = expy(vo), (1) = exp,(v1)

and let v : [0, 1] — T,,M be the unique curve satisfying exp,(v(t)) = ~(t) for
all t. Then v(0) = v, v(1) = vy, and

d(expy(vo), expp(v1)) =

L(v)
1
_ /0 [dexp, (u()o(t)| dt

1
> /0 lo(1)| dt
1

/0 0 dt‘

= vy — v .

>

Here the third inequality follows from (ii). This shows that (ii) implies (iii).

We prove that (iii) implies (ii). Fix a point p € M and a tangent
vector v € T,M and denote ¢ := exp,(v). By (iii) the exponential map
exp, : TyM — M is injective and, since M is complete, it is bijective (see
Theorem 4.6.6). Hence there exists a unique geodesic from ¢ to any other
point in M and therefore, by Theorem 4.4.4, we have

lw| = d(g, expy(w)) (6.5.6)

for every w € T,M. Now define ¢ := exp;loexpp : TpyM — T,M. This
map satisfies ¢(v) = 0. Moreover, it is differentiable in a neighborhood of v
and, by the chain rule, d¢(v) = dexp,(v) : T,M — T,M. Now choose
w := ¢(v+v) with v € T, M. Then exp,(w) = exp,(¢(v+ 7)) = exp,(v +7)
and hence it follows from (6.5.6) and part (iii) that

|00 + )| = [w| = d(g; expy(w)) = d(exp,(v), exp, (v +v)) > [0].

This gives

~ SR [l ] ISR 0] PN
|dexp, (v)0] = |dp(v)D] = %l_r)l(l)f > P—%T = |v].

Thus we have proved that (iii) implies (ii) and this proves Theorem 6.5.2. ]
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The next lemma establishes a useful inequality for Hadamard manifolds
that amplifies the expanding property of the exponential map.

Lemma 6.5.5. Let M be a Hadamard manifold. Fix an element p € M
and two tangent vectors vg,v1 € T,M. Then, for 0 <t < T,

d(exp,,(tvo), exp,,(tv1)) - d(exp,(Tvo), exp,(Tv1))

t - T '
Proof. The first inequality in (6.5.7) is part (iii) of Theorem 6.5.2. To prove
the second inequality, assume vg # v and define

(6.5.7)

lvg — 1] <

Yo(t) := exp,(tvo), 71(t) := exp,(tv1)

for t € R. For each t € R let the curve [0,1] — M : s+ ~(s,t) be the unique
geodesic with the endpoints v(0,t) = vo(¢) and v(1,t) = v1(t). Then

1
plt) = dlo(®). () = [ 1ol ds = 1 (s.1)
for all s and ¢ and hence

1
(%) :/0 Mds

’85’y|
_ 07(1,1),07(1,1)) — (957(0,1), 9y(0,1)) (6.5.8)

a p(t)

Since %(p[)) = pp+ p? and 7o and ; are geodesics, this implies

p(031) + 1) = (1071, 01(1,1)) — :7(0,1),017(0,1)) )
= (%0,1(1,2),0(1,6) — (V0:7(0,6), 907 (0,1)

0
:/ 8 <Vtas%at’7>
0
—/ <Vt o* + Vvtas%&sv)) ds

/(Vt dsy? + ( 837,8t7)8s'y,3w>> ds

> p(t)>.

Here the last step follows from (6.5.8), the Cauchy-Schwarz inequality, and
the nonpositive sectional curvature assumption. Thus p : [0,7] — R is a
convex function satisfying p(0) = 0 and hence p(t) < tp(T")/T for 0 <t < T.
This proves Lemma 6.5.5. O
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6.5.2 Cartan’s Fixed Point Theorem

Recall from Definition 6.5.1 that a Hadamard manifold is a nonempty, con-
nected, simply connected, complete Riemannian manifold of nonpositive
sectional curvature.

Theorem 6.5.6 (Cartan). Let M be a Hadamard manifold and let G be a
compact topological group that acts on M by isometries. Then there exists
a point p € M such that gp = p for every g € G.

The proof follows the argument given by Bill Casselmann in [16] and
requires the following two lemmas. The first lemma asserts that every com-
plete, connected, simply connected Riemannian manifold of nonpositive sec-
tional curvature is a semi-hyperbolic space in the sense of Alexandrov [3].

Po Py

q

Figure 6.5: Alexandrov semi-hyperbolic space.

Lemma 6.5.7 (Alexandrov). Let M be a Hadamard manifold, let m € M
and v € T, M, and define

Po = exp,,(—v), p1 = exp,,(v).

Then
d(p07 p1)2
2

for every q € M (see Figure 6.5).

2d(m, q)° + < d(po,q)* + d(p1,9)* (6.5.9)
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Proof. By Theorem 6.5.2 the exponential map exp,, : Tr,M — M is a
diffeomorphism. Hence d(po,p1) = 2|v|. Now let ¢ € M. Then there is a
unique tangent vector w € T,, M such that

q =expy(w),  d(m,q) = |wl|.

Since the exponential map is expanding, by Theorem 6.5.2, we have

d(po,q) > lw+vl,  d(p1,q) > Jw— vl
Hence
d(m, q)* = [wl?
w + v + |w — v 2

- : o

_ dpo.@)* +d(p1,9)® _ d(po.p1)?

< 5 4 :
This proves Lemma 6.5.7. O

Exercise 6.5.8. Equality holds in (6.5.9) whenever M is flat.

The next lemma is Serre’s Uniqueness Theorem for the circumcentre
of a bounded set in a semi-hyperbolic space.

—

Figure 6.6: The circumcenter of a bounded set.

Lemma 6.5.9 (Serre). Let M be a Hadamard manifold and, for p € M
and r > 0, denote by B(p,r) C M the closed ball of radius v centered at p.
Let  C M be a nonempty bounded set and define

rq :=inf {r > 0| there exists a p € M such that Q C B(p,r)}.

Then there exists a unique point pq € M such that Q C B(pq,rq) (see
Figure 6.6).



6.5. NONPOSITIVE SECTIONAL CURVATURE 301

Proof. We prove existence. Choose sequences r; > rq and p; € M such that
Q C B(pi,ri), lim r; = rq.
1—00

Choose ¢ € Q. Then d(q,p;) < r; for every i. Since the sequence r; is
bounded and M is complete, it follows that p; has a convergent subsequence,
still denoted by p;. Its limit

po = lim p;

i—>00
satisfies 2 C B(pq,rq).
We prove uniqueness. Let pg,p1 € M such that
Q C B(po, ) N B(p1,7q).

Since the exponential map exp,, : T,M — M is a diffeomorphism (by Theo-
rem 6.5.2), there exists a unique vector vg € Tp, M such that p; = exp,, (vo)-
Denote the midpoint between py and p; by

m = expy, (%vg) .
Then it follows from Lemma 6.5.7 that

d 244 2 4 2
d(m, q)* < (po; @) J2r (p1,9)° (pozlpl)

2
< 7“(22 - d(p();l:pl)

for every ¢ € Q. Since sup,cq d(m,q) > rq (by definition of rq), it follows
that d(po,p1) = 0 and hence py = p;. This proves Lemma 6.5.9. O

Proof of Theorem 6.5.6. Let ¢ € M and consider the group orbit
Q:={gqlg € G}.

Since G is compact, this set is bounded. Let rq and pg be as in Lemma, 6.5.9.
Then  C B(pq,rq). Since G acts on M by isometries, this implies

Q = g2 C B(gpa,ra)

for all g € G. Hence it follows from the uniqueness statement in Lemma 6.5.9
that gpa = pq for every g € G. This proves Theorem 6.5.6.

O
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6.5.3 Positive Definite Symmetric Matrices

We close this section with an example of a nonpositive sectional curvature
manifold which plays a key role in Donaldson’s approach to Lie algebra
theory [17] (see §7.5.2). Let m be a positive integer and consider the space

P = PR™) = {P c R™Xm

PT=pP> 0} (6.5.10)

of positive definite symmetric m x m-matrices. (Here the notation “P > 0”
means (x, Pz) > 0 for every nonzero vector x € R"™.) Thus & is an open
subset of the vector space . := {S € R™*™|ST = S} of symmetric ma-
trices and hence the tangent space of & is Tp# = . for every P € 2.
However, we do not use the metric inherited from the inclusion into . but
define a Riemannian metric by

<ﬁ1,ﬁ2>p = trace(ﬁlP_lﬁgP_l) (6511)
for P € & and ﬁl,ﬁg €eTpP =7.

Theorem 6.5.10. The space & with the Riemannian metric (6.5.11) is a
connected, simply connected, complete Riemannian manifold with nonposi-
tive sectional curvature, and the distance function on & is given by

d(P,Q) = \/trace<(log(P‘l/QQP_1/2))2> (6.5.12)

for P,Q € &. Moreover, & is a symmetric space and the group GL(m,R)
of nonsingular m x m-matrices acts on P by isometries via P — gPg'
for g € GL(m,R).

Proof. See below. O

Remark 6.5.11. Let V be an m-dimensional vector space and /¢ C S?V*
be the set of inner products on V. Define a Riemannian metric on s by

(h1, ho)p = trace(S152),  h(-,Si) := hs, (6.5.13)

for h € 7 and /Hl,/ﬁz € T = S?V*. Then every vector space isomor-
phism « : R™ — V determines a diffeomorphism ¢, : 5 — & via

$a(h) =P = h(agon) = (&P nrm. (6.5.14)
The derivative of ¢, at h in the direction heT, n A is given by
dpe(h)h = P — PP '=—a7'Sa, h(-S):=h. (6.5.15)

Thus ¢, is an isometry with respect to the Riemannian metrics (6.5.13)
on 7 and (6.5.11) on &. The ¢, form an atlas on ¢ with the transition

maps ¢gq(P) := ¢go QS;l(P) = gBanga, where ggq = B~ la € GL(m,R).
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Remark 6.5.12. The submanifold
Py = Po(R™) :={P € | det(P) =1} (6.5.16)

of positive definite symmetric m x m-matrices with determinant one is to-
tally geodesic (see Remark 6.5.13 below). Hence all the assertions of Theo-
rem 6.5.10 (with GL(m,R) replaced by SL(m,R)) remain valid for Z.

Remark 6.5.13. Let M be a Riemannian manifold and L C M be a sub-
manifold. Then the following are equivalent.

(i) If v: I — M is a geodesic on an open interval I such that 0 € I and
W) €L, 4(0) € Tyl

then there is a constant € > 0 such that «(t) € L for |t| < e.

(ii) If v : I — L is a smooth curve on an open interval I and ®. denotes
parallel transport along v in M, then

q),y(t, S)T,Y(S)L = T’y(t)L Vs, tel.

(iii) If v : I — L is a smooth curve on an open interval I and X € Vect(vy)
is a vector field along v (with values in T'M), then

X(t)ET,y(t)L Vtel — VX(t)ETV(t)L Vtel.

A submanifold that satisfies these equivalent conditions is called totally
geodesic.

Exercise 6.5.14. Prove the equivalence of (i), (ii), (iii) in Remark 6.5.13.
Hint: Choose suitable coordinates and translate each of the three assertions
into conditions on the Christoffel symbols.

Exercise 6.5.15. Prove that & is a totally geodesic submanifold of .
Prove that & is diffeomorphic to the quotient GL(m,R)/O(m) via polar de-
composition and that # is diffeomorphic to the quotient SL(m,R)/SO(m).
Hint: Consider the map GL(m,R) — & : g /gg'.

Exercise 6.5.16. In the case m = 2 prove that £, is isometric to the
hyperbolic space H?2.

The proof of Theorem 6.5.10 is based on the calculation of the Levi-Civita
connection and the formulas for geodesics and the Riemann curvature tensor
in the following three lemmas.
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Lemma 6.5.17. Let I — & : t — P(t) be a smooth path in & on an
interval I C R and let I — ¥ : t — S(t) be a vector field along P. Then
the covariant derivative of S is given by

. 1 . 1.
VS =S5 - 5SP—HD — 5PP—IS. (6.5.17)

Proof. The formula (6.5.17) determines a family of linear operators on the
spaces of vector fields along paths that satisfy the torsion-free condition

Vi;0: P = V05 P
for every smooth map R? — & : (s,t) + P(s,t) and the Leibniz rule
\Y% <51, SQ>P = <V51, SQ>P + <51, VSQ>P

for any two vector fields S7 and S5 along P. These two conditions determine
the covariant derivative uniquely (see Lemma 3.6.5 and Theorem 3.7.8).
This proves Lemma 6.5.17. 0

Lemma 6.5.18. The geodesics in & are given by
~y(t) = Pexp(tP_lﬁ)
= exp(tPPY)P (6.5.18)
= PY2exp(tP~Y/2pp=t/2) pl/2
for P e 22, PeTpP =7, andt € R. In particular, & is complete.
Proof. The curve v : R — & defined by (6.5.18) satisfies
4(t) = Pexp(tP~'P) = PP~ 'x(t).
Hence it follows from Lemma 6.5.17 that

VA (t) = 3(t) — 3()v(t) " (1)
=5(t) = PP7'4(t)
=0

for every ¢ € R. Hence 7 is a geodesic. Since the curvey : R — & in (6.5.18)
satisfies v(0) = P and 4(0) = P, this proves Lemma 6.5.18. O
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Lemma 6.5.19. For P &, S,T, A € % the curvature tensor on & is
1 1
Rp(S,T)A = —ZSPflTP*A - ZAJD*lTJD*lS
1 1
+ Z:rP*SP*A -+ ZAP*SP*T (6.5.19)
1 -1 -1 -1
=-1 [[sP~', TP~ ,AP7'| P.

Proof. Choose smooth maps P : R? — &2 and A : R? — . and define
S:=0sPand T := 0,P. Then 0,7 = 0;S and Rp(S,T)A = V;V;A—V;V; A.
Moreover, by Lemma 6.5.17 we have V;A = 0;A4 — %AP*IS - %SP*IA
and V;A = 0, A — %AP‘IT — %TP_lA. Hence

1 1
Rp(S,T)A = O,V,A — 5(v,fA)P—ls - 5Sp—l(vtA)

1 1
— OV, A+ 5(VSA)JflT + §TP’1(VSA)
— 0. (@A SAPTIT— STP A>

1 1 1
— (A — AP 'T — TP 1A\P1S
2( ¢ 2 2 )

— 55P (8tA—2AP T— TP A)

(0.4~ éAp—ls _ %SP‘lA)

2
Lmif(oa_ Lapig_ Lopa
+5TP (8SA SAPTIS - 2SP A).

1 g lopa -1
+§<85A APT'S - 2sP A)P T

A term by term inspection shows that the partial derivatives of A, S, T
cancel because 9,T = 0;S. Hence we are left with the drivatives of P, so

Rp(S,T)A
= %AP‘I(OSP)P_IT + %TP‘I(OSP)P_IA
+ iAP‘lTP‘IS - iTP‘lAP‘IS - iSP‘lAP_lT - isp—lTP—lA

- %AP*(@P)P*S - %SP”(@P)P”A

1 1 1 1
— ZAP*SP*T — ZSP*AP*T — ZTP*AP*S — ZTP*SP*A.

Insert OsP = S, 0;P = T to obtain (6.5.19). This proves Lemma 6.5.19. [
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Proof of Theorem 6.5.10. The manifold & is obviously connected and sim-
ply connected as it is a convex open subset of a finite-dimensional vector
space. That the map GL(m,R) x & — & : (g, P) ~ gPg" defines a group
action of GL(m,R) on & by isometries follows directly from the definitions.
The remaining assertions will be proved in three steps.

Step 1. The manifold & has nonpositive sectional curvature.
By Lemma 6.5.19 with A = T and equation (6.5.11) we have
(S, Rp(S,T)T)p
= trace (SP~'(Rp(S,T)T)P")

= —itraee (sp=t[[sp ', TP, TP7!])
= %trace (sp~'rp7lspiTpTt) — %trace (sp=lrpTlTpPTlSpT)
= %trace (XQ) — %trace (XTX> ,

where X := P~1/28p-1Tp-1/2 ¢ Rm*™ Write X =: (%ij)ij=1,...m- Then,
by the Cauchy—Schwarz inequality, we have
trace(X?) = Zx”azﬁ < Z:UU = trace(X T X).
ij ij
Thus (S, Rp(S,T)T)p < 0forall P € & and S,T € .. This proves Step 1.
Step 2. & is a symmetric space.

Fix an element A € & and define the map ¢ : & — & by ¢(P) := AP~'A
for P € &. This map is a diffeomorphism, fixes the matrix A = qb( ), and
its derivative at P € £ is given by d¢(P )P = —AP 1pP-1Afor P € Tp2.
Hence dp(A) = —id. Moreover, (d¢(P)P)¢(P)' = —AP~'PA~! and so

\d(;b(P)]g@(P) = trace((APilﬁAflf) = trace((Pilﬁ)2) = |P[%

for all P € & and P € Tp 2. Thus ¢ is an isometry and this proves Step 2.
Step 3. The distance function on & is given by (6.5.12).

Let P,Q € &. Then, since & is a Hadamard manifold by Step 1 and
Lemma 6.5.18, there exists a unique matrix P € .’ such that expp(P) = Q.
By Lemma 6.5.18 this equation reads P'/2exp(P~'/2PP~1/2)pPl/2 = Q.
Thus S := P~1/2PP=1/2 = log(P~Y/2QP~1/2) and

d(P,Q)* = |ﬁﬁ3 = trace(]gP_lﬁP_l) = trace(S2).
This proves Step 3 and Theorem 6.5.10. ]
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Remark 6.5.20. Theorem 6.5.10 carries over to the complex setting as
follows. Replace &2 by the space

2:={QeC™™|Q*=Q >0} (6.5.20)

of positive definite Hermitian matrices. Here Q* denotes the conjugate trans-
posed matrix of @ € C™*™ and the notation “Q > 0” means z*Qz > 0 for
every nonzero vector z € C™. Thus £ is an open subset of the vector space
of Hermitian m x m-matrices. Define the Riemannian metric on 2 by

(Hy, H2>Q = Re(trace(HlelHQQfl))

for Q € £ and Hy,Hy € Tg2. Then all the assertions of Theorem 6.5.10
(with GL(m, R) replaced by GL(m, C)) carry over to 2. The proof is verba-
tim the same, with the transposed matric replaced by the conjugate tram-
sposed matrix and the trace replaced by the real part of the trace.

Remark 6.5.21. The set 2 := {Q € Q} det(Q) = 1} of positive definite
Hermitian matrices with determinant one is a totally geodesic submanifold
of 2. Hence all the assertions of Theorem 6.5.10 (with GL(m,R) replaced
by SL(m,C)) remain valid for 2.

Exercise 6.5.22. Show that Theorem 6.5.10 remains valid for 2, and 2y
is a totally geodesic submanifold of 2. Prove that 2 is diffeomorphic to
the quotient GL(m,C)/U(m) and 2 is diffeomorphic to SL(m, C)/SU(m).
Hint: Consider the map SL(m,C) — 2y : g — /gg*. Show that the pull-
back metric on SL(m, C)/SU(m) is given by the norm of the Hermitian part
of the matrix g3 for § € T,SL(m, C).

Exercise 6.5.23. In the case m = 2 prove that 2 is isometric to the
hyperbolic space H?3.

The space 2y = SL(m, C)/SU(m) (with nonpositive sectional curvature)
can be viewed as a kind of dual space of the Lie group SU(m) (with non-
negative sectional curvature). They have the same dimension and in both
cases the Riemann curvature tensor is given by the Lie bracket (see equa-
tion (5.2.23) for SU(m) and equation (6.5.19) for 2j). One can think of
the noncompact Lie group G¢ := SL(m,C) as the complezification of the
compact Lie group G := SU(m). It can be written in the form

G¢ ={exp(in)u|u € G,n € g}, (6.5.21)

the Lie algebra of G¢ is the complexification g¢ = g @ ig of the Lie algebra
of G, and the quotient G¢/G is a Hadamard manifold. These observations
carry over to all Lie subgroups G C SU(m). For an exposition see [20].



308 CHAPTER 6. GEOMETRY AND TOPOLOGY

Exercise 6.5.24 (Siegel upper half space). (i) The standard symplectic
form wy on R?” = R™ x R is given by

0 —1
an(:10) = (¢ do= () g ).
for z,¢ € R?" and the space of wp-compatible linear complex structures is

the (n? + n)-dimensional manifold

J2 = =1, JJy+ JoJT =0,
wo(C,JC) >0 for 0#£ ¢ e R [ (6.5.22)

Define a Riemannian metric on J(M,wp) by

(Jh, o) = trace(jljg) (6.5.23)

j(RQn,WQ) — {J c R2n><2n

for jl, Jy € T;J(R?",wp). Show that the symplectic linear group Sp(2n)
(Exercise 2.5.5) acts on the space J(R?",wg) by isometries J — gJg~!.
If Je J(R?",wp) and P:= —JJy= PT, show that wo(-,J-) = (-, P7L.).
Show that the map J(R?**,wg) — Zo(R*™™) : J — —JJy is an Sp(2n)-
equivariant isometric embedding, whose image is a totally geodesic subman-
ifold of Z,(R?*"). Deduce that J(R?",wp) is a Hadamard manifold and a
symmetric space. For every J € J(R?",wp) show that the map J' + —JJ'J

is an isometry fixing J whose derivative at J is —id.

(ii) Siegel upper half space is the manifold S, C C"*" of symmetric
complex n x n-matrices with positive definite imaginary part [71]. The sym-
plectic linear group Sp(2n) acts on this space via

C D
ATC =074, B'D =D'B, ATD-C"B =1,

3 B (A B
9<% = (AZ + B)(CZ + D)™, 9‘( > (6.5.24)

for g € Sp(2n) and Z € S,,. Show that this is a well-defined group action.
(For hints see [49, page 72].) Show that there is a unique Sp(2n)-equivariant
diffeomorphism from S,, to J(R?",wpg) that sends il to Jy. Show that this
map is given by the explicit formula

XYy ! -y -XylXx
J(Z) = ( y -1 _y-1x > GJ(RQn,wo), Z=X+1iY € §,,.

Show that the diffeomorphism S,, — J(R?",wp) : Z +— J(Z) is an isometry
with respect to the Riemannian metric on S,, given by

1Z)% = 2trace((Y "1X)? + (Y 7'Y)?) (6.5.25)
for Z=X+iY €S, and Z = X +iY € T4S,,.
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6.6 Positive Ricci Curvature*

In this section we prove that every complete connected manifold M C R"
whose Ricci curvature satisfies a uniform positive lower bound is necessarily
compact. If the sectional curvature is constant and positive, this follows
from Corollary 6.4.12 as was noted in Example 6.4.16.

Definition 6.6.1 (Ricci tensor). Let M C R™ be an m-dimensional sub-
manifold and fix an element p € M. The Ricci tensor of M at p is the
symmetric bilinear form

Ric, : T,M x T,M — R

defined by
m
Ricy(u,v) := Y (Rp(es, u)v, e:), (6.6.1)
i=1
where e1, ..., en is an orthonormal basis of T, M. The Ricci tensor is inde-

pendent of the choice of this orthonormal frame and is symmetric by equa-
tions (5.2.17) and (5.2.19) in Theorem 5.2.14.

The Ricci Tensor in Local Coordinates

Let ¢ : U — Q be alocal coordinate chart on an open set U C M with values
in an open set Q C R™, denote its inverse by 1 := ¢! : Q — U, and let

_ W

($)6T¢($)M, x €, 1=1,...,m,

be the local frame of the tangent bundle determined by this coordinate chart.
Denote the coefficients of the first fundamental form by g¢;; := (E;, Ej) and
the coefficients of the Riemann curvature tensor by Rfjk : 2 — R so that

R(E;, E;)Ey, = > RiyEe.
)4
(see Section 5.4). Then
m m
Ricj := Ric(E;, Ej) = Y Ry = > Ruijug. (6.6.2)
v=1 p,v=1

(Exercise: Prove this.)
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The Bonnet—Myers Theorem

Theorem 6.6.2 (Bonnet—Myers). Let M C R™ be a complete, connected
manifold of dimension m > 2 and suppose that there exists a 6 > 0 such that

Ric, (v, v) > (m — 1)d |v|? (6.6.3)
for every p € M and every v € T,M. Then d(p,q) < 76 for all p,q € M
and hence M 1is compact.
The proof is based on the following lemma.
Lemma 6.6.3. Let R x [0,1] — M : (s,t) — ~vs(t) be a smooth map such
that v := v : [0,1] — M is a geodesic and v5(0) = v(0) and vs(1) = (1)
for all s € R. Define the vector field X along v by X(t) := %‘s:o vs(t)
for0 <t <1. Then
d2

1
L By =- /0 (VVX + R(X,4)9, X) dt

s=0 (664)

1
= [ (19X = (Rx. 450 ) .
Proof. In the proof of Theorem 4.1.4 we have seen that

d

1
%E('Ys) = —A <vtat’75(t)vas’>/s(t)> dt

for all s € R (see equation (4.1.10)). Differentiate this equation again with
respect to s and use the identity V;0; = V.05 to obtain

d? d !
——F s) = — - sy Us")s dt
72 E(s) as| . /0 (Vi0rvs, Oss)

1 1
= _/ <v5vt8t’757 8S’YS> dt — / <Vtatr73’ vsas’75> dt
0 0
1
=~ [ (VW0 + RO 800000, D) e
0

1
_/ <vtat’78’vsas’7/s> dt.
0

Now take s = 0. Then V;0;y = 0 because v is a geodesic and hence
d2
ds? s=0

This proves the first equality in (6.6.4). To prove the second equality

in (6.6.4) use integration by parts and the fact that X (0) = 0 and X (1) = 0.
This proves Lemma 6.6.3. ]

1
E(vys) = —/0 (ViViX + R(X,%)5, X) dt
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Proof of Theorem 6.6.2. Let p,q € M. By the Hopf~Rinow Theorem 4.6.6
there exists a geodesic 7 : [0,1] — M such that

10)=p, () =q,  L(y) =dp,9)
Let X € Vect(y) be a vector field along v such that X (0) =0 and X(1) =0
and define v5(t) := exp, (s X (t)) for s€ R and 0 <t <1. Then s =0 is
the absolute minimum of the function R — R : s — E(vs) by Lemma 4.4.1.
Hence %]SZOE(%) > 0 and by Lemma 6.6.3 this implies

1 1
/ (R(X, %), X) dt < / MX () dt. (6.6.5)
0 0

Now assume p # ¢ and choose an orthonormal frame Fy,..., E,, along =
such that Fy = 4/|y| and V,E; =0 for i = 1,...m. Define

X;(t) := sin(nt) E;(t)
fori=1,...mand 0 <t < 1. Then |V, X;(t)| = 7w cos(nt) for all 7 and ¢ and

8(m — 1) (O < Ricy (1), 4(8) = S (RIE:(8), (1)) (1), Ei(1))
i=2
for 0 < ¢ < 1. Multiply this inequality by sin?(7t), integrate over the unit
interval, and use the identities |§(t)| = d(p,q) and fol sin?(nt) dt = 1/2 to
obtain the estimate

o(m—1)

1
fzmmﬁzéam—wmﬂmwmﬁw
mo a1

=(m—1) /01 72 cos?(mt) dt

72(m —1)
2

Here the third step uses (6.6.5). Since m > 2 it follows from this estimate
that d(p,q)? < 72/ and this proves Theorem 6.6.2. O

A direct consequence of Theorem 6.6.2 is that every compact manifold
with positive Ricci curvature has a compact universal cover and hence has
a finite fundamental group.
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Positive Sectional Curvature

Corollary 6.6.4. Let M C R™ be a complete, connected manifold of dimen-
sion m > 2 and suppose that there exists a § > 0 such that

K(p,E) >0

for every p € M and every 2-dimensional linear subspace 2 C T,M. Then
s

NG

for all p,q € M and hence M is compact.

Proof. The condition K > § implies (6.6.3) with m := dim(M) and hence
the assertion follows from Theorem 6.6.2. This proves Corollary 6.6.4. [

d(p,q) <

The example of the m-sphere shows that the estimate in Corollary 6.6.4
is sharp. Namely, M := S™ has sectional curvature K = 1 and diameter 7.
The paraboloid M := (x,y,2) € R®|z = 22 + y?} has positive GauBian
curvature and so positive Ricci curvature (Lemma 6.7.2) but is noncompact.

Remark 6.6.5 (Sphere Theorem). The Topological Sphere Theorem
asserts that every complete, connected, simply connected Riemannian m-
manifold M whose sectional curvature satisfies the estimate

1/4<K(p,E)<1

for every p € M and every 2-dimensional linear subspace E C T, M must be
homeomorphic to the m-sphere. The Differentiable Sphere Theorem
asserts under the same assumptions that M is diffeomorphic to S™.

The problem goes back to a question posed by Heinz Hopf [31, 32] in the
1920s. After intermediate results by Rauch [57] (with 1/4 replaced by 3/4)
and others, the Toplogical Sphere Theorem was proved in 1961 by Berger [6]
and Klingenberg [41]. The Differentiable Sphere Theorem was proved in
2007 by Brendle and Schoen [8, 9, 10]. They even weakened the assumption
to 0 < maxp K(p, F) < 4ming K (p, E) for all p € M, where the maximum
and minimum are taken over all 2-dimensional linear subspaces £ C T,,M.

The Topological Sphere Theorem is sharp, as the suitably scaled Fubini—
Study metric on complex projective space satisfies 1/4 < K(p,E) <1 for
all p and FE. The Differentiable Sphere Theorem is a significant improve-
ment, because in many dimensions there exist smooth m-manifolds that are
homeomorphic, but not diffeomorphic, to S™. These are the so-called ez-
otic spheres and many of those do not even admit metrics of positive scalar
curvature [30]. (For the definition of scalar curvature see §6.7.)
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6.7 Scalar Curvature*

This section introduces the scalar curvature and explains how it is related to
the Ricci tensor and the Riemann curvature tensor in dimensions 2 and 3.
The section also includes a brief discussion of several problems in differential
geometry in which the scalar curvature plays a central role.

Definition and Basic Properties

Let m be a positive integer and let M C R™ be an m-manifold. For each
element p € M denote by Ry, : T,M x T,M — End(T,M) the Riemann cur-
vature tensor and by Ric, : T,M x T,M — R the Ricci tensor of M at p.

Definition 6.7.1 (Scalar curvature). Fiz an elementp € M. The scalar
curvature S(p) of M at p is the trace of the Ricci tensor and is given by

m m
S(p) = Ricyles, &) = > (Rples, e)ej, 1), (6.7.1)
i=1 i,j=1
where e1, ..., ey 15 an orthonormal basis of T,M. The scalar curvature is

independent of the choice of this orthonormal frame.

Lemma 6.7.2. Assumem =2 andlet K : M — R be the Gaufian curvature
of M in (6.4.2). Then

S(p) = 2K(p), Ric,(u,v) = K(p)(u,v), (6.7.2)
(Rp(u,v)w, z) = K(p)((u, 2) (v, w) — (u, w) (v, z)) (6.7.3)
forallp € M and u,v,w,z € T,M.

Proof. By definition, the Gauflian curvature is given by

K(p) — ol )vw)

Pl — (u,v)? (6.7.4)

for every pair of linearly independent tangent vectors uw,v € T,M. Take u
to be a unit vector orthogonal to v to obtain Ricy(v,v) = K(p)|v|? for
every v € T, M. Since Ricy, : T,M x T,M — R is a symmetric bilinear form,
this implies the second equality in (6.7.2). With this understood the first
equality in (6.7.2) follows directly from the definition of the scalar curvature
in (6.7.1). Equation (6.7.3) follows from (6.7.4) by Theorem 6.4.8. This
proves Lemma 6.7.2. ]
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Lemma 6.7.3. Assume m = 3. Then

(Rp(u, v)w, z) = Ricy(v,w)(u, z) — Ricy(u, w)(v, z)
+ Ricp(u, z) (v, w) — Ricy(v, 2)(u, w) (6.7.5)

B 5(217)<<u72><%w> — (u, w)(v,2’>)

for allp € M and all u,v,w,z € T,M.

Proof. Choose an orthonormal basis e, ez, e3 of the tangent space T, M and
define the endomorphism

Q, : T,M — T,M
by
Qpu = Z Ry (u,ei)e;

for w € T,M. The right hand side of this equation is independent of the
choice of the orthonormal basis and the endomorphism @, satisfies

trace(Qp) = S(p)

and
(Qpu,v) = Ricy(u,v)
for all u,v € T, M. With this notation equation (6.7.5) takes the form

Ry (u, v)w = Ric, (v, w)u + (v, w) (qu - @u)

— Ricp (u, w)v — (u, w) <va - Sg’%) .

(6.7.6)

It suffices to verify equation (6.7.6) in the following three cases.
(a) u,v are linarly dependent.

(b) w,v,w are orthonormal.

(¢) u,v are orthonormal and w = v.

In the case (a) both sides of equation (6.7.6) vanish. In the case (b) we have

Ry (u,v)w = (Rp(u, v)w, u)u + (Rpy(u, v)w,v)v

= Ricy (v, w)u — Ricy(u, w)v,

and this is equivalent to (6.7.6).
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In the case (c) equaton (6.7.6) takes the form

R, (u,v)v = Ricy(v, v)u — Ricy(u, v)v + Qpu — 5'(2p)u (6.7.7)

To verify this formula, choose a unit vector w that is orthogonal to v and v.
Then it follows from the definition of S(p) and @, that

S(2p) = (Rp(u,v)v,u) + (Rp(w, v)v, w) + (Rp(u, w)w, u)
= Ricy (v, v) + (Rp(u, w)w, u),
and
Qpu = Ry(u,v)v + Ry(u, w)w
= Ry(u,v)v + (Rp(u, w)w, v)v + (Rp(u, w)w, u)u
= Ry(u,v)v + Ricy(u, v)v + S(2p)u — Ricy (v, v)u.
This proves (6.7.7) and Lemma 6.7.3. O

Scalar Curvature in Local Coordinates

Let ¢ : U — Q be a local coordinate chart on an open set U C M with values
in an open set {2 C R™, denote its inverse by

vi=¢1: Q= U,
and denote by
El($) = Z’QZ)($) € Tw(z)M
forx € Qand i =1,...,m the local frame of the tangent bundle determined
by this coordinate chart. Denote the coefficients of the first fundamental
form by g¢;; := (E;, Ej), of the Ricci tensor by
RiCij = RiC(EZ', Ej),

and of the Riemann curvature tensor by R;jx, and Rfjk so that

m
Rije = (R(E;, Ej)Ex, Ey),  R(Ei, Ej)Ey =Y RU,E,.
=1
Then the scalar curvature is the function S : 2 — R given by
S= Ricjg? = > Rig"= > Ryng™g". (6.7.8)
ij=1 ij=1 i\gke, =1

(Exercise: Prove this.)
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Positive Scalar Curvature

An important question for a compact smooth manifold M is whether or not
it admits a Riemannian metric of positive scalar curvature. A theorem of
Lichnerowicz [46] asserts that, if M is a compact spin manifold of dimen-
sion m = 4n that admits a Riemannian metric of positive scalar curvature,
then a certain characteristic class of this manifold (the ﬁ—genus) must van-
ish. The definitions of the terms that appear in this sentence (spin structure
and A\—genus) as well as in the proof, which involves the Dirac operator, the
Atiyah—Singer index theorem, and the Weitzenbock formula, go beyond the
scope of the present book. For an exposition see [65, Theorem 6.30].

A nonlinear variant of Lichnerowicz’ theorem asserts that a compact
oriented smooth 4-manifold with b;r — b1 odd and b;r > 1 that admits a
Riemannian metric of positive scalar curvature has vanishing Seiberg-Witten
invariants (see [65, Proposition 7.32]).

In another direction Gromov and Lawson [22] proved that if M; and M,
are two compact manifolds of dimension m > 3 that admit Riemannian met-
rics of positive scalar curvature, then so does their connected sum M7 # Mo
(see also [65, Theorem 2.18]).

In the late 1970’s Schoen and Yau [70] proved, using minimal surfaces,
that the torus T™ = R™/Z™ does not admit a metric of positive scalar
curvature for m < 7. We remark that the g—genus of the torus vanishes and
so Lichnerowicz’ theorem does not apply. In [22] Gromov and Lawson refined
the techniques of Lichnerowicz to prove that, for any m, the m-torus does not
admit a metric of positive scalar curvature. In fact, they proved that for any
compact spin manifold M of dimension m the connected sum N := M#T™
does not admit a metric of positive scalar curvature. Moreover, they proved
that if N admits a metric of nonnegative scalar curvature, then this metric
must be flat and N must be the standard m-torus.

Constant Scalar Curvature

An interesting class of Riemannian metrics consists of those that have con-
stant scalar curvature. In dimension m = 2 the existence of such a metric
is the content of the uniformisation theorem. The proof involves the
solution of the Kazdan-Warner equation and goes beyond the scope of this
book. For an exposition see [65, Theorem 2.20 and Theorem D.1].

In dimension two Lemma 6.7.2 shows that the constant scalar curva-
ture condition is equivalent to constant sectional curvature. However, in
higher dimensions the constant scalar curvature condition is more general.
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By Corollary 6.4.12 every compact simply connected m-manifold with con-
stant sectional curvature is diffeomorphic to the m-sphere, while constant
scalar curvature metrics exist on every compact manifold. Examples are
the Fubini-Study metric on complex projective space (Example 2.8.5 and
Example 3.7.5), locally symmetric spaces (Theorem 6.3.4), and products of
Riemannian manifolds with constant scalar curvature.

Definition 6.7.4. Let M be a Riemannian manifold with the metric g. A
Riemannian metric g’ on M is called conformally equivalent to g iff there
exists a smooth function X\ : M — (0,00) such that ¢’ = A\g. The set of all
such Riemannian metrics is called the conformal class of g.

Remark 6.7.5 (Yamabe problem). The Yamabe problem asserts that
the conformal class of every Riemannian metric on a compact m-manifold M
of dimension m > 2 contains a metric of constant scalar curvature.

This problem was formulated in 1960 by Hidehiko Yamabe and was even-
tually settled in the affirmative in 1984 by the combined work of Hide-
hiko Yamabe [78], Thierry Aubin [5], Neil Trudinger [75], and Richard
Schoen [69]. The proof for a compact manifold M of dimension m > 2
relies on finding a positive function f: M — R and a real number ¢ that
satisfy the Yamabe equation

4(m —1)
-2
Here Sy : M — R denotes the scalar curvature of the Riemannian metric g

and A, denotes its Laplace—Beltrami operator. In local coordinates this
operator is given by the formula

Ayf + Syf = cfm+2/(m=2), (6.7.9)

J det(g)aij. (6.7.10)

1 0
A = - 4
1t 2 o

If f: M — (0,00) is a positive solution of (6.7.9), then the Riemannian
metric f4/(m=2)g has the constant scalar curvature ¢. Exercise: Prove this.
Hint: Show first that

Sy2g = u"2S, +2(m — Du?Agu — (m — 1)(m — 4)u_4\du|§. (6.7.11)

g
Then take f := u™/2~! and use the identities

]du”]ﬁ = n2u2"_2\du]3, (6.7.12)
Agu" = nu™ T Agu +n(n — 1)u”_2\du]§ (6.7.13)

for a smooth function u: M — (0,00) and a real number n > 0.
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Examples of constant scalar curvature metrics arise from the Einstein
condition (see Lemma 6.7.7 below).

Definition 6.7.6 (Einstein metric). A Riemannian manifold M is called
an Einstein manifold iff its Ricci tensor is a scalar multiple of the first
fundamental form, i.e. there exists a smooth function A : M — R

Ricy(u,v) = A(p)(u, v) (6.7.14)

for all p € M and all w,v € T,M. It follows from the definitions that the
factor X\ in (6.7.14) is related to the scalar curvature S by

S
A== (6.7.15)

Lemma 6.7.2 shows that every Riemannian metric on a 2-manifold is an
Einstein metric and the factor A = K is the Gauflian curvature.

Lemma 6.7.7. Let M be an Finstein manifold of dimension m > 3. Then
the scalar curvature of M 1is locally constant.

Proof. Let p € M. Then there exists a local orthonormal frame of the
tangent bundle E1, ..., E,, € Vect(U) in a neighborhood U of p such that the
covariant derivatives VE; all vanish at p. (Exercise: Prove this.) Denote
the deriviative of a function f at p in the direction F;(p) by 0;f. Then

0= 3 (T BIE; BB )

7.k

_az Ej, Ey)Ey, E;))

—{—28 Z (Ex, E;)Ey, Ej) +;ak Z<R(Eian)Ek7Ej>

= OZS — Z @-Rw El', Ej — Z akRiC(Ei, Ek)
j k
— " 28,
m
Here the the first equality follows from the second Bianchi identity (6.3.7),
the second holds at p because VE;(p) = 0, the third follows from the def-
initions of Ric and S, and the last uses the identity Ric(E;, E;) = 6;;5/m,
which holds by (6.7.14) and (6.7.15). Since m > 3 it follows that the deriva-
tive of S vanishes everywhere, and this proves Lemma 6.7.7. O
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Examples of Einstein metrics include all constant sectional curvature
metrics by Theorem 6.4.8, the Fubini-Study metric on complex projective
space, and all metrics with vanishing Ricci tensor. Examples of the lat-
ter are Calabi—Yau metrics on complex manifolds and Ga-structures on 7-
manifolds. These are again subjects that go far beyond the scope of this
book. In general, the construction of Einstein metrics and the question of
their existence is a highly nontrivial problem in differential geonetry. The
study of this problem has a long history and there are many deep theorems
and interesting open questions about this subject.

6.8 The Weyl Tensor*

This section introduces the Weyl tensor and explains some of its basic prop-
erties. The section closes with brief discussions of locally conformally flat
metrics and self-dual four-manifolds.

Definition and Basic Properties

Let m be a positive integer and let M C R™ be an m-manifold. For each
element p € M denote by Ry, : T,M x T,M — End(T,M) the Riemann cur-
vature tensor and by Ric, : T,M x T,M — R the Ricci tensor of M at p.
Also let S : M — R be the scalar curvature in Definition 6.7.1.

Definition 6.8.1 (Weyl tensor). Assume m > 3. The Weyl tensor of M
at an element p € M is the bilinear map

Wy : TyM x TyM — End(T,M)
defined by

(Wy(u,v)w, z) = (R, ,v)w z)

El— (Rlcp v, w)(u, z) — Ricp(u,w)<v,z>)
p— ! p—" (Rlcp w) — Ricy (v, 2)(u, w>) (6.8.1)
+ (m = f)(?r)n Y ((u, 2) (v, w) — (v, z><u,w>)

for u,v,w,z € T,M.

Lemma 6.7.3 shows that the Weyl tensor vanishes in dimension three.
In higher dimensions the Weyl tensor may be nonzero. The next lemma
summarizes the basic algebraic properties of the Weyl tensor.
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Lemma 6.8.2. The Weyl tensor W), : T,M x T,M — End(T,M) at an el-
ement p € M is a skew-symmetric bilinear map with values in the space of
skew-adjoint endomorphisms of T,M and, for all u,v,w,z € T,M and every

orthonormal basis e1, ..., e of T,M, it satisfies
<Wp(u,v)w,z> = <Wp(w,z)u, U>7 (682)
Wy (u, v)w + Wpy(v, w)u + Wy(w, u)v = 0, (6.8.3)
> (Wyles, wv, e5) = 0. (6.8.4)
i=1

Proof. The skew-symmetry of the Weyl tensor and equation (6.8.2) follow
directly from the definition and Theorem 5.2.14. It then follows from (6.8.2)
that W,(u,v) is a skew-adjoint endomorphism of T,M for all u,v € T,M.
The verification of the Bianchi identity (6.8.3) is a straight forward compu-
tation which we leave as an exercise. To prove (6.8.4), let u,v € T,M and

choose an orthonormal basis e, ..., e, of T,M. Then
> (Wyles wv,ei) = > (Ry(ei, u)v, e;)
i=1 i=1
I '
- Z(Rlcp(u, v)(e;, e;) — Ricy(e;, v)(u, €i>>
i=1
1 K _
S m-24 <R1Cp(ei’ ei)(u, v) — Ricp(u, 6z’)<€iv”>)
S(p) S
+ (m _ 1>(m _ 2) ;<<€Z> ez><u, U> — <U, €Z><617 U>>
= Ricp(u,v)
m—1_.
— B Ricy(u,v)
S(p) :
- 2(u, v) + — 2Rlcp(u, v)
S(p)
+ — (u,v)
= 0.

This proves (6.8.4) and Lemma 6.8.2. O
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The Weyl Tensor in Local Coordinates

Let ¢ : U — Q be a local coordinate chart on an open set U C M with val-
ues in an open set  C R™, denote its inverse by ¢ := ¢~ : Q@ — U and
let Ei(z) := 0i¢(x) € TyyM for x € Q and i = 1,...,m be the be the local
frame of the tangent bundle determined by this coordinate chart. Denote
the coefficients of the first fundamental form by g¢;; := (E;, E;), of the Ricci
tensor by Ric;; := Ric(EZ-, E;), and of the Riemann curvature tensor by R, ik
Let S = Z -Ric;jg" = > 0" v B g" be the scalar curvature in local coor-

dinates. Then the cofﬁc1ents Wf; : 2 — R of the Weyl tensor are defined

by W(E;, Ej)E, =, W/, E,. and they can be expresses in the form

z]k

W/'ijkﬁ = <W(EZ,E EkaEE Z jkgVK

v S
= Z Ry 9ve + (m —1)(m —2) (gngk; - gmg#) (6.8.5)

1 . ) ‘ .
_ m (Rlcjkgif - RlCikng + R‘lcifgjk — Rlcﬂgik) .

Conformal Invariance

Definition 6.8.3 (Locally conformally flat metric). Let M be a Rie-
mannian manifold. The metric g on M is called locally conformally flat,
iff for each p € M there exists a Riemannian metric on M that is confor-
mally equivalent to g (see Definition 6.7.4) and flat in a neighborhood of p.

By the local C-A-H Theorem 6.1.17 a Riemannian m-manifold M is lo-
cally conformally flat if and only if each p € M has an open neighborhood U
that is conformally diffeomorphic to an open subset 2 C R™, i.e. there
exists a coordinate chart ¢ : U — 2 and a smooth function A\ : U — (0, c0)
such that |v| = A(p)|do(p)v|rm for all p € U and all v € T, M.

A remarkable property of the Weyl tensor is that it remains unchanged
under multiplication of the Riemannian metric by a positive function and
so is an invariant of the conformal class of the metric. This is easy to see
when the function is constant. In that case the Riemann curvature tensor
and the Ricci tensor remain unchanged, the scalar curvature gets multiplied
by the inverse, and so the Weyl tensor remains unchanged. As Remark 6.7.5
shows, the situation is more complicated when instead of multiplying the
metric by a constant, we multiply it by a nonconstant positive function. The
conformal invariance of the Weyl tensor can then be proved by a somewhat
cumbersome calculation in local coordinates.
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Remark 6.8.4. This discussion shows that the Weyl tensor vanishes for
every Riemannian metric that is locally conformally flat. In fact, it turns
out that in dimension m > 4 the Weyl tensor of M vanishes if and only if
the Riemannian metric on M is locally conformally flat (see [43]). More-
over, a theorem of Kuiper [33, 42| asserts that every compact, connected,
simply connected Riemannian m-manifold that is locally conformally flat is
conformally diffeomorphic to the m-sphere with its constant sectional curva-
ture metric. Thus every compact, connected, simply connected Riemannian
manifold of dimension m > 4 that is not diffeomorphic to S™ must have a
nonvanishing Weyl tensor.

Self-Dual Four-Manifolds

The lowest dimension in which the study of the Weyl tensor is interesting
is m = 4. To explain this, it is useful to consider the notion of an oriented
manifold.

Definition 6.8.5 (Orientation). An orientation of an m-manifold M is
a collection of orientations of the tangent spaces T, M, one for each p € M,
that depend continuously on p, i.e. if E1,..., By, are pointwise linearly inde-
pendent vector fields in a connected open neighborhood U C M of p and the
vectors E1(p), ..., En(p) form a positive basis of T,M , then for every q € U
the vectors E1(q), ..., Emn(q) form a positive basis of T,M. In the intrinsic
language an oriented manifold is one equipped with an atlas such that all the
transition maps are orientation preserving diffeomorphisms.

Definition 6.8.6 (2-Form). Let M be a smooth manifold. A 2-form on M
is a collection of skew-symmetric bilinear maps wy : T,M x T,M — R, one
for each p € M, which is smooth in the sense that for every pair of smooth
vector fields X,Y on M the assignment p — w,(X (p), Y (p)) defines a smooth
function on M. The space of all 2-forms on M is denoted by Q?(M).

In the similar vein the Weyl tensor of a Riemannian m-manifold M can
be thought of as 2-form with values in the endomorphism bundle End(T'M).
By the symmetry properties in Lemma 6.8.2 the Weyl tensor induces a linear
map W : Q2(M) — Q%(M) via the formula

Ww),(u,v) = Z (Wp(u,v)e;, ej)wp(ei, e;) (6.8.6)
1<i<j<m
for w € Q?(M), p € M, and u,v € T,M, where e, ..., e, is an orthonormal

basis of T, M. The right hand side of equation (6.8.6) is independent of the
choice of this orthonormal basis and is a 2-form by Lemma 6.8.2.
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Now let M be an oriented Riemannian 4-manifold. Then a 2-form w
on M is called self-dual iff it satisfies the condition

wy (€, €1) = wp(e2, e3) (6.8.7)

for every p € M and every positive orthonormal basis eg, e1, e2, €3 of T, M. It
is called anti-self-dual iff it satisfies (6.8.7) for every p € M and every neg-
ative orthonormal basis eq, e1, e2, e3 of T, M. Thus w is anti-self-dual if and
only if it is self-dual for the opposite orientation. Denote the space of self-
dual 2-forms by Q%% (M) and the space of anti-self-dual 2-forms by Q%= (M).
Then there is a direct sum decomposition

Q*(M) = Q>F (M) ® Q> (M).

Lemma 6.8.7. Let M be an oriented Riemannian 4-manifold. Then the
linear operator W : Q*(M) — Q?*(M) in (6.8.6) preserves the subspace of
self-dual 2-forms and the subspace of anti-self-dual 2-forms.

Proof. Fix any orthonormal basis eg, 1, e2, e3 of T, M and abbreviate
wijke = (Wp(ei, ej)er, er)
for i,j,k,¢ € {0,1,2,3}. Then by Lemma 6.8.2 we have
Wijkt = —Wjike = —Wijek = Wheij, Wijke + Wikie + Wije = 0,  (6.8.8)

Woijo + Wiij1 + Waij2 + wsijz =0 (6.8.9)

for all i, j, k, £. Tt follows from (6.8.8) and (6.8.9) that

Wo102 = W2331, Wo103 = W2312, Wp203 = W3112, (6 8 10)

w2302 = W0131, W2303 = W0112, w3103 = Wo212-

Namely, by (6.8.8) each of these six identities is equivalent to an equation
of the form Z?:o wijk; = 0 with j # k and this holds by (6.8.9). Use (6.8.8)
and (6.8.9) again to obtain

Wo101 — W2323 — W0202 + W3131

= Wp220 + Wi221 + W3223 — Wo110 — W2112 — W3113
=0

and hence, by cyclic permutation of 1,2, 3,

€ 1= Wp101 — W2323 = W0202 — W3131 = Wp303 — W1212-
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Since w101 + Wwo202 + wozez = 0 by (689), this implies

3€ = w1221 + Wa332 + W1331 = W1221 — W0330 = W0303 — W1212 = €.
Thus € = 0 and so

Wo101 = W2323, Wo202 = W3131, Wp303 = W1212- (6.8.11)

Now assume that 7 is a nonzero self-dual 2-form and fix an element p € M.
Then there exists a positive orthonormal basis e, e1,e2,e3 of T,M and a
real number A # 0 such that 7(ep,e1) = 7(e2,e3) = A and 7(ej,e5) = 0
for all other pairs 4, j. Hence (WT)(e;, €5) = Aworij + Awazsj for all ¢ and j.
Take A =1 and use the equations (6.8.8), (6.8.10), and (6.8.11) to obtain

62763)7

1)

(WT)(eo, €3) = wo103 + w2303 = wor12 + waziz = (WT)(e1, e2).

(Wr)(eo, e1) = woi01 + w2301 = woi2s + wazaz = (WT

CB

)
(WT)(eo, €2) = wor02 + w2302 = wo131 + wazz1 = (WT)(es,
)

Thus Wr is self-dual. The anti-self-dual case follows by reversing the orien-
tation. This proves Lemma 6.8.7. O

Lemma 6.8.8. Let M be an oriented Riemannian 4-manifold and denote
by W: Q2(M) — Q%(M) the linear operator determined by the Weyl tensor
via (6.8.6). Then the following are equivalent.

(i) If T € Q3(M) is anti-self-dual, then Wt = 0.
(ii) The Weyl tensor W satisfies satisfies the equation

Wp(eo, 61) = Wp(eg, 63) (6.8.12)
for every p € M and every positive orthonormal basis eg, e1,e2,e3 of T, M.

Proof. We prove that (i) implies (ii). Thus assume (i) and choose a positive
orthonormal basis eq, e1, e2,e3 of T,M. Let 7 be the 2-form defined by

T(eg,e1) :=1, T(eg,e3) : = —1

and 7(e;,e;) := 0 for all other pairs ¢,5. Then 7 is anti-self-dual and
hence W7 = 0 by (i). Thus it follows from (6.8.2) and (6.8.6) that

(W (eg,e1)u — W(eg,es)u,v) = (Wr)(u,v) =0

for all u,v € T, M and this proves (ii).
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Conversely, suppose that (ii) holds, choose a positive orthonormal ba-
sis eg, e1,e2,e3 of T,M, and let 7 be an anti-self-dual 2-form. Then

A1 :=T1(eg,e1) = —7(ea, e3),
Ao = T(eg,e2) = —7(es,e1),
Ag = T(eg,e3) = —7(e1, e2)
and hence
Wt = M {((W(eg,e1) — W(ea,e3))-, )
+ Mo (W (eg, e2) — W (es,e1))-,+)
+ A3((W(eg, e3) — W (e1,e2))-,-) =0
by (ii). This proves Lemma 6.8.8. O

Definition 6.8.9. An oriented Riemannian 4-manifold is called self-dual
iff its Weyl tensor satisfies the equivalent conditions of Lemma 6.8.8. It is
called anti-self-dual iff it is self-dual for the opposite orientation.

Examples of self-dual 4-manifolds are all 4-manifolds with constant sec-
tional curvature by Theorem 6.4.8, or more generally all locally conformally
flat 4-manifolds such as S' x S3. Other examples are the complex projec-
tive plane with its Fubini-Study metric (Examples 2.8.5 and 3.7.5), and
Ricci flat Kéhler surfaces with the opposite of the complex orientation (the
K3-surface and the Enriques surface). Compact simply connected smooth
4-manifolds with signature zero that are not diffeomorphic to the 4-sphere,
such as S% x S? or the one-point blowup of the projective plane, do not
admit any self-dual metrics by Kuiper’s theorem (Remark 6.8.4), because
every self-dual metric on such a manifold is locally conformally flat. For a
survey of these basic examples see Kalafat [34].

The study of self-dual 4-manifolds was initiated by Penrose [56] and
Atiyah—Hitchin—Singer [4] and was later taken up by many authors including
Taubes [73], LeBrun [45], and Donaldson [18].

In [18] Donaldson proposes to study the moduli space of self-dual metrics
on a compact oriented smooth 4-manifold (without boundary) modulo the
action of the group of diffeomorphisms. This is a very difficult problem. The
self-duality equation is a system of nonlinear partial differential equations
and they do give rise to a “finite-dimensional moduli space”. However, this
space may be highly singular and it is noncompact unless it is empty. It
would need to be “compactified” in a suitable way, one would need to find
a way to understand the singularities, and one would have to assign to it
some kind of “virtual fundamental class” to obtain numerical invariants by
pairing this class with suitable cohomology classes in the ambient space.
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Chapter 7

Topics in (Geometry

This chapter explores various topics in differential geometry that are cen-
tral to the subject and accessible with the material covered in this book,
but go beyond the scope of a one semester lecture course. The first sec-
tion builds on the material in Chapter 4 about geodesics and can be read
directly after that chapter. It introduces conjugate points on geodesics and
proves the Morse Index Theorem. This result is then used to show that every
geodesic without conjugate points minimizes the length locally (and strictly)
in the space of all curves joining the same endpoints and, conversely, that
locally minimizing geodesics have no interior conjugate points (§7.1). This
result in turn plays an essential role in the proof of the Continuity Theorem
for the injectivity radius (§7.2). The next section examines the group of
isometries of a connected Riemannian manifold and contains a proof of the
Myers—Steenrod Theorem, which asserts that the isometry group admits the
natural structure of a finite-dimensional Lie group (§7.3). The proof given
here has several parallels to the proof of the Closed Subgroup Theorem.
This section is based on the study of isometries and the Riemann curva-
ture tensor in Chapter 5 and can be read directly after that chapter. The
present chapter then deals with the specific example of the isometry group
of a compact connected Lie group equipped with a bi-invariant Riemannian
metric (§7.4). The last two sections are devoted to Donaldson’s differential
geometric approach to Lie algebra theory [17]. They build on the material in
Chapter 6 and include Donaldson’s existence theorems for critical points of
convex functions on Hadamard manifolds (§7.5) and his existence proof for
symmetric inner products on simple Lie algebras (§7.6). Corollaries include
the uniqueness of maximal compact subgroups, and Cartan’s theorem about
the compact real form of a semisimple complex Lie algebra.

327



328 CHAPTER 7. TOPICS IN GEOMETRY

7.1 Conjugate Points and the Morse Index*

This section introduces conjugate points on geodesics and contains a proof
of the Morse Index Theorem. As an application we prove that every geodesic
without conjugate points minimizes the length and the energy locally (and
strictly) among all nearby curves joining the same endpoints. Conversely,
locally minimizing geodesics have no interior conjugate points. The results
of this section will be used in §7.2 to prove the Continuity Theorem for the
injectivity radius. Assume throughout that M C R"™ is a smooth m-manifold
and recall the notation €, ;, for the space of all smooth paths v : [0,1] — M
with the endpoints v(0) = p and (1) = ¢ (§4.1.2).

Conjugate Points

We have seen in Theorem 4.4.4 and Corollary 4.4.6 that geodesics minimize
the length on short time intervals. A natural question arising from this
observation is how long the time interval can be chosen on which a geodesic
minimizes the length at least locally in some neighborhood in the space of
paths. An answer to this question is closely related to the Hessian of the
energy functional E : Q, , — R in (4.1.2). It was established in Lemma 6.6.3
that the Hessian of the energy functional E at a geodesic v : [0,1] — M is
the linear operator H, : Vectg(y) — Vect(y) defined by

H\X == —VVX — R(X,%)4. (7.1.1)

The domain of this operator is the space Vectg(y) of all vector fields X
along ~ that vanish at the endoints, i.e. X(0) = 0 and X (1) = 0. Recall
that a Jacobi field along a geodesic is a solution of the equation

VVX + R(X,%)y =0, (7.1.2)

and so the kernel of H, is the space of Jacobi fields along v that vanish at
the endpoints (Lemma 6.1.18).

Definition 7.1.1. Let 7 : [a,b] = M be a geodesic. A conjugate point
is a real number T in the interval a < 7 < b such that there exists a non-
vanishing Jacobi field X along the restriction 7|jq 1 that satisfies X(a) =0
and X (1) = 0. The dimension of the space of solutions of this equation is
called the multiplicity of the conjugate point T and will be denoted by

VVX + R(X,4)¥ =0,

m.(7) := dim {X € Vect(7](q,r]) X(a) =0, X(r) =0 } (7.1.3)

Thus m. (1) = 0 whenever T is not a conjugate point of y.
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In §4.4 we have addressed the question when a geodesic v : [0,1] — M
with the endpoints v(0) = p and (1) = ¢ minimizes the lengths of curves
with the same endpoints globally, i.e. when it satisfies L(vy) = d(p,q). A
weaker variant of this question is whether it minimizes the length locally,
i.e. only among nearby curves in €, ,. Here the word “nearby” can have
several meanings, depending on which topology on the space €, , is used.
The relevant topologies in the present setting are the C! topology and the
C*™ topology. Since our manifold M is embedded in R™ these topologies are
induced by the distance functions defined by

den(v,7') == sup |y(t) —~'(t)| 4+ sup [¥(t) = (t)],
0<t<1 0<t<1
(7.1.4)

k
B i - supg<;<1 | 4x (Y(t) =7/ (1))
- k
= 1+ Supogtg’(%k@(t) —7'(®))l

for v,~" € Qp 4. Note that, if v € Q, , satisfies ming|¥(¢)| > 0, then so does
every curve v/ in a sufficiently small C'-neighborhood of v in Qpq-

dC"X’ (’77 f)//) :

Theorem 7.1.2. Lety : [0,1] — M be a nonconstant geodesic with the end-
points v(0) = p and v(1) = q. Then the following holds.

(i) If there exists a C*-open neigborhood U C Q,, of v such that every
curve v € U satisfies L(v') > L(7y), then v has no conjugate points T in the
open interval 0 < 7 < 1.

(ii) If v has no conjugate points T in the interval 0 < T < 1, then there ex-
ists a C'-open neighborhood U C Q4 of v such that every curve v € U
satisfies L(y') > L(v) with equality if and only if there exists a diffeomor-
phism p : [0.1] — [0,1] such that p(0) =0, p(1) =1, and v =~y o p.

The proof will be based on the Morse Index Theorem explained below.

Example 7.1.3. The archetypal example of a conjugate point is the end-
point of a geodesic v : [0,1] — S? on the unit sphere S? C R? of length 7.
This is the endpoint of an arc around half of a great circle, and at this point
the geodesic seizes to be locally unique as there is a continuous family of
geodesics joining north and south pole (the meridians).

Example 7.1.4. The absence of conjugate points does not signify that a
geodesic v € €, , minimizes the length globally. The sinplest example is
a geodesic around the unit circle M = S! of length L(y) > 7. Similar
examples exist on the torus M = T™, on the cylinder M = R x 8!, and
also on simply connected manifolds such as the sphere S? with a suitably
chosen Riemannian metric (so that an open subset U C 52 is isometric to a
cylinder (0,1) x S!, for example).
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The Morse Index Theorem

Definition 7.1.5 (Morse index). Let v :[0,1] — M be a geodesic. The
Morse index of v is defined as the mazimal dimension of a linear sub-
space X C Vecty(y), such that

1
/0 (|VX|2 —(R(X, )%, X>) dt < 0 (7.1.5)

for every nonzero element X € X. It will be denoted by

o : X is a linear subspace of Vecto(7)
pl) 1= max {dlm(X ) ‘ and (7.15) holds for all X € X\ {0} [ (716

This is also the number of negative eigenvalues, counted with multiplicities,
of the operator H., in (7.1.1).

Theorem 7.1.6 (Morse Index Theorem). Let v : [0,1] — M be a
geodesic. Then v has only finitely many conjugate points T, each with multi-
plicity 1 < m~ (1) < m, and the Morse index of 7y is the number of conjugate
points in the open interval 0 < 7 < 1, counted with multiplicities, i.e.

u) = D ma(r). (7.1.7)

0<r<1

Exercise 7.1.7. Prove that geodesics on manifolds with nonpositive sec-
tional curvature have no conjugate points. So their Morse indices are zero.

Exercise 7.1.8. Find geodesics on the unit sphere M = S? C R? with
arbitrarily large Morse index.

The proof of Theorem 7.1.6 requires some background in functional anal-
ysis which goes beyond the scope of this book and for which the interested
reader is referred to [12]. Remark 7.1.9 below lists the main properties of
the operator H, that are used in the proofs of Theorems 7.1.2 and 7.1.6.
It will be convenient in some places to use the L? inner product

1
(X,Y)2 ::/0 (X(t),Y(t)dt

and the associated norm

1
1X 2 = /0 X0 dt

for vector fields X, Y along ~.
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Remark 7.1.9 (Properties of #,). We begin with the properties that
can be easily verified directly, without an appeal to Hilbert space theory.

(a) Fach eigenvalue of H is a real number.

This assertion is a consequence of the fact that the operator H is symmetric,
ie. (HyX,Y )2 = (X, H\Y) 2 for all X,Y € Vectg(y). (Exercise: Verify
assertion (a) by complexifying the space of vector fields along ~.)

(b) Each eigenvalue of H~ has multiplicity at most m.

The eigenspace of H, for an eigenvalue A consists of solutions of the equa-
tion —VVX — R(X,%) = AX with X(0) =0. Every solution is uniquely
determined by VX (0) and is an eigenfunction for A if and only if X (1) = 0.
(c) Every X € Vecty() satisfies the Poincaré inequality

/|X y2</ IVX|? dt. (7.1.8)

To see this, choose a parallel orthonormal frame F1(t),.. ., En(t) € Ty M
of the tangent bundle along v and write X (¢) = > 7", &(t)E;i(t). Then the
inequality (7.1.8) takes the form 72 f01|£ 2 dt < f01|é |2dt and this can be
proved by writing ¢ as a Fourier series £(t) = Y po  sin(wkt)&;. (Exercise:
Prove the estimate (7.1.8). Verify that it is sharp.)

(d) Let ¢y == sup; supj,—1 (R(v, ¥(t))7(t), v). Then, for all X € Vecto(7),

(19X - R x0) > (2 - o) [ 1xPa

This follows directly from the Poincaré inequality in (c).

(e) Let X be an eigenvalue of H. Then X\ > % — c,.

There exists a nonzero element X € Vectg(7y) such that H,X = AX. By (d)
this implies A || X |32 = (X, H,X) 12 > (72 — ¢y) | X |32 and so A > w2 —c,.

(f) The set o(H.) of eigenvalues of H is a discrete subset of R.

Let A € 0(H.) and let II, be the orthogonal projection onto the eigenspace
of A\. Then the operator H, — Aid + II : Vecto(y) — Vect(7y) is bijective,
and hence so is the operator - —A'id+1II for A’ sufficently close to A. Such
a number X cannot be an eigenvalue of H,. This argument uses the fact
that H, is a Fredholm operator between appropriate Sobolev completions.

(8) The smallest eigenvalue of H~ is the supremum of all real numbers a
that satisfy the inequality

/01<|VX|2 - <R(Xd)%X>) dt > a/01|X(t)|2dt (7.1.9)

for all X € Vecty(7y).
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To prove this, define a € R to be the infimum of the integrals on the left
in (7.1.9) over all X € Vecto(y) with ||X||;2 = 1. This infimum is finite
by (d). Now choose a minimizing sequence X; € Vecto(y) with || X;[/;2 = 1.
This sequence satisfies a uniform upper bound on ||VX;| ;.. Hence, by the
theorems of Banach—Alaoglu and Arzela-Ascoli, there exists a subsequence
that converges weakly in the Sobolev space W12 and strongly in the supre-
mum norm to a weak solution of the equation —VVX — R(X,¥)y = aX
with zero boundary condition. Now one can verify by a bootstrapping ar-
gument that every weak solution is smooth. Hence (7.1.9) holds, a is an
eigenvalue of H,, and every eigenvalue A of H, satisfies A > a.

(h) The Morse index of v is finite.

The operator H., has only finitely many negative eigenvalues by (e) and (f),
and the direct sum X, of their eigenspaces is finite-dimensional by (b). More-
over, every nonzero element X € X, satisfies the inequality (X, H,X)2 < 0.
One can then repeat the argument sketched in (g) for the L? orthogonal
complement of X, to show that (X, H,X)2 >0 forall X € XWL. Hence the
dimension of X, is the Morse index of  (Definition 7.1.5).

Proof of Theorem 7.1.6. Choose a parallel orthonormal frame
El(t), ey Em(t> S T’y(t)M
and, for 0 < t < 1, define the symmetric matrix S(t) = S(t)T € R™*™ by

S(t) = (Si(0)if=1,  Si(t) = (R(Ei(t), ¥(8))¥(1), E;(1)),

Let I :=0,1] and define the operator A : C3°(I,R™) — C*°(I.R™) with
the domain C§°(I,R™) := {£ € C*°(I,R™) |£(0) = &(1) =0}, by

AE = —€ — S¢.

This operator is isomorphic to the operator (7.1.1) via the isomorphism that
sends £ € C°(L,R™) to X := 3", &E; € Vecto(y). Now define a family of
operators A, : Cg°(I,R™) — C*>°(I.R™) by

(A7)(1) = — 5 €(1) — S(rH)E()

for 0 <7 <1. Then A, is isomorphic to the operator (7.1.1) on the in-
terval [0,7] via the isomorphism that sends & € C§°(I,R™) to the vector
field X(t) := Y, &(r 1) Ei(t) € TypyM, 0 <t < 7, along the curve 7| .
Thus 7 is a conjugate point of 7 if and only if A, has a nontrivial kernel,
and the dimension of the kernel is the multiplicity m. (7).
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By Remark 7.1.9 A, has only positive eigenvalues for small positive 7.
For 0 < 7 <1 define the operator A, : C§°(I,R™) — C*°(I,R™) by

(Ar)(1) = - (A)(1) = ZE(0) — 1S(r)E(0).

If 7 is a conjugate point, we claim that every element £ € ker(A;) satisfies

1
() = [ (e Angyat = )P (7.1.10)

To see this, note that &(t) + 725(rt)&(t) = 0 and %S(Tt) = 75(7t). Hence

2

1 . .
() = [ (G60.60) - Hew. (e ) a

t
1 .
_ /0 ({600, E0) + 2 (€00), STHEW) + ), S(re() ) de

1 [t/ . .
= (1€@)R +20(€(0). é0))) at

7'3 0

_ _713/01 %(t\g(t)ﬁ) dt
= P

This proves (7.1.10). Note also that I'-(£) < 0 unless £(¢) = 0 for all ¢.
With this understood, we appeal to the Kato Selection Theorem [35,
Theorem I1.5.4 and Theorem I1.6.8]. It asserts in the case at hand that,
near each point 79 with & := dim(ker(A4,,)) > 0, there exist k continuously
differentiable functions \; : (19 — &, 70 + €) — R such that X\;(m9) = 0, the
numbers Ai(7),..., \x(7) are the eigenvalues of A; near zero, with mul-
tiplicities accounted for by repetitions, and the derivatives }\i(To) are the
eigenvalues of the crossing form I';, : ker A;; — R in (7.1.10), again with
multiplicities accounted for by repetitions. The derivatives are all negative
by (7.1.10). Hence there exists a ¢ > 0 such that \;(7) > 0for p—d < 7 < 79
and \;(7) < 0 for 79 < 7 < 79 + 0. Hence conjugate points are isolated, and
for 1o < T < 19 + d the operator A, has precisely k more negative eigenvalues
than for 79 — 0 < 7 < 79. Hence the number of the negative eigenvalues of Ay
with multiplicities is )., dim(ker(A;)). This proves Theorem 7.1.6. [

For more detailed explanations and other closely related applications of
the Kato Selection Theorem the reader is referred to [61, 76].
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Locally Minimal Geodesics
Proof of Theorem 7.1.2. We prove part (i). Let X € Vecto(M) and define

vs(t) == expv(t)(sX(t))
for 0 <t <1and —6 < s <. Here § > 0 is chosen so small that sX ()
is contained in the domain V) C T ;)M of the exponential map for all ¢
and all s with |s| < d. Then limsodc=(y,7s) =0 and so vs € U for s
sufficiently small. Hence the function (—d,0) — R : s — L(~s) has a local
minimum at s = 0, and since F(y) = L(7)?/2 and L(v;)?/2 < E(vs), so
does the function s — E(v;). By Lemma 6.6.3 this implies

0< E(y,) = /0 1 (IVXP = (R(X,4)3, X)) d.

2
ds?
This inequality shows that the operator H, has no negative eigenvalues.
Hence, by Theorem 7.1.6 the geodesic v has no conjugate points 7 in the
interval 0 < 7 < 1. This proves (i).

We prove part (ii) in six steps. Let v € 2, , be a nonconstant geodesic
without conjugate points.

s=0

Step 1. There exist constants §1 > 0 and € > 0 such that

/01<|VX|2 —(R(XA)Y. X)) dt > 5/01(|VX(15)|2 FIX@P)de (7111)

for every curve v € Qp 4 with dei(7,7') < 01 and every X € Vecto(y').

By Theorem 7.1.6 the Hessian H. has no negative eigenvalues and, since 1
is not a conj@ point of 7, also zero is not an eigenvalue of H,. Hence
the smallest eigenvalue of ., is positive and so, by part (e) of Remark 7.1.9,
the estimate (7.1.9) holds for all X € Vecto(y) with a positive constant a. If
the constant b > 0 is chosen such that (R(v,¥(t))%(t),v) < blv|? for all t and
all v € T4 M, we obtain the estimate (7.1.11) for o/ =~ and X € Vecto(7)
with e :=a/(a + b+ 1). (Exercise: Verify this.) In a local coordinat chart
on M the integrand on the left in (7.1.11) has the form

S (€5 + 3T Yoo (€ + YTl ) = D Rune'élihe!,
2,J %

k,l i 1,5,k ,0

where c(t) := ¢(7/(t)) and &(t) = dp(y/(t)) X (t) (and the coefficients g;;, I‘fj,
and R; ;i are functions of ¢(t)). This expression depends continuously on the
curve ¢ and its derivative ¢. Hence there exists a constant ; > 0 such that
every curve 7' € €, , with do1(7y,7') < 01 and every X € Vecto(y') satisfies

the estimate (7.1.11) with ¢ = a/2(a + b+ 1). This proves Step 1.
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Step 2. Let 1 > 0 be as in Step 1. Then there exists a constant d5 > 0 with
the following significance. If Y € Vect(7y) satisfies

sup (yY(t)\ + !VY(t)\) < 5, (7.1.12)
0<t<1
then the curve 7' := exp. (Y) € Q4 satisfies dei(v,7') < 01.

For 0 < ¢ <1 define the map f; : V (4 x Ty M — T'M by

Ji(0,9) = (exp(y(t), v), dexp(r(8),0) (4(1), B+ by (5(),0)) ) (7.1.13)

for v € V) and v € T, ;yM. By Lemma 4.3.6 the map (t,v,7) — fi(v,?)
from U := {(t,v,ﬁ) [0<t<1,veVyy, ﬁe_ﬂy(t)M} to T'M is smooth and
satisfies f;(0,0) = (v(t),¥(t)). Thus there exist constants r; > 0 and C; > 1
such that all ¢ and all v,V € T,y M with |v| + [0] < 71 satisfy v € V) and

\p—v(t)lﬂﬁ—&(t)\§01(|v|+\6|), (p,D) := fe(v,0).  (7.1.14)

Choose Y € Vecto(y) such that |Y(¢)|+ |VY ()] <7 for 0 < ¢ < 1 and
define /() := exp.)(Y(¢)). Then it follows from the Gaufi~Weingarten
formula in Lemma 3.2.3 that (v/(t),/(t)) = fi(Y (), VY'(t)) for all t. Hence
the estimate (7.1.14) shows that Step 2 holds with d2 := min{ry,;/C1}.

Step 3 Let 5 > 0 be as in Step 2. Then there exists a constant d3 > 0 with
the following significance. If v € €, 4 satisfies the inequality doi(7y,7') < 93,
then there exists a unique vector field Y € Vecty(y) satisfying (7.1.12) and

Y ()] <inj(v(t); M),  (t) = expyp)(Y(1)) (7.1.15)
for0<t<1.
Define p := info<;<1inj(y(¢); M) > 0 and let f; be the map in (7.1.13).
Its derivative at the origin is given by df;(0,0)(n,7) = (0,7 + hy) (7(t), 1))

and so is invertible. Hence, by the implicit function theorem, there exist
constants ro > 0 and Cy > 1 such that, for 0 < ¢ < 1, the set

Q= {(p,p) € TM [ |p —~v(t)| + [P — (t)] <2}
is compact, f; restricts to a diffeomorphism from a compact neighborhood
of the origin in B,(y(t)) x T M to Qi, and every pair (p,p) € Q; satisfies

o+ 0 < Gl =@+ F-3®),  @0)=feD.  (7116)

Choose ' € Q,, 4 such that dc1(y,7") < re. Then (v/(t),5'(t)) € Q; for all ¢
and hence there exists a unique vector field Y € Vecty(7) satisfying (7.1.15).
By (7.1.13) it also satisfies (Y (t), VY (t)) = f; '(7/(t),'(t)) for all t. Hence
the estimate (7.1.16) shows that Step 3 holds with d3 := min{rs, d2/C2}.
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Step 4. Let d3 be as in Step 3. Then there exists a constant d4 > 0 with
the following significance. If v € Q, 4 satisfies doi(7y,7') < 04, then the
map p: [0,1] — [0,1] defined by p(t) := L(y')~* fg\"y'(s)\ ds for 0 <t <1 is
a diffeomorphism and dei (v, o p~ 1) < 83.

Define ¢ := L(7y) and C := sup,|¥(¢)|. Then ¢ > 0 because - is nonconstant.
We claim that Step 4 holds for every constant §4 > 0 that satisfies

C
54<*

12
% <32 + C> 04 < 03. (7.1.17)

Cc

To see this, fix a constant 64 > 0 that satisfies (7.1.17) and let 1" € Q,, ;, such
that dci(y,7") < d4. Since the geodesic v is parametrized by the arclength,
it satisfies |§(¢t)] = L(y) = ¢. Hence ||¥/(t)] — ¢| < 04 for all t. Since d4 < ¢
by (7.1.17), this implies that p is a diffeomorphism. It also implies the length
inequality |L(v') — ¢| < 4 and hence

1 -4 Y (t 1)
¢ 4<p(t):w<)‘ ¢+ 04

3° L(y) ~c—d
Define 8 := p~' and 4" := 7/ o 8. Then B(p(t)) = 1/p(t) and hence

20, 444
3 c+ds <
1—p(t 126
_ =AMl _ 1204

o(t) — 1
e R e

Blott) — 1) = o <
This implies
BO -1 <22 s -0< 2% s <
Hence
[y () =" ()] < [v(t) = (BN + IV (B(1) =~ (B(1))]
<clt = B +dor (v,7)
< 1304
and

5(8) — 4" ()] < [3(E) — ¥(BE)| + 1 — BE)F(B(2))]
+ B (B(E) — 4 (B(1)]
< Clt— B(t)] + ¢l = BE)| + B(t)der (v,7)

12
< <CC+12+7> 04.

These inequalities imply dei(7,v”) < (12C/c+ 32)d4 < 03 by (7.1.17) and
this proves Step 4.
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Step 5. Let d3 > 0 be as in Step 3 and lety' € Q, 4 such that dca(y,7') < 3.
Then E(y') > E(v) with equality if and only if v/ = ~.

Assume +' # 7. By Step 3 there exists a nonzero vector field Y € Vecto(7)
satisfying (7.1.12), (7.1.15), and 7' = exp, (V). For 0 < s, < 1 define
Vs(t) == expyp) (Y (1))
Then 79 =7, 1 =7/, and Step 2 asserts that
dei (7,7s) < 01 for 0 < s < 1.
Hence it follows from the argument in the proof of Lemma 6.6.3 that

d2 1
7200 = [ (9004 = (RO, 010001003 e > 0

for all s. Here the equality uses the identity V;0s7s = 0 and the inequality
follows from Step 1 and the fact that 0svs = dexp,(sY)Y is a nonzero vector
field along 7s. Thus the curve [0,1] — R : s — E(7s) is strictly convex. Since
its derivative vanishes at s = 0, it follows that E(vys) > E(y) for 0 < s < 1.
Since 1 = «/, this proves Step 5.

Step 6. Let 64 be as in Step 4. Then the C'-open set
U:={y e, ’ der(7,7) < 64}

satisfies the requirements of part (ii) in Theorem 7.1.2.

Let 7/ € U and define the diffeomorphism p:[0,1] — [0,1] as in Step 4.
Then, by Step 4 we have do1(v,7 o p~!) < d3 and hence, by Step 5 this
implies E(y' o p~!) > E(v) with equality if and only if 7/ o p=! = ~. Since
and 7/ o p~! are parametrized by the arclength, we find that

L(Y)=L(y op™") = V2E(y o p~1) > \/2E(y) = L(y),
1

and that equality holds if and only if 4/ o p~* = ~. Thus every curve v/ € U
that arises from v by reparametrization has the same length as v and every
other curve in U is strictly longer. This proves Step 6 and Theorem 7.1.2. [

We remark that there is a precise analogy between Theorem 7.1.2 about
geodesics (extrema of the energy functional E) and extrema of a function

f:R" =R

on a finite-dimensional vector space. If the function f has a local minimum
at a point xg € R™, then the Hessian of f at xy has no negative eigenvalues
and, conversely, if xg is a critical point of f and all the eigenvalues of the
Hessian at x( are positive, then x¢ is a strict local minimum of f.
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7.2 The Injectivity Radius*

Assume throughout that M C R” is a smooth m-manifold. In this section
we prove that the function which assigns to each point p € M its injectivity
radius inj(p; M) € (0, o0] is continuous. Recall the concept of a local diffeo-
morphism as a smooth map between manifolds of the same dimension whose
derivative at each point is a vector space isomorphism (Definition 2.2.20).
Recall also the notation V), C T),M for the domain of the exponential map
at p and the notation B, (p) = {v € T,M ||v| < r} for p € M and r > 0.

Theorem 7.2.1. The function M — (0,00] : p — inj(p; M) is continuous.
The proof of Theorem 7.2.1 is based on two lemmas.

Lemma 7.2.2. The set U, := {p € M |r < inj(p; M)} is open for each real
number r > 0.

Proof. Let >0 and pg € U,. We prove in three steps that there exists
a § > 0 such that r + § < inj(p; M) for every p € M with d(p,pg) < 9.

Step 1. There exists a 6 >0 such that Byy5(p) C V), for every p € M
with d(p,po) < 6.

Suppose, by contradiction, that such a constant § does not exist. Then
there exist sequences p; € M and v; € T),, M \ V; such that d(p;,po) < 1/i
and |v;| <7+ 1/i. Passing to a subsequence, if necessary, we may assume
that v; converges to a vector vy € T, M. Then |vg| < r and so (pg,v) € V.
Since (p;,v;) € TM \ V converges to (po, vo), this contradicts the fact that V'
is open. This proves Step 1.

Step 2. There exists a 6 > 0 such that the map exp,, : B,is5(p) > M is a
local diffeomorphism for every p € M with d(p,po) < 9.

Suppose, by contradiction, that such a constant § does not exist. Then
there exist sequences p; € M and v; € Ty, M such that d(p;,pp) < 1/i and
|vi| < r+1/i, and the derivative dexp,, (v;) : Tp,M — Texp,, (v)M 1s not
injective. Passing to a subsequence, if necessary, we may assume that v;
converges to a vector vy € Ty, M. Then, by smoothness of the exponential
map, the derivative

dexp,, (vo) : Tpo M — T, M

X, (v0)

is not injective. Since |vg| < 7, this contradicts the fact that r < inj(po; M).
This proves Step 2.
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Step 3. There exists a § > 0 such that the map exp, : Bys(p) — M is
injective for every p € M with d(p,po) < 0.

Suppose, by contradiction, that such a constant § does not exist. Then there
exist sequences p; € M and u;,v; € T, M such that
d(pi,po) < 1/i, lui| < r+1/1, lvi)| <r+1/i
and
u; # vj, exp,, (u;) = exp,, (v;) =: g;.

Passing to a subsequence, if necessary, we may assume that the limits

ug = lim w; € Tp, M, vo := lim v; € T,y M

1—00 1—00

exist. These limits satisfy
lug| <, lvg| <, exp,, (up) = expy, (vg).
Since r < inj(po; M), this implies ug = vy and hence

lim u; = lim v; = .
1—00 1—00

Now define

Vi — U4
w; = —— €T, M, Ti = |v; —u;| > 0.
(A

Passing to a further subsequence, we may assume that the limit

wo = 'lim w; € TpoM
i—00

exists. Then |wg| = 1 and hence

1—00 T;

1
= lim / dexp,, (u; + t(v; — u;))
0

1—00

Vi — U4

dt

T;
= dexp,, (vo)wo
# 0.

This contradiction proves Step 3. Now choose a constant § > 0 that satisfies
the requirements of Step 1, Step 2, and Step 3. Then, for every p € M
with d(p,po) < 0 we have B,,5(p) C V}, and the map exp, : B.15(p) - M
is a diffeomorphism onto its image. Hence inj(p; M) > r + § > r for every
element p € M with d(p,po) < J, and this proves Lemma 7.2.2. O
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Lemma 7.2.3. The set A, := {p € M |r <inj(p; M)} is closed for each real
number r > 0 and hence also for r = oco.

Proof. Let p; € A, be a sequence that converges to an element p € M. We
prove in five steps that r < inj(p; M).

Step 1. B,(p) C V).

Choose a tangent vector v € T, M with |v| < r, choose a constant € > 0 such
that |v| +¢e < r, and choose an integer ¢ such that d(p, p;) < €. Define

K = expy, (Bjy4(pi) = {q € M| d(q,pi) < |[v[+¢}.

Here the second equality follows from Theorem 4.4.4 and the fact that
|[v] + e < r <inj(p;; M). By definition, K is the image of a compact set
under a continuous map, and so is a compact subset of M. Hence

K = {(q,w) € TM | d(g,p;) < |v| +¢, |w| = |v|}

is a compact subset of TM. We claim that v € V},. Suppose, by contradic-
tion, that this is not the case. Then I,, N [0,00) = [0,7") with 0 <T < 1.
Denote by 7 : [0,T) — M the geodesic 7(t) := exp,(tv). Then

d(v(t), pi) < d(expy(tv),p) +d(p, pi) < [tv| + & < Jv| +¢

and |(t)| = |v], and hence (y(t),%(t)) € K for 0 <t < T. By Lemma 4.3.3
and Corollary 2.4.15, this implies that there exists a constant > 0 such
that [0,7' 4+ 6) C Ip,, in contradiction to the definition of 7. This contra-
diction shows that our assumption that v is not an element of V,, must have
been wrong. Thus v € V), and this proves Step 1.

Step 2. Let ¢ € M such that d(p,q) < r. Then there exists a vectorv € T,M
such that [v| = d(p, q) and exp,(v) = q.

Since p; converges to p, we have lim; o d(p;,q) = d(p,q) < r and so
there exists an integer iy € N such that d(p;,q) <r for all i > iy. Then,
for each ¢ > ig, there exists a tangent vector v; € T,,, M that satisfies the
conditions exp,, (v;) = ¢ and [v;| = d(p;, q) <r (Theorem 4.4.4). Passing to
a subsequence, if necessary, we may assume that the limit v := lim; o v;
exists in R”. Then v € T, M, |v| = im; ,o0|vs| = lim; o0 d(pi, q) = d(p, q),
so v € B,(p) C V), and exp,(v) = lim; . exp,, (v;) = q. This proves Step 2.

Step 3. Let v € T,M such that |[v| <r. Then d(p,exp,(v)) = |v].

Define q := exp,,(v), so d(p, q) < [v| < 7. Choose a sequence v; € T),, M such
that |v;| = [v] for all i and lim; . v; = v. Then the sequence g; := exp,, (v;)
converges to ¢ = exp,(v) and satisfies d(p;, q;) = |v;| by Theorem 4.4.4.
Hence d(p, q) = lim;_,~ d(pi, ¢;) = lim; oo |v;| = |v| and this proves Step 3.
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Step 4. The map exp,, : By(p) — M is a local diffeomorphism.

Let v € B,(p) and let v € T,M be a nonzero vector. Choose any real num-
ber 1 < A < r/|v| so that |\v| < r and define the geodesic ~ : [0, \] = M and
the vector field X € Vect(y) by

0 . ~
v(t) := exp,(tv), X(t):= 95 - exp, (t(v + s0)) = dexp,,(tv)to

for 0 <t < A. By Lemma 6.1.18, X is a Jacobi field along v and
X(0)=0, VX(0)=v#0, X(1) = dexp,(v)v.

Since L(y) = d(p,exp,(Av)) = d(7(0),7()\)) by Step 3, it follows from
part (i) of Theorem 7.1.2 that the geodesic v : [0,A] — M has no con-
jugate points 7 in the open interval 0 < 7 < A. In particular, 7 =1 is not
a conjugate point, and so X (1) # 0. Hence the derivative dexp,(v) of the
exponential map is bijective at every point v € B,(p) and this proves Step 4.

Step 5. The map exp, : B.(p) — M is injective.

This is a covering argument. Let vo,v1 € By(p) with exp,(vo) = exp,(v1),
choose a smooth path v : [0,1] — B,(p) such that v(0) = vy and v(1) = vy,
and define () := exp,(v(t)) for 0 <t <1, so ¥(0) = v(1) = q := exp,(vo)-
Choose p < r and i € N such that |v(t)| < p for all ¢ and d(p;,p) < r — p.
Then d(pi,y(t)) < d(pi,p) + d(p,y(t)) < d(pi,p) + p < r for all t. Define

B(s,1) = expy, (sexpy (@) + (1= s)exp (1(1)),  0<s <1,
This map takes values in the set U,(p) = {p’ € M | d(p,p’) < r} and satisfies

B(0,t) = (t) = exp,(v(t)), B(1,t) =q for 0 <t <1,

and f3(s,0) = B(s,1) = ¢ for all s. Since the map exp, : B.(p) — U(p)
is surjective by Step 2 and a local diffeomorphism by Step 4, a path lifting
argument shows that there exists a smooth map u : [0,1]?> — B, (p) such that

w(0,8) = (), expy(u(s,t) = B(s, 1)

for 0 < s,t < 1. This map satisfies u(s,0) = vp and u(s,1) =v; for all s
and, moreover, the curve ¢t — u(1,t) must be constant. Hence vg = v1. This
proves Step 5 and Lemma 7.2.3. O

Proof of Theorem 7.2.1. The set {p € M |a < inj(p; M) < b} = U, \ 4
is open for all nunbers 0 < a < b < 0o by Lemma 7.2.2 and Lemma 7.2.3.
Hence the function M — (0, 00] : p — inj(p; M) is continuous. O
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7.3 The Group of Isometries*

This section is devoted to the Myers—Steenrod Theorem which asserts that
the group Z(M) of isometries of a connected smooth Riemannian mani-
fold M admits the natural structure of a finite-dimensional Lie group [52].

7.3.1 The Myers—Steenrod Theorem

Assume throughout that M C R™ is a nonempty connected smooth m-
manifold. To state the main result, it is convenient to introduce the space

g::{(q@’p) p,q € M and ® : T,M — T,M }

is an orthogonal isomorphism
This space is a groupoid, i.e. a category in which every morphism is an
isomorphism. The space of objects is the manifold M, the morphisms
from p € M to ¢ € M are the triples of the form (q,®,p) € G, the identity
morphism from p to itself is the triple (p, 1, p), the inverse of (¢, ®,p) € G is
the triple (p, !, ¢), and the composition of a morphism (¢, ®,p) € G from p
to ¢ with a morphism (r, ¥, q) € G from ¢ to r is the triple (r, U®, p).

The space G is a smooth manifold (in the intrinsic sense). To see this,
consider the diagonal action of the orthogonal group O(m) on the prod-
uct of the orthonormal frame bundle O(M) with itself (Definition 3.4.3).
This action is free and the map 7 : O(M) x O(M) — G which sends the
pair ((g,¢'), (p,e)) to the triple (¢,e oe™t,p) € G descends to a bijection
from the quotient (O(M) x O(M))/O(m) to G. By Theorem 2.9.14 there is
a unique smooth structure on G such that the map 7: O(M) x O(M) — G
is a submersion. With this structure the maps s,t : G — M defined by

(7.3.1)

s(¢,®,p):=p,  tq,®,p):=q
are smooth, the map e : M — G defined by
e(p) := (p, 1, p)
is an embedding, the inverse map i : G — G defined by
i(q,®,p) = (p, 27", q)

is a smooth involution, the map s x ¢t : G x G — M x M is a submersion,
and the composition map m : (s x t)71(A) — G defined by

m((r,¥,q), (g, ®,p)) := (r, ¥®,p)

is smooth. (Here A :={(¢,q)|q € M} is the diagonal in M x M.) These
properties assert that the tuple (G, s, t,e,i,m) is a smooth groupoid.
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For each p € M define

G, {(a.)

This space is a submanifold of G because s : G — M is a submersion. The
space G, is also a smooth submanifold of R™ x E(TpM ,R™) and is dif-
feomorphic to the orthonormal frame bundle O(M) C R™ x R™ ™ via the
map G, = O(M) : (¢, ®) — (¢, P o e) for any orthonormal frame e of T,M.
Since M is connected, Lemma 5.1.10 asserts that the map

(7.3.2)

is an orthogonal isomorphism

geMand ®:T,M — T,M }

w:I(M) =Gy, 1p(9) = (¢(p), do(p)), (7.3.3)
is injective for every p € M. Denote the image of this map by
I, := w(Z(M)) = {(¢(p),dé(p)) | ¢ € Z(M)} C Gp. (7.3.4)

In the following theorem we do not assume that M is complete. For a space
of smooth functions or maps on M we use the term C'* topology to mean
the topology of uniform convergence with all derivatives on each compact
subset of M. Likewise we use the term C° topology to mean the topology of
uniform convergence on each compact subset of M. The latter is also called
the compact-open topology (because a basis of the topology consists of
sets of maps, one for each compact subset of the source and each open subset
of the target, that send the given compact subset of the source into the given
open subset of the target).

Theorem 7.3.1 (Myers—Steenrod). Let M C R™ be a nonempty con-
nected smooth m-manifold. Then the following holds.

(i) There exists a unique smooth structure on the isometry group (M) such
that the map v, : Z(M) — G, in (7.3.3) is an embedding for every p € M.
The topology induced by this smooth structure agrees with the C° topology
and with the C* topology on Z(M) and dim(Z(M)) < m(m +1)/2.

(ii) With the smooth structure in part (i) the maps
I(M) xZ(M) = Z(M) : (¢, ¢) = Yo ¢
and
I(M)—I(M):¢— ¢
are smooth. Thus Z(M) is a finite-dimensional Lie group.

(iii) The Lie algebra of T(M) is the space Vectg (M) of complete Killing
vector fields (defined below).

Proof. See §7.3.4. O
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7.3.2 The Topology on the Space of Isometries

The next lemma shows that for each p € M the set Z, in (7.3.4) is a closed
subset of G, and that the map ¢, : Z(M) — Z,, in (7.3.3) is a homeomorphism
with respect to the C*° topology on Z(M).

Lemma 7.3.2. Fiz two elements po,qo € M, let ®q : T,y M — Ty M be an
orthogonal isomorphism, and let ¢; : M — M be a sequence of isometries.
Then the following are equivalent.

(i) The sequence tp,(¢;) € Iy, converges to the pair (qo, o) € Gpy, i-e.
lim ¢;(po) = qo, lim dg;(po) = Po. (7.3.5)
1—00 1—00
(i) There exists an isometry ¢ : M — M such that ¢(po) = qo, dd(po) = Po,
and ¢; converges to ¢ in the C* topology.

Proof. That (ii) implies (i) follows directly from the definitions. We prove in
three steps that (i) implies (ii). For p € M and r > 0 denote by V,, C T, M
the domain of the exponential map of M at p (Definition 4.3.5), and de-
fine U, (p) :={q € M |d(p,q) <r} and B,(p) := {v € T,M | |v| < r}.

Step 1. Assume (7.3.5) holds and choose a real number 0 < r < inj(po; M).
Then r < inj(qo; M) and ¢; converges on the open set U.(py) in the C*
topology to the isometry ¢o := expy, o g o exp;o1 : Ur(po) = Upr(qo).

Since r < inj(po; M), Corollary 5.3.3 asserts that
By (¢i(po)) = doi(po) Br(po) C ddi(po) Vo € V(o)
and ¢; o exp,; = exPy, (5,) © Pi : By (po) — Ur(¢i(po)). Thus the map

€XP g, (po) = Pi © €xDyy 0 B 1 Br(¢i(po)) — Ur(di(po))

is a diffeomorphism and so r < inj(¢;(pg); M) for each i € N. Since ¢;(po)
converges to qo, this implies r <inj(qo; M) (Lemma 7.2.3). Hence the se-
quence of maps expg, () © P converges to the map exp, o ®g in the O
topology on B, (po). Hence the sequence of isometries

Gi = XDy, (py) © Pi © exp;O1 :Up(po) > M
converges in the C'*° topology to the diffeomorphism

po 1= exp,, 0 Pg o exp;O1 : Ur(po) = Usr(qo)-
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The map ¢¢ satisfies
d(¢o(p), $o(q)) = lim d(¢i(p), ¢i(q)) = d(p. q)

for all p,q € Uy(po) and hence is an isometry (Theorem 5.1.1). This proves
Step 1.

Step 2. The sequence ¢; converges in the C™ topology on all of M to a
smooth map ¢ : M — M.

Define the set My := {p € M | the sequence (¢;(p),d¢pi(p)) converges} . This
set is nonempty because py € My. We prove that My is open. Fix any
element p € My and define ¢ := lim; o ¢;(p) and @ = lim;_,o do;(p).
Choose a real number r such that 0 < r < inj(p; M). Then Step 1 as-
serts that r <inj(q; M) and the sequence |, () converges to the diffeo-
morphism exp,o® o exp;l :Up(p) — U,(q) in the C* topology on U, (p),
and hence U,(p) C My. This shows that My is open, that ¢;|n, converges
in the C*°-topology to a smooth map ¢ : My — M, and that ¢(Mj) is an
open subset of M.

We prove that M is closed. Let p, € My be a sequence that con-
verges to an element p € M. Then there exists a real number r > 0 such
that r < inj(p,; M) for all v. Hence B,(p,) C My for all v by Step 1.
Choose v so large that d(p,,p) < r to obtain p € My. This shows that M is
closed. Since M is connected, we deduce that My = M. This proves Step 2.

Step 3. The map ¢ : M — M in Step 2 is an isometry.
We claim that the triple pg, o, ®o in (7.3.5) satisfies

lim é;*(q0) = po, lim do; (qo) = @5 (7.3.6)
1—00 1—00

Namely, the sequence d(gi);l(qo),po) = d(qo, ¢i(po)) converges to zero by as-
sumption, and by Step 1 the derivatives d¢; converge to d¢ uniformly in
some neighborhood Uy C M of py. Since ¢; '(qo) € Up for i sufficiently
large, this implies that the sequence d(bi(gbi_l(qo)) converges to do(pg) = @g
and hence the sequence dgbi(qﬁ;l(qo))_l = dgf);l(qo) converges to @61. This
proves (7.3.6). By (7.3.6) and Step 2 the sequence ¢; ' converges in the C
topology to a smooth map v : M — M. By uniform convergence on com-
pact subsets of M we have po¢ =id and poyp =id, so ¢: M — M is a
diffeomorphism. Moreover, since ¢; is an isometry for each 7 and converges

pointwise to ¢, we have d(¢(p), ¢(q)) = limio0 d(i(p), di(q)) = d(p, q) for
all p,q € M, so ¢ is an isometry. This proves Step 3 and Lemma 7.3.2. [
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The next goal is to verify that the spaces 7, in (7.3.4) are diffeomorphic
to each other. For pg,p1 € M define the map F,, , : Zp, — I, by

Fp1po(9(p0), dd(po)) := (¢(p1), dd(p1)), & € I(M). (7.3.7)

This map is well-defined by Lemma 5.1.10, because M is connected. Col-
lectively, these maps give rise to a map F : M x Z — 7 defined by

T :={(¢(p).do(p),p) |p € M, ¢ € Z(M)} C G,
‘F(ph (¢(p0))d¢(p0)7p0)) = (¢(p1))d¢(p1)7p1)

for pg,p1 € M and ¢ € Z(M). The next lemma uses the concept of a smooth
map on an arbitrary subset of Euclidean space as in the beginning of §2.1.

(7.3.8)

Lemma 7.3.3. The map F : M x I — 1L is smooth. In particular, for each
pair of points po,p1 € M, the map Fp, po : Lpy — Ip, 15 a diffeomorphism.
Proof. Let po,p1 € M and choose a smooth path v:I=10,1] — M with
the endpoints 7(0) =po and (1) =p1. Let Uy, C Gy, be the set of all
pairs (go, ®o) € Gp, such that there exists a development (®,~,~’) on the
interval I that satisfies

Y(0)=q,  ®(t) = Po. (7.3.9)

By Remark 3.5.22, the set U/, is open in G,, and the map U, — G,, that
sends the pair (go, ®o) € Uy to the pair (7/(1), (1)) € Gp, is smooth. This
shows that there is a unique diffeomorphism

Fyily = Uy, ANt =y(1—t), U, CGp,  U-1CGy

that satisfies the condition

Fy(7'(0),2(0)) = (v/(1), ©(1)) (7.3.10)
for every development (®,~,7") of M along M on the interval I. The in-
verse of F, is the smooth map F,-1:U,1 —U,. If ¢ € Z(M), then by
Lemma 6.1.12 there exists a development (®,~,~") on I satisfying the ini-
tial conditions v/(0) = ¢(pg) and ®(0) = d¢(po), and it is given by

V() =o(v(1),  2(t) =do(v(t)) (7.3.11)
for t € I. Hence (¢(po), do(po)) € Uy and by (7.3.10) and (7.3.11) we have

Fy(@(po), dd(po)) = (6(p1), dp(p1)) = Fpy.po (@(Po), dd(po))

for every ¢ € Z(M). Thus Z,, CUy and I, C U, and Fy|1,, = Fp, po-
Hence F), p, is smooth. The smoothness of F follows from the smooth
dependence of the map F, on the curve v, the verification of which we leave
to the reader. This proves Lemma 7.3.3. ]
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7.3.3 Killing Vector Fields

Killing vector fields are defined as those vector fields on M whose flows
are one-parameter families of isometries. Assume throughout that M is a
nonempty connected smooth m-dimensional submanifold of R"”. Let X be
a vector field on M and denote by

Rx MDD — M:(tp)— ¢t p) = ¢ (p)

the flow of X (Definition 2.4.8). Then Theorem 2.4.9 asserts that D is
an open subset of R x M and ¢ is smooth. Thus, for every ¢t € R, the
set D :={p € M |(t,p) € D} is open in M and the map ¢' : D; — D_; is a
diffeomorphism with the inverse ¢=¢ : D_; — D.

Lemma 7.3.4. In this situation the following are equivalent.

(i) For every t € R the diffeomorphism ¢' : Dy — D_y is an isometry.

(ii) For every p € M and every pair of tangent vectors u,v € TyM, we have

(VX (), v) + (u, VX (p)) = 0. (7.3.12)

Proof. Let p e M and v € T,M. Choose a smooth curve o : R — M such
that a(0) = p and &(0) = v, let Q := {(s,t) € R?| (s, (t)) € D}, and define
the map v : Q — M by (s, t) := ¢!(a(s)) for (s,t) € Q. Then

9sv(0,t) = d¢'(p)v,  Oy=Xo7v,  VOry= Vo,X(7).

Thus the formula V;0sy = V;0¢y in Lemma 3.2.4 shows that

Ve ()0 = Vage X (8 (0)) (7.3.13)

for all t € R and this implies

% [d6' (p)o” = 2 (Vagr o X (' (1)), 46! (p)0) - (7.3.14)

The right hand side vanishes for all p,v,t¢ if and only if X satisfies (ii),
and the left hand side vanishes for all p,v,t if and only if the flow of X
satisfies (i). This proves Lemma 7.3.4. O

Definition 7.3.5. A vector field X € Vect(M) is called a Killing vector
field (named after Wilhelm Karl Joseph Killing [39]) iff it satisfies equa-
tion (7.3.12) for allp € M and all u,v € T,M. The space of Killing vector
fields will be denoted by Vecty (M).
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The space of Killing vector fields is a vector subspace of the Lie algebra of
all vector fields on M. The next lemma shows that it is a finite-dimensional
Lie subalgebra. Part (ii) is the linear counterpart of Lemma 5.1.10.

Lemma 7.3.6. Let M C R™ be a nonempty connected smooth m-manifold.
Then the following holds.

(1) If X is a Killing vector field on M and 1) : M — M is an isometry, then
the pullback ¥*X is a Killing vector field. If X and Y are Killing vector
fields on M, then so is their Lie bracket [X,Y].

(ii) If X is a Killing vector field on M and there exists a pg € M such that
X(po) =0,  VX(po) =0, (7.3.15)

then X (p) =0 for allp € M.
(iii) If M is complete and X is a Killing vector field, then X is complete.

Proof. We prove part (i). Let X be a Killing vector field, let ¢' : Dy — D_;
be the flow of X, and let ¢y : M — M be an isometry. Then

Pl ogl o T (Dy) = T (Dy)

is the flow of ¢*X. Hence, by Lemma 7.3.4, the flow of *X is a one-
parameter family of isometries and so ¥*X is a Killing vector field. Now
assume that Y is another Killing vector field and denote its flow by .
Then each ¢! is an isometry and so the pullback (¢!)*X is a Killing vec-
tor field for each ¢. Hence, by Lemma 2.4.18 and Exercise 5.2.9, the Lie
bracket [X,Y] = 4| 1o (W")*X is also a Killing vector field. This proves (i).

We prove part (ii). Let ¢' : Dy — D_; be the flow of a Killing vector
field X and assume that there exists a pg € M such that (7.3.15) holds. Then
it follows from (7.3.13) that ¢'(pg) = po and d¢’(py) = id for all t. Hence,
by Lemma 5.1.10 the isometry ¢; : Dy — D_; is the identity for each ¢t € R.
Thus Dy = D_y = M for all t and X (p) =0 for all p € M. This proves (ii).

We prove part (iii). Thus assume that M is complete and X is a
Killing vector field. Let v : I — M be an integral curve of X on its
maximal existence interval I C R and denote p := ~(0). Differentiate the
equation §(t) = X (y(t)) to obtain %]"}/(t)|2 = 2(Vy X (7(2)),¥(t)) = 0 for
all ¢t € I. Hence the function I — R : ¢ — |4(t)| is constant and this implies
the inequality d(p,~(t)) < fgh(s)\ ds = t|X(p)| for all t € I. Since M is
complete, the closed ball of radius R about p is compact for every R > 0
(Theorem 4.6.5). Hence the restriction of v to any bounded subinterval
of I is contained in a compact subset of M amd by Corollary 2.4.15 this
implies I = R. This proves (iii) and Lemma 7.3.6. O
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The proof of Theorem 7.3.1 is somewhat analogous to the proof of the
Closed Subgroup Theorem 2.5.27. The first parallel is in part (i) of the next
lemma, which asserts that the space of complete Killing vector fields is a Lie
subalgebra of Vect(M) and can be viewed as an anlogue of Lemma 2.5.29.
Part (ii) is the analogue of Lemma 2.5.28.

Lemma 7.3.7. (i) The set Vectg (M) of complete Killing vector fields
on M is a Lie subalgebra of Vect g (M).

(ii) Let Rx M — M : (t,p) — Y(p) be a smooth map such that 1, is an
isometry for everyt € R and define X (p) := %‘tzo Wi(p) forp € M. Then X
1s a complete Killing vector field.

Proof. The proof has three steps.

Step 1. Let U,V C M be nonempty open sets, let ¢ : U — V be an isometry,
and let ¢ : M — M be a sequence of isometries that converges uniformly
on every compact subset of U to ¢. Then ¢ extends uniquely to an isometry
from M to M and ¢y, converges in the C* topology to this extension.

Fix an element pg € U. Then by part (i) of Exercise 5.1.11 we have
lim ¢y (po) = ¢(po), lim dey(po) = de(po).
k—o00 k—o00

Hence the assertion of Step 1 follows from Lemma 7.3.2.
Step 2. We prove part (ii).

That X is a Killing vector field follows from the same argument as in
Lemma 7.3.4 with time dependent vector fields. Denote by ¢! : Dy — D_;
the flow of X. Then the sequence of isometries d)f/k : M — M converges

to ¢! uniformly on every compact subset of Dy (see Exercise 7.3.10 below).
Hence Step 1 asserts that ¢’ extends to an isometry on all of M when-
ever D; is nonempty, in particular for small ¢t. The extended isometries still
satisfy ¢*1t = ¢° o ¢' and 9;¢' = X o ¢*. Thus D; = M for small ¢ and so for
all ¢, because ¢~*(D_; ND;) C Dsy¢ (Theorem 2.4.9). This proves Step 2.

Step 3. We prove part (i).

Let X,Y € Vectg (M), let ¢' be the flow of X, and let ¢ be the flow of Y.
Then %‘t:o ¢t ot(p) = X(p)+Y(p) for all p € M, and so X + Y is a com-
plete Killing vector field by Step 2. Hence Vectg (M) is a vector space. It is
finite-dimensional by Lemma 7.3.6. Moreover, (¢ ""o¢®o9)")scr is the flow of
the pullback vector field (¢!)* X, hence (1!)*X is a complete Killing vector
field for each t € R, and hence so is the Lie bracket [X,Y] = %hzo(@bt)*X
by finite-dimensionality. This proves Step 3 and Lemma 7.3.7. O
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Exercise 7.3.8. Let M C R™ be a smooth manifold and let X be a vector
field on M. Consider the following condition.

(K) Ifv : I — M is a geodesic, then X oy € Vect(7) is a Jacobi field along ~,
i.e. it satisfies the differential equation VV (X o) 4+ R(X o~,%)y = 0.

Prove that every Killing vector field satisfies (K) and use this to give an
alternative proof of part (ii) of Lemma 7.3.6. If M is compact, prove that
a vector field satisfies (K) if and only if it is a Killing vector field. Find a
vector field on a noncompact manifold that satisfies (K) but is not a Killing
vector field. Hint: Differentiate the function ¢ — (X (y(t)),~(¢)) twice.

Exercise 7.3.9 (Gronwall’s inequality). Ifa,c >0 and o : [0,7] — R is
a continuous function satisfying

t
0<o(t) <a-+ c/ a(s)ds for0<t<T, (7.3.16)
0

then o(t) < ae for every real number 0 < t < T. Hint: The function

t
T(t) == / (ae® —a(s))ds
0
satisfies 7(t) > c7(t) for all t. Differentiate the function t — e~ “*7(t) to show

that 7 is nonnegative and nondecreasing.

Exercise 7.3.10. Let T,c,e be positive real numbers, let M C R” be a
smooth m-dimensional submanifold, and let [0, T]|x M — R™ : (¢,p) — X:(p)
and [0,7] x M — R™: (¢,p) — Yi(p) be continuous maps that satisfy the
conditions X(p), Yi(p) € T,M and

| Xt(p) — Yi(p)|rn <, | Xt(p) — Xe(@)|gn < c|p — qlrn (7.3.17)

forallp,qg € M and all t € [0,T7. If the curves 3,7 : [0,T] — M are solutions
of the differential equations 3(t) = X;(6(t)) and 4(t) = Yi(v(t)), prove that

B®) = ¥(O)len < (18(0) = ¥(O)lrn + Te) e (7.3.18)

for 0 <t <T. Relax the continuity requirement in ¢ on the vector fields to
piecewise continuity. Hint: Define the function o : [0,7] — R by

o(t) :=[B(t) = y(t)|rn-
Show that :
o(t) <o(0)+te + c/o o(s)ds

and use Gronwall’s inequality.
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7.3.4 Proof of the Myers—Steenrod Theorem

With these preparations we are ready to prove Theorem 7.3.1. The following
lemma is the heart of the proof. It is the analogue of Lemma 2.5.30 in the
proof of the Closed Subgroup Theorem 2.5.27.

Lemma 7.3.11. Fiz an element pg € M, a tangent vector vg € T,,, M, and a
linear map Ag : TpoM — T, M. Let ¢; € Z(M) be a sequence of isometries
and let T; be a sequence of positive real numbers such that
hm T = O, hm (Z)Z'(po) = Po, hm d¢z<p0) = ]1, (7319)
71— 00 1—00

1—00

and, for all v € Ty, M,

lim 7@ (po) — o = v, lim 701@ (po)v — v

1—00 Ti 1—>00 T

Then there exists a unique complete Killing vector field X on M such that

X(po) = o, dX(p()) = Ao. (7.3.21)
For every p € M and every v € T, M this vector field satisfies
i 2P TP vy g 2ROV v (7.3.22)
i—00 i i—00 T;

and the convergence is uniform on compact subsets of T M.

Proof. By (7.3.19), (7.3.20), and Exercise 2.2.4 we have

(p(]a AO) € T(Po,]l) gpo-

Let p € M and recall the definition of the map Fp, : Z,, — I, in (7.3.7).
By Lemma 7.3.3 this map extends to a diffeomorphism F, from an open sub-
set Uy C Gp, containing the set Zp, to an open subset U1 C G, containing
the set 7, and it satisfies 7 (po, 1) = (p, 1). Define

(X (), A(p)) = dF5(po, 1)(vo, Ao) € T(p1)Gp-

Since Fy(¢;(po), ddi(po)) = (¢i(p), dpi(p)) for all ¢, it follows from (7.3.20)
and Exercise 2.2.16 that, for all v € T, M, we have

lim ¢ilp) =p = X(p), lim déilp)v = v = A(p)v. (7.3.23)
1—»00 T; 1—>00 T
This formula shows that the pair (X (p), A(p)) € T{;,1Gp is independent of
the choice of the extension F, used to define it. Moreover, it follows from the
smoothness of the map F in Lemma 7.3.3 that the map p — (X (p), A(p))
is smooth and that the convergence in (7.3.23) is uniform as the pair (p,v)
varies over any compact subset of T'M.
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Now let v € T, M and define v(t) := exp,(tv) for t € I, ,. Then

X((t) — X(p) = leglo W _ zlggo @(pjl_p
_ i 200(0) = 6:(7(0)) — ¥(1) +7(0)
_ lim L dgi(v(s))3(s) —5(s) ds
71— 00 0 Tl
t
- /0 A(1(3))3(5) ds.

Here the last step uses uniform convergence on compact sets in (7.3.23).
Divide by ¢ and use the continuity of the curve ¢t — A(v(t))¥(t) to obtain
! : . X(expy(tv)) — X(p)

.1 B
Ao =lim 5 | AG(s))3(s) ds = Jimy t

Hence, by Exercise 2.2.16, we deduce that, for all p € M and all v € T, M,
A(p)v = dX (p)v.

By (7.3.20) and (7.3.23) this shows that X satisfies (7.3.21) and (7.3.22).
By (7.3.22) and Exercise 2.2.4 we have (X(p),dX(p)) € T(,1)Up and this
implies (v, dX (p)v) = 0 for all v € T, M. Here is a more direct proof of this
crucial fact. Namely, by (7.3.22) we have

. |di(p)v — UP _ 2
Jm T = X ()l
Hence

(0, dX (p)o) = lim $24iP)V = V)

1—00 Ti
. _ 2
L (2 005(0)0) — o
1—00 T
. o 2 _ . 2
i 200 6i(0)0) — o ~ [di(p)e)
i—o00 27;
) —vl2 T
_ i 90T
1—00 T 2
=0

for all p € M and all v € T, M. This shows that X is a Killing vector field
and so it remains to prove that X is complete.
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Let ¢ : Dy — D_; be the flow of X and, for p € M, denote by
I,:={tcR|pecD}
the maximal existence interval for the solution « of the initial value prob-

lem 4(t) = X (y(t)), 7(0) = p. We prove in three steps that X is complete.
Step 1. Let p € M and let T > 0 such that T|X (p)| < inj(p; M). Then

[—T,T] C Ip.

Define 7(t) := ¢'(p) for t € I,,. Since X is a Killing vector field, the diffeo-
morphism ¢! : D; — D_; is an isometry by Lemma 7.3.4, and hence

()] = [X (@' ()] = 1de" () X (p)| = | X ()],

for all t € I,. This implies d(p,v(t)) < t|X(p)| for all t € I, and hence ~
cannot leave the compact set Ur|x(y)(p) = {¢ € M |d(p,q) < T|X(p)|} on
any subinterval I C [-T,T]. Hence [-T,T] C I, by Corollary 2.4.15 and
this proves Step 1.

Step 2. Let pe M. Ift € R satisfies [tX (p)| < inj(p; M) and the sequence
of integers m; € Z is chosen such that

m;7 <t < (mz + 1)7’1', (7.3.24)

then ¢'(p) = lim; 0 @) " (p).

Let T > 0 such that T'|X(p)| < inj(p; M). Then [0,T] C I, by Step 1 and
the set
K:={¢'(p)|0<t<T}

is compact and |X(q)| = |X(p)| for all ¢ € K. By Lemma 4.2.7 there exists
a constant § > 0 such that, for all ¢, qg,q1 € M,

d
g€ K, d(g,q) <6, dlgq)<6 = 40 1) <2. (7.3.25)

|QO —Q1\

Fix a real number 0 < ¢ < 1 and choose iy € N such that, for all ¢ > 7,

Tl X(p)| <0, (T'+7)|X(p)| <inj(p; M), sup d(q, ¢i(q)) <9, (7.3.26)

¢ (q) —q

Ti

sup M - X(q)‘ <e, sup

X()| <e  (7.3.27)
qeK Ti qgeK
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Then, for all i > iy and all ¢ € K, we have d(q,¢"(q)) < 7| X(p)| < ¢

and d(q, ¢;(q)) < d by (7.3.26), and hence by (7.3.25) and (7.3.27),
sup d(¢i(q), ™ (q)) < 2sup|¢i(q) — ¢ (q)| < 47ie. (7.3.28)
qeEK qgeEK

Now choose a real number 0 <t¢ <7 and choose m; € Ny as in (7.3.24).
Then, for k =1,...,m; — 1 we have ¢*7(p) € K and hence

a( 6 ), o7 ()
< d(6:(6E @), 61(" () ) + (1 (" () 07 (6" (1) )
= (6 ), 0 (0) + A(6:(6" (1), 6™ (6" (1))
< (6 (), 6" () + drie.
Here the last inequality holds for i > ig by (7.3.28). By induction this implies
(6" (p), ™7 (p)) < 4miTie < 4Te
for all © > 7. Hence
lim ¢ (p) = lim ¢™7 (p) = ¢'(p)
and this proves Step 2 for ¢ > 0. For ¢ < 0 the argument is similar.

Step 3. I, =R for everyp € M.

Fix an element p € M and real number 7' > 0 such that T'| X (p)| < inj(p; M).
Choose the sequence m; € Ny such that ;m; < T < (m; + 1)7;. Then Step 2
asserts that ¢7 (p) = lim;_e0 )" (p). Since ¢ : M — M is an isometry, it
follows that T'| X (p)| < inj(¢;"*(p); M) for all i € N and hence

T|X(p)| < inj(¢" (p); M).
By Step 1 this implies [0, T] C Iyr . Hence [0,27] C I, and, by Step 2,
o™ (p) = lim 67" (" (p)).
Continue by induction to obtain for all £ € N that
T|X(p)| < inj(¢™ (p): M)
and hence [0, (k+1)T] C I, and
"I (p) = lim ¢} (6" (p)).
1—00

Thus [0, 00) C I, and the same argument shows that (—oo, 0] C I,. Hence X
is complete. This proves Step 3 and Lemma 7.3.11. O
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The next lemma establishes the smooth structure on Z(M), in analogy

to the proof of the Closed Subgroup Theorem 2.5.27.

Lemma 7.3.12. For every p € M the set I, is a smooth submanifold of G,
and its tangent space at (q, ®) € I, is given by

Tiq.0) Ly = {(X(q),dX(q)®) | X € Vectg (M)} . (7.3.29)

Proof. By Lemma 3.4.5 with R™ replaced by T,,M the tangent space of G,
at an element (¢, ®) € G, is given by

e T M ® € L(T,M,R"),
Tiq,0)9p = (G, ®) (1-1(g))® =h ( q)®, and . (7.3.30)
(® u<I)U>—|—<<I> Qv) =0V u,veT,M.

If (¢,®) € G, and X € Vect(M), then (1 —1II(q))dX (q)® = he(X(q))® by
the Gaufi—-Weingarten formula in Remark 5.2.5. Moreover, if X is a Killing
vector field, then (®u, dX (q)Pv) + (dX (q)Pu, Pv) = 0 for all u,v € T,M, so

~

it follows from (7.3.30) that the pair (g, ®) with § = X(q) and ® = dX (q)®
is a tangent vector of G, at (¢, ®).
Now abbreviate

1
k = dim (Vect g o(M)) < m(m;)

Fix an isometry ¢g : M — M and define

(q0, ®o) := (¢0(p), ddo(p)) = tp(¢0) € Lp.

We must construct a coordinate chart on G, in a neighborhood of the
point (qo, ®o) € Z, with values in an open set 2 C R that sends T, to the
intersection of Q with R¥ x {0}. For this we first choose a basis Y7,...,Y}
of Vectg (M) and then a basis n1 = (q1, 51), ceosme = (Qoy ‘/I\)g) of the tangent
space T{4,,9,)Yp such that

= dim(G,) =: £.

n = (@,%;) = (Y5 (60(p)), dY; (90(p))do(p) ), j=1,... ..
Next we choose any smooth map
RF G, (9Tt = (fF T Y
such that ¢(0) = (go, Po) and

oL = .
%(0,...,0):7]]-:(%,(1)]-), j=k+1,...,¢L
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For a complete Killing vector field X € Vectg (M) let ¢¥x € Z(M) be the
time-1 map of the flow of X and define the map O : R — G, by

ot,... 1) = <1/1X(q),dsz(q)¢>>,
X =ty + -+ t*Y;, (7.3.31)
(q,®) := L(tk—H, .. JZ)
for (tl, e ,té) € RY. Then
O(0) = ¢(0) = (g0, o) = t,(d0) € I
and
d@(O) (fl, ey t%) = 7?17]1 + -+ féng

for (£',...,#") € R®. Thus the derivative d©(0) : R — T4 5,)Gp is a bi-
jective linear map and so the Inverse Function Theorem asserts that the
map O restricts to a diffeomorphism from a sufficiently small open neigh-
borhood Q C R of the origin onto its image ¢(Q) C Gp, which is an open
neighborhood in G, of the point ©(0) = ¢,(¢0) € Z,,. With this understood,
the assertion that 7, is a smooth submanifold of G, is a direct consequence
of the following Claim.

Claim. There exists an open set Qo C RY such that
0€QCQ  OQNRx{0})=UNTL, U :=0(). (7.3.32)

Suppose, by contradiction, that such an open set 2y does not exist. Then
there exist sequences t; = (t!,...,t{) € R® and ¢; € T(M) such that

lim =0, i €Q)\ (R* x {0}),  O(t;) = tp(s) €T,
Define
Xi=tVi+ -+ Y%, (@, @) =0 (B8,
Then (¢x;(g:), dx; (¢:)®i) = O(ti) = 1p(¢i) = (#i(p), dgi(p)) and hence
g =(Wx 0d)(p), ;= dix,(q:)  di(p) = d(bx! © ¢i)(p).

Thus Lp(l/})_(il o) = (¢i, P;) = G)(O, e O,tfH, .. ,tf) is still a sequence in
the set ©(Q\ (R* x {0})) NZ, that converges to t,(¢o). Thus we may as-
sume without loss of generality that ¢} =2 = ... = tf =0 and so

u(ti) = (i), llggo tp(@i) = tp(¢o)- (7.3.33)
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Then ¢; o d)&l converges to the identity in the C'*° topology by Lemma 7.3.2.
Since ¢; # ¢g, we have

;0 gy ) (p)v — v
rim |Gioda)p) —p|+ sup 1401200 )@ vl

>0 (7.3.34)
0#£vET, M v

for all + by Lemma 5.1.10, and lim; o, 77 = 0. Hence, by Exercise 2.2.4 there
exists a tangent vector (vp, Ap) € T(»,1)9p and a subsequence, still denoted
by ¢;, such that, for all v € T, M,
1 _

i (P00 )P) =P _ v, lim d(¢i 0 ¢ ) (p)v — v

1—00 T; 1—00 T;

= Agv. (7.3.35)

It follows from (7.3.35) and Lemma 7.3.11 that there exists a complete
Killing vector field X € Vectg (M) such that

X(p) =vo,  dX(p)= Ao.

This vector field is nonzero because (vg, Ag) # 0 by (7.3.34). Moreover, by
equation (7.3.22) in Lemma 7.3.11, with ¢; replaced by ¢; o qﬁgl and the
pair (p,v) replaced by the pair (¢o(p), dpo(p)v), we obtain

X(éo(p)) = lim 2iP) = 02)

AX (6(p))dero(p)v = Tim 2212V = dbo(p)v

1—00 T;

)

for v € T, M. Since by (7.3.33) the sequence
(¢i(p), doi(p)) = 1p(9i) = ¢(t:)

converges to (¢o(p), dgo(p)) = ¢(0), the pair (X(¢o(p)),dX (¢o(p))d¢o(p))
belongs to the image of the derivative di(0) by Exercise 2.2.4, and hence

is a nonzero linear combination of the vectors ngy1,...,m¢. It is also a
linear combination of the vectors 7y, ..., ng, because X is a complete Killing
vector field and so is a linear combination of the vector fields Yy, ..., Y%.
This is a contradiction, and this contradiction proves the Claim. Thus there
does, after all, exist an open set Qg C R’ that satisfies (7.3.32), and the
map O~ ! : Uy — Qg is then a coordinate chart on G, which satisfies

0 YUy NT,) = Qo N (RF x {0}).

Hence Z,, is a submanifold of G, and this proves Lemma 7.3.12. O
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Proof of Theorem 7.5.1. By Lemma 7.3.3 and Lemma 7.3.12 there exists
a unique smooth structure on Z(M) such that the map ¢, : Z(M) — G,
in (7.3.3) is an embedding for every p € M. That the topology induced
by this smooth structure agrees with the C*° topology was established in
Lemma 7.3.2. That it also agrees with the compact open topology (i.e. with
the CY topology of uniform convergence on conpact sets) is the content of
Exercise 5.1.11. This proves part (i).
We prove part (ii). Recall the definition of the map

FMxI1I—-1T

in (7.3.8) and the target map ¢ : G — M, the inverse map i : G — G, and the
composition map m : (s x t)"'(A) — G in the beginning of §7.3.1. These
maps are all smooth and turn Z into a smooth subgroupoid of G. For
each p € M they endow the submanifold Z, C G, with the structure of a Lie
group as follows. The unit is the element

ep = (p,1) €L, (7.3.36)

The product is the map my, : Z,, x Z,, = Z,, defined by

(myp(n,€),p) = m<f(t(€,p)7 (n,p)), (&p)) (7.3.37)

for £, € Z,,, and the inverse map is the involution i, : Z,, — 7, defined by

(ip(€),p) == F(p,i(&,p)) (7.3.38)

for £ € 7, The maps m, in (7.3.37) and 4, in (7.3.38) are smooth by
definition. To show that they define a group structure and that the map

tp:I(M)—1I,
in (7.3.3) is a group isomorphism, we must verify the identities

p(id) = ep,
myp(tp(¥), 1p(9)) = tp(1h 0 @), (7.3.39)
ip(tp(9)) = Lp(‘lrl)
for all ¢,v € Z(p). The first equation in (7.3.39) follows directly from the

definitions. To prove the remaining equations, fix two isometries ¢ and ¥
and define £, 7, ¢ € Z, by

E=0(0),  n=up@), =)
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Then, by the chain rule,

(6:p) = (V(6), d(6(p))ds (). )
= m((¥(6(p). dv(6(p), 6(p)). (#(p). (). p))
= m(F (o), ((p), d(p),p)), (6(p), do(p). p) )
)):

Zm(f(t(f,p%(n (£,p))
= (mp(nvg)vp)‘

Here the last equality follows from the definition of the map m,, in (7.3.37).
This proves the second equation in (7.3.39).
To verify the third equation in (7.3.39), we compute

Here the last equality follows from the definition of the map i, in (7.3.38).
This proves the third equation in (7.3.39) and part (ii).

That the Lie algebra of Z,, is isomorphic to the space Vecty (M) of
complete Killing vector fields under the Lie algebra isomorphism

VeCtKVC(M) — TepIp X = (X(p)adX(p))

follows from Lemma 7.3.12. This proves part (iii) and Theorem 7.3.1. [

Corollary 7.3.13. Let (p,e) € O(M). Then there exists a constant € > 0
with the following significance. If ¢ : M — M is an isometry that satisfies

d(p,¢(p)) <&,  |e—do(p)elgnxm <e,

then there exists a complete Killing vector field X € Vectg (M) whose flow
has the time-1-map Yx = ¢.

Proof. Use the construction of the map © : Q — G, and the Claim in the
proof of Lemma 7.3.12 with ¢g = id to obtain ¢ € ©(Q N (R* x {0})). O
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7.3.5 Examples and Exercises

Throughout we denote by Zo(M) C Z(M) the connected component of the
identity in the group of isometries of a Riemannian manifold M.

Example 7.3.14. The isometry group of R™ is the group of all affine trans-
formations of R with orthogonal linear part (Exercise 5.1.4).

Example 7.3.15. We have seen in Example 6.4.16 that the isometry group
of the m-sphere S™ C R™*! is the group Z(S™) = O(m + 1) of orthog-
onal transformations of the ambient space. In the case m = 2 a theorem
of Smale [72] asserts that the inclusion O(3) = Z(S?) < Diff(S?) of the
isometry group of the 2-sphere into the infinite-dimensional group of all
diffeomorphisms of the 2-sphere is a homotopy equivalence.

Example 7.3.16. In §6.4.3 we have introduced the hyperbolic space H". Its
isometry group is the group Z(H") = O(m, 1) of all linear transformations
of R™*! that preserve the quadratic form @ in (6.4.9) (Exercise 6.4.25). In
the case m = 2 the identity component of this group is isomorphic to the Lie
group PSL(2,R) = SL(2,R)/{£1}. Geometrically this can be understood by
examining the upper half space model of H? (Exercise 6.4.27).

The preceding three examples are the constant sectional curvature man-
ifolds discussed in §6.2 and §6.4. In all three cases the isometry group has
the maximal dimension dim(Z(M)) = m(m + 1)/2 and is diffeomorphic to
the orthonormal frame bundle O(M), so these examples satisfy the con-
dition Z, = G, in the notation of §7.3.1. By Corollary 6.4.13 a complete,
connected, simply connected manifold M satisfies Z,, = G, if and only if it
has constant sectional curvature.

Exercise 7.3.17. Consider the incomplete 2-manifolds
My :=R*\{(0,0)},  M;:=R*\Z"

Prove that for i = 0, 1 every isometry of M; extends to an isometry of R? and
so Z(M;) is a subgroup of the Lie group Z(R?) of affine maps with orthogonal
linear part (Example 7.3.14). The isometry group of Mj is isomorphic to
the Lie group O(2). The isometry group of M is discrete and is an example
of a so-called wallpaper group (of which there are 17). The Lie algebra
of Killing vector fields in both cases has dimension 3. Which Killing vector
fields are not complete? Hint: A Killing vector field on a connected open
set M C R? is a smooth map M — R? : (x,9) — (u(x,y),v(z,y)) that
satisfies the equations 0,u = 9yv = 0 and Jyu + 9,v = 0. Deduce that the
map (u,v) is affine and has a skew-symmetric linear part.
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Example 7.3.18. The identity component of the isometry group of the
complex projective space CP" (Example 2.8.5) with the Fubini-Study metric
(Example 3.7.5) is the group

To(CP™) = PSU(n + 1) = SU(n + 1)/Z(SU(n + 1)) = U(n + 1)/U(1).

Here Z(SU(n + 1)) = {A|A € ST, A" =1} =2 Z/(n 4+ 1)Z is the center
of the group SU(n + 1). We emphasize that the dimension n(n + 2) of
the isometry group Z(CP") is smaller than the dimension n(2n + 1) of the
orthonormal frame bundle O(CP") unless n =0 or n = 1.

In the case n =1 the projective line CP' is isometric to the 2-sphere
by stereographic projection (Exercise 2.8.13 and Example 3.7.5). Hence the
identity component PSU(2) of the isometry group of CP! is isomorphic to
the identity component SO(3) of the isometry group of S2. An explicit
isomorphism is discussed in Exercise 2.5.22.

The full isometry group Z(CP") has two connected components. In the
case n = 2 it is an open question whether the inclusion Z(CP?) «— Diff(CP?)
of the isometry group of CP? into the group of all diffeomorphisms of CP? is
a homotopy equivalence. By deep results of Gromov [21] and Taubes [74] a
positive answer to this question is equivalent to the assertion that the space
of symplectic forms on CP? in a fixed cohomology class is contractible (the
symplectic uniqueness conjecture for (CP2). It is not even known whether this
space is connected or, equivalently, whether every diffeomorphism of CP?
that induces the identity on cohomology is isotopic to the identity. For a
more detailed discussion see [67, Example 3.4] and [49, Example 13.4.1].

Example 7.3.19. The identity component Zy(S?x S?) of the isometry group
of the product manifold M = S? x S? is the product group SO(3) x SO(3).
In contrast to Smales’ Theorem the inclusion Zg(S? x S?) < Diffo(S? x S?)
into the group of diffeomorphisms of S? x S that are isotopic to the identity
is not a homotopy equivalence. For example, if ¢, : 52 — 52 denotes the
rotation about the axis through x € S? by the angle § € R/27Z and the
diffeomorphism g : S% x 2 — S? x §? is defined by

wg((l?,y) = <$,¢z79(y)), T,y € SQ;

then the loop R/277Z — Diffg(S? x S?) : 6 + 1y is not contractible and
neither is any of its iterates. Thus Diffo(5? x S?) has an infinite fundamental
group while the fundamental group of SO(3) x SO(3) is finite. For S? x S? it
is an open question whether every diffeomorphism that induces the identity
on cohomology is isotopic to the identity. For a more detailed discussion
see [67, Example 3.5] and [49, Example 13.4.2].
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7.4 Isometries of Compact Lie Groups*

In the following theorem we denote by Zo(M) the connected component of
the identity in the group of all isometries of a manifold M.

Theorem 7.4.1. Let G C GL(n,R) be a compact connected Lie group
equipped with a bi-invariant Riemannian metric. If ¢ € Zo(G), then there
exist elements a,b € G such that

o(9) = dap(g) = agb™? for all g € G. (7.4.1)

The proof of Theorem 7.4.1 makes use of the Killing form introduced in
Example 5.2.25. Recall the definition of the center Z(g) in Exercise 2.5.34
and of the commutant [g,g] C g in Exercise 5.2.24. The heart of the proof
is Lemma 7.4.3. The case where the Lie algebra has a nontrivial center is
then dealt with in Lemma 7.4.5.

Lemma 7.4.2. Let g be a finite-dimensional Lie algebra that admits an
invariant inner product and has a trivial center. Then the Killing form on g
1s nondegenerate.

Proof. Exercise 5.2.27. O

Lemma 7.4.3. Let g be a finite-dimensional Lie algebra and assume that
the Killing form on g is nondegenerate. Then the following holds.

(i) Z(g) = {0} and [g, 9] = o.
(ii) The Lie algebra homomorphism ad : g — Der(g) is bijective.
(iii) Fvery derivation ¢ : g — g has trace zero.

(iv) Let 6 : g — g be a linear map such that, for all {,n,¢ € g,

8[[€, ], <] = [[6€, ], ¢] + [[€, on], ¢] + [[€, ], 6¢]. (7.4.2)

Then there exists a unique element {s € g such that 0§ = [£5,€] for all € € g.

Proof. We prove part (i). If £ € Z(g), then ad(§) = 0, hence x(&,n) = 0 for
all n € g, and hence £ = 0 by nondegeneracy of the Killing form. To prove
that [g, g] = g, assume that A : g — R is any linear functional that vanishes
on the commutant [g, g]. Since the Killing form is nondegenerate, there exists
an element ¢ € g such that A = k(¢,-). Hence 0 = k((, &, 1)) = &([¢, €], n)
for all ¢,n € g. Since the Killing form is nondegenerate, this implies [(,£] = 0
for all £ € g, hence ¢ € Z(g), hence ¢ = 0, and hence A = 0. This proves (i).
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We prove part (ii). The map ad: g — Der(g) is injective by part (i).
Choose a basis &1,...,& of g. Since the Killing form is nondegenerate,
there exists a dual basis 71, ...,n; of g such that x(&,n;) = d;; for all i, j.
These bases satisfy ( = >, k(n;, ()& for all ( € g. Now let 0 € Der(g) and
define & := )", trace(d ad(&;))n; € g. Then, for all ¢ € g, we have

trace(dad(¢)) = Z K(ni, Otrace(dad(&;)) = k(&, ¢) = trace(ad(£)ad(C)).
Thus the derivation ¢ := § — ad(§) satisfies trace(e ad(¢)) = 0 for all ¢ € g.
Since [e,ad(n)] = ad(en), this implies

r(en, ¢) = trace(ad(en)ad(¢)) = trace([e, ad(n)]ad(())
= trace(e[ad(n), ad(¢)]) = trace(cad([n,¢])) =0

for all n,{ € g. Hence € =0 by nondegeneracy of the Killing form and
hence 0 = ad(&). This proves (ii).

We prove part (iii). Since trace(ad([¢,n])) = trace([ad(&),ad(n)]) = 0 for
all £,n € g and [g, g] = g by part (i), we have trace(ad(§)) = 0 for all £ € g.
Hence (iii) follows from part (ii).

We prove part (iv). Define the bilinear map Bs : g X g — g by

for £,n € g. Then equation (7.4.2) can be expressed in the form

for €,m,¢ € g. By part (i) there exists a basis of g consisting of vectors of the
form e; = [&;,n;]. Define the linear map As: g — g by Ase; := —Bs(&i,mi)-
Then Bs(e;, () = [Asei, ] for all ¢ and ¢ by (7.4.4). Hence

Bs(&,m) = [As&,m] = [€, Asn] (7.4.5)

for all £,n € g. Here the second equality holds by the skew-symmetry of Bs.
By the Jacobi identity and equations (7.4.4) and (7.4.5) we have
2[Bs(&,m), <] = [[€, Asnl, €] + [[46€, 7], €]
= —[[¢, €], Asn] — [[Asn, €], €] + [[As€, ], (]
= —B;([¢, €], m) — [Bs(n, ¢), €] + [[As&, ml, €]
= [Bs(¢,€),ml + Bs([n. <], &) + [[As€, 7], ¢]
= [[¢, As&], ] + [[n, €], As€] + [[As€,m].¢] =0

for all £&,n,¢ € g. Since Z(g) = {0} by part (i), we find that Bs(&,n) =0
for all £, € g, hence § is a derivation, and hence ¢ is in the image of the
map ad : g — Der(g) by part (ii). This proves (iv) and Lemma 7.4.3. O



364 CHAPTER 7. TOPICS IN GEOMETRY

Lemma 7.4.4. The assertion of Theorem 7.4.1 holds under the additional
assumption that the center of the Lie algebra g = Lie(G) is trivial.

Proof. Let ¢ € Zy(G) and choose a smooth isotopy [0,1] = Zp(G) : t — ¢,
joining the identity ¢g = id to ¢1 = ¢. For 0 <t < 1 define the diffeomor-
phism ¢, : G — G by 9:(g) := ¢:(1)"*¢¢(g9). Then each v is an isometry
and the path [0,1] — Zo(G) : t — 9 satisfies

1/)0 = lda q/)t(:[l) =1

for all . By Theorem 5.3.1 the derivatives W; := di/(1) : g — g preserve
the Riemann curvature tensor of G at 1 and by Example 5.2.18 (for the
standard metric on Lie subgroups of O(n)) and Exercise 5.2.22 (for general
bi-invariant Riemannian metrics) this translates into the condition

e[[€, m], ¢] = [[Weg, Wam), W] (7.4.6)

for all t and all £,n,{ € g. Hence the endomorphism d; := \11[1%‘1115 g—9
satisfies (7.4.2) for each ¢. Moreover, by Lemma 7.4.2 the Killing form on g
is nondegenerate. Hence it follows from Lemma 7.4.3 that there exists a
smooth path [0,1] — g : ¢ = & such that U; ' 4, = ad(¢) for all t. Thus

d
%\I/t = \Iltad(ft), \I/() =1 (747)
Now let [0,1] — G : ¢t — b; be the solution of the differential equation
ib = b bp =1 (7.4.8)
grot = Vst o =1, 4.

and define ®; := Ad(b;) (Example 2.5.23). Then %@t = ®,ad (&) for all ¢
and ®g = 1. Thus ®; = ¥, and so

Uyn = bynb; ! (7.4.9)

for all ¢ and n. Take t = 1, define b := by, and use Lemma 5.1.10 (uniqueness
of local isometries) to obtain 1 (g) = bgb~! for all g € G. Hence

#(g) = oMt (g) = H(M)bgb™" = agb™
for all g € G with a := ¢(1)b. This proves Lemma 7.4.4. O
We will denote by Zy(G) C Z(G) the connected component of 1 in the
center of G. Then Zy(G) C G is a compact connected abelian Lie subgroup

of G (Exercise 2.5.34). Since G is connected, its Lie algebra is the center
of g, i.e. Lie(Zy(G)) = Z(g).
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Lemma 7.4.5. Let G C GL(n,R) be a compact connected Lie group with a
bi-invariant Riemannian metric and let ¢ € Ty(G). Then

¢(hg) = ¢(gh) = ¢(9)h = ho(g) (7.4.10)
for all g € G and all h € Zp(G).

Proof. The proof relies on the following basic observations.
(a) Zy(G) is a compact connected Lie subgroup of G and Lie(Zy(G)) = Z(g).

(b) exp(€ + 1) = exp(§) exp(n) for all £, € Z(g).

(c) The exponential map exp : Z(g) — Zo(G) is surjective.

(d) A = {£€Z(g)| exp(§) = 1} is a discrete additive subgroup of Z(g)
which spans Z(g).

Part (a) was noted above, part (b) follows from Exercise 2.5.39 because the
Lie algebra Z(g) is commutative, and part (c) follows from the Hopf-Rinow
Theorem 4.6.6. That the set A is an additive subgroup of Z(g) follows
directly from (b). Moreover, by (a) and (b) the exponential map restricts to
a local diffeomorphism exp : Z(g) — Zp(G). Hence A is discrete and by (c)
the exponential map descends to a proper map from Z(g)/A onto Zy(G).
Since Zy(G) is compact, the lattice A spans the vector space Z(g).
Now assume ¢(1) = 1 and define ® := dp(1) : g — g. Then

¢(exp(§)) = exp(®E) (7.4.11)

for all £ € g by Corollary 5.3.3 and Example 5.2.18. Moreover, ® is an
orthogonal transformation of g that preserves the Riemann curvature tensor
(Theorem 5.3.1). Thus |[®, ]| = |[£, ]| for all {,n € g by Example 5.2.18.
So, if £ € Z(g), then [¢,n] =0 for all n, hence [®&, Pn] =0 for all n, and
hence ®¢ € Z(g). This shows that

oZ(g) = Z(g). (7.4.12)

By (7.4.11) and (7.4.12) we have £ € A if and only if ¢(exp(§)) = 1 if and
only if exp(®¢) = 1 if and only if ®¢ € A, so that PA = A. Since ¢ is isotopic
to the identity through isometries, by assumption, there exists a smooth
path of orthogonal transformations ®; of g from &3 =1 to ®; = ® that
satisfy ®;A = A for all t. Thus ®¢ = ¢ for all £ € A and so for all £ € Z(g)
because the lattice spans the subspace Z(g) by (d). Hence, by (7.4.11)
and (c), we obtain ¢(h) = h for all h € Zy(G) whenever ¢(1) = 1.

To prove equation (7.4.10) in general, fix an element g € G and define the
diffeomorphism ¢, : G — G by ¢4(h) := ¢(g) L¢(gh) for h € G. Then ¢, is
an isometry and ¢4(1) = 1. Moreover, ¢4 € Zo(G), because G is connected.
Hence ¢4(h) = h for all h € Zy(G) and this proves Lemma 7.4.5. O
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Proof of Theorem 7.4.1. Let ¢ € Zo(G). By Lemma 7.4.5, ¢ descends to a
diffeomorphism ¢ : G — G of the quotient group

G :=G/Zy(G).
The Lie algebra of G is the quotient space

§:=9/2Z(g) = Z(g)*

and the invariant inner product on g restricts to an invariant inner product
on the orthogonal complement of Z(g). This defines a bi-invariant Rie-
mannian metric on G. The diffeomorphism ¢ is an isometry with respect
to this metric, because the derivative d¢(g) : T,G — Ty G is an orthog-
onal transformation, which by (7.4.10) sends a tangent vector gn € T,G
with n € Z(g) to do(g)gn = #(g)n € Ty G, and hence it sends the sub-
space gZ(g)t C T,G to ¢(g9)Z(g)" C Ty(y)G. Apply Lemma 7.4.4 to the
isometry ¢ to obtain elements a,b € G whose equivalence classes a,b € G
satisfy ¢(g) = agb~! for all g € G. This implies

alg) = a~'g(g)bg ™! € Zo(G) (7.4.13)
for all g € G. Moreover, it follows from Lemma 7.4.5 that
a(gh) = a(g) (7.4.14)
for all g € G and all h € Zy(g). Now define the isometry ¢ : G — G by
U(g) == a"'p(9)b = alg)g (7.4.15)
for g € G. Fix an element g € G and define the linear maps A,V : g — g by
AL = a(g)Mda(g)g, &= (g)  dib(g)gé (7.4.16)

for € € g. Then ¥ =id + A by (7.4.15) and the map A vanishes on Z(g)
by (7.4.14) and takes values in Z(g) by (7.4.13). Since VU is an orthogonal
transformation, this implies

U=id, A=0.

Hence it follows from the definition of the linear map A in (7.4.16) that the
map «: G — Zy(G) in (7.4.13) is constant. Thus

¢(g) = a(D)agb™"

for all g € G, and this proves Theorem 7.4.1. O
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Corollary 7.4.6. Let G be a compact connected Lie group equipped with
a bi-invariant Riemannian metric. Then the map (a,b) — ¢qp in Theo-
rem 7.4.1 descends to a Lie Group isomorphism

G (G x G)/Z(G) = To(G). (7.4.17)

Proof. Themap G x G = Zy(G) : (a,b) — ¢4, is a group homomorphism by
definition, is smooth by Theorem 7.3.1, and is surjective by Theorem 7.4.1.
Moreover, ¢, is the identity if and only if a = b € Z(G). Hence the map pg
in (7.4.17) is a Lie group isomorphism, with the smooth structure on the
quotient group (G x G)/Z(G) determined by Theorem 2.9.14. This proves
Corollary 7.4.6. O

Example 7.4.7. Theorem 7.4.1 establishes a one-to-one correspondence
between isometries ¢ € Zy(G) that satisfy ¢(1) = 1 (the case a = b) and Lie
group automorphisms of G in the identity component. This correspondence
does not extend to other connected components.

For example, in the case G = T™ = R"/Z" the group of automorphisms
of T" is the infinite group Aut(T™) = GL(n,Z) of integer matrices with
determinant +1, while the group of isometries that fix the origin is the
finite subgroup O(n,Z) C GL(n,Z) of orthogonal integer matrices. Also,
if G is not abelian, then the isometry G — G : g — g~ ! is not a Lie group
automorphism, but a Lie group anti-automorphism.

Exercise 7.4.8. Examine the case G = SU(2) (Example 2.5.21) and deduce
that there exists a Lie group isomorphism

SO(4) = (SU(2) x SU(2))/{+1}.

Exercise 7.4.9. Let G be a compact Lie group equipped with a bi-invariant
Riemannian metric and let g := Lie(G). Show that the formula

[(6,8), (¢ 0] = (8¢ = ¢, [6,6] + ad([¢,¢']) ) (7.4.18)

for (,¢’ € g and 6,0’ € Der(g) defines a Lie bracket on g x Der(g). Show
that the map Vectx(G) — g x Der(g) : X — (X(1), VX (1)) identifies the
Lie algebra Vectx(G) = Lie(Z(G)) of Killing vector fields on G with the
Lie algebra g x Der(g). Show that the homomorphism (7.4.17) induces the
surjective Lie algebra homomorphism

g xg—gxDer(g):(§n)— (f — 1, 5ad(§ + n))7 (7.4.19)

whose kernel consist of all pairs (£,n) € g x g that satisfy £ =n € Z(g).
Show that dim(Der(g)) = dim(g) — dim(Z(g)).
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7.5 Convex Functions on Hadamard Manifolds*

The last two sections of this book are devoted to Donaldson’s beautiful
paper [17] in which he develops a differential geometric approach to Lie
algebra theory. The results of [17] will be explained in reverse order. The
first subsection examines the sphere at infinity of a Hadamard manifold M
and contains a proof of [17, Theorem 4], which asserts that every convex
function f : M — R that is invariant under the action of a Lie group G
by isometries must attain its minimum whenever the G-action has no fixed
point at infinity (§7.5.1). The next subsection deals with the special case
of [17, Theorem 3|, where M is the manifold of inner products on a vector
space V' on which a Lie group G C SL(V') acts irreducibly (§7.5.2). If G is
the identity component of the isotropy subgroup of a nonzero vector w € W
under a representation of the special linear group p : SL(V') — SL(W), then
by [17, Theorem 2| there exists an inner product on V for which the Lie
algebra g of G is symmetric (§7.5.3). This is used in [17, Theorem 1] in
the case where V = g is a simple Lie algebra, w is the Lie bracket, and G
is the identity component of the group of automorphisms of g, to establish
the existence of symmetric inner products on g and deduce various standard
results in Lie algebra theory. These applications to Lie algebra theory are
deferred to the next section.

7.5.1 Convex Functions and The Sphere at Infinity

Assume throughout that M is a Hadamard manifold, i.e. a nonempty, con-
nected, simply connected, complete Riemannian manifold with nonpositive
sectional curvature (Definition 6.5.1). For p € M denote the unit sphere in
the tangent space 1, M by

Sp:={veT,M||v|=1}.
Their union determines a submanifold SM := {(p,v) |p € M, v € Sp} of the
tangent bundle, called the unit sphere bundle.

Definition 7.5.1. Define an equivalence relation ~ on SM by
(p,v) ~ (¢, w) &1 sup d(exp, (tv), exp, (tw)) < oo (7.5.1)
>0
for (p,v),(q,w) € SM. The equivalence class of a pair (p,v) € SM will be
denoted by [p,v] == {(¢q,w) € SM | (q,w) ~ (p,v)} and the quotient space
Sac(M) = SM/~ = {[p,v] | (p,v) € SM}

is called the sphere at infinity of M.



7.5. CONVEX FUNCTIONS ON HADAMARD MANIFOLDS* 369

The following lemma shows that the map S, = Soo(M) : v+ [p,v] is
a homeomorphism with respect to the quotient topology on S. (M) for
every p € M (see [17, Lemma 3]).

expq(tw(R)/R)

Figure 7.1: The sphere at infinity.

Lemma 7.5.2. There exists a unique collection of maps Fyp, : Sp — Sy,
one for each pair of points p,q € M, such that

Foo)— i PR, ()

R—>00 |equ_1(expp(Rv))] (752)

for all p,g € M and all v e S,. Moreover, the convergence in (7.5.2) is
uniform on Sy, the maps F,, are homeomorphisms, and they satisfy

w = Fy,(v) = sup d(exp, (tv), exp, (tw)) < oo (7.5.3)
>0

for all (p,v), (q,w) € SM and
FryoFyy=F,y  Fp,=id (7.5.4)
for all p,q,r € M.

Proof. Let p,q € M and define the maps Fr g, : S, — Sq by

o expgl(expp(RU))
Frap(v) : |equ_1(expp(RU))|

(7.5.5)

for R > 0 and v € S,. We claim that, for all R > d(p,q) and all v € S),

9 d(p,q)
'W%FR’q’p(U) = RR—dpq))’ (756)
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To see this, fix an element v € S, and define the geodesic v : R — M
by 7(t) := exp,(tv). Define the curve w : R — T, M by w(t) := equ_l('y(t))
for t € R. Then Frgp(v) = w(R)/|w(R)| and hence

) C(R) / w(R) w(R) \ w(R)
R’ Rarl) = 1oR)) <rw<R>\’ |w<R>r> w(B)]

This is the orthogonal projection of the vector w(R)/|w(R)| onto the or-
thogonal complement of w(R). Hence its length connot decrease by adding
to it a scalar multiple of w(R), and so

| < ) ot

R Ran(v lw(R )y

Next we use the expanding property of the exponential map in Theorem 6.5.2
twice, namely first the inequality for the derivative in part (ii) at the point ¢
and then the inequality in part (iii) at the point v(R) (see Figure 7.1).
Define the tangent vectors vy, v, € Ty (ryM by

vy 1= —A(R) = — dexp, (w(R))i(R),

Vg 1= — exp, (tw(R)/R) = —dexp,(w(R))w(R)/R.

dt,_p

Then Theorem 6.5.2 yields the estimate
[w(R) — w(R)/R| < |dexpy(w(R))(w(R) — w(R)/R)| = vy — vg|- (7.5.8)

Also, exp(p)(svp) = exp,((R — $)v), exp.(r)(svq) = exp,((R — s)w(R)/R).
Take s = R — t and use Lemma 6.5.5 to obtain, for 0 <t < R,

vy — 0] < d(epr(tv),equ(tw(R)/R)) < d(p, Q)' (7.5.9)
R—1 R

Since d(p,v(R)) = R and d(q,v(R)) = |w(R)|, the triangle inequality yields

R —d(p,q) < |w(R)| < R+d(p,q). (7.5.10)
Combinig the inequalities (7.5.7), (7.5.8), (7.5.9), and (7.5.10) we find that

o WW(R)—w(B)/R| _p—vl _ dlp.g)
’81% Fraplv >’§ W®] - w®)] © RE-dpq)

This proves the estimate (7.5.6).



7.5. CONVEX FUNCTIONS ON HADAMARD MANIFOLDS* 371

It follows from (7.5.6) by integrating from a fixed number R > d(p, q)
to infinity that the maps Fr 4, : Sp — Sy converge to a map Fy ) : S, — Sy
as R tends to infinity and that

> d(p,q) _ R
fgg) [Fyp(v) = Frgp(v)| < /R T —dpd) dr = log <R e q)>

for all R > d(p,q). Thus the convergence is uniform and hence the limit
map [y, is continuous.
Next we prove (7.5.3). Let p,q € M and v € S,. Then

w(R w(R
0= Fopl0) = Jim Frasfo) = Jim coie = fim “
Here the third equality follows from (7.5.5) and the definition of the vec-
tor w(R) = exp, ' (exp,(Rv)), and the last equality follows from (7.5.10).
Hence exp, (tw) = limg o exp,(tw(R)/R), and so it follows from (7.5.9) by
taking the limit R — oo that d(exp,(tv),exp,(tw)) < d(p,q) for all t > 0.
This proves “ = ” in (7.5.3). The converse implication follows from the
fact that, by Theorem 6.5.2, there can be at most one tangent vector w € Sy
satisfying sup;. o d(exp,(tv), exp,(tw)) < co. Thus we have proved that the
maps Fy, 1 Sp — Sg in (7.5.2) satisfy (7.5.3). That they also satisfy (7.5.4)
follows directly from (7.5.3) and the fact that (7.5.1) defines an equivalence
relation on SM. Hence each map F,, : S, — S, is a homeomorphism with
the inverse F}, ; : Sq — S, and this proves Lemma 7.5.2. O

Lemma 7.5.3. If o € Z(M), p,q € M, and v € Sy, then

Fy(q).6(0) © d0(p) = dd(q) © Fyp : Sp — Sp(q)- (7.5.11)

Thus the group of isometries of M acts continuously on the sphere at infinity

via Z(M) X Seo(M) = Seo(M) = (¢, [p,v]) = ¢«[p, v] := [6(p), do(p)v]-

Proof. Since ¢ is an isometry it satisfies ¢ o exp, = expy() odp(q) for
all ¢ € M by Corollary 5.3.3. Hence

() (exp;* (expy(Rr)) ) = expyh (0(exp, (R)))
= equ;(lq) (exp¢>(p) (R dgf)(p)v))

and so d¢(q) o Frgp = FRré(q),6(0) © do(p) for all p,qg € M and all R > 0.
Divide by the norm and take the limit R — oo to obtain (7.5.11). This
proves Lemma 7.5.3. ]
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Definition 7.5.4. Let G C GL(n,R) be a Lie group. A G-action on M
by isometries is a Lie group homomorphism

G —=I(M):g— ¢qg,

i.e. the map G x M — M : (g,p) — ¢q4(p) is a smooth group action (Defi-
nition 2.5.40) and the map ¢4 : M — M is an isometry for each g € G. In
this situation we say that the G action has a fixed point iff there exists an
element p € M such that

bg(p) =p

for all g € G. We say that the G-action has a fixed point at infinity iff
the induced G-action on the sphere at infinity has a fixed point, i.e. there
exist elements p € M and v € S, such that

d¢g(p)7} = Fzz)g(p),p(v)

forall g € G. If such a pair (p,v) € S(M) does not exist, we say that the G-
action has no fixed point at infinity.

Definition 7.5.5. A smooth function f : M — R is called convex iff the
function foy:R — R is convex for every geodesic v : R — M.

With these preparations in place we are ready to state the following exis-
tence theorem for critical points of a convex function (see [17, Theorem 4]).

Theorem 7.5.6 (Donaldson). Let M be a Hadamard manifold equipped
with a smooth action G — Z(M) : g — ¢4 of a Lie group G by isometries,
let K be a compact subgroup of G, and let f: M — R be a convexr function
such that

fodg=1Ff

for all g € G. Assume that the G-action has no fized point at infinity. Then
there exists an element pg € M such that

f(po) = inf f(p), bu(po) =po  for allu € K. (7.5.12)
peEM

As pointed out in [17], similar results can be found in the works of
Bishop—O’Neill [7] and Bridson-Haefliger [11, Lemma 8.26]. We remark
that the compactness of the subgroup K C G is only needed for an appeal to
Cartan’s Fixed Point Theorem 6.5.6. If we assume instead that the action
of K on M has a fixed point, compactness is not required. The proof of
Theorem 7.5.6 is based in the following lemma (see [17, Lemma 5]).
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Lemma 7.5.7. Let p; be a sequence in M such that lim;_,oc d(p,p;) = 00
for some (and hence every) p € M. Let T C Z(M) be a collection of
isometries of M such that sup; d(pi, ¢(pi)) < oo for all ¢ € Z. Then the
isometries in L have a common fized point at infinity, i.e. there exists an
element [p,v] € Soo (M) such that ¢«[p,v] = [p,v] for all ¢ € T.

Proof. Fix an element p € M and define

-1
exp, (pi) _

v 1= %, R; := \exppl(pi)| = d(p,pi), (7.5.13)

(]
for each ¢ € N such that p; # p. Passing to a subsequence, if necessary, we
may assume that p; # p for all i € N and that the limit v := lim; ;oo v; € 5,
exists. We will prove that dé(p)v = Fy,) p(v) for all ¢ € Z. To see this,

let ¢ € Z, choose ¢ > 0 such that d(p;, ¢(p;)) < ¢ for all 7, and define

ex ~1 i
o= S0 e (000) = 000,

Since exp,,(Rjv;) = ¢(p;) and exp,(R;v;) = p;, Theorem 6.5.2 asserts that

|Riv; — Rjv;| < d(pi, d(pi)) < ¢

for all 7. Since |R; — R]| < ¢ by the triangle inequality, it follows that

| | < 2¢
v — v < —
K3 R’L
and hence
lim R} = oo, lim v} = lim v; = v.

Since exp,(Rjv;) = ¢(p;), this implies

ot Rt -1 :
Fyp(0) = lim Pa D)) - expy (900)

im0 Jexpy ' (exp,(Riv)))| 1= [expg ! (¢(py))]

for all ¢ € M. Take ¢ = ¢(p) and use the identity exp;(lp) o¢ = d¢(p)oexp, 1
and equation (7.5.13) to obtain

. dg(p)exp, l(pi) o

Hence ¢.[p,v] = [p,v] for all ¢ € Z and this proves Lemma 7.5.7. O
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The next step in the proof of Theorem 7.5.6 is to examine the gradient
flow of the convex function f: M — R. The flow equation has the form

Y(t) ==V f(v(1)), (7.5.14)

where the gradient vector field is defined by (V f(p),v) := df (p)v for p € M
and v € T,M. An important consequence of convexity is that the distance
between any two solutions of the gradient flow equation is nonincreasing.
This is the content of the next lemma (see [17, Lemma 6]).

Lemma 7.5.8. Let f: M — R be a smooth function. Then f is convex if
and only if it satisfies the condition

(VWuVf(p),v) =0 (7.5.15)

forallp € M and all v € T,M. If f is convex, then the following holds.

(i) Equation (7.5.14) has a solution vy : [0,00) — M on the entire positive
real azxis for every initial condition (0) = pp.

(ii) Let 7o : [0,00) = M and 71 : [0,00) = M be two solutions of (7.5.14).
Then the function [0,00) — R : t — d(t) := d(vo(t),71(t)) is nonincreasing.

Proof. Let v: R — M be a geodesic. Then fo~:R — R is convex if and
only if
d? d

0< @f@(t)) = %

for all ¢. This holds for all geodesics if and only if f satisfies (7.5.15). In the
remainder of the proof we assume that f is convex.
Let po € M and for T' > 0 define

(V1) 5(1) = (Vo VL (r(0),4(8))

Kr :={p &€ M|d(po,p) < T|Vf(po)l}-

This set is compact because M is complete. Now let v : [0,7) — M be the
solution of (7.5.14) with v(0) = po on some time interval [0,7). Then

CIVIO)P =2(%V (), V() = 2 (%9 (),4) <0

by (7.5.15). Thus the function ¢ — |V f(v(t))| = |¥(¢)| is nonincreasing and
so y(t) € Ky for 0 < t < T. Since Kp is a compact subset of M, the
solution 7 extends to a longer time interval [0,7 + §) for some 6 > 0 by
Corollary 2.4.15. Since T' > 0 was chosen arbitrary, this proves (i).
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We prove part (ii). Assume without loss of generality that v(0) # v1(0)
and so Yo(t) # v (t) for all ¢. For t > 0 let [0,1] — M : s — ~(s,t)
be the unique geodesic that satisfies (0,t) = ~vo(t) and ~(1,t) = 1 (¢).
Then d(t) = d(yo(t),71(t)) = L(v(-,t)) = |0s7(s, )| for all s,t and hence

j _ ! <8S’Y(S7t)vvtas'7(s7t>> _ L ! g s s s

_ _d(lt)(@ﬂa,t),v FO(1L1) = (0:(0,6), VF(1(0,))))

1

1
— _d(t)/o (01(5,), V(s f (7 (s, 1)) ds < 0

by (7.5.15). This proves (ii) and Lemma 7.5.8. O

Lemma 7.5.9. Let f: M — R be a convex function that has a critical
point peo. Then f(p) > f(poo) =: ¢ for all p € M, and the set Cy := f~1(c)
of minima of f is geodesically convex.

Proof. Let p € M and let v :[0,1] — M be the unique geodesic with the
endpoints ¥(0) = pe and (1) = p. Then := fo~:[0,1] — R is a convex
function satisfying 3(0) = f(pss) = ¢ and 3(0) = 0, hence S(t) > ¢ for all ¢,
and so f(p) = (1) > ¢. Thus f attains its minimum at pe.

Now let pg, p1 € Cyandlety : [0,1] = M be the unique geodesic with the
endpoints y(0) = pp and (1) = p;. Then the function 8 := fovy:[0,1] - R
is convex, satisfies 3(0) = §(1) = ¢, and takes values in the interval [c, 00).
Hence 8 = ¢ and so (t) € Cy for all t. This proves Lemma 7.5.9. O

Proof of Theorem 7.5.6. Choose an element py € M and let 7 : [0,00) — M
be the unique solution of equation (7.5.14) that satisfies the initial condi-
tion (0) = pp. Assume first that

sup d(po, ¥(t)) = oo (7.5.16)
>0
and choose a sequence t; — oo such that lim; o d(po,y(t;)) = oco. Now

let g€ G. Since ¢4: M — M is an isometry and fo ¢, = f, it follows
that doy(p)V f(p) = Vf(¢4(p)) for all p € M (Exercise: Prove this.) Hence
the curve [0,00) — M : t — ¢4(y(t)) is another solution of equation (7.5.14)
and hence d(y(;), ¢¢(Y(t:))) < d(po, pg(po)) for all i and all g € G by part (ii)
of Lemma 7.5.8. Hence Lemma 7.5.7 asserts that there exists a (p,v) € SM
such that dgy(p)v = Fy (p)p(v) for all g € G, in contracdiction to our as-
sumption that the G-action has no fixed point at infinity.



376 CHAPTER 7. TOPICS IN GEOMETRY

This shows that our assumption (7.5.16) must have been wrong. Thus

sup d(po,7y(t)) =: R < o0,
>0

and so our solution v : [0,00) — M of (7.5.14) takes values in the compact
set B := {p € M |d(po,p) < R}. Since the function ¢t — f((¢)) is non-
increasing, this implies that the limit

c:= lim f(y(t)) > min f(p) (7.5.17)

t—o00 pEB

exists and is a real number (and not —oc). Since & f(y(t)) = —|V f(y(t))|?
and the function ¢ — f(v(t)) is bounded below by ¢, there must exist a
sequence t; — oo such that

lim V f(~(t;)) = 0. (7.5.18)

i—>00
Since 7(t;) € B for all i, we may also assume that the limit

Doo := lim ~(t;) (7.5.19)
1—>00

exists (after passing to a subsequence, if necessary). This limit is a critical
point of f by (7.5.18), and f(pso) = ¢ by (7.5.17). Hence, by Lemma 7.5.9, f
attains its minimum at p., and the set Cy := {p € M | f(p) = ¢} of minima
of f is geodesically convex. We must find an element of C; that is fixed
under the action of K. By Cartan’s Fixed Point Theorem 6.5.6 there exists
a ¢ € M such that ¢,(¢) = ¢ for all uw € K. Since M is complete and C} is
a nonempty closed subset of M, there exists an element pg € C'y such that

d(q,po) = piencf,f d(q,p) =: 6. (7.5.20)

We claim that ¢, (pg) = po for all u € K. To see this, fix an element u € K,
let v :[0,1] — M be the geodesic joining v(0) = pp to (1) = ¢u(po), and
denote by m := 7(1/2) the midpoint of this geodesic. Then Lemma 6.5.7
asserts that

d(p(), ¢u(p0))2

2 < d(q, po)* + d(q; ¢u(po))*. (7.5.21)

2d(q,m)? +
Since ¢, (q) = q and ¢,, is an isometry, we have d(q, ¢(po)) = d(q,po) = 0,
and since Cf is geodesically convex, we have m € Cy and so d(g,m) > 4.
Hence it follows from (7.5.21) that pg = ¢4 (po). This shows that py € Cf is
a fixed point for the action of K on M and proves Theoren 7.5.6. O
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Example 7.5.10. To illustrate the argument in the proof of Theorem 7.5.6,
take M = C with the standard flat metric. Then the equivalence relation
on the sphere bundle SM = C x S! is given by translation in C and so the
sphere at infinity is S, (M) = S'. The orthogonal group G = O(2) acts by
isometries on M and has no fixed point at infinity. The subgroup K = Z/27Z
acts by complex conjugation and its fixed point set is the real axis. Choose
a smooth convex function h : R — R that vanishes on the interval [—1, 1]
and is positive elsewhere. Then the function f(z) := h(]z]|) is convex and G-
invariant and the set C'y of minima of f is the closed unit disc in C. If ¢ = 2
is the fixed point of the K-action chosen in the proof, then py =1 € Cy.
If G = K = Z/2Z, then +1 are the fixed points at infinity and f(z) := eRe(®)
is convex and G-invariant, but does not take on its infimum.

Example 7.5.11 ([17]). Consider the case where M = D™ is the Poincaré
model of hyperbolic space (Exercise 6.4.22). Then the sphere at infinity
is the boundary dD™ = S™~! (Exercise 6.4.24). If the convex function f
extends continuously to the closed ball and does not take on its minimum
in M, then it attains its minimum at a unique point on the boundary,
because any two boundary points are the asymptotic limits of a geodesic
in M. Hence the minimum on the boundary is fixed under the action of any
Lie group on M by isometries, that leave f invariant. This is reminiscent of
the Kempf Uniqueness Theorem in GIT (see [37] and [20, Theorem 10.2]),
where M = G/K is associated to the complexification G of a compact Lie
group K and f is the Kempf-Ness function (see [38, 53] and [20, §4]).

7.5.2 Inner Products and Weighted Flags

We will now turn to a specific example, where the Hadamard manifold is the
space of positive definite symmetric matrices with determinant one (§6.5.3).
Following [17], we choose a finite-dimensional real vector space V' equipped
with a fixed inner product (-,-). Then every inner product on V has the
form (v,v')p := (v, P~1') for some self-adjoint positive definite automor-
phism P. Denote the set of such automorphisms with determinant one by

Po(V):={P €End(V)|P*=P >0, det(P) =1}. (7.5.22)

Here P* € End(V) is defined by (v, P*v) := (Pv,v’) for v,v" € V, and the
notation “P > 0” means (v, Pv) > 0 for all v € V'\ {0}. Thus Z;(V) is a
codimension-1 submanifold of the space of self-adjoint endomorphisms of V.
Its tangent space at P € (V) is given by

TpPy(V) :={P € End(V) | P = P*, trace(PP™) =0}.  (7.5.23)
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The Riemannian metric on Zy(V) is defined by

|P|p = \/trace(ﬁP—IﬁP—l) (7.5.24)

for P € Zy(V) and P € TpZy(V) as in §6.5.3, and so (V') is a Hadamard
manifold by Theorem 6.5.10. For P € TpZy(V) the endomorphism pp-1
is self-adjoint with respect to the inner product (-, P~!.) on V.

The group SL(V) C GL(V) of automorphisms of V' with determinant
one acts on (V) by the isometries ¢4(P) := gPg* for g € SL(V'). The
isotropy subgroup of 1€ Z2)(V) is the special orthogonal group SO(V').
The action of a subgroup G C SL(V') on V is called irreducible iff there
does not exist a linear subspace E C V, other than E = {0} and E =1V,
such that gF = F for all g € G. This notion can be used to carry over the
general existence theorem in §7.5.1 for critical points of a convex function
to the present setting (see [17, Theorem 3]).

Theorem 7.5.12 (Donaldson). Let G C SL(V) be a Lie subgroup such
that the action of G on V is irreducible. Let K C G be a compact subgroup
and let f: Py(V) — R be a convex function such that f(gPg*) = f(P) for
all g € G and all P € Py(V'). Then there exists a Py € Py(V) such that

Py)) = inf P), Pyu* = P, llueK. 7.5.25
f(Po) Pe};}o(V)f( ) uPyu o for all u ( )

The goal will be to deduce Theorem 7.5.12 from Theorem 7.5.6. Thus
we must understand the sphere at infinity of the space Z,(V'). This will be
accomplished with the help of the following definition.

Definition 7.5.13. A weighted flag in V is a pair (F,pn), where F is a
finite sequence of linear suspaces

{O}:F(]CFICFQC"'CFT»:V

such that n; == dim(F;)/dim(F;—1) >0 for i=1,...,7, and p is a finite
sequence of real numbers p1 > po > -+ > u, satisfying the conditions

Zn,u =0, ini,u? = 1. (7.5.26)
i=1 i=1

Let F = (V) be the set of weighted flags. The group SL(V') acts on .F (V)
by g (F,p) := (93, pa)i for (F,p) = (Fis ps)i € F(V) and g € SL(V).
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For P € Z(V) the unit sphere in the tangent space Tp (V) is the set
Ip = {]3 — P* € End(V) ’trace(ﬁPil) =0, trace(ﬁPilﬁPfl) =1}.

Let P € P(V) and P € .#p. Then the endomorphism PP~ is self-adjoint
with respect to the inner product (-, P~1.) and hence has only real eigenval-
ues p1 > po > -+ > . For each i let F; C V be the eigenspace for u; and
define n; := dim(E;). Since trace(ﬁP_l) =0 and trace(ﬁP‘lﬁP_l) =1,
the p;, n; satisfy (7.5.26). The weighted flag of (P, ]3) is defined by

vp(P) = (F,p) = (Fy, ), (Fropir) € F(V), (7.5.27)

where F; ;= E1® Ey @ ---® E; for i =1,...,r. For each P € Zy(V) the
map tp : Sp — F(V) defined by (7.5.27) is bijective, and thus induces
a (compact, metrizable) topology on .% (V). This topology is independent
of P as the next lemma shows. The lemma also shows that the space of
weighted flags is the sphere at infinity (see [17, Lemma 4]).

Lemma 7.5.14. The equivalence relation in Definition 7.5.1 on the unit
sphere bundle SPy(V') is given by

~ ~

(P,P)~(Q,Q) <+  wp(P)=10(Q) (7.5.28)

for P,Q € Zy(V), Pe Ip, and Q € 0. Thus the map Fo p: Sp — S
as defined in Lemma 7.5.2 is given by Fop = (Q O[,]_Dl. Moreover, the

map SPo(V) = F(V): (P, P) Lp(ﬁ) is SL(V')-equivariant, i.e.
topgr(9Pg") = g 1p(P) (7.5.29)
Jor all P € 2y(V), all P € Zp, and all g € SL(V).

Proof. Since (¢Pg*)(gPg*)™' = g(]3P*1)g*1 forall P € .#pandg € SL(V),
equation (7.5.29) follows directly from the definitions. The proof that the
equivalence relation satisfies (7.5.28) rests on the following claims.

Claim 1. Let S € .7, let (F,pi)j_; = t1(S) be the flag associated to S,
and let h € SL(V') be an automorphism of V with determinant one such that

hF; = F; fori=1,... r (7.5.30)
Then (1, S) ~ (hh*, hSh*).

Claim 2. Let g € SL(V) and fiz any flag {0} =Fo CFA C---C F. =V.
Then there exist elements h € SL(V) and uw € SO(V) such that h satis-
fies (7.5.30) and g = hu.
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We prove, that these two claims imply (7.5.28). Fix any element S € .77,
let (Fi, pt3)i_; = t1(S) be the weighted flag of S, and let P € &,(V'). Choose
an element g € SL(V') such that g¢* = P, and choose u and h as in Claim 2.
Then hh* = P, and the pairs (P, P) := (hh*, hSh*) and (1,S) have the
same flag by (7.5.30) and are equivalent by Claim 1. Hence any pair (P, ]3)
is equivalent to (1,.5) if and only if it has the same flag. By transitivity of
the equivalence relation we deduce that (7.5.28) holds for all P,Q € Zy(V).

We prove Claim 2. Let F := ¢g7'F; and m; := dim(F;) fori=1,...,7.
Then choose orthonormal bases eq, ..., e, and €], ..., e/, of V such that for,
each 4, the vectors ey, ..., ey, form a basis of F; and the vectors e},..., e,
form a basis of F/. Define the orthogonal transformation u by ue} := e;
for i =1,...,m. It satisfies F] = w~'F; and hence gu™'F; = F; for all i.
Thus h := gu~! satisfies the requirements of Claim 2.

We prove Claim 1, following [17, Lemma 4]. Define the geodesics 7o, 71
in Z5(V') by v(t) = exp(tS) and v1(t) = hexp(tS)h* (see Lemma 6.5.18).
By equation (6.5.12) the square of their distance is given by

p(t) := d(exp(tS), hexp(tS)h*)? = trace ((1og (M(t)M(t)*))z) s
M (t) := exp(—tS/2)hexp(tS/2).

In the eigenspace decomposition V = Fy @ - - - @ E,. of the self-adjoint endo-
morphism S the automorphisms h and exp(tS/2) have the form

hii hi2 -+ hyy
B 0 ho ’
. hr—l , (7.5.32)
0 --- 0 .

exp(tS/2) = diag(ewl/Q]lEl,e“‘?/z]lEQ, ceey et“T/gllET).

Here the upper triangular form of A follows from (7.5.30). Hence

hii hia(t) -+ hy(t)
My =| O 2o , (7.5.33)
L Rl
0o ... 0 -

where h;j(t) := e_t(“i_“j)/thj for 1 <1i < j <r. Since p; > pj for i < j, it
follows that the limit My := limy_,o M (t) = diag(hi1,...,hy) exists and
is an invertible endomorphism of V. Hence the function p:[0,00) — R
in (7.5.31) is bounded. This proves Claim 1 and Lemma 7.5.14. O
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Proof of Theorem 7.5.12. Let G C SL(V) be a Lie subgroup which acts ir-
reducibly on V. Then G acts on &y(V) by isometries. By Lemma 7.5.14
the induced action on the sphere at infinity Soo(Fp(V)) = Z (V) is given
by G x F(V) = F(V) : (g, (Fi, ti)i=1,...r) — (9F3, pti)i=1,... . This action
has no fixed points because the action of G on V is irreducible and r > 2
for each weighted flag (Fj, pti)i=1,...r € # (V). Hence all the assertions of
Theorem 7.5.12 follow directly from Theorem 7.5.6 with M = Z,(V'). O

7.5.3 Lengths of Vectors

The material in this section goes back to ideas in geometric invariant theory
developed by Kempf-Ness [38], Ness [53], and Kirwan [40] in the complex
setting and by Richardson—Slodowy [59] and Marian [48] in the real setting.
We assume throughout that V, W are finite-dimensional real vector spaces
and p : SL(V) — SL(W) is a Lie group homomorphism. Note that every
Lie group homomorphism from GL(V') to GL(W) restricts to a Lie group
homomorphism from SL(V') to SL(WW), because every Lie group homomor-
phism from GL(V') to the multiplicative group of nonzero real numbers is
some power of the determinant.

Fix a nonzero vector w € W and denote by G, C SL(V) the connected
component of the identity in the isotropy subgroup of w, i.e.

3 a smooth path + : [0,1] — SL(V)
Gy := ¢ g € SL(V) | such that v(0) =1, v(1) = g, and . (7.5.34)
p(y({t))w=wfor 0 <t <1

By Theorem 2.5.27 this is a Lie subgroup of SL(V') with the Lie algebra
gw = {€€sl(V) | p(§w =0} .

There are many examples of this setup that are related to interesting ques-
tions in geometry. The vector space W can be the space of all symmetric
bilinear forms on V and w can be an inner product, in which case G, is
the special orthogonal group associated to the inner product, or w can be
the quadratic form (6.4.9), in which case G,, is the identity component of
the isometry group of hyperbolic space. Or W can be the space of skew-
symmetric bilinear forms on V and w a symplectic form, in which case Gy,
is the symplectic linear group. Or W can be the space of skew-symmetric
bilinear maps on V with values in V. Then w can be a cross product in
dimension three or seven, or w can be the Lie bracket of a Lie algebra g =V
and then Gy, is the identity component in the group of automorphisms of g.
The latter example will be examined in detail in §7.6.2. Of particular inter-
est are the cases where the group G,, is noncompact.



382 CHAPTER 7. TOPICS IN GEOMETRY

Definition 7.5.15. An inner product (-,-) on'V is called (p, w)-symmetric
iff the Lie subalgebra g, C sl(V') is invariant under the involution A — A*,
defined by (v, A*v') := (Av,v') for v,v' € V.

Exercise 7.5.16. Let (-,-) be a (p, w)-symmetric inner product on V. Prove
that g € G, implies ¢* € G,,. Hint: Choose a smooth path ¢ : [0,1] — Gy,
with the endpoints g(0) = 1 and g(1) = g, and define £(t) = g(t)1g(t).
Show that the initial value problem h(t) = £(t)*h(t), h(0) = 1, has a unique
solution A : [0,1] — G,, (Exercise 2.5.36) and that h(t) = g(¢)* for all ¢.

The following theorem asserts the existence of a (p, w)-symmetric inner
product on V' under an irreducibility assumption (see [17, Theorem 2]).

Theorem 7.5.17. Assume that the group G, in (7.5.34) acts irreducibly
on V. Then there ezists a (p,w)-symmetric inner product on V with the
following properties. The subgroup

Ky = Gy N SO(V)

is connected and is a mazimal compact subgroup of Gy. Moreover, every
compact subgroup of Gy, is conjugate in Gy, to a Lie subgroup of Ky,. Thus,
if K is any maximal compact subgroup of Gy, there exists an element h € Gy,
such that K = hK,h™ 1.

Proof. See Lemma 7.5.23. O

Example 7.5.18. The hypothesis that the group G,, acts irreducibly on V/
cannot be removed in Theorem 7.5.17. Consider the case where W =V
has dimension at least two, the homomorphism p : SL(V) — SL(V) is the
identity, and w € V is any nonzero vector. Then the one-dimensional linear
subspace Rw C V is evidently invariant under the action of Gy, and there
does not exist any (p,w)-symmetric inner product on V.

To begin with, we will fix any inner product (-,-)y on V and define
the space Zy(V) of self-adjoint positive definite automorphisms of V' with
determinant one in terms of this fixed inner product. We will then use
Theorem 7.5.12 to find an element P € &(V) such that the inner product

<v,v'>V,P = <'U,P711)/>V (7.5.35)

on V satisfies the requirements of Theorem 7.5.17. The proof is based on
three lemmas. The fourth lemma restates the theorem in a modified form.
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Lemma 7.5.19. There exists an inner product (-,-)w on W such that
p(SO(V)) € SO(W) and p(A*) = p(A)* for all A € sl(V).

Proof. The proof follows the argument in [17, §3]. Assume without loss
of generality that V' = R™ is equipped with the standard inner product,
and that W = R" and that p: SL(m,R) — SL(n,R) is a Lie group homo-
morphism. We prove first that there exists a unique Lie group homomor-
phism p¢: SL(m,C) — SL(n,C) (the complexification of p) such that

Plsuimp) =05 P(A+1B) = p(A) +ip(B) (7.5.36)
for all A, B € sl(m,R). Since SL(m,C) is connected, we can define p°(g)

for g € GL(m,C) by choosing a smoth path « : [0,1] — SL(m,C) with the
endpoints a(0) = 1,,, and (1) = g, and taking

p°(9) = B(L),  B(s) 'B(s) = p*(als) als)),  B(0) = Lp. (7.5.37)

To verify that §(1) is independent of the choice of o, one can choose a smooth
map [0, 1]2 — SL(m, C) : (s,t) — a(s, ) satisfying a(0,t) = 1, a(1,t) = g,
define S := o '0sa and T := a '0;a, and define §:[0,1]?> — SL(n,C)
as the solution of the initial value problem B~19s8 = p¢(S), B(0,t) = 1,.
Since p° is a Lie algebra homomorphism and 9,5 — 9,1 = [S, T, it follows
that 8710,8 = p°(T) and so B(1,t) is independent of t. Moreover, SL(m, C)
retracts onto SU(m) by polar decomposition and so is simply connected by a
standard homotopy argument. That the map p° : SL(m, C) — SL(n,C) thus
defined is smooth follows from the smooth dependence of solutions on the
parameter in a smooth family of differential equations. That it is a group
homomorphism follows by catenation of paths, and that it satisfies (7.5.36)
follows directly from the definition.

Now consider the action of the compact subgroup SU(m) C SL(m, C) on
the Hadamard manifold 2 of positive definite Hermitian n X n-matrices Q)
of determinant one (Remark 6.5.21) by (g, Q) — p°(9)Qp°(g)*. This action
is by isometries and hence, by Cartan’s Fixed Point Theorem 6.5.6, there
exists an element Qg € 2y such that p°(g)Qop°(9)* = Qo for all g € SU(m).
Differentiate this equation at g = 1,,, to obtain p°(B)Qo + Qop°(B)* = 0 for
every skew-Hermitian matrix B = —B* € sl(m,C) with trace zero. Now
let A € sl(m,R), define R:=1(A— AT), S:= 3(A+ A7), and take B =R
and B =iS. Then p(R)Qo + Qop(R)T = 0 and p(S)Qo = Qop(S)T. Hence
the positive definite symmetric n x n-matrix @ := Re(Qo) satisfies

p(AT) = p(=R+5) = Qp(R+9)TQ™" = Qp(A)TQ™"
for all A € sl(m,R). This shows that the inner product (w,w’) := w'Q 'w’
on R™ satisfies the requirements of Lemma 7.5.19. O
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In the remainder of this subsection we will fix an inner product on W
as in Lemma 7.5.19. Recall also that we have already chosen a nonzero
vector w € W. The norm squared of this vector determines a function on
the space of inner products on V' (see [17, Lemma 1]).

Lemma 7.5.20. Define the function f, : ZPo(V) — R by
fu(P) = (w. p(P~ ), (7.5.39)

for P € P4(V). Then an element P € Pz(V) is a critical point of f,, if
and only if {p(A)w, p(P~Hw)y =0 for all A € sl(V). Moreover, if P is a
critical point of f.,, then the inner product (7.5.35) on V' is (p, w)-symmetric.

Proof. Fix an element P € Zy(V) and a tangent vector P € T, Z(V).
Then it follows from Lemma 7.5.19 that

Afu(P)P = = (w, 5P P)p(P~")w)

=~ (PP~ yw, p(P~ )

Now let A € sl(V) and take P := AP + PA* to obtain
dfw(P)(AP + PA*) = — (p(A+ PA* PN w, p(P~w),,

= =2 (p(A)w, p(P " w)y, -

Thus P is a critical point of f,, if and only if the right hand side of (7.5.39)
vanishes for all A € sl(V'). To prove the last assertion, define the norm

|w'|w.p == /(W' p(P~ D))
for w' € W. Now let P € Zy(g) be a critical point of f,, let £ € sl(V'), and
take A := [¢, P¢*P~1] € sl(V) in (7.5.39). Then
0= (p(l&, PE" P~ Nw, p(P~Hw)y, = [p(PE P~ wliy p — [p(§)wliy,p-

If € € gy, then p(&)w = 0, hence p(P&* P~ 1w = 0, and hence PE*P~! € g,.
But the endomorphism P&*P~! is the adjoint of ¢ with respect to the inner
product (7.5.35) on V and this proves Lemma 7.5.20. O

w

W

(7.5.39)

Example 7.5.21. This example shows that the (p,w)-symmetry of the
inner product (7.5.35) does not imply that P is a critical point of fy,.
Take W =V x V and let p: SL(V) — SL(W) be the diagonal action. As-
sume dim(V') = 2 and choose w = (u,v) € W such that u,v € V are linearly
independent. Then G, = {1} and so every inner product on V is (p,w)-
symmetric (and the assertions of Theorem 7.5.17 are satisfied), however, the
function f,,(P) = (u, P~lu)y + (v, P~1v)y does not have any critical point.
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Let M, C Zy(V) be the set of minima of the function f,, : Zo(V) = R
in Lemma 7.5.20 and let Crit(f,) C (V) be its set of critical points. The
next result shows that f,, is convex and that G, acts transitively on M,,
whenever this set is nonempty (see [17, Lemma 2]).

Lemma 7.5.22. The function f,, has the following properties.
(1) fu is convex and Gy, -invariant, and thus M,, = Crit(fy).

(ii) Fiz two elements Py € My, and P € Py(V'). Then P € M,, if and only if
there exists an element 1 € gy, such that n = Pon*Py ' and exp(n) = PPy,
or equivalently p(PPy 1w = w.

(iii) The group Gy, acts transitively on M.

Proof. We prove part (i). Let v: R — Z(V') be a geodesic and define
P:=~(0), P:=4(0), §:=pP2pp1/2

Then, by Lemma 6.5.18, (t) = P12 exp(tS)PY/? and hence
Fo1(B)) = (P2, exp(~tp($)p(P D)

This implies
d? ) _ ) ) .
S Ful1(6)) = (3(S)p(P 2w, exp(~t(S)) ()P 2)whw 2 0
for all ¢ and hence f,, is convex. Hence M,, = Crit(f,) by Lemma 7.5.9.
That f,, is Gy-invariant follows directly from the definition. This proves (i).
We prove part (ii). If n € g, satisfies n = Pon*Py ', exp(n) = PPy !,
then p(PPy M)w = w. If p(PPy " )w = w, then p(P~Y)w = p(P;')w, hence

(B(Ayw, p(P~ Yw)w = ((Aw, p(Py Yw)w =0

for all A € sl(V'), and hence P € M,, by Lemma 7.5.20 and part (i). Now
assume P € M, and let v : [0, 1] = Zy(V) be the unique geodesic with the
endpoints v(0) = Py and (1) = P € M,,. Then ~(t) € M, for all ¢ by
Lemma 7.5.9. Hence (p(n)w, p(v(t)"")w)w = 0 for all ¢ and all n € sl(V),
by Lemma 7.5.20. Differentiate this equation at ¢ = 0 to obtain

(p(m)w, p(Py HA(PPy HYwhw =0, P :=4(0) € Tp, Zo(V).

Take n := ﬁP(;l to obtain p(n)w = 0, and thus n € g, and = Pyn* Py *.
By Lemma 6.5.18 we also have P = (1) = exp(ﬁPo_l)Pg = exp(n)Pp and
this proves (ii).

We prove part (iii). Let Py, P € M,,, choose an element n € g,, as in (ii)
so that nPy = Pyn* and P = exp(n)Py, and define h := exp(n/2) € Gy to
obtain P = hPyh*. This proves (iii) and Lemma 7.5.22. O
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With these preparations we are ready to prove Theorem 7.5.17.

Lemma 7.5.23. (i) If Gy acts irreducibly on V', then M, # ().

(ii) If P € M,, then the inner product (-, P™1.)y on V satisfies all the
requirements of Theorem 7.5.17.

Proof. The function f,, is convex and Gy,-invariant by Lemma 7.5.22. Hence
part (i) follows from Theorem 7.5.12. To prove part (ii), assume that P is
a critical point of f,,. Then, by Lemma 7.5.20, the inner product (-, P~1.)y,
is (p, w)-symmetric. We prove the remaining assertions in four steps. Define

Kp =Gy NSOV, (-, P71 )y) = {u € Gy |uPu* P~ =1} .

Step 1. Let K C Gy, be any compact subgroup. Then there exists an ele-
ment h € Gy, such that h~'Kh C Kp.

By Theorem 7.5.12, there exists a Py € P5(V) such that f,(Py) = inf fy,
and uPyu* = Py for all © € K. By Lemma 7.5.22, there exists an ele-
ment h € G, such that Py = hPh*. Hence uhPh*u* = hPh* for all u € K,
and hence the automorphism k= uh is orthogonal with respect to the inner
product (-, P~1.)y for every u € K.

Step 2. Kp is a compact connected subgroup of Gy .

By the Closed Subgroup Theorem 2.5.27 Kp is a closed, and hence compact,
subgroup of SO(V, (-, P~1.)/) and so is a compact Lie subgroup of G,,. We
prove that Kp is connected. Let u € Kp C G,,. Since Gy, is connected,
there exists a smooth path g : [0,1] — G,, such that g(0) = 1 and ¢(1) = u.
Thus, by Exercise 7.5.16, we have g(t)Pg(t)*P~! € G, for all . Hence, by
part (ii) of Lemma 7.5.22, there exists a smooth path 7 : [0,1] — g, such
that n(t) = Pn(t)*P~", exp(n(t)) = g(t)Pg(t)*P~"', and 7(0) =n(1) = 0.
Hence u(t) := exp(—n(t)/2)g(t) is a path in Kp joining u(0) = 1 to u(1) = w.

Step 3. Kp is a maximal compact subgroup of Gy,.

Let K C Gy be a compact subgroup containing Kp. Then by Step 1 there
exists an h € G, such that h~'Kh C Kp. Hence Kp ¢ K € hKph~! and
so Lie(Kp) C Lie(K) C hLie(Kp)h~!. Since Lie(Kp) and hLie(Kp)h~!
have the same dimension, this implies Lie(Kp) = hLie(Kp)h~!. Since Kp
and hKph~! are connected, this implies Kp = hKph~! and so Kp = K.
Step 4. Let K be a mazimal compact subgroup of Gy,. Then there exists an
element h € Gy, such that K = hKph™!.

By Step 1 there exists an h € G, such that A" 'Kh C Kp, thus K ¢ hKph ™!
and so K = hKph™!, because K is a maximal compact subgroup of G,,. This
proves Step 4, Lemma 7.5.23, and Theorem 7.5.17. ]
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Lemma 7.5.23 shows that all minima of the function f,, in Lemma 7.5.20
give rise to inner products that satisfy the requirements of Theorem 7.5.17.
The next lemma shows that the set of minima of f, is a Hadamard manifold.

Lemma 7.5.24. The set M, is a geodesically convex and totally geodesic
submanifold of Po(V'). Hence, if it is nonempty, it is a Hadamard manifold
and a symmetric space.

Proof. By Lemma 7.5.22 the function f,, is convex, and so M, is geodesi-
cally convex by Lemma 7.5.9. Now assume M, is nonempty and fix any
element Py € M,,. Then the exponential map

Tp, Po(V) = Po(V) : P exp(PPy )Py

is a diffeomorphism (Theorem 6.5.10 and Lemma 6.5.18) and M, is the
image of the linear subspace {P € Tp, P (g) | IBPO_ '€ g} under this diffeo-
morphism (Lemma 7.5.22). Since Py can be chosen to be any element of M,
this shows that M, is a totally geodesic submanifold of Z2,(V). Moreover,
the isometry Po(V) — PZo(V) : P+ ¢o(P) = PyP~1Py in Step 2 of the
proof of Theorem 6.5.10 satisfies

b0 (exp(ﬁP()_l)P()) = exp(—ﬁPO_l)Po

for all P € TpP,(V) and so restricts to an isometry of M,,. Hence M, is a
symmetric space and this proves Lemma 7.5.24. O

We emphasize that Lemma 7.5.24 does not require the hypothesis that
the group Gy, acts irreducibly on V. This hypothesis was only used to prove
that the space M, is nonempty. The next example shows that f,, can have
critical points in cases where G, acts reducibly on V.

Example 7.5.25. Let V = R?, let W = . C R?*2 be the space of symmet-
ric matrices, equipped with the standard inner product and the standard
action S+ gSgT of SL(2,R), and let w = S := diag(1, —1) € .7 so that

e={(3 2)

The action of Gg on R? is reducible, because the diagonal in R? is Gg-
invariant, however, the function fg(P) = trace(SP~'SP~1) attains its min-
imum on the set Mg = Gg C ,@O(RQ), corresponding to the symmetric in-
ner products on R2. If one modifies this example by taking W = . x .%
and w = (1,5), then f,,(P) = trace(P~2 + SP~1SP~!) has a unique critical
point at P = 1, the group G,, = {1} acts reducibly on V', and the assertions
of Theorem 7.5.17 are trivially satisfied for every inner product on V.

a>0,a2—b2:1}.
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Example 7.5.21 and Example 7.5.25 show that, in general, one cannot
expect there to be a one-to-one correspondence between the minima of f,
and the (p, w)-symmetric inner products on V. However, we shall see below
that such a one-to-one correspondence does exist in many cases.

Remark 7.5.26. Once it is known, that the function f, : Zo(V) — R has
a critical point Py € Zy(V), we can modify the entire setup as follows.
Replace the inner product on V' by (-, )y := (-,Po_l->v and the inner
product on W by (-, ywo := (-, p(Py *)-)w. This pair of inner products sat-
isfies the requirements of Lemma 7.5.19. Let (V') be the space of self-
adjoint positive definite endomorphisms with respect to the new inner prod-
uct and define the function fy,0: Zoo(V) — R by the analogous formula.
Then P € Zy(V) if and only if PPy ! € Py(V) and fu0(PPy ") = fu(P)
for all P € Zy(V). Thus fy, o attains its minimum at P = 1.

In the next corollary we do not assume that G, acts irreducibly on V.

Corollary 7.5.27 (Cartan Decomposition). Assume the function f,, in
Lemma 7.5.20 has a critical point at Py = 1 and define

Ky = G, NSO(V), pw:={n€guwln=n"}. (7.5.40)
Then the map

Ky X py = Gy (u,m) — exp(n)u =: ¢y (u,n) (7.5.41)

is a diffeomorphism. Hence the map Gy — Po(V) : g — /9g* descends to
a diffeomorphism from the quotient space Gy, /Ky to My = Gy N Po(V).

Proof. By part (ii) of Lemma 7.5.22 with Py = 1 the function f,, attains its
minimum on the set M,, = Gy, N Py(g). Now define the map

Uy : Gy = Ky X P

by ¥w(g) := (u,n), where

n:=30xp " (99%) € pu,  u:=exp(—n)g € Ky
for g € Gy,. This map is well defined and smooth because, for every g € Gy,
we have gg* € G, N Zy(V) = M,, (see Exercise 7.5.16), and the exponential
map descends to a diffeomorphism exp : p, — M, (see Lemma 7.5.22).
Since ¢y, 0 ¥y, = id and ¥y, © ¢y, = id, it follows that ¢, is a diffeomorphism.
This proves Corollary 7.5.27. O
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As a warmup for the main application of Theorem 7.5.17 in §7.6 it may
be useful to consider the following two examples.

Exercise 7.5.28. (i) Let V' be an m-dimensional real vector space and
W= S%v*

be the vector space of all symmetric bilinear forms @ : V x V — R. De-
fine the homomorphism p : SL(V) — SL(W) by the standard action of the
group SL(V) on W, i.e.

(p(9)Q)(v,v') == Qg™ v, g ")

for g € SL(V), Q € S?V*, and v,v' € V. Assume that V is equipped with
an inner product and an orthonormal basis ey, ..., e,, and define an inner
product on W by (Q, Q') := 3, ; Q(ei, €;)Q'(ei, €;) for Q, Q" € S2V*. Show
that this inner product is independent of the choice of the orthonormal basis
and satisfies the requirements of Lemma 7.5.19.

(ii) The inner product on V is an element Q)9 € W whose isotropy sub-
group is the special orthogonal group SO(V). Show that the function fq,
in (7.5.38) is given by fg,(P) = trace(P?) for P € %y(V) and that it has a
unique critical point at P = 1.

(iii) Examine the case where V = R™*! is equipped with the standard inner
product and @ € W is the quadratic form in (6.4.9). Relate this example to
the isometry group of hyperbolic space (§6.4.3). Find a maximal compact
subgroup of the identity component of O(m,1).

Exercise 7.5.29. (i) Let V be a 2n-dimensional real vector space and
W = A*V*

be the vector space of all skew-symmetric bilinear forms 7:V x V — R.
Define the homomorphism p : SL(V) — SL(W) by the standard action of
the group SL(V) on W, i.e.

(p(g)7) (W) == (go7) (0,0)) = 7(g v, g 0")

for g € SL(V), 7 € A2V*, and v,v' € V. Assume that V is equipped with
an inner product and an orthonormal basis eq,...,es,, and define an inner
product on W by (7,7) := 7, . 7(ei, e;)7 (e, ¢5) for 7,7" € A?V*. Show
that this inner product is independent of the choice of the orthonormal
basis and satisfies the requirements of Lemma, 7.5.19.
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(ii) Let w: V x V — R be a nondegenerate skew-symmetric bilinear form.
Then the pair (V,w) is called a symplectic vector space and w is called
a symplectic form on V. The isotropy subgroup of w in GL(V') is called
the symplectic linear group. Denote this group and its Lie algebra by

Sp(V,w) == {g € GL(V) |w(g-, 9) = w},
sp(V,w) := Lie(Sp(V,w)) = {A € End(V) |w(A-,-) + w(-,A) =0} .

The group Sp(V,w) is connected and contained in SL(V') (see [49]). An au-
tomorphism J : V — V is called a linear complex structure iff J? = —1.
A linear complex structure J is called compatible with w iff the bilin-
ear form w(-,J-) is an inner product on V. An inner product (-,-) on V is
called compatible with w iff there exists a linear complex structure J such
that w(-, J-) = (-,-). Prove that an inner product on V' is compatible with w

if and only if it satisfies the conditions (for any basis e1, ..., eq, of V)
det(w(e;, €5)) = det({e;, e;)), (7.5.42)
Aesp(V,w) = A* € sp(V,w). (7.5.43)

If an inner product on V is compatible with w, prove that g € Sp(V,w)
implies g* € Sp(V,w) (without using the fact that Sp(V,w) is connected).
Hint: Define J € End(V) by w(-,J:) := (-,-) and show that J+ J* =0.
Show that A € sp(V,w) if and only if AJ + JA* =0. Use (7.5.43) to prove
that J? commutes with every self-adjoint endomorphism of V' and hence
satisfies J2 = A1 for some A € R. Use (7.5.42) to conclude that A = —1.

(iii) Fix an inner product on V' and a symplectic form w : V' x V — R that
satisfies (7.5.42). Then the function f, in (7.5.38) is given by

fu(P) = Zw(ei, ej)w(Pe;, Pej), P e 2y(V), (7.5.44)
i’j
where e, ..., e, is an orthonormal basis of V. Prove that this is the norm

squared of w with respect to the inner product (-, P~!.). Prove that P is a
critical point of f,, if and only if the inner product (-, P~1.) is compatible
with w. Prove that the space J(V,w) of w-compatible linear complex struc-
tures is a Hadamard manifold (Exercise 6.5.24). Prove that, if J € J(V,w),
then the unitary group U(V,w, J) := {g € Sp(V,w) ‘ gJg = J} is a maxi-
mal compact subgroup of Sp(V,w) and every compact subgroup of Sp(V,w)
is conjugate to a subgroup of U(V,w, J). All this is of course well known, but
this exercise shows how these results can be derived from Theorem 7.5.17.
Moreover, it is not necessary to assume that Sp(V,w) is connected. One
can start with the identity component of Sp(V,w), prove that it is contained
in SL(V'), and deduce the connectivity of Sp(V,w) from that of U(V,w, J).
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7.6 Semisimple Lie Algebras™

This section discusses applications of the results in §7.5.3 to Lie algebra
theory, following the work of Donaldson [17]. It examines symmetric inner
products on Lie algebras (§7.6.1), establishes their existence on simple Lie
algebras (§7.6.2), and derives as consequences several standard results in Lie
algebra theory, such as the uniqueness of maximal compact subgroups up
to conjugation for semisimple Lie algebras (§7.6.3), and Cartan’s theorem
about the compact real form of a semisimple complex Lie algebra (§7.6.4).
Here are some basic definitions that will be used throughout this section.
Let g be a finite-dimensional real Lie algebra (Definition 2.4.22). A vector
subspace b C g is called an ideal iff [£, 7] € b for every £ € g and every n € b.
The Lie algebra g is called abelian iff the Lie bracket vanishes. It is called
simple iff it is not abelian and does not contain any ideal other than h = {0}
and h = g. Examples of ideals in any Lie algebra g are the center Z(g)
(Exercise 2.5.34) and the commutant [g, g] (Exercise 5.2.24), defined by

Z(g) :={{ cgl|l§n =0 forallnec g},
g, 9] :=span {[{,n]|&,n € g}

Recall also the definition of the adjoint representation ad : g — Der(g) in
Example 2.5.23 by ad(§) := [, ] for £ € g and the definition of the Killing
form x : g x g — R in Example 5.2.25 by x(§,n) = trace(ad(§)ad(n))
for £, € g. Let Auty(g) be the connected component of the identity in the
group Aut(g) of automorphisms of g. This is a Lie subgroup of GL(g) whose
Lie algebra is the space Lie(Autg(g)) = Der(g) of derivations on g.

7.6.1 Symmetric Inner Products

In [17] Donaldson introduced the following notion.

Definition 7.6.1. Let g be a finite-dimensional real Lie algebra. An inner
product (-,-) on g is called symmetric iff it satisfies the condition

0 € Der(g) = 0" € Der(g). (7.6.1)
Here §* : g — g denotes the adjoint of the endomorphism § with respect to
the inner product, i.e. it satisfies (£,0%n) = (6&,n) for all &,m € g.

Exercise 7.6.2. Let g be a finite-dimensional real Lie algebra equipped with
a symmetric inner product. Prove that g € Autg(g) = ¢* € Auto(g).
Hint: See Exercise 7.5.16.

Some consequences of the existence of a symmetric inner product are
derived in Lemma 7.6.8 below. To begin with we discuss some examples.
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Every vector space endomorphism of a Lie algebra g that takes values
in the center Z(g) and vanishes on the commutant [g,g] is a derivation.
Conversely, every derivation that takes values in Z(g) necessarily vanishes
on [g, g]. The space of such derivations is an ideal in Der(g), denoted by

Der(g) := {6 € Der(g) |im(6) C Z(g)} . (7.6.2)

Example 7.6.3. Consider the abelian Lie algebra g =R". The adjoint
representation is trivial and Der(g) = gl(m,R) = R™*™ is the Lie algebra
of all vector space endomorphisms of g. Thus Der(g) = Derz(g), the Killing
form on g vanishes, and every inner product on g is symmetric.

Example 7.6.4. Consider the Lie algebra g=gl(m, R) with [g, g] =sl(m, R)
and Z(g)=RI1. It satisfies g = [g, 9] ® Z(g) and Der(g) = ad(g) ® Derz(g),
where Dery(g) C Der(g) is the one-dimensional subspace generated by the
derivation dz(A) = trace(A)1 (whose trace is m). Moreover, the standard
inner product (A, A’) = trace(AT A’) on g is symmetric and the kernel of the
Killing form x(A, A") = 2mtrace(AA") — 2trace(A)trace(A’) is Z(g).
Example 7.6.5. Consider the Lie algebra g = gl(m,R) x R™ with the
Lie bracket [(A4,v), (A",v")] := ([A, A"], Av' — A’v). This Lie algebra can be
identified with the space of all affine vector fields on R™. It has a triv-
ial center and the commutant [g, g] = sl(m,R) x R™ has codimension one.
Moreover, trace(ad(A,v)) = trace(A) for every (A,v) € g, the kernel of the
Killing form x((A,v), (A",v")) = (2m + 1)trace(AA") — 2trace(A)trace(A’) is
the abelian ideal {0} x R™, and the adjoint representation ad : g — Der(g)
is a Lie algebra isomorphism.

Example 7.6.6. Consider the Heisenberg algebra h = V xR of a symplectic
vector space (V,w) with the Lie bracket [(v,t),(v/,t)] = (0,w(v,v")) (see
Exercise 2.5.15). It satisfies Z(h) = [h,h] = {0} x R and the Killing form
vanishes. Every derivation on h has the form d(v,t) = (Av+ Av, A(v) +2Xt),
where A € R, A € V* and A € sp(V,w). The subspace ad(h) = Derz(h)
consists of all derivations of the form §(v,t) = (0, A(v)).

Example 7.6.7. The Heisenberg algebra of a symplectic vector space (V,w)
extends to a Lie algebra g = sp(V,w) x V x R with the Lie bracket

[(A,v,t), (A0, )] = ([A, A], A — Av, w(v,0")).

It satisfies [g, g] = g and has a one-dimensional center Z(g) = {0} x {0} x R.
The kernel of the Killing form is the Heisenberg algebra and the adjoint
representation ad : g — Der(g) is surjective.

The next lemma shows that the Lie algebras in Examples 7.6.5, 7.6.6,
and 7.6.7 do not admit symmetric inner products.
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Lemma 7.6.8. Let g be a finite-dimensional real Lie algebra equipped with
a symmetric inner product. Then

Der(g) = ad(g) © Derz(g), g=[g,0] ® Z(g), (7.6.3)

the kernel of the Killing form k:g x g — R is the center of g, and there
exists an involution g — g : £ — &* such that, for all £,m € g,

ad(§*) =ad(§)",  [&n)" =", ¢ (7.6.4)
Proof. Consider the orthogonal decomposition
Der(g) = A®B,  A:=ad(g), Bi=A", (7.6.5)

with respect to the inner product (§,¢") = trace(6*d’) for 4,8 € Der(g).
Since [0, ad(§)] = ad(6€) for § € Der(g) and £ € g, the subspace A is an ideal
in Der(g). Moreover, if 6 € B and ¢ € Der(g), then ¢ € Der(g), hence
trace([e, 0]*ad(§)) = trace(d*[e*,ad(&)]) = trace(d*ad(e*¢)) =0 for all € € g,
and hence [e, 6] € B. Thus B is also an ideal in Der(g).

Next define Derz(g)* := {0 |§ € Derz(g)}. We prove that

B = Derz(g) = Derz(g)*. (7.6.6)

Since A and B are ideals we have [§,6'] =0 for all § € B and ¢’ € A. Thus
ad(0¢) = [0,ad(§)] = 0 for all § € B and £ € g, hence im(0) C Z(g) for
all 6 € B, and so B C Derz(g). Now let 6 € Derz(g)*. Then 6* € Derz(g),
hence [g, g] C ker(6*), hence trace(d*ad(§)) = 0 for all £ € g, and so 0 € B.
Thus Derz(g)* C B C Derz(g) and so (7.6.6) holds for dimensional reasons.
The first equation in (7.6.3) follows directly from (7.6.5) and (7.6.6). It fol-
lows also from (7.6.6) that trace(d*ad(§)*) = trace(ad(§)d) =0 for all £ € g
and all § € B, and so ad(£)* € B+ = A for all ¢ € g. Thus

e A = e A (7.6.7)

By (7.6.7), an element ¢ € g belongs to Z(g) if and only if ad(£)*¢ = 0 for
all ¢ € gif and only if (¢,ad(&)n) = 0 for all €, 7 € g, if and only if ¢ € [g, g]*.
Thus [g, g]- = Z(g) and this proves the second equation in (7.6.3).

By (7.6.3), the map ad : g — Der(g) restricts to a Lie algebra isomor-
phism from [g, g] to \A. Hence, by (7.6.7) there exists a unique involution
lg,9] — [9,9] : £ — & that satisfies (7.6.4) for all {,n € [g, g]. By (7.6.3) this
involution extends uniquely to an involution g — g : € — £* such that (* = (
for all ¢ € Z(g), and the extended involution satisfies (7.6.4) for all £,n € g.

Now let ¢ € g belong to the kernel of the Killing form, i.e. k(¢,§) =0
for all ¢ € g. Then |ad(¢)|? = #(¢,¢*) = 0 and hence ¢ € Z(g). Conversely,
it follows directly from the definitions that Z(g) is contained in the kernel
of the Killing form and this proves Lemma 7.6.8. O
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7.6.2 Simple Lie Algebras

The goal of this section is to establish the existence of symmetric inner
products on simple Lie algebras. First, the following lemma derives some
immediate consequences of the definition of a simple Lie algebra.

Lemma 7.6.9. Let g be a finite-dimensional simple real Lie algebra. Then
the center of g is trivial, the adjoint representation ad : g — Der(g) is
injective, the commutant is [g, g] = g, and trace(ad(§)) =0 for all £ € g.

Proof. The center Z(g) is an ideal in g. It is not equal to g because g is not
abelian, and hence Z(g) = {0} because g is simple. The subspace [g, g| is
also an ideal in g. It is nonzero because g is not abelian, and hence [g,g] = g
because g is simple. The adjoint representation ad : g — Der(g) is injec-
tive because its kernel is the center of g. The last assertion follows from
the fact that [g,g] = g and trace(ad([¢,n])) = trace([ad(€), ad(n)]) = 0 for
all £, € g. This proves Lemma 7.6.9. O

That the Killing form of a simple Lie algebra is nondegenerate is a deeper
result that does not follow directly from the definition. In [17, Theorem 1]
Donaldson deduces the existence of symmetric inner products on simple Lie
algebras from Theorem 7.5.17 and derives as corollaries various standard
results in Lie algebra theory, including nondegeneracy of the Killing form.

Theorem 7.6.10. Let g be a finite-dimensional simple real Lie algebra.
Then the Killing form on g is nondegenerate, the adjoint representation
ad : g — Der(g) is bijective, every derivation 6 : g — g has trace zero, and
every automorphism in the identity component Autg(g) has determinant one.

In particular, Theorem 7.6.10 establishes for every simple Lie algebra g
the existence of a connected Lie group Autg(g) C SL(g) whose Lie algebra
is isomorphic to g.

Theorem 7.6.11 (Donaldson). Every finite-dimensional simple real Lie
algebra admits a symmetric inner product. Moreover, if SO(g) is the special
orthogonal group associated to a symmetric inner product on g, then

K := Auto(g) N SO(g) (7.6.8)

is connected and is a mazimal compact subgroup of Auty(g), every compact
subgroup of Autg(g) is conjugate to a Lie subgroup of K, and every mazximal
compact subgroup of Auty(g) is conjugate to K.
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Given an inner product (-,-) on any m-dimensional Lie algebra g and an
orthonormal basis e1, ..., ey, of g, define the function fy: Zy(g) — R by

fa(P) :=> {[ei,e;], P ' [Pe;, Pe]) (7.6.9)
1]
for P € Zy(g). The right hand side of (7.6.9) is independent of the choice

of the orthonormal basis and is the norm squared of the Lie bracket with
respect to the inner product (-, P~!.) on g.

Theorem 7.6.12 (Donaldson). Let g be a finite-dimensional simple real
Lie algebra equipped with a symmetric inner product. Then the set

My = {P € Py(g) | dfy(P) = 0} = {P € P(9) | fo(P) = inf f,}
= Py(g) N Aut(g) = {exp(0) |6 € Der(g), § = 6"} (7.6.10)
= {P € Py(g) | the inner product (-, P~ s symmetric}

of critical points of fq is a geodesically convex and totally geodesic subman-
ifold of Py(g). Hence it is a Hadamard manifold and a symmetric space.

The proofs require three preparatory lemmas. We do not assume that
every derivation has trace zero. Thus it is necessary as an intermediate step
to introduce the subspace Derp(g) := {J € Der(g) | trace(d) = 0}. We will
consider inner products on g that satisfy the condition

0 € Derp(g) = 0" € Derp(g). (7.6.11)

Lemma 7.6.13. Let g be a finite-dimensional real Lie algebra satisfying
the conditions Z(g) = {0} and [g, 9] = g, and fiz an inner product (-,-) on g.
Then the inner product is symmetric if and only if it satsfies (7.6.11). More-
over, if such an inner product exists, then Der(g) = ad(g) = Dery(g).

Proof. Assume (7.6.11) and consider the decomposition Derg(g) = Ao & By,
where Ap := ad(g) C Derg(g) (because [g,g] = g) and By := Aj are ideals
in Derg(g) as in the proof of Lemma 7.6.8. Then ad(d¢) = [0,ad(&)] = 0 for
all 0 € By and all £ € g. Since Z(g) = {0}, this implies By = 0, and hence the
adjoint representation ad : g — Derg(g) is bijective. By (7.6.11), this implies
the existence of an involution £ — &* such that ad(£*) = ad(§)* for all £ € g.
Since the adjoint representation ad : g — Der(g) is injective, this in turn im-
plies that the Killing form is nondegenerate and so Der(g) = ad(g) = Dero(g)
by Lemma 7.4.3. Thus the inner product on g is symmetric. Conversely,
if the inner product on g is symmetric, then it satisfies (7.6.11) because ¢
and 0* have the same trace. This proves Lemma 7.6.13. O
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Lemma 7.6.14. Let g be a finite-dimensional simple real Lie algebra with
a symmetric inner product, and let g — g : & — £* be the unique involution
that satisfies (7.6.4). Then there exists a constant ¢ > 0 such that

k(€ n) =c(&n)  forall&neg. (7.6.12)

Proof. By Lemma 7.6.9 the adjoint representation ad : g — Der(g) is injec-
tive. Hence the map g x g — R : (§,7n) — &(&",n) = trace(ad(£)*ad(n)) is
an inner product on g. Thus there exists a self-adjoint positive definite vec-
tor space isomorphism A : g — g such that k(£*,n) = (A&, n) for all &, n € g.
Let ¢ > 0 be an eigenvalue of A and define h := {77 €g ‘ An = cn} . We prove
that § is an ideal in g. Let £ € g and n € h. Then, for all ¢ € g,

(Alg;nl, ¢) = s([&n]", Q) = w([n", €71, C) = w(n™, €7, C]) = (An, [€7,C])
= (An,ad(£7)¢) = (ad(§)An, ¢) = ([¢, An], ¢) = <([&: 7], ¢)-

Hence A[¢, n] = ¢[¢,n] and so [£,n] € h. This shows that b is a nonzero ideal
and hence h = g. Thus A = ¢l and this proves Lemma 7.6.14. O

Given any inner product on g, call an element P € &y(g) symmetric
iff the inner product (-, P~!.) on g is symmetric. Thus every symmetric
element P € Zy(g) determines an involution 7p : Der(g) — Der(g) given
by 7p(8) := P&*P~1. Denote its determinant by ep := det(7p) € {—1,+1}.

Lemma 7.6.15. Let g be a finite-dimensional simple real Lie algebra, choose
any inner product on g, and let P,Py € Py(g) be symmetric elements.
Then PPyt € Aut(g).

Proof. The composition of the involutions 7p and 7p, is the Lie algebra au-
tomorphism 7po7p, () = P(Pyd*Py ') P~t = PPy '6PyP~! for § € Der(g).
By Lemma 7.6.8 and Lemma 7.6.9 the very existence of a symmetric inner

product on g implies that the adjoint representation ad : g — Der(g) is a
Lie algebra isomorphism. Hence there exists a g € Aut(g) such that

ad(g¢) = PPy tad(§)PyP~!  forall € € g. (7.6.13)
Since ad(g¢) = gad(£)g™!, this automorphism satisfies the equations
g 'PR Mg =&, 97 PRy ty) forallé,n € g, (7.6.14)

det(g) = epep, € {—1,+1}. (7.6.15)
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Since Py is symmetric, it follows from Lemma 7.6.8 and Lemma 7.6.14 that
there exists an involution g — g : £ — &* and a constant ¢ > 0 such that

ad(€*) = Pyad(€)* Py, K(E*,m) = c(&, Py 'n) (7.6.16)
for all £, € g. By (7.6.13) and (7.6.16) we have

w((9€)",m) = trace(Poad(g€)* Py 'ad(n))

= trace((PPy 'ad(§) PP~ ") Py tad(n) Ry)

= trace(P ™" Pyad(¢)* Py ' PPy tad(n) P)

= trace (ad(f*)PP&lad(n)PoP_l)

= trace(ad(¢*)ad(gn))

= k(" gn).
This shows that g is self-adjoint and positive definite with respect to the
inner product (-, Py '), and so det(g) = 1 by (7.6.15). Since PP, ' is self-
adjoint and positive definite with respect to the same inner product, the
vector space isomorphism g_lPPD_1 = g_1/2(g_l/QPPO_lg_1/2)gl/2 has only
positive real eigenvalues. Let A > 0 be one such eigenvalue. Then the
eigenspace ker(A — g~' PPy ') is a nonzero ideal in g by (7.6.14), and so
is equal to g, because g is simple. Thus g_lPP(;1 = A1, and since g, P, Py
all have determinant one, it follows that A = 1 and so PPy ' = g € Aut(g).
This proves Lemma 7.6.15. 0

Proof of Theorems 7.6.10, 7.6.11, and 7.6.12. We use the results of §7.5.3
in the situation where V := g is the Lie algebra itself and W := A?g* ® g is
the space of all skew-symmetric bilinear maps 7 : g X ¢ — g. The Lie group
homomorphism p : SL(g) — SL(W) is given by the standard action of the
group SL(g) on W, i.e.

(p(9)T)(&m) = g7(9™" & 97 n)
for g € SL(g), 7 € W, and &,n € g. Fix an inner product (-,-) on g and an

orthonormal basis eq, ..., e, of g, and define
<O-¢ T>W = Z<U(eivej)a7_(ei7ej)> (7617)
,J

for 0,7 € W. This inner product satisfies the requirements of Lemma 7.5.19,
ie. p(A*) = p(A)* for all A € sl(g). The vector w := [-,-] € W is chosen
to be the Lie bracket. This vector is nonzero because g is not abelian. The
isotropy subgroup of w is the group Aut(g) NSL(g) of all automorphisms of
determinant one. Denote its identity component by G C Autg(g) N SL(g).
This is a Lie subgroup of SL(g) with the Lie algebra Lie(G) = Dero(g).
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Claim 1. G acts irreducibly on g.

Let h C g be a subspace that is invariant under the action of G. Then éh C b
for every 0 € Derg(g). By Lemma 7.6.9 this implies ad(§)h C b for all £ € g,
so b is an ideal. Thus h = {0} or h = g because g is simple.

Claim 2. f; is convex and G-invariant and has a critical point. Moreover,
every critical point P € Zy(g) is symmetric, and Derg(g) = Der(g).

In the present setting the function f,, in Lemma 7.5.20 agrees with the
function fy in (7.6.9) and G,, = G. Hence f; is convex and G-invariant by
Lemma 7.5.22, and G acts irreducibly on g by Claim 1. Thus Lemma 7.5.23
asserts that f; has a critical point. Let P € Z(g) be a critical point of f;.
Then by Lemma 7.5.23 the inner product (-, P~!.) satisfies (7.6.11) and so,
by Lemma 7.6.13, this inner product is symmetric and Der(g) = Derg(g).

Claim 3. Fliz a critical point Py € Py(g) of fy and any element P € Z(g).
Then the following are equivalent.

(a) P is a critical point of fq.

(b) fy(P) = int f,.

(c) PPy ! € Aut(g).

(d) There exists a 6 € Der(g) such that § = Py6* Py ', exp(8) = PPy "
(e) The inner product (-, P~1-) on g is symmeric.

Since fy is convex by Claim 2, the equivalence of (a) and (b) follows from
Lemma 7.5.9. Since Der(g) = Derg(g) by Claim 2, the equivalence of (b),
(c), and (d) follows from part (ii) of Lemma 7.5.22. Moreover, (a) implies (e)
by Claim 2, and (e) implies (c¢) by Lemma 7.6.15. This proves Claim 3.
The existence of a symmetric inner product on g was proved in Claim 2.
Thus the nondegeneracy of the Killing form follows from Lemma 7.6.8.
The remaining assertions of Theorem 7.6.10 are direct consequences of the
nondegeneracy of the Killing form. In particular, the adjoint represen-
tation ad:g — Der(g) is bijective and Der(g) C sl(g) by Lemma 7.4.3.
Hence Autg(g) C SL(g) and so G, = G = Autg(g) in the notation of §7.5.3.
Now fix a symmetric inner product on g. Then Py = 1 is a critical point
of fg by “(e) = (a)” in Claim 3. Hence the assertions about the sub-
group K = Auty(g) N SO(g) in Theorem 7.6.11 follow from Lemma 7.5.23.
The equalities in (7.6.10) follow from the equivalence of (a), (b), (¢), (d), (e)
in Claim 3 with Py = 1, and the remaining assertions about the space M
in Theorem 7.6.12 follow from Lemma 7.5.24. This completes the proof of
Theorems 7.6.10, 7.6.11, and 7.6.12. O
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7.6.3 Semisimple Lie Algebras

The following theorem characterizes semisimple Lie algebras in terms of
symmetric inner products. First observe that, if h is an ideal in a finite-
dimensional real Lie algebra g, then the subspace

b :={n €glr(mn,n)=0foralneh} (7.6.18)

is also an ideal, because every 7' € b/ satisfies x(n, [£,7]) = ([n,&],7') =0
for all £ € g and all p € b, and so [¢,7] € b/ for all £ € g.

Theorem 7.6.16 (Semisimple Lie algebras). Let g be a finite-dimen-
sional real Lie algebra. Then the following are equivalent.

(i) g has a trivial center and admits a symmetric inner product.
(ii) The Killing form k : g X g — R is nondegenerate.

(iii) If b C g is an ideal, then g=h B b .

(iv) g is a direct sum of simple ideals.

(v) There exists an inner product {-,-) on g, an involution g — g : & — &%,
and a constant ¢ > 0 such that, for all {,n € g,

ad(§") = ad(§)", & =" ¢, w(En) =c&mn).  (7.6.19)

Definition 7.6.17. A real Lie algebra g is called semisimple iff it is finite-
dimensional and satisfies the equivalent conditions in Theorem 7.6.16.

Proof of Theorem 7.6.16. That (i) implies (ii) was shown in Lemma 7.6.8.
We prove that (ii) is equivalent to (iii). Assume first that the Killing
form is nondegenerate and let h C g be an ideal. Then

neh, nep = [n,7'] =0, (7.6.20)

because k([n,n'],§) = k(n,[1/,§]) =0 for all £ € g, all n € h, and all ' € .
Now let n € hNp'. Then 7' := ad(§)ad(n)¢ = [§,[n,¢]] € b’ for all £, ¢ € g.
Hence, by (7.6.20) we have (ad(£)ad(n))2¢ = [¢,[n,7']] =0 for all £, € g.
Thus (ad(£)ad(n))? = 0 and so x(€, 1) = trace(ad(¢)ad(n)) = 0 for all £ € g.
This implies n = 0 by nondegeneracy of the Killing form. Thus h Nh’ = {0}
and so g = h @ b’ because dim(h) + dim(h’) = dim(g). This shows that (ii)
implies (iii). To prove the converse, take h = g so that b’ = {0} is the kernel
of the Killing form.

It follows from (ii) and (iii) that, for every ideal h C g, the Killing forms
of h and b’ are both nondegenerate. Hence an induction argument shows
that (iii) implies (iv).
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We prove that (iv) implies (v). Assume that g=g; ®--- S g, is a di-
rect sum of simple ideals g; C g. Fix an index j € {1,...,r} and denote
by k; : g; x g; — R the Killing form of g;. By Theorem 7.6.11 the Lie alge-
bra g; admits a symmetric inner product (-,-);. Hence, by Lemma 7.6.8
there exists an involution g; — g; : { — {* that satisfies (7.6.4), and by
Lemma 7.6.14 there exists a constant ¢; > 0 such that £;(£*, 1) = ¢;j(&,n);
forall §,n € g;. Thus the inner product (§, ) := >_, ¢;(&;,n;); for §;,n; € g;
and { =& +---+&,n=m+---+n, satisfies the requirements of part (v)
with c=1and " =& +--- + &

If (v) holds, then the Killing form is nondegenerate, hence Z(g) =0
and Der(g) = ad(g) by Lemma 7.4.3, and hence the inner product in (v) is
symmetric. Thus (v) implies (i) and this proves Theorem 7.6.16. O

Corollary 7.6.18 (Cartan Involution). Let g be a nonzero semisimple
real Lie algebra equipped with a symmetric inner product and let £ — &£* be
the involution in Lemma 7.6.8. Then the map

g—og:{— =& (7.6.21)

is a Lie algebra homomorphism (called a Cartan involution). The Cartan
involution (7.6.21) gives rise to a splitting

g=tdp, t={ccg|{+& =0}, p={neg|n=n"}, (7.6.22)
such that
e, €] C ¢, [€,p] Cp, [p,p] C & (7.6.23)

Moreover, t is nontrivial, the Killing form k : g X g — R is negative definite
on ¢ and positive definite on p, and k(§,n) =0 for all £ € € and all n € p.

Proof. That the map (7.6.21) is a Lie algebra homomorphism follows di-
rectly from (7.6.4). It follows also from (7.6.4) that the subspaces ¢,p C g
in (7.6.22) satisfy (7.6.23). That g is the direct sum of these subspaces,
follows from the identity (** = ( for ¢ € g, which implies

(=¢&+n,  &=3(C-¢)et,  n=3C+) e

By (7.6.23) the summand ¢ must be nontrivial, because g is nonzero and
hence is not abelian.
Next observe that the formula (A, B) := trace(A*B) defines an inner

product on End(g) with the norm |A| := y/trace(A*A), and that
k(& m") = K(&",m) = trace(ad(§)"ad(n)) = (ad(£), ad(n)) .
For £ € € and 7 € p this implies x(€,€) = —[ad(©), k(1,7) = [ad(n)]2,

and k(&,n) = 0. This proves Corollary 7.6.18. O



7.6. SEMISIMPLE LIE ALGEBRAS* 401

Lemma 7.6.19. Let g be a semisimple real Lie algebra equipped with a
symmetric inner product, let & — &* be the involution in Lemma 7.6.8,
letg=g1®--- D g, be a decomposition into simple ideals g, and let €,p C g
be as in Corollary 7.6.18. Then the following holds.

(i) The simple ideals g; C g are pairwise orthogonal.
(ii) Fach ideal g; is invariant under the involution § — £*.
(iii) p is the orthogonal complement of €.

(iv) For each j the restriction of the inner product to g; is symmetric
and g; = £; ® p;, where ¢, =€Ng;, p; = pNg; are as in Corollary 7.6.18.

Proof. We prove part (i). For each i the orthogonal complement g;- is an
ideal, because ([¢,7],¢) = (n,[¢%,¢]) =0 for all £ € g, n € g;-, ¢ € g;, and
so [£,m] € g for all £ € g, n€g;. This implies that b; := iz g; is an
ideal, and so is the subspace h; N g;. So either h; Ng; = {0} or h; = gj,
because g; is simple. If h;Ng; = {0}, then [£,n] =0 for all £ € g; and
all € b;, hence g; C Z(g), and this is impossible because the center of g is
trivial. Thus h; = g; for all j and this proves (i).

We prove part (ii). The subspace g := {n"[n € g;} is an ideal, be-
cause [§,n*] =[n,&*]" € gj for all € g and all n €g;. By part (i) we
have ([£,7*],() = —(&, [n,¢]) =0 for all £ € g; and n € g; with i # j, and
all ¢ € g. Hence [g;,g;] =0 for i # j. Hence the ideal gj N g; cannot be
zero, because otherwise [g;,g7] = 0 and so gi C Z(g). Hence gj = gj,
because g; is simple. This proves (ii).

We prove part (iii). By (ii) and Lemma 7.6.14 the involution & — &*
preserves the inner product on g;, and so by (i) it preserves the inner product
on all of g. Hence (¢,n) = (£*,n*) = —(&,n) forall { € tand alln € p. Thus ¢
and p are orthogonal to each other and this proves (iii).

Part (iv) follows directly from (ii) and this proves Lemma 7.6.19. O

Theorem 7.6.20. Let g be an m-dimensional real Lie algebra that is not
abelian and fix an inner product on g and an orthonormal basis e1,...,em
of g. Then the following are equivalent.

(i) P =1 is a critical point of fy.

(ii) There exists a real number ¢ such that
Z(2ad(ei)*ad(ei) — ad(ei)ad(ei)*> = cl. (7.6.24)
i=1

(iii) g is semisimple, the inner product is symmetric, and there exists an
involution g — g : & — £ and a constant ¢ > 0 such that (7.6.19) holds.
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Proof. By Lemma 7.5.20 the element P = 1 € Z(g) is a critical point of

the function fy in (7.6.9) if and only if, for all A € sl(g),

0=

NE

(lesrej], Alei, e5] — [Aei, e5] — [ei, Aej])

1,j=1

<.
Il

I
NE

trace (ad(ei)*Aad(ei) - 2ad(ei)*ad(ei)A).

1

This holds if and only if there exists a constant ¢ € R that satisfies (7.6.24).
Thus we have proved that (i) is equivalent to (ii).

We prove that (i) and (ii) imply (iii). Since P = 1 is a critical point of fg,
Lemma 7.5.20 asserts that the inner product on g is symmetric. Thus by
Lemma 7.6.8 there exists an involution g — g : { — £* that satisfies (7.6.4).
Hence by (ii) there exists a real number ¢ such that

.
I

m
Qg == Z(2ad(e;‘)ad(ei) - ad(ei)ad(e;‘)) — cl. (7.6.25)
i=1
Since g is not abelian, the endomorphism )4 has a positive trace, so ¢ > 0.
This implies that the center of g is trivial, because Z(g) C ker(Qy). Hence,
by Lemma 7.6.8, the Killing form on g is nondegenerate. By Lemma 7.6.19
this implies that the decomposition g = ¢ @ p in Corollary 7.6.18 is or-
thogonal. Hence the orthonormal basis eq,..., e, of g can be chosen such
that eq,..., ey is a basis of € and ej1,..., ey is a basis of p. Thus €] = —e¢;
for i <k and e = e; for i > k, and so it follows from (7.6.25) that

m
Z ad(e])ad(e;) = cl. (7.6.26)
i=1
Hence k(€%,7) = X (ei, ad(€)ad()es) = 0,(&, ad(e})ad(es)n) = (¢, n) for
all £,n € g. This proves (iii).
That (iii) implies (ii) follows by reversing this argument. By (iii) the
Killing form is nondegenerate and the inner product is symmetric and is
preserved by the involution & — £*. Thus the splitting g = € @ p is orthog-

onal, and hence the orthonormal basis ey, ..., e, of g can be chosen such
that eq,...,ex is a basis of £ and eg11, ..., ey is a basis of p. Moreover,

m m

> (€ ad(e)ad(eq)n) = D (ei ad(€)ad(n)es) = w(€7,n) = e(€,n)

i=1 i=1

for all £, € g by (7.6.19). This implies (7.6.26). Since e} = =*e; for all 1,
equation (7.6.24) follows from (7.6.26). This proves Theorem 7.6.20. O
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Corollary 7.6.21 (Cartan Decomposition). Let g be a semisimple real
Lie algebra equipped with a symmetric inner product, let g — g: & — £ be
the involution in Lemma 7.6.8, and define

K := Auto(g) N SO(g), Dert(g) := {0 € Der(g) |0 = 6*}.

Then the following holds.

(i) K is connected and is a mazimal compact subgroup of Auty(g), every
compact subgroup of Auto(g) is conjugate in Auto(g) to a Lie subgroup of K,
and every mazximal compact subgroup of Autg(g) is conjugate to K.

(ii) The map
K x Dert(g) — Auto(g) : (u,8) — exp(§)u

s a diffeomorphism.
(iii) If there exists a ¢ > 0 such that k(§*,n) = c(§,n) for all {,n € g, then

My := Crit(fy) = Py(g) N Aut(g) = {exp(d) | € Der(g)}

is a totally geodesic and geodesically convex submanifold of Py(g) and so is
a Hadamard manifold and a symmetric space, and the map

Auto(g) = Po(g) : g = V99"

descends to a diffeomorphism from the quotient space Auto(g)/K to Mj.

Proof. By Theorem 7.6.16 there exists a splitting g=g1®--- P g, into
simple ideals, this splitting is preserved by every derivation of g, and by
Lemma 7.6.19 it is also preserved by the involution £ +— £*. Thus Auty(g) is
isomorphic to the product of the groups Autg(g;), and K = Autg(g) N SO(g)
is isomorphic to the product of the subgroups K; := Autg(g;) N SO(g;).
Hence part (i) follows from Theorem 7.6.11. Moreover, by Lemma 7.6.19,
we have p =p; @ --- @ p,, and so part (ii) follows from Corollary 7.5.27.
Under the assumptions of (iii) Theorem 7.6.20 asserts that Py = 1 is a
critical point of fy, so (iii) follows from Lemma 7.5.22, Lemma 7.5.24, and

Corollary 7.5.27. This proves Corollary 7.6.21. O

Remark 7.6.22. The Lie algebra of the group K = Autg(g) N SO(g) in
Corollary 7.6.21 is given by Lie(K) = {ad(£)|¢ € ¢} (see Corollary 7.6.18).
If the summand p in (7.6.22) is trivial, then Auto(g) = K is a compact Lie
group. If p is nontrivial, then the quotient space Autg(g)/K is a nontrivial
Hadamard manifold diffeomorphic to p.
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Remark 7.6.23. One can replace the space Z(g) of positive definite self-
adjoint vector space isomorphisms P : g — g of determinant one by the
space g of inner products on g with a fixed determinant (Remark 6.5.11).
This eliminates the dependence on the background inner product and there
is then only one function f; : J; — R whose set of minima is the totally
geodesic submanifold .#; C J#; of all symmetric inner products on g with a
fixed determinant that satisfy part (iii) of Theorem 7.6.20. The main result
asserts that, when g is not abelian, the space .#; is nonempty if and only
if g is semisimple (Theorem 7.6.16 and Theorem 7.6.20).

7.6.4 Complex Lie Algebras

A complex Lie algebra is a complex vector space g equipped with a Lie
bracket g x g — g: ({,n) — [£,n] that is complex bilinear, i.e. it is a skew-
symmetric bilinear map that satisfies the Jacobi identity and

[i&,n] = [€,in] =i[¢, 7]

for all £, € g. Thus every complex Lie algebra is also a real Lie algebra.
Let g be a finite-dimensional complex Lie algebra. A complex ideal in g
is a complex linear subspace h C g that satisfies [{,n] € b for all £ € g and
all n € h. The complex Lie algebra g is called simple iff it is not abelian and
has no complex ideals other than h = {0} and h = g. It is called semisimple
iff it is finite-dimensional and the complex Killing form k¢ : g x g — C,
defined by k¢(§,n) := trace®(ad(§)ad(n)) for £,n € g, is nondegenerate.
Since k = 2Rek®, a complex Lie algebra is semisimple if and only if it is
semisimple as a real Lie algebra. The next lemma shows that the analogous
assertion holds for simple complex Lie algebras (see [17, Lemma 7]).

Lemma 7.6.24. A finite-dimensional complex Lie algebra g is simple if and
only if it is simple as a real Lie algebra.

Proof. Let g be a simple complex Lie algebra of complex dimension n and
let h C g be a real linear subspace of g that satisfies [{,n] € h for all { € g
and all n € h. Then the subspaces

hNib, b +ib
are complex ideals in g, and their real dimensions satisfy the equation
dim®(h Nih) + dim®(h + ih) = 2dim™(p).

Since both summands on the left are either 0 or 2n, the real dimension of h
is either 0, n, or 2n. We claim that the dimension cannot be n.
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Assume, by contradiction, that dimR(f)) =n. Then

Hence, for all {, ¢’ € g there exist &, 1 € b such that { =& + in, and so

€, ¢'1 =& ¢+ [n,i¢] = i([¢, —i¢"] + [n,¢]) € hnih = {0}.

This contradicts the fact that g is not abelian. Thus h = {0} or h = g, and
this proves Lemma 7.6.24. 0

Lemma 7.6.25. Let g be a semisimple complex Lie algebra. Then g is a
direct sum of simple complex ideals.

Proof. Let h C g be a real ideal and let b’ C g be as in (7.6.18). Then
it follows from “(ii) = (iii)” in Theorem 7.6.16 that [h + ib, h’] = {0}.
Hence h + ih C h” = b and so ih = h. Thus every real ideal in g is a complex
ideal. Hence the assertion follows from “(ii) = (iv)” in Theorem 7.6.16. [J

The next result is a theorem of Cartan [13] which asserts that every
semisimple complex Lie algebra has a compact real form. The proof given
here is due to Donaldson [17, Lemma 8§].

Theorem 7.6.26 (Cartan). Let g be a nonzero semisimple complex Lie
algebra equipped with a symmetric inner product. Then

p=it, g=toit

where €,p are as in Corollary 7.6.18. Moreover, the group Auty(g
complezification of the mazimal compact subgroup K = Autg(g) N SO

Auto(g) = {exp(id)u|u € K, 0 € Lie(K)}
and the map K x Lie(K) — Auto(g) : (u,d) — exp(id)u is a diffeomorphism.

Proof. Assume first that g is simple. Then g is simple as a real Lie algebra
(Lemma 7.6.24), and so has a nondegenerate Killing form (Theorem 7.6.10).
By the inclusions in (7.6.23) the subspace

h:=(ENip)+ (pNit) = (ENip) +i(tNip)

is a complex ideal in g. Hence it is either {0} or g. If h = g, then it follows
from (7.6.22) that p = it. Assume, by contradiction, that h = {0}. Then

tnip={0}, g=taip.
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Hence the map o : g — g, defined by

o(§+in) =& —in

for £ € € and n € p is a Lie algebra homomorphism and an involution. This
implies ad(c(¢)) = cad({)o and so k(a(¢),c(¢")) = k((, ') for all ¢, € g.
Hence k(§,in) = 0 for all £ € ¢ and all n € p. Thus ip is the orthogonal
complement of £ with respect to the Killing form. Thus, by Corollary 7.6.18,

p=ip.

However, for all n € p we have (in,in) = —x(n,n) = —|ad(n)|?. Hence
the Killing form is negative definite on ip and positive definite on p, and
hence p = {0}. This implies ¢ = it. Since the Killing form is positive definite
on it and negative definite on &, this is a contradiction. This contradiction
shows that our assumption h = {0} must have been wrong. Thus h = g and
hence p = it. This completes the proof of (7.6.27) in the simple case.

For general semisimple complex Lie algebras, the proof of the equations
in (7.6.27) reduces to the simple case by Lemma 7.6.19 and Lemma 7.6.25.
Equation (7.6.28) follows directly from (7.6.27) and Corollary 7.6.21. This
proves Theorem 7.6.26. 0

Remark 7.6.27. Let g be a semisimple complex Lie algebra. Then Aut(g)
is a complex Lie group, i.e. it admits the structure of a complex manifold
such that the structure maps

GxG—=G:(hg) —hg, G—oG:igrs g

are holomorphic. The proof uses the fact that Der(g) is isomorphic to g and
that the resulting almost complex structure on Aut(g) is integrable (as it is
preserved by the torsion-free connection g='Vg = %(g_lﬁ) + g7 g, 97'9)).
Theorem 7.6.26 asserts that the identity component G = Autg(g) of the
group of automorphisms of g is the complexification of the maximal com-
pact subgroup K = Autg(g) N SO(g), i.e. its Lie algebra Der(g) = ad(g)
is the complexification of the Lie algebra Lie(K) = ad() and the quo-
tient space G/K is contractible. These conditions imply the universality
property that every Lie group homomorphism p: K — ¢ with values in a
complex Lie group ¢ extends to a unique holomorphic Lie group homo-
morphism p¢: G — ¢ such that p°|x = p. Such a complexification exists
for every compact Lie group K, whether or not it is semisimple. (For an
exposition see [20, Appendix BJ.)
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The following exercise is inspired by a remark in [17, §5.1] concerning a
positive curvature manifold that is dual to M.

Exercise 7.6.28. Let g be a semisimple real Lie algebra equipped with
a symmetric inner product that satisfies condition (iii) in Theorem 7.6.20.
Consider the complexified Lie algebra

g°=g@ig
with the Lie bracket
€, ¢ = [T = [n.n] +i([& 0] + [, €]) (7.6.29)
and the Hermitian form
(€. ¢V = (&) + ) +i((&n) — (n,€)) (7.6.30)

for (=& +1in € gf and ¢ = ¢ + i’ € g°. With this convention the Hermi-
tian form (7.6.30) is complex anti-linear in the first variable and complex
linear in the second variable. Prove the following.

(a) g¢ is semisimple. Hint: g° has a trivial center and the real part
of (7.6.30) is a symmetric inner product on g°.

(b) If g is simple, then g¢ is simple. Hint: If h° is a complex ideal in g¢,
then the linear subspace

b:={Re(()[¢ € b}

is an ideal in g.
(c) Every real linear derivation on g¢ is complex linear and has complex

trace zero.

(d) The identity component Autg(g®) of the group of real linear Lie algebra
automorphisms of g¢ consists of complex linear automorphisms of complex
determinant one. (Complex conjugation is a Lie algebra automorphism of g¢
not in the identity component.)
(e) The subgroup

K¢ := Auto(g°) N SU(g)

is connected and is a maximal compact subgroup of Autg(g¢). Its Lie algebra
Lie(K) = ¢t +ip

is the compact real form of g¢ (Corollary 7.6.18 and Theorem 7.6.26).
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(f) Let @ +iV¥ : g — g° be a Lie algebra homomorphism, i.e. for all £, € g,

Assume ¢ + iV is injective and denote its image by

[:= {DE+iVE|€ € g}

Then the following are equivalent.

(I) The real part of (7.6.30) restricts to a symmetric inner product on I.
(IT) *® + U*¥ € Aut(g).

(III) [ is a Lagrangian subspace of g with respect to the imaginary part
of (7.6.30), i.e. ®*V — ¥*P = 0.

Hint: If ®*® 4 U*V € Aut(g), then there exists a derivation a € Der(g)
such that o = o* and exp(2a) = ®*® + ¥*W¥ (Corollary 7.6.21). Prove that

0 = exp(—a)(P*V — U*P) exp(—a)
is a derivation whose image is abelian. Prove that

K(0€,0m) =0

for all £,n € g and deduce that 6% = —6% = 0.

(g) The space of oriented Lagrangian Lie subalgebras [ C g° isomorphic to g
(that can be joined to g by a path of such subspaces) is diffeomorphic to the
quotient space

Ly .= KK,

where K¢ := Autg(g®) N SU(g°) and K := Autg(g) N SO(g). Hint: Choose
the embedding ® + iV in (f) such that

QD + U =1, OV — U*P = 0,

and extend it to a unitary automorphism of g¢.

(h) The space Ly in part (g) embeds as a totally geodesic submanifold
of dimension dim(Lg) = dim(p) into the symmetric space U(g®)/SO(g) of
all oriented Lagrangian subspaces of g°. Hence Ly has nonnegative sectional
curvature. (Hint: Example 5.2.18.) One can think of the positive curvature
manifold Ly of all Lagrangian Lie subalgebras of g¢ that are isomorphic
to g as dual to the negative curvature manifold Mj of all symmetric inner
products on g that satisfy condition (iii) in Theorem 7.6.20.
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Remark 7.6.29. The idea of minimizing the norm of the Lie bracket was
the approach to the existence of a compact real form of a simple complex
Lie algebra suggested by Cartan [14] and carried out by Richardson [58].
One significant difference in the method of Donaldson [17], which we follow
in the section, is that there is no need to assume that the Killing form is
nondegenerate, but that this result emerges as a byproduct of the proof
(Theorem 7.6.10). There is also no need to use the structure theory of Lie
algebras as in the work of Weyl [77]. Instead one can use the existence of a
symmetric inner product as a starting point to develop the structure theory
of Lie algebras.

Remark 7.6.30. As pointed out by Donaldson [17], a more direct approach
to Theorem 7.6.26 would be to carry over the entire program in the present
section and §7.5 to the complex setting, starting in §7.5.2 with convex func-
tions on the Hadamard manifold M = 24(V) = SL(V)/SU(V) of positive
definite Hermitian automorphisms with determinant one of a complex vector
space V' equipped with a Hermitian inner product (Remark 6.5.20).

In the complex Lie algebra setting with Zy(g) = SL(g, C)/SU(g, C) the
logarithm of the function fy : £9(g) — R is the log-norm function of Kempf
and Ness in geometric invariant theory [38, 20]. Thus the existence of a
critical point of fy is the polystability condition in GIT. This approach
was developed by Lauret [44] and he proved that the polystable points are
precisely the semisimple Lie algebras. This is the content of Theorem 7.6.20
in the complex setting. Lauret’s proof uses Cartan’s theorem about the
compact real form of a semisimple complex Lie algebra.

One can also deduce the theorems in the real setting from those in the
complex setting by complexifying the relevant real inner product space V
to obtain a complex vector space V¢ = V @ iV with a Hermitian inner
product, and embedding the space Zy(V) = SL(V)/SO(V) as a totally
geodesic submanifold into Zy(V*¢) = SL(V¢)/SU(V*®).
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Appendix A

Notes

This appendix explains some notations and standard results from first year
analysis that are used throughout this book.

A.1 Maps and Functions

The notation f : X — Y means that f is a function which assigns to every
point z in the set X a point f(z) in the set Y. When Y = R we express this
by saying that f is a real valued function defined on the set X and, if Y is
a vector space, we may say that f is a vector valued function. However in
general it is better to say that f is a map from X to Y and call the set X
the source of the map and the set Y its target. The graph of f is the set

graph(f) := {(z,y) € X x Y|y = f(z)}.

We always distinguish two maps with the same graph when their targets are
different.
A map f: X — Y is said to be

injective f(z1) = f(x2) = 21 =122
surjective iff VyeY3dr e X sit. y = f(x)
bijective it is both injective and surjective.

Then

(a) f is injective <= it has a left inverse g: Y — X (i.e. go f =idx);
(b) f is surjective <= it has a right inverse g : Y — X (i.e. fog=idy);
(c) f is bijective <= it has a two sided inverse f~!:Y — X.

(Item (b) is the Aziom of Choice.)

411



412 APPENDIX A. NOTES

The analogous principle holds for linear maps: if A € R™*™ then the
linear map R™ — R™ : x — Az is

(a) injective <= BA =1, for some B € R"*™;
(b) surjective <—= AB = 1,, for some B € R"*™;
(c) bijective <= A is invertible (i.e. m =n and det(A) # 0).

(Here 1j is the k x k identity matrix.) However, this principle fails com-
pletely for continuous maps: the map f : [0,27) — S* defined by f(0) =
(cos@,sinf) is continuous and bijective but its inverse is not continuous.
(Here S' C R? is the unit circle 22 + y? = 1.)

A.2 Normal Forms

The Fundamental Idea of Differential Calculus is that near a point zg € U
a smooth map f : U — V behaves like its linear approximation, i.e.

f(@) = f(zo) + df (o) (2 — o).

The Normal Form Theorem from Linear Algebra says that if A € R™*"™ has
rank r, then there are invertible matrices P € R™*™ and @ € R™*" such

that
1 0
P—IAQ _ < T rX(n—r) ) .
O(m—r)xr O(m—r)x(n—r)

By the Fundamental Idea we can expect an analogous theorem for smooth
maps.

Theorem A.2.1 (Local Normal Form for Smooth Maps). Let U C R"
and V- C R™ be open, xg € U, and f: U — V be smooth. Assume that the
derivative df (zg) € R™*™ has rank r. Then there is an open neighborhood
Uy of xo in U, an open neighborhood Vi of f(xg) in V, a diffeomorphism
¢: Uy x Uy CR" xR"", a diffeomorphism ¢ : Vo — Uy x Vo CR" x R™™",
such that ¢p(xg) = (0,0), ¥(f(x0)) = (0,0), and

v o fod(z,y) = (x,9(x,y))  and  dg(0,0)=0
for (xz,y) € Uy x Us.

The Local Normal Form Theorem is an easy consequence of the Inverse
Function Theorem.
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Theorem A.2.2 (Inverse Function Theorem). Let U C R", V C R™,
xog €U and f : U — V be a smooth map. If df (x¢) is invertible, then (m =n
and) there are neighborhoods Uy of xo in U and Vi of f(zo) in V so that the
restriction fiy, : Up — Vo is a diffeomorphism.

Here follow some other consequences of the Inverse Function Theorem.
The terms submersion and immersion are defined in §2.6.1 and Defini-
tion 2.3.2 of §2.3.

Corollary A.2.3 (Submersion Theorem). When r = m the diffeomor-
phisms ¢ and 1 in Theorem A.2.1 may be chosen so that the local normal
form is

o fod(zy) =

Corollary A.2.4 (Immersion Theorem). When r = n the diffeomor-
phisms ¢ and ¥ in Theorem A.2.1 may be chosen so that the local normal
form is

1/}71 ofo ¢($) = (a:,O)

Corollary A.2.5 (Rank Theorem). If the rank of df (z) = r for allx € U,
then for every xq € U the diffeomorphisms ¢ and v in Theorem A.2.1 may
be chosen so that the local normal form is

v ro fop(x) = (x1,...,2,,0,...,0).

Corollary A.2.6 (Implicit Function Theorem). Let U C R™ x R" be
an open set, let F: U — R™ be smooth, and let (xo,yo) € U with xo € R™
and yo € R™. Define the partial derivative doF(xo,yo) € R™ ™ by

d
da F(x0,y0)v := T F(xo,y0 + tv)
tli—o

for v e R™. Assume that F(xo,y0) =0 and that doF(zo,yo) is invertible.
Then there exist neighborhoods Uy of xg in R™ and Vi of yo in R™ and a
smooth map g : Uy — Vo such that

Upx Vo CU, g(zo) = o

and
F(z,y) =0 = y=g(z)

forx e Uy and y € V.
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A.3 Euclidean Spaces

This is the arena of Euclidean geometry; i.e. every figure which is studied in
Euclidean geometry is a subset of Euclidean space. To define it one could
proceed axiomatically as Euclid did; one would then verify that the ax-
ioms characterized Euclidean space by constructing “Cartesian Coordinate
Systems” which identify the n-dimensional Euclidean space E™ with the n-
dimensional numerical space R™. This program was carried out rigorously
by Hilbert. We shall adopt the mathematically simpler but philosophically
less satisfying course of taking the characterization as the definition.

We shall use three closely related spaces: n-dimensional Euclidean affine
space E", n-dimensional Euclidean vector space E", and the space R" of
all n-tuples of real numbers. The distinction among them is a bit pedantic,
especially if one views as the purpose of geometry the interpretation of
calculations on R™. The purpose for distinguishing these three spaces is the
same as in elementary vector calculus; it aids geometric intuition. Here is
the precise definition.

Definition A.3.1. An n-dimensional Euclidean vector space is a real n-
dimensional vector space E" equipped with a (real valued symmetric positive
definite) inner product E” x E” — R : (v,w) + (v, w). An n-dimensional
FEuclidean affine space consists of a set £ and an n-dimensional Euclidean
vector space E" and maps

E"xE"—=E":(p,q) = p—q,
E"xE" - E": (p,v)—»p+v

satisfying the axioms
p+0=p, p+tw)=@p+v)+w, q+p-q=p

for all p,g € E™ and all v,w € E". The vector p — ¢ € E" is called the
vector from ¢ to p and the point p + v is called the translate of p by v.
It follows easily that each choice of a point 0 € E™ determines a bijection
v o+ v from E" onto E™. The inner product on E" equips the space E"
with a metric via the formula

p—dql=vV{—ap—q), p,q € E".

The standard Euclidean space of dimension n is E” = E™ = R™ with the
usual matrix algebra operations (z £ y)' = 2 £y, (z,y) = >, z'y".
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Lemma A.3.2. Any choice of an origin o € E™ and an orthonormal ba-
sis €1, ..., e, for E™ determines an isometric bijection:

n
R”—>E":(xl,...,x")b—>0+2xiei
i=1

(the inverse of which is called a Cartesian coordinate system on E™).

Lemma A.3.3. If E" = R":pw (z},...,2"), (y},...,y") are two Carte-
sian coordinate systems, the change of coordinates map has the form

n
Y (p) =) alzi(p)+ ',
j=1

where the matriz a = (ag) € R™" 4s an orthogonal matriz and v € R™.

Example A.3.4. Any n-dimensional affine subspace of some numerical
space RF (with £ > n) is an example of a Euclidean space. The corre-
sponding vector space E" is the unique vector subspace of R* for which:

E"=0+E"

for o € E™. This subspace is independent of the choice of o € E™. Note
that E™ contains the “preferred” point 0 while E™ has no preferred point.
Such spaces E™ and E" would arise in linear algebra by taking E™ to be
the space of solutions of £ —n independent inhomogeneous linear equations
in k£ unknowns while E™ is the space of solutions of the corresponding ho-
mogeneous equations. The correspondence between E™ and E™ illustrates
the mantra

The general solution of an inhomogeneous system of linear equa-
tions is a particular solution plus the general solution of the cor-
responding homogeneous linear system.

This discussion shows that a Euclidean space E™ is an n-dimensional
manifold with its Cartesian coordinate systems whose tangent space at each
point is naturally isomorphic to E™. Thus it is natural to introduce sub-
manifolds of Euclidean space as submanifolds of E™ whose tangent spaces
are then linear subspaces of the associated vector space E™. Instead we have
chosen in this book for simplicity of the exposition to describe manifolds as
subsets of the vector space R™ equipped with its standard inner product.
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