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PREFACE

The aim of this book is to provide a systematic and practical
account of methods of integration of ordinary and partial differential
equations based on invariance under continuous (Lie) groups of trans-
formations. The goal of these methods is the expression of a solution
in terms of quadrature in the case of ordinary differential equations
of first order and a reduction in order for higher order equations.
For partial differential equations at least a reduction in the number
of independent variables is sought and in favorable cases a reduction
to ordinary differential equations with special solutions or
quadrature.

In the last century, approximately one hundred years ago,

Sophus Lie tried to construct a general integration theory, in the
above sense, for ordinary differential equations. Following Abel's
approach for algebraic equations he studied the invariance of ordinary
differential equations under transformations. In particular, Lie
introduced the study of continuous groups of transformations of
ordinary differential equations, based on the infinitesimal properties
of the group. In a sense the theory was completely successful. It
was shown how for a first-order differential equation the knowledge

of a group leads immediately to quadrature, and for a higher order
equation (or system) to a reduction in order. In another sense this
theory is somewhat disappointing in that for a first-order differ-
ential equation essentially no systematic way can be given for finding
the groups or showing that they do not exist for a first-order

differential equation.
Lie also investigated thoroughly first-order partial differ-

ential equations which are essentially equivalent to systems of

first-order ordinary differential equations by the theory of
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characteristics. He also made a preliminary investigation of some
second-order equations, for example, the heat equation, but did not
develop the integration theory. During the last century these methods
have been developed by various mathematicians, engineers, and
physicists. A summary of the mathematical approach based on in-
finitesimal transformations is given in a recent Russian book,

Group Properties of Differential Equations, by L. Ovsjannikov.

In the first part of this book the material on ordinary differ-
ential equations is reproduced in detail. A typical result is

(1.14-2): the criterion that a first-order equation

Q(x,y,¥y') =0

admit a given group, defined by infinitesimal generators

- 30, 30, . 30 _ }
{e(x,y), n(x,y)} is that E3— + n 5y T Ty 0 on @ =0, for
all (x,y) where

vz 9N an _ 38 |, L 38 42

et [ y X ]y oy Y .

From a knowledge of the group the (general) solution can be expressed
by quadrature.

In the second part of the book this method is extended to
partial differential equations and several other connections are made.
First the concept of the extended infinitesimal transformation is
developed for several variables. It is next shown how invariance
under a group can be used to reduce the number of independent
variables. The resulting solutions are connected with the usual
"similarity solutions" of partial differential equations. Since these
solutions are sometimes obtained by physical dimensional analysis

§2.5 discusses the connection between transformation theory

and that method. A principal example which is treated here is the
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construction of the general similarity solution of the heat equation.
Other examples, including some with non-linearities and some with
boundary conditions are sketched but, of course, no complete catalog
can be given.

In view of the pioneering work of Sophus Lie in pointing out
the importance and use of infinitesimal transformations, the authors
would respectfully like to dedicate this book to his memory.

The authors are indebted to F. Milinazzo for carefully reading
drafts of the manuscript and suggesting numerous corrections and
clarifications. Special thanks are due to Mrs. Vivian Davies and
Mrs. Yit-Sin Choo for patiently deciphering the authors' handwriting
in typing several drafts of the manuscript. The authors appreciate

the technical assistance of the staff at Brown University.

George W. Bluman, Vancouver
and

Julian D. Cole, Los Angeles
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INTRODUCTION

The work presented here falls naturally into two parts; the aims
and partial contents of these parts is now sketched for purposes of

orientation.

1. Ordinary Differential Equations

For ordinary differential equations the aim is a theory of inte-
gration or reduction to quadratures. For first-order equations this
means that special cases can be reduced to essentially the same case,
one of quadrature. The canonical case of gquadrature occurs when a

variable is missing. If the general equation is

Fx,y,g—z]=0 (1)
the special case is
dy | =
F[ X 3x } = 0. (2)

For one of the (possibly many) branches of (2) we can write

dy _
dx - G(X), (3)
and the general solution is
X
y = J G(z)dz + a, a = const. (4)
X
o)

In the sense represented by (3) and (4) the problem is regarded as
solved or reduced to quadrature. In this sense the theory accomplishes
all that can reasonably be expected of it.

For higher order equations or systems the aim is the reduction
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of the problem to lower order plus a suitable number of quadratures,

and this can be carried out for a definite class of problems.

2. Partial Differential Equations

For first-order partial differential equations we take the
(restricted) point of view that a sufficiently complete integration
theory is given by the theory of characteristics. This connects the
solution of partial differential equations with the integration of
systems of ordinary differential equations and hence with results of
part 1. It may, however, be useful to look at some first order equa-
tions directly from the point of view of transformations and invariance.

For higher order equations or systems the aim is a reduction in
the number of variables. A typical result is the statement that a
solution u(x,y,t) of a particular P.D.E. in three independent

variables must be representable as

ulx,y,t) = F[ T {-] (5)

adld

This procedure can possibly be repeated more than one time. The
special case when a partial differential equation contains only two
independent variables is particularly important since the problem is
reduced to an ordinary differential equation. Further, the methods
of part 1 may be applied. In many physical problems of interest the
resulting equation which needs to be studied (together with a suitable
number of quadratures) is of first order. 1In this favorable case the
structure of all possible solutions in the phase plane provides complete
information on the structure of a class of solutions to the original
partial differential equation. It also may provide the basis for a
method of numerical integration.

Another method, which can be used to obtain the same results in

special cases, arises not directly from transformation theory but rather
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from dimensional analysis. The basic idea is that all physical
problems must be expressible in dimensionless variables. This idea
is applied to the variables entering a problem for a partial differ-
ential equation. For example if (x,y), some independent variables,
which are space coordinates with the physical dimensions of "length",
enter the problem, then it can be concluded that only the combination
(x/y) (or equivalent) can enter the problem. Evidently, this
represents a reduction in the number of variables. However, it should
be remarked that the failure of dimensional analysis to predict
similarity (i.e., a reduction in the number of essential variables)
does not necessarily rule out similarity for the problem. The
connection between dimensional analysis and similarity is discussed
later.

What has been outlined above is the main content of this book.
However, various related topics which enter naturally are discussed as
the opportunity arises. Among these are asymptotic and local behavior,
superposition of similarity solutions for linear cases.

Finally, it should be remarked that the methods used apply
equally well to non-linear and linear cases. The ideas used represent
one of the few systematic methods of attacking non-linear problems,

with an eye to obtaining exact solutions.
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1.0. Ordinary Differential Equations

The essential ideas of the method occur for first-order equa-
tions and these are discussed first. For first-order equations of
first degree, which form the main subject matter of the first part of
this book, the difference between the case when a variable is missing

in the right hand side and the general case should be noted:

%% = F(x,y) general, (1.0-1)
%ﬁ = F(x) y missing. (1.0-2)

In the general case the complete integration is represented by all the
integral curves in the (x,y) plane, one curve passing through each
nonsingular point (Fig. 1.0-1) according to the local direction field

(1)

at each point P; these form ol (number of) curves. Their con-
struction demands in general ol integrations.

In the special case (1.0-2), again all the curves are needed
for the complete solution. However, the complete solution, repre-
senting all the integral curves, is given indirectly by integration

X
y = J F(z)dg + a, o = const. (1.0-3)
%o
Thus, essentially only one integration is needed; the problem is one
of quadrature. This fact is reflected in the geometric properties of

Fig. (1.0-2). The slope of each integral curve is the same at a

fixed value of x. The integral curves are thus congruent and a

(l)Old fashioned notation: ol = single infinity of curves

(characterized by all continuous values of one parameter).
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translation in the y-direction brings one into another. Thus, we can

summarize the special properties of this case:

under the transformation y » y + B:
- integral curves -+ integral curves (1.0-4)

- the differential equation (1.0-2) is invariant

The reduction to quadrature is the aim of the transformation
theory for these first-order equations. According to the above re-
marks we might expect that invariance under transformation is the
basic property which allows a reduction to quadrature. That this is
so is illustrated by the special example of the next section. It is
in fact possible to connect all transformations and invariances with

that of (1.0-4).

1.1. Example: Global Similarity Transformation,
Invariance and Reduction to Quadrature

This section demonstrates, in a special case, how invariance
under a transformation can be used to reduce a problem to quadrature.
Consider

g—}{- = F(x,Y) (1.1-1)

F(x,y) 1is at first arbitrary but will soon be restricted by trans-
formation requirements. Assume that the differential equation is

invariant under the special transformation

X" = ax
0 <a, B< = (1.1-2)
y* = By
(a,B)(l) are the parameters of the transformation. We consider the
(1)

Greek letters will be used to denote parameters, as far as possible.
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transformation of the original space (x,y) to an image space
(x*,y*); this can also be thought of as the mapping of the plane in-
to itself. The transformation assigns an image point P*(x*,y*) to
each point P(x,y) in the plane and vice-versa. The special trans-
formation (1.1-2) is a stretching or similitudinous transformation.
o =8 =1 is the identity which is included in all transformations.
A direction field at P* is also assigned by the transformation of

the differential equation

* *
§L=§F[§_,lé_]. (1.1-3)

To the integral curve of (l.1-1) through P corresponds an integral
curve of (1.1-3) through p*.

Now we can define invariance precisely: the differential

equation (l.1-1) is said to be invariant under the transformation

(1.1-2) when the differential equation reads the same in the new

coordinates. That is, the right hand side of (1.1-3) is equal to

F(x*,y%).
8 <* *
z F( T %— } = F(x*,y*) for invariance. (1.1-4)

We will assume that F is such that (l1.1-1) is invariant.

Before considering the restrictions of F(x,y) let us consider
some other consequences of invariance. Consider a definite integral
curve

y = f(x) (1.1-5)

in the original space; that is, f(x) is such that f'(x) = F(x,f(x))
for some range of x. The fact that the equation is invariant implies
that the same curve in the (x*,y*) space is an integral curve of

(1.1-3)
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yv¥ = £(x*). (1.1-6)

But each integral curve in the "star" space is the image of an
integral curve in the original space. Upon transforming (1.1-6) back
to the original (x,y) space we have, as integral curves (for

various a,B)
_ 1
Y=3 f (ax) - (1.1-7)

Thus, as a consequence of invariance, we can say that any integral
curve in the original space such as (1.1-5) is a member of some
family, such as (1.1-7). The identity member of this family has
o =8 = 1. With the aid of (1.1-7) we can actually find the integral
curve passing through any point of the plane. Thus, essentially only
one integral curve needs to be calculated; the problem should be
reducible to quadrature.

A procedure for doing this is now indicated. First, we find

the form of F(x,y). Two cases need to be considered:

(i) o,B independent parameters (the differential equation is
invariant under a two parameter group); rewrite the in-

variance condition (l1.1-4) as

BF (x,y) = oF (ox,By) - (1.1-8)
Then 09/3a implies
_ OF
0 = F(ax,By) + ox 5D (ax, By)
or (l.l-9)(l)
0 = F(x*,y*) + x* & x*,vh) .
ax*

(l)The notation 3/3(1l) means the partial derivative with respect to
the first argument of the function; 3/9(2) denotes the partial
derivative with respect to the second argument, etc.
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Direct integration yields

*
F(X*,Y*) = g( ) *

X*

Thus, the basic functional equation (1.1-8) becomes

Bg(y) = g(By).

9/9B8 of this functional equation yields

gly) = yg'(By) = % g (By)

or

g'yh) 1 .
g(y*) y*
The solution of (1.1-12) is
g(y*) = by* b = const.

and the resulting functional form of F is
F(x,y) = Db % .
For this special differential equation

&y - p ¥
dx b X

(1.1-10)

(1.1-11)

(1.1-12)

(1.1-13)

(1.1-14)

a separation of variables provides the reduction to quadrature.

(ii) B = B(a) (the differential equation is invariant under

a one parameter group) .

The functional form of the dependence Rg(a)

is not arbitrary

but must be found in the course of finding the functional form of F.

The basic functional equation (l.1-4) is now

B(a)F(x,y) = aF (ax,B(a)y)

(1.1-15)
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9/0a implies

B'(a)F(x,y) = F(ax,By) + ox 5D (ax,By) + aB'y 5%%7 (ax, By)

for all (a,B),

or the following first-order partial differential equation must be

satisfied (when F(x,y) 1is replaced from (1.1-15)):

'
[ B2 ]F(x*,y*) = xSy g 2y 3 (1.1-16)
ax™* ay*
The characteristic differential equations(l) for (1.1-16) are
ax* _ _dy*  _ dr . (1.1-17)
* Ok ' )
X B' gy [ BBa -1 ]F

Integration of the first two of these gives (a,B fixed) the curves

u(x*,y*) = const.,

B'a

u = y*/x* (1.1-18)

and integration of the first and third (along these curves) gives the

general solution of (1.1-16).

*
F(x*,y*) = x* G —%.— (1.1-19)

where G 1is an arbitrary function. Now we can note that the original
function F(x*,y*) was by assumption free of any explicit dependence

on the parameter a. Therefore

(l)See Appendix A for a discussion of the method of characteristics
for first-order P.D.E.'s.
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E%Q = const. = k. (1.1-20)

Integration yields

8(a) = of (1.1-21)

where the condition g(l) = 1 1is used to identify the identity ele-
ment of the transformation.

In summary, any differential equation of the form
] (1.1-22)

is invariant under the one-parameter (o) family of transformations

(1.1-23)

Note that

2l

=XH
X

Y ] (1.1-24)
k
X
is a form equivalent to (1.1-22)
= ¥ .
X

Now the reduction to quadrature can be found by introducing the
similarity coordinate o = y/xk as a variable to replace x or vy.
0 1is evidently invariant under transformation (1.1-23). 1In fact,
this is a general rule: if the differential equation is expressed in
terms of an invariant and any other appropriate coordinate, a re-

duction to quadrature is achieved.

In this case note that

Q

g

S =

(1.1-25)

<
]
=

x‘%
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while (1.1-24) is

gl:H(g)?_{_’i.

v (1.1-26)
Hence
do _ ax _ , dx
o T HO T -k
or
ax _ do -
x = THG) K5 (1.1-27)
(1.1-27) is the desired reduction to quadrature. Therefore
O —
log z._ = J ——_dG — (1.1‘28)
o g [H(o) = k]o
o

An alternative formulation expresses the invariance as a trans-
lation, similar to (1.0-4), with however more generality. The
translation and corresponding congruence of integral curves takes

place with respect to both variables. If we let

X = log X, Y = log y (1.1—29)(1)
then (1.1-24) becomes
ay _ Y-kX _
X = H[ e J. (1.1-30)

The invariance under the one-parameter family of transformations

X >X+y, Y->Y+ky (1.1-31)

(1)

x, ¥y > 0 with obvious changes if x or vy is negative.
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is now evident where Yy = log a.

Problem 1.1-1. Consider the second-order differential equation

Assume that the differential equation is invariant under the special

transformations

Find the special form of the function F for which this is true.
Show how the problem of obtaining the general solution is reduced to
the integration of a first-order differential equation plus a

quadrature.

1.2. Simple Examples of Groups of Transformations;
Abstract Definition

It is clear from the previous work that a systematic study of
transformations is a useful part of a general integration theory. As
is discussed below these transformations must have group properties.

In this section several simple examples of groups of transformations
and associated concepts are introduced. In this and following sections
we dispense with the "star" space and consider transformations of the

plane into itself.

Translation Group in the Plane: One-Parameter Group

Consider the one-parameter family of translations which takes
an arbitrary point (x,y) to another point (xl,yl) by a motion

parallel to the y-axis (Fig. 1.2-1).
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- ® < g < ® (1.2-1)

(x,5y,)
T
Jk (x,y)

Figure 1.2-1

The transformation can now be repeated with a shift B8 to produce a

new point (x,,y,)

(1.2-2)
Y2=Y1+B

It is clear that the point (x2,y2) can be reached from the original
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point (x,y) by another transformation of the same family since

(1.2-3)
y2=yl+8=y+(a+8)

The single transformation (x,y) - (x2,y2) has the parameter value
A =oa + B. The identity transformation (a = 0 in (1.2-1)) is con-

tained in the family as well as the inverse (-0).

Families of Transformations With These Properties
are Said to Form a One-Parameter (o) Group

A more general abstract definition can be given to show when a
family of transformations characterized by a continuous parameter (a),
forms a group.

A one-parameter family (of transformations) in a set A (in
this case a continuum of real values o) and a binary operation &

in the set forms a group if the following axioms are satisfied:

Axiom 1 (Closure). For any elements o,B of A, o ® B is an

element of A.

Axiom 2 (Associativity). For any elements (o,B,y) of A
a ® (B®Y) = (a®B) ® Y.
Axiom 3 (Identity). There exists a unique identity element I

in A such that for every element o of A

Axiom 4 (Inverse). For any element o of A there exists a

unique ol of A such that

e®al=0teaq=r.



16 1. ORDINARY DIFFERENTIAL EQUATIONS

For our purpose o ® B 1is an analytic function (y) of o and
B denoted by Y (o,B) = a ® B.

For the example of the family of translations in the plane given
above the binary operation is addition of the shift distances, i.e.,
Y(a,B) = o + B; in other examples to be discussed later the binary
operations may be multiplications or some other algebraic combina-
tions. The associative property is the composition of shift
distances and the identity and inverse are obvious.

Families of transformations may also form several parameter
groups, for example translation in an arbitrary direction in the

plane:

parameters (o,B). (1.2-4)
Yy =y + 8

Since analytic dependence on the parameter (a) 1is always
assumed quantities connected with differentiation with respect to the
parameter play a central role in what follows. The simplest example
of this is the infinitesimal transformation.

The infinitesimal transformation is arbitrarily close to the

identity. Let a in (1.2-1) be an infinitesimal &t then

X1=X

(1.2-5)
Yy =Y + 81
and the original point is mapped in an infinitesimal neighborhood of
the original point. The infinitesimal transformation can be repeated

n times to give
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(1.2-6)
y + nét

]
n

According to the usual concept of integration, the global transforma-
tion (1.2-1) is produced in the limit n » «, 8t > 0, IndT - «a.
Path curves are the curves traced out by a moving point (x,y)

for a fixed initial point (xo,yo) as the parameter (o) assumes all

Y
(x,y)
L
X
(xoiyo)
Figure 1.2-2
possible values (-«,»). It is clear that the totality of path curves

form a one-parameter family (e.g., the value of X at Yo = 0

identifies a path curve). The path curve as a whole goes into itself
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under any member of the transformation group (1.2-1) and is thus in-
variant. No other curves have this property in this case. Points at
infinity can be discussed by projections.

Analytically, an invariant function over the‘’plane Q(x,y)

(with respect to translation) is one whose value does not change under

the transformation (1.2-1). That is

Q(xy,yy) = Q(x,yta) = Q(x,y). (1.2-7)

If we consider o infinitesimal the functional form of Q 1is deduced

analytically
2 .2
Qx,y+0) = Q(x,y) + o —a—% (x,y) + %T §—% (x,y) + -+ = Q(x,y)
Yoy
or, invariance implies
2
W oy, 2B e
y ay
and conversely. Hence
Q= Q(x). (1.2-8)
Curves are represented by Q(x,y) = const. and the invariant curves
by Q(x) = const. or x = const., the path curves in this case.

Example: One-parameter group of rotations about the origin

X cos vV - y sin v

b
-
1]

, parameter v = angle of rotation (1.2-9)

=y cos Vv + x sin v

=
—
[l

or
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Figure 1.2-3

x, + iy; = (x+iy)e™V. (1.2-10)

The identity element has Vv = 0, the inverse is -v, a rotation
clockwise. The group property arises from the fact that rotation
through Vv followed by rotation through o is the same as rotation

through Yy = v + a. The infinitesimal rotation is obtained from

(1.2-9) with v = 8t >~ 0
X, =X - yéT
(1.2-11)

Yy, =Y + x81

The infinitesimal direction field of the path curves is given by
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§x = (xl—x) = -y6T
(1.2-12)
Sy = (yl~y) = x8t
This has the direction perpendicular to the radius dy/8x = -x/y.
The path curves are evidently circles
2 2 _ .2 2 _
X +y = xo + yo = const.

and thus each path curve is an invariant curve. Invariant functions

for this group must satisfy
Q(xl,yl) = Q(x cos v -y sin v, y cos v + x sin v) = Q(x,y) (1.2-13)
or infinitesimally (v - 0), v = &t
Q(x-ydt, y+x61) = Q(x,y).

Expanding,

Q(x,y) - Ezg—g (x,y) - x g% (x,y)JGT + .- = Q(x,y)

or invariance implies (and conversely)

[o%]
te)

(1.2-14)

=
%13
|
x
|
<l
Il
o

This first-order partial differential equation can be solved by
characteristics; the general solution contains one arbitrary function

w and is
2,2
Q(x,y) = w(x"+y7). (1.2-15)

Invariance of the function corresponds to invariance of the path curves.
The same group of transformations can be expressed in other co-
ordinates, in this case polar coordinates are ccnvenient and (1.2-9)

or (1.2-10) can be replaced by
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6, =6 +v, r, =r. (1.2-16)

1 1

In these canonical coordinates the rotation group is expressed as a

translation in 6 (1.2-1) and the transformation is said to be in

canonical form.

Example: One-parameter group of affine transformations

The properties of this transformation are expressed in capsule

form below

Xl = X
;, 0 < a < o (1.2-17)
(X)y) (X‘ 7y|)
y =constant
S—
Sm——

Figure 1.2-4 The transformation is a stretching

in x proportional to x.

Summary of Properties:

parameter: o
identity: o =1
inverse: 1/a

composition: o followed by R vyields a parameter value

Y = aB, i.e., yv(a,B) = aB.
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infinitesimal transformation:
a=1+38t (x; =x+x81, yj =y)i (8 =x8t, éy = 0).

path curves: vy = const.

invariant curves: (1) vy const.

(2)

»
]

0; each point remains fixed.

invariant functions:

Qxq,yq) = Q(ax,y) = Q(x+x871,y)

]

+ eee = Q(x,y)

Q(x,y) + GT[X ~— (x,vy)

0

9
x 21 (x,y)

either x = 0 or Q = Q(y); Q(y) = const. on path curves.

canonical variables:

r = log x
defined for x > 0 (use log-(-x) for x < 0)
s =y
r, = log X, = log ox = log x + log o = r + ¢
S1=N Y =s
new parameter: o = log a, =% < g < o,

Thus, the use of canonical variables has changed a stretching group

into a translation group.

1.3. One-Parameter Group in the Plane

The definitions introduced in §1.2 are generalized in this
section to arbitrary transformations.

A one-parameter (0¢) family of transformations of the plane
into itself
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(x,y)

(x5,Y,)

(x,,y,)

Figure 1.3-1

Xy = ¢ (x,yi
vy, = V(x,y;:
forms a group when to each (x,y) in

(xl,yl) and vice-versa, and when the

a)

a)

23

(1.3-1)

the plane there corresponds one

group composition property holds.

The composition property demands that a repeated application of

(1.3-1) can be expressed as a member of the same one-parameter family

of transformations; that is a suitable parameter value can be found.

Formally, we need

o]
I

2 = ¢(xl,yl; B)

y2 = W(Xllyl; B)

where

¢(¢(XIY; a), vx,

v(d(x,y; o), VI(x,

yi a);

yi a);

B)

R)

d(x,y5 Y)

(1.3-2)
vix,y: Y)
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Yy = y(a,B)

defines the law of composition, the binary operation in the set.

Equations (1.3-2) must hold for all (x,y; &,B).

The assumed existence of the inverse element a—l for which

-1

>
I

= ¢(xl,y1; a )
(1.3-3)
= (x, .y oD
1’41’

]
|

guarantees the existence of the identity element oy the transforma-

tion a followed by o1 brings (x,y) back to (x,y)

X = 0(xq,¥y o7l = oo (x,ys @), Vi,y: @) oD

¢ (x,yi al) = x, y(a,a7l) = oy

y = V(x,yq7 a—l) etc.

Note that not every one-parameter family of one-to-one trans-

formations forms a group. For example, consider

y, =Y

a transformation with no identity element or composition law.

Once again we remark that the local structure of the transforma-
tion group is most important.

The analytic dependence(l) of (1.3-1) on o in the neighborhood

of the identity element og

(1) The existence of a suitable number of derivatives of ¢,y is
assumed.
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»
1]

o (x,y7 OLO)
identity (1.3-4)

=
"

V(x,y; ao)

implies the existence of the infinitesimal transformations: Let

a = o + 8da. Then (1.3-1) reads

)
Xy = o(x,y; ao+6a) = ¢(x,y; ao) + Sa 5% (x,y: uo)
2 2
(o)™ 2374 . ... -
+ 5T 5;7 (x,y; ao) + (1.3-5)

V(x,y: ao) + So %% (x,y;: ao) + e

Yy Vi(x,y: ao+6a)

or neglecting higher order terms, the infinitesimal transformation is

- ey = 00 .
§x = X, X = = (x,y: ao)da
(1.3-6)
Gy = yl -y = %g‘ (x,y;: 0‘0) Sa

It will be shown in §1.4 that for a given parameterization it is

, . 3¢ Y -

impossible that both o (uo), o (ao) = 0. Let

E(x,y) = % (x,y; @) (x,y) = Gk} (x,y; o) Then (1.3-6) can be
2% Y] 1Y ol n 2% 30 1 Y7 ol .

written in the form:

§x = X, - x = £(x,y)Sa

(1.3-7)

§y = y; -y = n(x,y)da

(¢£,n) depend on the original form (1.3-1) so that oy is fixed and

need not be shown in (g,n). The functions (§,n) define the trans-

formation locally and we now show that in fact the global
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3y

3 x

Figure 1.3-2
transformation can be reconstructed from (£,n). That is, the local
transformation contains all the essential information about the global

group of transformations.

Construction of the Group from &,n

A given infinitesimal transformation (&,n) attaches an in-
finitesimal direction field to each point (xl,yl) of the plane such

that

dxl dyl

E(x ,y)  M(Xy:¥))

= dr. (1.3-8)

As the parameter 1t varies all points of the plane undergo a motion;



1.3. One-Parameter Group in the Plane 27

repeated application of (1.3-8), equivalent to the usual process of
integration, generates a curve from each original point. These curves
are represented by the global transformation equations and we now show
that they form a group. First we consider local behavior based on
(1.3-8).

Along a curve Xl(T), yl(r) the higher derivatives correspond-

ing to (1.3-8) are:

! = E(Xy,¥4) it N n(x,,¥q)

at 14177 drt 1’41

dle 3E dxy ¢ dy,

32 ax o) @m toay (evy) gro= (BEmE))at (xpayy)
Py gy ¥y

T T ma tawya T Enty) et b )

Therefore, for X11Y, close to the initial point (x,y), (T > 0) we
have
2

L= X TEGY) + g (EE4nE) 4 e

>
]

12 (1.3-9)
y + tn(x,y) + 5 (Enx+nny) + ..

¥y

This power series will, in general, converge in some neighborhood of
T = 0 and represents the global transformation in the neighborhood of
convergence.

The group composition property of the power series representation
(1.3-9) is easily demonstrated. Proceeding from X, to x, with a

parameter g (along the same curve)

>
]

2
2 X, + Bi(xl,yl) + %— [E(xl,yl)éx(xl,yl) + n(xlryl)iy(xl,yl)] +

2
= yl + Bn(Xl,Yl) + 2— [E(Xlryl)nx(xlryl) + n(xllyl)ny(xllyl)] + ...

<
N
[

(1.3-10)
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or using (1.3-9)

2
Xy = x + 18(x,y) + %— {&(x,y)ix(x,y) + n(x,y)ﬁy(x,y)] +

+ Ba[x + TE(x,y) + c¢+, ¥y + TN + --{
B2
+ 5= [E(x,y)ix(x,y) + n(x,y)Ey(x,y)] +

2
Y, =¥ + mx,y) + 5 [E(x,y)nx(x,y) + n(x,y)ny(x,y)] +

+ Bn[x + TE(x,y) + see, ¥y oI 4 ~-{

2
%— [E(x,y)nx(x,y) + n(x,y)ny(x,y)] + e (1.3-11)

+

Expanding and keeping only the quadratic terms in 1t,8 we have

»
|

2
p =kt ety + LS ey oy g |+ e

2
Yo =¥ + (t+B)n(x,y) + il%ﬁl_ [&(x,y)nx(x,y) + n(x,y)ny(x,y)J + e

This form demonstrates the composition law Yy = 1 + R.

In the representation (1.3-9) the identity element corresponds
to 1t =0 and the inverse is -r7.

Another way of arriving at the global group starting from the
infinitesimal transformations is to consider the formalities of
integrations of (1.3-8). The integral curves of the first part of

(1.3-8) are of the form
Q(xl,yl) =c = Q(x,y) if X] =Xy =Y when 1 = 0. (1.3-12)

The constant ¢ thus depends only on the initial point (x,y). Along

any such integral curve we have

¥y = yl(xl; c)
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so that the parameter T 1is found by integration of the second part

of (1.3-8), for example,

dxl

E(xl,yl(xl; c))

= drt. (1.3-13)

This, for each ¢, has an integral of the form
F(xl; c) - T = const. (1.3-14)
In general, ¢ = c(x,y) so that (1.3-14) can be written

W(x - T = const. = W(x,y). (1.3-15)

1:Yl)
The pair (1.3-12, 1.3-15) represent the global form of (1.3-8); 17 =0

is the identity; (-t) 1is the inverse and the composition property

follows from

Q(leyz) = Q(leyl) = Q(X,y)

W(x2,y2) =T+ W(xl,yl) = (Tl+T) + W(x,y).

Summary:
In summary [§(x,y), n(x,y)] define an infinitesimal transforma-
tion &x = X - x = £8t, Oy = Yy, - Y = nét and this defines a one-
parameter group of transformations containing the identity and
inverse. The finite form of the group of transformations is found by
integration of the differential system
dxl _ dyl
E(xy,y)) — nixyy;)

= drt

with the initial conditions X, = X, Yy =Y at

A
1}

0. The general

form of these transformations is
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Q(leyl) = Q(x,y)
(1.3-16)
W(xl,yl) =T + W(x,y)

If this pair is solved for (xl,yl) we obtain formally (¢,y) and
the local series

2
Xp = 00,y T) = x 4 TE(y) gy (BE4nE) +
2

T
y + tn(x,y) + 5T (Enx+nny) +

y, = Y(x,yi 1)

The first-order term of this series is identical with the infinitesimal

transformation.
Example:
E(x,y) = x X, - x = £t
or
nix,y) =y Yy - Y = ndt

The differential system is

which has the integrals satisfying (xl =X, ¥y, =Y, T = 0)
log X - log x = log Yy - log v = 1, X ¥Yr X110 ¥, > 0 say.

Parametrically, the global equations are

]
]

1 ¢ (x,yi 1) xe

yp = Vix,yi 1) = ye'

Let e' = a; we have the perspective or similarity transformations
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X, = 0X
1

y, = oy

which evidently form a group. The power series corresponding to these

transformations is

[\S]

X x + x + X + xe

I
1 2!
Tz T

Y SY £ IX 4 oy +oeee = ye

1.4. Proof That a One-Parameter Group Essentially Contains Only
One Infinitesimal Transformation and Is Determined by It

In this section an abbreviated notation is used: Denote the
pair (x,y) by x and the pair (¢,¥) by ¢. The results can be
generalized to three or more variables.

Let

X, = ¢ (x; o) (1.4-1)

define a one-parameter group of transformations with ¢(x; 0) = x

defining the identity transformation. If
X, = ¢(Xl; 8) (1.4-2)

then there is some function vy (o,B) defining the law of composition

such that

X, = ¢(x; v(a,B)) (1.4-3)

for any values of x,a,B. vY(a,B) essentially describes how the one-
parameter group of transformations is parameterized. Yy (o,B) 1is an
analytic function of o and B8 in some neighborhood of (0,0). Given
o, there is a unique value B = a—l (corresponding to the inverse,

not necessarily %) such that Y(a,a_l) = 0, the identity element.

Thus, if
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-1
Xl=¢(X,OL ),
then
X = ¢(xl; a). (1.4-4)
We now show that essentially the infinitesimal transformation is
unique.

Say o in (l1.4-4) is given an infinitesimal increment, &8o. Then

x* = 9(xy; 0+8u) = dlxp; @) + S 35 (xyi B) 4 oee (1.4-5)

B=a

a+da
Xi

SX a-!

Figure 1.4-1 Geometric interpretation of (1.4-5)

If O6x is the infinitesimal change in x, then

§x

£(x; a)da (1.4-6)

where

]

3o
E(x; a) == (X3 B) (1.4-7)
38 %1 6=o
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is the infinitesimal of the group of transformations (1.4-1) corre-
sponding to the parameterization vYy(a,B). Note that &(x; a) Z O
for all values of o (for otherwise (1.4-1) defines the trivial
group) .

The group of transformations with law of combination v (a,R)

can be determined by integrating out the differential equation

*

dx _ -
m—*;—a—)'— da (1.4 8)
with initial condition
x*(a = 0) = x. (1.4-9)

We show that the infinitesimal is essentially unique by proving

that it is of the form
E(x; o) = T'(a)E&(x) (1.4-10)

for some functions {I(a), &(x)}.

Theorem 1.4.1. E(x; a) = T'(a)E(x)
where
3y (a1, )
I'(a) = 38, (1.4-11)
B=0.
E(x) = £(x; 0) = a—*f’(—’gé——‘?‘l (1.4-12)

a=0

Proof. From the definition of <y (a,B) in the beginning of this

section

X" = ¢(xl; ot+d8a)

0(6(x; o 1) atéa)

o (x; v (o L,a+8a)) (1.4-13)

y(a 1, a+60) = y(@™l,a) + T'(a)sa + 0((8a)?)

I'(0)8a + 0((8a)2)
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since Y(u_l,a) = Y(a,a_l) = 0.

Hence

o (x; T ()80 + 0((8a)?)

x =
= ¢(x; 0) + Gozl"(a)Eg—2 (x; a{} + 0((6a)2)
o -
a=0
= x + T(a)E(x)8a + 0((8a)?)
==
§x = I'(a) & (x)Sa.

Corollary 1.4.1.

E(x) Z 0.

Problem 1.4.1. Show that T(0) = 1.

(Hint: use analyticity property of Y (o,B)).

Letting

[0
t = J I'(a')da',
0

we get &x = £(x)S6t. Hence essentially there is only one infinitesimal.

Examples:
(i) Stretching

X, = (a+l)x
(1.4-14)
Y, = (o+l)y
Y(a,B) =aB + o + B
-1 _ _ _o
A Y
Y _ . _ 9y -1 = 1
38 (a,B) o + 1 ==> (o) = 38 (a 7, B) _ THa
B=a
E(x) = (x,y)

cor o = (g o o).
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The corresponding differential equations determining (1.4-14)

are
* *
dx =§L=da
=yt
1+a 1+a
with initial condition (x*,y*) = (X,Y) .

a=0

(ii) Rotation

y, = ox + /l—a2 y
v(0,8) = a/1-82 + /1-a?

-1 _
o = =0
Y Ba 2
== (0,B) = - + /1-o
o8 1-p2
1
I'(a) =
l—az
E(x) = (-y,x)
E(x; a) = | - ==, X
1-a2 1-a2

Problem 1.4.2. Integrate out

* *
- |/l_(x2 ..dﬁ_ = 1—@2 ‘111_ = da

|
3
=

to obtain (1.4-15).

(1.4-15)
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1.5. Transformations; Symbol of the Infinitesimal Transformation U

In this section the transformation group (which takes the plane
into itself) is shown to be independent of its coordinate repre-
sentation. Further, a useful symbol U for expressing the trans-
formation in terms of its infinitesimals is introduced.

The transformation of the plane into itself can be expressed in
any coordinates. The group property is preserved independent of the
choice of coordinates. All one-parameter groups in the plane can be
brought to the same form by a suitable choice of coordinates. To

show these results in more detail consider (x,y)

X
]

F(x,y)
(1.5-1)
G(x,y)

=
1]

not as a transformation but rather as new coordinates in the plane.

Example: polar coordinates X = ¢x2+y2, § = tan_ly/x-

If the general transformation group is

o(x,y; o)

<
—
]

(1.5-2)
¥y, = Y(x,y;: o)

the new point (xl,yl) can also be represented as

Xl = F(Xlryl)
Replacing (Xl’yl) by (1.5-2) and (x,y) by (1.5-1) inverted, we have

X, = ®(X,y; a)
*1 xoyroo (1.5-3)

{;1 = ¥(X,y; a)
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which is a new representation of the group.

Example: A one-parameter family of transformations is

X =x*toa x<0 X>0
<0 >0
- _Xy
¥y X + o
The group composition
p comp ‘ ‘ 120, %=+
property is verified =O,?E—d)
by <"’! ‘l".
x, = x, + B =x+ (a+p)  X>0 X<0
¥>0 ¥<0
Xy
- 1Y _ (x+a) =% a
y2 xl + B X + (a+B)
= Xy
X + (a+B) Figure 1.5-1

a = 0 is the identity, -o 1is the inverse of o. Choose as new co-

ordinates rays and hyperbolas

X
[
b
]
I+
]
=

X
y

Yy = xy y =+ /y/%

I+

Thus, in new coordinates the basic transformation is

2
R WO CIR S 2L I
1 ¥y 9

The group property in new coordinates is
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2
(+ /§1§1 + 6)2 [: V(+ /§§ + a)2 + 3]

~

X2—

(+ /%5 + (a+B))?>

y

L

17l
Theoretically, new coordinates can be chosen so that the group

has the form of a translation. Referring to (1.3-16) we can choose

canonical coordinates

r = Q(x,y)
(1.5-4)
s = W(x,y)
so that the group is
r) =r
(1.5-5)
S, = s + 1

For the above example r = Xy, s = X.

U-Symbol of the Infinitesimal Transformation

The symbol U is introduced as the symbol for a directional
derivative in the plane (space, etc.). The use of this symbol
facilitates calculation and separates the role of variables (x,y...)

and parameters (a,B).

Consider the one-parameter group of transformations

X, = 0(x,y5 T)
(1.5-6)
¥y, = Y(x,yi T)
and the corresponding infinitesimal transformation
* _
X7 = Xy + g(xl,yl)ér
. (1.5-7)

*

Yy

Yy + n(xl,yl)GT

Now consider how a function f(x*,y*) defined over the plane varies

along the path curve of a given (arbitrary) initial point (x,y) -
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Sf

* kY _ of of
1 = ExTyT) £(xy,yy) = g—)q (xl,yl)dxl + B_.Yl (xllyl)éyl

of of
[E(xl,yl) W (xl,yl) + n(xl,yl) ﬁ—l— (xl,yl)] St

in particular as T > 0; we approach the initial point (x,y) so

. 8f _ Af B 3f 3f
rlimo 37 = g7 (along the path) = &(x,y) ¢ + n(x,y) Iy
(1.5-8)
T=0
(1.5-8) is the usual directional derivative along the path
- L) )
£V = Eg;{" +n 3y
This operator is labeled U:
- of Af _
Uf = E(x,y) 5 + n(x,y) 3y (1.5-9)
Example: Rotation: infinitesimally
§x = X =x = -yS8t
Sy = Yy, "y = x0T
- of of
Uf:_yé;+x—3—§/_
£=-YI n = X.
Note that
£ = Ux, n = Uy
so that in general
_ . of of _ of of
Uf—€ﬁ+n§¢y— (Ux)s-i'*'(UY)?a—y‘
(1.5-10)

where (£,n) - U.

The directional derivative expressed by (1.5-10) can easily be
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transformed to new coordinates. Let

»
1]

F(x,y)
(1.5-11)

N
|

= G(x,y)

be new coordinates. Then the new coordinates of a point on a path

curve are

Xy = F(xl,yl) = F(x+£8T,y+nd1) F(x,y) + (EFX+nFy)61 e

¥y = G(xy,yq) = G(x+E8t,y+nd1) = G(x,y) + (EGx+nGy)6T +
or
§x = X - x = (ng+nFy)ST
(1.5-12)
6y =y, -y = (EGx+nGy)6T
For any function h(x,y) the relation 6&h = (Uh) 81 infinitesimally

defines U. That is,

on - b6, Oh 87 (por,  BE)Oh, (o0, 26) 2
X dy X Y) % X ox oy

or the infinitesimal transformation is expressed in new coordinates

X(x,y), ¥(x,y) by
Oh = (ux) 2B+ i B (1.5-13)
9X

Sometimes the symbol £ 1is used for a function defined over
the plane (a certain value attached to each point of the plane) in-

dependent of the coordinates, in which case

~ f ~
vez e L4028 wp) L4 oy X (1.5-14)
90X oy Y a3y

where X = X(x,y), ¥ = ¥(x,y)
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E=0UX = EX_+ nX,, 0 =Uy = &£y, + nily (1.5-15)

defines the same group in new coordinates (X,¥): &(X,¥), n(x,¥) > U.

Alternatively, the same result is expressed by the formal rule

of 3f 9f 3x , Jf 3y of 3x , Jf 3y
Uf = & == + n =¢|—= 5= + — +nji—= == + =
0X 3y [Bx 3x 35 3X {Bx oy 5y 8y]
(1.5-16)
S of ~ Lo~ | 3f _ =~
= |EX_+nX ]—:+[£y+ny]—:=Uf

(this corresponds to the usual physicist's notation , £ and the

operator here should be understood that way).
Example: polar coordinates x = r cos 6, y = r sin 6
X = ¢x2+y2
y=6-= tan™t % .

Let f = x x2+y2 = r2 cos 6 in polar coordinates. Let the trans-

formation be rotation Uf = -y 3f/9x + x 3f/3y. Thus, in (x,y)

/ 2 /
Uf = -y x2+y2 X |+ x| | = -y x2+y2 .
[2, 2 2, 2
x“+y /x4y

Computing U in (X,y) we have

Fh

0f = wi) L+ wp Lok = -y & A%+ x %y
3% 3

= —y{}:zéﬁf—{J + x{}——léﬁ——g} =1.
1+ (y/x) 2 1+ (y/x) 2

Thus, Uf = 35 = %g = —rzsin 6 = —y/x2+y2 as before.
oy

Note that, in general, the infinitesimal transformation can be

=

(=}
L
|
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used to provide conditions for canonical coordinates of a given group.

In canonical coordinates r = X, s = y, the group is a translation,

as in the example above, so that

(@f}
Hh
i
IQ)
H
o]
1]
2]

or 1 . (1.5-17)
1

|
0]
0]
1]
0]
+
Q

Thus,

o™
]
o
]

oy
|

3x TN 3y
(1.5-18)

An explicit determination of the canonical coordinates depends on an
integration of the system (1.5-18). The characteristic system of

(1.5-18) is

dx dy ar

0k, 7) = = ) o r(x,y) = ¢ = const. on curves
4 ’

(1.5-19)
whose slope is n/g.

dx __ _dy _ds, _ _ f dx
E(x,y) n(x,y) 1 g(x; ylx; r)) (1.5-20)
s = s(x,y) 1is found by quadrature.
X; = oax
Example: Stretching Group "
Yy, = oy
Infinitesimally:
o =1+ &1
a” =1 + két
Uf = x %5 + ky %5 or € =x, n = Kky.
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Canonical coordinates:

o
I
»
ik

+ ky ==

=
1]
»
Io;
0
@
]

+ ky == -

|
%

Integral curves:
k log x - log y = const. x, y > 0.

So r = F(y/xk), where F is an arbitrary function, is a canonical

coordinate. For simplicity let

r = Y/xk X, y > 0.

To find the other canonical
coordinate s(x,y) only a
particular solution is (k=2)

needed, say

s = log x, x > 0;

in these coordinates

s, = log X, = log x + log a

s + log o

of

Uf s Figure 1.5-2
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Series for the Group

Let X11Yq be on the path curve of (x,y), that is these points
are given by (1.5-6). Any function defined over the plane can be con-

sidered along this path curve
g(xl,yl) is a function of (x,y,T).

The rate of change of g along the path curve can be expressed near

T = 0 (assumed the identity) by

and in fact, for some finite interval around T = 0 we can write

- dg U
g Xl(T)r yl(T)] g{xl(O)r Yl(o)] + T[d'{ _ + 2! 2 +
=0 dat =
(1.5-21)
but
dg - 39 Eii + 99 EZl - |2 + CL
dt -~ 9x dt dy dt 1(9x), "1 {3y 1
At T =0
[%%] = £(x,y) %% + n(x,y) %% = Ug. (1.5-22)
=0

The process continues in an obvious manner to higher derivatives, i.e.,

2
d”g -
=0

3
§—% = U3g etc.
dt _

=0

Thus, for any function, the changes along a path are expressed by a
series; (1.5-21) reads

12 2

g(xyryq) = 9g(x,y) + 1 Ug + 37109+
(1.5-23)

eTUg(x,y) formally.
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(1.5-23) can be applied to (x,y) to obtain the series representation

of the global transformation (1.5-6)

2
- T 2 -
X = X + 1 Ux + 5T U™ + «e., Ux = §
(1.5-24)
T2 2
yl =y + 1 Uy + 5T U’y + «++, Uy =n
so that
T2
X =X + 1§ + 3T (EEX*’”EY) +
(1.5-25)

2
= L
Yy =yt 4 ogp (Engtnng) 4+
The series representation (1.5-24) splits off the dependence on T
from (x,y) calculations. Repeated application of the directional

derivative takes us along the path.

Example: (i) infinitesimal rotation & = -y, n = x
of of
Uf = -y = + x 3y

U3x = -Ux = y, Uy =-x
4
Ux= Uy= x, Uy-=y
2 3 4
X = x + 1(-y) + 77 (7x) + 37 V) + g7 ®X) + --- =xcos T -ysint
7 73 4
Y1 =Y F T(x) + 57 (-y) + 37 (=x) + a7 () + =y cos T+ x sin 1

Exercise: Find the global groups corresponding to:

| Y- Y3
(ii) Uf = x % + y 3y
(iii) Uf = x of

Ix
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. _ .2 of of
(iv) Uf = §§-+ 3y
_ x of

(v) Uf = e %

1.6. Invariant Functions and Curves

In this section, a definition of invariance is formulated which
is useful for application to ordinary and later partial differential
equations. A one-parameter group of transformations is defined by U
or the global equations and contains (wl) path curves. As the
transformation is applied a representative point (xl,yl) moves along

a path curve so that the path curve goes into itself - is invariant.

This concept is to be expressed analytically.
Curves in the plane can be expressed by Q(x,y) = const. so
that we consider first a definition of invariance for a function

Q(x,y) defined over the plane:
Qx,y) is invariant iff SNde&) = Q(x,y) for all values of 1. (l1l.6-1)

For example, under rotation around the origin x2 + y2 = xi + yf, so

that @ = x2 + y2 is an invariant function. A local differential

condition for invariance is found from (1.5-23).

2
Q(xl,yl) = Q(x,y) + TUQ(x,y) + ;—, Uzﬂ(x,y) + e (1.6-2)

Evidently, a necessary and sufficient condition for invariance is
UQ = 0 for all (x,y).,

that is Q(x,y) 1is a solution of the partial differential equation

E(x,y) g—ﬁ + n(x,y) g—g— = 0. (1.6-3)
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Note that if one invariant @ is found any function F(Q) is also an
invariant. Note also that Q(x,y) = const. defines a path curve

when Q(x,y) is an invariant function since

dQe = 0 = Qxdx + dey on § = const.

dy

[dx]Q=const.

—~
»

~

-

:o|x:)
o=
¥

<

(1.6-4)

=

Note also that the (wl) path curves are determined explicitly in

the form

W(xl,yl; x,y) =0 (1.6-5)

by elimination of the parameter Tt from the global transformation

(1.5-6). Since (xl,yl) lies on the path only one of these is free

so that (1.6-5) is of the form
Q(x,y) = const. = c. (1.6-6)

In a similar way invariant curves in the plane are defined as
curves which are unchanged as (all) members of the one-parameter

group of transformations are applied to the plane. This can happen in
either of two ways
(i) each point of the curve does not move
(ii) each point of the curve moves along the curve (path curves).
Since the transformations are given by (1.5-24) the condition that
points do not move under U
of

UE = E(x,y) g5+ n(xy) 35

is
(i) &(x,y) = 0, n(x,y) = 0 for curves formed of

(1.6-7)
invariant points.
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Otherwise, a curve is invariant if

when w(x,y) describes the curve

|
o

w(xl,yl) =0, or the curve goes to itself.

It follows again from (1.5-23) that

Us = 0 when w =20

, Ainvariance condition. (1.6-8)

This is the basic condition of invariance for a curve.

Note, however, that (1.6-8) should not be satisfied trivially,
that is w(x,y) should not be written so that both (wx,wy) = 0. Such
curves have the tangent direction of the transformation as in (1l.6-4)
and are path curves. Also, note that only a knowledge of n/f is
required to find the path curves.

In summary: Two types of curves remain invariant under the one-

parameter group U

(1) path curves: defined by invariant functions Q(x,y) = const.
or w(x,y) = 0;
(2) curves composed of invariant points £ (x,y) = 0, n(x,y) = 0.

The necessary and sufficient condition is
Uw = 0 when w = 0 [not both wx,wy = 0].
Example:
Uf = y %g E =y, n=0.
The global group is given by

X + yT

—
n
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(1) invariant function and curves:

@
o]

=

%l

]
o
o]

I

]

F(y) 1is also invariant

w(x,y) =y - c =0 are invariant

curves = path curves

Figure 1.6-1

(2) invariant points: y =0 is a

curve of invariant points.

Note that the fact that a curve is invariant or "admits" a group of

transformations does not depend on the coordinate system used to

express the curve or the transformations.

Problem 1.6.1.

(i) Uf
(ii) Uf
(iii) vUf

Problem 1.6.2.

Find invariant functions and curves for

N T4
9xX
xig
9X

2 of

* 3%

Show x2 +

uf

[x -

1.7. Important Classes of Transformations

In this section are summarized the properties of some of the

more commonly occurring and useful transformations.
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1. Projective Transformations in the Plane

Projective transformations of the plane into itself are
characterized by the mapping of all straight lines into straight

lines. They are of the form

x. = OX + By + ¥
1 ex + ¢y + 6
(1.7-1)

_ kx + Az + U
¥, eEX + Cy + B

with 9 parameters o, B, Y, €, &, ®, k, X, u (8 independent).
Exercise: Verify that straight lines go into straight lines.

To study this infinitesimally note that the identity element

has a =1, A =1, 6 =1 and all other parameters equal to zero.

Thus let
a > 1 + Sa B » &8 Yy > 8y
A1+ 8) e -+ 8¢ r » 8¢
6 - 1 + 66 K > 8k u > Su
Then

x(1+8a) + y8B + Sy
1~ %X8e + y8z + 1 + 68

x8k + y(1+8))

= 6“
¥ x8e + y8z + 1

89

+|+

or, now if &k - k81 etc. then

8x [y + (a=8)x + By - Ixy - ex’]ét

]

]
i

|

»

]

(1.7-2)

by = y; -~y =[u+rx+ (A-8)y - y® - exyl 6t

There are basically eight independent one-parameter groups, which of

course can be combined infinitesimally linearly. For these eight, the
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infinitesimal generators Uf are

of of of of of of
X' ay ' *w ' Yayr Xay o Yax
(1.7-3)
2 of of of 2 3f
T gy Wty 5

Invariant points occur for those (x,y) in (1.7-2) which make

§x = 8§y = 0. In general, this gives only a cubic equation for x
(show as an exercise) so that three points in the plane and only three
straight lines remain invariant, in general. That is, each projective
transformation leaves a triangle invariant. As an example, we can
choose coordinates so that the triangle is formed of the (x,y) axes

and a line at infinity. Thus

£ =Bx, n = 0y. (1.7-4)

The path curves are found by integrating

dxl dyl
z-— = z—— =dt with x, =x, y, =y at 1 =0, (1.7-5)
Bxl eyl 1 1
or
Xy = xeBT
parametrically (1.7-6)
_ 6t
yl—ye
or
B

(1.7-7)
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X
Projective Path Curves
8 =2, B=1
Figure 1.7-1
2. Conformal Transformation (Angle Preserving)
By function theory we know
zy = xy + iy) = F(z; 1), 2z =x + iy (1.7-8)
is the global equation of a group in the plane if F(z; T) 1is an
analytic function of z.
Infinitesimally
zy -z = 8§z = FT(z; 0)8t = (&+in)dt (1.7-9)
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(§£,n) are the real and imaginary parts of an analytic function of =z

so that the Cauchy-Riemann equations give us

E, =MN,r &, = -n, - (1.7-10)

All transformations for which (1.7-10) hold are conformal.

Special projective transformations are conformal, i.e., when

- of _ Af _
Uf = (a+8x+yy).§; + (e-yx+By) 5y (1.7-11)
These include:
. of of . of of
translations: = . 3y stretching: x z=+y Y
. of of
rotation: -y % + x §§ .

3. Area Preserving Transformations

Let the one-parameter group be represented temporarily by

the vector

X; = 9(xi 1) =x + E(x)8T (1.7-12)

Let some infinitesimal area at P(x) be defined by the (arbitrary)

infinitesimal vectors (8v,8w) and thus be proportional to |&v x Sw|

Figure 1.7-2
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Then
¥p ¥ vy = x4 0v 4 E(xHOv) 8T = x + SV 4 E(x) 8T + dv.TE Ot
Svy = bv + Sv.TE 61
ii + izl =x + Sw + £(x)6t1 + QE-ZQ ST
Swy = Sw + Sw-TE .
Thus
Sv, x 8w, = (6v x Sw){l + div £ &t1}. (1.7-12)

Area preservation occurs when

aiv g = 354 20 - 9.

=

Thus, if (£,n) are interpreted as the velocity components of any
steady incompressible fluid flow in the plane a stream function

¥(x,y) exists so that

and the path curves are VY(x,y) = const. (Note: the path curves of

an arbitrary transformation can be interpreted as the streamlines of a

compressible steady flow.)

1.8. Applications to Differential Equations;
Invariant Families of Curves

Differential equations define families of curves (first-order,
©~). Thus, we study families of curves which remain invariant or
"admit" a given group, in order to prepare a general theory.

The idea is that a family of curves is invariant if for a curve

in the family

w(x,y) = const. = c (1.8-1)
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then
w(xl,yl) = const. = ¢y (i.e, is a member of the same family). (1.8-2)
Example: w(x,y) =y - «kx = b 1is a family of straight lines
(fix k, b varies). Under the transformation group (parameter 1)
X =x +u
y, =y + A
we have

w(xl,yl) =y, CoKkx) =y 4 HA = kX = UKk = b + p(i-k).

Each member of the family is mapped into another member of the family

if X # x; if X = ¢k each line is mapped onto itself.

Now, in general, the in-
variance criterion can ke
expressed analytically if

we first note that if

/ 7 o

[
Q

are two representations of

the same family then each
curve of one family (c)

is identical with a curve
of the second family (k).

Figure 1.8-1 A relation exists
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k = f(c). (1.8-3)

It is useful to express the parameters (c,k) by coordinates. Then
(1.8-3) becomes
o(x,y) = flo(x,y)). (1.8-4)
Thus, if (1.8-1) represents a family of (»~) curves and if

this family admits the transformation

E
]

1 = ¢9(x,y) x = 0(xy,yq)
or inversely (1.8-5)
b(x,y) y = ¥(xy.¥q)

¥y

then the condition for invariance is that

w(¢(xl,yl), W(xl,yl)) = const.
which is another representation of
w(xl,yl) = const.

Thus, according to (1.8-4), for invariance, a function must exist

such that
w @(Xl:yl), \P(Xllyl)] = f[w(xllyl)] (1.8—6)
or, in terms of the original variables
w(x,y) = f[w(xl,yl)]. (1.8-7)

Written inversely, the necessary and sufficient condition for

invariance of the family (1.8-1) under the group (1.8-5) is the

existence of a function g such that

w(xl,yl) = g[m(x,y)] for all (x,y). (1.8-8)

Example: In the example above of straight lines we had

w(xy,y;) = wix,y) + const. for all x,y.
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Next, we can apply the idea to all the transformations of a one-

parameter group. Represent the group infinitesimally by U,

Uf = £ == + n =— (1.8-9)

and remember that, locally, the global transformations have the

expansion
12 2
X, =X + TUx + 5T U™x +
(1.8-10)
T2 2
Yy, =Y + 10y + 3T Uy + ---
Thus, also (cf. 1.5-23)
12 2
w(xl,yl) = w(x,y) + tUw + 5T Uw + o0 (1.8-11)

For invariance we want (1.8-8) to hold; a necessary condition is thus

that
- dw ow _ _
Uw = & = TN 3y -~ Q(w) (1.8-12)
for some function Q(w). This is also sufficient since
Uw = U(Uw) = U[Q(w)] = 3w Uw Q T fn(w).
In summary: The family (wl)w(x,y) = const. admits a group U
iff

Uw = Q(w) for some function Q(w),
when Q = 0 then each curve is mapped to itself.
Example: The family of rays w(x,y) = y/x = const. is left in-
variant under rotation

of of
_y.3_£+x__.

Uf = 3y

Note that
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each ray is mapped into another; however, for the family of circles
2
w = X"+ y = const.

Uw = -y(2x) + x(2y) = 0; each circle goes into itself.

The converse idea is to find all families of curves which admit
a given group. Eventually (1.8-12) must be solved for w which at
first appears ill-defined since Q(w) is arbitrary. The following
example illustrates in detail that we can choose Q = 1, without loss

of generality.

Example:
- _, of of .
Uf = -y % + x 3y rotation
We want
- _, oW dw _
Uw = -y Rt X 3y - Q(w) .

Note that if Q = 0; w = x° + y or w = F(x2+y2)’ F arbitrary. We
can always write any family of curves w(x,y) = const. as G(w(x,y))

= const.; then, if Q # 0

. 46y, - 48
UG = I Uw T Q

and we can choose G such that dG/dw € = 1; G is found from UG = 1.

We can replace G by w and solve

= -y W dw _
Uw = -y X + x 3y 1.

The characteristic differential equations for this P.D.E. are
dx _dy _ dw |
-y X 1
2 2

The integral curves of the first pair are x“ + y° = r2 = const. and

along such a curve
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dw _ _dy
1 /r2-y2

thus: w = sin-ly/r + f(r). The general solution of the PDE contain-

ing the arbitrary function £ 1is

w = tan~t L+ £ (x2+y?) .

Problem 1.8-1. Given a one-parameter family of ellipses (1t = 1(0))

2 2
X N
2+ X =,
2 02

find a group of transformations leaving these invariant.

Hint: consider the projective group.

1.9. First-Order Differential Equations Which Admit
a Group; Integrating Factor; Commutator

In this section we show that invariance of a first-order differ-
ential equation under a group leads to the construction cf an
integrating factor and a reduction to quadrature.

An (wl) family of curves w(x,y) = const. can be thought of

as the integral curves of a first-order differential equation

E-rxy = FEL (1.9-1)

or, written in differential form
X(x,y)dy - Y(x,y)dx = 0.

If w(x,y) = const. are integral curves, then

dw ow
X(x,y) % + Y(x,y) 3y = 0 for all x,v. (1.9-2)

Now assume that the family of integral curves (known or unknown) associ-
ated with the differential equation admits the group U. Then

(cf. 1.8-12) Q exists such that
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Uw = &£(x,y) g%*(’— + n(x,y) = = Q(w). (1.9-3)

Note the point of working with these representations: all considera-
tions involve points of the (x,y) plane, constants defining curves
do not appear. Further, note that for any ¢, ®(w) = const. is also

a representation of the integral

252 B3 TREIEE (1.9-4)
and ¢ admits the group
Uo = grtngr=Ttue=aw 3o (1.9-5)
Now assume
Q(w) Z O

which means that each integral curve does not go into itself under the
transformations. Then it is possible to choose & such that the
right hand side of (1.9-5) is one.

Therefore, for the family of integral curves of (1.9-1) in-

variant under the group with infinitesimal U we have (% replaced by w)

W 9w _
XH+YW—O d. e
(1.9-6)
dw dw _ : .
£ = + n 3y - 1 invariance

T T S L S (1.9-7)

Thus, the first partial derivatives of a representation w(x,y) = const.
of the integral curves are known as functions of (x,y); this means

1
dw is known exactly
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_ dw ow _ Xdy - ¥Ydx _
dw = == dx + 5y dy X = YE (1.9-8)

The construction on the right hand side of (1.9-8) is the differential
of a representation w(x,y) = const. of the integral curves; thus it
can be integrated and

- 1 -
M = m‘ (1.9 9)

is the integrating factor.(l) If (&,n) are known the integration

problem for (1.9-1) is reduced to quadrature.

Commutator. We now need to develop a criterion that a given
differential equation admits a group U since, in general, the
differential equation (1.9-1) is given rather than the integral curves
(which are sought). This criterion can be expressed with the help of
the commutator [U,A].

Two operators enter the above considerations

- of of derivative in direction _
vE bt ¥y ! of transformation (1.9-10)
- of Jof derivative in direction
Af S X 3+ X y ' of 'integral curves (1.9-11)

The commutator is also a first-order operator formed from these two

[U,A]f = U(Af) - A(Uf)

3 3 3f of
[E 2 4 W] [x L. T} (1.9-12)

3 9
[Xﬁ”’é—yl[ia—f”'ﬁ] ‘

It is clear that all second derivatives drop out so that

[U,Alf = (Ux-2E) 2L + (u¥-an) % . (1.9-13)

(l)This important result is due to S. Lie, 1874 Verh. Gesell, d.

Wissenschaften zu Christiania.
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If w(x,y) = const. are integral curves admitting the group U, then

from (1.9-2) and (1.9-3)

[U,Alw = U(Aw) - A(Uw) = -AQ(w) = - %% Aw = 0. (1.9-14)
Thus
[U,Alw = 0 = (UX-AE) v + (UY-An) %
! 90X Yy
(1.9-15)
A ow ow
Aw—O——X—3§+YW

Hence there exists a function A(x,y) such that for each (x,y)
UX - AE = A (x,Y)X, UY - An = A (x,y)Y. (1.9-16)

Thus, the operator condition for invariance of a given differential

equation is obtained: A(x,y) must exist such that

b af Lt 9f
[U,A)f = xzx % T Y 3y (= A, (1.9-17)

The argument can also be reversed.

In summary: The ordinary differential equation Xdy - ¥Ydx = 0

admits the one-parameter group defined by U,

_ . of 3f
Uf = & 3% TN 3y
if and only if for
- of of
Af:Xg;‘i'Y-W,

A(x,y) exists such that

[U,A]lf = U(Af) - A(Uf) = A(x,y)Af.

It is interesting to note how the same criterion can be derived
from local considerations. Invariance of the family means that

integral curves w(x,y) = const. go into integral curves
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w(xl,yl) = const. In terms of the differential equation (1.9-1) this

should imply, for invariance
X(xl,yl)dyl - Y(xl,yl)dxl = 0. (1.9-18)
But, the transformation locally is
X = x + E(x,7)T, Y, =y * nxy)T.

Hence the expression

X(xq,yy)dy;) - ¥Y(x,,y,)dx) = X(x+E1, y+n1) [dy + (nxdx+nydy)r]

- Y(x+&£t, y+nt) [dx + (Exdx+gydy)r]

(X(x,y) + T(EXx+an)][dy + (nXGX+nydy)r]
- [Y(x,y) + T(EYx+nYy)][dx + (Exdx+ide)T]-
Keeping terms of O(1) only,

X(xl,yl)dyl - Y(xllyl)dx1 = X(x,y)dy - Y(x,y)dx+ 1 UEXx+nX +Xny—Y€y)dy

y

(1.9-19)
- (EYX+nYy-XnX+Y£X)dx}.

In order that Xdy - Ydx = 0 imply deyl - Yldxl = 0 we need

&, n, D(X,y) such that

1

X. + nX_ + Xn._ - Y ,
EX nX, Ny Ey p(x,y)X

(1.9-20)

EYX + nYy - an + YEX

p(x,y)Y

and then deyl - Yldxl = [1 + tp(x,y)][Xdy - ¥Ydx] = 0. The conditions
(1.9-20) can be brought to the previous form (1.9-16) since

UX + Xn. - YE

plxiy) = (Eg+n) T = (£,

_ Uy - xnx + Ygx — (Etn)
Y X ny

UX - AE _ UY - An
b4

X = A(x,y).
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Thus, the commutator criterion (1.9-17) is obtained.
Example: Differential equation for rays: =xdy - ydx = 0

derivative along integral curves

_ 9f of
Af = x X + vy 3y
rotation group
_ of of
Uf = Yy a—x- + X W
commutator
) ) of of
[U,A]f = [—y H + x 'a—y] [X E —a—y]

L, 3, L 2f f . af
=Y t Xy E *Y 5%

=
n
o

Note: since the commutator [U,A] is identically zero, the roles of

U,A can be interchanged and

differential equation -y dy -x dx = 0 (circles)
admits Uf = x %§ + y 35 (stretching group)

Example: The family of circles tangent to the (x,y) axes is
invariant under the stretching group - hence find the orthogonal tra-
jectories. Method: The differential equation for orthogonal
trajectories admits the same group so that an integrating factor can
be found.

Another general method of integration when the group U is
known is the use of canonical coordinates. That is (r,s) are intro-

duced so that the group reads
)

H

Uf = (1.9-21)

(%)
0]
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After this is done quadrature is merely a separation of variables.

The canonical coordinates are found by a simple quadrature when the

path curves of the group are known (cf. 1.5-20, 1.5-21).

path curves r = r(x,y) = const.

choose s(x,y) such that Us = gsx + nsy = 1.

Expressed in (r,s) the original differential equation (1.9-1) has

the form
ds - F(r,s)dr = 0 (1.9-22)

but this admits the group U given by (1.9-21). Since the group is

now one of translation (r, = r, s; = s + a),F(r,s) cannot contain s.

1
A formal proof follows from the commutator condition for invariance

(1.9-17)
of _ of af
Uf_a_S' Af—-—r+F(r,s) a—s-
and
_ 9 (af Af) _ (o 9 ) 3f _ dF 3f
[U'A]f‘a—g[a—r”a—g] [a_r+Fas] s~ 3s 3s
must be identically equal to
f Sf |
A(r,s)g—a—f + F Eg- (1.9'23)
For arbitrary f this can only be true when X = 0 and
3_55‘ =0, F = F(r). (1.9-24)
Thus, in (s,r) coordinates the solution is a quadrature
s = { F(r)dr + const. (1.9-25)

Note: if a slightly more general s(x,y) is chosen such that

Us = G(s)
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then the argument used above shows that

_ G(s)
F(r,s) = H(r)
and the differential equation reads
ds _ _Gr
G (s) H{r)

again a quadrature by separation of variables.

. i dy
Example: The homogeneous equation T

= F (D)

variant under the stretching group (xl =oax, y, = ay)

Uf:xﬁ+ya_f_

X y

af = Lo ry X

X X y
= 9 9 _||3£f ¥y 9f) _

[U,A]f X 5= +y ay][ ~ + F (<) ay] [

= -9 _pyy 3f _ _af. - -
= ™ F (L) 3y Af; A 1l

Canonical coordinates: path curves r

s = log x, so XS, + ys =

then

y =e’r dy = eSdr + reSas

and

dr _ dr
Is + r = F(r) or

F(r)-r

ds.

is obviously in-

of
ox

y 3y

of

Problem 1.9-1. Show that if a first-order differential equation admits

two nontrivial groups Ul’UZ then either

an - YEZ

N = —m
an YEl

is an integral or simply a constant.



1.10. Geometric Interpretation of Integrating Factor 67

1.10. Geometric Interpretation of the Integrating Factor

If £ = (£(x,y), n(x,y)) 1is the infinitesimal of the group

leaving invariant the integral curves w(x,y) = const. = c of

= 1
Xn - Yg !

evaluated at r = (x,y), is inversely proportional to the area of the

Xdy - ¥Ydx = 0, then the integrating factor, M(x,y)

parallelogram formed by the vectors X = (X(x,y, Y(x,y)) (which is
tangent to the integral curve at r), and & (which is tangent to the

path curve of the group at r)

Areoq——-—M(x’y)
3
0y C |
X
s
X

Figure 1.10-1
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Another way of looking at the integrating factor geometrically

is to consider neighboring integral curves w(x,y) = c, w(x',y")
= c + 6c. Let 6r = (6x,8y) be normal to w(x,y) = c at r, where
6s = |8r| is the distance from w =c to w =c + 8c at «r.

y

Figure 1-10-2
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Then along dr,

= 5o = W dw -
Sw = 8c = X §x + 3y Sy. (1.10-1)
Since w(x,y) = const. describes the integral curves obtained from

the integrating factor M, dw/9x = -MY, 3w/dy = MX, and hence

2 2
[32] + [39] = M/X2+Y2 . (1.10-2)

Because d6r and Vw = (3w/3x,3w/dy) are both orthogonal to
w(x,y) = ¢, for each r on this curve, we must have
8r = A(x,y)Vw. (1.10-3)

Then using (1.10-1), (1.10-3), we find that

- W 9w
/(5X2+ 6y2 _ XQSX*’_GY
2
R
9xX y y
8s §c

wx2+v2 Mm% (x%4v?)
and thus

M = ﬁg- —L . (1.10-4)

From this result, it is easily seen that 1 /X2+Y2 is an
integrating factor if it is known that the integral curves are para-
llel to each other. Next we will derive this latter result from the

group point of view.
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y

&M*:y)-

@
‘n)7zc

Figure 1.10-3

Since § gives the "velocity" for going from one integral curve

to another, in the case of parallel integral curves we must have

£ | X => Xg =--nY. Also in this case, if r' = (x',y') = x + 8tf lies
on w=c + 8¢, then |[8r| = |r'-x| = const. for all r Llying on
w = c. Hence /£2+n2 = const.
2.2 n?y? . 2 _n [f32.3
/% +n° = 57—+ 07 =g /YK
X
n const
X
v24x2
. 1 _n 1 - n _ const.
tot Xn - YZ X 2 _YEn X 2 2
n X nte v2+x?
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N
The result shows that for parallel integral curves div t = 0 where

>
t 1is the unit tangent to an integral curve.

1.11. Determination of First-Order Equations
Which Admit a Given Group

From the fact that the group is known the general form of a first-
order differential equation which is invariant and so integrable by
quadrature can be found. The converse, and possibly more interesting
problem, of finding a group (there may be several) for a given first-
order differential equation is more difficult. No systematic method
exists; geometric intuition or trial and error involving equations of
the infinitesimals (&,n) which are developed later (§1.13) must be
used.

The differential equation defines a family (wl) of integral
curves. However, any curve in (x,y) which is not a path curve of
the group generates another curve under transformation by a member of
a group of transformations. Under a one-parameter group any curve is
equivalent to an (wl) family of curves corresponding to the given
curve. The totality (wl) of these curves are equivalent by the
basic group property. If we think of this (ml) family as the
integral curves of a differential equation then the differential equa-

tion can be found by differentiation and elimination of the parameter

defining a particular curve.

Example (1): translation X, =X + o

along x Yy, = v.
Take any curve and note two possibilities
(i) the equation of the curve does not contain x: y = const.
The differential equation of this family is dy/dx = 0; these are

path curves.
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(ii) the curve can be written as x - f£(y) = 0; under

translation we have
X, - f(yl) =0=x+a - £(y).
Thus the family of curves is
x - f£(y) = const.

Taking

d =
ax: dx - f'(y)dy = 0

or the differential equation admitting the translation group with

respect to x 1is

g—,%=9(y)

where g 1is an arbitrary function of y.

Example (2): Affine group

(i) y = const. 2L = 0

(1) x; = £(y)) = 0

or
ax - f(y) =0
thus
E%Zl = const.

£'(y)dy _ f(g) dx = 0

X
X

or D.E. admitting affine group is

xdy - F(y)dx = 0
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where F 1is an arbitrary function of y. Note: group has Uf = x %§

integrating factor:

1 1

M= - = =FW

Thus separation of variables can be used.

Example (3): Stretching or Perspective Group: Xy = 0x Yy, = oy If
Xy - f(yl) = 0 is a member of the family then oax - f(ay) = 0 are

all the curves of the family or x = 1/0 f(ay) defines the family
dx = f'(ay)dy

or solving this

ay = g(y').
So
x = £(g(y")
or
x _ 1 ! _ flaty"))
¥~ ay f(g(y")) g (y")

Fiially, solving this equation we see that

y' = F()

admits the persepctive group where F 1is an arbitrary function of

X

Example (4): Rotation Group

Show that the corresponding differential equation is:

xy' -y

2,.2
x+yy.=F(X+Y)

where F 1is an arbitrary function of x2 + y2.
Example (5): Group for a Linear Differential Equation
X, =X

=y + ad(x)

e
,_l
I
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if
y, - £(xq) =0 1is a curve
then
y + ap(x) - £(x) = 0 defines the one-parameter family of curves
=0 a0t = £1(x) - o' () T Y
or
%% - d(x)y - F(x) = 0 where o(x) = i;é?)

and F(x) 1is an arbitrary function of x. Note: this equation admits

the group
X, =x
Yy =Y+ we] 3%
_ _Je(x)ax 3f
Uf = e 3y

and the integrating factor is the usual one

_ 1 _ e-f@(x)dx
Xn - Y& -

1.12. One-Parameter Group in Three Variables; More Variables

The ideas of the previous sections can be extended in various
ways; more variables, more parameters. For a study of higher order
differential equations it is essential to talk of more variables. All
the basic ideas already appear in the case of three variables (x,y,z)
for the extension to n variables.

The primary application for the case of three variables is to

the system
dy - Y(X,X,Z) dz _ Z(x,¥,2) (1.12-1)
dx = X(x,y,2)’ dx ~ X(x,y,2) :

or simply
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ax __ _ _ dy _ _ dz
X(x,Y,2) Y(x,y,2) Z(x,y,2)

(1.12-2)

As usual, (1.12-2) defines
the local direction field of
an integral curve at each
(regular) point in (x,y,2) 7
space (Fig. 1.12-1).
Integration consists in
finding all the integral

curves, a doubly infinite

(mz) family. One integral X

curve passes through each

(non-singular) point of the
space. The system of equa-
tions (1.12-2) is connected

to the first order P.D.E. Figure 1.12-1

Xa=+Y =+ 2 =— = 0. (1.12-3)

The curves defined by (1.12-2) are, of course, the characteristic
curves of the linear P.D.E. (1.12-3).
The integral curves of (1.12-3) can be represented by two func-

tions u,v with

u(x,y,z) = a const.

(1.12-4)

v(x,y,z) = b = const.

A particular pair of values (a,b) defines one curve in (x,y,2z) space

which is the intersection of the surfaces (u = a, v = b). Each
surface u = const. or v = const. is thus swept out by a one-

parameter family of integral curves. Therefore, as a definition:
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Integral: wu(x,y,z) is an integral of (1.12-1 and 1.12-2) when
each surface u(x,y,z) = const. 1is generated by a
one-parameter family (wl) of integral curves. This

occurs if, at each point of u

au Ju Ju _ _
XH+Y.3—Y+Z.3_E—O' (1.12-5)

If two mutually independent integrals u(x,y,z), v(x,y,z) are known

then
Qu,v) =0 Q arbitrary (1.12-6)

is the general equation of a surface swept out by a one-parameter
family of integral curves (wl) and so is the general integral of
(1.12-2), i.e., u = a, v = b(a) 1is one curve.

Any single surface
F(x,y,z) =0 (1.12-7)

is generated by (wl) integral curves if at each point the integral

curve has the tangent direction to the surface, that is

F F 3F _ B _
X X + Y 3y + 27 i 0 when F = 0. (1.12-8)
Thus, F(x,y,2) = 0 can be written as Q(u,v) = 0 when u,v are two

independent integrals and
f = Q(u,v) (1.12-9)

is the general solution of the associated P.D.E.

Jof of of

X 5=+ Y 7y + 25, = 0. (1.12-10)
Examples:
(1)
ax _dy _dz
y =X 0
.é_f.—xE.:O

Y 3% dy

u = x® + yz, v =z f=12- F(X2+Y2) = Q(z,x2+y2).
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. s s . 2 2
The integral curves or characteristics are circles x~ + y~ = const.

The surface of revolution x2 + y2 = a 1is generated by an (wl) of

integral curves (different 2z = v - b). The plane z = Db |is

generated by the one-parameter family of integral curves x2 + y2 =
= a (different a). The general surface swept out by such curves is
Q(z,x2+y2) =0, or z = F(x2+y2) represents an arbitrary surface of

revolution. f =z - F(x2+y2) is the general solution of the associated

linear P.D.E.
(ii)

of
z

Integral curves are rays through the origin specified, for
example by two-angles; any canonical surface generated by rays is an

integral surface; the reader can work out the details.

One-Parameter Group in Space

Transformations of the (x,y,z) space into itself take points
into points, lines into lines, surfaces into surfaces. As before, the

one-parameter family

X, = d(x,y,2; Q)
Yy = v(x,y,2i a) (1.12-11)
z, = Xx(x,y,2; o)

forms a group of transformations when the group properties hold, as in
two dimensions, in particular the composition formula. The existence

of the inverse to o is assumed and thus the identity element oy
exists. The infinitesimal transformation describes the neighborhood

of the identity or
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1 Ja
o
3y
Yl—y+[—a-a-] So
(o]

if these derivatives exist and are not zero. We may proceed to higher

terms if necessary but, in general, the infinitesimal transformation

exists

X + E(x,y,2) 01

]
-
[}

Y, =Y + n(x,y,z) 8t . (1

N
1

1 z + g(x,y,2)871

Example: The screw transformation:

(o > Sa)
X; = X cos a -y sin o » x - y8a, & = -y
Y, T Y cos a + x sin a > y + x6a, n = x
z, = 2 + ma > z + méa, = m

The transformation is rotation about the z-axis and translation
z-direction.
The one-parameter group of transformations is constructed

the infinitesimal transformation by integration of

dxl dyl _ dzl

E(xlryl,zl) n(x,,¥qr2q) T(xqryqr2q)

with the initial conditions at 1 = O0: Xy =X, ¥y =Y, 2y = 2.

.12-12)

in the

from

.12-13)

The
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global integrals

d(x,y,2; T)

Y, = V(x,y,2z; T)

N
]

1 X(xX,y,2; T)

represent a one-parameter group of transformations. Proof - as in two
dimensional case (cf. §1.3, Eq. 1.3-8 ff). The system (1.12-13) can

be integrated by a power series in T

2
X, = x + E(x,y,2)T + (££x+n£y+cgz) %T +

2
b e (1.12-14)

~
va—l

yl =y =nx,y,z)t + (Snx+ e

N
I

1 z + 0(x,y,2)T +

The power series is represented simply by the symbol of the in-
finitesimal transformation, representing the directional derivative

in space

of of
=Nyt

[o%]
Hh

(1.12-15)

=
|
N

New coordinates: The transformation of the operator U to

new coordinates (X,V,Z)

X = X(X,¥,2), ¥ =9&,v,2), Z = 2(x,Y,2) (1.12-16)

is carried out as before (cf. 1.5-14)

ot = ) L+ wp L+ oy

X oy 9

@
Hh

l

(1.12-17)

N2

Canonical variables: The transformation can be represented as

a translation in (r,s,t) by finding (r,s,t) such that (cf. 1.5-18).
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_ or or or _
Ur = § % + n 3y + 3z - 0
Us = 0 (1.12-18)

Ut =1

Example: Infinitesimal screw transformation

Uf = -y %5 + x af + m of

€ =-y, n=x, [ =nm

The canonical coordinates (r,s,t) satisfy

or or or _
Vg txgytmg; =0

s 9s 9s _
Yagx tXgytmg; =0

it ot it _
Vax tXaytma Tl

H

]

X
N

+

=
[\S]

1

const. on circles

3N

3N

In these coordinates

c
m
1]
|
2
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Power Series of a Function of g(x,y,z) Along a Path: as before

(cf. 1.5-23)

2
2
9(xq,y,,2)) = 9(x,y,2) + TUg + o7 USg + -+- . (1.12-19)
We apply (1.12-19) to (x,y,z) to obtain a power series representa-
tion for the global equation of the group (cf. 1.5-25) and

(cf. 1.12-14)

2 5

x) = x + TUx + 1 U 4 e
12 2

yl =y + TUy + ﬁU y 4+ e . (1.12‘20)
T2 2

zl =z + tUz + 3T Uz + .-

Invariants: A function Q(x,y,z) defined in (x,y,z) space

is invariant when
Q(xy,yy027) = Q(x,y,2) (1.12-21)
From (1.12-19) the condition for invariance is
uQ(x,y,z) = 0 for all x,y,z. (1.12-22)

Example: Screw transformation

two independent invariants are u = ¢x2+y2, v =20 -

The general invariant function under this group is

Q(x,y,2) = F[ x2+y2, 6 -

Problem 1.12-1. Find the general invariant for

)

Hh
[
Hh

)

H

Uf = z + z +

1
Q)]
=
)
N
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Path curves: To each point (x,y,z) is attached a path curve
which is generated when all transformations of the one-parameter group
are applied. The (wz) path curves are identical with the character-

istic curves of the associated P.D.E.

Uf=£%+n?—§—+ga—£—=0 (1.12-23)

They are found as integrals of the characteristic D.E.

dx _ dy dz

E(X,y,2) n(x,y,2)  CT(X,¥,2) (1.12-24)
Thus the (mz) path curves are represented by
Ql(x,y,z) = const. when 91,92
(1.12-25)
Qz(x,y,z) = const. are invariants

Example: screw transformation

oy 3F , 4 3E , L of
Uf = -y 5% + x 3y +tmo=
Ql(x,y,z) u = »/x2+y2
Qz(x,y,z) =v =06 - %
check:
X, =X cos T -y sin Tt

cos T + x sin 1

]
L

Globally < ¥y

I
N
+

z mT
1

SO
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Yy
1 _ y/x + tan T _ . =
x; 1 -y/xtanrt1 "~ tan(6+1); ) =6 + 1
z
I _ztmt _ g, _ 2
by —mg =0 tT m - a

The path curves xl(T), yl(T), Zl(T) are given by the global trans-

formation and are circular helices.

Invariant Curves and Surfaces of a One-Parameter Group

Invariant curves: These are curves in space which transform

into themselves under all members of the group. They are evidently
of two kinds
(i) path curves
(ii) curves composed of invariant points: these are defined by
£E(x,y,2) = 0, n(x,y,z) = 0, ¢t(x,y,2) = 0. These last three
relations may define a surface in which case any curve

drawn on the surface is invariant.

Invariant surfaces: These are surfaces in space which trans-

form into themselves under all members of the group; again there are

two kinds

(i) surfaces generated by one-parameter families of (ml)

path curves
Q(x,y,2z) = c 1is a surface (1.12-26)

then if Q(xl,yl,zl) = ¢ the surface is invariant

that is
Q(x,y,2) = Q(xl,yl,zl). (1.12-27)

Thus invariant functions define invariant surfaces; in
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particular if u(x,y,z), v(x,y,2) are two independent
invariants,
Q = W(u,v) = const.

is the general invariant surface. Analytically:

w(X,y,2) = 0 is an invariant surface if
(1.12-28)
Uw = 0 vherr w = ¢ (nct all w_,w_,w_ = zero)
x'"y' "z
(ii) surfaces composed of invariant points (&,n,z) =0
Uw = 0.

Problem 1.12-2. Geometric Example: The general projective trans-

formation of the (x,y,2) space which takes planes into planes is

3, gy 3E 4y 2

Uf = ax
9xX y z

(i) £find path curves

(ii) find invariant surfaces

(iii) show that the equations of the principal tangent curves to

the invariant surface can be found by quadrature.

1.13. Extended Transformation in the Plane

In this section another method is introduced for studying the
invariance properties of differential equations. For first-order
equations this consists of studying the transformations in the three-
dimensional space of (x,y,y') where y' 1is the slope of a given
curve at (x,y). By this extension of transformations in the plane
invariance for first-order differential equations can be studied.

The idea generalizes easily to second and higher order equations by



1.13. Extended Transformation in the Plane 85

studying spaces of more dimensions (x,y,y',y"), (x,y,¥',¥",¥'''), etc.
Details will now be worked out. (x,y,y') are considered to be
the coordinates of a three-dimensional space. However, y' is the
slope of a given curve (i.e., a direction attached to a point in the
(x,y) plane). Hence a knowledge of how the plane transforms should
enable us to calculate how y' transforms. (In order to emphasize
the three-dimensional nature of the transformation sometimes y' is

denoted by p and the (x,y,p) space is considered.) Now let

X, = o(x,y)
(1.13-1)
yl = IP(X:Y)
be a transformation of the plane into itself and let
y = F(x) (1.13-2)

be an arbitrary curve.

Figure 1.13-1
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Then under (1.13-1) a new curve

is generated. The tangential directions to this curve transform at

each point (x,y) as follows

y' = 9% = F'(x) (1.13-4)

d dx + y d + !
y) = o F!(x,) = & = Pydx * bydy = Yx T VY
17 dx, 11 do — pydx + 0 dy 0+ Oy

(1.13-5)

Thus, we have the extended transformation completely defined in terms

of ¢,¥
Xy = ¢ (x,y)
Yy, = YI(x,y) > once extended transformation. (1.13-6)
+ 1
gt = by WXY
1oy o,y

Evidently, yi is the slope of the transformed curve at the point

(Xl’yl) which is the image of (x,y).

Examples: The formulas (1.13-6) are easily worked out for the
special cases
(i) Translation
(ii) Rotation
(1ii) Affinity x, = ox, y; =y, y] =L

(iv) Uniform Stretching

Group Properties

If instead of the single transformation (1.13-1) a one-parameter
group is considered, it is clear from geometric considerations that

the extended formulas also form a group (each curve ¥y = Fl(xl)



1.13. Extended Transformation in the Plane 87

corresponds to a definite parameter value o, composition rules hold

for y', the inverse and identity exist). Thus

once X = ¢0(x,y; o)

extended Yy Y(x,y: o) (1.13-7)

wx(x,y; a) + wy(x,y; a)y'
o, (x,yi a) + ¢y(x,y'oc)y'

group yi =

Problem 1.13-1. Check directly for the rotation group.

Infinitesimal Transformation

Thus the infinitesimal version of (1.13-7) can be constructed,
which should prove useful for deriving invariance properties of
differential equations.

Infinitesimally, in the plane, (1.13-7) is represented by

Uf 2 £ ==+ n = (1.13-8)

corresponding to the local transformation

X] =X+ E(x,¥)T
(1.13-9)
Y1 =y t nx,yt
Then
dy
vz 1 _dy+t -dn _
Y17 &, Ta&x + 1 - & (1.13-10)

1
In (1.13-10) the changes (dn,df) are the changes in (&,n) as we

travel in the direction y' at the original point (x,y).
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g v ey
(1.13-11)
d_n. = '
ax - x * nyy
From (1.13-10)
dy dn
L S - dan at
y _—_—= = = + T =—|([1 - 1 = + -
17 ax; 1+ @ & b4 ax ax
T ax
or
yp=y T[%E -y %] =yt eyt (1.13-12)

(1.13-12) with the definition (1.13-11) completes the infinitesimal
transformation in (x,y,y'). We can thus write the infinitesimal

generator U' which is the extension of U to the (x,y,y') space.

- 3f of . . £
U'f = £(x,y) §§»+ n(x,y) 3y + n'(x,y,vy") §%§TT (1.13-13)
where (from (1.13-12))
n' = g; [n(x,y)J -y g—f [E(x,y)] (1.13-14)
or written out using (1.13-11)
= vy e | - eyt
n' = ng y ny % y (1.13-15)

In (1.13-15) the dependence on (x,y,y') is shown explicitly, while for

actual calculations the shorthand notation of (1.13-14) may be useful.

Example: rotation group

- of of
Uf:-Y§§+xW
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nt=1 4+ y.2
ve - _o of If 2, Of
U'f = -y = T X 3y + (1+y'7) 3y

check directly
X] =X COS T -y sin T > x - ydt1

y cos T + x sin 17 » y + %671

]
-
i}

sin Tt + y' cos Tt | St + y'

2
] = ! ' = ' '
Y1 cos T - y' sin T T - y'ort (y'+681) (L+y'8T) v' + (1+y'“)ér.

1.14. A Second Criterion That a First-Order
Differential Equation Admits a Group

The new criterion is derived by considering the transformations
in the (x,y,y') space and is a direct consequence of §1.12 and §1.13.

A first-order equation can be represented by

Q(x,y,y') = 0. (1.14-1)

In the plane (1.14-1) defines an (wl) of integral curves; through

each (x,y) one integral curve passes with a slope y' given by
(1.14-1), on each branch if necessary. However, in (x,y,y') space
(1.14-1) defines a surface (generated by integral curves). A differ-
ential equation admits a given group if the integral curves are taken
into one another by the members of the group and this idea can be ex-
pressed infinitesimally for the group. In (x,y,y') space, in order to
admit a given group it is necessary that the surface expressed by
(1.14-1) admit the extended transformation (1.13-13) of the given point
transformation. The surface goes into itself. That is, according to
(1.12-28),the invariance criterion for a surface, (1.14-1) admits a

given group (&,n) if and only if (cf. 1.13-13, 14, 15)

urg z g 22 4 38, aig') = 0 when 2 = 0 for all x,y (l.14-2)

9 oy

LY N
X

where
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n' =+ (ny-Ex)y' - EYY'Z-
We assume that not all (Qx,Qy,Qy,) are zero in the representation
(1.14-1).
Exercise: Work out the criterion for Q = y' - w(x,y) = 0.
Answer: n_ + (ny—ix)w - Eywz = wa + nwy

Example: Differential equations for the family of straight lines
tangent to the unit circle - differential equations for this family

certainly admit the group of rotations

- of of
Uf-“ya—x-'f’XW'
These straight lines have the equation ax + by = 1 with a2 + b2 = 1;

the differential equation can be found by elimination of the parameters

(a,b).

o|—

9 X
| I
F\
cos 8= a
sind=b

Figure 1.14-1

a+ by' =0
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SO

b= _——t =- L
y - xy"’ Y - XY
and the differential equation is

2
2 2 _ _y' .1 o

(rﬂr)z (y«ywz

Hence

Q= y'2 + 1 - (y—xy')2 =0

I
o

Q=1 - y2 + 2xyy' + (l—xz)y'2

check: invariance under extended transformation (see previous example;

§1.13).
e oo _y 3f L, Of 12, Of
U'f = -y % + x 5y + (1+y'") 3y
invariance criterion
Vo = _. 98 30 2 AN
Uu'Q = -y % + x 5y + (1+y'") Ty
= ' |2 [} ' 2 2 '
= -yl2yy'-2xy'“] + x[-2y+2xy'] + (l+y'“)[2xy + 2(1-x“)y']
] - ' 2 1 2 2 1 2 12 - A} - -
U'Q = +2y' [-y +xyy'+x " +1-x"+xyy'+ (1-x")y'"] = 2y'Q = 0 when @ = 0.

Commutators: We may check that the use of the extended trans-
formation yields the same criterion as before that a differential
equation admits a given group, namely the commutator formula (1.9-17).

Write the differential equation (1.14-1) in solved form:
Q = XY' -Y=0, ((X(X,Y), Y(le))- (1.14-3)
Then the criterion (1.14-2) becomes

u'Q

mn
oy

oX ' - 3! + 25 LI QX
ax Y X May Y 3y

+ igﬂ + [Eﬂ - ié]y' - & y'2£x =0 on Q=0

=
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Replacing y' by Y/X we have

s?—?ﬁY 2
(1.14-5)
9X y _ oY an 2 on _ 93¢ _ 98 2 _
+nayY ByX$+8xx +[ay aX]xy ayY"O

or using the operators U,A

(1.14-5) becomes

YUX - XUY = YAE XAn (1.14-6)

Thus, directly

UX - AL _ UY - An

% 7 = A(x,y), say. (1.14-7)

Note that (1.14-7) is exactly the criterion derived earlier (1.9-16)

which leads to the commutator criterion (1.9-17).

1.15. Construction of All Differential Equations of
First-Order Which Admit a Given Group

We are now in a position to construct the form of all differential
equations of first-order which admit a given group and can thus be re-
duced to quadratures. We can show that when the path curves of the
transformation are known the form of the equations depends only on a
quadrature. This enables a dictionary approach to be carried out. A
table of given groups and resulting differential equations can be con-
structed (see Table I).

However, note that the inverse problem of finding the group is
not solved. A single equation (1.14-5) for (£,n) which must be
satisfied for all (x,y), in the solved case (1.14-3), has already been

derived. By working with this equation, which always has an infinite
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number of solutions, sometimes a group (£&,n) can be discovered.

But there is no systematic method for discovering a group, i.e., we

are not able to find the general solution of (1.14-5) or systematically
a particular solution of this equation.

Now, all differential equations
Q(x,y,y') =0 (1.15-1)

which admit a given group, define a known surface in (x,y,y') space
which is invariant under the extended group. We must find all
surfaces which are swept out by path curves of the extended group U'.
The basic result has already been derived (1.12-27 et seq.). If

u(x,y,y"), vi(x,y,y') are two independent invariants then
W(u,v) = 0, W arbitrary (1.15-2)
is the general equation of an invariant surface. We may then write
v - w(u) =0, w arbitrary (1.15-3)

(1.15-3) is thus the general form of differential equations admitting
a given group. The result, however, can be simplified greatly. It
is always possible to choose one of the invariants, say u, so that it

does not depend on y' since ¢ and n do not depend on y'. That is
u=u(x,y). (1.15-4)
Thus, for u to be an invariant
U'u=¢t 2 +n2 =0 (1.15-5)

(1.15-5) means that u = const. on the path curves of the group

Now, if these path curves are known and represented by
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u(x,y) = const. on path curves (1.15-6)

then it is always possible to find v(x,y,y') by quadrature. To
demonstrate: the condition for invariance is the characteristic

differential equations of (1.14-2) U'Q = 0.

dx dy d(y'")
= = (1.15-7)
E(x,y) n(x,y) - "o 12
n, * (ny £y Eyy
and u(x,y) = const. 1is the integral of the first two of (1.15-7).

Regarding this as known the second integral can be found by integration

of
dly) _1on, 1 (an_ 2E),. _12E 2 ]
ax T Ex TE 3y Y TEsyY (1.15-8)
=F(x; c) + Fy(x; c)y' + F,(x; c)y'2 (1.15-9)
where y has been eliminated by u(x,y) = c. Equation (1.15-9) is of

Riccati type and, in general, cannot be solved by quadrature. In the
special case that a particular solution is known the solution of the
Riccati equation can be expressed by quadrature. This is the situation
here. Note that the path curves and the associated direction field of
the path curves admit the extended group and so give a particular

solution. Let
y' = % = y'(x; c) . (1.15-10)
Since

Ey' = n=20

dy = 0

Edly') + Eyy'dx + £ y'dy - ndx - ng

and this is nothing but the Riccati equation (1.15-8). Thus, writing
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% = g(x; c) (1.15-11)

dg _ . . , 2 -
Ix - F(x; c) + Fl(x, c)g + F2(x, c)g”. (1.15-12)

Then according to the usual method for solving the Riccati equation
(1.15-9) in general (from its equivalence to a second order linear

differential equation), etc.

_ . 1 _
y' = g(x; c) + I (1.15-13)
We have
d(y') _dg _1 d 2
aly ) _ 49 _ h _ . . 1 . 1
ax ax T 7 ax F(x; c) + Fy(x; c)[é tpl PPy oe) g+ |

Using (1.15-12) we obtain the following linear equation for h(x):

dh _ _ _ _
ax - (F1+2gF2)h FZ' (1.15-14)

The linear equation can be solved by quadrature;
h = H(x; c; vY) (1.15-15)

where Y 1is a constant of integration. v (y) 1is an arbitrary func-
tion. Thus (1.15-13) becomes

- 2§§:§§ * H(x;lc; vy ¢ V= v(Y) (1.15-16)

y
or v(x,y,y') 1is found.

In summary: The general form of first-order differential equa-

tions admitting a given group (&,n) 1is

vix,y,y') = w{u(x,y)], w arbitrary (1.15-17)
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where u(x,y), v(X,y,y') are independent integrals of Uu,U'v.
That is,
Uu = ¢ Su n M -y for all x v (1.15-18)
9xX oy ’ .
' = .a_v él’_ ' B —_ ' _
UV =& axtnagt §T§TT = 0 for all x,y,y (1.15-19)
with

LI - L. |2
n' =gt gty gy

or equivalently, u = const., v = const. are the integrals of the

characteristic system:

dx dy d(y")

E(x,y) n(x,y) nx + (ny_;’x)yv - Eyy

N (1.15-20)

Once u(x,y) 1is known explicitly it is always possible to find
v(x,y,y') by quadrature, as in (1.15-16) above. Sometimes it is
easier to calculate v directly. An alternative approach leading to

the same result is the use of canonical coordinates.

Canonical coordinates: If the path curves

u(x,y) =c (1.15-21)

are known then canonical coordinates

2]
I

r(x,y)
(1.15-22)

n
I

s(x,y)

can be introduced by quadrature (cf. 1.5-19, 1.5-20) and in these co-

ordinates the group is the translation group

Uf = E% . (1.15-23)
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All differential equations which admit the translation group can be
written in the form
ds _ -
= F(r) = 0. (1.15-24)
That is, F(r,s) cannot contain s, and (1.15-24) is evidently in-
variant under translation with respect to s. We can choose
r = u(x,y) (1.15-25)
and, in (1.15-24)
d5= ' d_{__ '
Ix Sx + syy ’ ax Ty + ryy
so
s, + s y'
v(x,y,y") = %; =X ¥y (1.15-26)

r, + ryy'
Thus, (1.15-24) is of the form (1.15-17).

Examples:

(i) uniform stretching

., of of
Uf—Xg’;‘Fyay
U'fExg—£+y%

dx _ dy _ d(y")

X y 0

u=%L, v=y';

y' = w[ % ] is the general form
(ii) rotation

- _ of of
Uf_ya—x+x§—§—,
vg = _, of of . 2 9f
U'f = -y ax T X 3y + (1+y'") T

4
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u(x,y) = x2+y2
dy - _4aw")
u2-Y2 1+ (y')2
or
-1, -1y

= sin 1 3 + tan_lv

_ -1 B “lyl Yy -y/x _xy' -y
v = tan|tan "y' tan x] =T v yy/x X ¥y

In general form

In canonical coordinates

]
1
%
+
S
R
]

RX
=
I

R

Y '
vy ooy + Xy _
ry' T (x+yy") F(r)

or

xy' =y _ = 2,2
XT3y rF (r) w[ x“+y



1.15.

TABLE I

Construction of First-Order

Sample Table of Groups and Differential Equations

Canonical Coordinates

Equation

X

XY s = log x

r

w'm
oo

ulx
€O |c©

®

dx

|N
©

b

of
+y§—§

of
X

é (x)

3f of
[st”ﬁ?]

A
v (y)

ddx

XY, s

r

(xy)

_z+9;<>;_)F

yl

f
oy

Yy

af
9x

x¢ (x)

(Riccati Special Case)

99
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‘X

Nm+mx\ S Wh>+ﬂx = AKX + x
KR+ X

A A il - {

(X)d + K(x)¢=- = &
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Ae

Te|xp(x) 6 (1-0) Z0°

Ae X .
3¢ ° 7 Te

>
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“
©
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1.16. Criterion That a Second-Order Differential
Equation Admits a Group

The criterion that a second-order differential equation is in-
variant under a given one-parameter group of transformations is a
simple extension of the ideas of the preceding two sections. Use it
made of the twice-extended infinitesimal transformation of the group
and the problem is studied in the (x,y,y',y") space.

Let us first note that a second-order differential equation is
equivalent to a two-parameter family (wz) of curves in the plane;
and we are interested in such families of curves which are invariant
under a group of transformations. To study this, represent the curves
by

w(x,y; a,8) =0 (1.16-1)

where (o0,B) are essential parameters and (1.16-1) is a two-parameter

family of curves in the plane. Under the point transformation

b
|

1= 00x,y)
(1.16-2)

yl V(x,y)

curves go into curves. For invariance, curves of the family must go
into curves of the family. That is, it must be possible to find

al,Bl, depending only on 0,8 such that

w(Xl:yl; allBl) =0, (al(als)l Bl(uls))' (1.16-3)

Example: Two-parameter family of straight lines in the plane go

into straight lines under rotation.

w(x,y; 0,B) =y -ax - B =0

"
]

X, cos 6 + y, sin 0

e
1

=y, cos 6 - x, sin 6
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]

y - ox - B (yl cos 6 - Xq sin 8) - a(xl cos 6 + Yy sin 8) - B

yl[cos 6 - a sin 6] - xl[sin 6 + o cos 6] - B

y —ox - B =0 implies Yy - Gq%Xq - Bl =0
where

_sin 6 + o cos B R

1]  cos 6 -—asin®’ P1° s 06 -asin®

(1.16-4)

Now, the differential equation of the two-parameter family of
curves can be obtained for (1.16-1) by differentiation and elimination

of the parameters. Differentiating along a curve y(x), we have

dw(x,y) _ dw AW ., _
dx =& 3y ¥t (1.16-5)
2 2 2 2
dw E) 97w 37w 2 QW
L ) y' + —Sy'+ = y" . (1.16-6)
dx2 3x2 Ixdy 3y2 ay

Elimination of (o,B8) from (1.16-1, 5, 6) yields the differential

equation in the form
Q(x,y,y',y") = 0. (1.16-7)

But, for invariance (cf. 1.16-3), the form of the differential equation
of the two-parameter family of curves must read the same in the new

variables, that is

Q(xl,yl,yi,yi) = 0 for invariance. (1.16-8)

Then, families of integral curves go into families of integral curves.
The formal rules for the extension of the point transformation
(1.16-2) are easily worked out by considering not only how points and
associated tangent vectors (to given curves) transform but also how the
local curvature transforms. The method is the same as was shown in

detail in §1.13. Note that if
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Xy = d(x,y)
yl = y(x,y) (1.16-9)
Ve * wxy'

yl = v = X(x,y,¥"), say
1o + ¢yy

then the twice-extended transformation is given by

+ 1 + n
_ Xx XXY T(y-)y
by ¢yy

&y
dxl

1 = E%’

1
We note that any coordinates may be used and that if a two-

parameter family of curves and/or its corresponding differential equa-

tion admits a transformation in one system of coordinates it will admit

the same transformation when both D.E. and transformation are

expressed in new coordinates. It is evident that if (1.16-2) depends

on a parameter and represents a one-parameter group of transformations

then the twice-extended transformation also has the group property.

Extended Infinitesimal Transformation.

In §1.13, the once-extended infinitesimal transformation was
constructed and now by induction the twice-extended transformation

can be written down. We have

Uf = E£(x,y) %§ + n(x,y) §§ ; for f(x,y) (1.16-10)
U'f = £(x,y) %5 + n(x,y) %; + ' (x,¥,¥") 5%577 i for f(x,y,y")
(1.16-11)
where
| — dn(xl ) - ' dg -
n' = dnix oy = (1.16-12)

the derivative being taken along the curve y(x) whose slope is y'.

In the same way
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UUE = E00y) B4 o) E 40t yyY) ghem
(1.16-13)

" n f L n
+ n"(x,¥y,¥' e Y") a_a(—y—'T i for f£(x,y,y',y")

where now

no= dﬂ'(X:YrY') - " d..______g(x'y) -
- 1] yr dElx (1.16-14)

with d/dx denoting the derivative along a curve whose slope is y

and curvature vy". The derivation of (1.16-14) follows from (1.13-10 ff)
) " m
" o= ——dyl = dy' + Tdn' = Y T dx = "ot T ——dn' - " .d;g_
¥y dx, dx + tdt dg y dx ')
1+ 1T ==
dx
It is useful to write out the full formulas for n',n" based on
E(x,y), nix,y)
Nt =, 4 (ngmEy! - Ey'l (1.16-15)
X Yy "X Y :
From (l1.16-14)
n o _ ' - ] - |2 - "
n" = BXX + Ney¥ + (nxy Eex) Y ¥ (nyy £Xy)y + (ny £ Y
- E y|2 -— g Y|3 - 2£ ylylj _ylll} +£ yﬂ
Xy YY Y X 'y
or
nE o 4 (20, =E)y' + (nuu-2E, )y'? - £ y'>
TOXX Xy TXX Yy TRy vy
(1.16-16)
+ -2 "o 3 [ ]
(ny=28,)y EyY'Y
Note that n" is linear in y". The method of extension to higher

orders is clear.
Now we can write down the criterion that a second-order differ-

ential equation is invariant under a given group. The hypersurface
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in (x,y,y',y") space defined by (1.16-7) must transform into itself

(cf. 1.16-8). Therefore, U"Q = 0 on this surface.

Criterion: A second-order differential equation

Qx,y,y',y") =0 (1.16-17)

admits all the transformations of a one-parameter group

- of of
Uf = £(x,y) X + n(x,y) 3y
when
_ an 1Y) Iy af
n = g% 4 AT, v O 4 n =
CEEt ey TV sy P s 7O

with the use of @ = 0 for all x,y,y'. When the differential equa-
tion is in solved form the criterion can be worked out more explicitly.
Let

Qx,y,y"yy") = ¥" - wix,y,y') = 0. (1.16-18)

Then U"Q = 0 becomes (cf. 1.16-15, 16)

g dw 3w - Vo 2| dw _
3% T "3y %nx +ongmE )Y 294 Ty (1.16-19)
fon, b (20 =€ )y + (n, =28 )y'? - £ y'>

XX Xy XX Yy Xy Yy

+ gny—2£X—3£yy'§w(x,y,y') =0 for all x,y,y'

When (1.16-19) holds the differential equation (1.16-18) admits the

given group.

Example:
-straight lines in the plane
-differential equation Q = y" =0
-should admit all projective transformations (cf. §1.7)

especially (1.7-3). To check
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-from (1.16-19)

- ' - |2 |3 —
Nyex (2nxy B Y * (nyy 2€Xy)y Eyyy =0
-thus we need, for invariance
Mex = 00 ZNyy T B T 0 Myy T 26y = 00 8y, =0
-thus

-and

bB(y) + xbi(y) = Zai(x), ao(x) + yai(x) = 2bi(y)

-comparing these last two all,b" are const., al,b! are
0'™0 1’71

linear and the only solution is

ag = a + Bx + sz, a; =y + A\x, b e + oy + Ay2,

0

]

b, NS
-0r
_ 2 _ 2
£ =0+ Bx + yy + kx" + Axy, n =¢ + x + 0y + Ay + kXy

-these are the projective transformations of the plane (1.7-2)
-there are eight independent infinitesimals (a,B,y,k,A,e,2,6)
) 2 9 ) 2 3

3

3 L9 9 3 a_ 33 L9 3
! A Yox' X o TR oy X TY 3y oay X oy Y

-linear combinations of these are possible, for example,

rotation

—y .
Y 5%t X 5y
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Summary:

-we have thus shown that, in effect, non-trivially any second-
order equation cannot admit more than eight independent one-
parameter groups since y" = 0 1is the second-order differential
equation with the richest symmetry. This is in contrast with
first-order equations which admit an infinite number.

-there may be no group at all for a given second-order equation.

1.17. Construction of All Differential Equations of
Second-Order Which Admit a Given Group

In a fashion parallel to that of §1.15 and using the material
developed in §1.16, the form of second-order differential equations
invariant under a given group is found in this section. The extension
to higher order equations follows a similar path and is not presented.
Use is made of the invariants derived earlier {u(x,y), v(x,y,y')}
and a new invariant w(x,y,y',y") 1is introduced. It is shown, as
before, that if the path curves u(x,y) = ¢ of the group are known
explicitly then the construction of further invariants, and hence of
the general form of the invariant differential equation,is obtained by
quadrature.

Let the given group define the once- and twice-extended operators

Uf = ¢ X + n 3y (1.17-1)
U'E = gg—§+n—g§+n' 3_%,7 (1.17-2)
U S E gt g Tt T (+-17-3)
where
n' = dx n-y' %; £, n" = %; n' - y" %; £

(cf. 1-16-15, 16).
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Note that the partial differential equation in (x,y,y',y")
U"f =0 (1.17-4)

has three independent integrals (u,v,w, say) and that its general

integral then is an arbitrary function F
F(u,v,w). (1.17-5)

Further note that according to the general criterion of invariance
(1.16-17) U"Q = 0 when Q = 0 for invariance. Thus the most
general invariant differential equation is of the form

F(u,v,w) = 0. (1.17-6)

Three independent invariants can be found from the characteristic

differential equations of (1.17-4)

dx  _ _dy _ _d(y" - a(y") . (1.17-7)

Ex,y)  n(x,y) ~ n'(x,y,y") o n"(x,y,yTy")

If the path curves

u(x,y) = a (1.17-8)
are known (and these are the integral of the first two of (1.17-7))
then a second invariant

vix,y,y') = Db (1.17-9)
is found from the solution of the Riccati equation (1.15-8)
(cf. 1.15-16). Then, eliminating y,y' in terms of a,b the last

invariant w(x,y,y',y") can be found from

d(y“) = T’t"(x,y(x; a)’ y'(X7 arb)r Y“) . -
dx E(X,y(x; a)) (1.17-10)

Since n"

of (1.16-16) is linear in y" the third invariant is found
as the solution of a linear differential equation
w = W(y",x; u,v) (1.17-11)

and the general differential equation has the form (1.17-6).
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However, another method can be used for the actual computation
of the third invariant, and this method involves only differentiation.

To see this, let
v(x,y,y') be a differential invariant, that is U'v = 0

and

u(x,y) be an invariant, that is Uu = 0.
Then, note that
vix,y,y') - au(x,y) =b (1.17-12)

is a first-order differential equation which is invariant under
u,u0',Uu". If a 1is a fixed constant and we consider the family of
differential equations for varying b, then we have a family of (wl)
differential equations which are invariant under U. Each member of
this family generates an (wl) family of integral curves. The
totality of these curves is invariant under the given group. Consider-
ing both families (D.E. and integral curves) we have (mz) curves
which are invariant and this must satisfy an invariant differential
equation of the second-order. This differential equation can be

found from (1.17-12) by differentiation processes and the elimination

of parameters. From (1.17-12), d/dx along the curve y(x), implies

v "o ou 3_11 ' =
+a—(-m—y a[§—§+ ayy ] 0. (1-17—13)

oV AV,
ox © dy Y

This is invariant for any fixed constant a and we can write

ERY IV ' v "
oy o+ y
a =29 93y LECAD) (1.17-14)
du , du .,
ax 3y Y

or

W(y",y',y,x) - a = 0.
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Note that U"(W-a) = 0 or U"W = 0. The necessary third invariant is

thus W, but we can write W as

ov ov oV
—_ e — ! n
w=mw =z X ay ¥ * sy Y - dv | 1.1
= 3w, 39 ., : 3 (1.17-15)
9x oy y
The general form F(u,v,w) = 0 can thus be expressed as
dv
ol o (u,v). (1.17-16)
In summary: The general second-order differential equation in-

variant under a given group can be expressed as

== = & (u,v), ® arbitrary

where u(x,y), v(x,y,y') are the invariants (i.e., Uu = 0, U'v = 0)

of
dx _ dy _ dy")
£ n - [ 2
n, + (ny £y Eyy'
and
oV A% LAY
av _ ey ¥ tagn ¥
du EB + EE '
9xX y Y

The following remark is important. Not only do the above con-
siderations give the general form of the second-order differential
equation which admits a given group but also show exactly how the
second-order differential equation is reduced to a first-order equa-
tion, namely (1.17-16). All that is necessary for this to be
carried out explicitly is a knowledge of the path curves u(x,y) = a

and a quadrature to find v. From a study of the integral curves of
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(1.17-16) complete qualitative information about the solutions can be
found. Alternatively, (1.17-16) may admit further groups (this will
be the case when the original second-order equation Q(x,y,y',y") =0
admits two independent groups, i.e., a two-parameter group) so that a
complete reduction to quadrature is possible. Note that if the

integrals of (1.17-16) are found

G(u(x,y), v(x,y,y')) = const. (1L.17-17)

then a first-order differential equation must be integrated to find

the complete solution.

Examples:

(1) Perspective or Uniform Stretching Transformation

- of of 2
UE = x 53 + ¥V 390 n'=nx+(ny-€x)y'-€yy' =0
gz g 2, 3f
U'f = x 9X ty ox

invariants:

u:}%’V:y',Wzd_v, Y —-XY"

du "y _y v-u
X x2

invariant differential equation:
W(u,v,w) = 0 or F(xy“,y',%) = 0.
in solved form:

xy" = ¢(Ly") =0 (A)
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For integration of an equation of the form (A) we introduce invariant

coordinates u,v determined by the perspective group u = y/x, v = y'

then
du _y' 'y _v-u
dx X x2 X
and
- ?uu = gi, mapping to x along an integral curve
alternatively:
v = F(u; c) 1is the integral of (B)
or
y' = F(% ; ¢) (this also admits the group and hence has an

integrating factor when F 1is known explicitly).

(ii) The Linear Equation
Q= y" + Ax)y' + B(x)y =0

admits the affine group of stretching of y:

y, = oy
Xl = X
Af B _ - 2 _
UE =y 55 ' = on + (ngmE)y Y Y
urg =y Of of

— '-—————Q
Yy T Y TN

characteristic equations:
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invariants:
vyt
al av Y 2
u(x,y) = x, vix,y) = v YT & T T
invariant equation:
n |2 - 1
dv _y" _ oyt L SRV gy - o2
du y 2 y
Y
or
g% + v2 = =A(u)v - B(u)r Riccati equation

Thus, every second-order linear equation is equivalent to a first-

order non-linear Riccati equation.

(iii) Find the form of all second-order differential equations

which admit the projective conformal group.

projective conformal group has (cf. 1.7-11):

g€ =o0+ Bx + vy

e - vyx + By

3
I

5
+ —
N3y

(&)

1

vy
1

calculations of invariants is simpler in polar coordinates:

r = /(x—xo)2 + (y—yo)zz = tan

where the origin is shifted so that

£ = B(x-xo) + Y(y-yo), n = —Y(x—xo) + B(y-yo)
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where

Ur

{iB(x_xo)
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in new coordinates (cf. 1.5-13):

_ of of
Uf—Ur-5-F+UBW

@
[a

+ Y(Y—YO{] %% + [}Y(X—XO) + S(Y‘YO{] o Br

Q)|

+ Y(y-yoi} %% + [}Y(X—XO) + B(y-yo{J %g = -y
. of _  of
UE = Br 52 - Y 57
of of of
Br 52 - Y 35 - BT 5Em (cf. 1.13-15)

Uue = [B(x—xo)
U'f =
' = d_r
where r 36

invariants:
8o
u(r,0) = reY
- 8o
v(r',r,8) =r'e Yo,

general form of first-order invariant equations:

ge [ 80

Y Y

v =F(u); r' =-e' Flre .

general form of second-order invariant equations:

dv _ .
3-1.-1- = F(u,v)

- 88

- %ﬁ Y By %
r'e - B/y r'e - Y Y
B0 ) = Fire' ,r'e
Y B Y
r'e + re

7
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other equivalent invariants:

B8O
- Y - '
u(r,0) = re v = rr
86
rr' = F re’ first-order
2 B8
dv _ _rr" + r' - Y '
- EQ ﬁﬁ Flre ,rr
rtel + g re!
or
8o
rr" + r'2 = [%L + %]G rr',reY ; second-order.

Canonical coordinates: Canonical coordinates can also be used

to write the general form of second-order differential equations in-
variant under a given group.

Let r(x,y), s(x,y) be the canonical coordinates corresponding

to U defined by

Ur = 0, Us = 1. (1.17-18)
Details are given in (1.5-17 ff). The group is one of translation
in (x,s)
uf = %g
U'f = %g

The characteristic system of (U'f = 0) is

so that the invariants are

u=r, v=gsg':= IF (1.17-19)
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The invariant first-order differential equation is thus:

T = o (r) (1.17-20)

and the invariant second-order equation is

2

av . a%s _ as) i
IuC drz = F[r, dr] (1.17-21)

The equations (1.17-21) and (1.17-20) can be transformed back to (x,y)

from the explicit knowledge of the canonical coordinates.

1.18. Examples of Application of the Method

In this section some typical examples, arising in different
physical contexts, are worked out. A complete understanding of the
differential equation is obtained by the consistent use of group theory.
In these examples the groups are to be found, but the examples are
sufficiently simple that it is fairly clear how to do this. Thus the
emphasis is on how the use of transformation theory fits into the
study of a general problem.

Example 1.18-1: The Differential Equation of a Problem
(1)

in Variational Calculus.

The physical problem concerns the drag due to friction and air
pressure on the nose of a slender body in high speed flight. With the
simplest (and not necessarily very realistic assumptions) of Newtonian
impact pressure and laminar flow skin friction, the following formulas

for pressure and shear stress are obtained:

pressure P - P, = pwUzﬁzF'z(x) (1.18-1)

p_U?

e

2

stress T = (1.18-2)

Eﬂlw

(l)Theory of Optimum Aerodynamic Slopes, (A. Miele, Ed.), Chapter 15,
Academic Press, 1965.
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Here the cylindrical radius of the nose ogive is r = 6F(x), § << 1,

F(0) = 0, F(l) =1, p = pressure,
p, = ambient density, U = flight speed,
p, = ambient pressure.

Thus the drag of the nose is (approximately, using § << 1)

1
3
D = 2mp_u’s? f ‘F'3(x) * 5-}F(x)dx (1.18-3)
\ %
0
_ o s _ 2,1/3
where K = a parameter of similitude = (k/287) . The problem of

finding the shape which minimizes the drag for constraints of given §
and length is the problem of finding the shape function F(x) which

minimizes I

1

3
where I = f {y'3(x) + 5—}ydx, y = F(x). (1.18-4)
VX
0
The Euler-Lagrange equation of this problem is
3 1k
Qx,y,y'yy") = 3yy'y" +y'7 -5 —=0 (1.18-5)
VX

and the boundary conditions are y(0) = 0, y(1l) =1 (say). The
existence of the solution as well as qualitative features are seen
after the ideas of invariance are used. The differential equation

(1.18-5) is invariant under a scaling of the form

o1
x3 Vx
or
5
v, = o/fy
(1.18-6)
x] = ox

Infinitesimally
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_ of 5 of
'f = E 3 §£__l_.3f
UVE=x 2+ 5Y35% " %Y 79N

and the characteristic differential equations are

ax _dy _ _dy' |
X

Hence, u = x—s/sy, v = xl/Gy‘. These invariant coordinates can also

be obtained directly from the global group, i.e., yl/xi/6 = y/x5/6 =
= const. are path curves. In order to eliminate the parameter K,

let

Ks = x_5/6y(x)
y() =1, s.=g% (1.18-7)
_ J1/6 dy
Kt = x ax J>
The differential forms of (1.18-7) are
as _ 1, _5
dx X 3t 6 SE
L . (1.18-8)
7/6 .2
dt _ ;g_x__ a%y , 1 tf
dx X K 2 6
dx
so that the map from (t,s) trajectory to x coordinate is
dx _ _ds | (1.18-9)
X 5
t - g S

In terms of the (s,t) coordinates, (1.18-5) reads
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: (1.18-10)
?

The reduction of the problem to the study of the trajectory of a first-
order equation (1.18-10) followed by a quadrature (1.18-9) has thus

been carried out. A brief discussion follows. Only the quadrant

s >0, t >0 need be considered. 1In these new coordinates, every
nonsingular solution is characterized by the fact that the initial

point is located at the origin of the st-plane or at infinity. Further-

more, the abscissa of the final point is given by

R

St
so that its location depends on the parameter K. The relationship

(1.18-9) exhibits a singularity along the straight line

t =

ojun
4]

(1.18-11)

which, therefore, separates the st-domain into the two regions in-
dicated in Fig. 1.18-1. 1In the region above this line x increases
as s 1increases; conversely, the region below is characterized by
decreasing values of x.

The general form of the paths which are solutions of this differ-
ential equation is indicated in Fig. 1.18-1], where the arrows indicate
the direction of increasing x. Notice that the isoclines of infinite

slope are represented by the relationships
_ _ _5
s=0, t=0, t= e (1.18-12)
while the isocline of zero slope is given by

1
t - ——5]- (1.18-13)

2t

s =2

Also, the intersection of these isoclines in the ts-plane yields the

singular points ¢ and 0 whose coordinates are
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1.293 0: s, =0

Q
0
i

1.077 t 0.794

o+
]

Critical solutions. The first particular case occurs when

S¢g = Sc' In this case, one can readily prove that K = Kc; that is,
the friction parameter is equal to a critical value. The singular
point ¢ represents the entire solution in the st-plane, and the

corresponding equation for the shape is the power law,

y(x) = x5/6. (1.18-14)

Subcritical solutions. The second particular case occurs when

Sg > S.i that is, when the friction coefficient satisfies the in-
equality K < K. Now, if the initial point were at the origin of
the st-plane, the associated path would be located in the region
limited by the isoclines of infinite slope and zero slope. Since this
path cannot overshoot the singular point ¢ it is not possible to
satisfy the boundary conditions of the problem at the final point.
This leaves only one alternative; the initial point is located at in-
finity in the st-plane, and the regular shape is represented by a
path running from infinity to s = Sg-

In order to investigate the behavior of the solution for large

values of s and t, equation (1.18-10) is now approximated as

(1.18-15)

which admits a solution of the type
t = us (1.18-16)

provided that u = 3/4. Along the special path t = 3s/4, Equation

(1.18-9) can be rewritten in the form
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ds _ _ 1 dx a

== 17 % (1.18-17)
whose general solution is

s = c x /12 (1.18-18)

where C2 is an integration constant.

As the variable s becomes infinitely large, the variable x
tends to zero. Consequently, the point at infinity of the st-plane
corresponds to the origin x = 0, y = 0. Furthermore, one deduces that

the relationship

3/4

y(x) = Cx (1.18-19)

(where C 1is a constant) holds in the neighborhood of the origin of
the ogive. Thus, the exponent of the shape of the body at the nose is
independent of the friction parameter and is actually equal to that of
the inviscid flow optimum shape.

As the friction parameter decreases, the final coordinate S¢
increases and (1.18-19) holds over a larger and larger part of the body.

In the limit, when K - 0, the final coordinate S¢ becomes infinitely

large; consequently, equation (1.18-19) holds over the entire body.

Supercritical solutions. The third and final particular case

occurs when Sg < s.i that is, when K > Kc. By means of a reasoning
complementary to that of the previous section, one can exclude the
possibility that the initial point be located at infinity in the
st-plane. This leaves one alternative: the initial point is located
at the origin of the st-plane. Since the isocline of infinite slope
passes through the origin, there exists no path which issues from the
origin of the st-plane and reaches the specified final point. Con-
sequently, if the friction parameter exceeds the critical value, there

exists no regular shape solution joining the specified end-points.

However, regular shape solutions do exist which connect the singular
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point with the final point f. In order to investigate this question,
the immediate neighborhood of the point is considered, and the differ-

ential equation (1.18-10) is approximated in the form

d(t-ty) s = 6(t-t)
= 5 ‘ (1.18-20)

After considering that Sp = 0, one deduces that this equation admits

the particular solution

= 5_ -
t to =12 (1.18-21)
which implies that
dx . _.ds8_ (1.18-22)
¥ ty - 3 S
0 4

If the initial conditions x = Xgr S = 0 are accounted for, this

differential equation admits the particular integral

|

Hence, if the friction parameter is supercritical, a regular shape

=1 -

><|><

-3/4
] (1.18-23)

Slw
uln
o
.

0

solution exists in the interval Xg < x < 1. The remaining part of

the body, corresponding to the interval 0 < X < X is a spike of zero

0’
thickness.

The analogous calculations can easily be carried out for a skin
friction coefficient which varies as any power of distance from the
nose.

The results of this example also suggest that a general study of

the Euler-Lagrange equations as far as groups are concerned can be

made.
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Figure 1.18-1

Example 1.18-2., Thomas-Fermi Equation

123

The Thomas-Fermi equation arises from a statistical model of a

many electron atom. For a detailed discussion see, for example,

Chapter 7 of "Intermediate Quantum Mechanics" by H. A, Bethe,

Benjamin 1964. The use of transformation theory in this case allows

the reduction to a first-order equation so that complete information

about the structure of the solutions is obtained. In this way the

existence of the solution under the given boundary conditions is
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demonstrated and a computation procedure can be outlined. These con-
siderations simplify the mathematical discussion of Chapter 7, although
of course no new results are obtained.

The Thomas-Fermi equation is the spherically symmetric version
of the Poisson equation for the electric potential 1/e Vl outside

the nucleus of a many electron atom:

v2vl = -4mep. (1.18-24)

Here Vl =V - ¢, -V/e = potential, ¢ energy of the most energetic

electrons, e = electronic charge, -ep charge density. The cloud of
electrons is treated by Fermi-Dirac free particle statistics. From
these statistical considerations it is shown that

1 (2m) 32

p = 5 T (-v))
I !

3/2 (1.18-25)

where m = mass of atom, 2m7h = Planck's constant, so that (1.18-24)

becomes a nonlinear ordinary differential equation:

2 2
La ey = - 22 om 2w Y2 (1.18-26)
T ar 3mh

The solution is sought for r > 0, but as r > 0 we must have the

potential of the concentrated source (nucleus) at the origin

V, » = —— as r » 0, Z = atomic number. (1.18-27)

Suitable dimensionless variables can be introduced:

(1.18-28)

=
]
[
b
1l
o'lR

with
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m23 82 -1/3 | g5 agzt3.

27/3 mez

b =

The characteristic length is ag = ﬁz/me2 = first Bohr radius. For
neutral free atoms a boundary condition at infinity is also defined.
The "surface" of the atom corresponds to r - » where p -+ 0.

(Actually ¢ = 0). No net charge demands

er -0 as r » o, (1.18-29)

Thus, for neutral atoms the problem is

d2 3/2
__%.= y 0 < x < o (1.18-30)
dx VX
with
y(0) =1 (1.18-31)
y(®) = 0. (1.18-32)

The equation (1.18-30) scales under stretching transformations as

3/2
Xg i /
N <172

or

x3y ~ const.

That is, the group is
y, = ¥y, x; = +x. (1.18-33)

The corresponding invariant coordinates (cf. previous example) are

w=xly, ve=xly =x'"¥. (1.18-34)
Then
du 3 2 v + 3u
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3/2

5 xsy—-+4v 3/2
AV _ L An 4 gy3yr = XYU 4 4V VX _u’% + 4v
dx Y Y X X X

The first-order equation to be studied is
3/2
dv _ 4v + u -
w - v Iilm (1.18-35)

and the mapping to x along an integral curve of (1.18-35) is given

by

dx _ du _ dv (1.18-36)

X v + 3u 4v + u3/2

A sketch of the paths of (1.18-35) is given in Fig. (1.18-2).
We are interested in u > 0, v < 0. The isoclines of zero slope
(4v + u3/? = 0) and infinite slope (v + 3u = 0) are drawn as well
as some representative paths. The arrows on the paths indicate the
direction in which x increases. There is one singular point P of

interest where

3/2
4vP + up =0
Vo + 3uP =0

or (u, = 144, v, = -432) and, as usual, the singular point represents

P P

one exceptional solution Yg of (1.18-30)

_ la4 | _
YE = T (1.18 37)

]

The behavior near the origin can be obtained from the local form of
(1.18-35). Many paths run into the origin between the isoclines, and
(it turns out) that on these paths u >> v >> u3/2 so that (1.18-35)

is approximated by
dv _4v ..., (1.18-38)
3 u
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Thus, near the origin, on all these paths

o to be determined.

Figure 1.18-2

From the integration of the mapping formula (1.18-36)

we have

127

(1.18-39)

(1.18-40)
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Thus, the origin of (u,v) corresponds to x = 0 and the boundary
condition (1.18-31) determines the constant of integration in the
mapping back to x, namely

a, = 1. (1.18-41)

The only path which has a chance to satisfy the boundary con-
dition at infinity is the exceptional path running from the origin to
the saddle point at P. The behavior as the solution approaches the
saddle point along this path should approach that of the singular
solution (1.18-37) and so satisfy the boundary condition at infinity.
To verify this we can study the neighborhood of the singular point P.

Let

P
(1.18-42)
Vo= v+ v*
so (1.18-35) becomes
av* ~ 4(VP+V*) + (uP+u"‘)3/2
* * *
du Vp + v o+ 3uP + 3u
(1.18-43)
* 3 .1/2 %
~ 4v” + 3 Uup u 1/2 12
B V*+3u* r Up -

According to the usual tests and our qualitative considerations the
singular point is a saddle point and the exceptional paths can be

found by letting

v¥ = «u*. (1.18-44)
Then
_ 4k + 18
K= Y753
or (1.18-45)
2
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The roots are

+ /% + 18. (1.18-46)

The exceptional paths have positive and negative slopes respectively

N

1,2 ©

and lie in the quadrants defined by the isoclines. Let —Ky = +A = 3.76.
Thus, along the exceptional path running from the origin to the
singular point P

v¥ = -au* (1.18-47)

and the mapping formula (1.18-36) shows that
= - == . (1.18-48)
Integration leads to
x = a_(u") (1.18-49)

so that, in fact, x > » as u - 0. The constant (a,) 1in the
mapping formula is not arbitrary but has already been found, in theory,
from the considerations near the origin. The form of corrections to

(1.18-37) is found from (1.18-49)

L -3
1 144 + | = +oees -
y > =3 = ) (1.18-50)

For numerical calculations the following procedure defines the integra-
tion of the problem:

(1) Starting at the saddle point (uP,vP) integrate (1.18-35)
along the exceptional path toward the origin, using (1.18-47) to get
started. As a result the constant c in equation (1.18-39) is

(e]

determined. The trajectory v(u) 1is now established.

(2) Along this trajectory integrate the mapping formula (1.18-36)
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dx _ __du
X v(u) + 3u

using, for the constant of integration, ays as already determined.

The other paths in the (u,v) -plane which also represent solutions
of the Thomas-Fermi equation can represent solutions for different
conditions, e.g., ions of neutral atoms under pressure in which cases

the solutions run only to a finite value Xqge

Example 1.18-3. Blasius Equation

This example shows the application of the same kind of reasoning
to a higher-order equation. The ordinary differential equation arises
from the similarity solution to a nonlinear partial differential
equation and is of third-order. 1In this case, the third-order equa-

tion admits two independent invariances(z)

so that by repeated
application of the ideas developed earlier the solution of the problem
is reduced to the study of the solutions of a first-order equation

plus two quadratures. For the first-order equation it turns out, as

is typical for so many cases, not all the paths need to be constructed,
but only a certain exceptional path. In this special sense the problem
is reduced entirely to quadratures.

The differential equation arises from that for a stream function
in viscous incompressible flow past a semi-infinite flat plate. An
asymptotic expansion of the solution of the Navier-Stokes equations is
constructed in a similarity form. The method of arriving at this form

is the subject of discussion in Part 2.

Here the stream function similarity form is:

T
vix,y) =U S EM), n=y /o
(x,y) = Cartesian coordinates (1.18-51)

U = free stream velocity, Vv = kinematic viscosity.

(2)H. Weyl, On the Simplest Differential Equations of Boundary Layer
Theory, Ann. of Math., 43, 2, pp. 381-407.
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The velocity components are

Uf' (n)

- = _ L1 JUV e e
V-—wx— 2 ;{—‘{fﬂf}

o
1]
<
1]

(1.18-52)

and the skin-friction at the plate depends on

u, = U /H—x- £ (n) (1.18-53)

y
! K
—— —r—
u

8

"

[

7=0 X
FLAT PLATE

Physical Plane

Figure 1.18-3

The momentum equation for the x-direction is

£+ % ff" = 0, Blasius equation. (1.18-54)
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The boundary conditions are that the plate is a streamline and there

is no slip:
£(0) = £'(0) =0 (1.18-55)

and the boundary condition of uniform flow at infinity (or at x = 0):
f(n) > n as n > = (1.18-56)

The equation (1.18-54) has two invariances, translation and scaling
non+y, and f - %

which implies the possibility of reduction of the problem to the inte-
gration of a first-order equation followed by two quadratures.
A sketch of the expected course of the solution is given in

Fig. 1.18-4.

Figure 1.18-4

The translation invariance allows the reduction of order by the
introduction of the derivative as a variable. This is the same idea

as used in mechanics of autonomous systems where the invariance is
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(t ~ t + to) and the velocity dy/dt = v, is used as a coordinate in

addition to y (phase plane). Formally, the invariance here is
fl = f
(1.18-57)
nl=n+a

The infinitesimal transformation is given by Ug and is equal to its

extension, i.e.,

so that £,f' are invariant coordinates.
Let

- af -
LA (1.18-58)

and study the equation in (w,f) coordinates. Thus

f _aw_  aw  dw_ a foawl.
2 dn daf ! 2 df daf
dn dn
Hence, (1.18-54) becomes
el dw 1 dw _
wd—fiw -d_.-f%-*' ifwa.f_ 0
or
42 aw)’ 1.4
W w W o_ -
w g%? + [a?] + E f a?' = 0. (1.18 59)

The path on which dw/df = « at f 0 1is desired so that £"(0) is
finite.
Equation (1.18-59) has a further scaling invariance

w - £2 (1.18-60)
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1

corresponding to f -~ and the group is (wl = azw, fl = of),

suitable invariant coordinates are

|

Q.alQ-

i
-

s = w/fz, t =

The map from (s,t) to (w,f) 1is given differentially by

df _ ds
f ~ t - 2s (1.
and it is easily found that
d2w dt
- = (t-2s) s + t. (1
df

In terms of the (s,t) coordinates, equation (1.18-59) is thus

1
at _t |27 5*r s °
ds s 2s = t
The end points of w(f) are given by
(l) w > 0, £ +~ 0, (s,t) » =
(ii) w~> 1, f > o, (s,t) = 0.

A qualitative picture of the paths is sketched in Figure 1.18-5.

Figure 1.18-5

so that

.18-61)

18-62)

.18-63)

.18-64)
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The arrows on the figure indicate the direction of increasing €£.
Near infinity the exceptional path t = As, A = const. is
possible if (cf. 1.18-64)

A+ 1
2 -

A = x[ ] so that A = % ,t=1s. (1.18-65)

On this exceptional path near infinity (1.18-62) shows

-5 =7 (1.18-66)
so that
koo
f = 52/3 + k_ = const. (1.18-67)
Thus
- k3/2fl/2 _ daf
© dn
and

f = % k’n® + +++ as n >0

in accord with the boundary conditions and the expectation
f" (0) = const. = % ki.
At the origin there is a higher order singularity, but the be-

havior of the paths can be approximated for s >> t by (cf. 1.18-64)

i i (1.18-68)

Thus, the paths are approximately

t = koe'l/4s. (1.18-69)
The mapping to f (1.18-62) is approximately
e.-148s (1.18-70)
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so that
d0
f(s) = — > », s> 0. (1.18-71)
Vs
Consideration of (1.18-61) shows that do = Yw and that the boundary
condition (1.18-56) is satisfied by the choice d, = 1. Thus

0

w=l=g?f1‘r f"’n, n > o,

Theoretically, the construction of the solution has been accomplished
by
(i) construction of the exceptional path, asymptotic to
t =1 s at infinity,
(ii) evaluation of f£f(s) along the path starting from
f=1//s as s > 0 --- leading to values of k_,

skin-friction, and w = sf”,

(iii) evaluation of n along the path by quadrature of (1.18-58).

Problem 1.18-1. Show that the nonlinear diffusion equation

%

foR Lo 5
e
1
w]

Qo
—
Q
&
—_—

with the boundary conditions

c(x,0) =0 x >0

1]

c(0,t)

has a similarity solution of the form

C X
— =g(g), &=
€0 /2Dt

and derive the ordinary differential equation and boundary conditions
for g. Show that this second-order equation admits a group and thus
reduce the system to the study of a first-order equation plus a

quadrature. Show that this first-order equation is essentially the
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Blasius equation (1.18-64) (why?) and discuss which path gives the

solution. Describe the concentration profile.

Example 1.18-4. Shallow Membrane Equations

In a geometrically nonlinear theory of axi-symmetric deformation
of a membrane under pressure loading the following equation is
obtained:(l)

3
& [x3 d—y] = x3v(x) - X q(x) 0<x < 1. (1.18-72)
X y2

Here y = deflection from original shape
x = radial coordinate
v(x) = shape function, Vv = const. for sphere
q(x) = load function, g ~ x4 for uniform pressure; all of these

quantities have been made dimensionless. The boundary conditions are

y(0)

y (1)

finite (regularity at axis)
(1.18-73)

0 (fixed at edge)

It is interesting to search for those shapes Vv(x) and loadings qg(x)
such that the basic equations can be reduced in order and a phase plane
studied. 1In this way the existence of the solution can be shown and
its qualitative features can be elucidated.

In this section we search for those groups and functions
V(x), g(x) which leave the equation invariant. The basic equation

(1.18-72) can be written in standard form

Qx,y,y',y") = y" - wix,y,y') =0 (1.18-74)

where

(1)Bauer, L., Reiss, E. and Callegari, A., On _the Collapse of.Shal}ow
Elastic Membranes, Proc. Symp. on Nonlinear Elasticity, University
of Wisconsin, 1973, to appear.
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3
w(x,y,y') = v(x) - ax) X y'

Note:

] 3 q _ 3
w =v' -+ = y', w_ =2 =3 ) =- 5
X y2 XZ y y

The general condition for group invariance (1.16-19) is

2
- v ' -
wa + nmy + Ny + (ny Ex)y Eyy wy' Nyx

)y' - (n )y'2 + & y'3

-(2 -2
( Yy EXY Yy

£ (1.18-75)

Nxy ™ °xx

- (n,-28, =35 y"w = 0 for all x,y.y' .

In order to derive the conditions on (&,n), the coefficients
of different powers of y' are set to zero; further in the resulting
expressions the functions of x which are coefficients of certain
powers of y are also set to zero. This treatment is necessary since

the original conditions (1.18-75) must be satisfied identically for all

(x,v,v'). For example:
coeff. of y'3: £ =0
Yy
E(x,y) = A(x) + yB(x). (1.18-76)
2 6
ff. of 14y = 2B' - 2B
coe o y nyy X
- 204 3
n(x,y) = F(x) + yG(x) + y"|B' - = B|. (1.18-77)
coeff. of y' : coeff. of 1y ==>B =0 (1.18-78)
y
also
coeff. of L in (1.18-75): ==> F = 0 (1.18-79)

3
Yy
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coeff. of y' now reads:

2G' = A" - 3[ % J (1.18-80)

so that

(1.18-81)

3
= ' - —
2G (x) A X A + Cl.

For the remaining terms (a polynomial in y with coefficients depend-

ing on x), we get:

coeff., of yO: ~Av' + (G-2A")v =0

or
%L = g—i—gél : (1.18-82)
coeff. of y: % G'+G" =0
or
Gl =y - 3 C—§ . (1.18-83)
X
coeff. of y—2: Aq' - 2G6g - (G-2A')q =0
or

q' _ 3G - 2a"'

3 x (1.18-84)
Now integration of (1.18-81) using (1.18-83) for G gives
C
_12 3
A(x) = Tx + C4x + C5x
Then, (1.18-82, 84) become
2
v'o_ (C3-2C4) - 6C5x
v C
C4x + C5x3 + % ;3
(1.18-85)
C
(3c;-2¢,) - -2 - 6C.x°
9_' = X
q C
3 1 2
C4x + C5x + 7T %
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C2 3 4,5 are arbitrary constants of the group. For regularity as
’ ’ ’

x > 0 it is necessary that C2 =0 (if not, g » »). We can choose
Cy = 1 and let C5 = a, C3 = B. Then we obtain
A(xX) = x + ax3
G(x) =8B
v %P2
Vo ) %6+2 (1.18-86)
(1+ox™)
g - _ x%2
95 2 %B+2
(1+ax™)

We consider further only the case B8 = 2 where the membrane is
spherical and loaded with constant pressure near x = 0.

Summarizing, the differential equation (1.18-72) is

] %3 %!
=V ——a—-q — (1.18-87)
fo) (l+ax2)5y2

(l+ax2)3

and this equation is invariant under the group given by

X+OLX3

E(x,y)
(1.18-88)

1]

n(x,y) 2y
This equation (1.18-87) can be reduced to a first-order equation by
finding two invariants of the group (u,v).

These are found from solving the characteristic differential

equations:

_dx gx - d(Y'é . (1.18-89)
Y o2 - (1+30x9)]1 (y")

Integration of the first two of (1.18-89) gives as invariant

u = const., namely,
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v (1+ax?)
u(x,y) = T (1.18-90)
X
while the integration of the first and third gives
]
vix,yy) = L (1rax?)? (1.18-91)
A first-order differential equation for v(u) can be found directly
as follows:
1
WX -2 Yway = —2— (v-20) (1.18-92)
X X X (1+ox“)

av _ y" (1+ax?)?

A (1+ax?) 2
dx X

+ 4o (l+ox?)y" (1.18-93)
X

(1.18-92) provides a mapping back to the x-coordinate along a tra-
jectory v (u)

dx - du .
x(l+ax2) v - 2u

(1.18-94)
The expression for y" from (1.18-93) can be substituted in the
original equation (1.18-87)

written as

3 1 95
R e e - 1
X (l+ax2)3 o 2

(1.18-95)
. . d
to yield an equation for

m . Note
" 3 o0 = X dv y' _ _doxy' 3
e x ¥ (l+ax2)2 dx * X 1 + axz * X v
= ———l—i—g (v=-2u) %% + 4v
(1+ax™)

on using (1.18-91,

94). Thus, (1.18-95) becomes
dv _ 9o
(v=2u) aw 4v = Vo = ;E (1.18-96)
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or

The paths of (1.18-97
particular path repre

conditions can be iso

Exercise: Show

1. ORDINARY DIFFERENTIAL EQUATIONS

v u2 - qo - 4u2v
2y = . (1.18-97)
du uz(v—2u)

) in the v,u-plane can be studied and the
senting the solution satisfying the boundary

lated.

that for B arbitrary

2 2
dv _ vout - ag - (B+2)u”v
du uz(v—Bu)
du _ dx
v - Bu x(l+ux2)
u = XE (1+onx2)8/2
X
B
7+ 1
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2.0. Partial Differential Equations.

The role of Lie theory in constructing solutions to partial
differential equations differs essentially from its role for solving

ordinary differential equations.(l) Invariance under a one-parameter

Lie group of transformations reduces by one the number of variables
appearing in a partial differential equation rather than the order as

is the case for an ordinary differential equation. The method is not

an encompassing as in Part 1 since it leads to particular (similarity)

solutions and not to the "general" solution of a given partial differ-

ential equation. Thus boundary conditions play an important role in

the applications of Lie theory to partial differential equations.

As in Part 1 the equivalence of a Lie group of transformations
to a translation group in terms of canonical coordinates is most im-

portant to a basic understanding. For a second order partial differ-

ential equation of first degree in one of the second derivatives note

the difference between the general case and the case when one of the

independent variables is missing, i.e.,

u = H(u

u
XX

b’ Uppr Uyr Upr W x, t) , general (2.0-1)

and

u
XX

H(u u u

e Yxr Y

xt? e W X) , t missing (2.0-2)

In the latter case (provided (2.0-2) is well-behaved) there will exist
particular solutions

u = F(x) where F(x) satisfies the second order

ordinary differential equation

F"(x) = H(0, 0, F'(x), 0, F(x) (2.0-3)

(1) We assume that the given partial differential equation is not of
first order since such an equation is equivalent to a character-

istic system of ordinary differential equations to which the
methods of Part 1 apply.
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As another example consider the wave equation

u =u . (2.0-4)

Clearly the one-parameter (a) group of transformations

x* = ax
(2.0-5)
t* = ot
leaves invariant (2.0-4). Choosing canonical coordinates r = % ,
s =1log t , (2.0-4) becomes
(1 - r2) u - u + 2r u +u_ -2ru_=20 (2.0-6)
rr Ss rs s r .

so that u = F(r) 1is a particular solution of (2.0-4) provided
(1 - r%) F" = 2rF' = 0 . (2.0-7)

We immediately see that it is unnecessary to derive (2.0-6). In order
to generate the particular solution form u = F(r) the important point
is the invariance of (2.0-4) under the one-parameter (e) Lie group

of transformations

r* = r
s* = s + ¢ .

In general, when reducing the number of variables of a partial
differential equation from symmetry considerations, the invariants of
the group become the new variables. The generated similarity solution
satisfies an auxiliary first order partial differential equation

(called the invariant surface condition) whose coefficients depend on

the infinitesimals of the group. Solving the corresponding character-
istic equations of this first order p.d.e. we find the functional form
of the similarity solution. For a partial differential equation with
independent variables (x, t) and dependent variable u typically

one of the invariants will be of the form <¢(x, t) and the other
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invariant can be expressed as an arbitrary function of ¢, F(g) .

The functional form for the similarity solution will be

u = y(x, tr C F(E)) (2.0—8)

¢z 1is called the similarity variable and F(z) becomes the new

dependent variable. The dependence of % on {x, t, ¢, F(2)} |is
known explicitly and by substituting (2.0-8) into the given partial
differential equation we obtain an ordinary differential equation for
F(zg) .

Thus for a given problem we first seek the largest set of
infinitesimals leaving invariant the governing partial differential
equation (s) . The infinitesimals satisfy a set of "determining
equations" which are of such a number that they always seem to be
solvable in closed formfz) Next we analyse the symmetries of the
boundary conditions and seek the subgroup (actually the subalgebra of
the infinitesimals) leaving invariant the boundary curves and the
boundary conditions prescribed on them. For linear partial differen-
tial equations it is unnecessary to leave invariant all of the boundary
conditions.

The use of group invariance to reduce the number of variables
appearing in a partial differential equation does not depend on tﬁe
governing p.d.e. being linear. The transformations considered are
functions of both independent and dependent variables. It will be seen
that without consideration of infinitesimals it is often impossible to
recognize the complete symmetry of a given partial differential

equation.

(2)

The solvability in closed form of the determining equations comes
from the fact that they form an overdetermined system of equations.
The determining equations are always linear.
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In §2.5 it is shown that the use of dimensional analysis to
reduce the number of variables appearing in a partial differential
equation is a special case of invariance under a group of stretchings.
§2.6 discusses how group invariance leads to new solutions from known
solutions of a given partial differential equation. Here the distinc-
tion between linear and nonlinear equations is significant. 1In §2.7
the symmetry properties of the one-dimensional heat equation are dis-
cussed in detail. This partial differential equation is shown to be
invariant under a six-parameter Lie group. Two of these parameters
cannot be spotted by inspection, i.e., without using general procedures
to find the infinitesimals.

In §2.8 the group properties of the heat equation are exploited
in considering various boundary value problems. In §2.8 the use of
complex parameters is exemplified and in this section as well as in
§2.9 and in §2.10 invariance under a multi-parameter group is discussed
and applied to a number of examples.

The use of an infinite-parameter group to derive the Poisson
kernel is given in §2.12. Nonlinear examples are treated in §2.13 and
§2.14. An example in §2.14 illustrates the use of group invariance to
convert a boundary value problem into an initial value problem.

(3) (4)

The works of Lie , Ovsjannikov

and Matschat and Mﬁller(s)

(3)

S. Lie, Uber die Integration durch bestimmte Integrale von einer
Klasse linearer partieller Differentialgleichungen, Arch. for
Math., Vol. VI, No. 3, Kristiana, 1881, p. 328.

L. V. Ovsjannikov, Gruppovye svoystva differentsialny uravneni,
Novosibirsk, 1962. (Group properties of differential equations -
translated by G. Bluman, 1967).

(5) E. A. Muller and K. Matschat, Uber das Auffinden von Ahnlichkeits-
losungen partieller Differentialgleichungssysteme unter Benutzung
von Transformationsgruppen, mit Anwendungen auf Probleme der
Stromungsphysik, Miszellaneen der Angewandten Mechanik, Berlin,
1962, p. 190
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are highly recommended. Lie essentially found the group of the heat
equation but he did not seem to realise that group invariance could be
used to reduce the number of variables appearing in a partial differ-
ential equation. Ovsjannikov gives a systematic study of the use and
derivation of Lie groups and infinitesimal transformations to reduce
the number of variables of a partial differential equation. Among his
accomplishments Ovsjannikov derives the group properties of the
equation of one-dimensional adiabatic gas dynamics and nonlinear
diffusion. However he does not consider applications to boundary
value problems. Matschat and Muller consider the symmetry properties
of systems of quasilinear partial differential equations of first order

under contact transformations.

2.1. Formulation of Invariance for the Special Case of One Dependent

and Two Independent Variables.

In this section we restrict ourselves to a system of equations
consisting of a single second order partial differential equation and
associated boundary conditions. It will be shown that if such a
system is invariant under a one-parameter Lie group of transformations
then the partial differential equation is reduced to an ordinary

differential equation. The following points should come to light:

(i) As in reducing the order of an ordinary differential
equation in Part 1 only the infinitesimal of a group appears to be
needed to reduce the number of variables of a partial differential

equation. This procedure genérates a similarity form for the solution.

(ii) The order of the partial differential equation is

irrelevant.

(iii) The given partial differential equation can be nonlinear.
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(iv) The transformations considered are functions of both

dependent and independent variables.

(v) Boundary conditions are unnecessary to apply group
methods to reduce the number of variables of a partial differential
equation where the aim is to find a class of solutions rather than to

solve a particular problem.

(vi) The infinitesimal of the group transforming the variables
of a partial differential equation can be naturally extended to the

infinitesimals of the derivatives of the dependent variables.

(vii) By "thinking infinitesimally" we can find the group of
transformations leaving invariant a given partial differential
equation. The determining equations for the infinitesimals are linear.
As shown before in Part 1 the infinitesimals generate the group.

Ju

In what follows u, denotes % ¢ Yt denotes

2

, etc.

Consider the partial differential equation (dependent variable

u , independent variables x and t )

H(u__, u u, x, t) =0 (2.1-1)

XX

u u_, u

xt’! “tt’ “x t’

with m associated boundary conditions

BB(ux’ u s, x, t) =0 (2.1-2)

on prescribed curves

(2.1-3)

(There may be no associated boundary conditions) (2.1-1, 2, 3) will

be denoted by system S .
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Consider a one-parameter (eg) Lie group of transformations:

u* = U*(x, t, u; €)

x* X*(x, t, u; €) (2.1-4)

t* = T*(x, t, u; €)

(1)

Say u = 0(x, t) 1is a solution to system S
Consider the system S* obtained from S by having u

replaced by v ,

x by x* = X*(x, t, 0(x, t); €) ,
t by t* = T*(x, t, 0(x, t); €) .
A solution of system S* is v = O(x*, t¥*) .

We are now ready to define invariance.

Definition 2.1-1.

(2.1-4) leaves S invariant iff v = U*(x, t, O(x, t); €)
satisfies S* whenever u = 0(x, t) is a solution to S .
From invariance there are two candidates for a solution to S* ,

namely

v =V O(x*, t*)

and

v =V U*(x, t, 0(x, t); €) .

2

If we assume that S (hence S* ) has a unique solution then

VlEv

2 -
Hence 0O(x, t) must satisfy the one-parameter (e) functional

equation

(1)

By solution here we mean that substitution of u = 0(x, t) in
(2.1-1,2,3) satisfies these relations identically in (x, t) in
some suitable domain.
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O(X*(x, t, 0(x, t); €), T*(x, t, 0(x, t); €)) =

(2.1-5) (&

U*(x, t, 0(x, t); ¢€) .

Our objective now is to find 0(x, t) given that (2.1-4)
leaves S invariant. For the time being we put aside the question
of how to find (2.1-4).

Expanding (2.1-4) about the identity e = 0 we generate the

following infinitesimal (n, &, 1) (0(e)) terms:
2
u* = u + e n(x, t, u) + 0(e%)
2
X* = x + ¢ £(x, t, u) + 0(e%) (2.1-6)
2
t* = t + e 1t(x, t, u) + 0(e”)

We now use (2.1-6) to expand the functional equation (2.1-5)

about € =0

O(x + € E(x, t, 0) + 0(e2), t + ¢ t(x, t, 0) + 0(e2))

2 (2.1-7)
= 0(x, t) + € n(x, £, 0) + 0(e%)

The 0(e) term of the functional equation (2.1-7) leads to the
following first order partial differential equation satisfied by

0(x, t), given (n, &, T)

E(x, t, ©)0, + T(x, t, 0)0_ = n(x, t, 0) | (2.1-8)

(2.1-8) is called the invariant surface condition. The method of

solving equations of the form (2.1-8) is discussed in the Appendix.
In particular the general solution of (2.1-8) is a family of surfaces.

(2)

It could happen that S does not have a unique solution due to

the lack of a sufficient number of boundary conditions. In this
case we could augment S with further boundary conditions in such
a way that the augmented system is still invariant under (2.1-4)
and also has a unique solution. If S does not have any associ-
ated boundary conditions then (2.1-4) is a group of transformations
leaving invariant (2.1-1) only. The functional equation (2.1-5),
in these cases, leads us to a class of solutions of (2.1-1).
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If F(x, t, 0) = 0 defines a surface satisfying (2.1-8) then this

surface is an invariant of the group (2.1-4) since

E(x, t, G)Fx + T(x, t, G)Ft + n(x, t, O)FO =0

(cf. discussion of invariant surfaces in §1.12).
The general solution of (2.1-8) is obtained by solving the

characteristic equations

dx _ dt _ do ~
E(xr t, 0) - T(x, t, 0) - n(X, t, 0) (2.1-9)

In principle, the general solution of (2.1-9) can be found. It
involves two constants, one of which becomes the independent variable

t(x, t, ©) , called the similarity variable, and the other plays the

role of a dependent variable, £f(z) . We obtain the similarity form
0 = Flx, t, £(r)) (2.1-10)

with the dependence of ¥ on x, t and the arbitrary function £(g)

known explicitly. Substitution of (2.1-10) into (2.1-1) results in an

ordinary differential equation for £(g) % = fn(x, t) 1is a commonly
occurring case. Here
z(x, t) = constant (=>x =g (g, t)) (2.1-11)

would be the integral of the first equality in (2.1-9) and defines path

curves (similarity curves) in (x, t)-space. Then the second equation

in (2.1-9) becomes

dt do

T(g(z, ©), €, 0 _ 7nlglz, 8, €, O (2.1-12)

with solution
G(t, z(x, t), ©) = const. = f(g) . (2.1-13)

Hence
0 =Fx, t, flclx, £))) | (2.1-14)
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Problem 2.1-1
Show that if (2.1-4) is such that X* and T* are independent

of u and U* depends linearly on u then the general solution of

(2.1-8) is of the form

0 = £f(g) ¥ (x, t) (2.1-15)

where f 1is an arbitrary function of ¢, ¢ is a known function of
x and t , and ¥ is a known function of x and t .

So far we have shown that given a group of transformations
(2.1-4) leaving invariant (2.1-1) we use the infinitesimal (2.1-6) of
the group to reduce (2.1-1) to an ordinary differential equation. We
now turn our attention to the problem of finding the group of trans-
formations leaving invariant a partial differential equation. Since
it is the infinitesimal of a group which is used to reduce the number
of variables appearing in a partial differential equation we seek the
infinitesimal (2.1-6) leaving invariant (2.1—1)(3). In order to find
the infinitesimal we need to extend the group to calculate how deriva-
tive terms transform. The method of extension is the same as in Part
1 for ordinary derivatives. In what follows u = 0(x, t) ,

u* = U*(x, t, u; ) , i.e., u=0(x, t) will be some solution to S
with v = U*(x, t, 0(x, t); €) the corresponding solution to S* .
First extensions refer to how the first partial derivatives transform;
second extensions refer to second partial derivatives. Before calcu-

lating these extensions we need to calculate the auxiliary functions

(3) If boundary conditions are present we first seek a group leaving

invariant the governing partial differential equation and then find
a subgroup (hopefully not trivial) leaving invariant the boundary
conditions and the curves on which they are prescribed. Examples
in §2.8 will illustrate the use of boundary conditions.
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9X 9X ot ot

9xX
%% ' 5E% ' 5EF and x* By ag¥ e understand that u = 0(x,t)

and that only t* 1is held fixed. Hence

g 2
= aow [x* - € E(x,t,0) + 0(c))]

9X 0X* du 9x 9x*

l_el:gg'ax +8_£_8® ax] +0(€2)
o0& . 9§ 2
l—E[K"Fm@X]'FO(E)

Similarly
ox_ _ _ . |3E, 2 2
at* € [Bt * 3 Ot] + 0(en)
2t _ oy _ |2, e 2 i
TEE 1 € [8 + o @t ] + 0(e”) (2.1-16)
ot _ _  far, o
T € [Bx + oo « ] + 0(e”)

Recall that

u* = U*(x,t,0(x,t)j€) = 0(x,t) + en(x,t,0) + 0(c?)

Hence we find that the extensions are:

First Extensions :

du* _ 93[0(x,t) + en(x,t,0)] 2
Ix* 3x* + 0(e”)
(2.1-17)
_ 9[0(x,t) + en(x,t,0)] 3x ot 2
- 90X ox* + ox* Ot +0(e)

Substituting (2.1-16) into (2.1-17) we are led to

au* T

Xt

]
D
+
™
|
|3
+
—_—
1S
1
&
AR
D<®
1
@

2
i 0, = == oxet] + 0(e™) . (2.1-18)
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Let denote the infinitesimal f du* d du*
ﬂx, nt e 1nfin imals o Ix* an TT*
respectively.(4) Then
_ 9n an & 9T 08 2 9T
= 20 4 g - 25 - 2 - 25 - - -
x ~ 3x [ du  9x ]Ox x % "33 % T 3w %% (2.1-19)
and similarly
= an dn _ 3T - 38 g _ 3T g2 _ 3% -
"e T3 T [au Bt] % ~ 5t % 7 % " 3w %% - (2.1-20)

Second Extensions:

The details of calculations for the second extensions, Ny

Nee  and Ny

calculating the infinitesimals of extended transformations will be

are left to the reader. A general discussion for

given in §2.2. The results are:

S TN PO S N 1) P 1 PSR [ s PR 1) P
XX 2 9xaou x2 X 2 Tt 2 9xou b4

X 3 Ix au
2 2 2
- G _ 978 o3 _ 371 g2 on _ , 3¢ - 3T
2 dxadu OXOt ex © Ot + [ u 2 X Oxx 2 X Oxt
Ju Ju
13 _ 3 _ ot i
- 3 33 %% 3u OxxCt 2 37 %% (2.1-21)
2 2 2 2 2 2 2
d™n 9™ n 97T 97 3 n 371 |,2 37
n,, =<0+ 1|2 -2, -z 0, +|ZD -2 07 - 2 2200
tt 8t2 [ 3tdu ot ] t 3t2 X [3u2 BtBu] t 9tdu'x t
- gil @3 - Ezé.eze + (30 _ 2 T 0 -2 9E 0 -3 T 0 0
2 7t 2 tx u t tt t “xt Ju tt't
Ju du
% g g -2%9 0 (2.1-22)

(4) It is easy to show that in this manner the once extended group is
a group of transformations of the variables {x,t,u,ux,ut} provided

that the "unextended" group is a group of transformations of the

variables {x,t,u}. u, refers to 6 ; u.  to 0O .
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o%n , | 9%n o 2%l L [fn 2%, L 8Pt 2
Nxt - 3xot 3xdu  atex | t dtou  oatox | °x  dxou -t

+ [giﬂ - 9 & _ 821‘]@ 0 - 32& @2 - gil 0 @2 - gié 0 @2
8u2 Ixou dudt X't atdu “x 3u2 X't Su tx
- 9T on _ 3¢ _ 3T Y - 3T
9X ett + [au 9X 3t:]®xt 9 Oxx : au Otext
- o & _ 3T - 9§
2 30 %%t ~ 3w %%t T Fu O%O%x - (2.1-23)

For invariance of (2.1-1) under the group of transformations
(2.1-4) it is necessary that for any solution u = 0(x, t) of

(2.1_1) ’

* * * * * * * *
H(ux*x*' Ugkpnr Ulapnr Ugwr Ulgr UT, X5, t*)

]
o

(2.1-24)

i.e. the partial differential equation (2.1-1) is an invariant of
the twice extended group (2.1-4). A necessary and sufficient con-
dition for (2.1-1) to be an invariant of (2.1-4) is that the infini-
tesimal (0(e)) term of (2.1-24) is idéntically zero. We are now
thinking of (2.1-1) as an equation in 8 variables each of which has
its own infinitesimal element for any group of transformations

(2.1-4). Hence (2.1-4) leaves invariant (2.1-1) iff given any

u=0(x, t) satisfying (2.1-1), 0(x, t) also satisfies the partial
differential equation (now containing the to be determined infini-

tesimal elements n, &, and T ):

n oH +n oH + oH n oH + oH
XX auxx xt auxt tt Butt X Bux t aut
oH oH OH _ _
+T]'é—6+ £ 'B—X“" T—t— 0 . (2.1-25)

In order to find the infinitesimal elements (n, €, 1) leaving

invariant (2.1-1) we first substitute the partial differential equa-
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tion (2.1-1) into (2.1—25)(5). The resulting equation is treated as
a form in the derivatives of 0 whose coefficients depend on

(6, x, t) and the unknowns (n, &, t) . After the substitution we
collect together the coefficients of like derivative terms in © and
set all of them equal to zero. The resulting equations are called

the determining equations of the group. In practice these equations

are solvable and thus (n, &, 1) are determined.

Problem 2.1-2

Show that the determining equations for (n, &, 1) are linear
and homogeneous in these unknowns for any polynomial partial differ-
ential equation. How many determining equations are there for an
arbitrary linear homogeneous second order partial differential
equation?

Without loss of continuity the reader could now skip to §2.7
where the results of this section are applied to finding the general

similarity solution of the heat equation.

2.2. Formulation of Invariance in General

In this section we will generalize the results of §2.1 to
systems of partial differential equations containing an arbitrary
number of dependent and independent variables. It will be shown how
to calculate in general the infinitesimal of the extended transforma-
tion and under what conditions a one-parameter group of transformations

leaving invariant a system of partial differential equations reduces

(5) We assume that in (2.1-1) derivatives of u appear in polynomial
form. Such a partial differential equation will be called a polynomi-
al partial differential equation.




2.2 Invariance in General 157

the number of independent variables by one. In what follows a
repeated index denotes summation over the index, superscripts and
subscripts refer to dependent and independent variables respectively.
A subscript preceded by a comma will refer to a partial derivative
with respect to the variable represented by the subscript. We will
consider systems of partial differential equations containing m

dependent and n independent variables. Let

u i=1,2, ..., m
(2.2-1)
xj , i=1, 2, «.., n
represent dependent and independent variables respectively.
Consider a one-parameter (e) group of transformations
i i 1 2 m
u*” = U* (xl,xz,...,xn,u U7, 00,0 €)
(2.2-2)
1 2 m
xg = Xg(xl,xz,...,xn,u JU 00,0 €)
with corresponding infinitesimal elements
i 1 2 m 1 .2 m
n (xl,xz,...,xn,u ,u”,...,u ) and Ej(xl,xz,...,xn,u ,u”, 0.0 ,u)
obtained by expanding (2.2-2) about the identity e = 0 . We assume
that the transformations (2.2-2) have the property that if ut =
Ol(xl,xz,...,xn) then we can invert (2.2-2) so that u*® =
O*l(x*, ng ey x;) .for some function 0*% ., ul,j ‘and u*l,j
i w1
denote g%— and %%;— , respectively. Throughout this section

keep in mind the calculations of §2.1 where m =1 and n = 2

Calculation of the Extended Transformation for Several Variables

We will be computing partial derivatives with respect to xj
of functions depending on xj and u' where u’ depends on xj

as in §2.1. To shorten the calculations, we introduce the total
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derivative operators:

D 3 Mo
—_— = —— 4+ u ] —
ij axJ auM
(2.2-3)

D 9 H
— = —¢ + u*",j

* * ’
ij axj au*l'1 *

i . i . Dx* Dx
Du- _ i . Du*~ _ x1 = o _ o _
Clearly —D—X—J' =u ,Jj ’ ng = '] and ——ng = —DXB = 6@6 , the

Kronecker delta symbol.

Next we derive the chain rule for the total derivative operators:

Consider
D _ Py, ad" +u*ujaxv SRR SR L
* * * ’ ’
Dx* axj ox axj sul gu*t 9%, au*A 3uM
Dx 90X 9X
VvV 3 V A v U 3
= — + | —% + u* 3j ]u v —
* * ’ ’
ij va [axj au*k auM
Hence
Dx
D _ v D
Dx* = Dx¥* Dx . (2.2-4)
J J v
Dx; Dx;
Moreover the matrix [ ¥ ] is the inverse of the matrix [ e ]
j 3

which is obtained directly from (2.2-2). We now have the apparatus
necessary for computing the infinitesimals of the extended group. The

qth extension refers to how the qth derivative transforms.

First Extensions

N S Du**
1] Dx*
J
purt bx,,
= Dx Dx*
v 3j )
1 1 * -
~ D[ul " Enl + 0(62)] ) D[Xv egv + 0(e™)]

Dx Dx*
Y J
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Dg

i D i v i 2
=u',j + ¢ 6&7 - B UV +0(e%) . (2.2-5)
3 3

Expanding the right side of (2.2-5), by using (2.2-3), we find that

the first extensions, n; , of the continuous transformations (2.2-2)

are:
i i 9E 9g :
n% = 2&_ + an_ uu,j e ul,v - ——% uu,j ul,v (2.2-6)
J 3j ou j ou
where i=1,2,...,m , j=1,2, N .

Second Extensions

The second extensions refer to how the second order derivatives,

ul'jk , transform and can be obtained directly by substituting ul,j

and, accordingly, n% for nl in formula (2.2-5). Thus

j
i
. . Dn. D& .
w5k = ut gk el d - Sl uh g [+ oe?) (2.2-7)
xk ka

Expanding the right side of (2.2-7) and making the appropriate

i

substitutions, we get the second extensions ”jk
. 2.1 2 i 2.1
i 9°n 9°n U a™n u
N.y = + u + —u’,
Jeooexgexy gy M K g st )
Jj k
3¢ i 3L
_ \Y ot + on " _ v ui
’ 4 ’
Bx.axk v P jk axj kv
agv i anl A u
B TS PR S TR B
k Ju Ju
2 2
07g . a7g
v u i v n i
- u , u , - u . u ,
ax. auM k v axkau“ J v
BEV i U u i U i
- 'a—l'li [u ) u "5k + u Ij u " vk + u % u 'j\)]
2
"¢
A
- Av T Yok uu,. ul,v (2.2-8)
du’ Jou J

where i=1,2,...,m; Jj,k=1,2,...,n
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Similarly to generate the qth extensions, n% . . , one
313p---3g

"merely" applies the total differential operator

%;—— to the (g - 1)th extensions, "

nj 3 3 , and adds the term
1°2°""Jg-1
Jq q
ng i
Dx u 3.3 3j v
j 1°2° " *“g-1
q
where
ju =1, 2, ,n, for o=1,2, ..., g

Reduction of the Number of Variables of a System of Partial

Differential Equations Through Invariance

Without loss of generality, we shall restrict ourselves to a

system S of second order partial differential equations:

1)

i i
Ha(le u 4 u Ijl u rjk = 0 ’
(2.2-9)
a=l, 2, eeey I ’
on which boundary conditions
i i _
BB(u g u, Xj) =0
are prescribed on curves
wB(xl, Xor evey xn) =0, B=1,2, ..., s. (2.2-10)
Say ul = Ol(xl, x2, ceey Xn) is a solution to system S

Consider the system S* obtained from S by having ut replaced
i 1
by v, xj by xg = Xg(xl'XZ""'xn’ 0 (xl,xz,...,xn), ey

m
0 (xl’XZ""’xn)' €) .

Definition 2.2-1 .

The group of transformations (2.2-2) leaves S invariant iff
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i i* 1 m
vo =1U (xl,xz,...,xn, 0 (xl,xz,...,xn), cee, O (xl,xz,...,xn); €)
satisfies S* whenever u' = Ol(xl,xz,...,xn) is a solution to S .
In other words, if ut = Ol(xl,xz,...,xn) solves S and u’

is replaced by Ol(xl,x ..,xn) in (2.2-2), then S is invariant

2"
if:
(i) the system of partial differential equations (2.2-9) is
invariant, i.e.,
*i *i
’

H (x*, u u ., u¥*
a( JI ’ ’

(2.2-11)

and
(ii) the boundary conditions and boundary curves also take on

the same form in the new variables, i.e.,

BB(u*l,j, urt, x3) =0

on

w (xi, xX*, ..., xﬁ) =0 , for each B =1, 2, ..., s .

B
(2.2-12)
Introducing the infinitesimal elements of the extended trans-

formations we see that (cf. §2.1) (2.2-11) is satisfied iff

BHa i oH i aHa i aHa
Ej = T Tt " I + ”jk T =0
Jj du Ju '3 u "5k
for a=1, 2, ..., ¢ (2.2-13)

i.e. each Ha , considered as a function of the [%(n + 2)(n + 1)+n]

1, ul,j, ul,jk} , is an invariant of the extended

group of transformations of the group (2.2-2).

variables {xj, u

In order to show that invariance under a one-parameter group of
transformations reduces the number of variables by one, it is more

convenient to work with canonical variables. Recall that in §1.5 it
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was shown that a one-parameter group of transformations of two
variables is equivalent to a translation group in terms of canonical
variables where one of the variables is held fixed (i.e. is an in-
variant) and the other is translated. It is left as an exercise for
the reader to show that this result can be extended to k > 3 vari-
ables, i.e. canonical variables can be found where k - 1 of the
canonical variables are invariants of the group and the other one is
translated.

We now introduce the canonical variables for (2.2-2). We label
the new independent variables {yl, Yor «ee yn} and the new depend-

()

ent variables {wl, w2, ey wm} The transformation from (x, u)

coordinates to (y,w) coordinates can be expressed in the form:

X: = X (Yo 1¥YoreeerY s wl,wz,---,wm) ’
Jj 142 n
(2.2-14)
i i 1 2 n
Ut = EY Y Y WOW W),
for some functions Xj' fl, j=1,2, «eo, n ,i=1,2, ..., m.

Subsituting (2.2-14) in (2.2-9,10) we obtain a new system S'

ioawt %Wt
Ia(yj,w,——j,W]—.-g-y—k—)=0,oc=l,2,...,r (2.2-15)

on which boundary conditions

£y
]

.
]

are prescribed on curves

]
o
~

vB(yl, Yor ceer ¥ )
(2.2-16)
B=1, 2, ..., s .

(1) Deciding whether a given canonical variable is dependent or in-
dependent is not necessarily obvious and the choice is often not
unique (eg. the hodograph transformation interchanges dependent and
independent variables).
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The transformation from system S to system S' will be discussed
later in this section.
Without loss of generality, in terms of the canonical variables,

the group (2.2-2) leaving S invariant, becomes the group

yf =y, *t ¢
yg = yj, i =2, «e., n (2.2-17)
wrl = wl, i=1, 2, ..., m

leaving S' invariant. Thus I ,the boundary conditions, and the
boundary curves do not depend explicitly on Yy, -

We will now show that the solutions to S' also have this

property.
Let
i i .
u- =U (xl, Xyr eees Xn) , i=1,2,...,m (2.2-18)
be a solution to S . Then the corresponding solution
i i .
w =W (yl, Yor «ees yn) , i=1,2,...,m (2.2-19)

to system S' is obtained by making use of (2.2-14) and solving the

algebraic equations:

Ul(Xl(YIw)r X2(er)l ceey Xn(YrW)) =
(2.2-20)

i 1 2 m .
£ (eryzr---,yn, WW ,eee,Ww ) , 1=1,2,...,m
Now we assume that S , and hence S' , has a unique solution.
If S' has a solution of the form (2.2-19), then in terms of the
starred variables, we have two candidates for the solution w*lt  in

the starred S' system:

(i) w*t = wt = Wl(yl, Yyr eeer ¥) o i=1,2,...m  (2.2-21)

because of the invariance property, and,
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(ii)  w*t = Wl(y{, y4 «e. o ¥%) , i=1,2,...,m (2.2-22)

because if (2.2-19) is a solution to S' , then (2.2-22) is a solution
to the starred S' system.
But the solution of w*' is unique. Hence, for each i =

1,2,...,m

Woyys Ypr -eer ¥p) = WO(YE, Y5, oen, ¥E)

(2.2-23)

= Wl(yl + €, Yor «ees yn)

which proves that the solutions W' to S' do not depend on Y, -
Thus the number of variables has been reduced by one provided S 1is
equivalent to S' . We now show how this transformation from S to

S' 1is accomplished and under what conditions it is possible.

The Transformation from S to §'

In order to pass from S to S' we need to show how and under

what conditions the derivative terms transform. Referring back to
(2.2-20) we recall that any solution ut = Ul(xl, Xor eeey xn) to

(2.2-9,10) constructed from invariance under the group of transforma-
tions (2.2-2) can be written in terms of the canonical variables
either in the form

ul = Ul(xl(YIW)l Xz(YIw)I ce oy Xn(YlW)) ’

i=1, 2, ..., m , or in the form

. . 1 2
ul = fl(yllyzl--orynr w W :---rwm) '

i=1, 2, ..., m . Hence for each i , the second representation of

the solution leads to

i i i u
gu - gf + Bfu ow (2.2-24)
Y5 %5 Wt Y

whereas the first representation of the solution leads to
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Du’ dut [va + va awM ] _ sut DXy

=8 = . (2.2-25)
Dyj va Byj Sw oy . va Dyj
dut
Hence solving (2.2-24,25) for % Ve get
j
i
DXy rXyrne Xy g0 X000 cea X))
i D(Vy/Vnreeecescscncsanns yeeer¥. )
gi = D(xl x2 xnj (2.2-26)
j PrXgreeeaeean ceeeeree X
57y1,y2, ................ ,...,yn)
and thus we require that the Jacobian determinant
DX, ... P%
Dyl Dyn
D(xl,xz,...,xn) _
D(leY2I-'-IYn) . :
DX DX
_n 0
Dyl Dyn
DXi
= det 5;; # 0 (2.2-27)

i.e., the transformation from x to y is locally one-to-one.
Moreover, the generated solution to S must satisfy (2.2-27) for S
to be equivalent to S'

The transformation of second order derivatives is found in an
analogous fashion, by calculating

2

Dzul _ aul D Xv . a2u1 va wa (2.2-28)
Dijyk axv Dijyk vaaxw Dyj Dyk
or alternatively,
p’ut | o%et | o%et aw¥ , %l aw”
Dy Dy, 9y43yy 2y o Wr o ayaw’ Yy
. . (2.2-29)
Lot vt awt | agt oW
dwigwh 0Y§ 0¥y pyM 8Y53¥y
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(2),

One can show that

, DX, DX l DX, DX, ’
det _— = det — Q® —
Dy. D Dy. Dy.
YJ Yk YJ YJ
DX, 2n (2.2-30)
= det F
3
Thus, for example
. .12
D2fl _ 3ul D Xv DXl DX2 . DXn DXn
py? %y py? Dy, Dy, Dy, Dy,
2.1 i DZX DX, DX DX _ DX
D™ f _ du vV 1 2 ... n n
Dley2 va Dley2 Dy1 Dy2 Dyl Dy2
2.1 i D2X DX, DX DX DX
D”"f~ _ 3u v 1 2 ... n n
Dyn va D i Dyn Dyn Dyn Dyn
a2u1 _
> =
9x (2.2-31)
1 ' DXl 2n
Det =
Dy.
Y5

In practice canonical variables are not used when applying group
methods to reduce the number of variables appearing in a system of
partial differential equations. We work directly with the given
variables as illustrated in §2.1. A discussion of invariance under
a multi-parameter group is left to a later chapter. In the next three
chapters we discuss dimensional analysis and its relationship to in-
variance of partial differential equations under a group of stretching

transformations. Our prime example will be the heat equation.

(2) W. H. Greub, Multilinear Algebra, Springer-Verlag, 1967, p. 26.
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2.3 Fundamental Solution of the Heat Equation; Dimensional Analysis

Before proceeding any further, we digress and show how in certain
special cases dimensional analysis can be used to obtain the same
results as are attainable from group theory.

The fundamental solution of the heat equation gives the tempera-
ture distribution in an infinite medium due to the concentrated
addition of a (unit) source of heat. The solution has various inter-
pretations and applications which are discussed later.

Consider first one-dimensional heat conduction in an infinite
bar with constant properties. Initially, at time (t = 0- ) , the
bar is at uniform temperature u = u_ = 0 (say, without loss of

(@]

generality). The mathematical representation of this problem is

ou Bzu
pC == = k — = Qs (x)8(t) , - © < X < o
X t > 0-
u(x,0-) =0

(2.3-1)
u(+ «,t) >0 .

In (2.3-1) the source is at the origin but if at any other location
X, we need merely replace x by x - X, - This is physically
evident and can be made to follow formally from the translation
invariance. If the temperature is restricted in a physically reason-
able way (e.g. bounded below for Q > 0 ) then the problem specified
by (2.3-1) has a unique solution.

The fundamental principle.of dimensional analysis enables the
form of the solution to be written down in this case. The fundamental
principle of dimensional analysis states: every problem must be able
to be expressed in dimensionless variables or alternatively all equal-
ities must involve only dimensionally consistent quantities. The
fundamental principle is a statement of invariance of all physical

problems with respect to choice of units of measurement. The quanti-



168 2. PARTIAL DIFFERENTIAL EQUATIONS

ties entering Problem (2.3-1) all have physical dimensions:

Physical Constants(l)
p = density (o} = &
M3
— e _ cal
c specific heat {c} = deg K
Kk = - ~cal = M _ cal
thermal conductivity {k} g&i deg = degeM
Q = heat added per cross- {Q} = E%L
section area M
Variables
u = temperature {u} = deg
x = space coordinate {x} =M
t = time coordinate {t} =5

According to the general principle the independent variables (x,t)
should be able to be expressed in dimensionless variables but an
examination of the physical constants shows that no combination of
them can provide a physical constant with dimensions either of length
(M) or time (S) which could be used to make x or t dimension-
less(z).

The problem has no characteristic length or time scale. Note

however, the thermal diffusivity « :

(1) For this problem the following units will be used: mass = Kilo-
grams = K , length = meters = M , time = seconds = S , heat = calories
= cal. , temperature = degrees abs. = deg. { } = dimensions of

(2) If a characteristic temperature existed, then (x,t) could
be made dimensionless. We are 1mp11c1gly using the fact that the
initial temperature u 1is not characteristic and only (u - uo) can
appear.
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M2

{K}=—S‘ .

<= —=
pcC

Hence a dimensionless variable can only be formed from a suitable

combination of (x,t) , namely,

. (2.3-2)

In order to make the dependent variable u dimensionless a quantity
with the dimensions of degrees must be formed with the help of the

physical constants. The quantity, Q/pc has dimensions

{5%} =M - deg .

Since no characteristic temperature exists no quantity with dimensions
of purely (deg.) can be found. However by using the length x , or

Ykt a dimensionless combination

uvkt

2.3-3
0/0c ( )
can be formed. Thus, the functional form of the solution is completely
defined
ulx,tipe,k,Q) = —2— £(z2) (2.3-4)
pcvkt

where f(z) is a dimensionless function. £f(z) must satisfy an
ordinary differential equation.
The analogous problem in two or three dimensions is different

only in the dimensions of the heat addition term. Thus,

Py . _ heat added _ cal | - _0
two-dimensions {Q} = —Tength Mo YT ooee £(z,)
(2.3-5)
-1 3 = = . = Q
three-dimensions {Q} = heat added = cal ;u ;;?21;377 f(z3)

(2.3-6)

where
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x2+ 2 r
= Yy - r

2 2Vkt 2/kt !

- ¢X2+y2+z2 - r

’
3 2/kt 2V/kt

cylindrical radius ,

-
1]

spherical radius .

The connection between dimensional analysis and invariance of
partial differential equations under stretching transformations will
be discussed in §2.5.

2.4 Fundamental Solutions of Heat Equation; Global Affinity

In this section we treat the problem of the previous section by
studying its invariance under global transformations, in particular
stretching transformations. The method is thus analogous to that used
in §1.1 in introducing the ideas for ordinary differential equations.
In effect we see what can be done without the use of infinitesimal

transformations.

Our problem is (2.3-1) and we let the temperature field be

u = 0(x,t) (2.4-1)

so that (cf. 2.3-1)

_ e
8x2

[o%]
(O]

= _9
oy §(x)8(t)

Q|
t+

0(x,0-) =0 (2.4—2)

O+ @, t) > 0

i.e., u = 0(x,t) is the solution to (2.3-1).

We consider the general stretching transformation of the (u,x,t)

space:

x* =

t* =

u* =

Yu

ox (2.4-3)

Bt
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with parameters (y,a,B) . If vy(B) , o (B) are somehow determined

then (2.4-3) is a one-parameter group of transformations with the

1 (D

identity element Yy = a = B = Corresponding to (2.4-1) we have

a new surface defined by

u* 0% (x*,t*) . (2.4-4)

We ask how the original solution surface transforms:

30 _ B 30%* 30 _ o 20* 920 _ o’ 3%0x
9t ~ Y BEF ' 3x |y ax* ' [ 2 Y .2
Since 0O(x,t) 1is defined by (2.4-2) we have
B 20* o %% _ 0 4 x* o t* 5 4os
y 3% T Ky 8x*2 = 3 (a—) (E_) . (2.4-5)

For invariance it is necessary that both the operators on the left
and the right hand side of (2.4-5) agree with those in (2.4-2),
multiplied by a common factor. Thus, for invariance
2
a® = B ; a = VB . (2.4-6)

Further, it follows from the integral definition of the d&-fns:

J §(x)dx = 1 , J § (ax)dx = é [ § (ax)d (ax)

that
§ (ax) = § 8 (x) . (2.4-7)
Thus (2.4-5) becomes
s [aex _ afer | | 8372 _Q 5 (xx) 5 (£*) (2.4-8)
Y ot* 5 %2 oc :
X
For invariance of the equation then
y=-1 ) (2.4-9)
VB

(1 If B =e , then € = 0 corresponds to the identity.
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Our one parameter family of transformations of the (u,x,t) space

to itself is thus (cf. 2.4-3)

u* = Y u

VB
x* = /B x (2.4-10)
t* = gt

(2.4-10) is the group of transformations leaving invariant Problem
(2.3-1). Under this transformation the initial and boundary conditions

attached to (2.3-1) are also invariant. Thus, for ©0* we have

2
0% | BO% |9 sy (er
SEF K = 3¢ S (x*) S (t*)

ax*

0% (x*,0-) = 0 (2.4-11)
0% (+ ©, t*) + 0 .

Now, due to the uniqueness, ©0 must be the same function of

(x*,t*) as 0% is of (x,t) . That is

0* (x,t) = O(x*,t*) (2.4-12)
As a consequence of the transformation (2.4-10) and the invariance

condition (2.4-12) we thus obtain a functional equation which must be

satisfied by the solution:

u* = 0(x*,t*) =

or

0 (/Bx,Bt) = 0(x,t) . (2.4-13)

(2.4-13) holds for all values of B . From this functional relation
the functional form that the solutions 0(x,t) must have can be

deduced in various ways. For example we can say that the factor
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1//B is a scaling like 1/v/t from (2.4-10) and a coordinate like

x/Vt 1is invariant so that necessarily

(2)
O(x,t) = = £( X)) . (2.4-14)
vt vt
Evidently (2.4-13) is satisfied and within trivial changes (2.4-14)

is unique. Alternatively consider 93/398 of (2.4-13) near the iden-

tity (B = 1) (that is, study the infinitesimal form of (2.4-13) ).

1 90 0 1
— x »— (VBx,Bt) + t &~ (VBx,Bt) = - 0(x,t) (2.4-15)
28372

2‘/‘8— 90X ot

As B + 1 , we see that ©0(x,t) must also satisfy a first-order p.d.e.

1 30 20 _ 1 _
j X 5; (X,t) + t E (X,t) - 5 @(X,t) . (2'4 16)

This enables the form of the solution to be found since the general
solution of (2.4-16) involves an arbitrary function. The character-

istic equations associated with (2.4-16) are

dx _de . .40 (2.4-17)
2* 2° .
The integral of the first two is
r = X (2.4-18)
2Vt
and the integral of the second two is
log 6 = - % log t + log F(z) . (2.4-19)

Thus, the general solution of (2.4-16) has the form

(2) Alternatively X and /to are two functionally independent

vt
invariants of (2.4-10). The solution form (2.4-14) is obtained by
setting one invariant as an arbitrary function of the other.
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O(x,t) = — F(z) , =X

e (2.4-20)
vt 2/t

This agrees exactly with the form (2.3-4) derived by dimensional

analysis; introducing the dimensional quantities let

T=0(x,t) = —2_ f£(z) , z =% . (2.4-21)
pcvkt 2/kt

We now proceed to the solution by deriving the ordinary differential

equation for £ . We have

+h

3% 0 a2

— ==

ox pc 4(1<t)3/2 dz2

so that for t > 0+ the partial differential equation of (2.4-2)

becomes

— + 2z Iz + 2f =0 . (2.4-22)

The boundary and initial conditions of (2.4-2) are now (cf. Figure

2.4-1)

£(+ ) >0 . (2.4-23)
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Figure 2.4-1

The condition (2.4-23) is not sufficient to define the solution;
account must be taken of the fact that an amount of heat Q has been
introduced to the medium. The law of conservation of total heat, or

t oo
J dt f dx of the heat equation is
0- -00

pc J 0(x,t)dx = Q (2.4-24)

-00

Using the similarity form (2.4-21), (2.4-24) becomes

J A fzyax =1
I

or
(2.4-25)

N

J f(z)dz =

(2.4-25) is the extra condition needed to define the solution uniquely.
Now the solutions to (2.4-22) can be expressed in terms of Hermite

functions and of course the solution to the problem here is well known.
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We adopt another course here in order to illustrate the application
of group theory to the ordinary differential equation (2.4-22). This
will give some idea of what to expect in more complicated cases. The

equation (2.4-22) is linear and so admits the group

fl = of
(2.4-26)
zy =z .
Thus, invariant coordinates are
_ 1 4af
vV =F3; (2.4-27)
and z and the equation is reduced to one of Riccati type. (cf exam-
ple (ii) page 112 of §1.17). We have
2
dv _ 1d%f _ 1  df 2
dz f 4 2 2 dz
z
af
=‘ZZa-E"2f_v2
f
or
av _ _ 2 _ _ _
Iz = v 2zv 2 . (2.4-28)

Along an integral curve of (2.4-28) the quadrature for £ can be
expressed((2.4-27))

— = v dz . (2.4-29)

A sketch of all the possible paths of (2.4-28) is easily drawn with

the help of the zero slope isoclines

v+ 2zv + 2 =0 . (2.4-30)
See Fig. (2.4-2).
f 1is always positive for solutions of interest. The arrows
indicate the direction of f increasing. Since the solution must
have the same qualitative behavior as z + + » it is clear that only

the exceptional path which separates the two classes of paths has a
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Figure 2.4-2
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chance to be the correct path for the given boundary conditions. As

z >+ the quadratic terms cancel if v = - 2z and this defines
the exceptional path near « . However,
v = - 22 (2.4-31)

is an exact integral of (2.4-28) and gives a straight line through

the origin. Hence on this path

== = - 22z dz . (2.4-32)

The integral is

f=Ce ? (2.4-33)

The remaining constant of integration C is found from the integral

condition (2.4-25)

or
c =1 (2.4-34)
2V :

Hence the complete solution (2.4-21) is

u = e(xlt)
2
—
- pc 4kt (2.4-35)
2V/TmKt !

the well-known result.

Problem 2.4-1. Using the fact that one solution (2.4-31) of the

Riccati equation (2.4-28) is known, construct the general solution

_ 2 4 C2
f=e? C+DJe ac
0

which corresponds to all the other paths in Fig. 2.4-2 if D # 0 (cf

pp. 95 and 96 of §1.15).
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It is worth noting that the same argument applies in the cylin-
drical and spherical cases and the solution can be carried out in the

same way. Corresponding to (2.4-35) we have

u, = ez(r,t)
2
_rt
- Q/ocsZK
T 4mct , 2 = %%+ y2 P
uy = 63(r,t) (2.4-36)
2
-r
t
=—-ﬁ—Q/gczeK ,r2=x2+y2+22.
(4mkt)

Some remarks can be made about other interpretations of the
fundamental solution.

(1) As a far field - if heat is added to a one-dimensional bar
over finite length and time, then after a sufficiently long time the
solution should approach the fundamental solution with the same total

heat added. Formally, by superposition,

2
- (x-§)
u = 0(x,t) = J J (E,1)/pc 4x(t-T1) dE dt (2.4-37)
A’ 2Vmk (t-1)

where A represents the finite domain in which heat is added and g
the density of heat addition. (See Fig. 2.4-3)

t

|

| |
| I valid
asymp-
| | totic
| |
| |
| |
| A
y
= X

Figure 2.4-3
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It is clear that for t > >t , |x| > > ¢

2
X
o » _L1/pC [ J { a(g,7) ag dr |e **t (2.4-38)
2vmkt A

A similar idea is often applied to the far field of non-linear problems
although the idea of superposition is of course no longer valid. The
proper interpretation is given in terms of perturbation theory in
which, eventually, the far field appears in suitable coordinates (x,t)
in which the size of the disturbance area A tends toward zero. Thus
a point singularity appears and a corresponding similarity solution.

In these problems however it is not always clear what constants (cor-

responding to total heat, for example) characterize the solution.

(2) As a local solution - let the heat source of (2.4-1) be
located at x = Xq in a finite bar 0 < x < ¢ whose ends are kept at
zero temperature

6(0,t) =6(2,t) =0 . (2.4-39)

If the heat source at the origin in the infinite medium has the solu-

tion (2.4-35)
u = S(x,t) = =2%— ¢ (2.4-40)

then the problem with the boundary condition (2.4-39) is solved by

reflection. (See Fig. 2.4-4).
u=S(x - xo,t) - S(x + xo,t) + S(x - 22 - xo,t)

- S(x - 2% + xo,t) + S(x + 2% - xo,t) + ...

or

[ee]

u= J {s(x - X, - 2nf,t) - S(x + X, + 2n%,t) } . (2.4-41)

n=-—oo
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- o+ - +

+
X, 1 24—x°2£ 28+x4

}
L

x
O+

—2;-;2;-2i+x° _;
o

Figure 2.4-4

It is clear that the first term representing the source at
X = X, is a good approximation near x = X, up to such times as the
effect of the boundaries is felt. The solution is thus only locally
similar. After a long time the representation (2.4-41) is not a good
one, since all terms in the sum are important - a representation in
Fourier series over the interval is better. This problem does have
an overall length ¢ so that overall similarity certainly cannot

exist. When such ideas are tried in non-linear problems interaction

of the non-linear solutions must be taken into account.

Problem 2.4-2

Apply the reasoning of this section to obtain the similarity

form for the boundary value problem in t > 0 , x > 0

96 378 a
E———z-zo ’ e(ort) =t e(X,O) =0

r

2.5 The Relationship Between the Use of Dimensional Analysis and

Stretching Groups to Reduce the Number of Variables of a Partial

Differential Equation

In this section we will give a short discussion of dimensional
analysis and its applicability to reducing the number of variables of
a partial differential equation. Dimensional analysis concerns the

invariance of formulae under the group of scalings of the fundamental

units of the variables and (physical) constants entering the formu-

(1), (2),(3)

lae Its applicability to partial differential equations

may lead to a reduction of the number of independent variables.(3)
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Solutions obtained through dimensional analysis are called self-similar

(4)

solutions of the first type. The group method described in §2.1

involves transformations of the variables with all (physical) con-
stants held fixed. It will be shown (Theorem 2.5-2) that if the num-
ber of variables entering a partial differential equation can be re-
duced by p > 0 through dimensional analysis (where the variables and
constants are both stretched) then the number of variables can also be
reduced by p from invariance of the p.d.e. under a p-parameter group
of stretchings of the variables with the constants held fixed. By
example it will be shown that the converse of this theorem is false,
i.e., there exist solutions to problems obtained from invariance of a

(5)

partial differential equation under a group of stretching transfor-

mations which cannot be obtained through dimensional analysis.(s)
Hence the application of group methods to construct solutions to
partial differential equations is a generalization of the concept of
dimensional analysis.

Given any (physical) problem there will be defined m fundamen-

tal dimensional units (eg. mass, length, and time) Ll’ L2, ey Lm

in which each quantity entering the problem will be measured. Quanti-

ties are of two types - variables and (physical) constants. Say u is

(1) P. W. Bridgman, Dimensional Analysis, Second Edition, Yale Univer-

sity Press, 1931.

(2) L. I. Sedov, Similarity and Dimensional Methods, Moscow, Sixth.Edi-
tion (in Russian); English translation, Fourth Edition, Academic
Press, 1959.

(3) G. Birkhoff, Hydrodynamics, Second Edition, Princeton University
Press, 1960.

(4)

G. I. Barenblatt and Ya. B. Zel'dovich, Self-similar solutions as
intermediate asymptotics, Ann. Rev. of F. M., 1972.

(5) In this paragraph the words "partial differential equation" are
understood to include all associated boundary conditions of the
problem in question.

(6) Such solutions are called self-similar solutions of the second type
(cf. Barenblatt and Zel'dovich, ibid.)
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(7)

the unknown quantity entering a problem and that the other n

; eees W . Our objective is to find
2 n

u as a function of these n quantities, i.e., to find the function

quantities are labelled Wl’ W

f such that

u = f(Wl, W2, . Wn) . (2.5-1)

Dimensional analysis restricts the choice of f as seen in the

following theorem, the so-called Buckingham Pi-Theorem. This theorem

forms the basis for modelling.

Theorem 2.5-1 (Buckingham Pi-Theorem)
We make the following three assumptions:

(i) If 2 1is a measurable quantity connected with our given

a4, Q a
problem, then {2z} = L11L22...me , for some real numbers
Gpr Qpy o evny Oy where { } denotes dimension of. The vector

a = [al, Uogr wens am] is the dimension vector of 2

(ii) (2.5-1) is dnvariant under an arbitrary scaling (stretching)
of any fundamental dimensional unit; i.e. the formula holds for any

set of dimensional units. (eg. MKS, CGS, or Br. Eng. system)

(1ii) u 1is a differentiable function of WwW,, W,, ..., W
1 2 n

Under these assumptions we prove that:
(a) The formula (2.5-1) for finding u can be ex-
pressed in terms of dimensionless quantities.(g)

(b) The number of dimensionless quantities (called

m-variables) is k + 1 =n+ 1 - q , where g 1is the

(7 In order to simplify the discussion we assume the problem at hand

has only one unknown.

(8) 3 is a dimensionless quantity iff {2} =1 .
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rank of the (m)x(n + 1) dimension matrix B formed

from the dimensions (exponents) of the n + 1 quanti-

o1 e Wn .

(c) The formula (2.5-1) for finding u can be sim-

ties u, Wl’ W

plified to

u = G(Wl,Wz,...,Wn)F(nl,n , T (2.5-2)

PIARE k)

where
B, B B
_ 1. 72
G = wl W2 ...Wn

B

for some real numbers B

ll 2’ LR n ’

Yiq Yi Y,
m.o= oW, w2 g 0
i 1 2 n

for some real numbers Yil’ Yi2’ ey Yin B
i=1,2, ..., k,and F 1is an arbitrary function of

m are

m ki) ™ Moreover q m
17 Mor eeer Ty oo 17 v Ty

GI
dimensionless quantities.

Proof:

By assumption (i)

and
by by By (2.5-3)
L

for some real numbers aj, b.., i=1, 2, ..., n,

Corresponding to the quantities u, Wl, ooy Wn we define the

dimension matrix
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o 7
bll b12 e blm
B = : : : , (2.5-4)
bnl bn2 e bnm
a; a, ceeap
L J

We now consider the invariance of (2.5-1) under arbitrary

scalings of the fundamental units by taking each unit in turn (assump-
€

tion (ii)). We scale Ll by letting LI =e lL1 , where €1 is an

arbitrary real number. Under this transformation the quantities trans-

form as follows:

wt=e Ty, i=1,2,...,n
i i
€12, (2.5-5)
u* = e u ’

(2.5-5) defines a one-parameter (e Lie group of stretching

1)
transformations of the n + 1 variables and (physical) constants

where € = 0 corresponds to the identity element. Note that this

Lie group of transformations on the variables and constants is induced

by the one-parameter stretching group (scalings) acting on the dimen-

sional unit Ll .

Say (2.5-1) happened to be the formula relating u, Wl’ W2, ooy

Wn . Then by assumption (ii):

u* = £ (W, WX

* -
51 eees Wm) (2.5-6)

Expanding (2.5-6) about €, = 0 and equating the 0(81) terms,

we find that f satisfies the invariant surface condition (cf. §2.1)

n
- of -
alf(wl,...,wn) = izl b..W —(wl,...,wn) . (2.5-7)

il”"i 3w,
i

The following arguments can now be made from (2.5-7).
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If bil =0, i=1,2, ..., n, a; # 0 , then u = 0

If bil =0, i=1,2, ..., n, a, = 0 , then Ll is not a funda-

mental dimensional unit for the given quantities.

If bil # 0 for some i , without loss of generality we assume that

bll # 0 . The characteristic equations corresponding to (2.5-7) are:
qu _ M 9 _ (2.5-8)
aju bWy by, Ph1"n

Integrating the last n - 1 equalities of (2.5-8) we find that

-b../b
_ i1’ 711 .o -
Xi—l = Win , i=2,3, ..., n ' (2.5-9)
are invariants of (2.5-5). Integrating the first equality of (2.5-8)

we find that
—a;/byy

u1 = qu (2.5-10)

is also an invariant of (2.5-5). Thus

21
bll
u = Wl fl(Xl,Xz,...,Xn_l) (2.5-11)
where f1 is some arbitrary function of Xl’ X2, ey Xn—l Hence

the number of quantities in the arbitrary function on which u depends
has been reduced by one. Moreover u,, Xy, X,, ..., X _; are invari-

ants under arbitrary scalings of L1
€

Proceeding, we now scale L2 by letting Ls = e 2L2 for arbi-
trary €5 Then we induce the following Lie group of stretching
transformations acting on ul, Xl’ X2, ceey Xn—l :

€2
b7, P11°i27P12P11)
X;_l = e Xi—l r1i=2,3,...yn
—ig(b a,-b..,a,) (2.5-12)
bll 1172 71271
* =
uy e uy .

1f bllbiz - b12bil # 0 for some i , without loss of generality we
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can assume that bllb22 - b12b21 # 0 . Letting c, =

(bll i2 bl2bll)/(bll 22 bleZl) , 1=3,4, ..., n, we find that

=C.
Yi_2 = Xi—lxl * , 1i=3,4, ..., n ' (2.5-13)

and

-(b,,a a.)/(b -b..,b..)
u, = ulxl 11927 12 a4 ll 22 712721 (2.5-14)

are invariants of the Lie group of stretchings (2.5-12).

Hence

u, = f2(Yl, Y

2 20 "ty n—2)

and thus
al/b
u=="Ww

11X(b11a2 bypa1)/(by1byy b12b21)f (. ¥ v )
1 1 2yt rtng

(2.5-15)

Yo, «oes ¥

where f2 is some arbitrary function of Yl, 2

{u2, Yl, Y2, ey Yn-2} are invariants under arbitrary scalings

of L and L2 . By induction it is easy to show that the invariance

1

of (2.5-1) under arbitrary scalings of L LZ’ cees Lm , implies that

1!
u has the form (2.5-2) with {g} ={m}=1,4i=1,2, ..., k. The
number k of 7w products can now be studied and we can show that

k =n-qgq , where g = r(B) 1is the rank of the dimension matrix B

(2.5-4).
Let the vector x = [Xl' Xor eees xn+l] where X, € R, 1=
1, 2, ..., n+ 1.
X, X, X Xo1
We first note that W1 W2 ...Wn u is invariant under arbi-
trary scaling of Lj r J=1,2, ..., m,iff x satisfies the equation

xB = 0 (2.5-16)

The number of linearly independent solutions x of (2.5-16) is equal
to n+1-1r(B) .

Hence, since the dimensionless quantities

Mo reeey T are
a. da d 1 k
n d

u
‘G“ ’
all of the form W 1W 2.. W u (from the inductive proof) for some
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real numbers d d ..., d_ , d, we see that the number of function-

1" 72! n

ally independent invariants (dimensionless quantities) under the m-

parameter Lie group of scalings of Ll’ L2, cee, L is equal to

m
k+1=n+1-qg where g = r(B) . This completes the proof of
Theorem 2.5-1.

We note that r(B) can be replaced by r(B) where

bj; Byp --- byg
B = . . , (2.5-17)
bnl bn2 o bnm

Since if r(B) # r(B) then u 0 . (In this case none of the dimen-

i

sionless quantities depend on u ) Without loss of generality we
assume that r(B) = r(B)

In reducing the class of formulae for the functional form of u
from (2.5-1) to (2.5-2) we have made no use of any (differential)
equations relating the n + 1 quantities u, Wl’ W2, ey Wn . In
the case where we know a set of governing equations relating these
n + 1 quantities, the conclusions of Theorem 2.5-1 imply that the
equations can be made dimensionless by using the "m-variables". Say

that in the case when we are dealing with a system of partial differ-

ential equations u, Wl, W2, cees W ooare the variables and W2+l’
W2+2, .ot Wn are the (physical) constants appearing in the equations.

We assume that our system of equations contains only one dependent

variable u .

B
We set B = 1
B,
b1 b12 . blm (2.5-18)
where Bl = °
b b ... b
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b N b

bori,1 e+1,2 2+1,m

and
B, = : (2.5-19)

bnl bn2 ...... nm .

Bl and B2 are respectively the dimension matrices of the independent
variables and (physical) constants entering the problem at hand.

If r(Bz) = r(B) , then through dimensional analysis the number
of variables appearing in the differential equations is not reduced,
i.e., after dimensional analysis the number of variables appearing in
the equations is still & + 1 , although the number of constants has
been reduced by r(B)(%) Thus, in effect, if r(B2) = r(B) , the dif-
ferential equations have not been simplified in the sense of reducing
the number of variables, although through the dimensional analysis non-
dimensional constants appear. These are useful for example in the
construction of perturbation expansions.

If r(B) = r(B2) +p, p >0, then in terms of the dimension-
less m-quantities the number of variables appearing in the given equa-
tions can be reduced by p whereas the number of constants can be
reduced by r(Bz) .

In §2.1, §2.2 and §2.4 we have discussed the invariance of
partial differential equations under group transformations of the
variables without regard to the dimensions of the variables. Naturally
this leads one to consider the following question: If the number of

variables appearing in a system of partial differential equations

(including associated boundary conditions) can be reduced by p

9 dl d2 d d
(9) The quantity Wl ’ W2 PR Wnn u is called a constant iff
d = dl = d2 = ... = dl = 0 ; otherwise this quantity is called a

variakle.
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through dimensional analysis, can this reduction be accomplished
through invariance of the system under a o parameter group of
stretchings acting on the variables only, i.e., is the method of
dimensional analysis for reducing the number of variables in differ-
ential equations included in the method of group invariance of differ-
ential equations? Theorem 2.5-2 answers this question in the affirma-

tive.

Theorem 2.5-2

If the number of variables appearing in a system of partial
differential equations can be reduced by p through dimensional
analysis (which involves transforming both variables and constants),
then the number of variables can be reduced by p through invariance
of the partial differential equations under a p-parameter group of

stretching transformations applied to its variables only.
Proof:

As before let

Let r = r(Bz) , and let g=1r + p = r(B) . Then through

dimensional analysis the number of variables is reduced by op

3 3 3
€1 0
€, 0
Let € = #
€m 0
€. . \
Let Lz = e lLi , 1i=1,2,...,m
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m
z bises
Wt = 571 W,
i i
(Be) . ]
= e iw., » i=1,2,...,n ,
i
where (Bs)i is the ith component of the vector Be , and
? (2.5-20)
a_e
* s=1 5 S
u* = e u

The induced group of transformations (2.5-20) leaves invariant
our system of equations for any values of €17 Epr eeer Ep because of

invariance under dimensional scalings.

WI = Wi ,i=204+1, 2+2, ..., n
iff Bze =0 . (2.5-21)

We now introduce a few definitions and appropriate notation.

Let A be a linear transformation on the vector space V . Then the

null space of A , VAk = {e € V: Ae = 0} and the range space of A ,
VA = {x; x = Ae for some ¢ € V} . dim V 1is the dimension of the

R
vector space V , dim V = dim V + dim V .

r Ay

Consider B , Bl and B2 as defined by (2.5-17,18,19) .

dim(Rm)B = number of linearly independent solutions of the set of
N
equations Be = 0 . dim(Rm) =m-1r , dim(Rm) =m-r-p .
B B
2N N
Note that
. m s m
dim(R7)p = dim((R) g )y

2N 2N 71N
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+ dim((R™) . )
Bon Bir

= dim(R™) . + dim((®R™) . )
By Bon Bir

since (RN, )y = ®, .
2N 1N N
. m
Hence dim( (R )E )g. = ¢ .
2N T1R
But ((Rm)B )B contains all vectors corresponding to invariance

2N T1R
under stretchings applied to the variables only. Hence the system

of partial differential equations is invariant under a p-parameter

group of stretching transformations applied to the variables only.

The following example will show that the converse of this
theorem is false, i.e., reduction of the number of variables from
invariance under a stretching group does not necessarily mean that

dimensional analysis works.

The Rayleigh Flow Problem

As an example we consider the Rayleigh flow problem.(lo) Say an

(10) Schlichting, H., Boundary Layer Theory, McGraw-Hill, New York,

1955, p. 64.
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infinite flat plate is immersed in an incompressible fluid at rest.
The plate is instantaneously accelerated so that it moves parallel to
itself with velocity U(t) . We find the velocity distribution of the
fluid.
Let u be the fluid velocity in the direction of U(t) (x-di-
rection). Let v and w be the fluid velocities respectively in the
directions normal to the plate
u

(y-direction) and tangential to the

’ — O plate (z-direction). Then from

= <

symmetry considerations it is easy
to see that v = w = 0 and that

the Navier-Stokes equations reduce

fluid
?”\—’\v———-s to the viscous diffusion equation
// / X 2
u(t) 0 u u 2u (2.5-22)
3 2
oy
7 Here p = fluid density and yu =

Figure 2.5-1
coefficient of viscosity. For

simplicity we use v = kinematic

viscosity =

o=

The boundary conditions are

u(YIO) =0 ’ Y > 0
u(0,t) =U(t) , t >0 (2.5-23)
U(Y e °°lt) = 0 .

We will consider the case U(t) = constant = U from the points
of view of dimensional analysis, dimensional analysis with "ingenuity"
and invariance under a group of stretchings applied to the variables
only. The case U(t) # constant will be considered in an exercise of

§2.8.
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(i) Dimensional Analysis

The fundamental units are Ll = L = length and L2 =T = time
fu} = o1t {u} = L7t
{ty =1 {v} = 1277t
{y} =1L

We set W, =t , W, =y, W, =v, W =U

The dimension matrices are:

¢

0 1
1 0
B = 2 -1
1 -1
1 -1
J
.
0 1
1 0
B =
2 -1
1 -1
R
0 1
B =
1 1 0
( 3
2 -1
B =
2 1 -1
r(Bz) = r(B) = 2 . Hence dimensional analysis will not lead to a

reduction in the number of variables appearing in the partial differ-
ential equation. We now consider this problem from the point of view

of dimensional analysis with a little added "insight".



2.5 Reduction of Variables of P.D.E.'s 195

(ii) Dimensional Analysis with "ingenuity"

As is easily seen if we let u =g then (2.5-22,23) become:

2

Ju 3 u
1 _ 1 -
== v - 5 (2.5-24)
Y
ul(y,O) =0, y>0
ul(O,t) =1, t>0 (2.5-25)

uply > =) =0 |
Now applying dimensional analysis we see that

{u,} =1, i.e. u is dimensionless

1 1
{t} =717
{y} =1
{v} = L2rt .
We set Wl =t , W2 =y, W3 = vy (W4 has been eliminated).
( 3
0 1
1 0
B:
2 -1
0 0
\ )
0 1
B = 1 0
2 -1
{ )
Bz,= (2 -1)
r(BZ) =1, r(B) = 2 .

p = r(B) 'r(Bz) =1 .

Hence using dimensional analysis after "appropriately" trans-
forming (2.5-22,23) we are able to reduce the number of variables by

one.
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Applying dimensional analysis to (2.5-24,25) it is easy to see

that the dimensionless quantities are

gz = L (2.5-26)
/vt
and
u _ -
g4y = F(z) (2.5-27)

Substituting (2.5-27) into (2.5-24) we reduce this partial
differential equation to an ordinary differential equation with depend-
ent variable F(z) :

2

a"F 1 dF

—?“'E—ZE 0 (2.5—28)
dz

with boundary conditions

F ()

I
o

(2.5-29)
F(0)

1
i

Integrating (2.5-28) and using the boundary conditions (2.5-29),

one can show that

F(z) = erfc 5
z/2 _ 2
=1 - —2—J e % ar . (2.5-30)
/T 0

(iii) Method of invariance under stretching group.

Say the set of stretching transformations applied to the vari-

ables only

u* = e "u

t* = e "t (2.5-31)

€
y* = e %y

leaves invariant (2.5-22,23). We find the relationship between €17

€ and €

2 such that these equations are invariant.

3
Invariance of (2.5-22)

* €, = 293 .



2.5 Reduction of Variables of P.D.E.'s 197
Invariance of (2.5-23)
* €, = 0 .
Hence the one-parameter (g) group
u* = u
2¢e
t* = e (2.5-32)
y* = efy
leaves invariant (2.5-22,23). Thus the number of variables can be
reduced by one. (This shows that the converse of Theorem 2.5-2 is
false.)
The invariants of (2.5-32) are u and -4 The similarity
%
variable is
w = L . (2.5-33)
vt
Setting
u = f(w) (2.5-34)
and substituting this expression into (2.5-22) we find that £ (w)
satisfies the ordinary differential equation
af ,wat _ g (2.5-35)
VT2 72 d :
dw
with boundary conditions
f(e) =0 ,
(2.5-36)
£(0) = U .
Thus
f(w) = U erfc —— . (2.5-37)
2/

Problem 2.5-1

(Boundary layer on a wedge)

Consider the problem of a boundary-layer flow on a semi-infinite
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wedge at zero angle of attack (ll),(lZ{

ential equations are

2
u ou _ du _ 37u
U-B_X_+VW U(X)a}z—\)"—az
Yy
du v
= + 3y - 0
with boundary conditions
u(x, 0) = v(x, 0) =0
lim u(x, y) = U(x) .

y > 4

For flow past a wedge

U(x) = Ax

Figure 2.5-2

(11)

The governing partial differ-

(2.5-38)

(2.5-39)

(2.5-40)

QO)V:O}

P. A. Lagerstrom, High Speed Aerodynamics and Jet Propulsion,

Vol. IV: Laminar Flows and Transition to Turbulence, Princeton

University Press.

(12) Birknhoff, ibid (3).
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x 1s the distance from the leading edge on the wedge surface (tangen-
tial coordinate), y 1is the distance from the wedge surface (normal

coordinate), u 1is the x-component of velocity, v 1is the y-compon-
ent of velocity, Vv 1is the kinematic viscosity, A 1is a constant, and

B

the constant & = 3-8 where mR 1is the opening angle of the semi-
infinite wedge (see Figure 2.5-2).

Introduce the streamfunction Y (x, y)

u = — -a—q{ ’ v —3 ﬂ
9xX

% ’
so that the continuity equation of (2.5-38) is satisfied. Thus the
system of equations (2.5-38,39) has dependent variable ¢ , independ-
ent variables x and y , physical dimensional constants A and v
and a dimensionless constant £ .
(i) Show that if 2 # 0 (i.e. B # 0 ) then dimensional analy-

sis is not fruitful in reducing the number of variables in (2.5-38).

(ii) For & = 0 use dimensional analysis to reduce (2.5-38,39)
to a 3rd order ordinary differential equation (the Blasius equation
(1.18-54)) and find the corresponding boundary conditions.

(iii) For arbitrary & show that (2.5-38,39) is invariant under
a one-parameter group of stretchings of the variables. Obtain the
corresponding ordinary differential equation and boundary conditions.

(13)

Choose your similarity coordinates so that the resulting o.d.e.

becomes the Blasius equation in the case £ = 0

§2.6 Use of Group Invariance to Obtain New Solutions from

Given Solutions

Group invariance was used in §2.1 to §2.5 to reduce the number

13
(13) This ordinary differential equation is called the Falkner-Skan

equation.
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of variables of a partial differential equation and in Part 1 to reduce
the order of an ordinary differential equation. In both cases the aim
is the construction of solutions without knowledge of any solutions.
Before proceeding in the remaining sections to apply group methods to
various partial differential equations we now discuss how group invari-
ance of differential equations may be used to obtain new solutions from

(l). Without loss of generality we restrict ourselves

given solutions
to considering second order differential equations with one dependent
and at most two independent variables.

A very simple example of the type of thing we discuss here is
the following: As shown in (2.5-37), a solution wu(y,t) of the heat
equation derived from invariance under a stretching group in (y,t)
is

u(y,t) = U erfc Y .
2/vt

A different group leaving the heat equation invariant is trans-
lation in y (or t ). That is, (y >y - Yor t - t) leaves the
equation the same. Therefore a new solution is

Y-y,
2V Vvt

u(y,t) = U erfc [

Note that no new solution is obtained if the stretching group is used
on the original solution.

Consider (cf. §2.1) the partial differential equation S

H(u__, u u u, x, t) =0 (2.6-1)

u u
XX xt’ !

tt! x t’

defined on domain D
We consider a group of transformations G = {g} (not necessarily

a Lie group) where for each g € G the variables are transformed as

(1)

In this section boundary conditions are absent.
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follows:
(2)
u* =U (XI tl u)
g9
x* = Xg(x, t) (2.6-2)
t* = T (x, t
g( )

and D ~» Dg . We introduce the shorthand notations:

X = (x, t)
x* = (x*, t*)
and x* = X (x, t)
x* = gx denotes g
t* = Tg(x, t)
For any g € G , there exists g_l € G (the inverse element)
such that
x =g txx . (2.6-3)
Say u = 6(x) 1is a solution to S on domain D . Consider the

partial differential equation Sg defined on domain Dg obtained

from S by having the dependent variable u replaced by dependent

variable v , and the independent variables x by x* = gx

Definition 2.6-1

The group G 1leaves S invariant iff for every g € G

v = Ug(x, 8 (x)) (2.6-4)
is a solution to Sg whenever u = 6(x) 1is a solution to S . Now
we will assume that the group G 1leaves S invariant.

Since u = 6(x) 1is a solution to S , v = 6(x*) 1is a solution

(2) The results presented in this section may be extended to the case

where X , T depend on u .
g g
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to Sg . Hence we have shown that starting with the solution v = 8 (x*)

to Sg on Dg we can generate another solution

1

v = Ug(g'lx*, 8(g "x*)) (2.6-5)

on D due to the invariance of S under G . Note that (2.6-5) is a
function defined on Dg . But Sg is the same partial differential
equation as S except for a relabelling of independent variables by
x* instead of x . Hence if u = 6(x) 1is a solution to S on D

then for any g € G
w=U (g7, 6(g7x) (2.6-6)

is a solution to S on the domain Dg N D . Thus invariance of
(2.6-1) under a group G leads to new solutions from a known solution
provided

Ug(g-lx, (g7 %)) # 6(x)

for every g e G .

Theorem 2.6-1
If G defines a one-parameter (e) Lie group of transformations
and 6(x) is a solution to S constructed from invariance of S

under G (cf. §2.1) then for every g € G

Ug<g'1x, 6(g7 %)) = 6(x) (2.6-7)

Proof :
If u = 6(x) is a solution to S constructed from invariance

of S under G then for any g € G , 6(x) satisfies (cf (2.1-5))
-1 -1, _ *
Ug(g x*, 8(g "x*)) = 0(x*) (2.6-8)
for any x* ¢ Dg(\ D# @ since (2.6-2) is now a Lie group. Hence by

a suitable relabelling of x* (2.6-7) follows for x € DN Dg .
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Use of infinitesimal operator to compute new solutions

In §1.5 the infinitesimal operator of a Lie group was introduced.

Associated with the one-parameter (e¢) Lie group of transformations

u* = U*(x,t,u; €) = u + en(x,t,u) + 0(62)
X* = X*(x,t; €) = x + eE(x,t) + 0(92) (2.6-9)
t* = T*¥(x,t; €) = t + et(x,t) + 0(82)

is the infinitesimal operator

+ n(x,t,u) 3 (2.6-10)

¥= £(x,t) S T(x,t) T

3
ox ot

In some neighbourhood of ¢ = 0

u* = eei u
© n.n
=| 1 &k |v
n=0 :
e? an an an
=u + en(x,t,u) + 5T [E(x,t) X + T(xX,t) 3T + n(x,t,u) o ]
+ ...
x* = % ¥y
= x + eg(x,t) + EE (g 3¢ + T 3E ] +
! 2! 9X ot
tx = eS¢
=t +et(x,t) + &£+ 3T, (2.6-11)
! 2! ox ot ot °
For any c® function F(x,t,),
F(x*, t*,u%) = e ¥ F(x,t,u) (2.6-12)

In terms of the Lie group (2.6-9), if u = 6(x,t) is a solution
to (2.6-1) then provided 6(x,t) is not constructed from invariance

under (2.6-9) we generate a one-parameter (e) family of solutions
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u_ = U(X*(x,t;-€), T*(x,t;-¢e), O(X*(x,t;-¢), T*(x,t;-€)); ¢€)

(2.6-13)
where € = 0 <> u, = 6(x,t)

In terms of the infinitesimal operator X (2.6-13) can be

written in the form

u, = U(e”exx, e'ext, O(e_exx, e_ext); €)
- X
= e U(x,t,0(x,t); €) by (2.6-12)
_ =X € X
= e [(e u) ‘u o t)] . (2.6-14)
From (2.6-11)
gix,t) = (e *u)
*eb)h o= u = 0(x,t) + en(x,t,0(x,t))
u= 6(x,t)

+ 82 [£(x,t) on T(x,t) on n(x,t,u) on 1 +
37 ’ Nw ’ oy r Gy oY e
2! X t au u = 8(x,t)

Hence
u_ = e—exg(x,t)
€

—e[i(x,t)%; + T(X,t)%E]

= e Y(x,t)
- X - X 92 - X

= e B(x,t) + ce nix,t,08(x,t)) + 5T © [ ] + ...

= 0(x,t) + elnlx,t,8(x,t)) - €6 - 16.]
82 2

+ 5T [& exx + ggxex + ratex + 2Tiext + grxet +

2
T ett + TTtSt + ng - Enx - 2£neex - g - 2Tn68t] + ...
2
= eo(x,t) + ael(x,t) + ¢ ez(x,t) + ... (2.6-15)

where So(x,t) = 8(x,t) ,
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el(x,t) =n(x,t,0(x,t)) - gex - 16, , etc. (2.6-16)

If 6(x,t) 1is a solution constructed from invariance under
(2.6-9) then

ei(x,t) =0, i=1, 2, ...

Note that el(x,t) = 0 corresponds to 6(x,t) satisfying the invari-

ant surface condition (2.1-8).

Special case - linear homogeneous eguation

Say (2.6-1) is a linear homogeneous partial differential

equation, i.e., it is a p.d.e. of the form

Lu = a(x,t)uXX + b(x,t)uX + c(x,t)ut

t t
+ d(x,t)ux + e(x,t)ut + k(x,t)u = 0 (2.6-17)
where L is the linear differential operator
32 32 32 3 3
L = a(x,t)——i + b(x,t)aXat + c(x,t)——j + d(x,t)§§ + e(x,t)gg + k(x,t)
9xX ot
(2.6-18)

Theorem 2.6-2
Say (2.6-17) is invariant under (2.6-9) and So(x,t) is a

solution of (2.6-17). Then for arbitrary Cp E c, k=20,1, 2, ...,n,

ckek(x,t) (2.6-19)

[«
I~ 3

k=0

is a solution of (2.6-17).

Proof.

Invariance of (2.6-17) under (2.6-9) implies that (2.6-15, 16)



206 2. PARTIAL DIFFERENTIAL EQUATIONS

u =e ° x?(x,t)

|
e~ 8

536.(x,t)
=0 J

is a one-parameter family of solutions of (2.6-17) in some neighborhood

of =20
Iu =0
€
iff © .
7 oeluo, =0
j=0
iff

Hence (2.6-19) is a solution of (2.6-17).

Problem 2.6-1

Consider the heat equation
u -u =0 (2.6-20)

(i) By "inspectional analysis" find a four-parameter group of

stretchings and translations leaving invariant (2.6-20).

(ii) Say wu = 6(x,t) is a solution of (2.6-20). Find a four-
parameter family of "new" solutions corresponding to invariance under

the group of (i).

(iii) Apply the result of (ii) to the solution u = 6(x,t) = x2-t

and explain why only a three-parameter family of solutions is generated.

2.7 The General Similarity Solution of the Heat Equation

Derivation of the group of the heat equation

In this section we apply the formulation of §2.1 to the one-

dimensional heat equation
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u -u,_ =0 (2.7-1)

Lie(l) found the group of the heat equation although he did not

proceed any further to show how group invariance leads to the construc-

(2)

tion of solutions to partial differential equations. Bluman and

Bluman and Cole(3)

rederived the group of the heat equation and con-
structed the "general" similarity solution of the heat equation.
We first show how to derive the Lie group of transformations

with infinitesimals (n,&,T)

u* = U*(x,t,u;e) = u + en(x,t,u) + 0(92)
x* = X*(x,t,u;e) = x + e&(x,t,u) + 0(62) (2.7-2)
t* = T*(x,t,u;e) = t + et(x,t,u) + 0(52)

leaving invariant (2.7-1).
From (2.1-20, 21), we see that the invariant solution u =0 (x,t)
satisfies

* - u*. = -
Uy kyx Ut * Oxx et XX t

where

(1 Sophus Lie, Uber die Integration durch bestimmte Integral von einer
Klasse linearer partieller Differentialgleichungen, Arch. for Math.
Vol. VI, No. 3, Kristiana, 1881, p. 328.

(2) G. Bluman, Construction of Solutions to Partial Differential Equa-
tions by the Use of Transformation Groups, Ph.D. thesis, California
Institute of Technology, 1967, Chap. II.

(3) George W. Bluman and Julian D. Cole, The General Similarity Solu-
tion of the Heat Equation, Journal of Math. and Mech., Vol. 18, No. 11,
May, 1969, pp. 1025-1042.



208 2. PARTIAL DIFFERENTIAL EQUATIONS

2 2 2
_ _ | 8 n_ 3n d’n _ 37¢ Ex3
ex = N¢ © 2 t |t 2 5534 7% 3% | %
9x 9xX
Ll o %], 9%, % | 2
ot u 3x2 t Bu2 axou X
2 2
I 37T 9T 2 _ 0237 3
+ [ u 2 axau ] @x@t + { Ju ] @t 2 Ox
Ju
32T 2 an & 9T
[*]
- %% * | 3w 7 2 =% Ox = 2 3% %¢
Ju
_ & _ 9T _ T (2.7-3)
350 %% T 3w O%x% T % 3w OxtO% -

Since u = 0(x,t) satisfies (2.7-1), substituting Ot for

Oxx in (2.7-3) the expression simplifies to:
2 2 2
- = | 3&n_2an on _ 376 , 3¢
Nex = Me = 2 "3t | T | 2 %o 2 T ot | %
9x X

2 2 2
ﬁ-zéﬁ——ar]e +[—-—3“—235]92
t 2

at 9xX 3x2 3 9xaou X
2 2 2
t -2 g0 - 2 gy | 00 - 5 0y - T 00
Ju Ju
9T 9T
-2 T ext -2 o ext@x . (2.7-4)
(2.7-1) is invariant under (2.7-2) iff Nyx =~ ¢ = 0 for all

X, t and any solution u = 0(x,t)

The classical group, henceforth called the group, of the heat

equation corresponds to equating to zero the coefficients of terms

with the same derivatives of 0O, i.e., the coefficients of exetx R
2 . . .
etex ’ GX P etx ’ Ot , Ot ’ @x and the remaining terms not involving

derivatives of © in (2.7-4), then solving the resulting partial
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differential equations for &, n, v . This is clearly a sufficient but
not a necessary condition for finding similarity solutions (cf. Bluman,
Bluman and Cole). However for any system of partial differential
equations, linear or non-linear, as mentioned in §2.1, the group
arises from solving a set of linear equations for the infinitesimals.
Successively equating to zero the coefficients of @xetx r Otgx and

Oi in (2.7-4), we find that

9T _
Frie 0
08 _
39 - 0 (2.7-5)
32n =0
=
du
n = f(x,t)u + g(x,t)
£ = X(x,t) (2.7-6)
T = T(x,t)

where f, g, X and T are arbitrary functions of x and t .

Then successively equating to zero the coefficients of Otx ’

e, , © and the remaining terms, we are led to:

t X
T = T(t) (2.7-7)
X ' _
2 2% - r(e) =0 (2.7-8)
3% %X of
-5 2 3£ - o (2.7-9)
X
2
i—g- %%= 0 (2.7-10)
9X
3%g 9
g _ 3% =0 . (2.7-11)
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We note that g(x,t) 1is any solution to (2.7-1). At first we

shall only consider the subgroup for which g(x,t) = 0

Problem 2.7-1:

Solve (2.7-8,9,10) and show that the group of the heat equation

is:
£ =k + 8t + Bx + yxt
T =0 + 28t + ytz (2.7-12)
2
_ X t, _ ox
f = Y[Z_ + 51 5+ A

where o, B, v, §, Kk, A are six arbitrary parameters which can be
complex numbers.

In (x,t) space, the group (2.7-12) is a subgroup of the
projective group (cf §1.7). All of the parameters, except for vy ,
individually represent "trivial" transformations of (x,t) space.
K represents translation in x , a translation in t , § signifies
Galilean invariance, and B denotes stretching invariance (cf §2.4).
(2.7-12), in effect, is a six-parameter Lie group of transformations
leaving invariant (2.7-1).

In (x,t)-space Yy represents invariance under the one-param-

eter group of projective transformations (cf §1.3)

. S
1l - €t

(2.7-13)

1 - et

The Lie algebra constructed from the infinitesimal operators

Let Ii, i=1, 2, ..., 6 represent the infinitesimal opera-

(4)

tors corresponding to the parameters «, o, A, B, Y, and § respec-

tively.

(4) cf£. §1.5 and p. 203 (2.6-10) of §2.6.
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Then
3
=5
= 9
I2‘at
_ 3
I3 =ugg
_ 9 3
I4—x§§+2tﬁ
(2.7-14)
5 2% x> t, 9
I5=Xta—x+t -a—t-"[4—+§-]u—a—a-
_ I _ X 9
Y=t~ 2%
For any m-parameter Lie group the infinitesimal operators
form an m-dimensional Lie algebra, # . A Lie algebra, &, is a

vector space over some field ¥ with in addition a law of combination
(called commutation) 8 connecting elements of % such that the
following axioms are satisfied:

(i) 1If ¥e?, P&, then ¥8 9. (closure property).

(ii) ¥8 9 =- 9 8 X%

(iii) 1f ¥, 9, 3 €%, then

¥e (9 68 3)+De (38 1x )+38((x8719P)=0

(Jacobi's identity).

An elementary example of a Lie algebra is the set of vectors in
R3 (three dimensional Euclidean space) with 8 the vector product.
The infinitesimal operators of a Lie group of transformations form a
vector space over the field of real or complex numbers. In order for
this vector space to become a Lie algebra, # , the commutation

operation, [ , ] , is introduced.
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If ¥, 9 e # then

X6 =10%,9 = %) - D%

where [ ¥,9] 4is the commutator of the infinitesimal operator ¥
with the infinitesimal operator 9. It is left as an exercise for
the reader to verify that the axioms (i) to (iii) are satisfied.

For every Lie algebra a commutator table can be established.
For the infinitesimal operators (2.7-14) the following is the commuta-

tor table(s):

11 12 13 14 is 16
X 0 0 0 X I |-ix
1 1 6 273
X 0 0 o| 2%, |¥-Lx H
2 2 4 2 73 1
13 0 0 0 0 0 0
I4 ~- xl -2 12 0 0 2 IS 16
X - X, |- %+2%, | o] -2% 0 0
5 6 4 2 73 5
g - X 0 - X 0 0
Xg 2 %3 1 6
Hence we¢ see that the Lie algebra of (2.7-14) is generated by the
operators Il, 12, and *5 . This follows from
(X, X1 = X%, generating £6
[X,, ¥,] = - = X% generating ¥
1" 76 2 737 3
1 .
[ 12, 15] = 14 -3 I3 ,generating 54
(5) ¥

The result of [ Ii, X.] corresponds to the intersection of the i
row and the j~=th column.
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i.e. from invariance with respect to parameters «, o and vy we know
that the heat equation must be invariant with respect to the one-param-
eter groups corresponding to B, & and A . ©Note that it is impos-

sible to generate the operators 12 and IS from knowledge of in-

¥

variance with respect to the operators Il, 37 I4 and £6

Construction of the "general" similarity solution of the heat equation

The characteristic equations used to find the general similar-

ity(6) solution of the heat equation (cf. §2.1) are:

= = 2= = == (2.7-15)

where &, T and £ are given by (2.7-12).

The most general "moving" boundary (represented by the similar-
ity variagig ) invariant under the group (2.7-12) is found by
solving the first order differential equation corresponding to the

first equality in (2.7-15). Four cases are distinguished.

x - (At + B)

vo + 2Bt + yt

Case I 82 # ay <> g =

where
A= KY = S8 B = kB - 8o
S - rle .
ay - B oy - B
2 -
case 11 B =ay , Yy A0 « £= [x+ 6+ 5ol
2 st2
Case III B™ = ay , B=yvy =0, a #0 <——>C=x_._2__|<t'

Case IV a =B =v=0, § #0 « ¢ =t .

In all of these cases the group leaves invariant boundaries of

(6) A similarity solution is a solution obtained from group invariance.
The general similarity solution is the most general similarity solu-
tion obtained directly from group invariance.




214 2. PARTIAL DIFFERENTIAI, EQUATIONS

the form ¢ = constant. For example - say we have a problem requiring
us to leave invariant a fixed boundary x = X and a moving boundary

X = X, + ct. This would correspond to Case II with «k =68 , vy =1,

1
§ = - x
o
X, - X
_ 1 )
B = c
=> Xl - X 2
a=| ——2 (2.7-16)
c
)
k== E—(Xl N .
. _ X+ 6
In this case ¢ = T8
where =0 <« x = X

E:c > X = X + ct

In general it is easier to work directly with the group (2.7-12)
in order to determine whether a particular boundary curve is left in-
variant. In the above example invariance of x = X and x = X, + ct,

respectively, implies that

E(x = xo,t) =0

and (2.7-17)
E(x = X + ct,t) = c1t(x = Xq + ct,t)

Hence
K + 6t + on + YXot =0

and

kK + 8§t + B(xl + ct) + yt(xl + ct) = c(o + 2Bt + ytz)

=> the result of (2.7-16) for the respective parameters (Case II).

Corresponding to the four distinguished cases we now construct

the similarity solutions obtained by solving the characteristic
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equations (2.7-14):

Case I

The similarity form for the solution is

- 2
u = 0(x,t) = F(r)- L ot 4-(Ytig+g)p-exp{— %(A2+Y¢2)+%5/u+28t+yt }
(o+2Rt+yYt") / Y
where 5
C = vB™ - ay
(2.7-18)
and
_ 1 B 1 2 2.2

Substituting (2.7-18) into the heat equation we obtain the

following ordinary differential equation for F(g)

F" + BCF' + (Dc2 + E)F =0 (2.7-19)

where a prime denotes differentiation with respect to ¢ and

D=3
T g o AC2 L 8
4y 4
= - 2Cp + g
2 2
BT

Now let z = z/C and F(g) = G(z)e . Then (2.7-19) becomes

2
d¢i kv v-2Pfie=o (2.7-19")
dz
where
E - % 1
VE—g T 7T %03

This equation is of a standard confluent hypergeometric type whose
solution can be expressed in terms of parabolic cylinder functions.
Any two of

D,(2), D,(~2), D_,_;(iz), D_ _;(-iz)

are linearly independent solutions of (2.7-19'). Their properties are

well known.
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For integer values

VvV =n

2. PARTIAL DIFFERENTIAL EQUATIONS

1
F(-z_) E) (__];\).L-}_zz)
r(ll) 171 27'2'2
22V
1 1
-= T(-3)
2 2 11 312
2Tz 1 Fy(5pvizizzt)]
F(-j\))
=0,1,2,..., the solutions are expressed

by (orthogonal) Hermite polynomials

2
-z
D (z) = e  He (z) ;
n n !
2 2
2. n _Z_
He = (—l)ne2 a_ e 2
n n
dz
2
He =1 He1 =z, He2 =2z~ -1, etc.
While 22 1 1
D_l(z) = e4 (2m) 2 erfc (2 2z), vee
The series representation of Dv(z) shows the behavior for small

while asymptotically for

lz| >> [v], 1

2
-z
Ve 4 11+ 02791, |arg z| < %ﬂ
2 2
v _%— -2 (ZTr)l/2 vri_-v-1 %—
z e [L +0(z 7)1 - Ty © z e
=1. -2 5m i
D,(z) = (L +0(z7)]), = >arg z > g .
22 z2
- _ /2 _, . .
2Ve (14 0(z73)] - _(__)_lfzf\)) e 2mi,mv-l 4
< [1 + 0(z-2)], - % > arg z > - %1 .

The parabolic cylinder functions are entire functions of z
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Case II

The similarity form for u 1is

6= FLO)_ o (L7 LML e+ ),
JET R 12(t + 8)3 t+ B8 2(t+ B) 4 (2.7-20)
where L = E—ZEQQ
2
_ _ (B §
M= (§+ A+-4—)
and F(t) satisfies
2
d 12’_‘ - [Lg - M]JF = 0 . (2.7-21)
dc
L . _ +1/3 -
etting z = L ¢ and F(r) = G(z) , (2.7-21) becomes
a%a
- - (z - vV)G=0 (2.7-21")
dz
where M
v = 1273 .

The Airy functions Ai(z - v) and Bi(z - V) are linearly
independent solutions of (2.7-21'). These can be represented in term

of Bessel functions of order % .

2.3/2
3% 2,

Ai(z) = n'l//%xl(w) ,
3

If w =

Ai(-z) = %/E[Jl(w) +3 0]

3 3

Bi(z) = //g[x L0+ I (W)
3 3

Bi(-2) =/21 [ - 3 w1 .
"3 3



218 2. PARTIAL DIFFERENTIAL EQUATIONS

Case III
Here the similarity form is

2 2

u = 0(x,t) = F(z) expl- o5 £ - LE 4 e - Seel (2.7-22)
with F(r) satisfying
a’r . ar . .6
T T , (2.7-23)
a 2 dc 2
4
LY
Letting z=- (3 ana F() =cme? , 570 7
(2.7-23) becomes
2
46 _ (2 -ve=o0 (2.7-23%)
dz
where
2
L x 2.2/3
ve=- e

which is the same equation as (2.7-21"')

Case IV

Here the resulting similarity form for the solution is

X
[A-x]
w = 0(x,t) = F(t)el (E+K) (2.7-24)

with F(t) satisfying the first order equation

2
%% = l__:_gii_ig) F(t) (2.7-25)
16(t +x)
(x - l)2
=> 0(x,t) = —B_ ¢ S(E+K) (2.7-26)
t+k

(7) If in addition «k = 0 , the classical separation of variables

solution is included here, u = ekt{Acos/fix + Bsinv-ix }
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with P an arbitrary constant. This is the familiar source .solution.

It should be noted that the parameters of the Lie group (2.7-12)
can be complex. Since the heat equation is linear the real and imagin-
ary parts of the resulting complex similarity solutions are also solu-

tions.

Examples where g(x,t) # 0

In general for a Lie group of the form (2.7-6), the character-
istic equations to obtain the similarity form u = 0(x,t) of the

solution are:

ax  _ 4t _ a0
£ (x,8)  t(x,t)  f(x,t)0 + g(x,t)

(2.7-27)

Integrating the first equality of (2.7-27) we obtain the similarity
variable

z(x,t) = const. (=>x = h(zg,t)) (2.7-28)

© then satisfies the first order linear differential equation (g =
const.)

do _ f(n(g,t),t)0  gln(g,t),t)

dat = t(h(zg,t), 1) t(hiz,t),t) :

(2.7-29)

To solve this equation we would first let OP(t,C) be a particular
nontrivial solution of the homogeneous part of (2.7-29). Such a solu-
tion is easily generated by setting F(g) = const. = 1 , say, in the
similarity form generated when g(x,t) = 0 . Then the similarity form

for the invariant solution corresponding to (2.7-27) is
O(x,t) = 6,(t,2)H(t) (2.7-30)

where (a arbitrary)
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+ F(2) (2.7-31)

H(t) = [t g(h(z,t*),t*)dt*
a T(h(Z,t*),t*) 0, (t*, 1)

and F(z) 1is an arbitrary function of ¢

Substituting (2.7-30) into the heat equation an ordinary differential

equation is obtained for F(g)

Problem 2.7-1.
Show that if wu = g(x,t) 1is a solution to the heat equation,
then so are

(i) (¢ =0, T=1, £=0)

t
u = f g(x,t*)dt* + F(x)
a

where

F"(x) = g(x,a) '

(ii) (¢ =1, T =0, £ = 0)

a
where
F'(t) = g (at) -
(iid) (¢ =1t=1, £ =0)
X
u = J g(x*,x* + g)dx* + F(g)
a
where
=t -x
and

F'(g) - F'(g) = - [g.(aje +7) - g (a,a + 1)]
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Problem 2.7-2
Find the similarity solution of the heat equation corresponding

to the case where g(x,t) is any solution and f =1, & =x , 17 = 2t,.

Problem 2.7-3
Consider the heat equation in two and three dimensions.
(i) Find the nine-parameter group leaving invariant
Uy + uyy U= 0 .
(ii) Find the thirteen-parameter group leaving invariant
u .t uyy + u,, - u = 0
Summary.

Using infinitesimal transformations we have shown that the heat
equation is invariant under a six-parameter group of transformations.
Two of these parameters correspond to nontrivial symmetries since
these symmetries could not have been guessed through "inspectional”
analysis. The general siﬁilarity solution corresponding to this six-
parameter group has been obtained. 1In the next section we will con-
sider the application of group methods to boundary value problems for

the one-dimensional heat equation.

2.8. Applications of the General Similarity Solution of the

Heat Equation

In this section we will consider some particular applications

of the similarity solutions of §2.7 to boundary value problems.(l)

Fundamental solutions of the heat equation

(i) infinite bar; invariance under a multi-parameter group.

(0 G. W. Bluman, Applications of the General Similarity Solution of
the Heat Equation tc Boundary Value Problems, Quart. of A.Ma., 1974.
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Because of invariance under translations in x ,for an infinite

bar we can assume that a source is located at x = 0, represented by
u(x,0) = §(x) (2.8-1)

where 6(x) 1is the Dirac delta function. In this case t = 0 is the
only boundary to be left invariant. We recall that the group of the

heat equation is:

£(x,t) = kK + 8t + Bx + yxt

T(x,t) = T(t) = o + 2Bt + yt2 (2.8-2)
_ X t, _ S8x

f(x,t) = Y[Z_ + 5] 5t A .

We now find the subgroup of (2.8-2) leaving invariant the
boundary condition (2.8-1) prescribed on the curve t = 0 . Invari-

ance of t = 0 implies that

t* = t + et(t) =0 when t =0,

i.e., 7(0) = 0 . Hence o =0 .
Invariance of (2.8-1) implies that
u*(x,0) = §(x¥*) . (2.8-3)

Expanding both sides of (2.8-3) about € = 0 , we find that

u*(x,0) = u(x,0) + ef(x,0)u(x,0) + 0(e?),

(2.8-4)
§(x*) = §(x) + €£(x,08" (x) + 0(c?)
Thus invariance of the source condition requires that
£(x,0)8(x) = £(x,0)8"'(x) . (2.8-5)

Formally x6'(x) = - §(x)
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=> A(x)S8'(x) = -

- A" (x)§(x) if A(0) =0

Moreover B(x)8(x) =0 if B(0) = 0 .

Hence the invariance boundary condition (2.8-5) is satisfied if

£(0,0) =0
(2.8-6)
£(0,0) = - EX(O,O)
Thus k =0 and A = - B . So that finally a three-parameter sub-
group
g = &t + Bx + yxt
2
T = 2Bt + yt (2.8-7)
2
N - P
leaves invariant the heat equation and (2.8-1). Each of these param-

eters can be taken in turn to generate a similarity form for the solu-
tion. Equating the functional forms corresponding to any two of these
parameters we solve the resulting functional equation to obtain a
solution containing some arbitrary constant which is computed by im-
posing the initial source condition. Thus invariance under a two-
parameter group means that no further use needs to be made of the
given partial differential equation (provided it contains precisely
two independent variables) as in the case of invariance under a one-

(2)

parameter group

Case I. B=v=0, 6=1

The characteristic equations are

(2) G. W. Bluman, Similarity solutions of the one-dimensional Fokker-
Planck equation, Int. J. Non-Lin. Mech., 6, pp. 143-153, 1971.
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= =0 = (2.8-8)

=> gl = t 1is the similarity variable and the similarity form

for the solution is

u = 0(x,t) = Fl(cl)e (2.8-9)

where Fy is an arbitrary function of Zq

Case II. 8§ =y =0, B =1 (the "usual" group used to obtain the

source solution)

Here the characteristic equations are

;—.:EE:ﬁ . (2.8"10)
The similarity variable is Gy = 2 with similarity form
vt
— 1 . .
u = 0(x,t) = = 7,(z,) (2.8-11)
vVt
where F2 is an arbitrary function of gz

Equating the functional similarity forms we obtain a functional

equation to be solved for either Fl or F2 :
2
- X
4t
Fo(gyle = = F,(z,) (2.8-12)
t
2
‘2
o T Pl = e r () (2.8-13)
since _
t=1z
and §E _ 22
2 .
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Now using ¢ and ¢ as our new variables we easily see that (2.8-13)
1 2

is satisfied iff /gl Fl(cl) = constant = ¢ , say.
. rF = < -

. rl(Cl) = (2.8-14)

2

X
= o(x,t) = S et . (2.8-15)

vt
The source condition => c = < .
2V

It can be shown (without going through calculations) that the
one-parameter (y) subgroup leads to the same solution.

Say

is the infinitesimal operator of some one-parameter group and

u - 0(x,t) = 0 is a similarity solution corresponding to invariance
under X . Then (cf. §2.1)
¥{u - o(x,t)} =0 (2.8-16)

(2.8-16) simply states that 0(x,t) =satisfies the invariant surface
condition (2.1-8) corresponding to invariance under X

Now consider the infinitesimal operators corresponding respec-
tively to the parameters ¢, B and Yy of the group (2.8-7) leaving

invariant the heat equation and the houndary condition (2.8-1), namely

_ 3 1 3

L =t -gxugg
_ 9 3 )

L) =xgp+t2tgg-uqgg (2.8-17)
_ ) 2 9 _ 1,2 ]

13 = xt H + t B—E Z(X + 2t)u -a— .

We note that

_ t X

£3 =5 12 + 5 Zl . (2.8-18)
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Let
2
X
o (x,t) = —— e It ) (2.8-19)
4mt
Then u - Oo(x,t) = 0 is the similarity solution constructed

from invariance under the two parameter group with operators }l and

12 , i.e., u-= Oo(x,t) satisfies the heat equation, the boundary

condition (2.8-1), and moreover

1
o

Il{u - Oo(x,t)}

and

!
o

Iz{u - OO(X,t)}

Thus for any functions }{(x,t,u), Az(x,t,u)

(A, (x,t,u) X, + A (x,t,u) IZ]{U - OO(X,t)} =0

1 1 2

if u = Oo(x,t) . In particular 33{u - Oo(x,t)} =0 . Thus (2.8-15)
is a similarity form corresponding to invariance under the one-parame-

ter (y) group.(3)

Problem 2.8-1

The source solution (2.8-15) was obtained using the two-parame-
ter (8,B) subgroup. Show that (S§,y) and (B,y) form two-parameter
subgroups and obtain the source solution from invariance under each of

these subgroups.

(3) Thus we see that if a p.d.e. and associated boundary conditions in
% variables having a unicque solution is invariant under an m-parame-
ter Lie group Gp then from this invariance the number of variables
is reduced by k < min{? - 1,m} where k 1is the dimension of the Lie
algebra _# corresponding to G over the field of complex valued
functions of the & wvariables. Recall that m is the dimension of
# over the field of complex numbers.
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(ii) semi-infinite bar

In this case the heat is distributed over the region x > 0
with the end x = 0 either insulated (uX = 0) or kept at a fixed

temperature u = 0 , sav. The governing equations are:

U o = u (2.8-20)

with boundarv conditions
u(x,0) = §(x - Xo) roxg 0 (2.8-21)
Aux(O,t) + Bu(0,t) =0 (2.8-22)

where either A =0 or B =0
This problem can be easily solved by using images of the source

solution for an infinite bar. Let

N

X
1 4t

G(x,t) = e (2.8-23)

represent the source solution for an infinite bar with the source
located at x =0 . If A =0 we solve (2.8-20,21,22) by placing a
source at x = xo and a source (negative source) at x = --xo yi.e.,

the solution is

u = G(x - xo,t) - G(x + xo,t) . (2.8-24)
If B =0 we place sources at x = + X
=> u = G(x - xo,t) + G(x + xo,t) . (2.8-25)

Instead of using images we will now proceed directly using the
group invariance technique.
As before invariance of t = 0 and (2.8-21) implies that

0

T(t = 0)

1]

f(xo,O) - EX(XO,O) (2.8-26)

g(x_,0) 0

o
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Invariance of (2.8-22) means that x = 0 must also be invariant

=> g(0,t) =0 . (2.8-27)

In addition if B = 0 then

!
o

ux(O,t) <=> u;*(O,t) =0

]
o

iff £.(0,t) (2.8-28)

It turns out that (2.8-28) is satisfied if (2.8-26,27) are satisfied.

2
YX
The end result is that o =k =38 =8 =0 and X = —19
Thus the one-parameter group
£ = xt
T = t2 (2.8-29)
2
2
_ X t [e]
f (4_' + ‘2‘) + r
leaves invariant (2.8-20,21,22).
Solving the characteristic equations
i_i = 4at _ du 5 (2.8-30)
t X2 £ Xo
ul-g -3+ 7!

we find that the similarity variable is ¢ = % and u has the simi-

larity form 2

2
(x +XO)
At
u=0(x,t) = =—— F(21) (2.8-31)
T .

Substituting (2.8-31) into (2.8-20) we see that F satisfies

the ordinaryv differential equation

[\S]

!.

[l
o]
.;>I o><

(2.8-32)

Q.
™
N
]
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whose general solution is

X X
j—C 'j—C
F(z) = Ce” + De : (2.8-33)
Hence (X"Xo)z (x+x ) 2
u = —L[Ce 4t + De at 1 (2.8-34)
vVt
uX(O,t) =0 => D=2C
u(olt) =0 => D= -C
_ 1
u(x,0) = 8(x - x) => C=—
© /T
So that
u= —[G(x - X rt) £ Glx + x_,t)] .
4t

(iii) finite bar; superposition of similarity solutions

In this case heat is distributed over the region 0 < x < &

with a source at x = Xy 0 < X < & . Each end is either insulated

or kept at zero temperature. Thus we wish to solve

u =u (2.8-35)

with boundary conditions

u(x,0) = 6(x - XO) , 0 < x < g (2.8-36)

|
o
p=d

1
o
¢}
2}
o9}

I

Aux(O,t) + Bu(0,t) 0 (2.8-37)

Cux(l,t) + Du(f,t) =0, C=0 or D= 0.(2.8-38)

This problem was solved by the method of images in §2.4. We now pro-
ceed using group methods to generate the well-known Fourier series
representation of the solution. Since only the trivial subgroup leaves
invariant the boundary conditions (2.8-36,37,38) we seek similarity
solutions of the heat equation corresponding to invariance of the heat

equation and (2.8-37,38). Then we use a linear superposition of such
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similarity solutions to satisfy the boundary condition (2.8-36). 1In
effect we are now considering the use of groups to solve a problem
which is "almost" invariant.

In order to leave invariant (2.8-37,38) we must leave invariant
the boundaries x =0 and x =2 . Hence « =8 =8 =v =0 with
A and o still arbitrary. We set o =1 , relabel XA by - Az
To generate the initial source we will use superposition of the eigen-

solutions of (2.8-35,37,38) corresponding to the eigenvalues of A

The characteristic equations are
ST = —> . (2.8-39)

The similarity variable is ¢ = x and the corresponding similarity
form for u is:

u=e FA(X) (2.8-40)

for each value of A

FA satisfies the ordinarv differential equation

sz)\ 2
5 = ATE (2.8-41)
X
dx
=> FA = KA sin Ax + LA cos AX (2.8-42)

where KA and LA are arbitrarv constants. Assuming zero temperature

at each end, (A =C =0 1in 2.8-37,38) we find that LA = 0 and that

the eigenvalues are

A= xn=%ﬂ , n=1, 2,
Thus n2ﬂ2
o - 2 t
u= J % sin®xe * . (2.8-43)
n 2
n=1
u(x,0) = 8§(x - xo) =>
K =2¢in™x , n=1, 2, ... (2.8-44)
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Rayleigh flow problem

231

The use of stretching invariance to find the solution of a par-

ticular Rayleigh flow problem was discussed in §2.5.

We will now show

how to find the source solution to the Ravleigh flow problem using a

subgroup of the full group of the heat equation.

boundary conditions are:

au_ 3%

3t oy2

u(y,O) =0, y > 0 .
u(0,t) = §(x)

u(y > o, t) =0

Letting x = Y (2.8-45) becomes
Vv
au _ 2%
ot 3x2
with boundary conditions:
u(x,0) =0, x>0,
u(0,t) = 8(t) ,
u(x - «,t) =0
Invariance of t =0 and x = 0 => T(t
=> o=k =8 =0

Invariance of (2.8-48)

£(0,0)

- 1'(0)

Hence

A= - 28 .

Thus (2.8-46,47,48,49)

(B,y) group

The equation and

(2.8-45)

(2.8-46)

(2.8-47)
(2.8-48)
(2.8-49)

0) = £(0,t) =0

(2.8-50)

imposes the restriction

(2.8-51)

is invariant under the two-parameter
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£ = Bx + yxt

T = 28t|+ yt? (2.8-52)
2

£=-28-y-+21 .

Corresponding to each of these parameters, we obtain the follow-

ing similarity forms:

Case I Yy =0, B=1 (stretching invariance).
The characteristic equations are:

dx dt du

i = (2.8-53)
The similarity variable is Cl = 7§ and the similarity form for
the solution is
u=21F (g (2.8-54)
S L |

where Fl is an arbitrarv function of Ly -

Case II y=1, 8=20.
In this case the characteristic equations are those of (2.8-30)

with X, = 0 . The similarity variable is Ly = X with the solution

t
having the similarity form

N

X
e4() (
u = F,(z . 2.8-55)
=l A

t

Equating the functional forms (2.8-54,55) and making trivial

rearrangements, we see that

2
t1
Fl(;l)e4 F2(Cz)
= = constant = C . (2.8-56)
1 52

Hence
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2
2
u= SX e 4t . (2.8-57)
t3/2
The source condition implies that C = 2L ,
%
2
X
u = 1 X _ o 4t
% t?’/2
2
1 _—4yt
v
=> uly,t) = —7—Y e ) (2.8-58)
vamy t3 2

The earthworm's Christmas problem

This problem is concerned with the propagation of damped temper-
ature waves into the earth due to annual temperature variation. It
illustrates the use of complex group parameters. We will approximate
the annual temperature distribution at the earth's surface (taken to

be the plane x = 0 ) by

u="T, + T, cos At (2.8-59)

where A = %— , T =1 year, Tl and T2 are constants. Let x > 0

represent the distance from the earth's surface toward the centre.

Then a reasonable approximate boundary condition to obtain the tempera-

ture distribution near the surface of the earth is to assume that

u(x » «,t) = T3 = const. The constants Tl’ T2 and T3 are functions
of longitude and latitude. Let v = u - T3 .  Then the problem
becomres:

azv LAY

— = 5% , 0 <x <= (2.8-60)

X

with boundary conditions
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v(0,t) = (Tl - T3) + T2 cos At ’ (2.8-61)
v(e,t) =0 . (2.8-62)
We set v =v, +v, where v, and v, both satisfy (2.8-60)
and
Vl(o,t) T = Tl - T3
(2.8-63)
v2(0,t) = T2 cos At .

vl(x,t) is the solution (2

Rayleigh problem (vl(x,O) =0 ).

ture distribution. However we are

.5-30) obtained for the corresponding
v2(x,0) = 0(x) , the initial tempera-

interested in finding the steady

state solution and it can be shown that this solution is independent

of the value of 0(x) We now find the steady state solution v2(x,t)
via similarity. Consider
2
9°V _ 9V
;—7 = 3% (2.8-64)
X
with boundary conditions
v(0,t) = T,e'’* (2.8-65)
V(x » o,t) =0 (2.8-66)
The solution V(x,t) to (2.8-64,65,66) will be a complex-valued
function and v2(x,t) = Re V(x,t)

Now we find the subgroup of

(2.8-65,66). Invariance of x 0

£(0,t)

Invariance of (2.8-65)

£(0,t)

the group (2.7-12) leaving invariant

implies that

iAT(t) (2.8-67)
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+
>
]

Thus %E ia(o + 2Bt + yt2)

Hence B =Y =0 and X = iAa . The corresponding characteristic
equations are

dx dt dav
1

The similarity variable is ¢ = x and the solution has the similarity

form
veetrx . (2.8-68)
Substituting (2.8-68) into (2.8-64) we find that
F" = iAF ’ (2.8-69)
Thus —
x /B(1+1] 'x/§[1+i]
F(x) = c,e + Cye (2.8-70)

where Cl and C2 are arbitrary constants.

F(e) = 0=>C, =0

1
=> C2 = T2 .
Hence i[At—//% x] —//§ X
Vix,t) = T,e e (2.8-71)
/A -/5 %
- _ _ /A 2 _
=> v2(x,t) = T2 cos (At /3 X)e , (2.8-72)

If t = t* 1is an "earthperson's" Christmas (coldest time of
the year, say), then an earthworm located at x = Xq celebrates

Christmas at time
t =%+ /i x , (2.8-73)
2A "o :

An inverse Stefan problem

As another example of an application of our similarity solutions
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to the heat equation we consider the problem of transient heat conduc-

(4),(5)

tion in a melting slab A one-dimensional finite slab originally

extending from x = 0 to x = Xq is melted in such a way that the
face x =0 1is insulated(G) and the other face is melted with heat
flowing into the melting face at a rate Ho(t) . It is assumed that

all of the molten material is removed immediately upon formation. At
time t the melting face is located at x = X(t) with X(0) = X, -
Let T be the melting temperature and To(x) be the initial

temperature distribution. Then the appropriate partial differential

equation and boundary conditions are:

Co ==K —, 0<x<X(t), t>0

oT
% = 0 at x=0, t>0 (2.8-74)
T(x,0) = To(x) , 0 < x < X
_ AT _ ax _
Ho(t)‘—+K-§§ pLaE- at X—X(t), t >0
where C = specific heat
p = density
K = thermal conductivity

L = latent heat of fusion.

We non-dimensionalize (2.8-74) by letting

(4) R. W. Sanders, "Transient Heat Conduction in a Melting Finite Slab:
An Exact Solution", ARS Journal, November 1960, pp. 1030-1031.

(5) David Langford, "Pseudo-similarity Solutions of the One-dimensional
Diffusion Equation with Applications to the Phase Change Problem",
Quart. of Appl. Math., April 1967, pp. 45-52.

(6) The case where there is also a heat flux Hl(t) at the face x = 0
will be considered at the end of this example’
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X
Yy =
o
= Kt
C x2
PXs
_ X(t)
Y(t) = X
o
T(x,t) = T
uly,t) = 7w (2.8-75)
m
CX
H(T) = i'I'(— Ho(t)
ch
k=5
T (x) - T
o
gl(y) T
m
Then (2.8-74) becomes
ou 32u
—_=—, 0 <y <Y(1), T>0 (2.8-76)
9T 2
ay
u(y(t),t) =0, 1T >0 (2.8-77)
ou _ _ -
Iy 0 at y=0, T>0 (2.8-78)
u(y,0) = gly) , 0 <y <1 (2.8-79)
- g du _ 4y - . -
H(t) = k Iy Iz at y=Y(t) , T©>0 (2.8-80)

Instead of seeking the direct solution of this nonlinear problem
(we have to find both X(t) and T(x,t)) we will look at the inverse
Stefan problem, a "control" type of problem. In the inverse problem
Y(1) (X(t)) 1is specified and the solution is found which satisfies
all of the boundary conditions except (2.8-80). The generated solution
u(y,t) fixes the value of H(t) . However it might be added that by

appropriately piecing together "inverse" solutions it is possible to
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(7)

solve numerically the direct problem.

In order to apply the "general" similarity solution of the heat
equation to this problem we must leave invariant y = 0 and y = Y(71)
where Y(0) =1

We consider the four cases of invariant boundaries derived in

§2.7.
Case I y - (At + B)
C= /—-——2—
o + 28T + YT
In order to leave invariant y =0 , y = Y(t) and have
Y(0) =1, weset A=B=0 and o =1 . Hence for this case we

could solve the inverse Stefan problem for a two-parameter moving

boundary

Y(1) = VY1 + 2Bt + YT2

with B <0 ,y < 0 . Replacing R > - B, vy > - vy , the similarity

variable is

g = e , 0< <1 (2.8-81)
/. 2
1 =281 - y°1
where
C:O(——»y:O
g:l«-—»y:Y(T) .

The corresponding basic similarity solution is (cf. 2.7-18,19,19')
2
YTGg

t YT yee 4 (2.8-82)
—

F () C +
uly, ) = ( =—
(1 - 287 - YT2)1/4 C

W™

where Bt

(7) F. Milinazzo and G. W. Bluman, Numerical Similarity Solutions to
Stefan Problems . unpubklished manuscript.
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z = ¢/C

with G(z) satisfying (2.7-19'), namely,

where Vv 1is arbitrary and

(2.8-77,78) => F'(0)

I
|
—

I
o

(8)

The subcase Yy = 0 was considered by Sanders

(9)

following the
work of Landau The moving boundary is eliminated by a "trick"

change of variable. Then separation of variables is applied with v
playing the role of an eigenvalue in the superposition of similarity

solutions of the basic form (2.8-82). Langford(lo)'s solution also

corresponds to vy = 0 .

Case II

Here = [y + 6 +

replacing B by - B8
In order to leave invariant the boundaries y =0 and y = Y(1)
and to have melting, we must set kK = § =0 , B > 0 . The resulting

melting boundary is

™
I
A

Y(T)= =1 -
with similarity variable , after obvious relabelling,

- - _By -
t=-1t-g 0<cc<l (2.8-83)

(8) ipia.
(9) H. G. Landau "Heat Conduction in a Melting Solid", Quart. J. of
Appl. Math., Vol. 8, No. 1, April 1950, pp. 81-94.

(10) 4piq.
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I
o

where

fat
I

0 <~ y
C:l(——»y:Y(T)

The similarity curves are straight lines in (y,T) space, filling a
triangular region. When 1 = B , the bar has melted completely.

The basic similarity solution (cf. 2.7-20,21) corresponding to

Case II is: 2 2 C2
F (7) V7B '4—-2—(1'8)
uly, 1) = 22— o (T7F) o 48 (2.8-84)
VB = T
with Fv(g) satisfying the simple differential equation
2
a°F
Y 24 v =0 (2.8-85)
1 dc ’
L=l (y=y@)=1- %)
B with Vv arbitrary.

Cases III and IV are not

amenable to melting problems.

ZE;O y=0) B Before proceeding any fur-
Figure 2.8-1 ther, we will show that the solu-
tion to the inverse Stefan prob-

lem (2.8-76,77,78,79) is unique.

Say u = 6 and u = 6 are solutions corresponding to y = Y(T) .

Let v = 62 - el . Then v satisfies

sv 92

N=2¥, 0<y<Y(1), T>0 (2.8-76")
9T 2

oy

viy(t), ) =0 , T >0 (2.8-77")
oV _ _ _7at
3y 0 at y=0, 1>0 (2.8-78")

v(y,0) =0, 0<y<1 . (2.8-79")
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Since v satisfies (2.8-76")

y
> y=Y(T) in region R , Vv also satisfies
_ f::;// (ThY(r") the identity
R 2
- 3y dvy _ Lavi _ avy2
////////// AN T R T 3y
T
T in R . Let C Dbe the curve
enclosing R . Then by Green's
Figure 2.8-2
theorem

1 2 oV _ oV, 2
5 vidy + v 3y dt = JRJ (5§) dydrt

C

From the boundary conditions on v and %% along C we see that

v, 2 -
(=) " dydt = 0
JRJ oy

=> 3‘-’-50 in R
ov
=> v = V(1) for some function of T in R .
But since v satisfies (2.8-76') we see that V(1) = constant = Vo
The boundary conditions imply that Vo = 0 . Hence 61 = 62 and thus

the solution to (2.8-76,77,78,79) is unique if Y (1) 1is a specified
melting curve.

We now consider in more detail Case II when the phase change
boundary (melting face) moves at a constant velocity characterized by

the parameter 8 .

(2.8-77,78) =>

1]
o

Fv(l)

1]
o

F&(O)

Hence
Fv(g) = A cos Vg (2.8-86)
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- (2n + 1) .

where Vv takes on a discrete set of eigenvalues v = Vo 5 ,

n=20,1,2,...
Using superposition of these similarity solutions, we obtain the
following solution satisfying (2.8-76,77,78):
‘ viﬁz _CZ(E—B)
An cos vnc e;—:—E; 48

(2.8-87)
0 v -1

uly, ) = )
n=

We now use (2.8-79) to determine the arbitrary constants {An}

u(y,0) = gly) , 0<y <1l =>
2
L, 1,22 vy
o A (n+—) ™ B
gly) = 2 2 cosin + %)ﬂye 2 eIE . (2.8-88)
n=0 /B

Let ¢n(y) = cos (n + %)ﬂy , n=20,1, 2,
Then the eigenfunctions {¢n} form a complete orthogonal set

of functions on [0;1] with

! 1
Jo o, (W) (y)dy = 5 6 -

Hence

[\

1,2 2 Yy~

(n+7) ™ SJ»]. 48

gly)e (v)e (11)
0

dy (2.8-89)

Problem 2.8-1:
Show that if g(y) is bounded, then the series solution
(2.8-87) converge absolutely and uniformly in the region 0 <7 <1,

0 < T <1< Bo < B , for arbitrary values of Ty 7 BO

Now we consider a "reasonable" initial temperature distribution,

(1 If B >« , i.e. the boundary y =1 1is fixed, then the solution
(2.8-87,89) corresponds to the well-known Fourier series solution
satisfying the boundary conditions (2.8-77,78,79) obtained by separa-
tion of variables.
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namely : 5
Yy
gly) = - Be4B cos % y, 0<y<1 (2.8-90)
2
where B > 5 B <1
i
HZB
In this case A = BVB e 4 and A = 0, n=1,2,... .
The resulting solution is
25 2522
u(y,T) = - Be 4 v 8 cos 2(,Bﬂy e4(T_B}
/BT T - B) ’
0y <t (2.8-91)
0 <tT<8B
At y=Y(T)=l—% ’
2 gt (g-1)°
su_Br TF 8 372 a8’ (-p)
oy 2 B -1
Hence ﬂZB ﬂ264-(8-T)2
-— 2
_ kBm 4 B 3/2 487 (1-R) 1 B
H(T) = ——2 e (B_—T) e + B . (2.8 92)

Problem 2.8-2:

Show that for any value of B , H(T) 1is a monotonically de-

creasing function of T (0 < T < B). Thus
1
H(B) =%_<_H(T)_<_—é—+k—g—ﬂ—em=ﬂ(0)

Problem 2.8-3:

Construct the similarity solution corresponding to Case I.

If there is a (nondimensionalized) heat flux h(1) at the fixed

end y = 0 , then the corresponding boundary value problem is:
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Ju _ 82
A , 0 <y<yY(ty, T>0 (2.8-93)
3t 5,2
Y
u(y(t),t) =0, T>0 (2.8-94)
%(O,T) =h(t) , T>0 (2.8-95)
u(y,0) =gly) , 0<y<1 (2.8-96)
_ Ju _ay _
H(t) = k §§(Y(T),T) T T > 0 . (2.8-97)

We assume Case II, i.e., Y(1) is of the form

Y(t) =1

1

(2.8-98)

| A

In order to leave invariant y = 0 and y = ¥Y(1) , the similarity
variable is

;=+B_33_’_?,05;51 . (2.8-99)

The corresponding similarity solution is (2.8-84) with Fv(E) satis-~
fying (2.8-85). Uniqueness of the solution to this inverse Stefan
problem follows from the same argument as for the case when h(t) = 0

Invariance of (2.8-94)
=> Fv(l) =0 (2.8-100)
Hence

F (g) = Avsin v(ig - 1) , (2.8-101)

Av arbitrary.
Thus an arbitrary formal linear superposition:

2.2 °(t -5)

A sin v(z - 1) v B 2
uly,t) = § — T "B 4B (2.8-102)
Y VB - T

is a solution to (2.8-93,94), 0 < 1t < B , and moreover ¢ = 0 «> y =

0 . In order to satisfy (2.8-95) we first set
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- _Bt
r =g
s = - v2
- 5 (2.8-103)
Ave-v 8
Bls) = —g—
1 Y+ie
and formally replace z by s J ds
v Y=iw

=> the following inverse Laplace transform with unknown B(s) yields

a solution 2
C .
Y+ie
w=6(y,1) = ETE et R L J B(s) [sinh/5(1 - z)le%Tds,
Yo (2.8-104)
Letting
_ _ Br _
h(r) =h(1) =h [ e J (2.8-105)

and inverting (2.8-104) such that the boundary condition (2.8-95) is

satisfied

=> B(s) = — B J h‘r)3/2 e STar | (2.8-106)
Vs coshv/s /0 (r + B)

The corresponding solution u = el(y,T) now satisfies (2.8-93,94,95).

Next we compute el(y,O) = g*¥(y) . In order to find a solution

u = el(y,r) + ez(y,r) satisfying

(2.8-93,94,95,96,97), we find the solution ez(y,T) of the heat equa-
tion satisfying the boundary conditions for zero heat flux at y = 0 ,
namely, (2.8-77,78,79, Y(1) = 1 - % ) with gl(y) replaced by

g(y) - g*(y) . The generated heat flux will be

(2.8-107)

w™| -

891 892
H(t) = k [5§—(Y(T),T) + §§—(Y(T),T))] +

Burgers' problem

A special case of the solutions (2.7-22,23) has been used by
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(12)

J. M. Burgers to represent eigensolutions of the heat equation for

a semi-infinite space bounded by a moving boundary of parabolic form

x = 2 t? (2.8-108)
(see Fig. 2.8-3). These eigensolutions are obtained from (2.7-22,23)
if
k=0,48=1, t*=-¢g (2.8-109)
and
A=-0 (2.8-110)
m

plays the role of an eigenvalue. Equation (2.7-22) becomes

_ 1.3 .1 _
um(x,t) = F _(c*)expl W t7 o+ 5 c*t omt] ,

£2 - x . (2.8-111)

= 3

The {Fm(g*)} are the Airy function solutions of (2.7-23) which die

out as ¢* > « R
a’r |
- (= % - = -
dc*z (2 C Om)Fm 0 ’ (2.8-112)
(* - 20 )1/2 ,1/2 32
Fm(C*) = __l/—Gi—/—:;_.___ Kl ? [C* - 20m] (2.8-113)
2 3 =
3
The o, are chosen so that (—20m) m=1, 2, ..., are the zeroes of

the Airy function or of the continuation of (2.8-113) to negative

arguments
11(20m - C*)l/z

Fo(c*) = ,1/63576

1/2
, 2 L 13/2
{J 1 [ 3 [20, = &l ]

1/2
£ [ 2 120 - ox1%/? ] j. (2.8-114)

Thus Fm(O) =0 ¥V m . Burgers shows that this set of eigenfunctions

(12) J. M. Burgers "Functions and Integrals Connected with Solutions
of the Diffusion or Heat Flow Equation", University of Maryland,
Technical Note, BN-398, May, 1965.
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is orthogonal. He then uses them to construct a representation of a
unit source at (XS’ts) reflected in the moving boundary. This repre-

sentation is

u(x,t;x_,t.) =
s’ s
o) * * - -
Fm(C )Fm(Cs) Om(t ts)

1 1,,3.3 1
sexp - 5 (t7-t2) + S(tg* - t_z*)1- 7§ e ,
2 12 s 2 s’s a0 [F;(O)]z

t >t i u=0 , t<t, . (2.8-115)

Burgers' method of deriving (2.8-111) is to assume a separation of
variables form u = G(t,z*)H(t,z*) and to choose G so that essenti-

ally a similarity form results for H

— X

t=t

Figure 2.8-3

Summary.

In applying group invariance to boundary value problems for the
heat equation the following points have been illustrated:
(i) 1Invariance under a multi (>1)-parameter group leads to a
further reduction in the number of variables without use of the govern-
ing partial differential equation.

(ii) The group parameters may be complex.
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(iii) If not all of the boundary conditions are invariant then
a superposition of similarity solutions may be possible. This leads
to the possibility of numerical techniques based on similarity, in

particular for direct Stefan problems of the heat equation.

2.9.-Axially-Symmetric Wave Equation

The axially symmetric wave equation has sufficient structure to
provide an interesting example in the application of our methods. 1In
this section a (fairly) general group is found and then application is
made to the problem of the fundamental solution. This particular prob-
lem is invariant under a two-parameter group so that the solution can
be found from inspection of a functional equation (cf §2.8).

The basic equation considered, at first, is

= - -1y - - _1y (D
Lu = utt urr Zu. = 0, r= X"+ y . (2.9-1)

Initial and boundary conditions are put aside until later. In search-
ing for the group of transformations which leaves invariant (2.9-1) it

is sufficiently general to consider the form

t* = t + et1(xr,t)
r* = r + eplr,t) (2.9-2) (2)
u* = u + eug(r,t) .

Then, using the formulas for the first and second extensions, as worked
out in §2.1 (2.1-19,21,22), it is easy to write down the equation satis-

fied by u* = 0*(x*,t*) = U(x,t,0(x,t);e) when u = 0(x,t)

(1)
(2)

Units are chosen to make the wave speed one.

cf. Ovsjannikov, Chap. 6, ibid.
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L*0* = LO + e{OLg + Ot(th - LT)

- p_ _ - g

+ G)r( Lo + 5 Zgr r)
r
+ G)tt(g - 2rt) + ert(—2pt + rr)
+ 0, (=g +20)} - (2.9-3)
Then, for LO = 0 , we use Ott = Orr + % Or and
*O*% = - - p_ - - 2
L*0 e{oLg + 0, (29, - L1) + 0 _(-Lp + 2 29, - £ 1)

+ 0 (—2pr - 2Tt) + Or

rr (-2p, + 2t )}.(2.9-4)

t

The condition of invariance is that the 0(e) terms in (2.9-4) vanish.

Since Or O @r’ err’ Ort

vanish and the following conditions on the infinitesimals (t1,p,9)

are independent each coefficient must

arise:
Lg = 9y = Iyyr ~ % 9, =0 (2.9-5)
29, - Lt = 0 (2.9-6)
Lo+ & -2g -2 =0 (2.9-7)
r r r t
Pp = T =0 (2.9-8)
P = Tp = 0 . (2.9-9)
The last two imply
ptt - prr =0, Ttt - Trr =0 (2.9-10)

Then, from (2.9-6) and (2.9-9) we deduce

+ A(r)

Q
|
1
Nlo
Py

and from (2.9-7)

+ B(t)

Q

I

!
T
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so that
g = - % EiiLEl + C , C = const. (2.9-11)
Then, (2.9-5) becomes
p
e % (2.9-12)
and p = D(t)r . (2.9-13)
Since Orp ~ Ppp = 0, D(t) = o + Bt and then it is easy to solve

for Tt from (2.9-8,9). The final results for the infinitesimals of

the group are

p(r,t) = ar + Brt (2.9-14)

T(r,t) = y + at + %— B(r? + t2) (2.9-15)
1

glr,t) = 6 - 3 gt . (2.9-16)

The similarity variables, and the functional form of the solution all
follow from the invariant surface condition (2.1-8 ff.). The corres-

ponding characteristic equations are:

dt dr du
= = . (2.9-17)
2) or + Brt (5 - %Bt)u

Y + at + % B(r2 + t
Three of the four (a, B, Yy, §) are thus independent. As far as (r,t)

are concerned, Yy by itself corresponds to translation in t , a by

itself to the stretching group.

Problem 2.9-1: Work out the commutator table corresponding to
(2.9-14,15,16) .
Some special similarity forms, which are useful for the problem

of the fundamental solution are now worked out.

—_— = —_— = — (2.9—18)
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The integral of the first two yields the similarity variable

=L -
L, = T (2.9-19)
. . dt _ du _
and integrating 3E " Ta along El = const.
gives
) 1 t=1 -1 F,(zg,)
5 log = log u og F,(gg
or ulr,t) = tF, (2,) 5 k= o (2.9-20)
' 1'°1 ! o :
(ii) vy =00 =20
- _._____<21t S = __Bii = ___..d‘ll (2.9-21)
5 B(r™ + t%) (s - 5 Bt)u
The first two yield
dt _ 1,r t _
ar - i‘({"‘ ?) . (2.9-22)

Because of stretching invariance, the integrating factor is easily
found, or the equation for s 1is easily solved if t = rs(r) . The

result is 2

I -
52 = r (2.9-23)

The functional form is obtained by integrating the last two of

(2.9-21) with t replaced by V r2 +re,

du _ v _1lar _ 8 _
Tl —-——;—————— dr 7 V=3 ’ (2.9-24)
rv/ r” + rg,
Integration yields
2vt
e t —r2 t2
u(r,t) = =—— F,(z2,) , C, == -7 . (2.9-25)
/— 2 2 2 r
r

Fundamental solutions

The fundamental solution u = S(r,t) 1is defined as the response
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to a concentrated unit-"impulse" :

_ _ _1 _ 8(x) _
LS = Stt Srr T Sr = EEE—G(t) (2.9-26)
with quiescent initial conditions
S(r,0-) = St(r,O—) =0 . (2.9-27)

The solution is zero outside the cone of influence.

Figure 2.9-1

{0, {,=

In order for a similarity representation to be useful for this class
of problems, it is necessary that the wave-front t - r = 0 be left

invariant. But if Yy =0 in (2.9-14,15), then 1T - p =0

=> t*¥* - r* = 0 when t -r =0

so that both (i) and (ii) above meet the requirements. In order to
determine the appropriate value of the parameter in (2.9-20) we could
study the local transformation of the §-functions. But it is just as
easy to use the global stretching transformation:

r* = \r

t* = )\t (2.9-28)
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which corresponds to (i). Thus, since
5 [c* 6[5*]
- - x A * *
L*S* = }\K 2LS - >\K 2 A - }\K+l 6(]’_‘ )6(t ) (2.9-29)

r*/\ r

the initial conditions at t = 0 are evidently invariant. Therefore,

for invariance of the whole problem «k = - 1 and

u= S(r,t) =

ol

Fl(Cl) r &y < (2.9-30)

R

It is also possible to deduce something about the forms of (2.9-25)

but here we rely on uniqueness and set

2Vt
1 e e?-r?
u = S(r,t) -E‘Fl(gl) =TF2(C2) ’ (2.9-31)
Using 2
. ¢C c.C
£ = L 22 , r = __l_%j (2.9-32)
1 -7z 1 -z
1 1
we have
_ 2y
2 T, C
1-2z 1°2
ez =8 A - 2 F (z) for all ¢ -(2.9-33)
3 1'% 1 2% 1,2
2 5

This is only possible if the variables can be separated, so that
v = 0 and

/- ci F (g)) = VT, F,(c,)) = k = const. (2.9-34)

Thus the functional form of the fundamental solution is

u=8(r,t) = —8& (2.9-35)

t - r2

The evaluation of the constant k , does not follow directly from
symmetry but depends on the overall conservation law corresponding to
(2.9-26):

r (2.9-36)

a}
N
3
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Due to the singularity of (2.9-35) at the wave front t = r , the

integrals in (2.9-36) have to be carried out carefully, say up to

t'=r'"+d6 , and then § > 0 (cf Fig.2.9-2) . We note
t r
s, = -k —> 3377 ' S =k 3 7.3/2 (2.9-37)
t (t2 _ r2)3 2 r (t2 r2)3 2
then ft—d t
I. = r'dr' J S dt’
1 0 r'+s t't!
t-§
= J r'dr'{St(r',t) - st(r‘,r'+d)} (2.9-38)
0

I

t-§
t r' + 6§
crar -kt |
J’0 (t2 r'2)3 2 (28" + 62)3/2

t-§ , 2 .
=k - k t + k3/2j L +6r3/2dr'.
. /28t 52 (29) 0 (r' + &/2)
1
) N
\l‘x \I,k
’ X
t 4// //,
S Figure 2.9-2
rL’
t t'-§ 1
12 = J dt f r'dr' (S rpt + I Sr,)
§ 0
t t'-§
= j (r'Sr,) dtl
8 0
t . 2
=k J dt! (g 8) 7377 let t7 =6+ rf,
8 [t = (& - 87
t-8 2.,
k r’ dr . (2.9-39)

=> I = J
2 2832 0o (rr + 5/2)3/2
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Thus, (2.9-26) becomes

t-3$

Lt k- 0(E) ¢ [ e
V28 27748 Jo (r' + §/2)
- _ 1 _
11—12-k+0(/§)+k-ﬁ (2.9-40)
The final result is, from (2.9-35)
S(r,t) = — 2+ . (2.9-41)
21T/t2 - r2

Problem 2.9-2

Apply the method of this section to the one-dimensional wave

equation
utt T Uxx T 0
for the class of problems with u(x,0) = 0 . Show that the general
similarity form is
u(x,t) = F(g) where T =Q(x+ t) - Q(x - t)

= an arbitrary function. Find F(z) from the wave equation.

Problem 2.9-3
Apply the method of this section to find the form of the funda-

mental solution for the telegraph equation

20 _
u u ot k"u = §(x)S(t)
u(x,0-) = ut(x,O—) =0 .
2 2 .
Show that u = S(x,t) = F(g) , ¢ = tT - x and determine F .

Derive the global transformation (Lorentz) corresponding to the in-

finitesimals found.
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Problem 2.9-4

Use the methods of §2.8 to show that the subgroup of (2.9-14,
15,16) leaving invariant (2.9-26) corresponds to y =0, § = - a .
Hence show that the results obtained in this section can be derived
in an easier fashion by taking each of the two remaining parameters

in turn to generate similarity forms for the solution.

Problem 2.9-5

Find the fundamental solution (Riemann function) of the Euler-

Poisson-Darboux equation, i.e. solve

u - u +
XX Yy

>

u, = §(x - xo)d(y - yo) , (2.9-42)

This solution is the source solution for isentropic flow for a poly-

tropic gas.

x 1is the sound speed in the gas ,
y 1is the fluid velocity in some fixed direction
u is the time variable ,

A is related to the ratio of specific heats of the gas.

Show that
(i) if x* = x + ef(x,y) + 0(82)
2
y* =y + en(x,y) + 0(e”) (2.9-43)
2
u* = u + eg(x,y)u + 0(e”)

leaves invariant (2.9-42) then
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E=-Z (y-y)
2 2 2
S (y - yo)
n = , (2.9-44)
g=y-y, -

(ii) the similarity variable corresponding to (2.9-44) is

(x - xo)2 - (y - yo)2

¢ = %

and derive the similarity form of the solution.

(iii) the solution is

A
(2% )
AA
U(X,Y) = ° F ar Fr 1;
[(x + XO)Z B )Z]X/2 2" 2

2 2
(x—xo) - (y-yo)

(x+x )2 - (y-y)?

Note that the solution for a ring source in an axially-symmetric wave

equation is contained in this formula. (A = 1)

Problem 2.9-6
Consider the equation for the response of a string with a non-

linear restoring force to a unit impulse:

utt - uxx + f(u) = §(x)68(t)
u(x,0-) = ut(x,O—) =0, -0 < X < ®
f(u) = - £f(-u) ; £f(u) >0, uwu>0 ,

By applying the methods of this section find the similarity form of
the solution. For the case f(u) = Ku3 study the solution in a suit-

able phase plane. What conditions apply at the wave-front?
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2.10. Similarity Solutions of the One-Dimensional

(1)

Fokker-Planck Equation

In this section we will illustrate a more complex example of
invariance under a multi-parameter group by finding probability
distributions which are fundamental solutions of the Fokker-Planck
equation. It will be shown that moments are easily computable from
invariance considerations and in turn new integrals involving special

functions are derived since [ p dx =1 for a probability distri-
R

bution p on region R.

We consider the stochastic differential equation

g—’é + £(x) = n(t) (2.10-1)

where n(t) represents stationary Gaussian white noise, in particular

<n(t)> =0
<n(tl)n(t2)> = Dd(tz—tl) for some constant D (2.10-2)(2)

and x(0) = X -

x can be thought of as the velocity of some particle influenced by a
frictional force £f(x). The problem of a free particle in Brownian
motion with Stokes' drag corresponds to the case f(x) = Bx for some
constant B.

The output x(t) of (2.10-1]) is a stationary Markov process
and is completely specified by finding the transitional probability
density distribution p(x,tlxo) > 0 which satisfies the Fokker-Planck

equation

(1)
G. W. Bluman, Similarity solutions of the one-dimensional Fokker-
Planck equation, Int. J. Non-Lin. Mech., 6, pp. 143-153, 1971.

(2)<n(t)> denotes the expected value of n(t).
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2
3 _p 3P, 2
2= 28+ o (£(x)p)

with the initial condition ) (2.10-3)
p(x,O]xO) = S (x-x).

p(x,t|xo)dx gives the probability that if initially a particle has
velocity X, then at time t its velocity lies in the region

[x; x+dx]. x = r 1is said to be a reflecting boundary for process

(2.10-1,2) if

lim [D %}E} + £(x)p] = 0. (2.10-4)
X > r
If ry and r, are reflecting boundaries, ry < Ty and
X, € R = (rl; rz), then
o)
J plx,t|x )ax = 1. (2.10-5) 3
1
The probability distribution p(x,t[xo) is said to be stable
if
o)
lim f x%p(x,t|x )dx < = (2.10-6)
t > o«
1

We limit our discussion to those processes for which £ (x)

is an odd function, i.e.,

f(x) = -f(-x). (2.10-7)

Our aim is to find the most general £ (x) 1leading to

analytical solutions of (2.10-3) via similarity.

(3)Note that the heat equation corresponds to the Fokker-Planck equa-

tion for which £f(x) = 0. Moreover, for the heat equation in §2.8
we found various fundamental solutions corresponding to the
temperature distributions over (i) an infinite bar (R = (-»; «)),
(ii) an insulated semi-infinite bar (R = (0; «)), and (iii) a
finite bar insulated at both ends (R = (rl; r2), —© < ry < r, <),
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In addition to the case of a free particle in Brownian motion,

closed form solutions have been found for the cases £f(x) = k sgn x,

R = (-»; »), by Caughey and Dienes (4)

(5)

and f(x) piecewise linear by
Atkinson and Caughey.
By a simple transformation it is easy to see that (2.10-3) is

equivalent to the system

2
3p , 3 =3P
2 tax [EeaR) = 5
(2.10-3")
p(x,0|xo) = §(x-x_) -
Say the one-parameter Lie group
X* = X* (XrtrP7 €) = x + Eg(xrtlp) + e
t* = T (x,t,p; €) =t + eT(x,t,p) + +-- (2.10-8)
* *
p =P (x,t,p; ) =p + em(x,t,p) + -

leaves invariant (2.10-3'). It turns out that & and 1 do not

depend on p and moreover T(x,t,p) has the form
T(x,t,p) = g(x,t)p- (2.10-9)

Corresponding to the one-parameter Lie group (2.10-8) we generate an

infinitesimal operator

¥ = E(x,t) &+ T(x,t) %E + g(x,t)p %5 . (2.10-10)

The solution p = P(x,t) of (2.10-3') satisfies the invariant surface

condition

¥{p - P(x,t)} = 0. (2.10-11)

(4)

T. K. Caughey and J. K. Dienes, The behaviour of linear systems
with random parametric excitation, J. Math. Phys. 41, 300(1962).

(S)J. D. Atkinson and T. K. Caughey, Spectral density of piecewise

linear first order systems excited by white noise, Int. J. Non-
Lin. Mech, 3, 137 (1968).
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We recall that the resulting characteristic equations corre-

sponding to this first order partial differential equation are

dx dt dp

E(x,8)  1(x,8)  9g(x,0)p

(2.10-12)

The integral of the first equality in (2.10-12) yields the

similarity variable
C(x,t) = const. (2.10-13)

Then substituting this equation into the second equality of (2.10-12)

we are led to the similarity form

p = F(C)G(x,t). (2.10-14)

The dependence of G on x and t 1is known explicitly and F(g) 1is
some arbitrary function of ¢¢. If the infinitesimal operator corre-
sponding to the group (2.10-8) contains only one-~parameter then as
mentioned previously we substitute (2.10-14) into (2.10-3') to obtain
a linear second order ordinary differential equation for F(z).

We now further discuss the case where a two-parameter (a,b)
Lie group leaves invariant a partial differential equation. We
previously encountered this situation in §2.8 (temperature distribution
over an infinite bar) and in §2.9 (fundamental solution of the wave
equation). Let Il and 32 be the infinitesimal operators corre-
sponding to the respective parameters, i.e., say the infinitesimals of

the group leaving invariant (2.10-3') are of the form

E(x,t) = afy(x,t) + bE,(x,t)
T(x,t) = aTl(x,t) + sz(x,t) (2.10-15)
T(x,t,p) = agy(x,t)p + by, (x,t)p

then

- 9 d 3 _
¥ o= g (xt) g+ T (x0t) g f g t)p 55 (2.10-16)
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and

- 3 d 3
¥) = 5y(x,t) gp + Ty gyt 9, 0P 55 (2.10-17)

If the invariants corresponding to Il and 12 are mutually
distinct,i.e., functionally independent, then we are able to move
directly to the solution of our problem without passing through the
intermediate stage of substituting a similarity form into the original
partial differential equation and solving the resulting ordinary

differential equation. The invariants corresponding to Il and 12

are mutually distinct if and only if
I A AxBE (2.10-18)

for any function A(x,t).

For example,

=9 -
Il = K and X, =

N
QJIQ)
t

have mutually distinct invariants whereas

and X, = x

|

5
=
1
2

have the same invariants even though they correspond to distinctly
different group transformations.

Say Il and 12 have mutually distinct invariants. Let
Ci and Fi(ci)Gi(x,t), i = 1,2, be the respective similarity

variables and similarity forms. Then if our solution is unique
P = P(x,t) = Fy(z))G) (x,t) = F,(z,)G,(x,t). (2.10-19)

If g1 is functionally independent of Cor then we express x and t

in terms of and in (2.10-19) and solve the resulting func-

1 to

tional equation. As a result we would find that

P(x,t) = AH(Cl)Gl(X,t) (2.10-20)
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where the dependence of H on g1 is known explicitly and A 1is a
constant to be determined from the source condition in (2.10-3').

For the infinite bar problem of §2.8, we used

I S
L=ty -2u5
and
_ 9 9 _ .
I, =x g+ 2tgp-ugg
Clearly, ¥, and 12 are mutually distinct.
2
X
- _ 4t
Cl = t, Gl(x,t) = e
0, =2, 6y0x,t) = 2
v/t vt
2
X
4t 1
F,(z,)e F,(z,) —=
1'°1 2'°2 JE
3
_—y FZ(CZ)
=> Fl(Cl)e = — (2.10-21)
vty

This functional equation was easily solved. We simply put all the

dependence on 21 and , respectively on the left and right sides
of (2.10-21). Hence
2
2
_ 4
/T Fi(gy) = F,(z)e . (2.10-22)
Thus
_ c
°1

where the source condition in the problem was used to show that

A general procedure for solving the functional equation in
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(2.10-19) is to treat Cl C2

differentiate each side of the equality with respect to

PARTIAL DIFFERENTIAL EQUATIONS

as independent variables and

gl, say. As

a result a simple linear homogeneous first order ordinary differential

equation is obtained for Fl

and the original problem has a unique solution.

first order differential equation is:

Fl E_
€1

d
55— = F (log
dcl

=
1 3z,

provided there are no calculation errors

In particular this

). (2.10-23)

We now turn our attention to the problem of finding the Lie

group (2.10-8) leaving invariant (2.10-3'")

and the corresponding

forcing functions f£(x).
Problem 2.10-1:
Show that
T(x,t) = 1(t)
Ex,t) = x T 4 Ay (2.10-24)
1 2 "
g(x,t) = B(t) - xf(xir (£) _ f(x;A(t) _ xA;(t) _ X 18(t)
where A(t), B(t), T(t) and £f(x) satisfy the equation
Nl(x,t) + Nz(x,t) =0 (2.10-25)
with
2
_ £ (x) xE(x)f'(x) _ £'(x) _ xf"(x)
Nl(xrt) = 1" (t) [ 2 + ) > 2 ]
n t 2
+ I é ) + TV (1) [_>8<—] + B (t) (2.10-26)
N, (x,t) = Age) (RELELGD  ELO0g y an ey - Ky, (2.10-27)



2.10. Fokker-Planck Equations 265

Imposing the restriction that £f(x) be an odd function,

we see that
Nl(x,t) = N, (x,t) = 0. (2.10-28)
If t(t) Z0, £(x) must satisfy the differential equation:
[£2(x) + x£(x)E'(x) - 2f' (x) = xE"(x)]''" = 0. (2.10-29)

Solving (2.10-28,29), we find that £f(x) satisfies the

Riccati equation
2" - £2(x) + 2x% -y + 1 -1 _ (2.10-30)

and that 7t1(t), B(t) satisfy the differential equations

-

TUUT(E) = 4B%T'(t), B'(t) = 1§l - (2.10-31)

"

where B,y, and Vv are arbitrary parameters.
If A(t) Z 0, from (2.10-27) we see that £f(x) must satisfy

the differential equation:
[E(x)E'(x) - £"(x)]1" = 0. (2.10-32)
Continuing as in the case of 7t(t) Z 0, we find that £ (x)

satisfies the Riccati equation

2" - £2(x) + B%%% -y = 0 (2.10-33)

and A(t) satisfies
" 2
A" = B7A(t). (2.10-34)

Thus we see that if f(x) satisfies (2.10-33), which corre-

sponds to (2.10-30) when v2 = %ﬁ , then we have the possibility of a

larger group leaving invariant (2.10-3').
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Invariance of the initial source further restricts {1,£,9},

namely,

= = - _ 98
T(0) = 0, E(XO,O) =0, g(xO,O) = - 3% (XO,O). (2.10-35)

Case I v2 #

|-
(o))

If V2 # %g , then A(t) = 0 and (2.10-35) imposes the fol-

lowing initial conditions on B(t) and Tt(t):

T(0) =0, t'(0) =0, B(0) =

2
X
59-1"(0). (2.10-36)

Solving (2.10-31) subject to the initial conditions (2.10-36)
and then substituting this result into (2.10-24) we find that the

following one-parameter group leaves invariant (2.10-3'):

= 1 (t) = 4 sinh?gt

-
|

28x sinh 2Bt (2.10-37)

oy
1]

El(x,t)

Y sinh®gt - 8 sinh 2pt (1+xf(x))

+ Sz(xi-xzcosh 2Bt) .

g = gl(x,t)

Solving the characteristic equations corresponding to

(2.10-37) we find that the similarity variable is

g (x,t) = —2— - (2.10-38)
1 /T (6)
. _ 2V' (x) . . - .
Setting f(x) = - VX we obtain the following similarity form for
the solution:
P(x,t]x,) = Fy(2))6) (x,t) (2.10-39)
where
1 2
> Bx 2
Gl(x,t) = V) exp %E + 2 ZZt - BX ciﬂ] Bt (2.10-40)
Vsinh Bt l-e
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Case II v2 =

= =
()]

In this case (2.10-35) imposes the following initial con-

ditions on A(t), B(t) and Tt(t):

T(0) =0
X
A(0) = - 52 T'(0) (2.10-41)
x 2
B(0) = 52 A'(0) + g2 t"(0) - 0.

Essentially treating Tt"(0), A'(0) and A(0) as arbitrary
constants we find that the following three-parameter (a,b,c) group

leaves invariant (2.10-3') when f(x) satisfies (2.10-33):

E(x,t) a[2Bx sinh 28t]
+ b[2 sinh Bt]

+ c[4B(xo cosh Bt - x cosh 28t)]

T(x,t) = al4 sinh®Bt] + c[-4 sinh 28t]
(2.10-42)

aly sinh?Bt - B sinh 28t (1+xf (x))
2

g(x,t)
+ Bz(xg—x cosh 2Bt)]
+ b[B(x0 - x cosh Bt) - f(x) sinh Bt]

+ c[48 cosh®Bt + 28f(x) (x cosh 28t - x_ cosh Bt)

+ 282x(x sinh 28t - X, sinh Bt) = Yy sinh 28t]
/

Let X X, and I3 be the infinitesimal operators corre-

1" "2
sponding to the parameters a,b and c¢ respectively. (Note that if
b =c =0 then we get the group for v2 # %E «) Then it can be

shown that
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13 = -2 coth Bt Il + 2B(x cosech gt + x coth Bt)Iz_ (2.10-43)

Thus invariants of both Il and 12 are also invariants w.r.t. X

For convenience we find the similarity forms corresponding

3*

to Il (parameter a, i.e., b = c = 0) and 12 (parameter b,
i.e., a =c¢c = 0). The similarity form for fl has already been
given (2.10-38,40).

Corresponding to X we obtain the similarity variable

2

CZ(X:t) =t (2.10-44)
and similarity form
p(x,t|xo) = Fz(cz)Gz(x,t) (2.10-45)
where
Bxx 2
- o _ Bx"coth Bt|, _
Gz(x,t) = V(x) exp[% Sinh BT m J (2.10-46)
Equating the similarity forms (2.10-39,45) we are led to the
solution

D Yt
F_(z,) = F,(t) = ———— exp|i= + ——————| - (2.10-47)
2772 2 vVsinh Bt 4 2(1—e28t)
' '
We now find V(x). The substitution f(x) = - Q%T£§L

transforms (2.10-30) into the following second order linear homo-

geneous differential equation for V(x):
2.2 (16v2 - 1)
4V" + QY - Bx° - 5=V = 0. (2.10-48)
X

The solution of (2.10-48) leading to a realizable probability distri-

bution is
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2
12 %*v - E%‘ 12
V(x) = (5 Bx") e M(a,b,E Bx“) (2.10-49)

where M(a,b,z) denotes Kummer's hypergeometric function of the first

4(6)

kin and

a = % + Vv - v/88, b=1+2v (2.10-50)

with v > - % ; a > 0. The properties of M(a,b,z) are well known.

As z > 0,

Mab,z) =1+ 22+ 0(z%). (2.10-51)
As 2z > +o,
M(a,b,z) = ?Eg; %2321+ 0(z™h 7. (2.10-52)
M(0,b,z) = 1. (2.10-53)
Using (2.10-51,52) we can show that if a # 0,
(i)  lim fﬁx) = -B. (2.10-54)
X > @
(ii)  lim x£(x) = - (4v+l). (2.10-55)
x >0

In order that %g and p be continuous for x € R = (rl; r2),
the "directly" generated similarity solutions are of the following
types:

(i) R = (-»; ®») corresponding to v = -

S

, (invariance
under a three-parameter group) .

(ii) R = (0; «), i.e., x = 0 1is a reflecting boundary,
corresponding to v > - % (invariance under a one-

parameter group).

6 .
( )M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions,

Chapter 13, National Bureau of Standards (1964).
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2 _ L
Case I voo= 1€
The solution (2.10-45,46,47) has the property that

p + f(x)p # 0 for any x €& (-»; »), Moreover, )l is continuous at

9x 9x
x =0 iff v = - % - As a result we can directly generate a
similarity solution for R = (-»; «) corresponding to Vv = - % - By

appropriately placing a source at -X, we are led to solutions for

1

v =t 7 corresponding to R = (0; ). In each case the constant D

is determined from the source condition in (2.10-3').

(1) v = - % - In this case
_ 8l
= 4 11,2 = Li_x . 2.10-56
V(%) e M(a,2,2 Bx%), a =73 8% ( )

(a) R = (-»; =)

Here
P(x,tlx ) = p(x,t]x)

11 2 Yt
DM(aI—I_ BX ) - 4
=__ '2"'2 " ° exp[- % (1+coth Bt)(x—xoe Bt)2]e 4 (2.10-57)
Vsinh Bt

where

D = /B-_ 1 . (2.10-58)
4

2
M(ar']i'r%‘ on)

In this case we place sources at txo7 the result-

ing solution is a well-behaved even function of x

= -Q-B = =
> N + £(x)p 0 at x 0.

The solution is
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p(x,t[xo) = pl(x,tlxo) + pl(x,tl—xo). (2.10-59)

If a =0, then f(x) = Bx, which corresponds to a free

particle in Brownian motion.

In this case

S

(ii) v =

sz

V(x) = xe ¢ M(a,%,% 8x%), a=2-Y_. (2.10-60)

The corresponding similarity form pz(x,t xo) leads to a

solution obtained by placing sources at X . The solution corre-

sponds to R = (0; «)
p(X,tIXO) = p2(X,t|xo) + p2(x,t|-xo) (2.10-61)
where
P,y (x,t[x ) =
Dx M(a,%,% sz) 8 -Bt. 2 l%
= exp[- y (l+coth Bt) (x-x e )7 le (2.10-62)
/sinh Bt °
with
- /8 .1 -
D = XO 7 (e 31 sz) (2.10-63)
r2'2 o
Case II v > - %

In this case V(x) satisfies (2.10-49), a one-parameter
group (2.10-37) leaves invariant (2.10-3') and (2.10-39,40) is the
obtained similarity form. Let ¢ = 21 and F(z) = Fl(cl). Sub-
stituting (2.10-39) into the partial differential equation of (2.10-3'"),
we find that F(g) satisfies a second order linear ordinary differ-
ential equation whose general solution can be expressed in terms of

Modified Bessel Functions:
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1
Cz[AlIZv(KC) + A21-2v(KC)] for x >0

F(z) =9 1 (2.10-64)
l21%1B.K, (c|c]) + BT, (c]c])]  for x < 0.

K = on and {Al,Az,Bl and B2} are arbitrary constants to be

determined by boundary and continuity conditions. As t > 0, ¢ > +w,

(7)

As z > 4w

1

K, (2) = (37721 + 0(z™h)) (2.10-65)
1

I, (2) = (2= 2e?11 + o(z"h)]. (2.10-66)

In order to have a source only at x = Xyr we must set B2 = 0.

Continuity of p(x,tlxo) and the requirement that %% + fp must

never change sign leads us to the conclusion that if v # - % , then

R = (0; ). Correspondingly Bl = A2 = 0 and

1 1

2.1 2, 4
Bx~ (5 Bx2)
A, = 22 0 . (2.10-67)

bomab,g exd)

=V

Next, we show how symmetry aids us in the computation of
<x2>. In fact, we will be able to compute <x2> without recourse to
the computation for p.

For all of our computed solutions, (2.10-3') is invariant
under (2.10-37). Thus

2
1= f p(x,t|xo)dx (2.10-68)
r

1

is invariant under (2.10-37) .

(7)

G. N. Watson, A Treatise on the Theory of Bessel Functions,
Cambridge University Press (1922), 7.23.
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r
2
Hence 0= J lg(x,t) + %%]p ax. (2.10-69)

T

Substituting (2.10-37) into (2.10-69) we find that

x,
B sinh 28t J [xf(x) - 1l]lp dx
a1

= -8% cosh 28t <x2> + Bzxg + y sinh2gt (2.10-70)
T2 )

- - Ip - _1la 2 -
j [xf (x) 1llp dx = J x[f(x)p + §§]dx = 5 I <x“> (2.10-71)
T T

after integration by parts a second time and using the given partial
differential equation.
Furthermore, from (2.10-71) we see that
d
G <x>)

£=0 2[1 - Xof(xo)]. (2.10-72)

Substituting (2.10-71) into (2.10-70) we see that <x2> satisfies
the first order linear differential equation:

. d 2
B sinh 28t at <x“>

= 282 cosh 2Bt <x2> - Zﬁzxg - 2y sinhZgt. (2.10-73)

The solution of (2.10-72,73) is:

1 2
M(a+l,b,> Bx)) __—2Bt _
<x2> = -% —______Tg_—fg sinh 28t + % Y (1 e2 ) + xge 2Bt. (2.10-74)
M(arbl'z' BXO) B
We see that <x2> is bounded iff a = 0, i.e.,
Y = 4B(1+2v) (2.10-75)

and B > 0.
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This corresponds to forcing functions of the form

£(x) = % +B8x, a<1, B >O0. (2.10-76)
The solution is (R = (0; «)):
1 11 M-a)B o
2x 2% 72 e 2
p(x,tlxo)= Bx (T £l 31 (KD ————
o -(§+§a) V2 sinh Bt

Bt, 2

. exp[-% (1+coth Bt)(x-xoe- ) “1 (2.10-77)

2 sinh Bt ’

2 1- - -
x> = (33 (1-e72PY) 4 xZe728E (2.10-78)
and
lim x> = 22l (2.10-79)
t > «
For this solution
0 < a <1« "absorbing barrier" at x = 0,
a < 0 + "reflecting barrier" at x = 0.
The derived new integrals involving special functions result
from

J p(x,t]xo)dx = 1.
R



2.11. Green's Function 275

2.11. The Green's Function for an Instantaneous Line Particle Source

Diffusing in a Gravitational Field and Under the Influence of a

Linear Shear Wind - An Example of a P. D. E. in Three Variables

Invariant Under a Two Parameter Group

(1)

Neuringer found an analytical expression for the distri-
bution function corresponding to an instantaneous line particle
source impressed in a gravitational field with a background fluid
medium whose velocity field is linearly sheared. The governing equa-
tion is the convective form of Smoluchowski's diffusion equation:

>

2+ 7-@p) = 07 - V- (§ p) (2.11-1)

where p(;,t)df is the probability of finding a particle in the
region [?; ;+d?] at time t, D is the diffusion coefficient
(assumed constant), F is the external force acting on the dispersed
particles, a is the convective velocity and B 1is the Stokes viscous
drag parameter. For a gravitational field, the external force is
F = —cﬁg where the constant parameter ¢ takes into account
buoyancy effects. a = ay; is the velocity field corresponding to
the linear shear wind.

Due to invariance under translation in x, we can assume

that the source is located at x =0, y = Y- Note that {g} =L,

{95—} = {%} = T. Let d =55 - We non-dimensionalize the problem by
apbD ]

making the following change of variables:

Dropping the primes, we obtain:

(1)

Joseph L. Neuringer, "Green's function for an instantaneous line
particle source diffusing in a gravitational field and under the
influence of a linear shear wind", SIAM J. Appl. Math., 16(1968),
pp. 834-842.
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2 2
9P y 9p _ 9p _ 4|37p 4 37R| _ 0 (2.11-3)
it 9xX ay 2
4 Yy
with the initial condition
p(x,y,0) = 8§(x)6(y-y,) - (2.11-4)

Neuringer found the solution of (2.11-3,4) by first making a
change of variables so that the resulting coefficients are independent

of the "new" x and y. Using a double Fourier transform in the

new x and y, he reduced the problem to solving a simple first
order ordinary differential equation in the transformed variable. An
analytical expression was found for the double inverse transform.
Here we will show that (2.11-3,4) is invariant under a two-
parameter Lie group. Using each parameter in turn to generate a
functional form for the solution, we are able to reduce (2.11-3) to a
first order linear homogeneous ordinary differential equation in the

(2)

time (t) variable.

Say
* _ 2
pT =p + gg(x,y,t)p + 0(e”)
t* = t + eT(x,y,t) + 0(€2)
5 (2.11-5)
x* = x + ef(x,y,t) + 0(e%)

y =y + en(x,y,t) + 0(52)

leaves invariant (2.11-3).
We transform the various terms of (2.11-3) under (2.11-5)

. 1
and substitute P + 3 [pt+ypX py] for p

in the resulting 0(g)
XX

Yy

(Z)Andther way of finding the solution of (2.11-3,4): This system

represents a stationary, Gaussian, Markov process and moreover
corresponds to a linear (Gaussian) Langevin equation. Hence the
solution can be expressed in terms of its first and second moments
which are easily computable. In particular, these moments are
easily calculated from knowledge of the two-parameter group leav-
ing invariant (2.11-3,4) without finding the solution.
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thl pyt, ny, pxxr Pt: Py/ pX

equations for the infinitesimals g,1,§, and n:
0T _
Pyt 3% 0
oT _
pyt. W— 0
(2.11-6,7) =>
T = 1(t).
: an , 3E _
pxy' 09X + oy 0
H a_g_— a_n.=
Pyx® 9x oy 0
an
. - ! — =
Py ¢ T'(t) + 2 3y 0
2 2
(2.11-11) => 20 = 21 - ¢
Ay~ Y
2 2
(2.11-9,10) => 20 + 20 =
9xX oy
Hence
n=2%1'(t) - xy(£) + k(t)
where T(t),y(t) and «k(t) are arbitrary functions of t.

stituting (2.11-12) into (2.11-9,10), we find that

L
g = X8 4 yy(e) + a(e)
where A(t) 1is arbitrary.
. an an 99 , 9n _
py. T +y R + 24 5y + v 0.
Substituting (2.11-12,13) into (2.11-14) we see that

2

2dg (x,y,t) = %- [2y-T"] + xyY' - % [T'+2k'] + ¢ (x,t)

277

Then successively equating to zero the coefficients of

and p, we obtain the following

(2.11-6)

(2.11-7)

(2.11-8)

(2.11-9)

(2.11-10)

(2.11-11)

(2.11-12)

Sub-

(2.11-13)

(2.11-14)

(2.11-15)
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where ¢(x,t) is an arbitrary function of x and t.

(o>
Ty
+
L
oy

pX: —5'—& n—yﬁ+§§—2dﬁ+2yw=0. (2.11—16)
Substituting (2.11-12,13,15) into (2.11-16), we are led to:
v(t) = Tét) + M, M= const. (2.11-17)
and
x2 T
o(x,t) = - T [t"+T+2M] + x[§+M+K~A'] + K(t) (2.11-18)

where K(t) 1is arbitrary.

Summarizing our results so far, we have:

T=r1(t), & = > + %l + My + A(t), n = X%L - % [tT+2M] + «(t),

1 ' ]
2dg = y°[- — + % + %] + yl=«' - %—] + xy (5] (2.11-19)

21"t _M -+ X
+ x“[ 1 7 2] + x [k A+ 5 + M] + K(t).

Finally, we equate to zero the coefficient of p:

T
p: o[- 31— + % '] 4 yl=x" + k = A'] + xy[- 5 - M]
2, _ o'ttt g 4 I
+ x7[ ) 7 1 + x[k A" O+ > 1
]
+ [K' + ' + %_ + dt"] = 0. (2.11-20)

Equating to zero each of the bracketed terms in (2.11-20)
and solving the resulting ordinary differential equation we find that

the following 6-parameter group (A,B,C,D,E,F) leaves invariant

(2.11-3):
T = =27A, & = B[% t3 - t] + % Ct2 + Dt + E,
(2.11-21)
n = % Bt? + ct + D, g = %5 {B[x - yt - % t2] + C[-y - t] - D + F}.
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In order to leave invariant the source condition (2.11-4) we

must impose the following conditions on 1t,&,n,9:
T(t=0) = &E(t =0) =n(t=20) =0, g(O,yO,O) = 0. (2.11-22)

Substituting (2.11-22) into (2.11-21) we find that the following two-

parameter subgroup (B,C) leaves invariant (2.11-3,4):

T=0, €= B[% £ - 1] + 1 ct?,

2 ) (2.11-23)
- Bt _B t o
n=r-3 +C, g=33 [-yt + x = 5—] +t 53 [~y - t + YO]-

Next, we derive the similarity forms corresponding to each

of the parameters B,C.

Case I B=0,C#0

The corresponding characteristic equations are:

at _ , dx _ dy _ dp
= =2=-= = . (2.11-24)
0 2 7t P [—y-t+

t 5 [yt ]

The first two equalities of (2.11-24) lead to the invariants

(similarity variables) t and

= x - 3 yt. (2.11-25)

Substituting these invariants into the third equality of (2.11-24) we
obtain the similarity form
2
1 (Y'Yo)

- gg [yt

p = Fy(z],t)e (2.11-26)

where Fl is an arbitrary function of C; and t.

Case II cC=0, B#0

Here the characteristic equations are:
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d
g_t - = = ldYZ - (d% (2.11-27)
G tT -t 5 t i [2x - t7 = 2yt]
The corresponding invariants are t and
ooy o Xt Y . -
Z, X £ + 2 + (2.11-28)
The generated similarity form is:
Lo, 3x°
B E R S
P =F,(thtle t : (2.11-29)
Solving for x and y in terms of ;1 and C; we find
that
2(6-t%) 3t 6t . %
X = Sy + — Ty s == 5 [cl - gyl. (2.11-30)
t° + 12 t° + 12 t° + 12
Let
1 * t *
t, = [ T, = [N (2.11-31)
L2y 2 2412 2
Then
_ - - - 2 -
y = 6lc, - tgyl, x = 3tg, + 2(6 - t)g; , (2.11-32)
and, moreover, there exist arbitrary functions Gl and G2 such that
* _ * =
We now equate the similarity forms (2.11-26) and (2.11-29).

Using 5118y and t

of the equality with respect to - Then we find that G

the partial differential equation:

3G

l C
da—q-cl[zyo -6

1 2
r (t™ + 12)]

1

as the new variables, we differentiate each side

satisfies

(2.11-33)
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2
3z 3y, %
. - o (£%12) + =24
=> Fi(cy,t) = G = G(t)e (2.11-34)
where G(t) 1is arbitrary.
Hence
2 VoY 3¢’
R A
p(x,y,t) = G(t)e (2.11-35)

Substituting (2.11-35) into (2.11-3) we find that G(t)
satisfies the following linear homogeneous first order ordinary differ-

ential equation:

2
y
E e gt 5|+ 2 |5t - 25| |6- 176 (2.11-36)
£2412 £2 2412 (£2412) .
2 2
R e N
c* 4d g (e2412) 44t

=> G(t) = —=— |e (2.11-37)
/t2+12

where C* is an arbitrary constant.
Substituting (2.11-37) into (2.11-35) and combining terms
we find that
11 2 2
c** 1 [Ex—z(y+yo)t] (y—yo+t)

P(X,y,t) = — = exp|- % + (2.11-38)
d t(1+4t2/12) 4t

. * % . .
where C is an arbitrary constant.

As t »> 0,
2

. _ x2 (y YO)

c** 4dt 4dt

p e
t
Hence
* % 1
C = . (2.11-39)
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Problem 2.11-1.

Use the group (2.11-23) to compute <x>, <y>, <xy>, <x2> and

<y2> directly without use of the solution (2.11-38).

2.12. Infinite Parameter Groups - Derivation of the Poisson Kernel

All applications treated so far have heen concerned with Lie
groups with a finite number of parameters. Laplace's equation in two
dimensions is invariant under all conformal mappings, an infinite
parameter Lie group. This leads to difficulties in applications to
boundary value problems when trying to find a nontrivial subgroup
leaving invariant the boundary conditions. As an example we derive
the Poisson kernel which is the solution u(r,0) of
2 2,

+ % =0 (2.12-1)
r 0

V2u = 2—% +
r

%
o
(s3]

Ll
l

Q|
N

r

QL
(5]

with the boundary condition
u(l,0) = §(0). (2.12-2)
Say the Lie group

u + eg(r,0)u + 0(92)

u =
r* = r + eR(r,0) + 0(82) (2.12=-3)
0* = 0 + ™ (r,0) + 0(€2)

leaves invariant (2.12-1). Then the determining equations for the

infinitesimals g,R, and H are:

2 99 _ 42 ,R, _ -
s 55 v (E) =0 (2.12-4)
2_939 _ y24g - -
730 v 0 (2.12-5)
r

R R B

IR R _ 38 _ 4 (2.12-6)
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38 . 1 MR _ )
B LR, (2.12-7)
r
2
725 = o (2.12-8)
(2.12-6,7) =>
v2g = o, vz(g) = 0. (2.12-9)

Substituting (2.12-9) into (2.12-4,5) we see that

g = constant = X, say. (2.12-10)

Let

bl

(2.12-11)

Then the only restriction on S and B 1is that they are harmonic

conjugates of each other. Hence an infinite-parameter Lie group

leaves invariant (2.12-1).
Invariance of (2.12-2) imposes the following restrictions

on S and B :

S(1,0) =0 (2.12-12)
B(1,0) =0 (2.12-13)

EI=) _ _
A+ 30 (1,0) = 0. (2.12-14)

The general solution of (2.12-9) for S 1is

s = F(rel®) + G(re 19 (2.12-15)

where F and G are arbitrary twice differentiable functions of
their respective arguments. We assume that F and G are analytic
in an annular region centred about the origin containing the unit
circle r =1, so that we try a Laurent series expansion for F and
G about the origin.

Let z =re , z = re 9 hen
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©

Y oa z"

F(z) n

nZ t ) bnz-
n=0 n=1

el n fee]
cz + Jadz
n=o0 " n=1 "

G(2)

(1)

where f{a_,b_,c_,d_} are arbitrary constants.
n’“n’"n’"n

The condition (2.12-12) =>

n n . (2.12-16)

Hence

s= Ja(z"-2™) +b (z"-3Y (2.12-17)
n=1 n n

where {an,bn} are arbitrary parameters.

After using (2.12-6, 7, 13, 14) to solve for H , we are still
left with an infinite number of arbitrary parameters. Thus we con-

sider the subgroup for which only a; = a # 0, bl =b #0, i.e., we

consider

S=a(z -2 +b(}-
2

z). (2.12-18)

Let o = -i(a+b), B = a - b, then

R = o sin 6[r? - 1] + 8 cos O[r? - 1]. (2.12-19)
(2.12-6,7,19) =>

B = -a cos O[r + %] + B sin O[r + %] +u (2.12-20)

(1)

This infinity of constants forms an infinity of parameters of the
Lie group.
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where y 1is an arbitrary constant.

(12.12-13) => uy = 2a.
(12.12-14) => X = -28.
Hence the following two-parameter (a,R) subgroup leaves in-
variant (2.12-1,2):
g = -28

o sin O(r? - 1) + 8 cos O(r? - 1) (2.12-21)

o]
I

B=al2 - cos 0(r +3)] + B sin 0(r + 3).
The characteristic equations corresponding to o(B = 0) are:

%; - dr — = [ 40 . (2.12-22)
sin 6(1 - r®) - (r + ;)cos 0 - 2

The similarity variable ¢ 1is the integral of the differential equa-
tion

2.
dr _ (1 -r%sin® (2.12-23)

(r + l)cos 0 - 2
r

which is linear for the dependent variable y = cos 0, and independent

variable r, namely,
1) W s %)y - 2. (2.12-24)
Solving (2.12-24), we find that the similarity variable is

1 - r2
T = 5 (2.12-25)

1l -2r cos o +r

so that the resulting similarity form is

u = A(g) (2.12-26)

where A(gz) 1is an arbitrary function of «t.

Corresponding to the one-parameter (B) subgroup u must
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satisfy the first order p.d.e.

2 au 1 . ou _ _
(r™ = 1l)cos 0 Fra + (r + ;) sin © ¥ - -2u. (2.12-27)

Substituting the similarity form (2.12-26) into (2.12-27) we find that

A(z) satisfies the differential equation
2 —2r (1 - r®) (2 cos @ - 2r)
[(x® = 1l)cos 0] 5 + 55
1l - 2r cos O + r (L - 2r cos 0 + ")
F 1 . 2 .
(r + ;)(51n 0)(1 - r”) (-2r sin 0) aA
+ 5 ac + 2A = 0. (2.12-28)

(1L - 2r cos O + %) ¢

Collecting terms, and, expressing the coefficients of (2.12-28) in

terms

Hence

where

(2.12-

Hence

2.13.

of ¢z =
dA _ -
- i + A =0. (2.12-29)
A(g) = ct (2.12-30)
c 1is an arbitrary constant.
2) leads to
I
€= o7
the Poisson kernel is
2
=1 1-r . -
u(r,0) = 54 5 (2.12-31)

1 - 2r cos O + r

Far Field of Transonic Flow

The far field of a slender body of revolution is given by a

similarity solution. The special reasoning applied in this non-linear

problem is instructive and the basic ideas are sketched here. For

more details the interested reader should consult Guderley's book.

(1)

D

G. Guderley, Theorie Schallnahe Stromungen, Springer-Verlag, 1957.
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If a slender body of revolution flies at the sonic speed, the
main part of the flow field can be calculated from the solution of the
inviscid compressible flow equation.

If the body shape is given by
r=26F(x), 0<x <1, (2.13-1)

where § 1is the body thickness ratio and F(x) 1is the shape function

(cf. Fig. 2.13-1)

r
A d
U = velocity r velocity
—_— \,\(\e components
] e P
Mp = Mach number S /\
= | J\ 7 \ Mach lines
25 SN
VRV
/ . ‘/\rr=8F(x), body shape
— X
0 |

Figure 2.13-1

then the velocity potential can be expanded in an asymptotic perturba-

tion series:

o(x,r; 8) = Ulx + 626 (x,E) + ---},

Re

= dr. (2.13-2)

The contracted coordinated T is used because of the large lateral
extent of the perturbation field. The perturbation potential ¢ (x,r)

satisfies the basic transonic equation

(Y1) o 0 = b2z + 5 0

XX rr

R

r
(2.13-3)
(y = ratio of specific heats = 7/5 for diatomic gases).
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The boundary conditions are:
tangent flow: lim f¢f(x,f) = F(x)F'(x).
r->20

(2.13-4)
uniform flow at infinity: ¢ - 0 at = .

(cf. Fig. 2.13-2)

[4
é@
0@ \:\
subsonic Q°0
2
e — X
0

Figure 2.13-2

The equation (2.13-3) is of changing—elliptic in the subsonic

region ¢X < 0 and hyperbolic in the supersonic region ¢x > 0.

Since the equation is non-linear the location of the sonic line is not
known in advance of the solution of any given flow problem. In the
hyperbolic region the characteristics, which correspond to Mach waves

(weak expansions and compressions) are given by

g_}r{ S S (2.13-5)
V(y+1) o,

The qualitative features of the solution appear in Fig. 2.13-2. The
shock wave respresents a jump in O rdzi the jump conditions are found

from the integral form of (2.13-3), but this tail shock plays no
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direct part in the considersations here which concentrate as the flow
over the upstream half of the flow field.

The asymptotic field as ¥ » = is of importance both for a
basic understanding of transonic flow and for numerical work. In the
far field the forward part of the body can be regarded as being con-
centrated at a point and a solution of similarity form is sought.

The basic equation (2.13-3) is invariant under the stretching

transformations:

X" = ox, ¥ = BY, ¢ = a”B “o. (2.13-6)

This stretching leaves the origin invariant.

There is also translation invariance and x may be replaced
by x - X since the origin is not really fixed in the far field. By
regarding B = B(a) with o = B = 1 the identity element we can
consider a one parameter group of transformations. From the in-
finitesimal form of this group we can deduce the required similarity

form. If,

o =1+c¢, 6(a)=1+8'(l)e=l+%e (2.13-7)
the infinitesimals of (2.13-6) are
x* = x + ef; £ =x
¥ = F + ep; p = ¥/k (2.13-8)

2
" = ¢ + eg; ¢ = (3 - E)¢'
The characteristic equations of the invariant surface condition are

=xdr . __do_ | (2.13-9)
r

2
(3 -2

The integral of the first two of (2.13-9) defines the similarity co-

ordinate
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(2.13-10)

Y
]
Ht‘x
~

and the integral of the last two of (2.13-9) along the curves

¢ = const. yields the desired similarity form

~3k-2

o (x,%) = £7:I_ £(2) (2.13-11)

(the factor Yy + 1 1is inserted for convenience). The parameter k
is unknown at present, but must be found from physical reasoning. The

ordinary differential equation for f(gz) is

2,2 _df, d7E 5y L ogy g_i_+ (3k - 2)%f = 0. (2.13-12)

For k > 0, the similarity coordinate covers the (;,x) plane with

-0 < [ < o (cf. Fig. 2.13-3).

\
7
;w
<$
$
<
.\o°’
N
&
C' —=— X
Note also that
~2k=2
a ¢ + —_ r ] -
X (x,%) = I £'(z) (2.13-13)

so that k < 1 if we want ¢X -0 as ¥ - » along ¢ = const. The
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sonic line has f'(g) = 0 at ¢ = C* for example. ©Note also that the
origin is not really fixed with respect to the near field; in (2.13-12)
X can be replaced by x - Xge That the far field should be repre-
sented by a singularity near the origin is not a surprising idea,

when the far field expansion of linear equations, such as Laplace's
equation, is considered. Finally, note that the ordinary differential

equation (2.13-12) also admits a group of transformations

£ =vu'f, © = utg. (2.13-14)

This has two consequences; first of all by a choice of invariant co-
ordinates as expressed in Part 1, the equation can be reduced to a
first-order equation (plus a quadrature); secondly if a solution for
any f(z) is found then u3f(§) is a solution (cf. §2.6). This
scale U cannot be found from far field considerations alone, but has
to do with matching to the near field.

There are really no boundary conditions. The solution is
sought which is regular as (¢ + -», equivalent to one boundary con-
dition. The essential physically significant condition introduced

(2)

by Guderley is that there exists a limiting Mach wave, a

characteristic which is asymptotic to the sonic line ¢ = c*. The
limiting characteristic can be assigned the value ¢ =1 (in view
of the remarks above) and that part of the flow =-» < g < 1 is in-
dependent of the flow in ¢ > 1. The flow in ¢ > 1 can be
constructed, for example, by the method of characteristics. This

condition fixes the value of k and defines the far-field solution.

The limiting Mach wave condition becomes, from (2,13-5)

~

-1 = X_ dr _ 1 =1 . -
g =1-= fk " dx Tk X (2.13-15)

(Z)Ibid.
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Thus

£1(1) = k2. (2.13-16)

Note that the coefficient of £"(z) in (2.13-13) vanishes at the

limiting characteristics. The expected course of £f(z) 1is shown in

Fig. 2.13-4.
f(€)
%*
¢ {
|
| |
I
Figure 2.13-4
By studying the expansion of (2.13-13) near ¢ = -%, we can show that

the desired solution has

- (2-3) L
£(z) = a,(-T) {1+ 0=},
C
(2.13-17)
1
(v+L) ¢ (x,X) = a, 5
E -3
(-x)
Physically realistic possibilities must be in the range 0 < k < % .

Invariant coordinates corresponding to the group (2.13-14) can be

chosen to be
af
3 . (2.13-18)

Thus
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ds %E (2.13-19)

which provides the mapping from an integral curve in the (s,t) plane
to the physical coordinate ¢. The first-order differential equation

which results from (2.13-12) is

at _ 2t? - k(4-3k)t - (2-3k) s

ds (£-3s) (K>-t)

(2.13-20)

The singular point at the origin in the (s,t) plane corresponds to

g > = in (2.13-17). The path must be an exceptional one at the
origin which then crosses ¢ » 0- as s » 4+, t » =» and then re-
appears at s > -», t > - as 7 »> 0+ . The path must then cross the

sonic line at t = 0, s < 0 and run into the singular point

which corresponds to the limiting Mach wave. (See Fig. 2.13-5). The
singularity at the origin is a node while that at the limiting Mach
wave is a saddle. All conditions can be met only for one value of k
and Guderley showed by numerical integration that k = 4/7.

If an integral curve crosses t = k2 at other than the
singular point, the mapping to ¢ +turns around (limit line) and the
solution is physically unrealistic. However, later work by Randall(3),
Szaniawski(4), Muller and Matschat(s) was able to provide a closed
form solution for this exceptional path and show that k is exactly

4/7. The choice ¢ = 1 at the singular point of the limiting Mach

wave fixes the ¢ for the solution by the quadrature (2.13-19).

(3)
(4)

Randall, D. G., Private Communication, 1965.

Szaniawski, A., Two Parametrical Forms of the Self-Similar Transonic
Guderley-Frankl Solution, Z.A.M.M., 47:342, No. 5, 1967.

5), . . . - .

( )Muller, E. A., and K. Matschat, Ahnlichkeit Losungen der Transonicher
Gleichungen bei der Anstrom Machzahl I.
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Figure 2.13-5

Phase Plane

As a result of these references Guderley(61 and later workers
are able to re-interpret this far-field as the first term of the
asymptotic field for the exact equation for ¢, and to develop sub-

sequent terms.

(6)Guderley, K. G., and M. C. Breiter, The Development At Infinity of

Axi-symmetric Flow Patterns with a Free Stream Mach Number of One,
U. S. Air Force Aerospace Research Lab., Dept. 66-0066, April, 1966.
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Problem 2.13-1

For the two-dimensional transonic equation of the form

(in suitable units)

X "XX vy
show that if
x* = x + €&
y* =y + en
u* = u + ev
then
£ =oax + B o,B,0,u,8,\ arbitrary
n=o0y+ u
v = (30=-20)u + 8y + A

Thus carry out the necessary integrations and determine the general

similarity form of ¢(x,y).

2.14. DNonlinear and Other Examples

In this section we look at the examples of nonlinear heat
conduction and the nonlinear wave equation. The aim is to classify

these equations with respect to group invariance.

Nonlinear heat conduction

We consider the equation of nonlinear heat conduction(l)’(z),

9 du| _ du _
5‘)‘(‘ [K(u) B_X] = _t (2.].4 1)
(l)L. V. Ovsjannikov, Gruppovye Svoystva Uravnenya Nelinaynoy Teplopro-
vodnosty, Dok. Akad. Nauk. CCCP, 1959, 125, 3, p. 492.
(2)

G. W. Bluman, Construction of Solutions to Partial Differential
Equations by the Use of Transformation Groups, Ph.D. Thesis,
California Institute of Technology, 1967.
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with boundary conditions

u(x,0) =0, (2.14-2)

u(o,t) = £(t). (2.14-3)

K(u) represents a nonlinear heat conductivity, i.e., K(u) # const.
We find the groups leaving invariant (2.14-1) and the corresponding
{K(u)} and in turn find the subgroups and {f(t)} for which the sub-
groups leave invariant (2.14-2,3).

First we consider the invariance properties of (2.14-1).

Say the Lie group of transformations

u + en(x,t,u) + 0(82)

u -
t* = t + eT(x,t,u) + 0(e2) (2.14-4)
x* = x + e£(x,t,u) + 0(82)

leaves invariant (2.14-1). Then it is easy to show that for any K(u)
T. =& =1_=0. (2.14-5)
The remaining determining equations are

£, + 2K'(u)nX - K(u)EXX + 2K(u)nxu =0 (2.14-6)

t

K(u)t'(t) + nK'(u) - 2K(u)£X =0 (2.14-7)
K'(u)t'(t) + K'(u)nu + nkK" (u) - 2K'(u)€x + K(u)nuu =0 (2.14-8)
K(u)nXX - e T 0. (2.14-9)

Solving (2.14-7) for n and substituting this result into (2.14-9)

we find that

£ = % T'(t) + ax2 + bx +¢c, T =1(t), n= if?i)

(4ax+2b) (2.14-10)

where a,b,c are arbitrary constants. Substituting (2.14-10) into

(2.14-8) we find that if one of a, b # 0 then necessarily
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n

() =0 (2.14-11)

K(u) = A (utk)” (2.14-12)

where \,k,v are arbitrary constants if one of a, b # 0.

Finally substituting (2.14-10) into (2.14-6) we obtain

Xoan(e) 2aK(u)I} - ﬂﬂlK—(glJ = 0. (2.14-13)
(K' (u))

Three cases arise.

Case I (invariance under a three-parameter (a,B8,Y) group)

K(u) arbitrary

E=8Bx+ 7Yy, T =20+ 28t, n = 0. (2.14-14)

Case II (invariance under a four-parameter (a,B,Y,8) group)

K(u) = A(uatk)”’

E =Bx + vy + 6x, T =20 + 2Bt, n = %§ (u+k) . (2.14-15)

(A limiting case here is K(u) = Xevu.)

Case III (invariance under a five-parameter (a,B,Y,8,p) group)

4
K(u) = A(utx) >
- 2
£ = Bx + Yy + 8x + px
T = 20 + 2Bt (2.14-16)
3
n=-3 § (utk) = 3px (utk) .

Now we consider the boundary conditions (2.14-2,3):

Invariance of t =0 =>a = 0.
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Invariance of x =0 =>vy =0,

Invariance of (2.14-2) => « = 0 in Cases II and III.

Invariance of (2.14-3) =>

n(0,t,£(t)) = 1£'(t). (2.14-17)
Hence
Case I: f(t) = constant = 1, say.
Case II: f£(t) = CtP (2.14-18)
where B,C are arbitrary constants. (8§ = BVB)
Case III: £(t) = Ct® (2.14-19)
where B,C are arbitrary constants (8 = BvB). 1In this case the

problem appears to be invariant under a two-parameter subgroup (B,p).
However, this case is meaningless since the corresponding differential
equation does not make sense when u = 0.

We now examine Cases I and II in more detail.

Case I K(u) arbitrary, f(t) = 1.

The characteristic equations are:

= = == = == (2.14-20)

=> the similarity variable is

(2.14-21)

and similarity form for the solution

u = F(g). (2.14-22)
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Substituting (2.14-22) into (2.14-1), we obtain the following ordinary

differential equation for F(g):

d dr, ¢ dF _ -
ac (K (F) ) + T 0. (2.14-23)
The corresponding boundary conditions for F(g) are:

F (=)

I
o
~
&)
o
]
=
.

Case II K(u) = Au’, f£(t) = Ct

The characteristic equations are:

ax dt _ du

(I+vB)x _ 2t  2Bu (2.14-24)
=> the similarity variable is
-— X ° -
T = —<BFI (2.14-25)
£ 2
(Assuming VB > =1, t = 0 «> g =®, x = 0 «> ¢ = 0.)
The corresponding similarity form for the solution is
_ .B
u = t F(g). (2.14-26)

Substituting (2.14-26) into (2.14-1), we find that F(z) satisfies
the o.d.e.:

v dF vB+1 dFr
a’ t 2 tag

- BF = 0. (2.14-27)

F(z) satisfies the boundary conditions:

F(e) =0 (B >0), F(0) =C. (2.14-28)

Note that the one-parameter (u) group of stretchings

t* = ug, F* = uz/VF (2.14-29)

leaves invariant (2.14-27).
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We show how invariance of (2.14-27) under (2.14-29) can be

used to convert the given boundary value problem to an initial value

problem.
Let
z = % , Glz) = F(3). (2.14-30)
Then (2.14-27,28) become
2t @2t G - (Bt -6 = o (2.14-31)
with boundary conditions
G(0) = 0, G(») =C. (2.14-32)
(2.14-31) is invariant under the Lie group
2% = uz, 6* = u 2. (2.14-33)

Say G = g(z) 1is a solution of (2.14-31) satisfying the initial con-

ditions
g(0) =0, g'(0) = 1. (2.14-34)

Integrating this solution out to «, say

g(») =g # 0. (2.14-35)
Invariance of (2.14-31) under (2.14-33)
=> for any u (cf. §2.6)

G(z) = v2 Vg (uz) (2.14-36)
solves (2.14-31).

c(=) = u?Vg_, c(0) = o.

Choosing u to be such that
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we see that (2.14-36) solves (2.14-31,32).

Nonlinear wave equation

Problem 2.14-1

= (<
u—(g)

v/2

[

Consider the nonlinear wave equation

where c(u) # const.

3%u 3%u
2~ ¢ W

ot X
Say the Lie group

u* = u + en(x,t,u)
x* = x + eE(x,t,u)
t* = t + eT(x,t,u)
leaves invariant (2.14-38). Show that
(i) c(u) arbitrary =>
n=20
= a x +
g€ 1 a2
T=oat+a
1 3
(i)  c(u) A (utk) Y =>
n= a4(u+K)
£ = alx + uz + a4vx
T= oa,t + a

+

0(e?)
0(52)

0(e?)

(2.14-37)

(2.14-38)

(2.14-39)

(2.14-4n)

(2.14-41)

301
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(iii) c(u) = )\(u+|<)2 =

n = a4(u+K) + asx(u+K)
2
= + + 2 + -
£ otlx oc2 a4x 0L5x (2.14-42)
T = t +
S

where ul,az,...,as are arbitrary constants.

Other examples

Problem 2.14-2

Consider Laplace's equation in n > 3 dimensions:

T
] <<% =o. (2.14-43)

n=1 9x

(i) Show that if the Lie group

u®™ = u + euf(xl,xz,...,xn)
(2.14-44)
X;=Xi+ E‘Ei(xllxzr-o-lxn)r i=1,2,...,n
leaves invariant (2.14-43) then
n
£ = (2-n) ] vy, X, + 8
k=1 k“k
n no, ?
€. = a; + ) B..X. = Y. ) Xi + 2%, y.X. + Ax, (2.14-45)
i i j=1 1373 i 521 3 i 321 373 i
i=1,2,...yn
where B8.. = -f.., i, j =1,2,...,n.
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The subgroup corresponding to & = 0 1is called the conformel

(n+1) (n+2)
2

group and contains parameters.

(ii) Consider the Lie group (2.14-45) in n = 2 dimensions.
Prove that in the (Xl'XZ) plane this group is the well-known Mdbius

(bilinear) group, i.e., the six-parameter group of transformations

_az + b

M) = va

ad - bc # 0

+ ix,.

where 2z = Xy 2

2.15. Construction of Partial Differential Equations Invariant

Under a Given Multi-parameter Group

In this section, we consider the problem of finding the most
general partial differential equation invariant under a given multi-
parameter Lie group. We restrict ourselves to second order partial
differential equations with two independent variables but the method
applies in general. The construction of all ordinary differential
equations of first or second order invariant under a given one-

parameter group was discussed previously in §1.15 and §1.17.

Construction of Partial Differential Equations Invariant

Under Subgroups of the Group of the Heat Equation

Consider the infinitesimal operators (cf. (2.7-14)) of the
Lie group leaving invariant the heat equation. From the commutator
table we see that invariance under subalgebras generated by the fol-

lowing operators can be considered:
CEY C5) (%) (5D, (XD, (%), (&, 5,

Cx. %, B), (%, 5, 50, (%, 5, &, &),

R, R, LX), X, %), (X, E), 0%, %, kD,

4 1’
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(%, 0%, E), (R, X

1 4 6 bo d xl' x

3 Ly, £,

5

X, ¥, (%, %, %), (%, %), (X, X

2" 73 4 3 5 xG}'

4’

z}I { I I}I { x3l x}l { x3l xl x}l

2" 75 2" 76 4 4 5

4,0 %), (%, %), (%, %

CE,x), X, %, %), (K, XD, (X, X

3’ 5’ i6}' t I3' 16}'

Each of these thirty-four subalgebras is a Lie algebra and

(1)

these are the only subalgebras of the Lie algebra of the group

leaving invariant the heat equation. Recall that the Lie algebra of

the heat equation is generated by { X,, X §5}. Various chains of

ll 2!

subalgebras can be constructed, for example

(1) {EIC L%, L)CLE, &, £} C{ L, %}
(2.15-1)
C L%, %, %) C{ %, %, %}
(1) (%) C (%, ) C %, &, %) C U %, ¥, %)
(2.15-2)
C{%, %, ) C{ X%, %, %)

Each subalgebra leads to a class of partial differential equations
invariant under it. If subalgebras & and % are members of the
same chain, & C 4%, then a partial differential equation invariant
under subalgebra 4 is also invariant under subalgebra .

We now construct the most general partial differential equa-

tion of the form

U, = H(x,t,u,ux,ut,utt,uxt) (2.15-3)

invariant under a given Lie algebra. We illustrate the method by

(1)
A subalgebra,f/*, of a given Lie algebra % is a subset of &

such that % forms a Lie algebra under the operations allowed in &
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considering each member of the chain (2.15-1). Before proceeding we
must calculate the infinitesimals of the extended transformations

(cf. (2.1-19) et seq.) } for the group (2.7-12)

{nxmt'nxx,ntt,nxt
of the heat equation,

- on an _ 3¢
Ny = 3x (Bu Bx)ux
e vEur 223wy - stk u+ Lxul 4w - gu
AP 4 2 x 2 2 X% x x
- on on _ 3t - 3¢
e T3 T Gu T s % t x
_ gl x2 |5 - sk i}
= Y{f u+ [+ 3 t]ut + xux} 6{2 xu, + ux} + Aut 2Bu,
2 2
_93%n 37n on _ 5 3¢
Nyx = %2 * 2 3530 u, * (Bu 2 Bx)uxx
X
= (L 12,5 - 1
- Y{2 u Xy + [4 x4 2 t]uxx} G{ux + 2 xuxx}
+ Au - 2Bu
X XX
2 2
= 9°n 9 1 an _ , 3T - o 9&
Ne [atau atz] et GGy T2 380 % T 2 3% Ykt
- _ 1.2.9 - sl
= -y{3u_ + [4 x4 tlu, 4 2xuxt} 6{2 Xu o+ 2uxt}
+ Autt - 4Butt
2 2 2
_3%n 3°n _ 3%t dn _ 3E _ 3t - 38
Nyt = 3xdu “t + (Btau Btax)ux + (Bu 9x at)uxt t Uxx
= —yfl 3 1.2 .7
= -v{35 xug + Fu o+ [7 x4 5 tlu 4+ xuxx}
(i u, +Lixu . +u_ )+, - 3Bu (2.15-4)
2 't 2 Xt XX xt xt* ‘

From the point of view of finding a partial differential equation in-
variant under a given group, H in (2.15-3) must be considered as a

function of seven variables, namely:

X = X, X, = t, Xy = U, X, = Uy Xg = Uy
Xe = Uiy and Xy = Uy o- (2.15-5)
Let X, = U

8 xx"*
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Let

X., i.e.,

1

Then for the

]

Let

simal operators corresponding to the parameters

respectively

2. PARTIAL DIFFERENTIAL EQUATIONS

Xi be the infinitesimal transformation associated with
x¥ = x4 oexg + 0(eh), i=1,2,...,8.
group (2.7-12)
K + yxlx2 + 6x2 + Bxl
o + sz + 2B8x
2 2

1 .2 1 1
YIg xp + 3 Xplxy = 7 Sxyxg 4 Axy
—vii 1.2,.3 -1
Y{5 X Xq + [4 ] + 3 x2]x4} 5 6[x3 + xlx4] + Ax4 Bx ,
vl 12,5 - 1
Y{z X4 + X X, + [4 X7 + 5 x2]x5} é[x4 + 3 xlx5]

+ Axs - ZBX5
1 .2 9 1
Y{3x5 + [Z x] + 5 x,]x. + 2xlx7} - 6[7 X Xe + 2x7]
+ Xxs - 4Bx6

3 1 1l .2 7
TYIZ Xy G XX F (T ] ¥ g xplxg 4 xyxg)
-6[l X, + L X.X, + x,]1 + Ax, - 3Bx

2 75 2 7177 8 7 7
-y (L 142,35
Vi3 X3+ xyxy 4 [F x] + 5 xoIxg)
- 6[x4 + 5 lx8] + Axs - 28x8. (2.15-6)

ii, i=1,2,...,6, denote the twice extended infinite-

(cf. (2.7-14)).
9

axl
A

sz

8

3
L X5 5
j=3 J BXJ

K,0,A,B,Yy, and

Then from (2.15-6)

$



2.15.

1

-l x
1

4t 7 *%s5]

x, + 2x7

+ [x, + 1

4t 3 ¥1%g]

X

Invariant Partial Differential Equations

3
3 8x3 +
9
8x5

)

1
1 =0
8x6

1
t I3 x5+ 5 X%

)
3x8}'
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(2.15-7)

The extended infinitesimal operators have the same commutator table

as the unextended ones.

Thus they have the same algebraic properties.

We are now ready to find the most general class of second order

partial differential equations of the form (2.15-3) for each member

of the chain (2.15-1).

In general (2.15-3)

is invariant with respect to

%

Ii{x8

whenever

We consider each member of the chain (2.15-1)

- H(xl,xz,...,x7)} =0

Xy = H(xl,xz,...,x7).

8

iff

(2.15-8)

in turn and find the
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corresponding class of partial differential equations invariant under
it.

(i) {xl}.

The condition (2.15-8) implies that

X 0. (2.15-9)

Hence, the most general partial differential equation of the form

(2.15-3) invariant under {Il} is

Xg = 27(x2,x3,...,x7) (2.15-10)
where ¥ is an arbitrary function of {xz,x3,...,x7}.
(i1) { ¥, L}

(2.15-8) ==

9

%, = 0. (2.15-11)

Q)|

Hence the most general partial differential equation in-
variant under ({ Il, xz} is

Xg = ?(x3,x4,x5,x6,x7) (2.15~12)

where ¥ is an arbitrary function of {x3,x4,...,x7}.

(iii) | il, X}

X, ATt (2.15-13)

Solving (2.15-13) we find that the most general partial differential

equation invariant under { il, 12, I3} can be expressed in the form
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X X
= 4 75 76 77 -
Xg x5£t/ {X3, , r oz } (2.15-14)

where & is an arbitrary function of its arguments. Let Xl = ;3,
3

X5 6 %7
A, = —, A\, = —, A\, = — +« Then (2.15-14) can be written in the form
X4 3 x3 4 X3

Xg = xsﬂf(Al,Az,A3,A4)- (2.15-15)

(iv) | X, 16}-

The invariance condition (2.15-8) implies that & must

satisfy the partial differential equation

z{xs - xsd/} =0 where x, =x_&. (2.15-16)

After considerable manipulation (2.15-16) reduces to the following

partial differential equation for & :

_ K4 3 3
(2.15-17)
P20 +1) 2.
2 8A4

The corresponding characteristic differential equations are:

L ‘;”1 } ;“z } ‘;i% - e’ — - (2.15-18)
& 2 2 274 >\2($‘1/ + 3)
)
1 1 Ay

The invariants generated from the first and second equalities of

(2.15-18) are easily found to be

= - 52 = - -
My o= AZ Al and My (& l)lz. (2.15-19)

Substituting the expressions (2.15-19) into
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@y ar,
Mo+
2 A 2
2x; .
1
ax
— L= am,
Az(ﬂf +3)
ax
—> 4 - = 2a),
(U, + )\2) .3_ + __fl___.
1t M3 Y
] 1
_ _ 2
—> ar, = 3G, + 23 + 2u,)a).

Hence the third invariant is

3
(3ul + 2u4)A1 - Xl

Substituting (2.15-19,20) into

Hence the fourth and

2
+ ZAlA

A3

H3 2
Hence the general solution of

(2.15-18) 1is

;V(ul,

4

where

to solve for

is an arbitrary function of

A

4 A A

271

3 .
+ 2Al - 2ﬁfAlA2. (2.15-20)

3
[(12ul + 8u4)>\l + 4Al

+ 4u2]dkl.
final invariant is

- 44X

4 2
32 1 12¢¢kle (2.15-21)

4

the characteristic differential equations

uz,u3,u4) (2.15-22)

“1'“2'“3 and u4. In order

& there are three major subclasses of solutions of
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(2.15-22) of interest. (?)
Case I Hy = T gy )
- Xg = Xg + x3_71(p1,u2,u3). (2.15-23)
& !
uz and u3 depend on =1+ _X;'
An interesting subcase is
]*
x8 = Xg + x3 l(ul) (2.15-24)
*
where J’l is an arbitrary function of M-
Case II H, = 7, (HyrH3rHy)
2
XX X
=173 _1 4 _ 1 -
- Xg = 3 %, 7 X5 * — 5 (2.15-25)
3
Here Hy and My depend on
2
& = A4 -1, ﬁ - 7
2A1A2 2 2 2A1A2
An interesting subcase is
1%7%3 1 xi 1 xg *
X8 =§—-——x - E‘XS +X——- _2_X ]2(111) (2'15—26)
4 3 4
where 47; is an arbitrary function of My-
Case III uy = Folugsuy,uy)
1 szg 1 1 Xfx
- ¢ T 1272 "6 T1x,
4 3 (2.15-27)
1 1 T3
3 X, 12 2 3°
*4
(2)

entiable functions of their respective arguments.

The generated functions #,, #,, and _Jg are arbitrary differ-



312 2.

Here My and Hy depend on
A A2 A Z
gy=_i__+l_£_k_lxi_ 3
2 6 4 A 3 A 2
lZXZXl 2 172 12X2A1
An interesting subcase is
1 x6x§ 1 1 xz 1 ¥9%3 1 xg "j
X¢ =17~ 2 Y§% "Ix T3 x "122 3¢
X 3 4
4 4
*
where J'3 is an arbitrary function of ;.

vy (%, X 16}

Here we will only consider Case I of (iv).

condition (2.15-8) implies that Jﬁ must satisfy
14{x8 - Xg < X, J&} = 0.
(2.15-29) reduces to
87 87 87,
27 = 2u) g+ duy g 3N EITS
uz .2
Letting vy = —> v2 =3 we find that
Ul Ul
P = A vpev))
where /a is an arbitrary differentiable function of

\Y

1

PARTIAL DIFFERENTIAL EQUATIONS

(2.15-28)

The invariance

(2.15-29)

(2.15-30)

(2.15-31)

and v2.

Hence the corresponding invariant partial differential equation is

Xg = Xg + x3u1d!i(vl,v2).

Problem 2.15-1

Corresponding to Cases II and III of (iv)

general partial differential equation of the form (2.15-3)

(2.15-32)

find the most

invariant
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under the group generated by the infinitesimal transformations

{ I2' I4I IG}.

(vi) | !l' “{2’ 15}, the full group of the heat equation.

To find the most general class of partial differential equa-
tions invariant under the full group (2.7-14) of the heat equation it
is easier to apply is to the most general partial differential
equation (2.15-12) invariant under the subgroup corresponding to the
generators { Il’ 12}. The invariance condition (2.15-8) leads to
2 (x3,x4,x5,x6,x7) satisfying

Y
X {xg - g1 =o0. (2.15-33)
Substituting ¥ for xg in (2.15-33), we find that & satisfies

the partial differential equation

2x4 + 4x.x, + xig +10x2?= (xix3 + 2x,%,) g—}‘?;
+ (2xlx3 + xix4 + 6x2x4) %% + (2x3 + 4X1X4 4}~x§x5 + 10x2x5) gf—;
+ (l2x5 + X]2.X6 + 18x2x6 + 8xlx7) 3—%
+ (6x, + 2x;%g + 4x19 + xix7 + 14x,%.) %}% (2.15-34)

(2.15-34) must hold for any values of X4 and X, since 2

does not depend on Xq and Xy Hence treating (2.15-34) as a poly-
. . L s 2 o

nomial in Xq and x2, the coefficients of xl,xz,x1 and xl must

be set equal to zero. Hence ¥ must satisfy simultaneously the

four partial differential equations:

2
g = 1x gxi (2.15-35)
j=3 J
_ VY K2 tE2 09 39
59 = X4 —XB— + 3%, T4 + 5xg 'a'% + 9%, —Xg + 7x, E (2.15-36)
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_ 52 Y 3¢
X3 = X3 W + 6X5 'a—x— + 3X4 BT (2.15—37)
5 6 7
_ 3y 3 Y 39y 39
2x4 = X3 o + 2x4 o + 4x7 oo + (x5 +29) e (2.15-38)
4 5 6 7
Solving (2.15-35,36) we find that ¥ reduces to
G = x Wuyuy0u,) (2.15-39)
3 2
XX, X X3 XoX3
where Hy = 5o W,y = 7 My = 3 and & is an arbitrary func-
X X X
4 4 4
tion of its arguments.
(2.15-37) requires that & satisfy the equation
_ 3 23 3 _
1 2 3
and (2.15-38) leads to & satisfying
" 2, o 3
1- &= (u - u)) Wl'+2“l(”3_“1) 3,
1 2 3 X4
+ [(f + hf)ul -3 “3“1] 53; . (2.15-41)
Solving (2.15-40) we find that
& =1+ ZleB) (2.15-42)
M1
where
=, - 3 B =, - 3u
a = g Wy My Hy
and ¥ is an arbitrary differentiable function of o and B8. Sub-
stitution of (2.15-42) into (2.15-41) leads to
2 3.7 4 .7
M1 55 ~ M3+ ¥ -3 53
0 F 3 3T _ _
+2uw+(]-§a)§a——o- (2.15 43)

Since ul is independent of o and B8, (2.15-43) is a polynomial
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in My whose coefficients are independent of u;. Hence %gi =0
and _F(a) satisfies the ordinary differential equation
3 a7 - -
(F §a~3)aa—+.7—0. (2.15-44)

Problem 2.15-2

Find a one-parameter Lie group leaving invariant (2.15-44)

and hence show that its general solution is

J’3

(2F -2 - a)

5 = const. (2.15-45)

Hence the most general partial differential equation of the form

(2.15-3) invariant under the group of the heat equation is

2
u
= X -
Upe = Uy + 3 F(a) (2.15-46)
where
2
u uxt _ 3uut
“ =73 2
u
X X

and F(a) satisfies (2.15-45). 1In particular, the heat equation
corresponds to the case where the const. = 0 in (2.15-45). Show
that if the const. # 0 then the right hand side of (2.15-46) is not
a polynomial in the derivatives of wu. Hence, the heat equation is
the only polynomial partial differential equation of the form (2.15-3)

invariant under the group of the heat equation.

Problem 2.15-3

For each subalgebra of the chain (2.15-2) find the most

general partial differential equation invariant under it.

An Example Where the Transformation of the Independent

Variables Depends on the Dependent Variable

For all examples considered so far the Lie group of
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transformations of the independent variables did not depend on the
dependent variable. We now consider such an example. Our aim will be
to find partial differential equations of the form (2.15-3) invariant

under the one-parameter Lie group of transformations with infinitesimals

E(x,t,u) = u, 7(x,t,u) =1, n(x,t,u) = 0. (2.15-47)

Problem 2.15-4

(i) For the infinitesimals (2.15-47) show that the extended
infinitesimals are:

_ .2 - - = -
Mg = TUxr Mg T 7UUer Mg 3 Uyr

(2.15-48)

= —(ut u + 2u_,u,), n

= - +
tx xt 't (2ux u Uyex"

Net xt t'x XX t)'

(ii) Show that (2.15-47) leaves invariant the class of

partial differential equations of the form

_ 3 _
u . = uij(ul,uz,u3,a4) (2.15-49)

where

1 Y
o, = u, az = x - ut, u3 =5 - t, a4 =3 (2.15-50)

and % is an arbitrary function of {al,uz,a3,a4}.

In particular a special case of (2.15-49) is

- .2 -
U = U uy (2.15-51)

corresponding to 57le,d2,a3,u4) = 0y

Problem 2.15-5

Consider the partial differential equation (2.15-51).

(i) Show that the Lie group of transformations leaving



2.15. Invariant Partial Differential Equations 317

invariant (2.15-51) is of the form

x* = x + e£(x,t,u) + 0(c?)

£ = t + et (x,t,u) + 0(c?) (2.15-52)
* 2
u’ = u + en(x,t,u) + 0(e”)
with
u2 t §
E(x,t,u) = =yx[— + 3] - = xu + Ax + g(u,t)
1 2 2
T(x,t,u) = o + 2Bt + yt2 (2.15-53)
n(x,t,u) = k + 6t + Bu + ytu

where {a,B,Y,8,k,\} are arbitrary constants and g(u,t) satisfies

guu = gt'
(ii) Note that by interchanging the roles of u and x in
(2.15-54) we obtain the group of the heat equation. Hence relate this

to the well-known result that if

u = 0(x,t) (2.15-54)

is a solution of (2.15-51) then solving (2.15-54) explicitly for x

to obtain
x = f(u,t) (2.15-55)
we find that £ satisfies the heat equation, namely
£ = f (2.15-56)

The methods of this section may be applied to the problem of
determining general transformations relating the solutions of various
partial differential equations. The previous example is the simplest

type of such a problem.



APPENDIX

SOLUTION OF QUASILINEAR FIRST-ORDER
PARTIAL DIFFERENTIAL EQUATIONS

In Part 2 of this book the invariance of a partial differ-
ential equation under a one-parameter Lie group of transformations
leads to the consideration of an invariant surface condition for the
construction of a similarity (invariant) solution. In the case of
two independent variables (x,t) the invariant surface condition
corresponds to a quasilinear first order partial differential equation

of the form

ou ou _ _
E(x,t,u) % T(x,t,u) ol n(x,t,u) (A-1)

where {&,1,n} are given functions (the infinitesimals of the Lie
group) of {x,t,u}. The solution of (A-1) for the unknown u(x,t)
leads to a functional form for u. We now briefly discuss how to

solve formally equations of the form (A-1).

Figure A-1.

(1)R. Courant and D. Hilbert, Methods of Mathematical Physics,

Vol. II, Interscience, 1962, Chapter II.
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Consider, at first, an arbitrary surface in space given by
u=06(x,t). (A-2)

This will later be identified as a solution surface connected to
(A-1). We can write the condition that a curve in (u,x,t) space
lies in the surface u = 6(x,t) (see Fig. A-1l) as follows:

Let s = parameter along the curve in space so that
X =x(s), t = t(s), u=u(s) defines the curve. (A-3)

Then, the tangent vector to this curve is given by

7 T dt , 7 du T T 7
T =1 =+ 1i_ ==+ 1 ==, 1,1

c % ds t s 4 ds iy = unit vectors. (A-4)

The normal direction to the surface u = 06(x,t) can be written easily

if we imagine the surface to lie in the family of surfaces

S(x,t,u) = u - 0(x,t) = const. (A-5)
Then the unit normal to S = 0 1is given by
Vs T 7 7
R \%s (=18, = 318+ i) (A-6)

The condition that the curve x(s), t(s), u(s) 1lie in the surface is

> >
thus n-t, = 0 or

dx , g dt _du (A=7)

ex ds t ds ds

Thus, if we define a family of curves (characteristics) locally by

the differential equations

d

d}S( = E(Xltlu)

dt _ .. . .

I - T(x,t,u) (characteristic differential equations) (A-8)
d

a—l'sl' = T](Xrtru)
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then (i) each one-parameter family of such characteristic curves

generates a surface which is an integral surface (u = 6(x,t)) of

Ju Ju

E(x,tyu) ¢ + T(x,t,u) 5% = n(x,t,u) (A-9)

and

(ii) «conversely, each such integral surface is generated by

a one-parameter family of characteristic curves.

The family of solutions of the characteristic differential

equations can be represented parametrically by

x = x(s,r) where s = parameter along a characteristic curve,
t = t(s,r) r = parameter identifying a characteristic (A-10)
u = u(s,r) curve = const. on a characteristic.

The condition that the parameters (r,s) can be eliminated so that we
can obtain a solution surface, one value of u for each (x,t), is

the condition that the Jacobian

_ 9(x,t) _ 8x 3t _ 3t 93x )
J = 3(s,xy ~dsar dsoar’ O (A-11)

For our applications we are interested in functional forms
or in the so-called general solution of the basic equation (A-1), con-
taining one arbitrary function. One way to approach the general
solution is to consider the general initial value problem, that is,
to look for the solution surface passing through an arbitrary initial

curve given by
s =0 and x = xo(r), t = to(r), u = uo(r). (a-12)

We assume that the initial curve has nowhere the characteristic

direction so that
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ot X

J(0,) = £(0,x) 552 = T(0,7) 5> # 0. (a-13)

Then a unique solution exists, at least in the neighborhood of the
initial curve. Further, it can be shown that for the linear case
{&(x,t), t(x,t)}, J(s,r) # 0. However, for the non-linear case the
solution may fail to exist when J(s,r) = 0. This can, for example,
correspond to a folding or turning back of the solution surface in

(x,t,u). Such cases have not arisen in the problems considered here.
Example (i). Find the general solution of

Xu + tu, = u. (A-14)
The characteristic differential equations are

dx— g_i.:_— d—uz -
ds ~ ¥ §s - Y as u. (A-15)

The one-paraieter family of integral curves passing through x (r),
to(r), u (r) at s =0 is thus

(r)es. (a-16)

I
o

x(s,r) = xo(r)es, t(s,r) = to(r)es, u(s,r)

The parameters may be eliminated by

XO(r) S

N O N

sk
]
o

Since r = const. on a characteristic, const. on the projections

%

of the characteristics on the plane u 0. r can be eliminated in

favor of (x,t). A simple way is to choose xo(r) =r, to(r) = 1.
Then
r = % , e® =t (A-17)
and
u = tuo(%), the general solution, (A=~18)

where uo(%) is an arbitrary (differentiable) function.
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A short-hand version of the idea above is used in the cal-
culations of this book. The characteristic differential equations are

written free of parameters as

=2 = == = ==, (A-19)

Integration of the first two of (A-19) defines the projections of the

characteristic curves on (x,t)

= const. = r. (A-20)

%

Then, the variation of u along the characteristics can be found by

integrating either

=== or — =— (A-21)

along r = const., remembering that the "constant" of integration is

thus an arbitrary function of r. For example,

log t = log u - log uo(r) (A-22)
or
= X -
u(x,t) = tuo(t) (A-23)

as before. (Note that the form obtained by using the other equation
u(x,t) = xug(%) is equivalent.)
Exactly the same idea can be used for any case with linear

left hand side. It is sufficient to consider

dx _ dt _ du -
g(x,t)  T(x,t) ~ n(x,t,u) (A-24)

and to follow the procedure above.
For the general non-linear case, however, the system of
equations

dx _ dt _ du _
gE(x,t,u)  T(x,t,u)  n(x,t,u) (A-25)
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must be solved simultaneously. The solution may take an implicit

form.
Example (ii). Find the form of the general solution of

uu_ + u, = t. (A-26)
X

T T "t (a=27)
Integrating the last two shows that
t2
u -5 = const. = r (say) on a characteristic. (A-28)
Thus, the first two become
dx _ _ dt (A-29)
2 1
r+ =
2
which integrates to
t3
X =rt + 6_ + F(r) (A-30)
where F 1is an arbitrary (differentiable) function of r. (A-30) may
be written
2 2
=x . 1 - -
u =z + 3 tF(u 2) (A-31)
or equivalently
2 3
U= s+ Gt - x - &), (A-32)

In this case the general solution can only be obtained in implicit
form. This result is connected with the fact that the solution to
the initial value problem may cease to exist when J = 0 as s

departs from its initial value.
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