TEXTS AND READINGS
IN MATHEMATICS

Harmonic Analysis

Second Edition

i_EHﬂI HINDUSTAN
BOOK AGENCY



TEXTS AND READINGS 7
IN MATHEMATICS

Harmonic Analysis
Second Edition



Texts and Readings in Mathematics

Advisory Editor
C. S. Seshadri, Chennai Mathematical Institute, Chennai.

Managing Editor
Rajendra Bhatia, Indian Statistical Institute, New Delhi.

Editors

R. B. Bapat, Indian Statistical Institute, New Delhi.

V. S. Borkar, Tata Inst. of Fundamental Research, Mumbai.
Probal Chaudhuri, Indian Statistical Institute, Kolkata.

V. S. Sunder, Inst. of Mathematical Sciences, Chennai.

M. Vanninathan, TIFR Centre, Bangalore.



Harmonic Analysis
Second Edition

Henry Helson

i_ﬁﬂ HINDUSTAN
BOOK AGENCY



Published by

Hindustan Book Agency (India)
P 19 Green Park Extension
New Delhi 110 016

India

email: info@hindbook.com
http://www.hindbook.com

Copyright © 1995, Henry Helson
Copyright © 2010, Hindustan Book Agency (India)

No part of the material protected by this copyright notice may be
reproduced or utilized in any form or by any means, electronic or mechanical,
including photocopying, recording or by any information storage and retrieval
system, without written permission from the copyright owner, who has also
the sole right to grant licences for translation into other languages and
publication thereof.

All export rights for this edition vest exclusively with Hindustan Book Agency
(India). Unauthorized exportis a violation of Copyright Lawandis subject
tolegal action.

ISBN 978-93-80250-05-2 ISBN 978-93-86279-47-7 (eBook)
DOI 10.1007/978-93-86279-47-7



CONTENTS

1. Fourier Series and Integrals

1
2
3
4
5
6
7
.8
9
1

Definitions and easy results
The Fourier transform .
Convolution, approximate 1dent1t1es Fejer s theorem
Unicity theorem, Parseval relation; Fourier-
Stieltjes coefficients
The classical kernels
Summability: metric theorems
Pointwise summability
Positive definite sequences; Herglotz ‘theorem
The inequality of Hausdorff and Young
0 Measures with bounded powers; endomorphlsms of 11

2. Th Founer Integral

Introduction
Kernels on R .
The Plancherel theorem
Another convergence theorem;
the Poisson summation formula
Bochner’s theorem
The continuity theorem

3. Discrete and Compact Groups

-
=
Ei

@00 0o WL L

1
2
3
4
3
6
7

B R e

1
2
3
4
)
6

Characters of discrete groups
Characters of compact groups
Bochner’s theorem .
Examples

Minkowski’s theorem
Measures on infinite product spaces
Continuity of seminorms

dy Spaces

B (T)
Invariant subspaces factorlng,

proof of the theorem of F. and M. Riesz
Theorems of Szegd and Beurling
Structure of inner functions
Theorem of Hardy and Littlewood;

Hilbert’s inequality
Hardy spaces on the line

105

110
118
124

129
134



vi

5. Conjugate Functions
5.1 Conjugate series and functions -
5.2 Theorems of Kolmogorov and Zygmund
3 Theorems of Riesz and Zygmund
The conjugate function as a singular mtegral
The Hilbert transform .

5.
5.
5
5.6 Maximal functions
5

4
.5
.6

7

6. Translation

1 Theorems of Wiener and Beurling;
the Titchmarsh convolution theorem

2 The Tauberian theorem .-

3 Spectral sets of bounded functions

4 A theorem of Szegd; the theorem of Gruzewska
and Rajchman; idempotent measures ...

6.
6.
6.
6.

7. Distribution
7.1 Equidistribution of sequences
7.2 Distribution of (nku)
7.3 (Ku)

Appendix
Integration by parts

Bibliographic Notes
Index

Rademacher functions; absolute Fourier multlphels .

143
146
152
157
163
165
170

181
185
191
199
205
209
211
219
221

225



PREFACE TO THE SECOND EDITION

Harmonic Analysis used to go by the more prosaic name
Fourier Series. Its elevation in status may be due to recognition of
its crucial place in the intersection of function theory, functional
analysis, and real variable theory; or perhaps merely to the
greater weightiness of our times. The 1950’s were a decade of
progress, in which the author was fortunate to be a participant.
Some of the results from that time are included here.

This book begins at the beginning, and is intended as an
introduction for students who have some knowledge of complex
variables, measure theory, and linear spaces. Classically the
subject is related to complex function theory. We follow that
tradition rather than the modern direction, which prefers real
methods in order to generalize some of the results to higher
dimensional spaces. In this edition there is a full presentation of
Bochner’s theorem, and a new chapter treats the duality theory
for compact and discrete abelian groups. Then the author indulges
his own experience and tastes, presenting some of his own
theorems, a proof by C. L. Siegel of Minkowski’s theorem, applica-
tions to probability, and in the last chapter two different methods
of proving the theorem of Weyl on equidistribution modulo 1 of
(P(k)), where P is a real polynomial with at least one irrational
coefficient.

This is not a treatise. If what follows is interesting and
useful, no apology is offered for what is not here. The notes at the
end are intended to orient the reader who wishes to explore
further.
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I express my warm thanks to Robert Burckel, whose
expert criticism and suggestions have been most valuable. I am
also indebted to Alex Gottlieb for detailed reading of the text.
This edition is appearing simultaneously in India. I am grateful to
Professor R. Bhatia, and to the Hindustan Book Agency for the

opportunity to present it in this cooperative way.
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Chapter 1
Fourier Series and Integrals

1. Definitions and easy results

The unit circle T consists of all complex numbers of
modulus 1. It is a compact abelian group under multiplication. If
f1s a function on T, we can define a periodic function F on the
real line R by setting F(z) = f( ei"). It does not matter whether we
study functions on T or periodic functions on R; generally we
shall write functions on T. Everyone knows that in this subject
the factor 27 appears constantly. Most of these factors can be
avoided if we replace Lebesgue measure dz on the interval (0, 27)
by do(z) = dz/2w. We shall generally omit the limits of integra-
tion when the measure is o; they are always 0 and 27, or another
interval of the same length.

One more definition will simplify formulas: x is the func-
tion on T with values x(e'®) = e*. Thus x" represents the expo-
nential €™ for each integer n.

We construct Lebesgue spaces LP(T) with respect to o,
1 < p<oco. The spaces LYT) of summable functions and L%(T) of
square-summable functions are of most interest. Since the meas-
ure is finite these spaces are nested: LP(T)>L"(T) if p<r
(Problem 2 below). Thus LYT) contains all the others. For

summable functions f we define Fourier coefficients

(1.1) wlf)= [fMde (n=0,£1,£2,...),

and then the Fourier series of fis



2 1. FOURIER SERIES AND INTEGRALS
(1.2) f(eF) ~ & an(f) ™=

We do not write equality in (1.2) unless the series converges to f.
There is a class of functions for which this is obviously the

case. A trigonometric polynomial is a finite sum

(1.3) P(¢%) = T a, ™2,
Then

= (k=-n)iz -
(1.4) ay(P) = % ak/e do(z) = ay,

if we define a, =0 for values of n not occurring in the sum (1.3).
Thus (1.3), which defines P, is also the Fourier series of P.

This reasoning can be carried further. Suppose that fis a
function defined as the sum of the series in (1.3), now allowed to
have infinitely many terms but assumed to converge uniformly on
T for some ordering of the series. Then the same calculation is
valid and we find that a,(f) = a, for each n. That is, the trigono-
metric series converging to fis also the Fourier series of f.

From (1.1) we obviously have |an(f)| <||f]]; for all n. A
more precise result can be proved in LZ(T).

Bessel’s Inequality. If f is in L%(T), then

(1.5) = laa(HR <1113

Part of the assertion is that the series on the left

converges. For each positive integer k set
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(1.6) fo = ik an(F)X"

The norm of any function is non-negative, and thus

(1) 0 < UF-AIG = 1A + 1A - 2R [ fF o

Since the exponentials form an orthonormal system, the second

term on the right equals

(1.8) £ anf2.

The last term is
k i} koo
(1.9) -:mzl:c—a,,/fx Mdo = 23 Janl’
This term combines with (1.8), and (1.7) becomes
ka2 2
(1.10) _leclanl < [IAIN%
Since k is arbitrary, (1.5) is proved.
A kind of converse to Bessel’s inequality is the
Riesz-Fischer theorem. If (a,) is any square-summable se-

quence, there is a function f in L¥(T) such that a,(f) = a, for all

n, and

(1.11) ¥ laql? = 11113

Define
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k n
(1.12) fo = f‘% anX
for each positive integer N. Then

(1.13) Werr=flll = = laaf?

k<in|<k+r
for all positive integers r. Thus (fp) is a Cauchy sequence in
L%(T). Let f be its limit. The sequence (a,(f)) converges to
(aa(f)) in the space 12, by Bessel’s inequality. Therefore (1.11),
which holds for each k, is valid in the limit.

Now Bessel’s inequality is actually equality for every f in
L2(T), and this equality is called the Parseval relation.
Computations already performed show that equality holds for all
trigonometric polynomials. The Fourier transform, thought of as a
mapping from trigonometric polynomials in the norm of LZ(T)
into 12, is an isometry whose range consists of all sequences (ay)
such that a, =0 for |n| sufficiently large. The range is dense in 12.
If we knew that the family of trigonometric polynomials is dense
in L%(T), then the isometry has a unique continuous extension to
a linear isometry of all of L%(T) onto 12. It is obvious that this
extension is the Fourier transform. In Section 4 it will be shown
that trigonometric polynomials are indeed dense in L2(T), and
this will prove the Parseval relation.

When the Parseval relation is known, the Riesz-Fischer
theorem can immediately be strengthened to say that the function
whose coefficients are the given sequence (a,) is unique. For if f
and ¢ have the same Fourier coefficients, then f-g¢ has all its
coefficients 0; that is, f— g is orthogonal in the Hilbert space to all

trigonometric polynomials, and must be null.
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Mercer’s theorem. For all f in Ll(T), a,(f) tends to 0 as n

tends to +oo.
Bessel’s inequality shows that this is true if fis in L%(T).

Now L(T) is dense in LY(T). (A proof of this fact depends on the
particular way in which measure theory was developed and the
Lebesgue spaces defined.) Choose a sequence (f;) of elements of
L%T) converging to f in the norm of LY(T). Then (aa(fy))
converges to (a,(f)) as k tends to oo, uniformly in n. It follows
that the limit sequence vanishes at + oo, as was to be proved.

Mercer’s theorem is the source of theorems asserting the
convergence of Fourier series. Here is the most important such
result, with a simple proof suggested by Paul Chernoff.

Theorem 1. Suppose that f is in LY(T) and that f(&'%)/z is

summable on (-, 7). Then
N

(1.14) % a(f) -0
-M

as M, N tend independently to oo.

Form the function g(€'®)= f(e?**)/sinz. The hypothesis
implies that g is in LI(T). Let (a,) be the Fourier coefficients of f,
and (b,) those of g. We have
(115) H(2%) = (&= emim) ()

calculating the coefficients with even indices of the functions on

both sides gives

(1.16) 2ian = b2ﬂ—1 - b2n+l
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for each integer n. Hence

N
(117) 22—%01, = b_2M_1-—b2N+1

By Mercer’s theorem, this quantity tends to 0 as M, N tend to oo.

Corollary. If f is in LY(T) and satisfies a Lipschitz conds-
tion at a point €', then the Fourier series of f converges to f( eit)
at that point.

It is easy to check that addition of a constant to a
summable function, and translation, have the formally obvious
effect on the Fourier series of the function (Problem 1 below).
Therefore without loss of generality we may assume that ¢t =0 and
f(1) =0. Now the hypothesis means that

(1.18) F(e") - f(e")] < kla—*

for some constant k, and some « satisfying 0 < a <1, for all z
With f and t as just assumed, the hypothesis of the theorem is
satisfied. The conclusion is that fis the sum of its Fourier series
at the point 1, and the general result follows.

The results of this section are striking but elementary. In

order to get further we shall have to introduce new techniques.

Problems
1. Show that if fis in LY(T), and g is defined by

9(¢%) = c+ f(=)

where ¢ is complex and s real, then a,(g) = an(f) € for all n# 0,

and ag(g) = ag(f) + c.
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2. Suppose that 1 <p<r<oo. Use Holder’s inequality to
show that (a) LP(T) 5 L"(T) and (b) ||fll, < If]|, for fin L7(T).
3. Show that if f is real, then its coefficients satisfy
a_p =y, for all n. (In particular, g is real.)
4. Calculate the Fourier series of these periodic functions.
(a) f(¢%) = -1 on (-7, 0), =1on (0, 7)
(b) g(¢’*) =z+= on (-7, 0), =z—= on (0, 7)
(c) h(eF) = (1 -re'®)™1, where 0 < r< 1
(These series will be needed later; keep a record of them.)
5. Prove the principle of localization: if f and g are in
Ll(T) and are equal on some interval, then at each interior point
of the interval their Fourier series both converge and to the same
value, or else both diverge.
6. Suppose that f( ei’”) and (f(e")+f(e*%))/z are sum-
mable on (—=, 7). Show tha?v
2 aq(f) =0
-N

as N—oo. Is the conclusion of Theorem 1 necessarily true?

2. The Fourier transform
On the line R construct the Lebesgue spaces LP(R) with
respect to ordinary Lebesgue measure. The Fourier transform of a

summable function fis

o0

(2.1) f)= [ f@) ™.

-0
Obviously | f(y)l <|Ifll; for all y. The function f is continu-
ous. To see this, write

o0

(2:2) f)-fo) = [ f@) (= - i) da

—00
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As o tends to y the integrand tends to 0 for each z. Also the
modulus of the integrand does not exceed 2|f(z)|, a summable
function. By Lebesgue’s dominated convergence theorem, the
integral tends to 0 as claimed.

The analogue of Mercer’s theorem is called the Riemann-
Lebesgue lemma: f(y) tends to 0 as y tends to +o00. If a sequence
of functions f, converges to f in Ll(R) then the transforms f,,
tend to f uniformly. Therefore, as in the proof of Mercer’s theo-
rem, it will suffice to show that the assertion is true for all
functions in a dense subset of LI(R). Let f be the characteristic

function of an interval [a, b]. Its transform is

b

_: —-tay _ —tby
(2.3) [eia= e22e ™ (y20),

a

which tends to 0. Therefore a linear combination of characteristic
functions of intervals, that is a step function, has the property,
and such functions are dense. This completes the proof.

There is a version of Theorem 1 for the line.

Theorem 1’. If f and f(z)/z are summable, then

B
(2.4) Jim / fy) dy =0.
-A
The quantity that should tend to 0 as A, B tend to oo is
B oo '
(2.5) / /f(z) e "*Y dz dy.
“4 ~%

The integrand is summable over the product space, so it is legiti-
mate to interchange the order of integration. After integrating

with respect to y we find
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(2.6) / £(2) (~ix)"Y(e7B% _ ¢iAT) 4,

This tends to 0 by the Riemann-Lebesgue lemma.

There is an inversion theorem like the Corollary to
Theorem 1, but a difficulty has to be met that did not arise on
the circle.

Corollary. If f is summable on the line and satisfies a
Lipschitz condition at t, then

B
(2.7) fy= tim oL [ fy) e a.
’ -A

As on the circle, we may assume that t=0. If f(0)=0
there is nothing more to prove. However, we cannot now reduce
the general result to this one merely by subtracting f(0) from f,
because nonzero constants are not summable functions. Therefore
we must subtract from f a function g that is summable, smooth
near 0, with ¢(0) = f(0), such that we can actually calculate g and
the inverse Fourier transform of g. The details are in Problem 5
below.

These theorems are parallel to the ones proved on the
circle group in the last section. Analysts have known for a
hundred years that this similarity goes very far, although proofs
on the line are often more complicated. However our axiomatic
age has produced a unified theory of harmonic analysis on locally
compact abelian groups, among which are the circle, the line and
the integer group, but also other groups of interest in analysis and
number theory. The discovery of Banach algebras by A. Beurling
and I. M. Gelfand was closely associated with this generalization

of classical harmonic analysis. In beginning the study of Fourier
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series it is well to realize that its ideas are more general than
appears in the classical context. Furthermore, this commutative
theory has inspired much of the theory of group representations,
which is the generalization of harmonic analysis to locally
compact, non-abelian groups.

There is one more classical Fourier transform. The trans-
form of a function on T is a sequence, that is, a function on Z. A
function on R has transform that is another function on R. Now
let (a;) be a summable function on Z. Its transform is the

function on T defined by
(2.8) f(é®) = & apei
=00

Generally, the transform of a function on a locally compact
abelian group is a continuous function on the dual of that group.
The dual of T is Z, the dual of Z is T, and R is dual to itself.

Problems

1. Calculate the Fourier transforms of (a) the characteristic
function of the interval [-A4, A]; (b) the triangular function
vanishing outside (-4, A), equal to 1 at the origin, and linear on
the intervals (-4, 0) and (0, A).

2. Express the Fourier transform of f(z+¢) (a function of
z) in terms of f

3. Suppose that (1 + |z} )f(z) is summable. Show that (f)’ is
the Fourier transform of —izf(z), as suggested by differentiating
(2.1).

4. Find the Fourier transform of f' if f is continuously

differentiable with compact support. (Such functions are dense in



1. FOURIER SERIES AND INTEGRALS 11

LI(R); this gives a new proof of the Riemann-Lebesgue lemma.)
5. Calculate the Fourier transform of ¢(z) = e 121, Verify
that

oo
[y dy=1
=00

Use this information to complete the proof of the corollary.

6. (a) Use the calculus of residues to find

o0
1 2 1Ty d
9 | —=€¢ 7dy.
LT
(b) Obtain the same result by applying the inversion theorem to
the function of Problem 5.
7. Show that the Fourier transform of exp(~2®) is

J/Texp(~y*/4). [Find the real integral
o0

/ exp (—22 + 2zu) dz.

—00

Show that this is an entire function of u, and complexify wu.]

3. Convolution; approximate identities; Fejér’s theorem

The convolution of functions in LY(T) is defined by
(3.1) frole'®) = [ 1) o) do(e).

If fand g are square-summable the integral exists, and is bounded
by ||fll»llglly by the Schwarz inequality. More generally, if fis in
LP(T) and g is in LY(T), where p and g are conjugate exponents,
then the integral exists, and |fxg(e'®)| < [Ifllpllgllq for all z, by the
Holder inequality. Furthermore the convolution is a continuous
function (Problem 4 below).

If f and g are merely assumed to be summable, their
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product may not be summable, and the integral may not exist. It
is surprising and important that nevertheless the product under
the integral sign in (3.1) is summable at almost every point. To

prove this form the double integral

(3.2) [ [ o= do(t) do(2)

The integrand is non-negative and measurable on the product
space, so the integral exists, finite or infinite. By Fubini’s theo-
rem, it equals either of the two iterated integrals. Integrating first
with respect to z, and using the fact that o is invariant under
translation, we find [|f||;/|gl|; as the value of (3.2). Therefore the
integral with respect to ¢

(3.3) M=) = [1f(e) o) dolt)

must be finite a.e. Moreover h is summable, and ||A||; < ||f[l,]]4ll;-
It follows that the integrand in (3.1) is summable for a.e. z, the

convolution (defined almost everywhere) belongs to LY(T), and

(3.4) Wfeglly < IAlll1glly

Convolution is associative and commutative, and distrib-
utes over addition. (The proofs are calculations involving elemen-
tary changes of variable, and are asked for in Problem 1 below.)
Thus Ll(T) is a commutative Banach algebra, and indeed this is
the algebra that led Gelfand to the concept. This algebra has no
identity.

(An algebra is a ring admitting multiplication by scalars
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from a specified field. Most rings in analysis are algebras over the
real or complex numbers. An ideal in an algebra is an ideal (in
the sense of rings) that is invariant under multiplication by
scalars.)

Convolution is defined analogously on R and on Z. On R

(3.5) frg(z) = / £(8) g(z- 1) dt.

Once more the integral is absolutely convergent if f and g are in
L2(R), or if f and ¢ belong to complementary Lebesgue spaces,
and the convolution is continuous. If the functions are merely
summable, the Fubini theorem shows, exactly as on the circle,
that the integrand is summable for almost every =z, f*xg is
summable, and (3.4) holds.

If fand g are in 1}, the definition is

(3.6) fro(n) = f(m)g(n-m).

This series converges absolutely for all n, and (3.4) holds once
more.

An approzimate identity on T is a sequence of functions
(en) with these properties: each e, is non-negative, has integral 1

with respect to o, and for every positive number € < 7
(3.7) lim / endo = 1.

This means that nearly all the area under the graph of e, is close
to the origin if n is large. Although LY(T) has no identity under

convolution, it has approximate identities, and these almost serve
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the same purpose, by this fundamental result:

Fejér’s Theorem. Let f belong to LP(T) with 1 < p < co. For
any approzimate identity (ey), e,xf converges to f in the norm of
LP(T). If f is in C(T), the space of continuous functions on T,
then epxf converges to f uniformly.

We prove the second assertion first. Let f be continuous on
T. Then

(38)  S(E%) = enf(e®) = [1f(e) ~ F( ) eqle) do(t),

because e, has integral 1. Since fis continuous and T compact, f
is uniformly continuous: given any positive number ¢, there is a
positive & such that |f(€') - f( ei(”"t))l <€ for all z, provided that
|t] < 8. Denote by I the part of the integral over (-4, §), and by J
the integral over the complementary subset of T. For all n

(3.9) 1 < e/e,,da =e

If M is an upper bound for |f|, we have
27-6

(3.10) || < 2M / endo,
)

and this quantity is as small as we please provided that n is large
enough. These estimates do not depend on z. Therefore the
difference (3.8) is uniformly as small as we please if n is large
enough, which is what was to be proved.

Now let p satisfy 1 < p <oo. For continuous f, the uniform
convergence of e,xf to fimplies convergence in LP(T). In order to

extend this result from continuous functions to all functions in
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LP(T), we use the following general principle, which has many
applications besides this one.

Principle. Let X and Y be normed vector spaces, and Y a
Banach space. Let (T,) be a sequence of linear operators from X
to Y whose bounds ||T,|| are all less than a number K. Suppose
that T,z converges to a limit we call Tz, for each z in a dense
subset of X. Then T,z converges for all z in X, and the limit Tx
defines a linear operator T with bound at most K.

The easy proof is omitted.

Lemma. For f in L{T) and g in LP(T), 1< p, fxg is in
LP(T) and |\fegll, < lIfllyloll

The lemma is trivial if p = 0o, so we assume p finite. Let ¢
be the conjugate exponent, and h any function in L¥(T) with

norm 1. As a linear functional on fxg, h has the value

(311)  he(frg)(1) = [ [ M) f(e) o 5Y) do(t) do(a).

The double integral exists absolutely by Hélder’s inequality, as we
see by integrating first with respect to z, and in modulus does not
exceed ||f||;|lgll, (because h has norm 1 in LYT)). This proves
that fxg belongs to LP(T) with norm at most equal to this
quantity, and the lemma is proved.

Now we can finish the proof of Fejér’s theorem. Convolu-
tion with e, is a linear operation in LP(T) with bound at most 1,
by the lemma. This sequence of operators converges to the iden-
tity operator on each element of C(T), a dense subset of LP(T).
(This result comes from integration theory; the point is discussed
further below.) The Principle asserts that the sequence of oper-

ators converges everywhere, and the limit is a bounded operator.
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Hence this limit is the identity operator on LP(T). This proves
the theorem.

The lemma is an instance of a general fact. Let S, be a
linear operator in a Banach space X for each real number ¢ For
any g in X, (S,9) is a mapping from real numbers to X. For fin

L1(T), the generalized convolution

(3.12) fra= [ Sigdo

may have a meaning as a limit of sums of elements of X. In our

case, S; is the translation operator

(3.13) (S19)(€'%) = o)

in L?(T). For each finite p, (S;) is a strongly continuous group of
1sometries. There is a well developed theory of vectorial inte-
gration that gives meaning to (3.12), and proves results extending
those of ordinary integration theory such as the statement of the
lemma. We shall not rely on the general theory, but use the
abstract formulation to suggest useful inequalities that (like the
lemma above) can be proved directly. Problem 3 below is such a

result.

Problems

1. Show that convolution .in LY(T) is associative and
commutative. Show that a,(f+g) = an(f)an(g) for fand g in LY(T).

2. Show that L(T) has no identity for convolution.

3. Show that if g has a continuous derivative on T, the

same is true of fxg, where fis any summable function.
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4. Show that fxg is continuous if f and g belong to dual
Lebesgue spaces on T or on R. [Let (S;) be the translation
operators defined by (3.13) on T, or analogously on R. Then (S,f)
is a continuous mapping of T or of R into L? if p is finite, for any
fin that space. Apply the Holder inequality.]

5. Let (e;) be an approximate identity on T, and g an
element of L°(T). Show that e,*g tends to g in the weakx
topology of L°(T). That is, for any summable f, e,xgxf(1) tends
to g«f(1).

6. Prove the Principle enunciated above.

7. Let (e,) be an approximate identity on T. Show that
a;(e,) tends to 1 as n tends to oo, for each k.

8. An approximate identity on R is defined just as on T.
State and prove an analogue of Fejér’s theorem on R. [C(T) is
replaced by Cy(R), the space of continuous functions that tend to
0 at +o00.]

9. Assume that there is an approximate identity on T
consisting of trigonometric polynomials. Prove that trigonometric
polynomials are dense in each space LP(T), 1<p<oco. [The
existence of such an approximate identity will be proved in
Section 5. This is the usual way to prove the Parseval relation.]

10. Prove this fact, used above: if [|fh|do <k for every h
in LYT) with norm 1, then fis in LP(T) and ||f||, < k. (p and ¢

are conjugate exponents.)

4. Unicity theorem; Parseval relation; Fourier-Stieltjes
coefficients
Theorem 2. If f is in LYT) and a,(f) =0 for all n, then
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First suppose that f has a continuous derivative. By the
corollary of Theorem 1, fis the sum of its Fourier series every-
where. This sum is 0 because all the coefficients of f are 0. The
theorem is proved for such functions.

It is easy to construct an approximate identity (e,) on T
consisting of functions with continuous derivatives (Problem 1
below). Let f be any function in LY(T). According to Problem 3 of
the last section, e,«f has continuous derivative. Its coefficients are
the products of the coefficients of e, and those of f (Problem 1 of
the last section), so they are all 0. Thus for each n, e xf=0 every-
where. The convolution converges to f in LI(T) by Fejér’s theo-
rem, so fis the null function of LY(T), as we wished to prove.

Since LYT) contains LP(T) for p>1, the same unicity
statement holds in all the Lebesgue spaces.

Theorem 2 implies, for any finite p, that trigonometric
polynomials are dense in LP(T). For let ¢ be the exponent
conjugate to p. (If p=1, then g=o00.) If the assertion were false
for LP(T), there would be a nonnull element g of LY(T) such that

(4.1) / (%) h(e™i%) dor(z) = 0

for every trigonometric polynomial h. This means that the Fourier
coefficients of g are all 0, so ¢ is null, contrary to hypothesis.

In Section 1, the observation was made that Bessel’s
inequality is equality for every trigonometric polynomial, and in
consequence for every function that is the limit of trigonometric
polynomials in L2(T). Now we have shown that every function in
L(T) is such a limit, so the Parseval relation is now proved.

A famous theorem of Weierstrass asserts that the trigono-
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metric polynomials are dense in C(T). This fact is not quite
proved. If we knew that there is an approximate identity (e,)
consisting of trigonometric polynomials, then Fejér’s theorem
would give the result immediately (and the same is true for the
spaces LP(T) just treated). Such an approximate identity will be
constructed in the next section, but first let us prove Weierstrass’
theorem by an argument like the one used above.

A fundamental theorem of F. Riesz asserts that the dual of
C(T) is M(T), the space of bounded complex Borel measures on T
(realized as the interval [0, 2x)), where the value of u as a

functional on a continuous function A is

(4.2) / h(e™%) du(z).

The Fourier-Stieltjes coefficients of p are defined to be

(4.3) i(m) = an(w) = [ €% du(a),

the value of x4 as a functional on x". This functional vanishes on
all trigonometric polynomials if all its Fourier-Stieltjes coefficients
are 0. If we show that then g must be the null measure, it will
follow that trigonometric polynomials are dense in C(T). Since
M(T) contains LY(T) (when we identity a function f with the
measure fdo), this is a stronger statement than Theorem 2.
Paradoxically, we prove this stronger statement from the
unicity theorem for C(T), the weakest version of all. (But we are
using the power of Riesz’ theorem as well.) Let yu be a measure
whose Fourier-Stieltjes coefficients are all 0. For h in C(T) define

the convolution
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(4.4) prh(e®) = [ B(=0) du(y).

This is a continuous function (because A is uniformly continuous).
Note that (4.2) can be written uxh(1). The Fourier coefficients of

pxh are
(4.5) an(peh) = [ [ &2 (D) du(8) do(a)

When we change the order of integration and replace z by z+ t we

find
(4.6) an(uxh) = an(i)an(h).

By assumption the coefficients of p vanish; hence u*h has null
coefficients, and is zero by the unicity theorem in C(T). In
particular pxh(1) = 0. Since h was an arbitrary function in C(T), u
is the null functional, so by the Riesz theorem is the null meas-
ure, as we wanted to show.

The logical connections among all these results are compli-
cated. We have to know, or to prove, that trigonometric
polynomials are dense in C(T) (the theorem of Weierstrass), and
that C(T) is dense in each space L’T) (1<p<oo). The first
statement is equivalent to the unicity theorem for measures, if we
know the Riesz theorem; or it follows from the existence of an
approximate identity consisting of trigonometric polynomials
(which we will construct presently), using the first part of Fejér’s
theorem. However the other part of Fejér’s theorem, about
functions of the spaces LP(T), depends on the fact that C(T) is

dense in these spaces. A proof can be given using Lebesgue’s
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theorem on the differentiation of indefinite integrals (a difficult
result), or the fact may be obvious if LP(T) was defined in
measure theory as the completion in some sense of C(T). But here
once again the Riesz theorem removes the difficulty, because the
unicity theorem for LYT) (where ¢ is conjugate to p) shows that
trigonometric polynomials are dense in L?(T).

The convolution of a measure with a continuous function
has been defined, and incidentally it is shown that the Fourier
coefficients of the convolution are the products of the coefficients
of the factors. This definition enables us to define the convolution
of two measures p and v as well. u*v is to be that measure whose
value as a linear functional on h in C(T) is [u*(v+h)](1). Obvi-
ously this double convolution determines a functional on C(T)

that is linear in the algebraic sense. Moreover

(4.7) |+ (=R < V1l xRl oo,

where the norm of 4 means its norm as a linear functional on
C(T). From (4.4) it is obvious that ||vxh||so < ||¥]] ||A|co- Thus

(4.8) [ (wxR)) (1] < sl 211 [ A oo

Hence this functional is continuous, with bound at most ||u||||v]].

This defines u*v, and shows that

(4.9) Hesvll < ledlHlvII-

The definition means that [px(vxh)](1) = [(uxv)*h)(1) for
all hin C(T). The point 1 is not exceptional; by translating h we
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see that (u*v)xh = ux(v+h) everywhere. (Both sides of the equality
are continuous functions.)
From (4.4) we verify that uxx" = a,(u)x™ for each n. Thus
an(prv)x" = (prv)ax" = px(vex") = an(v)pxx" = an(p) an(v)x",
so that

(4.10) an(pxv) = ap(p) an(v).

This fact, together with the unicity theorem, implies that convolu-
tion of measures is associative and commutative.

If one of the measures is absolutely continuous, it is
possible to define the convolution directly by a formula like (4.4).
However there are difficulties, and we have avoided them by the
procedure used here.

M(T) is a commutative Banach algebra. It contains L(T),
when a function fis identified with the measure fdo. This algebra
has an identity é: unit mass carried at the point 1, with transform
(n) =1 for all n.

If fis continuous, then uxf has been defined in two ways,
by (4.4) and in.a more complicated way when f is regarded as a
measure. One can prove (Problem 2 below) that when f is a
continuous function, ux(fdo) is an absolutely continuous measure
hdo, the summable function A is in fact continuous (that is, equal
a.e. to a continuous function %), and b = pxf.

The last result of this section is a result of N. Wiener
about Fourier-Stieltjes coefficients.

Wiener’s theorem. If the measure u on T has point masses

ay, as,..., then
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: N o
(4.11) 11m2Nl+1 §v|p(n)|2 =Y |a.k|2.

Define the measure v by setting v(E)=f(-E) for each
Borel set E of T. Then v is the complex conjugate of ji. Hence

@12 gy SIAE = [y 5 e dp) (o).

As N tends to oo, the integrand hy tends to 1 at 0, to 0 elsewhere
on (-m, r), and its modulus never exceeds 1. Hence the limit on
the right exists, and is the mass carried by u*v at 0. We shall
calculate this mass. |

The right side of (4.12) equals (u*v)*hp(1), or

(413)  valureh)(1) = [ [hp(¥) du(=) dp(y).

Write p=p;+ g, the sum of the discrete and the continuous
parts of p. The inner integral with u, in place of p tends to 0 for
every y, because the integrand (a function of z) tends to 0 except

at the point z= y (a null set for y.). Hence

(4.14) / / h{(€™2) dps () di(y)

tends to 0 as N tends to co. The inner integral with u; also tends
to 0 except at the countably many points (yj) where p carries the
masses (a ), at such a point Y; the inner integral tends to a;.
Hence the 11m1t of the iterated integral is

(4.15) [ v daw)
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where ¢ is the function taking the value a; at each point yjand 0
at other points. The value of this integral is the right side of
(4.11), and the theorem is proved.

I p is a continuous measure, that is if it has no point
miasses, then the limit in (4.11) is 0. This statement is weaker
than the conclusion of Mercer’s theorem, that ji(n) tends to 0 if 7

is absolutely continuous.

Problems

1. Show that there is an approximate identity on T
consisting of continuously differentiable functions.

2. Show that if y is a measure and f a continuous function
on T, ux(fdo)=hdo, where h is a.e. equal to the continuous
function p*f. [Test pxf as a linear functional on C(T).]

3. Show that if p is a measure and (e,) an approximate
identity on T, then (uxe,) tends to u in the weak* topology of
M(T) as the dual of C(T).

4. Show that if the Fourier-Stieltjes sequence of a measure
is in 12, then the measure is absolutely continuous.

5. Show that the norm of fin LY(T) is the same as its
norm as a measure fdo, that is, as a linear functional on C(T).

6. Evaluate the constants
2r
/ cos?zdz  (n=1,2,..).
0
[exp2cos z = |exp x|2. Write each exponential as a power series,
then integrate.]

7. Sum the series §l/n2, %1/(21;—-1)2, %1/(1&2-{»1) by
1 1 1

applying the Parseval relation to appropriate functions. [One
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function is exp (-z) on (0, 27).]

8. The identity .12 L= % ——1—-—-2- , valid for all complex
sin“z - (z-nr)

z not real integer multiples of =, is usually proved by complex
variable methods. Prove it (for real z) by applying the Parseval
relation to the function expiuy (y in (-7, 7)) and then setting

u:z/1r.

5. The classical kernels

The Fejér kernel and the Poisson kernel are two particular
approximate identities on T (or, with analogous definitions, on R)
with agreeable and important properties. These kernels are tools
in the theory of summability of Fourier series. The Dirichlet
kernel plays the same réle in studying the convergence of Fourier
series. The fact that the Dirichlet kernel is not an approximate
identity makes the theory of convergence more difficult and less

satisfactory than that of summability.
The Dirichlet kernel (D,) is defined by

(5.1) Dy(e®) = 3=k
n
for n=0, 1,.... This is a geometric series, and we find for its sum
. sin (n+l)z
(5-2) Dn(etz) = mz—
2

Fromu {5.1) we see that

(5.3) Darf(¢%) = 3 ay(f) i,
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(Convolution of functions multiplies their Fourier coefficients;
therefore (5.3) is obvious as a Fourier relation. The fact that it is
actually equality is checked by performing the integration that
defines the convolution, using the expression (5.1) for D,.) Since
4D,, is an even function, the Fourier series of f converges at 1 to

the value
(5.4) Jirg, [ Dale®) f(&%) do(a)

if this limit exists.
From (5.1) we have ay(D,) =1 for each n. But (5.2) shows
that the D, are not of one sign, so they do not form . an

approximate identity. Indeed the numbers

(5.5) [ 124 do,

called the Lebesgue constants, tend to co (Problem 1 below).

From the fact that the Lebesgue constants are unbounded
we can prove that there is a continuous function whose Fourier
series diverges at the point 1 (or at any other point), without

actually constructing such a function. If it were true that

7
(5.6) Sn(h) = 3 ay(h) = Dpxh(1)
has a limit for every h in C(T), then (S,) would be a sequence of
linear functionals on C(T) that is bounded at each element of the
space. The Banach-Steinhaus theorem asserts in this case that the
sequence of norms (||S,||) is bounded. But the norm of this

functional is the same as ||D,||;, which tends to co. The contra-
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diction establishes the result. (We have proved more: S,(h) must
be unbounded for some h.)

For many years it was not known whether the Fourier
series of a continuous function must converge somewhere. Kolmo-
gorov gave an example of a function in LY(T) whose Fourier series
diverges everywhere. Only much later, in 1966, L. Carleson
proved that the Fourier series of every function in L%T)
converges almost everywhere, and this is true in particular for
continuous functions. R. Hunt showed that the same is true in
LP(T) for p> 1.

The Fejér kernel is

iry _ & _I_k_l kiz

(5.7) K,(€%) = 2_;(1 T )e
for n=1,2,.... Thus ¢y(K,)=1, and the coefficients decrease
linearly to 0 at +n. This series can be summed directly, but an
indirect procedure is easier. If we multiply out the square in

=1 4.2
(5:8) 1S e

0
we find exactly the coefficients of K, and so this is K,,. When we

sum the geometric series and simplify, we find

2

sin%

sinlnz\2
(5.9) Ky(€'?) = %( ) .

Thus the Dirichlet and Fejér kernels are related by the formula

(5.10) Kypy1 = #;TD?,
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From (5.9) we see that K, is positive everywhere, and
tends to 0 uniformly on (-, 7) outside any interval about 0.
Furthermore K, has mean value 1, so (K,) is an approximate
identity.

The functions K, are trigonometric polynomials. We have
already mentioned some of the consequences of the fact that there
is such an approximate identity. A more practical result is this:
we want to approximate a function fin some Lebesgue space by -
trigonometric polynomials. A theorem about the density of trigo-
nometric polynomials tells us the approximation is possible; but
the Fejér kernel provides an effective way of writing down such
trigonometric polynomials, namely K, xf.

The Poisson kernel is a family (P,) depending on the
continuous parameter r, which varies from 0 to 1. (The definition
of an approximate identity should be phrased in such generality
as to apply to a general parameter set, directed towards a limit
point. This would be so complicated that we prefer to present the
idea and not a general definition. In this case r increases to 1.)
We define

(5.11) PeiT) = 32 ol gniz (0<r<1).
—00
The series converges absolutely, and we compute that

iz _ 1- 12
(5:12) Prle™) = (1-2rcosz+ 12) ‘

From (5.11) we have ag(P,) =1 for all r; (5.12) shows that P, is
non-negative, and tends to 0 uniformly as r increases to 1 outside

an arbitrary interval about 1 on T. Thus (P,) is an approximate
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identity.

The Poisson kernel provides a harmonic extension of
functions fin L1(T) to the interior of the disk. If f has coefficients
(an), then

(5.13) P xf(€%) = 5::0 a, rlnl gniz.

Each term satisfies Laplace’s equation: replacing the angle z tem-
porarily by 8, this means that

(5.14) AL

(612 oy
Since (@,) is a bounded sequence, the series in (5.13) converges
uriformly on each disk interior to the unit circle. From function
theory we know that the sum is harmonic in the open unit disk.
Conversely, every function harmonic in the disk has an expansion
like the right side of (5.13), although the coefficients need not be
Fourier coefficients of a function defined on the boundary. (A
complex function satisfies Laplace’s equation if and only if its real
and imaginary parts do. In this subject it is natural to allow har-
monic functions to take complex values, although problems about
them are usually reduced to the case of real functions.)

Since (P,) is an approximate identity, Pf converges to f
in the metric of L?(T) if f belongs to that space (p finite). This is
the same as saying that the Fourier series of fis summable to f by
Abel means. This is the boundary-value theorem for metric con-
vergence. It is also true that P*f converges to f almost every-
where, but this result is more difficult to prove, it depends on

particular properties of the kernel, and is not true for all approxi-
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mate identities.

If a,(f) =0 for all n<0, then (5.13) is a power series in
z=re'® and F(2) = Pxf( ei”) is analytic in the open unit disk. The
subspace of LP(T) consisting of all such fis called HP(T). We
shall study these spaces in the sequel.

Problems

1. Show that the Lebesgue constants tend to oo. Estimate
them above and below as closely as possible.

2. Carry through the proof of (5.14).

3. Prove the corolla.fy to Theorem 1 anew by means of
(5.2) and (5.3).

4. Verify that for r and s between 0 and 1, P,.; = PP,
Deduce that for fin LP(T), ||P;+f||, is an increasing function of r
(0<r<l).

5. Suppose that f is summable and non-negative. Show
that fis the boundary function, in the sense of this section, of a
non-negative harmonic function. If f is bounded, the harmonic
function has the same bounds.

6. Show that if fis real and bounded, and P xf assumes a
value at an interior point of the disk that is a maximum (or a

minimum) of its values in the whole open disk, then fis constant.

6. Summability: metric theorems
In the last section we saw that each function in L!(T) has

a harmonic extension to the interior of the unit disk given by

(6.1) F(re'®) = Ppf().
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More generally, any finite complex measure p has a similar exten-
sion obtained by convoluting with P,. Let f. be the function on T
defined by f,{¢'®) = F(re'®). Each f, is continuous, but we choose
to consider it as an element of LI(T). The family (f;) is bounded
in L1(T), because by (4.9)

(6.2) WPl < NPl el = [led]-

Conversely, given such a family (f,) bounded in LI(T), we
would like to find a boundary function or measure that generates
the family by convolution with the Poisson kernel.

Theorem 3. Let F be a function harmonic in the unit disk
that satisfies

(6.3) A= [|F(re)| do(e) < K

for 0<r<l. Then F 1is the Poisson integral of a uniquely

determined measure u, and ||p|| = lir¥11 A,
r

The harmonic function F is the sum of a series
(6.4) F(ré?®) = ¥ anrln' ez

convergent in the disk. The functions f, are defined from F as
above, and obviously a,(f,) = a.,,rlnl. This family is bounded in
Ll(T), and therefore bounded as elements of the dual of C(T). A
closed ball in the dual of a Banach space is compact for the weakx
topology (this is the theorem of Banach and Alaoglu). Hence
there is a measure p with the property that every *-neighborhood

of p contains f.do for values of r arbitrarily close to 1. Given an
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exponential €™ and a positive number €, the measures v such
that
(6.5) | / €2 dy(3) — / e du(z)| < ¢

constitute a *-neighborhood of u. Therefore a,(f;) is as close as we
please to a,(y) for a sequence of values of r tending to 1. Since
a,(f;) tends to a, as r increases to 1, we must have a,(p) = a,.
This is true for all integers n. Therefore f.= Pxu, which is the
first statement of the theorem.

By Problem 3 of Section 4, p is the *-limit of f.do. Also A,
increases with r (Problem 4 of the last section). It follows that

Hell < lir?1 A, If the inequality were strict, we should have
r
fslly < el < lgxll ||f]] for each s, 0 < s< 1, which is impossible.

The Fourier-Stieltjes coefficients of yx, and therefore pu
itself, are uniquely determined by F, because a,(u) = lil?l an(fy).
r

Corollary. Suppose that F is harmonic in the unit disk and

satisfies
(6.6) AP = /|F(reif)|l'da(z) <K<oo, 0<r<l

for some p>1. Then F is the Poisson integral of a wunique
function f in LP(T), and Hf||,,=li¥111A,. For p=oo the same
r

conclusion holds if F is bounded and A, 1is the bound of f,.

The proof is like that of the theorem except for a simplifi-
cation: now LP(T) is itself a dual space, so (f,) has a weakx limit
in LP(T), and F is the Poisson integral of this function.

If 1<p<oo, f, converges to f not only in the weakx
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topology (which is the same as the weak topology for these values
of p, because the spaces are reflexive), but in norm. For once we
know that f.= Pxf, Fejér’s theorem asserts norm convergence.
The same is true for p=1 if the limiting measure p is absolutely
continuous, but of course not otherwise. For p = 0o we have norm
convergence if and only if fis continuous.

The theorem establishes a correspondence between Fourier
series, which represent functions or measures on the boundary T
of the disk, and harmonic functions on the disk. This correspond-
ence will be strengthened by theorems asserting pointwise
convergence or summability in the following sections. In the
classical function theory of the disk various results that can be
phrased and proved in terms of Fourier series are treated instead,
by means of these boundary value theorems, as results about
analytic or harmonic functions. This confusion hides the added
interest of those results that really do depend on function theory.

The limit theorems just proved have not used any property
of the kernel except that it is an approximate identity. Let (e,)
be any approximate identity, with Fourier coefficients A ;.

Suppose for each n the series

(6.7) f G ekiz
k=-00
converges absolutely to a function f,, and suppose the sequence
(fa) is bounded in LP(T) for some p. Then there is a function fin
LP(T) whose Fourier coefficients are (a;), unless p=1; in that
case the limiting object may be a measure.
When the approximate identity is the Fejér kernel, the

sums (6.7) are called Cesdro means of the series
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(6.8) ¥ ap ez,

and if f, converges to fin LP(T), (6.8) is said to be summable by
Cesaro means to f in that space. The process associated with the
Poisson kernel is called Abel summability.

This metric summability is simple and general. Pointwise
summability, that is, pointwise convergence of f,, depends on
special properties of the kernels. This is the subject of the next

section.

Problems

1. Let F be a non-negative harmonic function in the unit
disk. Show that (6.6) holds with p=1, so that F is the Poisson
integral of a positive measure on T.

2. Say we know that every function analytic in the unit
disk has a Taylor series convergent in the disk. Explain why every
complex harmonic function in the disk has a development (6.4).

3. Show that a measure u is absolutely continuous if and
only if (P*u) is a Cauchy sequence in LY(T). Deduce that LY(T)
is an ideal in M(T).

4. In general topology, a sequence (z,) may have an accu-
mulation point z, and yet z may not be the limit of any subse-
quence of (z,). This possibility complicated a proof given in this
section. However, there really is no difficulty, because of this
result: If B is a separable Banach space, (z,) a bounded sequence
in the dual of B, and z an accumulation point of the sequence for
the weak« topology, then a subsequence of (z,) converges weakx to
z. Prove this result, and use it to simplify the proof above. [Recall

the Principle of Section 3. To say that z is an accumulation point
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of the sequence means that every neighborhood of z contains z,

for infinitely many n.)

7. Pointwise summability

For any approximate identity (e;) on T and fin LI(T),
enxf converges to f in norm, and therefore a subsequence
converges to f almost everywhere. Unfortunately the subsequence
depends on f. It is an important fact that the Poisson and Fejér
kernels give convergence a.e. without passing to a subsequence.
This depends on particular properties of these kernels, and is
harder to prove than the theorem on metric convergence.

Theorem 4. For f in LYT), Pxf converges to f almost
everywhere as r increases to 1. More ezactly, the convolution con-

verges to
t -
(7.1) lim (26)”! / f(E MY gy
-t

at each point where this limit exists.

If F(z) is an indefinite integral of f(¢'®), then (7.1) exists
and equals F'(z) at each point where this derivative exists. By a
classical theorem of Lebesgue, the derivative exists and equals
f(€%) almost everywhere.

On reflection the theorem is not very surprising. Convolu-
tion with an approximate identity is an averaging process, replac-
ing f(¢®) by an average of values of f near €. The expression
(7.1) is the convolution of f with the approximate identity taking
the value 1/2t on (-t, t), and 0 elsewhere on (-x, 7). The theorem
asserts that one averaging process has a limit at each point where

another one does. This kind of implication is called a Tauberian
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theorem.
We shall prove the theorem at z=0, assuming that the

limit (7.1) exists there. Adding a constant to f merely adds the
same constant to the value of each convolution; thus we may
assume that the limit in (7.1) is 0, and we are to show that Pxf
converges to 0. Finally, we may suppose that f has mean value 0.
For let ¢ be a smooth function with the same mean value as f,
and vanishing on a neighborhood of 1. Then (7.1), with g for f,
equals 0, and also Pyxg tends to 0. If we prove the theorem for
f—g, then it follows for f.

Lemma. v 1(-sin zP%( ei")) ts an approzimate tidentity on
T. (The prime denotes differentiation with respect to z.)

P,(¢'%) is an even function, so its derivative is odd. We
check from (5.12) that it decreases on (0, 7). Therefore the expres-
sion of the lemma is non-negative everywhere. Its mean value can
be found by differentiating (5.11), multiplying by (€' - e7'%)/2i,
and identifying the central coefficient. Finally we must show that

for 0 < ¢ < we have

€
. . ir _
(7.2) l}ﬁl /smzP;.(e )dz = 2.

-€

Integration by parts gives for the integral
» e .
(7.3) 2sine Pp(e*) - /cos z P.('%) dz.
-€

The first term tends to 0 as r increases to 1 by (5.12), and the
limit of the second is 27 from the definition of an approximate

identity. This proves the lemma.
Define
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t
(7.4) F(t) = / F(€7) da.
Since f has mean value 0, F(-x) = F(r) = 0. We have
T . . 1r .
(1.5) 2wPpf(1) = [ PAe) f(¢P)dz= [ PUe™) Fa)ds,

where the product term in the integration by parts vanished. By
the fact that Pj is odd, the right side can be written

(7.6) f 20P)(¢ie) D) 4
0

We recognize the fraction as the expression in (7.1) whose limit at
0 is 0. Since F is bounded, the fraction is bounded over the
interval. The lemma shows that (7.6) has limit 0 as r incre .ses to’
1, and the theorem is proved.

Theorem 5. For f in LY(T), K, xf(¢'*) tends to L at each

point €' such that
t I3 .
(1.7) lim £ / (@) 4 f(F~W) _2L| du = 0.
0

For almost every z this is the case with L = f(€'%).

This theorem is not very different from the previous one,
but the essential property of the kernel is not so natural to
formulate and the proof is not so neat. We shall use these facts:

. 2
(7.8) Ky(e*) <n and < _ZF__2
nz
for all n, and all z in (0,7). These inequalities are easily verified
from (5.8, 5.9).
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Set g(e') = f(e'®*+Y) 4 f("*~W) ~2L. We have

T
(1.9)  2n(Kpf(e%) L) = / Ko(¢t) (F(€@0) - L) at
= [ Kale")g(e™) at
0

because K, is even. For positive t define

4
(7.10) H) = / lq( )| du.
0

By hypothesis, H(t) = o(t) as t tends to 0.
The right side of (7.9) has modulus at most

27r/n T .
(1.11) / K,,(e“)|q(e“)|dt+/ Kq(€) () dt = I+ J.
0 27 [n

Since K, < n,
(7.12) I < nH(27[n),

which tends to 0.
To estimate J we use the other bound from (7.8), and then

integrate by parts:

T
(7.13) J< 7r2n'l/ t2|q(e't)| dt =

I g2 [ -3
i [ 2H();, fnt2 / £3H(t) dt}.
27 /n
The first term in braces, divided by =, tends to 0 by the hypoth-
esis on H. If we replace t by t/n, the second term in braces with

its factor becomes



1. FOURIER SERIES AND INTEGRALS 39

nm
(7.14) 27r2n/ t3H(t/n) dt,
2
which tends to 0 by the dominated convergence theorem
(Problem 5 below). This completes the proof of the first part of
the theorem.
The fact that the condition holds with L = f(¢'*) at almost

every point follows immediately from this theorem of Lebesgue:

for fin LY(T)
t
(7.15) ST = f(e)) du = o)
0

for almost all z. This is by no means obvious, but it is not our
subject.

Note that (7.7) is a stronger condition than the existence
of (7.1) (Problem 1 below).

The theorems on radial limits of harmonic functions were

published in an extraordinary paper by P. Fatou in 1906.

Problems

1. Show that if (7.7) holds, then the limit (7.1) exists and
equals L.

2. It would be convenient to prove Theorem 5 by showing
that —sin (z/2)K,(€*%) has properties like those of an approximate
identity. Show that, on the contrary, this family is essentially the
Dirichlet kernel. [The prime means differentiation with respect to
z. Note that sin (z/2)K}(€'®) = (sin (z/Z)Kn(ei’”'))’—%cos(z/2)Kn.]

3. If fis in LY(T) and vanishes on an interval J of T, then

P.xf and K,*f converge to 0 uniformly on each interval interior to

J.
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4. Adapt the proof of Theorem 4 to show: if y is a singular
measure on T, then P.xp converges to 0 a.e. as r increases to 1.
5. The proof that (7.14) tends to 0 is not quite trivial.

Explain how the dominated convergence theorem applies.

8. Positive definite sequences; Herglotz’ theorem

A complex sequence (u,) is called positive definite if

(8'1) Y Up-nCmCn 2 0
mn

for every sequence (c,) such that ¢, =0 except for finitely many
n. (Thus the sum in (8.1) is a finite one, and the property of
being positive definite is purely algebraic.)

There is a way to generate positive definite sequences. Let

u be any positive measure on [0, 27). Set

(8.2) Up = / €% du( ).
Then
(8.3) 5 tm-nemn = [T cae™™2du(2) 2 0.

The result to be proved is that these are the only positive definite
sequences.

Theorem of Herglotz. Every positive definite sequence (u,)
s the Fourier-Stieltjes sequence of a positive measure.

This beautiful theorem has generalizations that are impor-
tant throughout modern analysis.

Choose ¢, = et for n= 0,1,...,N-1, where N is a positive
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integer and t a real number, and = 0 for other n. A simple calcula-

tion shows that

(8.4) 2 Up-nCmCp=N g:vunenit (1 —"%")7

and this expression is non-negative for every t. Let Py be the sum
in (8.4). The norm of Py in LY(T) is its mean value, equal to 1y
for each N. Since the family (Pp) is bounded, it has an accumu-
lation point in the dual of C(T), which is a measure p by the
theorem of F. Riesz. The argument of Section 6 shows that x has
Fourier-Stieltjes sequence (u,). Moreover p is positive as a func-
tional and therefore is a positive measure. This completes the

proof.

Problems
1. Show from the definition that a positive definite
sequence (up) has these properties: |u,| < 4y, vy, = %, for all n.

2. Show that for any sequence (v,) in 12 the sequence

Up = ’Xn: Ym4n¥m

is positive definite. Identify the measure of (8.2).

3. Let (uy,) be positive definite. Show that the set of n such
that |u,| = u is a subgroup of the integers.

4. Find conditions on numbers uj, u;, u_; for them to be
part of a positive definite sequence.

5. (a) Show that the pointwise limit of positive definite
sequences is positive definite. (b) For each positive integer k, let
(u,’,‘,) be the Fourier-Stieltjes sequence of a positive measure p,.

Suppose uf, converges to uy,, for each n. Show that y; converges in
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the *-topology of measures to a measure u whose Fourier-Stieltjes

sequence is (up,).

9. The inequality of Hausdorff and Young

The relations

(9.1) Wflloo < 11l 11 1lg = II£1l,

hold for any function fin LY(T) or L2(T), respectively. The first is
trivial, and the second is the Parseval relation. (The norms on the
left refer to spaces of sequences.) These are the extreme cases of

the inequality of Hausdorff and Young:

(9.2) 1fllg < 111l

for any f in LP(T), where 1 <p<2, and q is the ezxponent conju-
gate to p.

No similar inequality is true if p > 2.

The inequality (properly enunciated) holds on any locally
compact abelian group and its dual. In particular, a function
whose Fourier coefficients are a sequence in 1? (1 < p < 2) belongs
to LY(T). This is not a case of (9.2), but can be proved from it by
duality (Problem 1 below).

The truth of (9.2) for p=1 and 2 suggests its truth for
intermediate values, and indeed the proof depends on a convexity
argument that makes the result a consequence of the easy special
cases. The convexity argument is an interpolation theorem,
proved by M. Riesz and extended by G. O. Thorin to a powerful

method. Analytic function theory is used to prove the theorem of
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Riesz and Thorin, and the proof is not simple. We shall give a
direct proof of the inequality due to A. P. Calder6n and A.
Zygmund, which uses the function-theoretic ideas that enter into
the proof of the theorem of Riesz and Thorin.

It will suffice to prove this statement. For each
trigonometric polynomial f with Fourier coefficients (c,) and

norm equal to 1 in LP(T) we have
(9.3) llellg < 1.

For this inequality to hold for all f, it is necessary and sufficient
that

(9.4) |3 eadn| <1
for every sequence d with norm 1 in 17,
Write f= Fl/pE, d,,:D},/pen, where F and D, are non-
negative, and E, e, have modulus 1. Thus
(9.5) /Fdo.—:l, YD, =1.
The left side of (9.4) can be written

(9.6) |z DY/?e, / FYPEy™ do],

Now replace 1/p by the complex variable z, to define the

analytic function

(9.7) Q2) = £ Dien. / FEx ™™ do.
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The sum has only finitely many terms, each one obviously
bounded in the strip 1/2<Rz<1. Hence Q is bounded in this
strip. We seek a bound better than the obvious one obtained by
estimating each term of the sum.

For R z=1 we have the trivial estimate

(9.8) Q1+ it)] < ):D,,/Fda = 1.
For R z=1/2 the Schwarz inequality gives

. i -n 2 1/2
(09) 1Q¢+i0)| < (TDa) /(| [ F/P* B o] ) .

The integral is the Fourier coefficient of F1/2+itE  Bessel’s
inequality shows that the last square root is at most equal to
||Fl/2”2 = 1. Therefore the right side of (9.9) is at most 1.

The analytic function Q is bounded in the strip 1/2 <Rz
<1, and bounded by 1 on the lines Rz=1/2, 1. The maximum
principle (Problem 2 below) asserts that |Q(z)| <1 throughout the
strip. Taking 2=1/p in (9.7) shows that the quantity (9.6) is at
most equal to 1, as we wanted to show.

Problems

1. Show that if fis a summable function whose coefficient
sequence is in 1P, 1 <p<2, then fis in LYT) and 1fllg < Hf']lp
[We have shown that the mapping from f to f carries L?(T) into
19 and reduces norm. Find the adjoint of this mapping.]

2. Prove the maximum modulus principle as needed in the
proof above. [Map the strip conformally onto the unit disk, and
use facts we know about the Poisson representation of bounded
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analytic functions.

3. Show that the inequality (9.2) holds in general if it holds
for trigonometric polynomials.

4. Show that if fis a trigonometric polynomial and (9.1) is
equality, with 1 < p <2, then fis a monomial. [The fact is true for
all f, but the proof is more complicated.]

10. Measures with bounded powers; endomorphisms of 1!

M(R) is the algebra of complex bounded Borel measures on
the line. The measure with unit mass at 0 is an identity for this
algebra, so it makes sense to speak of inverses. Let p be the
measure carrying mass € at the point u, where € is a number of
modulus 1. Then g has an inverse, the measure with mass € at
—u. The power p" (in the sense of convolution) is the point
measure with mass €” at nu, for all integers n; these measures all
have total mass 1. A theorem of A. Beurling and the author
states that if u is any measure such that ||u"|| is bounded over all
integers n, then u has the form just described: a unit mass on a
single point of R.

The proof was complicated and depended on an arithmetic
argument. J.-P. Kahane has found a simple and beautiful proof
for the analogous theorem on the integer group, which we give
now. (He has recently extended the proof to give the original
theorem on the line, and also further results.)

The algebra is 1!, and a measure i is a sequence such that
2 |p(n)] < co.

Theorem 6. The element p of 1! has bounded convolution
powers if and only if it satisfies |p(n)| =1 for some n, u(m) =0
for al m #£ n.
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Let p have powers with norms bounded by a number K.

The Fourier transform of u is defined by
(10.1) m(e'®) = T p(j) e 7.

Then the powers of m (with ordinary multiplication) are the
transforms of the powers of x (in the sense of convolution).

Therefore
(10.2) |m(e®)" < K (all » and z);

hence |m| =1 everywhere.

Since m is continuous, we can write m(e'®) = exp ig(z)
where ¢ is continuous on the line, and ¢(z+27)—-¢(z) is a
constant multiple of 2x. The conclusion of the theorem is
equivalent to the statement that ¢(z) = pz+ b for an integer p and
some real number b. Without loss of generality we suppose that
#(0) = 0, and we shall prove that ¢(z) = pz.

Lemma. Given a positive number K, there is a positive
number k such thqt any sequence u with ||u||; < K and ||u||y =1
must satisfy ||u||, > k.

The proof (Problem 1 below) uses only the Hélder
inequality.

The function

(10.3) / ilB(t-5)+(s)] do(s)

is the convolution of m"=expnip with itself, and this is the

transform of (4")2, where the nth power refers to convolution, and
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the square to ordinary multiplication. By Lemma 1 and the

Parseval relation,
(10.4) 0<k< ;J;|p"(j)|4 = / exp nid do(r, s, t),
where

(10.5) ®(r, 5, t) = ¢(t-1) + ¢(r) - $(t=3) - &(s).

The integrand is periodic, and the measure is the product
measure do(r)do(s)do(t).

We shall show that exp i takes some constant value on a
set of (r, s, t) of positive measure.

Let v be the distribution measure of exp i®. That is, for E
a Borel subset of T, v(E) is the normalized measure of the set of
(r,8,¢t), 0<r, 3 t<2m, such that exp®(r, s, t) belongs to E. The
basic- definitions of integration theory show that the right side of
(10.4) equals

(10.6) / MY dy ().

If expi® assumes each value only on a null set, then » has no

point masses. By Wiener’s theorem of Chapter 1, Section 4,
o1 Ve
(10.7) Em N~ Y |#(n)|* =0.
-N
Thus |#(-n)| cannot exceed k! for all n, as asserted by (10.4).

This contradiction shows that exp i@ assumes some value w on a

set A of positive measure in T3.
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Che function
(10.8) ¥ = (1+w le®)/2

equals 1 on A, and has modulus less than 1 elsewhere on T3. Thus
¥” is 1 on A, and tends to 0 everywhere else. We want to show
that U™ has absolutely convergent Fourier series on T3, with
coefficient norms that are bounded in =.

The function expi® has absolutely convergent Fourier
series on T3, for

(10.9) ¢® = (Tu() ) (S () 75)
x (T rG) D) (T i) ).

Each factor is an absolutely convergent sum, and can be viewed
as a Fourier series on T3. Since the u(j) in modulus have sum at
most K, the product in (10.9) has coefficients whose moduli have
sum at most K!. The same argument applies to powers of (10.9),
and since the convolution powers of u have norm at most K, the
powers of (10.9) are absolutely convergent Fourier series with coef-
ficient norms bounded by K*.

Now take the nth power of (10.8) and expand by the bino-
mial theorem. The coefficient bound for exp ni® leads to the fact
that U™ also has coefficient norm at most K!. The element of
1(Z3) whose transform is ¥ will be called 1. We have shown that
%™ has norm at most K* in 1}(Z3) for each n.

Now 1(Z3) is the dual space of co(Zs), the space of
sequences (depending on three indices) that tend to 0 at co. (This

means: arbitrarily close to 0 except for finitely many indices.)
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Since the family (") is bounded in 1}(Z3), it has an accumulation
point p for the weakx topology of the space. By the definition of
this topology it follows that W" at least on a subsequence,
converges pointwise to the transform of p, which of course is a
continuous function on T3. But the pointwise limit of ¥"is 1 on a
set of positive measure, and 0 elsewhere. To be continuous, this
limit must be 1 everywhere. That is, exp 1® = w everywhere.

The rest of the proof is straightforward. For some real

number c,

(10.00)  §(tr)+(r) — $(t-5) - 4(s) = ¢ (mod 2)

for all 7, s, t. Since ¢ is continuous, the equation holds literally
everywhere. Taking all the variables equal to 0 shows that ¢ =0.
Hence ¢(t-r)+ ¢(r) is independent of r, and (since ¢(0)=0)
equals ¢(t). In other words

(10.11) B(s+1t) = #(s) +4(t)

for all real s,t. Thus m=expip is a character of R, and being
periodic, has the form exp ipt for some integer p. This concludes
the proof.

The theorem has an interesting reformulation. Let h be an
endomorphism of 1!, that is, a homomorphism of 1! into itself.
Thus & is a linear mapping, and h(uxp) = h(u)*h(p) for all p, p in
1. We shall show that A necessarily has a trivial form. One trivial
possibility is that h(p) =0 for all p; we exclude this case.

Every endomorphism is continuous, but this is not obvi-

ous. We assume the fact for the moment.
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For each integer n let e, be the sequence defined by ey(k)
=1 for k=n, =0 for other k. Then e, *e, = ey, p for all m, n. We
have h(eg) = ¢ because ¢j is an identity for the algebra. Let h(e,)
= p. Then h(e,) = ™ for each n (the exponent denotes convolu-

tion), and we have

(10.12) ey < HAlL - (all n).

The theorem we have just proved says that u=we, for some

integer p, where w has modulus 1. Hence for any p in 1

(10.13) hp) = Lol = Tp(i)we),

It is obvious, conversely, that (10.13) defines a homomorphism for
any integer p and constant w of modulus 1.

The problem takes a new form if we think of A as an
endomorphism of A, the algebra (under pointwise multiplication)
of all absolutely convergent Fourier series. Denote h(x) by m, a
function of modulus 1 (whose Fourier coefficients are the numbers
u(7). The first equality of (10.13) holds because powers of u are
bounded, even if we do not know the theorem about measures

with bounded powers. For any ¢ in A this equality translates to

(10.14) h(g) = Ea](g)mj = gom.

That is, h carries g to its composition with m. Conversely, if m is
any mapping of T into itself such that gom is in A whenever g is
in A, then the mapping so defined is obviously an endomorphism

of 11. Thus our theorem has this restatement: if m is any mapping
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of T into itself such that gom belongs to A for every g in A, then
m( €% = we'P* for some integer p and number w of modulus 1.
This result emphasizes that no condition of smoothness can
characterize the functions of A.

The fact that every endomorphism is continuous belongs to
Gelfand’s theory. For completeness we reproduce the simple and
beautiful argument.

It is convenient to give A the norm inherited from ll(T),
and study A instead of 1}(T).

Let F be a homomorphism of A into the complex numbers.
That is, F is a linear functional (not assumed to be continuous)
such that F(fg) = F(f)F(g). An example of such a functional is
evaluation at a point of T: F(f) = f(w) for some point w. Our first
objective is to show that every homomorphism, not everywhere 0,
has this form. For this, we first prove that F is continuous.

The kernel of F (as of any linear functional) is either
closed (and then F is continuous) or dense. If we find an open ball
in A disjoint from the kernel, then the kernel is not dense, and F
is continuous. The kernel of F cannot contain any invertible
element of A, because 1= F(1) = F(ff 1) = F(f)F(f!). (We have
assumed that F is not the null functional.) If there is a ball
consisting entirely of invertible elements, then this ball is disjoint
from the kernel and the kernel is not dense.

Let ||f]] <1 (the norm refers to A). Then the series

(10.15) 1+f+f2+...

converges in norm, and it is easy to verify that its sum is an

inverse for (1-f). Thus each element in the open ball of unit
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radius about the element 1 of A has an inverse. This completes
the proof that F is continuous.

F(x) is a complex number w, and F(x-w) =0 (because
F(1) =1). Therefore x — w is not invertible; and |w| = 1 (Problem 3
below). Thus F(f) = f(w) if fis x. The same follows immediately
if fis a trigonometric polynomial, and since F is continuous, the
formula holds for all fin A. This proves, as promised above, that
every multiplicative linear functional on A is evaluation at some
point of T (except for the null functional).

Now let h be a nonnull endomorphism of A. Given win T,
define F(f) = (hf)(w). We verify that F is a multiplicative linear
functional. Fis not the null functional because F(1) = 1. Therefore
F must be evaluation at another point w' of T. If m denotes the
function that carries w to v/, we have A(f) = fom. (We showed
above that a continuous endomorphism has this form; now this is
proved without assuming that h is continuous.)

Finally, the continuity of h follows from the closed graph
theorem. For if (f,) converges to fin A, and if f,om converges to
a function g, then A(f) =g because convergence in A implies

pointwise convergence.

Problems

1. Prove Lemma 1.

2. Show that the series (10.15) gives an inverse for 1-f as
asserted.

3. Show that x - w is invertible in A if |w| # 1.



Chapter 2
The Fourier Integral

1. Introduction

The Fourier integral was introduced in Sections 2 and 3 of
Chapter 1, and some results were proved analogous to those
already known for Fourier series. Now the Fourier integral is our
subject. First the things we know will be summarized.

The Fourier transform f of a function fin LI(R), defined
by (2.1) of Chapter 1, is a bounded continuous function on R. The
Riemann-Lebesgue lemma asserts that it tends to 0 at + oo.

The convolution of two summable functions is defined

almost everywhere, the convolution is summable, and

(1.1) f+glly < 1Al )lgll;-

For summable functions f, g we have (fxg)" = f g. If fand g are in
L2(R), fxg is defined everywhere, and is a bounded continuous
function.

An approximate identity on R (Problem 8 of Chapter 1,
Section 3) is a family of functions (e,) with these properties: each

ep is non-negative, has integral 1, and for each positive € satisfies

€
(1.2) lim_ / en(2) dz = 1.
—€

For any fin Cy(R) (the space of continuous functions tending to 0
at +00), e *f converges to f uniformly. If fis in LP(R) with p
finite, the convergence is in LP(R); if f is bounded, it is in the
weakx topology of L(R) as the dual of LI(R).
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As on the circle, a convolution of two functions is smooth
if one of the factors is. A useful specific result of this kind is: if f
has compact support and a continuous derivative, and g is in
Ll(R), then fxg has continuous derivative. This fact, with Fejér’s
theorem, shows that every g in LI(R) can be approximated by
functions with continuous derivative, for it is easy to construct an
approximate identity having the properties of f.

The inverse Fourier transform is defined as

(1.3) o) = & [ f(3) ™V dy

whenever the formula makes sense. The corollary of Theorem 1’
(Section 2 of Chapter 1) asserted that if fis summable, then fis
the inverse transform of f at any point where f satisfies a
Lipschitz condition. However f need not be summable, so the
integral in (1.3) has to be a limit of integrals from —A to B as
A, B tend to oo.

The inversion theorem enables us to prove a unicity
theorem, as for Fourier series.

Theorem 7. If f is in LI(R) and f=0 everywhere, then
f=0.

Let (e,) be an approximate identity consisting of continu-
ously differentiable functions with compact support. Then (e, *f)
= énf =0. Since eyxf is continuously differentiable, the inversion
theorem implies that it vanishes. But the convolution tends to f

in LY(R), so f=0.

Problems
1. State and prove a localization theorem for L1(R).
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2. (a) Define the Fourier-Stieltjes transform of a bounded
complex Borel measure on the line. (b) Show that the transform
is a continuous function. (c) Define the convolution of a measure
with a function in Cy(R). Define the convolution of two measures.
(d) Show that if y is a measure and (e,) an approximate identity
on the line, then e,*p tends to g in the weak* topology of
measures.

3. Construct an approximate identity on R consisting of
functions with compact support and continuous derivative.

4. The set of all Fourier transforms of functions in LI(R) is
contained in Cg(R). Show that it is dense. [The dual of Cy(R) is
the space of finite complex Borel measures on the line.]

5. Suppose that (p) is a sequence of measures converging
to u in the weak* topology, and such that fi, converges pointwise
to a continuous function h. Show that /i = h. [The difficulty is that
exponentials are not in Cy(R).]

6. Prove the unicity theorem for Fourier-Stieltjes trans-
forms in three ways. (a) Show that p*f:O if fis in LI(R) and
£ =0. Prove directly that such functions f are dense in

Cy(R). (b) For any real ¢, define two analytic functions:

t o0
F(z) = / T du(z),  G(2) = - / €772 dy(z)
—00 t
in the upper and lower halfplanes, respectively. Each function is
continuous on the closure of its halfplane. The hypothesis that
£ =0 means that F= G on the real axis. Use Morera’s theorem
and Liouville’s theorem to show that F and G are 0. Then by
varying t, show that g is 0. (This proof is due to D. J. Newman.)
(c) Fix a positive number t. Define a measure v on [0,t) by

setting
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v(E) = %u(E%— kt).
Show that v has Fourier-Stieltjes coefficients (relative to the given
interval) all 0. Vary t and deduce that g is null.

2. Kernels on R

In this section we define the Dirichlet, Fejér and Poisson
kernels on R, and show that they have properties like those of the
corresponding kernels on T.

The kernels will be defined by telling what their Fourier

transforms are:

(2.1) D(y) =1 (lvl<t), =0 (g >
(2.2) kw=1-" (<0, =0 (4>
(2.3) Py(y) = e,

The continuous parameters ¢, u are positive; ¢t tends to oo, u tends
to 0. kt is a triangular function of height 1 centered at the origin.

Taking the inverse Fourier transform of (2.1) gives
‘ t
(2.4) D((s) = Stz
This is not a summable function, so it does not have a Fourier
transform in the ordinary sense. However, bt is a summable

function to which the corollary of Theorem 1’ (Section 2 of

Chapter 1) can be applied:

(2.5) Dt(y hm /D ~i2Y 4p (y# ).

,—000
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Of course D, could not be summable, because its transform is not
continuous.

We could calculate the inverse transform of f{t with only a
little more trouble, but even that is unnecessary. From the

definitions we have
(2.6) 2tK,, = DpxD,

(It is easy to convolve bt with itself.) Both sides are bounded
functions with compact support. The inverse Fourier transform,
like the transform itself, carries convolution to multiplication,
with the complication of a factor 27. Thus (2.6) leads to

(2.7) 2tK,,(z) = 27D(z)%, or
2.8) K(z) = T}R(S*‘;;;/ 2.

This function is positive and summable. Its transform is the
function (2.2), by the inversion theorem. Its integral is 1 because

its transform equals 1 at 0. For any positive ¢,

(2.9) / K(2)ds < 5 / ;45 dz,
z|>€ |z} >€
which tends to 0 as ¢ tends to oo. Hence (K,) is an approximate
identity on R.
An easy computation gives for the inverse Fourier irans-

form of (2.3)

2.10 P = —H
( ) () 7r(u2+x2)
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Thus P, is positive, and we can check that

€
(2.11) l;{l& ) Py(z)dz =1

for each positive €. Hence (P,) is an approximate identity, with «
directed downwards to 0.

Here is another useful inversion theorem.

Theorem 8. If f and f are both summable, then f is the
verse Fourier transform off at each point.

The conclusion is not stated quite accurately. We mean
that fis almost everywhere equal to a continuous function, which
is equal at every point to the inverse transform of f

For positive u, P,*f is differentiable, so the inversion

theorem gives

o0
(2.12) Pyf(z) = o= / W f(y) €=V dy,
-0
(This can be verified directly by inserting the integral defining f
on the right side, then changing the order of integration.) As u
decreases to 0, the right side tends to the inverse transform of f at
z. On the left, P,xf(z) tends to fa.e. at least on a subsequence of
u, and this proves the theorem.
The kernel P, belongs to LI(R) for every ¢. Hence for fin
LP?(R) (where p and g are conjugate exponents) we can define
o0
(2.13) Flo+in) = Pf(s) = 4 [ uf(s)ds
") P (z-s)
This is the Poisson integral of f, giving a harmonic extension of f

to the upper halfplane. The fact that F is harmonic can be
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verified by differentiation under the integral sign. If f(s)ds is
replaced by a measure du(s) such that du(s)/(1+ s7) is finite, the
function F is still defined and harmonic.

The Poisson kernel on the line has a semigroup property,
as on the circle: PxP, = P, for all positive u, v. This is obvious
from (2.3). It follows that

(2.14) jo|F(:c+iu)|pdz

decreases as u increases, for any finite p and fin LP(R). If fis
bounded, the upper bound of |P,xf| is a decreasing function of u.

Let F be a function harmonic in the upper halfplane. De-
fine f,(z) = F(z+ 1u) for positive u. We ask whether there is a func-
tion fin some Lebesgue space such that f, = P xf for positive u.

The answer is like that on the circle. If f, belongs to LP(R)
for each u, with norm bounded by a constant independent of u,
then there is such a boundary function fin LP(R) (if p>1), or
there is a boundary measure g (if p=1).

The proof is analogous to that on the circle, but there is a
complication. Every harmonic function on the disk has a series
representation ((6.4) of Chapter 1); this follows from the fact that
a real harmonic function is the real part of an analytic function,
which is the sum of a Taylor series. From the series it was
obvious that Pxf, = f.; for r, s between 0 and 1. The correspond-
ing statement now is that P,xf,= f,,, for positive « and v, and
this is not so obvious. We shall prove this fact, after which the
rest is easy.

Lemma. Let F be bounded and continuous on the closed
upper halfplane, and harmonic on the open halfplane. If F(z)=0
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for all real z, then F=0.

A conformal map of the upper halfplane onto the unit disk
carries F to a function that is continuous on the closed disk
except perhaps for the point that was the image of oo, null on the
boundary except at that point, harmonic and bounded on the
open disk. This harmonic function is the Poisson integral of its
boundary values and therefore is 0 everywhere. This proves the
lemma.

Now let F be a function harmonic in the upper halfplane
with the associated family (f,) bounded in L’(R), 1 < p < oo. For
any function g in LY(R), where ¢ is the exponent conjugate to p,
(g*fy) is a family of bounded continuous functions, with norms in
L°(R) bounded for u>0. If we take g continuous with compact
support, it is easy to prove that G(z+ iu) = g*f,(z) is harmonic
(Problem 4 below). Fix v>0. Then G(z+ tu+ i) = g«xf,,,(z) is
harmonic and bounded for >0, and continuous for u>0. The
same is true for the function H(z+ tu) = Py g+f, (The continuity
of H at the boundary is not quite guaranteed by Fejér’s theorem,
because g*f, may not belong to Cy(R), but follows easily from it.)
By the lemma, G(z+ tu+ iv) = H(z+ iu) for v >0 and all z.

This result states that P,xf, defines the same linear
functional as f,,, on the set of functions g that are continuous
with compact support. This set is dense in L?(R) for p < co, and
x-dense in L°°(R). Hence P,xf, equals f,., a.. Since both
functions are continuous, they are equal. This is what we wanted
to show.

Finally we complete the proof that (f,) is the family
(Pyxf) for a function fin LP(R) (or a measure p if p=1). By

compactness of balls in the dual space, there is a function for a
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measure u such that every *-neighborhood of f or of u contains f,
for arbitrarily small positive u. Each function P, belongs to the
predual space; hence for each real z and fixed u, P,*xf(z) (or
Pyxp(z)) =lim Py* f,,j(z) =lim f, +v,-(:‘) = fu(z) for some sequence
(v]-) decreasing to 0. This completes the proof.

It follows, as on the circle, that P xf converges to fin the
norm of L’(R) if 1 < p < 00, or in the *-topology if p = 00; and if p
is a finite complex measure, P *u tends to g in the *-topology of

measures.

Problems

1. Show that (- zP,) is an approximate identity on R. Use
this fact to prove that P xf tends to f a.e. if fis in LP(R) for some
P.

2. Show that functions in LY(R) whose Fourier transforms
have compact support are dense in the space.

3. Show that if fis in LI(R) and f has compact support,
then fis a.e. equal to the restriction of an entire function to the
real axis.

4. Show that if g is continuous with compact support, and
F is harmonic in the upper halfplane, then H(z+ iu) = gxf,(z) is
harmonic in the halfplane. [Riemann sums for the convolution
integral converge uniformly on compact subsets of the halfplane.
Or else differentiate under the integral sign.|

5. Multipliers of L\(R). If k is a Fourier-Stieltjes transform,
then kf is the transform of a summable function whenever f is
(namely, of uxf, where /i = k). The converse is a famous theorem
of Fekete: if k multiplies each Fourier transform into a Fourier

transform, then k is a Fourier-Stieltjes transform. Prove this by
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following these steps. (a) Show that k is continuous. (b) The
operation in LY(R) defined by (Tf) = kf is continuous. [Use the
closed graph theorem.] (c) Let (e,;) be an approximate identity.
Find a weak+ limit for (Te,) in M(R), and show that its Fourier-
Stieltjes transform is k. [Use Problem 5 of the last section.]

6. Evaluate the integrals

o0 | [e 9]
sinrxr sinxr
/ =T d.’l:, / (T)Z dz .
-0 =00

3. The Plancherel theorem

The Parseval relation is the statement that the Fourier
transform is an isometry from L%(T) onto 12, when the first
Lebesgue space is based on normalized Lebesgue measure and the
second space on the measure that gives each point of Z unit mass.
The Plancherel theorem says that the Fourier transform is an
isometry of L%(R) onto itself, when the space is based on the
measure dz/ V2x. There is a qualification: the Fourier transform is
defined on L!(R); but on the line, L2 is not contained in LI
Therefore the Fourier transform has to be extended to the rest of
L%(R). The Plancherel theorem consists of several statements that
together describe this isometry.

We introduce a factor in the definition of the Fourier

transform, and call it the Plancherel transform:

(3.1) F(y) = (2r)"1/2 / () €Y da,

(We shall reserve the notation f for the transform of f without the
factor.)

Lemma. There is a dense subspace of L(R) contained in



2. THE FOURIER INTEGRAL 63

LY(R) on which the Plancherel transform is isometric.

Define f(z) = f (~z). Then f =f. If fis differentiable with
compact support, the same is tgue of f*f . The transform of f*f is
|f|2, and f*f(O): HfH% By Theorem 1’ of Chapter 1, for such

functions we have

B
(32) 0 = lim @07 [ 1f)P .
' -A

This shows that f is square-summable. Replacing f by (27r)1/ 2F
(see (3.1)) gives

(3.3) [ ¥@Pde= [ |Fw)Pay.

The functions f for which this is shown form a dense subpace of
L2(R), so the lemma is proved.

Denote by @ the isometry that maps f to F. Since Q is
defined on a dense subspace of L%(R) it has a unique continuous
extension to a linear isometry of all of L2(R) into itself. We call
this extension @ again. The range of @ is either the whole space
or a closed proper subspace. If we show that the range is dense,
then it is actually all of L2(R).

The adjoint @Q* of @ is the operator defined by the relation

(3.4) (QF k) = (f, Q7R)

for all f, h in the space. A simple computation (Problem 4 below)
shows that Q* is essentially the Fourier transform again, and
therefore is an isometry when properly nermalized, by what has

just been proved. Thus its null space is trivial. The null space of
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Q@* is the complement of the range of (). Hence the range of @ is
dense, as we wished to show.

The operator @, which is the normalized Fourier transform
on functions that are differentiable and compactly supported, has
been shown to be isometric and to have a unique continuous
extension to a unitary operator on LZ(R). This operator is the
Plancherel transform. Its adjoint is its inverse, and this is
formally the inverse Fourier transform, except that the factor
(27)~! in formula (2.7) of Chapter 1 is replaced by (27r)'1/2.

For any h in L%(R), the functions h, equal to A on (-n, n)
and to zero elsewhere are summable, and converge to A in L2(R).

Hence their transforms tend in norm to the transform of h:
n .
(35) H(y) = llnm (27?)—1/2/ h(x) c_'zy dI
-n

The curious notation “li.m.” is a pun of Norbert Wiener; it
means “limit in mean.” The notation is inaccurate, because the
Li.m. is the limit of functions in the norm of LZR), not a limit at
the point y. However if the pointwise limit exists a.e. even for a
subsequence of n, the limit function is the Plancherel transform of
h, because when a sequence of functions converges in a Lebesgue
space, a subsequence converges a.e. to the limit function.

The Plancherel transform carries elements of L2(R) to
elements of the same space, which are equivalence classes of
functions. That is, the transform H is only determined up to sets
of measure 0. This is different from the Fourier transform of a
function in LI(R), which is a continuous function, defined every-
where. Even though the Plancherel transform is defined as an

extension of the Fourier transform, it has a different character.
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Nevertheless, we use the notation f for functions f in L2(R), to
denote the Plancherel transform of f multiplied by /2.

Problems

1. Denote by L the linear space of all functions f+ ¢ where
fis in LYR) and g in L%R). Invent a definition of Plancherel
transform for functions in L. Show that LP(R) is contained in L
for 1 < p < 2. Prove the unicity theorem in LP(R).

2. Show that if f and ¢ are in L2(R), so that fg is
summable, then 27(fg)" = fxg (where the convolution makes sense
because f and g are square-summable). [Note that both sides are
continuous functions.|

3. It was stated, but not strictly proved, that the two
transforms coincide on L(R)nL2(R) except for a constant factor.
Show that this is so. [The Plancherel transform was defined only
for differentiable functions with compact support to begin with.]

4. Calculate the adjoint of the isometry Q.

4. Another convergence theorem; the Poisson summation
formula

The theorem on convergence of Fourier series in Chapter 1
was based on Mercer’s theorem. Here is another convergence
theorem, of different character.

Theorem 9. Let f be a function of bounded variation on T,
normalized so that f(€'*) is the average of its limits from left and
right at each point. Then f is the sum of its Fourier series at each
point.

This result, with the principle of localization, shows that a

function of LY(T) is the sum of its Fourier series at each point in
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the interior of an interval in which it is of bounded variation and
normalized as above.

Lemma 1. There is a number K such that
b
(4.1) |[ Dude| < K
a

for all a, b such that |b—-a| < 2x, and all positive integers n.

The proof is asked for in Problem 6 below.

Lemma 2. Let g(e*) = -1 for z in (-7, 0), =1 on (0, m).
Then

. n
(4.2) dim _Zn ag) = 0.

Each sum in (4.2) actually equals 0, and there is nothing
to prove. [Recall example 4(a) at the end of Chapter 1, Section 1.]

The lemma is a special case of the theorem. By adding a
multiple of a translate of ¢ to f, we can make f continuous at any
point we choose. Thus Lemma 2 reduces the proof of the theorem
to the case of convergence at a point of continuity.

Lemma 3. If h s the characteristic function of a subinter-
val (a, b) of [-n, 7], normalized at the endpoints, then the Fourier
series of h converges boundedly to h at each point.

Convergence at points of continuity of h is assured by our
old convergence theorem, and at the jump points, by Lemma 2.
Boundedness follows from Lemma 1, because the partial sums of

the Fourier series of h are

b
(4.3) Dyxh(€i®) = / DoY) do ().

a
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Lemma 4. Let y be any finite measure and h the function
of Lemma 3. Then uxh is the sum of its Fourier series at every
pownt.

The convolution is meant in the literal sense of (4.4) of
Chapter 1, even though h is not continuous. The usual compu-
tation shows that the Fourier coefficients of puxh are ay(u)ai(h).

The symmetric partial sums of the Fourier series of uxh are

(4.4) fl; a,(1) ay(h) €% = / fl; ag(h) €5 du(t).

The sum on the right converges boundedly to h( ei(x_t)) by
Lemma 3. The dominated convergence theorem shows that the
right side converges to pxh(€'*).

Now we can finish the proof of the theorem. Let f be a
normalized function of bounded variation, and g the associated
measure: yu(a, b) = f(eib) - f( eia) if a, b are points of continuity of f
in [0, 27), and u has point masses corresponding to the jumps of f.
Without loss of generality we investigate the convergence of the
Fourier series of f at 1, and we assume that fis continuous there,
and vanishes outside (-7/3, 7/3). Let h(e'®) be the characteristic
function of (0, 7/2). Then pxh = fon a neighborhood of 1, at least
where fis continuous. We have shown that pxh is the sum of its
Fourier series; hence the same is true for f at points of continuity
near 1, as was to be proved.

The proof shows that the Fourier series converges to the
average of left and right limiting values at points where f has a
simple discontinuity.

We come to the Poisson summation formula. Let f be a

summable function on R. Then
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(4.5) [ arammids = [ If(2)ds < co.

0

SR

Thus the sum
(4.6) F*(e%) = _°§°of(z+ 21m)

converges absolutely a.e. and defines a summable function on T.

The Fourier coefficients of this function are

(A7) an(f)= [F(e5) e do(z /fu Je % da= L f(n).
Thus f* has Fourier series

(48) (%) ~ g Tf(n) €.

If f* is the sum of its Fourier series at z =10,

(4.9) Tf(2mn) = Jim oL 3 f(k).

This is the Poisson summation formula.

No single hypothesis gives the best condition for the truth
of (4.9), because there is no best theorem about the convergence
of Fourier series. The simplest useful condition is given by the
theorem we have just proved: the formula holds under the
hypothesis that f is summable, of bounded variation on R, and
normalized. For then (Problem 3 below) (4.6) converges every-
where, f* is a normalized function of bounded variation on T, and
(4.9) says that f* is the sum of its Fourier series at 1.

The point 1 is not special, and the formula can be written
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more generally
(4.10) Tf(z+2mn) = lim L i (k) ekiz.
This holds for all z if the hypotheses just mentioned are satisfied.

Problems
1. Prove the famous theta relation: if z is complex and

Rz> 0, then
R -nlrz -1/2 R —k’n/z
€ = Z € .
% %

[Recall Problem 7 of Chapter 1, Section 2.]
2. Evaluate %1 /(n2+1) by means of the Poisson formula.
1
[This sum was evaluated in Problem 7 of Chapter 1, Section 4.]

3. Let V(f) denote the total variation of fon T. Show that
V(f+g) < V(f) + V(g). Show that if (f,) is a sequence of functions
of bounded variation on T with ¥ V(f,) < oo, and if f,(1) =0 for
each n, then Y} f, converges absolutely and uniformly, and the
sum is of bounded variation. If each f, is normalized, then the
sum is normalized. Show that (4.6) converges absolutely and
uniformly if fis summable and of bounded variation on the line.

4. Obtain a formula expressing ¥ f(nu) in terms of f,
where u is an arbitrary positive number.

5. Show that if fis a function of bounded variation on T,
then a,(f) = O(1/n).

6. Prove Lemma 1.

5. Bochner’s theorem

A complex function fon the line is positive definite if
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(5.1) Zf(zj—zk) ¢ty 20

for every choice of finitely many complex numbers (cj) and real
numbers (z]-). This definition is algebraic and has only algebraic
consequences. However as soon as fis measurable, an analogue of
Herglotz’ theorem (Section 8 of Chapter 1) is valid.

Bochner’s theorem. If f is positive definite and measurable,
then for some positive measure pu on the line we have f= i almost
everywhere.

As in Chapter 1 on the circle, it is easy to prove that the
Fourier-Stieltjes transform of a positive measure is positive
definite (and continuous). Now we assert conversely that a
continuous positive definite function is the transform of a positive
measure, and further that every measurable positive definite
function is a.e. equal to a continuous one.

First we shall prove a somewhat different statement. Say
that a measurable function fon the line is positive definite in the

integral sense if fis bounded and

(5.2) | [fa-o(@)3(y) dedy>0

for every summable function g¢. (The integral exists absolutely
because fis bounded.) Unlike (5.1), this condition applies to func-
tions defined only modulo Lebesgue null sets. We shall show that
every function positive definite in the integral sense is equal a.e. to
i, for some positive measure . Then Bochner’s theorem will be
proved by showing that a measurable positive definite function is
positive definite in the integral sense.

We shall imitate the proof of Herglotz’ theorem. Let
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h=h, be the characteristic function of [0, A] divided by A/2,
and h(z) = h(—z) as usual. (Here h is real, of course.) Then hxh is
the triangular function supported on (-A, A), with value 1 at the
origin. (This is the transform of the Fejér kernel K,.) In (5.2)
take g(z) = h(z)expitz, where t is a real variable. After a change

of variable we find that

(5.2) K1) = / f(z) hxk(z) €% dz > 0.

Thus k& is the Fourier transform of a summable function and is
non-negative. We want to show that kis summable.

Integrate k against the transform of a Fejér kernel:

(5.3) / k() K gt) dt = / / f(z) heh(z) K gt) €% dt da.

The integrand on the right is continuous with bounded support,

so Fubini’s theorem applies to show that this equals
(5.4) o / f() hh(z) K g(z) dt.

This quantity is at most equal to ||f||s, because (Kp) is an
approximage identity, and hxh(z) is bounded by 1. But the left
side of (5.3) increases to the integral of k. Hence k is summable,
with norm at most ||f||s-

The function k depends on the parameter A, but this
bound is independent of A. Therefore the family of measures
(k4do) has a weak+ accumulation point p. By Theorem 8 of

Section 2,
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(5.5) L / kg(B) €= dt = f(a)hyxh y(2) ace.

This shows that f is a.e. equal to a continuous function. As A
tends to oo the right side tends boundedly to f. If the exponential
on the left side were in the space Cy(R) of continuous functions
tending to 0 at + oo, it would follow immediately that 27f= .

But this is not so, and another step is needed. Multiply
(5.5) by any summable function ¢(t) and integrate:

(5.6) 2—17r-/kA(t) () dt = /f(z) h b 4(2) o(<) dz

Since g is in Cy(R), we can take the limit in A to obtain

(5.7) / dy(t)—/f o(z) d.

Now replacing g by the integral that defines it shows that 2xf= j.
Furthermore x4 as a linear functional on Cy(R) is non-negative on
positive functions, and it follows that yx is a positive measure.

Finally, we must show that a measurable positive definite
function fis positive definite in the integral sense. This result and
the following ingenious proof are due to F. Riesz.

As in the case of positive definite sequences, it follows from
the definition (5.1) that fis bounded. Let g be any Borel function
that is summable and square-summable. In (5.1), choose the

numbers ¢; to be the values g(z)):

m

(5.8) Z (zj-71) 9 )g(zk) > 0.

The numbers z; are arbitrary; regard them as variables and
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integrate with respect to each of them from —A to A. The m
terms with j =k give

A
(5.9) m(24)™"£(0) [ lg(a)? da.
-A

There are m? — m other terms, all equal:

A A
(5.10)  (m*-m)@A)™2 [ [ fa-y) o(2)(y) dody.
“A-A

The sum of these terms is non-negative.
Add the terms and divide by (m% - m)(24)™2:

A A A
(5:11) 2= 241(0) [ lo(@)? de+ [ [ f(z-y)o(a)3(y) dody > 0.
-A -A-A

JAZ

Letting m tend to oo shows that

A A
(5.12) / /f(z~y) 9(z) 9(y) dzdy > 0,
“A-A

and since A was arbitrary, (5.2) is proved, at least if ¢ is square-
summable as well as summable. By approximation the inequality

holds for all summable functions g, and this completes the proof.

Problems

1. Show that the pointwise limit of positive definite
functions is positive definite. Show that a positive definite
function fis bounded, and satisfies f(~t) = f(¢) for all real ¢.

2. Let f(t)=1 when t is an integer, and =0 elsewhere.
Verify that fis positive definite.

3. Show that a positive definite function on the line is
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continuous if it is continuous at the point 0. [In the definition
(5.1) take three points 0, z, z+ u. By choosing ¢, ¢y, ¢5 cleverly,
find an estimate for |f(z+ u) - f(z)|.]

6. The Continuity theorem

Theorem 10. Let (p,) be a sequence of probability measures
on the line whose transforms (fi,) converge pointwise to a limit
function h. If h is continuous at 0, then h=j for a probability
measure u, and p, converges to pu in the weakx topology of
measures.

A probabuity meusure is a measure that is positive with
total mass 1. We assume that measures are defined on the Borel
field of the line.This theorem from probability theory is presented
here because it is almost a corollary of Bochner’s theorem. Indeed
we needed part of the content of this result to prove Bochner’s
theorem in the last section.

Since h is the pointwise limit of positive definite functions,
it is positive definite. By assumption it is continuous at 0 (this
hypothesis is essential); Problem 3 of the last section says that h
is continuous everywhere, so by Bochner’s theorem k= i for some
positive measure p. This measure g is a probability measure
because h(0) =1. The only thing left to prove is that u, tends to
p in the weakx topology of measures (that is, in the dual of the
space Cy(R)).

The assumed convergence of the Fourier-Stieltjes trans-

forms means that

(6.1) [édu=tim [pdu,
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for every trigonometric polynomial ¢, and we want the same
convergence for all functions ¢ in Cy(R).
We use the idea of the last section. Let fbe any summable

function. Its transform is in Cy(R), and

(62) [fdun= [ [fa)e ™ dodun(t) = [f(a)itn(<) de

The sequence (fi,) converges boundedly to fi, so the right side has

limit
(6.3) [#@ie)ds = [ f

Thus (p,) converges weakly to p over the subspace of Cy(R)
consisting of all transforms of summable functions. This subspace
is dense, and the sequence (y,) is bounded, so the sequence
converges on all of Cg(R). This finishes the proof.

Theorem 10 tells less than the whole truth. Denote by P
the set of all Borel probability measures on the line. The elements
of P define linear functionals on all bounded continuous functions

by the usual definition:
(6.4) u(6) = [¢du

Let W be any linear space of bounded continuous functions given
the uniform nerm. Then P is part of the dual space of W, and has
a weakx* topology with respect to W. The interesting fact is that
these topologies on P are all the same, provided that W is not too
small.

Theorem 11. Suppose that W contains Cg(R). Then the



76 2. THE FOURIER INTEGRAL

weakx topology of P with respect to W is the same as the weakx
topology of P as the dual of Cy(R).

Denote by P the set P with the weakx topology relative to
Cy(R), and by P, the same set with the weakx topology relative
to W. Let T be the mapping from P, to Py defined by Ty = p.
The theorem asserts that T is a homeomorphism.

If a net (u,) converges over W, then it converges over
Co(R) a fortiori and to the same limit. That is, T-1is continu-
ous. We must prove that T is continuous.

Lemma. If E 15 a subset of Py, and p belongs to the closure
of E, then some sequence in E converges to p.

This follows from the fact that Cy(R) is separable and the
measures of P have norms that are bounded.

Let E be a closed subset of P,. We must show that
T 1E=E is closed in P,. Let p be in the Pj-closure of E, and
(4n) a sequence in E converging (P) to u. Define ¢, to be the
triangular function equal to 1 at 0, vanishing outside (-k, k), and
linear on the intervals (-k,0) and (0, k). These functions belong
to Cy(R), and tend boundedly to 1 everywhere as k tends to oo.

Hence given € > 0 there is a k such that
(6.5) /¢k du > 1-e.
It follows that for all sufficiently large n
(6.6) / B din > 1- 2.

Since these are probability measures, (6.5) and (6.6) mean that
the interval (-k, k) contains almost all the mass of all the g,
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(n>n(e)) and p at once. This is the fact that we shall use.
If p is not in E, there is a Py-neighborhood of x disjoint
from E. That is, there are functions ¥y,...,%,in W and 7 > 0 such

that no measure v in E satisfies
(6.7) W) ()l <1 (G =Ly r).
Therefore for one j at least,

(6.8) litalt)) — ()] 2 1

for infinitely many n. We fix ¢ = z/)]- and pass to a subsequence of
(#p), in order to obtain a sequence (v,) from E convergent (P;) to

¢ and a single ¥ in W such that

(6.9) n(¥)-p($) 27 (all n).

For each k and n,

(6.10) lu(¥) —va(¥) < p(¥) —p(op)| +
lﬂ(¢k¢) - Vn(¢k1/’)| + IVn(¢k¢) —va(¥)].

Let e =7/6. By (6.5) and (6.6) we can choose and fix k so large
that the first and last terms on the right are at most ¢ for all large
n. The middle term tends to 0 as n tends to oo because ¢y is in
Cy(R), so it is smaller than e for all sufficiently large n. Thus the
right side is less than 3¢ =7/2 for this k and all large n. This
contradicts (6.9). Therefore g is in F, and the proof is finished.
Corollary. If a sequence (p,) in P converges to p in P in
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the sense that (6.1) holds for all trigonometric polynomials ¢, then
(6.1) holds when ¢ is any bounded continuous function.

Theorem 10 implies that the sequence converges weakly
over Cy(R), and Theorem 11 that it converges over the space of
all bounded continuous functions.

It might be hoped that Theorem 11 could be improved to
say that the topology of P, is the same as the weakx topology of
P as part of the dual of the space of trigonometric polynomials.
However, this is not true because the last topology is not defined

by sequential convergence (Problem 2 below).

Problems

1. Prove the lemma used in the proof of Theorem 11.

2. Let E be the subset of P consisting of all unit point
masses §, at points ¢ such that |¢] > 1. Show that E'is closed in P,
but that 6, belongs to the closure of E for the weak* topology of
P as part of the dual of trigonometric polynomials. [No sequence
from E converges to 6;. A trigonometric polynomial P has the
property that for any positive € there are arbitrarily large num-

bers ¢ such that |P(z+t) - P(z)| <€ for all z.]



Chapter 3

Discrete and Compact Groups

1. Characters of discrete groups

This chapter is devoted to harmonic analysis on some
compact abelian groups other than the circle group. We shall
construct Haar measure for compact abelian groups, then prove
the Pontryagin duality theorem for compact and discrete abelian
groups, a theorem of Minkowski, Kolmogorov's extension theo-
rem, and finally the Banach-Steinhaus theorem as a consequence
of a theorem of Steinhaus about the set of distances between
points in a set of positive measure.

Let G be any abelian group. A character of G is a homo-
morphism of G into T. Among the characters is one that we
denote by 1, with values 1(g) =1 for all g in G. It is not obvious
whether other characters exist in general.

A character is a function on G. The characters of G
themselves form a group under multiplication. The inverse of a
character x is 1/x =X, and the identity is the character 1. This
group is also abelian, but it is natural to write it multiplicatively.

An element of G determines a character of its character
group in a natural way: for g in G define g(x) = x(g). Then g(xx’)
= (xx')(9) = x(9)x'(9) = 9(x)9(x"), as required.

If G is an abelian Hausdorff topological group, its continu-
ous characters form an abelian group G, called the dual of G.
Harmonic analysis treats groups that are locally compact; that is,
having a neighborhood of 0 whose closure is compact. Then there
is a natural way to define a locally compact topology in G. The

duality theorem of Pontryagin states that every continuous char-
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acter of G is obtained from an element of G in the way just
mentioned. A full proof of this theorem would take us too far
from the subject of this book, but we shall prove it for groups
that are discrete or compact.

Suppose that T is an abelian group with discrete topology.
Our first result is that the characters of I' (which are all
continuous) separate points of I. Let z be any point of I’ different
from the identity 0. If z has finite order k, define x(z) to be a kth
root of 1, different from 1, and x(jz) to be x(z)j for all integers j.
If z has infinite order, x(z) can be any number of modulus 1 (but
chosen different from 1). Then x is a character of the subgroup Iy
of I generated by z. We shall extend x to be a character of I'.

Let F be the family of all pairs ('), x;) where I’} is a
subgroup of I' containing Iy, and x; is a character of I'; that
agrees with x on Tg. This family is partially ordered: (T'y, x5) >
(T, x1) if Ty contains I'j, and x, extends x;. Any ordered subset
of ¥ has an upper bound in ¥. By Zorn's lemma, there is a
maximal element (I, x’) in F. If IV is not all of T, we can extend
this pair by the argument just given. Choose y not in I'. If ky is
in IV for some smallest positive integer k, let x'(y) be any kth root
of x'(ky); if no positive multiple of y is in IV, x'(y) can be any
number of modulus 1. Define x'(z+ jy) = x’(z)x'(y)j for z in IV and
all integers j. We verify that the definition is not ambiguous, and
defines a character extending x’ to a group larger than I'. This
contradicts the maximality of (IY, x'). Thus IV is T, x’ is a char-
acter on T, and x/(z) # 1.

It follows that characters separate any two points of I’
(Problem 1 below).

Let K be the dual of a discrete abelian group T. We have
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just shown that the elements of K separate points of T; it is
trivial that elements of I', as functions on K, separate points of K.
Give K the weakest topology such that all the elements A of T, as
functions on K, are continuous. A net (z,) in K converges to z in
this topology if and only if z,(\) converges to z()) for every A in
I'. This topology 1s compact. To prove this, construct a product of
circles Ty, one for each element A of I'. This space X is a compact
Hausdorff space in the product topology (Tychonoff’s theorem).
Map K into X by setting Tz = (z())). This mapping is one-one,
and its range is closed (Problem 2 below). As a closed subset of a
compact space, the range is compact. Convergence of (T'z,) in X
means convergence in each component, the same as the definition
of convergence of (z,) in K. Therefore K is homeomorphic to its
image in X, so it is compact. The group K in this topology is I

The character of K defined by A in T is continuous for this
topology, by definition. It is to be proved that every continuous
character of K arises from an element of T.

The Baire field of any compact Hausdorff space is the
smallest o-field that makes all continuous functions measurable.
The Baire field is the same as the Borel field in any compact
metrizable space, but in general it is smaller.

Let K be any compact abelian group (always assumed to
have a Hausdorff topology). A Haar measure on K is a positive
finite measure on the Baire field of K that takes positive values
on non-empty open Baire sets, and is invariant under translations
of the group. This measure is unique up to multiplication by posi-
tive constants. It can be normalized to have unit total mass.

Theorem 12. Every compact abelian group K has ¢ Haar

measure.
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Let B denote the set of probability measures on the Baire
field of K. This set is convex. and compact for the weakx topology
of measures. For ¢ in P and z in K, let x* be the measure in P
defined by

(1.1) 1 E) = p(E+ 1)

for all Baire sets E. For every positive integer k,
k=1

(1.2) vp= k! %umf

is in P. The set (v;) has an accumulation point v for the weakx
topology of measures, and v belongs to B. If C(K), the space of
continuous complex functions on K, is separable, then v is the

limit of a subsequence (v, ), so that
J
T _1; -1 & nr _ kjz
(1.3) v® =lim kj El:u =hm(1/k]_+(ﬂ J _#)/kj)zll.

That is, v is invariant under translation by z. If v is not the limit
of any subsequence it is still true that given any finite subset
(1, ...+ ¢7) of C(K), there is a subsequence (k) of integers such
that

(1.4) lim /qﬁ,-dukj - /qbidu

for each i. Given a continuous function ¢, find such a subsequence
so that (1.4) holds for ¢(t) and its translate ¢(¢ - z). The relation
(1.3) holds then if we integrate the measures against ¢(t), with
the result that
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(1.5) /¢dur= /qsdu.

Since this is true for any continuous ¢, we have v*¥ = v.

Denote by P, the set of measures in PB that are invariant
under translation by z. This set is non-empty, *-compact, and
invariant under translation by all elements of K.

Let y be another element of K. Starting from any v in B,
we obtain in the same way a measure p that is invariant under
translation by y, and still invariant under translation by z.

This construction can be repeated to show that every finite
family of sets B, . has non-empty intersection. Since P is com-
pact, the whole family has non-empty intersection. That is, there
is a probability measure o that is invariant under all translations
of K. It is easy to see that non-empty open Baire sets have
positive measure (Problem 3 below), so this is a Haar measure,

and the theorem is proved.
Now let T be dual to K. The Fourier coefficients of a

function fsummable for o on K are indexed by the elements of T,

and are defined to be

(1.6) f) = [fxds (@l xin D).

The Fourier series of fis

(1.7) fla) ~ £ f) x(2)

A similar definition is made for Fourier-Stieltjes coefficients and

series of measures on K.

A trigonometric polynomial on any abelian group is a finite
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linear combination of (continuous) characters. The central coeffi-
cient of a trigonometric polynomial is the coefficient of the char-
acter 1. Let 9 be the space of trigonometric polynomials on a
compact group K. 9 is an algebra, it contains constants, and is
closed under complex conjugation. We assume now that the
continuous characters of K separate points of K. Then all the
hypotheses of the Stone-Weierstrass theorem are satisfied; the
conclusion is that T is dense in the space C(K), given the uniform
topology.

Consequently the unicity theorem holds for measures on K:
if f(x) =0 for all characters x of K, then x4 =0. For g is the null
functional on ¥, and therefore on C(K), so x4 is the null measure
by Riesz’ theorem.

Every character x of K except the constant one has mean

value 0 for the measure o. For if y is any element of K,

(18) [x(z+v) do(a) = () [ x(2) do(2)

Since ¢ is invariant under translation, the left side equals [ x do.
If this integral is not 0, then x(y) =1. This holds for all y; that is,
X = 1. Thus the integral with respect to o of a trigonometric poly-
nomial is its central coefficient, which therefore can now be called
its mean value.

It follows that the characters form an orthonormal system
in L2(K) (based on the measure o). This system is complete,
because the unicity theorem is true a fortiori in L2(K) when it is

known for measures on K. Hence the Parseval relation holds:

(L9) J I do = $1f0r?
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for all fin L(K).

All of this is true if we know that the continuous
characters of K separate points of K. Now we can show, under
this hypothesis, that K is the dual of its character group I', given
the discrete topology. Suppose that the group K’ dual to T is
larger than K. The natural embedding of K in K’ is continuous
(Problem 4 below). Therefore the image is compact and closed.
Trigonometric polynomials on K, linear combinations of the
characters from I, are dense in C(K); and on K’, are dense in
C(K') (because they separate points of K’). Find a function ¢ that
is continuous and nonnull on K’, but zero on K; by squaring ¢ if
necessary, we can assume that ¢ >0 everywhere. Let o be the

Haar measure of K, and o’ that of K’. Then

(1.10) /¢da=o, /¢da’>0.

If (¢,) is a sequence of trigonometric polynomials converging
uniformly to ¢ on K’, with central coefficients a,, then the first
relation implies that the @, tend to 0, and the second that they
have a positive limit. The contradiction shows that K’ is not
larger than K. Thus we have shown that K is its own second dual,
under the hypothesis that characters of K separate points.

Finally, let K be the dual of a discrete group I'. Trivially,
the characters of K that come from I separate points of K (as
mentioned above). We want to show that K has no other
characters. The trigonometric polynomials containing only charac-
ters from I' form an algebra that is dense in C(K). If K had some
other character x, then y would be orthogonal in L2(K) to the

characters from I, but uniformly approximable by linear combina-
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tions of them. This is impossible. Therefore T is its own second
dual.

We know now that every discrete abelian group is its own
second dual; and the same is proved for compact abelian groups
having the property that continuous characters separate points.

This is always true, as we establish in the next section.

Problems

1. Show that if characters of I' separate 0 from every other
element, then characters separate every pair of distinct elements.

2. Prove the facts needed above: the mapping T from K
into X is one-one, and its range is closed. [If (z,(A)) converges in
X to a limit (z()X)), then z (a function on T') is a character of T
and z, tends to zin K|

3. The measure o on K was asserted to be a Haar measure.
Show that it is positive on every non-empty open Baire set. [Let
E be a non-empty open set. Finitely many translates of E cover

4. Supply the point missing above: K is continuously
embedded in K'.

5. Write down a careful proof of (1.5) above.

6. Find a second proof of the existence of Haar measure on
a group K about which it is known that continuous characters
separate points. For trigonometric polynomials P, define F(P) to
be the central coefficient of P. Show that F is a linear functional
with bound 1, which therefore has an extension to all of C(K)
with the same bound. Apply the theorem of F. Riesz. [Suppose
there is a trigonometric polynomial P such that ||P||, <1 but

F(P) =1. Let A be a nonzero character appearing in P, and y an
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element of K such that A(y) #£1. Average the functions P(z+ ny)
to obtain a new trigonometric polynomial like P, but not

containing A.]

2. Characters of compact groups

Theorem 13. Continuous characters of any compact abelian
group K separate points of K.

Finding characters of a discrete group involved only show-
ing that a character on any subgroup could be extended to a
slightly larger subgroup. Then Zorn’s lemma completed the proof.
In other words, we only had to establish that there is no algebraic
impediment to extension. But in the case of a compact group, the
character is supposed to be continuous. Given z in K it is not easy
to find a non-trivial continuous. character even on the smallest
closed subgroup containing z. If x is such a function, then x(nj:c)
must tend to 1 for every sequence ( n]-) such that n;z tends to 0 in
K. This is a Diophantine condition that is difficult to verify
because we know nothing about the structure of K. Indeed the
result can only be true because compact abelian groups have
simpler structure than we have any reason to hope.

The proof will use operator theory in the Hilbert space
L2(K), based on Haar measure o.

For any y in the group, let Ty be the translation operator:
Tyf(z) = f(z+y). Then Ty is a unitary operator in L2(K). For any
fin LK), Ty f depends continuously on y. (The proof is like that
on the circle, since trigonometric polynomials are dense in L2(K).)

Let h be any element of L2(K). Define S f= h«f. Then §,
1s a continuous linear operator in L2( K). This convolution

operator commutes with the translation operators T.
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Lemma. S, is normal and compact.

Let h be the function h(-z). It is easy to verify that the
adjoint of § is Sil. Since two convolutions commute, S, is
normal.

To show that S; is compact it suffices to prove that if (f,)
is a sequence in L2%(K) that converges weakly to f, then S,f,

converges in norm to S, f. We have

(2.1) 1Snf=Spball2= [ Ihs(f=£)P do

Since h is in L2(K), weak convergence of f, to fimplies that the
integrand tends to 0 pointwise. A weakly convergent sequence is
bounded; therefore it follows from the Schwarz inequality that the
integrand is uniformly bounded in n. Thus the integral tends to 0.

Now we appeal to the theory of compact operators. The
spectrum of such an operator is a sequence of nonzero complex
numbers (A;) tending to 0, together with the point 0 (unless there
are only finitely many /\]-). Each ’\j 1s an eigenvalue, and the
corresponding eigenspace is finite-dimensional. Finally, 0 may or
may not be an eigenvalue, and if it is, its eigenspace may be
infinite-dimensional.

If S, has only 0 in its spectrum, then the operator is null
and h is the null function. (This is a property of normal operators,
obvious from the spectral theorem, if not proved in an elementary
way.) Otherwise let A be a nonzero eigenvalue and let E be the
eigenspace corresponding to A: that is, all f in L2(K) such that
hxf=Af. This is a closed subspace, invariant under translations,
and (this is the essential point of the proof) finite-dimensional.

Because FE is finite-dimensional, it has a subspace E’ different



3. DISCRETE AND COMPACT GROUPS 89

from (0) that is invariant under translations, and is minimal with
this property.

Each translation operator T, acts as a unitary operator in
E'. Furthermore, T, in E’ has only one eigenvalue 7(z); for if it
had more than one, its eigenspace in E’ would be a proper
subspace of E' that is invariant under translation. It is easy to
verify that 7(z) is a character on K, and is continuous. The only
thing left to prove is that given z not the identity of K, we can
choose h in such a way that 7(z) # 1.

Find k in L%(K) that is not invariant under T,. (The
characteristic function of a sufficiently small neighborhood of 0
will do.) Then take h=k— T,k If A is any nonzero eigenvalue of

S;, and f an eigenfunction, we have
(2:2) hxf= kxf— (Tk)xf= M.

Now (T k)xf=kx(T.f). If T.f=f, then the middle expression in
(2.2) vanishes, whereas the right side is not the null function.
Hence no nonzero element of the eigenspace E corresponding to A
is invariant under T,. This means that the eigenvalue of T, acting
in a minimal invariant subspace of E is not 1, and the proof is

finished.

Problems

1. Show that normalized Haar measure ¢ on a compact
abelian group K is unique. [Calculate its Fourier-Stieltjes coef-
ficients.]

2. Show that every closed subspace of L%(K) invariant

under translations is the closed span of the characters it contains.
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(This is a version of Wiener’s theorem proved on the circle group
in Chapter 1.) Deduce that every minimal closed invariant sub-
space of L%(K) is one-dimensional. (Thus the minimal subspace
E’ in the proof above was actually one-dimensional.)

3. Let K be a compact abelian group with dual I' and K¢ a
closed subgroup. Show that the dual of Kg is the quotient group
I'/Ty, where T'g is the annihilator of Ky Formulate and prove an
analogous statement about subgroups of T'.

4. Let x be a continuous character of a closed subgroup of
a compact abelian group K. Show that x can be extended to be a

continuous character of K.

3. Bochner’s theorem

‘Theorem 14. Let T' and K be dual abelian groups, respec-
tively discrete and compact. Every positive definite function on T
ts the Fourier-Stieltjes transform of a positive measure on K.
Every continuous positive definite function on K has absolutely
convergent Fourier series with non-negative coefficients.

Let p be a positive definite function on I'. That is, if ¢ is

any complex function supported on a finite subset of I', then

(3.1) S p(A=1)exer = ToNesi(d) > 0,
AT A

where ¢(A) =¢(-)A) as always. We may assume that p(0) = 1. The

proof of Herglotz’ theorem in Chapter 1, and of Bochner’s

theorem in the last chapter, relied on the Fejér kernel. In the

present more general context we have to construct an

approximate identity with the necessary properties.

A positive definite function p is bounded (with bound
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p(0)). It follows that the sum in (3.1) converges absolutely, and
the inequality still holds, if ¢ is any function summable on T

Let V be a neighborhood of the identity in K, and e its
characteristic function. Then exe is a continuous function whose
Fourier sequence is |é|2. Therefore the Fourier series of exé
converges absolutely, and its Fourier coefficients ¢, = |6(A)|2 are
non-negative. Finally define k:nle*é]2, where k is the positive
number such that ||k||; =1. Actually exe is non-negative, so the
absolute value is redundant; but we emphasize the fact that
k= kcxé. Note that k vanishes outside V- V (the set of all z—y
where z and y belong to V).

In (3.1) replace ¢, by cyA(z), where ¢, is the Fourier
coefficient just introduced, and z is in K. The series converges

absolutely and we have

(3.2) MKz = ng\:p()\)c*é()\)/\(z) = E/\:p(/\) k(A) A(z) > 0.

This function h=hy on K has norm 1 in LY(K) for each V. The
neighborhoods V of 0 in K form a system directed by inclusion,
and so (hydo) is a net in the set of probability measures on K.

By compactness of the set of probability measures, the net
has an accumulation point p. Therefore, for each A in T, hv()\) is
as close as we please to i(A) for all neighborhoods V of 0 that are
sufficiently small (that is, contained in a corresponding neigh-
borhood V of 0).

Fix A in T, and let § be a positive number. The set of all z
such that |A(z) —1| < é is a neighborhood W of 0 in K. There is a
neighborhood V; of 0 such that V| - V] is contained in W (this is
an elementary fact about topological groups). Let V be any
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neighborhood of 0 contained in V. Since ky, vanishes outside W,

where A is close to 1,
(3.3) 1> kA = /kada > 1-6.

Hence hV(A) p(/\)kv()\) is within é of p(A) for all V contained in
V] Thus p(}) is the only accumulation point of (hv()\)), so that
() = p(A), and this proves Bochner’s theorem for T

Now let f be a continuous positive definite function on K,
with Fourier coefficients a,. Part of the proof given in Chapter 2,
Section 3, can be repeated, with some simplification. For any com-

plex numbers ¢ and elements z; of K, M in number, we have

(3.4) Zf(zj— z) ¢y > 0.

Let g be any function in L%(K) with norm 1, and set = g(zj) for
each j:

(3.5) > f(z; —Z‘)!I( )g g) > 0.

Integrate this inequality over K with respect to each variable

do(z) (j=1,..., M):
(3.6) Mf(O)+M(M—1)/f($-y)g($)?(y) do(z) do(y) > 0.

Since M is arbitrary, the integral itself must be non-negative; that
is, fis positive definite in an integral sense. Taking for g a char-
acter shows that f(A) >0 for all A in I.

Any continuous function with non-negative Fourier coef-
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hcients must have absolutely convergent Fourier series (Problem

2 below). This completes the proof.

Problems

1. Using Bochner’s theorem, show that the product and the
convolution of two continuous positive definite functions on K are
positive definite.

2. Show that a continuous function f on K with non-
negative Fourier coefficients has absolutely convergent Fourier
series. [It suffices to know that f can be approximated uniformly
by trigonometric polynomials whose coefficients are non-negative.
The Fejér kernel accomplishes this on the circle group; on K, the
approximate identity constructed in the first part of the proof will

do the same.]

4. Examples

(a) Let T be the group Z of integers. A character x of Z is
determined by its value x(1), a number expit of modulus 1, for
then x(n) =expnit for every integer n. Different numbers exp it
determine different characters, so this is a correspondence be-
tween the points of T and the characters of Z. The multiplication
in T corresponds to multiplication of characters. Since Z is a
discrete space, every character is continuous. Thus 7 is identified
with T. Finally, convergence in T is the same as pointwise conver-
gence over Z, so T, in its ordinary topology, is the compact group
dual to Z.

It follows from the duality theorem that the characters of
T are all obtained from Z: x (€)= "t for n in Z. This is not

quite obvious.
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(b) Take for I' the set (0,1,...,¢-1), where ¢ is an integer
greater than 1. Define addition in I’ by reduction modulo ¢. This
is a finite group Z,, isomorphic to the quotient group Z/¢Z. The
group is cyclic, with generator 1. For any character x, x(1) must
be a gth root of unity: exp2rir/q where r has one of the values

0,...,¢—-1, Therefore x has the form
(4.1) x+(k) = exp2rkir/q.

Obviously multiplying characters has the effect of adding their
indices » modulo ¢. Thus the mapping from r to x, is an isomor-
phism of Zy with its dual group.

(c) Knowing the character group of Z enables us easily to
find that of Z2, the group of pairs (m, n) of integers with addition
in each component as the group operation. Given a character y of
Z2, define a character x1 of Z by setting x,(m) = x(m, 0). x| must
have values expmit for some real t. Similarly, xo(n)= x(0, n)
must equal expniu for some wu. Since x is a homomorphism,
x{(m, n) = exp i(mt+ nu) for all integer pairs. Thus the characters
of Z2 are in correspondence with points (e, %) of T2, and this is
an isomorphism of Z2 with T2 Therefore the dual of T2 is
naturally identified with Z2 x(eit, ei“) =expymt+ nu) for some
integers m, n.

This procedure can be carried on to show that Z®™ and T™®
are dual to each other for each positive integer n, and more
generally, to show that the group dual to a product of groups is
the product of their dual groups. We shall not state this result
formally because the notation is complicated, and in any parti-

cular case it is obvious.
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(d) We shall be interested in the infinite sum of groups T},
j=1,2,.... Let T be the set of all sequences k= (kj, ky,...) where
each k]- belongs to I';, and where all k]- from some point on are 0.
The group operation is addition in each component. Give T’ the
discrete topology. We shall describe its dual.

The argument of (c) applies here. For x any character of
I, x(k,0,0,...) determines a character x; of T'j, which is an
element of the group K; dual to T';. In the same way we find

characters X; of I‘J- for j=2,3,... so that

(4.2) x(k) = TTx;(k;)-

For any k, k;=0 and x kj) =1 for all j from some point on; there-
fore the product consists of factors that are 1 except for finitely
many indices. Conversely, for any sequence x = (x1, X9,.-.), where
each x; is a character of T}, (4.2) defines a character of I'. Thus
the dual of T is realized by the set K of such sequences.

The group operation in K is multiplication in each compo-
nent. The topology of K as the dual of I' is the same as pointwise
convergence in each component, which is the ordinary product
topology. K is called the infinite product of the groups Kj.

A group of particular interest is the infinite sum of groups
Z,, whose elements are sequences k= (ky, ky,...) where each k]- is 0
or 1, and equal to 1 for only finitely many indices; addition is
performed modulo 2 in each component. The dual group Z3° is
the infinite product of groups Zg, whose elements are sequences
£ =(z;,2y....) where each z; is 0 or 1, with no restriction; and
addition is again modulo 2 in each component. The pairing is

given by the formula z(k) =expmi} k

T Every character takes
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the values 1 and -1 only.

Problems

1. The symmetric difference of two sets is the set of points
that belong to one but not both the sets. Show that the family of
all subsets of a set S is a group under this operation. Show that
the family of all finite subsets of S is also a group. Take S to be
the set of positive integers. Show how to identity the first family
with Z3°, and the second family with the infinite sum of groups
Z,.

2. Write down explicitly the definitions of Fourier coef-
ficient and Fourier series for functions on T2. Write down the
Parseval relation for this group.

3. Take for T the discrete additive group of dyadic rational
numbers, that is, all /s where r and s are integers and s is a
power of 2. Describe the dual of this group.

4. Show that Z3° is metrizable. That is, a metric can be
defined in it giving rise to its topology. Show that every open set
is a Baire set, so that the Borel and Baire fields coincide.

5. The group Z§° can be mapped to the unit interval by
setting

y= ? zp /2"
If the countable set of z that end in 1’s is removed, the mapping
is one-one onto [0, 1). Show that the Borel field of Z3° is carried
onto the Borel field of the interval. Show that o is carried to
Lebesgue measure on the interval. Describe characters of Z3° as

functions on the interval.
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5. Minkowski’s theorem

This section reproduces the beautiful proof by C. L. Siegel
of a theorem of Minkowski that is important in the theory of
numbers.

For positive integers n, T® is the n-dimensional torus, the
product of n copies of the circle T. We write its elements as X =
(exp2wiz,,...,exp2miz,), where the z; are real numbers. This is a
compact abelian group when elements are multiplied in each
component. Its normalized Haar measure o, is the n-fold product

of 0 on T. This group is the dual of Z™; the duality is given by
(5.1) exp2miK- X = exp2mi} kz;

where K = (ky,..., k) is in Z™

Minkowski’s theorem. Let C be a convez body in R™ that s
symmetric about the origin. If its volume V is greater than 2",
then C contains a lattice point other than the origin.

(We shall not prove that C is a measurable set; this fact is
usually obvious in applications.)

If C is the cube consisting of all z in R™ such that Izjl <1
for each j, then C contains no lattice point except the origin, and
V is exactly 2". Thus the constant cannot be improved.

Assume that C is bounded. If the theorem holds under this
hypothesis, then it holds in general. Denote the characteristic
function of C by ¢. Then we define

(5.2) fX) = > $(2X - 2K)

where K ranges over the lattice points of R™. Since C is bounded,
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the sum has only finitely many nonzero terms for each X. The
function f is periodic with period 1 in each component, and is
bounded. Let E be the cube consisting of all X with 0 < zj<1 for

each j. The Fourier coefficients of f are
f(K) = / F(X) exp -2riK - X do( X)
E
(5.3) = / $(2X) exp -2miK - X do(X)
Rﬂ

- 2‘"/¢(X) exp -1iK- X do o( X).

The Parseval relatic—, written for functions with period 1,

gives
(5.4) SRR = [ 1 don(X.
E

The right side equals

(55)  [£(X) Sé(2X-2K) don(X) = [ F(X)6(2X) dora( X)
E R"®

because fis periodic. Setting in the definition of f again gives
(5.6) % [ 6(2X-2K)$(2X) don(X) =
Rﬂ
2E [ 6(X-2K)6(X) don(X) = 2T [ $(X-2K) dorg( X).
R" C
If X and X-2K are both in C, then 2K— X is in C (C is

symmetric), and (X+2K-X)/2=K is in C (C is convex).

Assume that C contains no lattice point except the origin. Then
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the sum on the right side of (5.6) must have only one term
different from 0, the one with K =0. That term is 27 "V. After
canceling a factor 27", (5.3), (5.4) and (5.6) lead to

(5.7) 2-"z|/¢(X) exp _m'l(.)(dan(,\')l2 =V

The term on the left with K=0is 27" V2, so that 27" V2 < V. This
proves the theorem.

The equality (5.7) gives more information than the inequal-
ity of the theorem; Siegel uses it to obtain finer results about

lattice points in particular convex bodies.

Problems

1. If C is the body of Minkowski’s theorem and V=2",
then there is a lattice point other than the origin in C or on its
boundary.

2. Use Minkowski’s theorem to prove this fact: if k>0 and
a, b, ¢, d are real numbers with |ad- bc| <1, then there are inte-
gers m, n not both 0 such that |am+ bn| <k and |cm+dn| < k7!,
Deduce that for every real number a there are infinitely many
integer pairs m, n such that

|a+%| < ;n%

[This result can be proved directly, and it can be improved, but it
illustrates the application of Minkowski’s theorem to Diophantine
problems.]

3. Let C be a closed symmetric convex subset of R® that is

unbounded. Show that C contains a subspace.
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6. Measures on infinite product spaces

This section proves the eztension theorem of Kolmogorov,
using Bochner’s theorem instead of conventional measure theory.

For each positive integer n let K, be a compact abelian
group. Call their infinite product K. For each positive integer k
let S; denote the family of Baire sets in K that depend only on
the first k components; that is, E belongs to S, if whenever
z=(2),2,...) belongs to E, so do all points y=(y;,¥s,...) such
that T =y, for 1 <j<k. Each S, is a o-field.

Theorem 15. Let p be a function defined on the union of
the o-fields S, such that p is a probability measure on each Si.
Then u has a unique extension to a probability measure on the
Baire field of K. ,

For each n let T', be the discrete group dual to K, and let
T be their infinite sum, which is dual to K. A character x of K is
a function depending on only finitely many components z;, which

is therefore measurable with respect to some §;. The integral
(6.1) p(x) = /)’( dy

is defined, and does not depend on which field S, is used to
calculate it, provided that k is large enough to make x measur-
able. It is easy to verify that p is positive definite on T, because
the defining relation (formula (3.1)) involves only finitely many
characters of K, each depending on only finitely many variables.
By Bochner’s theorem, p is the Fourier-Stieltjes sequence of a
probability measure v on Baire sets of K. The unicity theorem for
measures on a finite product of groups K, shows that the

restriction of v to each S is the same as the restriction of u to S,
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so that v is an extension of u. This proves the theorem.

As a special case of the theorem, suppose that each K,
carries a probability measure g,. On each finite product K;x...
xK, suppose that a product measure pu;x...xp, has been
defined, and the Fubini theorem proved. Then Theorem 15 yields
a measure on the infinite product space K having the expected
relation to the measures p,.

These are results that apparently have nothing to do with
harmonic analysis. It is interesting that the special result just
stated about product measures is indeed a theorem in measure
theory that requires no hypotheses on the measure spaces that
enter into the product; but Theorem 15 is not true in such
generality, and some topological hypothesis is needed. The
theorem remains true, of course, if each K, is a measurable space
that is isomorphic to the Baire structure of some compact abelian
group. For example, each K, can be a copy of the real line.

For convenience Theorem 15 was formulated for countable
infinite products of compact groups. It is easy to extend the

definitions and proof to arbitrary products.

7. Continuity of seminorms

This section uses integration over a compact abelian group
to prove classical results of functional analysis.

A seminorm on a vector space is a real function N on the
space such that MN(z) >0, N(tz)=|t|N(z), and N(z+y) < N(z) +
N(y), for all z,y in the space and all scalars ¢£. This would be a
norm if in addition N(z) # 0 for all z # 0.

Theorem 16. A Borel seminorm on a real Banach space is

continuous.
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This theorem is due to Banach, but is not well known. The
usual, less general version states that a lower semicontinuous semi-
norm on a Banach space is continuous, and the proof is based on
Baire’s theorem. Our proof will use, instead, the

Theorem of Steinhaus. If a set E in a compact abelian
group K is measurable and has positive Haar measure, then there
s a neighborhood V of the identity in K such that every element
of Vis z—y for some z and y in E. _

Steinhaus stated his result in Euclidean space, where it
says that every sufficiently small positive number is the distance
between some two points of E. The following proof is simpler than
the original one.

Let fbe the characteristic function-of E. Then the integral

(1.1) o) = [f(z+3)f(y) do(y)

is a continuous function (because translation in LK) is contin-
uous), with F(0) = o(F) >0. Hence F is positive on a neighbor-
hood Vof 0. If zis in' V, the integrand is not everywhere 0; hence
for some y, both y and z = z+ y belong to E. Then z=z-y, as was
to be proved.

For positive integers =, denote by V, the set of all
z= (2, Zy,...) in ZP such that ¢;=0 for j=1,...,n. This is a
cyclinder set, a neighborhood of 0, and the family (V) is a base
for neighborhoods of 0. (Every open set that contains 0 contains
some V,.) If 6, denotes the element of Z3° with 6,(j) =1 for j=k,
=0 for all j# k, then V;, contains § for all k> n.

Now let N be a Borel seminorm on a Banach space X. (N

is measurable for the smallest o-field containing all open sets of
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X.) If N is not continuous, there are elements w; of X such that

Hwjll =1 /# but N(w;) > j. For any sequence z cf 0’s and 1’s define
o0
(7.2) h(.’E) = El:zjw]',

a sum convergent in norm in X. A is a function from Z3° into X.

For each positive integer £,

(7.3) h(z) = L zjw;

is a continuous function of z, because each component z; depends
continuously on z. Since h is the uniform limit of (h), h is
continuous. Therefore the composition N(h(z)) is a Borel mapping
from Z3° to real numbers.

Let Ep be the set of z where N(h(z)) < K, a Borel set in
Z3°. The union of the Ey is all of Z39°; therefore some Ej has

positive measure. We fix K and call this set E. For all j we have

(7.4) i< N(w) = N(K5)).

By the theorem of Steinhaus, the difference set E— E-contains one
of the sets V,, and therefore contains & j for all large enough j.
Thus for every large j we can write 6j= r—s for some 7, s in E.
These elements r and s of Z9° have the same components except
at the jth place, where they differ. Since r—s=s-r, we may
suppose that r;=1 and s;=0. Then from (7.2), MAr-s)=
h(r) — h(s). Since r and s belong to E, (7.4) can be continued:

(7.5)  N(R(4;)) = N(h(r) - h(s)) < N(h(r)) + N(h(s)) < 2K.
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The left side exceeds j but the right side is fixed. The contra-
diction shows that N is continuous.

As a corollary we obtain the

Banach-Steinhaus Theorem. Let Ty, T,,... be continuous
linear operators from a Banach space X into a normed vector
space Y. If (Tpz) is a bounded sequence in Y for each z in X,
then the norms || T,|| all lie under a common bound.

Define N(z) to be the supremum of the non-negative
numbers ||T,z||, finite for each z. For each =, this norm is a
continuous function of z, and therefore N is a Borel function. It is
easy to check that N is a seminorm. By Theorem 16, N is contin-

uous, and this is equivalent to the statement of the theorem.

Problems

1. Prove this result, analogous to Theorem 16. Let N be a
non-negative Borel function on a real Banach space X such that
N(tz) = N(z) and N(z-y) <max(N(z), N(y)) for z,y in X and
t>0. Show that N is bounded. Show that N assumes its upper
bound 4, by applying the first result to (4 — N)~L.

2. Use the result of Problem 1 to show that if the Banach
space X is the union of an increasing sequence of Borel subspaces,
then one of the subspaces is equal to X.

3. Use the result of Problem 1 to prove this result. Let
Aj, Ay, ... be linear operators in a Banach space X. For each z in
X and F in the dual space, suppose that 3" F(A,z)z"" converges
for z#0, and the sum has only a pole at 0. (The order of the pole
depends on z and F.) Then actually A,=0 for all but finitely

many n.



Chapter 4
Hardy Spaces

1. H?(T)

For 1 < p < oo, HP(T) is the subspace of LP(T) consisting of
f such that a,(f) =0 for all n<0. This subspace is closed in
LP(T), and *-closed if p>1 (when LP(T) is a dual space). The

functions of HP(T) have Fourier series

o

(L1) f(ei®) ~ Rageniz.
0

Thus the harmonic extension

(1.2) F(z) = S apa (2= re’®)
0

is actually analytic.

In Chapter 1 we showed that F is obtained from f by
means of the Poisson integral, and we reconstructed the boundary
function ffrom F. If we set f{¢'¥) = F(re'%), then f, converges to f
in norm as r increases to 1 for finite p; if p = co, the convergence
is in the x-topology of L°(T) as the dual of LI(T). For continuous
f, the convergence is uniform. If fis replaced by a measure, then
fr tends to the measure in the x-topology of measures.

The next step was to start from a function F, now given as

a power series (1.2), and find funder the hypothesis that
(1.3) /|F(reif)|l’da(z) =B < K<oo (0<r<l).

For 1<p<oo we showed that there is an f in LP(T) whose
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Poisson integral is F. If p=1, the boundary object might be a
measure.

We are interested now in results about enalytic functions
that are not true in general for harmonic functions.

A first, remarkable fact is that the exceptional situation of
the exponent p =1 disappears for analytic functions. This is the

Theorem of F. and M. Riesz. If y is a measure of analytic
type, that is if ay(p) =0 for all n<0, then u is absolutely contin-
uous. Equivalently, if F is analytic in the unit disk and (1.3) holds
with p =1, then F is the Poisson integral of a function in HY(T).

A proof will be given in the next section.

A pervasive and fundamental phenomenon is that the
values of an analytic function cannot vanish on a large set unless
the function is null. The first version of this statement is the
result that the zeros of a nonnull analytic function cannot
accumulate within the region of analyticity. Of course the zeros
can accumulate on the boundary. We shall see now that the
boundary function of a nonnull function in any HP(T) cannot
vanish on a set of positive measure. In different degrees of general-
ity and precision, this result is due to Fatou, A. Ostrowski, F. and
M. Riesz, and Szego. Here is a theorem of this type with a proof
in Hilbert space.

Theorem 17. If f is in HT) and vanishes on a set of
positive measure, then fis null

The statement, and the proof to follow, mention only
Fourier coefficients. This is properly a theorem of harmonic analy-
sis rather than of function theory.

If fis not null, then after division by a power of x we may
suppose that ag(f} #0, and indeed = 1. Let F be the closure of the
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subset of H(T) consisting of all functions
(1.4) (L+byx+...+ bx™f

where the bj are complex numbers and n varies. Each function in
F has mean value 1, because that is true of each product (1.4).
Moreover if f vanishes on a set E, the same is true of the
functions (1.4), and therefore (modulo sets of measure 0) of all the
functions of F. We assume that F has positive measure and derive
a contradiction.

F is a closed convex subset of the Hilbert space L%(T), and
so has an element g of smallest norm. It is easy to see that
g+tx"gis in ¥ for any complex number ¢ and positive integer n.

Hence the expression

(15) [lo+ el do = [16f2 do+2R|t [ lox" do|+ 142 [ lof do

has a minimum at ¢=0. This is a quadratic expression in ¢; by

elementary means it follows that
(1.6) /lglzx"da = 0.

This is proved for n any positive integer; taking the complex
conjugate of (1.6) shows that it holds also for negative n. That is,
all the Fourier coefficients of |g|? (a summable function) are 0
except the mean value. Hence g is constant. Since ¢ was assumed
to vanish on the set E of positive measure, g=0. But ¢g is in &
and has mean value 1. This contradiction proves the theorem.

In their paper of 1916, F. and M. Riesz proved a function-
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theoretic statement that combines the two theorems mentioned in
this section. Let f be an analytic function of bounded variation on
T. It was already known that f must be continuous. Thus f maps
T onto a continuous, rectifiable closed curve in the plane. Arc
length along the curve determines a measure on the curve. The
theorem of F. and M. Riesz, in its original formulation, states
‘that the image under fof a null set on T is a null set of the curve,
and vice versa. This is equivalent to the theorem on measures of
analytic type stated above, together with Theorem 17 for all
functions in H!(T).

Spaces HP(T) can be defined also for 0 < p < 1. The defini-
tion given above is not applicable, because only summable
functions have Fourier coefficients. Instead, for these values of p,
HP(T) is defined to be the set of functions F analytic in the disk
for which the integral in (1.3) is bounded as r increases to 1.

For p>1, HP(T) has two incarnations. As defined, it is a
set of boundary functions f; or we may think of it as the corre-
sponding set of functions F analytic in the disk. The Poisson
formula provides the link between f and F. When p< 1, each
function F of HP(T) still has a boundary function f (Problem 4 of
the next section), but the Taylor coefficients of F are not easily
recovered from f, and F cannot be obtained as the Poisson
integral of f. Thus for p < 1, HP(T) is defined and thought of as a
space of analytic functions F rather than as a space of functions
onT.

For p <1, LP(T) is a complete metric space with distance

(1.7) df.9)= [If- gl do.
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These spaces are not normed. It is not obvious how HP(T) is
embedded in LP(T).

During the second half of the nineteenth century great
progress was made in complex function theory of the plane. In
this century it was recognized that analytic functions in the unit
disk present problems of a different character. Sets of measure 0
on T arose as the sets where an analytic or harmonic function in
the disk might not have radial limits. Recovering an analytic or
harmonic function from its boundary function required the
invention of the Lebesgue integral. This new function theory
merged with new ideas about real functions and their derivatives,
integration theory, approximation by trigonometric polynomials,
and the spaces LP. Nowadays one is likely to meet the Lebesgue
integral first as part of an abstract course on measure theory,
separate from the classical problems of analysis. It is hard to
appreciate how radical the first theorems on the boundary values
of analytic functions in the disk seemed at the time, or to under-
stand the hostility of mathematicians of the period toward such

abstract and incomprehensible results.

Problems

1. Verify that (1.6) follows from the fact that the quadratic
expression (1.5) has a minimum at ¢ =0.

2. Suppose that f is in Hl(T) and vanishes a.e. on an
interval of T. Show that fis null. [We shall prove more in the
next section, but this can be deduced from Theorem 17.]

3. Show that trigonometric polynomials are dense in L?(T)
when 0 <p< 1.

4. H®(T) 4+ C(T) is the subspace of L°(T), which we shall
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call L, consisting of all sums f+ g where fis in H®(T) and g in
C(T). Show that (a) L is closed in the uniform norm, and (b) L is
closed under multiplication, so that it is an algebra. [This is a
theorem of D. Sarason. Let HJ*(T) be the elements of H*(T)
with mean value 0, and C, the functions of C(T) that are
analytic with mean value 0. The quotient space C(T)/C, has
dual naturally identified with HI(T), with the help of the theorem
of F. and M. Riesz. The dual of HY(T) is L°(T)/HG*(T). Let Q
be the image of C(T)/C, under the natural embedding into its
second dual. Then Q is closed. On the other hand the natural
projection of L°(T) to L°(T)/Hg(T) is continuous, and the
inverse image of Q under this projection is L. Assertion (a)
follows. Incidentally, Sarason has shown how to avoid the use of

the Riesz theorem in the proof.}

2. Invariant subspaces; factoring; proof of the theorem of
F. and M. Riesz

Let f be a nonnull function in L2(T). The functions f, xf,
x2f,... span a closed subspace of L2(T) that we call My This
subspace has the property that if it contains a function g, then it
also contains xg. A closed subspace of L2(T) with this property
will be called an invariant subspace. It is not obvious whether
every invariant subspace is Mffor some function f.

H2(T) is an invariant subspace, generated by the constant
function 1. For any fin H2(T), Mf is contained in H(T). If M;is
all of H2(T), we say that fis an outer function.

Let f be any bounded function. Then Mf is the closure of
f-H2(T), the set of all products fg where g belongs to H3(T). If fis
bounded and bounded from 0, this set of products is closed and
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equals Mf'

A. Beurling characterized the invariant subspaces that are
contained in H%(T). His theorem has been generalized to this
result.

Theorem 18. Each invariant subspace M of L2(T) belongs
to one of two types. Either it consists ezactly of all functions of
L2(T) that are supported on some fized measurable subset of T, or
it is ¢-HXT) for some function q of modulus 1 a.e. (The first
kind of subspace is a Wiener subspace, the second a Beurling
subspace.)

By hypothesis, x-M is contained in M. Suppose that these
subspaces are the same. That is, M is invariant under multipli-

cation by x'l

as well as by x; hence it is invariant under
multiplication by x™ for every integer n. Let f be any element of
M, and g of the orthogonal complement of M. Since fx" is in M

for every n,
(2.1) /fgx"da =0 (all ).

Thus the summable function fg has all its Fourier coefficients 0,
and so equals 0 a.e. That is, the supports of fand of g are disjoint.

Let w be the supremum of the measures of sets £ in T
with the property that some function of M is different from 0 a.e.
in E. Find a sequence (E,) of such sets whose measures tend to w,
and denote by E their union. By what has just been shown, any ¢
in the orthogonal complement of M must vanish a.e. on each E,,
and therefore a.e. on E. A function fof L2(T) that is supported on
E'is orthogonal to such g, and therefore belongs to M.

Now let fbe any element of M. If fis not supported on E,
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we could add to fsome function supported on E (which belongs to
M) to obtain a function in M whose support has measure greater
than the measure of E. This is impossible. Therefore all the ele-
ments of M are supported on E, and M is the Wiener subspace
consisting of all functions supported on E.

Otherwise x-M is a proper subset of M. Find a function ¢
of norm 1 in M that is orthogonal to x:M. Then ¢ is orthogonal

to x"q for positive integers n:

(2.2) [ldxmde =0 (n21).

Taking the complex conjugate of this equality shows that it holds
also for n negative. This means that the Fourier coefficients of |g|2
are 0 except for its mean value, so |g|? is constant. The constant
is 1 because ¢ has norm 1.

The functions x"¢q form an orthonormal basis for L2(T).
For n >0, these functions belong to M. But x "¢ is orthogonal to
M for n >0 (this is the same as the fact that ¢ is orthogonal to
x"-M). It follows that M equals the closed span of (x"¢) (n>0),
which is ¢- H3(T). This completes the proof.

Beurling’s proof was function-theoretic (and required that
M be a subset of HX(T)), but in the other direction, Beurling
showed that the result could provide function-theoretic informa-
tion. This proof in Hilbert space gives a new way to derive
function-theoretic results, and to generalize them to other
contexts.

For example, Theorem 18 contains Theorem 17. Let f be
any nonnull function in H(T). Since M is contained in H(T) it

cannot be a Wiener subspace, and must have the form q-H2(T)
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for some unimodular function ¢. If f were to vanish on a set of
positive measure, the same would be true of all the functions of
va in particular of ¢, but this is impossible.

A unimodular function in H2(T) is called inner. Let f be
any nonnull function in H%(T), with Mf= q-H2(T) where q has
modulus 1 a.e. We have just observed that ¢ belongs to Mf and
thus to Hz(T), so q is inner. Moreover f= qg for some g in H2(T),

and this function g is outer:

(2.3) Mg = M, = 3-M; = H¥T).
Every nonnull element of H2(T) is the product of an inner and an
outer function.

The factoring is ‘unique, aside from constant factors of
modulus 1. For suppose that gg= pk where p and ¢ are inner, g
and k outer. Then pgg = k is outer, and

(2.4) HX(T) = Mpy, = Pg-My = pg-H¥(T).

This implies that pq and pg are both in H2(T). Hence the product
is constant, as we wished to show.

We have proved

Theorem 19. Every nonnull function in HXT) can be
factored as the product of an inner and an outer function. The
factoring is unique aside from constant factors of modulus 1.

This factoring theorem can be extended to HY(T). Let fbe
a nonnull element of the space. Set w= |f |1/ 2 belonging to L%(T).

Lemma. M, is a Beurling subspace.

Set p=f/|f] where f#0, p=0 where f=0. Then f= w?p.



114 4. HARDY SPACES
For n>1,
(2.5) 0= [fx"ds = [ (wp) (wx") do.

That is, wp is orthogonal to x"w for such n. If M,, were a Wiener
subspace, this would imply that wp and and w have disjoint
supports, so that w =0, contrary to assumption.

Thus My = q-Hz(T) for some unimodular function ¢. It
follows that w = gg for some g that is outer by the calculation of
(2.3), and f= w’p = pg°g>. We want to show that pg? is inner.

Choose a sequence of analytic trigonometric polynomials
(P,) such that P,g tends to the constant function 1 in HZ(T).

This is possible because g is outer. Then

(2.6) P,f = pi(Py9)g

converges in Ll(T) to pg?g, which thus belongs to H(T). But this
function is in L%(T), so it is in H3(T). Multiply by P, again and
take the limit in L2(T); we obtain pg®, which therefore is in
H2(T) as we wished to show.

Theorem 20. Every nonnull function in Hl(T) can be
factored in the form qg* where q is inner and g is outer in H2(T).

As a corollary we obtain this improvement of Theorem 17,
also due to F. and M. Riesz: a function in H(T) that vanishes on
a set of positive measure is identically 0.

This interesting proposition is also nearly proved.

Corollary. If the set E in the open unit disk is the set of
zeros of a nonnull function in HI(T), then E is the set of zeros of

an wnner function.
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Since HY(T) contains the other spaces HP(T) (p > 1), the
corollary means that the zero sets of the functions in the various
spaces HP(T) are the same for all p> 1.

The result is obvious if we prove this statement: an outer
function of H2( T) has no zeros inside the unit disk.

For each z the functional that maps f to F(z) is a
continuous linear functional on H2(T). Let g be an outer function
of H%(T), and G its analytic extension to the disk. If G(z) = 0 for
some z, then this functional would vanish on all the functions of
Mg, which therefore cannot be all of H%(T).

It would be reasonable to think that, conversely. fis outer
if F(z) never vanishes. This would be the case if every non-
constant inner function had a zero in the disk. But this is not
true; later we shall find inner functions without zeros.

Finally we prove the theorem of F. and M. Riesz. An

analytic measure p generates the analytic function

(27) Fz) = Si(n) ",

which satisfies

(2.8) JIFre) dota) < lull (0 < 7<),

Suppose, for the moment, that all the zeros of F in the disk are
incorporated in an inner function ¢. Then G = F/Q is analytic in
the disk, and it is true (although not obvious) that G satisfies the
same condition (2.8). Since it has no zeros in the disk, G has an
analytic square root H, which belongs to H2(T) in the function-
theoretic sense of (1.3). But the square of a function in H%(T) has
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a boundary function that belongs to HY(T) in sense of Fourier
coefficients, and F = QH2 is the Poisson integral of its boundary
function qg. This is the conclusion of the theorem.

In the next sections we shall get the function-theoretic
means for making a full proof out of this idea, but the following
proof is more direct.

As usual let f. be the function with values F(reir). By
Theorem 19, f, = q"¢" for some inner ¢" and outer ¢". (The super-
scripts are indices, not exponents.) Since G'(z) is never 0, it has
an analytic square root H'. From (2.8) we see that ||h7|[5 is
bounded for 0 < r< 1. Let h be an element of H4T) that is the
weak limit of (A") as r increases to 1 through some sequence of
values. Since evaluation at an interior point of the disk is a
continuous linear functional on H%(T), H(z) = lim H"(2) for each z
in the disk, when r increases to 1 through that sequence. The

equality f.= q"g" gives F(r2) = Q'(z)G"(2) for |z| < 1, so that
(2.9) F(z) = lim F(rz) = lim Q"(2)(H"(2))*.

The factor Q"(z) has modulus bounded by 1, and the square on
the right converges for each z in the disk to H(z)%. By Hurwitz’
theorem H(z) is never 0; for our purpose it suffices to note the
obvious fact that it is not identically 0. Therefore Q"(z) converges
to a bounded analytic function . Thus we have a factoring F =
QH2 where Q is bounded and H is in H%( T).

The analytic function QH? is the Poisson integral of its
boundary function gh%, because the product belongs to the space
HY(T) (defined by Fourier coefficients). Thus F is the Poisson

integral of a sumnmable boundary function, which by the unicity
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theorem has to be the measure p. This completes the proof.

Problems

1. Justify the assertion, used above, that quz q-Mf for ¢
a unimodular function and fin L2(T).

2. Show that the product of two functions in H%(T) is in
H!(T). (This fact was used above.)

3. Let g be a bounded analytic function on T. Show that e/
is outer.

4. Imitate the proof above to show that every function in
HI/Z(T) is the product (inside the disk) of two functions of
HY(T). Deduce that functions of Y 2(T) have radial limits a.e;
and if the boundary function vanishes on a set of positive
measure, the function is null. Show that the boundary function is
in L1/2(T). (Thus Hl/2(Tj is identified with a subspace of
LY%(T).) Show that HY2(T) is closed in LY2(T). Extend the
results to HP(T) for p > 0.

5. Show that if. F is in HP(T), p<1, and its boundary
function i1s suimmable, then F'is in HI(T).

6. Show that fin H2(T) is outer if and only if it has this
property: if his in L%(T) and fhis in H2(T), then h is analytic.

7. Show that if g and h are outer functions in H2(T), then
gh is outer in HY(T), in the sense that the smallest closed sub-
space of HY(T) containing x"gh for all n>0 is HY(T) itself.

8. Prove the lemma of Fejér and Riesz: every non-negative
trigonometric polynomial ¢ is |2 for some trigonometric poly-
nomial . [Let n be the smallest integer such that x"¢ is analytic.
Write 6 = |9|® with ¢ outer in H2(T). Deduce that 1 is a trigono-

metric polynomial from the fact that ¥\ ™) is analytic.]
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3. Theorems of Szeg6 and Beurling

The preceding theorems do not tell which functions in
H2(T) are outer. Theorem 17 says that a nonnull analytic func-
tion cannot vanish on a set of positive measure, but does not tell
what the modulus of such a function can be. These questions can
be answered. Beurling characterized outer functions; and older
theorems of Szegd describe the modulus of functions of HP(T) for
all p. Beurling did not notice that his theorem can be deduced
from Szegd’s results. Before stating and proving these theorems
we develop some needed function theory.

Let w be a function on T satifying 0<w<1. Since
log w < w, logw is summable above but may fail to be summable
below. Assume that logw is summable, and call its Fourier

coefficients (a,). Form the analytic function
(3.1) H(z) = ag+2% ape™.
1

The real part of H is the negative harmonic function Pxlogw.
Lemma 1. F=exp H is a bounded analytic function on the
disk whose boundary function f satisfies |f| = w a.e.

Since log w is negative, Pxlogw is also negative and thus
(3.2) lexpH| = expRH< 1

throughout the disk. As r increases to 1, exp (Pyxlogw) tends to
exp log w almost everywhere. This proves the lemma.

Lemma 2. f is outer.

Factor f by Theorem 19: f= gg with ¢ inner and g outer. If

f 1s not outer, ¢ is not constant, so its analytic extension @ has
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|Q(0)] < 1. @ has no zeros, because F has none. Thus

log|F(0)| = [log|fldo = [loglgl dor >
(3.3) listlup/loglG(rei”)l do(z) = log|G(0)] >

log|Q(0)G(0)] = log | F(0)].

The first inequality is Fatou’s theorem, where the sense is oppo-
site to the usual one because the integrand is non-positive. The
contradiction proves the lemma.

The lemmas give a way to construct outer functions with
given modulus. We want to show that the construction gives all
outer functions. For the moment we restrict ourselves to bounded
functions.

Lemma 3. Let f be a bounded outer function, with analytic
extension F. Then log|F(z)| is harmonic in the disk, and is the
Poisson integral of its boundary function log|f]|.

Say |f|] <1. We know that F has no zeros in the disk, so

log | F] is a negative harmonic function. We have
(3.4) [ flog| F{rei®)|| do(2) = - [log|F(re"®)|do(z) = - log | F(0)|

for each r< 1. By Theorem 3 of Chapter 1, Section 6, log|F] is the
Poisson integral of some measure g on T, which here is necessarily
a negative measure. We want to show that p is the absolutely
continuous measure log |f| do.

From Theorem 4 and Problem 4, both of Chapter 1, Sec-
tion 7, the radial limits of log|F(z)| are exactly the absolutely

continuous part of dy; the lemma will be vroved if we show that
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the singular part of p vanishes.

Suppose the singular part pg of p is not null. At any rate it
is a negative measure. Form an analytic function H' by (3.1),
using the Fourier-Stieltjes coefficients of y;. The associated func-
tion F' =exp H' is bounded again. Call its boundary function f'.
The real part of H' has radial limits 0 a.e., so that |f'| =1 a.e. and
f' is a non-constant inner function.

F/F' is analytic in the disk, and log|F/F’| is the Poisson
integral of log|f|. Therefore the quotient is bounded in the disk,
which means that fis divisible in H®(T) by the inner function f'.
This contradicts the assumption that f was outer, and the lemma
is proved.

Beurling’s Theorem. f in H2(T) is outer if and only if

(3.5) /log]f|da = log |F(0)] > —oo.

Given that F(2) is never 0 in the disk, a necessary
condition for fto be outer, the formula expresses the fact that the
harmonic function log|F(2)| has the mean value property: its
value at the origin is the mean value of its values on T. The
formula is also the Poisson representation of log|F(0)| in terms of
its boundary function. At first it seems that (3.5) should always
be true, and it certainly is if F is sufficiently smooth near the
boundary. However, from the fact that Fis the Poisson integral of
its boundary function f, it does not follow that the harmonic
function log|F(z)| is the Poisson integral of its boundary function
log |f|. For example if fis a non-constant inner function, even one
without zeros, the left side of (3.5) is 0, but the right side is

negative.
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First suppose that fis bounded. If fis outer, then we have
shown above that log|F(z)| is the Poisson integral of its boundary
function log|f], and (3.5) is a special case of this representation. If
fis not outer, then f= gg with ¢ a non-constant inner function and

g outer. We have

(3.6) J1oglfldo = [loglgldo = log|G(2)] >
log | Q(0)G(0)| = log|F(O)!

This proves the theorem for bounded functions.

If fis not bounded let w™! = max (|f], 1). Then log w is non-
positive and summable (indeed to every positive power). Form
the analytic function H as in (3.1) with the Fourier coefficients of
logw, and let K =exp H, with boundary function k. Then k is a
bounded outer function by Lemma 2, and kfis in H®(T).

Lemma 4. [ is outer if and only if kf is outer.

The simple proof is asked for below.

Being outer and bounded, k satisfies Beurling’s condition
(3.5). Therefore kf satisfies the condition if and only if f does. This
remark and Lemma 4 complete the proof of Beurling’s theorem.

Corollary. For any f in HY(T) with analytic eztension F

(3.7) [1og1fl do > log| F(O)I

If f is sufficiently regular then (3.7), with equality and
some supplementary terms to take account of zeros of F in the
disk, is a classical theorem of function theory called Jensen’s
equality. The name Jensen’s inequality was invented for (3.7) by

David Lowdenslager and the author.
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Write f= gg? where q is inner and g is outer in Hz(T) (by
Theorem 20 of the last section). If ¢ is constant (3.7) is equality;
otherwise we find inequality as in (3.6).

Corollary. For any nonnull function f in HY(T), loglf| is
summable.

After division of f by a power of x if necessary, F(0) # 0, so
the right side of (3.7) is finite.

Szeg®’s Theorem. Let w be a non-negative summable func-
tion on T. Then

(3.8) exp/logwdo = i%f/ll+P|2wda

where P ranges over all analytic trigonometric polynomials with
mean value 0. The right side is 0 if log w is not summable.

Of course logw is summable above; but if w is too small,
for example if w vanishes on a set of positive measure, log w is not
summable below.

Suppose that w= |f]? for some fin H%(T). f can be taken
to be outer by Theorem 19. For each P of the form envisaged in
the theorem, (1+ P)f is analytic with mean value ay(f); and
because f is outer, such products can approximate the constant
function ay(f) in the norm of H2(T). Thus

(3.9) inf/}1+P|2wda = inf/|(1+P)f|2da <
lag(F)? = exp [ loglf* do.

The last equality is (3.5). But for every P,

(3.10) J10+P)Pds > lay()P?
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by the Parseval relation. This proves the theorem if w has the
suggested form.

Lemma 1 shows that w is such a square if it is bounded.
Otherwise set r=min(w,1), s=max(w,1). There are outer func-
tions g, h such that |g|2=r, |h|? =1/s. Set f= g/h. Then |f]? = w.
We must show that fis in H3(T).

We have g = fh. Choose analytic trigonometric polynomials
P, such that P,h tends to the constant function 1 in the norm of
H%(T). Then P,g=fP,h converges to f in the norm of LI(T).
Since the functions P,g are analytic, f is in HY(T), and being
square-summable, belongs to H2(T). This finishes the proof for
the case that w and log w are summable.

If log w is not summable, we are to show that the right side
of (3.8) is 0. Set w,=max(w,1/n). The formula holds for each

Wy
(3.11) inf/|1+P|2wdd < inf/|1+P|2wnda = exp/logwndo.

The right side tends to 0, so the left side must equal 0. This
completes the proof.

On the way we have proved this important fact: each non-
negative summable function w such that logw is summable is the
modulus of a function i HY(T).

Problems

1. Prove Beurling’s theorem from Szeg6’s theorem.

2. A function f in HY(T) is called outer if the functions
(x™f) (n>0) span a dense subspace of HY(T). Show that fis outer
if and only if it satisfies (3.5).
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3. Prove Lemma 4.

4. Show that if fis outer in HY(T), then log|F| is the
Poisson integral of its boundary function log |f].

5. Let G be analytic in the unit disk and suppose. that
F=expG is in HY(T). Show that F is outer, and that all outer

functions of H( T) are obtained in this way.

4. Structure of inner functions

The last section gave a function-theoretic description of
outer functions. This section treats inner functions.

A Blaschke factor is a function (z-z))/(1-Zy2), where 2,
is a point in the interior of the unit disk. This is a fractional
linear transformation that maps the disk onto itself. A product of
such factors maps the disk into itself, and the circle T onto itself.
A finite product of Blaschke factors is an inner function. Qur first
step is to obtain infinite products.

Let ¢ be an inner function with analytic extension Q.
Suppose that @ has infinitely many zeros z;, z,.... Zeros can have
multiplicity greater than 1; each zero is repeated in the sequence
according to its multiplicity. We assume that Q(0) #0. If F, is
the product of the Blaschke factors formed with z,...,z,, then
Q/F, is still a bounded function in the disk, and therefore is

inner. By Jensen’s inequality

n
(4.1) 0 > log|QX(0)| -log|Fy(0)| = log|Q(0)] - );Zloglzjl-
This is true for any n; therefore

x 1
(4.2) le log 1/|z]-| < log TO0)] < oo.
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We knew that |z]~| tends to 1 (if @ has infinitely many zeros),
because the zeros cannot accumulate at an interior point of the
disk; (4.2) is a quantitative refinement of this fact. If ¢)0) =0,
the sum (4.2) over all zeros z of @ except 0 is still finite. The
Corollary of Theorem 20 shows that the same result holds for all
nonnull functions of H(T).

The finiteness of the sum in (4.2) is called the Blaschke
condition for a set of points in the disk. It is equivalent to

(4.3) (1-lf) < 00 or "lr‘f|zj| > 0.

~18

We want to show that every set of points (z]-) in the disk satisfy-
ing the Blaschke condition is the set of zeros of an inner function.
(It is still assumed that no z; is 0.)

J
For each n, let

2—z; |z

(4.4) By(2) = rlx e I

1—-7]'2 "zj ’

the expression attached to each Blaschke factor on the right has

modulus 1 and makes it positive at the origin. Consequently
0.9}

(4.5) lim B,(0) = [] |z]~| > 0.
1

Thus (B,) is a bounded family of functions on the disk converging
at the origin to a nonzero limit. We want to show that the
sequence converges uniformly on compact subsets of the open disk
to a limit function that is inner with zeros at the points (z;).

If the sequence converges as asserted, the limit function B

1s certainly 0 at each zj, and by the theorem of Hurwitz, nowhere
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else. Moreover each zero of B has the proper multiplicity.
A sequence of complex numbers (w,) has convergent

product if and only if no w, is 0 and
(4.6) §11 —wy| < oo.
1

A calculation shows that the factors w, of (4.4) satisfy this
condition for each z, |2| < 1. Hence B,(z) converges throughout ihe
disk, and the limit function has modulus bounded by 1.

The fact that the convergence is uniform on compact
subsets of the disk follows from pointwise convergence and the
uniform boundedness of the sequence. (By the Lebesgue conver-
gence theorem, B,(re’®) converges in LY(T) to B(re®) for each
r< 1. Cauchy’s theorem now gives uniform convergence inside
any circle about the origin of radius smaller than r.) Thus B is an
analytic function bounded in the disk.

It is not yet proved that B is inner, that is, that its
boundary function b has modulus 1 a.e. Factor b as ¢g, where ¢ is
inner and g is outer. Their analytic extensions satisfy B= QG in
the disk. Since |g| =|b|, ¢ and therefore also G have modulus
bounded by 1. Write

(4.7) £- (B%)G.

The function on the left tends pointwise to 1 inside the disk. On
the right the first factor is the ratio of inner functions, and is
bounded, so it is inner and

(4.8) <1l

Q
B,
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If |G(2)| <1 for any z in the disk, (4.7) would be contradicted as n
tends to co. Thus {G(z)| =1 for all 2, G is constant, and b is an
inner function.

A Blaschke product is a finite or infinite product

z—z; |z

(4.9) B(z) = T =% =
J 7

~

|

|

where the sequence (z;) contained in the open unit disk satisfies
(4.3), and k is a non-negative integer. No z; is 0, but the product
may, after all, vanish at the origin.

Let ¢ be any inner function whose analytic extension has
zeros (z;), repeated according to multiplicity. Form the Blaschke
product b on these zeros. Then s= ¢/b is inner, because Q/B, is
inner for each n and converges to S= @/B. The function S has no
zeros; s is a singular inner function. Then —log|S(z)| is a positive
harmonic function, the Poisson integral of a positive measure y on
T. Theorem 4 of Chapter 1, Section 7, together with Problem 4 of
that section, shows that p is a singular measure.

The Poisson kernel can be written

. _ 1+ ,rei.l'
(4.10) Pr( Clz) = R (m) .
Therefore
i(z-1) ,
(4.11) F(z) = - i—t—:fm du(t) (z=re'?)

is an analytic function in the disk whose real part equals log|S(z)|.
That is,
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(4.12) 1S(2)| = lexp F(z)].
After adjusting a constant factor of modulus 1,
(4.13) S(z) = exp - / i:;ti-i'—jdp(t).

Every inner function is the product of a (possibly empty)
Blaschke product and a (possibly constant) singular function.
These factors are determined up to a multiplicative factor of
modulus 1 by a set of points in the disk satisfying Blaschke’s
condition, and a positive singular measure on T. This is a
complete function-theoretic description of inner functions, and

thus of invariant subspaces of H3(T).

Problems

1. Establish the equivalence of the three forms of the
Blaschke condition, embodied in (4.2) and (4.3).

2. Let M be an invariant subspace properly contained in
H2(T). Show that there is an invariant subspace N properly
between M and HZ(T), unless M has a particular simple form.
Determine this form.

3. Show that every nonnull invariant subspace of L%(T)
properly contains another nonnull invariant subspace.

4. Show that if fand 1/f are both in Hl(T), then fis outer.
If fis in HY(T) and Rf> 0, then fis outer.

5. Show that every continuous function on T with modulus
1 can be approximated uniformly by functions p/q, where p and ¢
are finite Blaschke products. [This problem is hard.]

6. Let ¢ be inner with @(0) =0. As a map of the circle to
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itself, ¢ carries the measure ¢ to a new measure v on T:
v(E) = o(&': ¢(e'®) is in E). Show that v = 0. [For any continuous
function h on T, [h(€®)dv(z)= [hoq(e®)do(z). Calculate the
Fourier-Stieltjes coefficients of v.]

5. Theorem of Hardy and Littlewood; Hilbert’s inequality

Fourier coefficients of summable functions do not in gen-
eral satisfy any condition of smallness except that they tend to 0
(Mercer’s theorem). Therefore this theorem about one-sided series

is unexpected.

Theorem of Hardy and Littlewood. For all h in H(T)

(5.1) §|an(h>|/<n+1) < w||hll;-

Factor h by Theorem 20: h = q¢?, where q is inner and g is
outer in H2(T). Let g have Fourier coefficients (b,), and gg have

coefficients (c,). Then

n
(5.2) a,(h) = Icz—:O biCn_k (n>0).
Hence
RlagW) _ x 3 & 5 1 jci|
63 5T = Ll beed S 2 T

Moreover ||h||; = ||gllollqglly. Therefore the theorem is a conse-
quence of the

Double series theorem of Hilbert. For any square-summable
sequences (by), (¢;) (k=0,1,...)
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(5.4) j,ﬁo T S w|1bllallella-

The constant m is best possible.

The constant was determined by I. Schur.

Before proceeding further we introduce the notions of
bilinear and Hermitian forms, perhaps familiar from linear
algebra. Let B(j, k) be any function of two integer variables. The

bilinear form with kernel B is the formal sum

x .
(5.5) B = . > B(k) Zi Y
I k=-00
The sum has meaning if z; y, are 0 except for finitely many
indices, and is linear in each of the vectors X = (z;), Y = (y;). The

Hermitian form with the same kernel is

m i —
(5'6) H= . E B(J’ k) zjyk7
2y k=—00
linear in X but conjugate linear in Y.
The form B is bounded in 12 if there is a number K such
that

(5.7) 1Bl < KlIX|llIYlly

for all X and Y ending in zeros. The smallest such K is the bound
of B. The same definitions are made for H, and the bounds are
obviously the same.

If B is bounded, (5.5) defines a continuous function on a
dense subset of 12x12, which has a unique continuous extension to

the whole space. The extended function B also satisfies (5.7).
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A transformation S of sequences is defined by setting
(58) (5X); = 5 B, Kyg;
J

for sequences ending in zeros. If B is bounded, (5.7) implies that
the bound of S is at most K. Hence S has a unique continuous
extension to all of 12, which we still call S. The same is true about
H.

It is usually difficult to decide whether a kernel B deter-
mines a bounded form. Two applications of the Schwarz inequal-
ity to (5.5) give

(5.9) 1B < (518G, BIEY 21X Y,

b
so the finiteness of the sum certainly implies that the bilinear (or
Hermitian) form is bounded. However, this condition is too
strong; it is not satisfied by the kernel in (5.4), for example.

Hilbert’s form has coefficients B(j, k) = (j+ k+1)7! for j, k
>0, and =0 for other j, k. Considered merely on the set j, k>0,
the coefficients have the special form B(j, k) = B'(j+ k). For this
reason (5.8) can be rewritten as a convolution, so the problem can
be restated and solved on the dual group.

Define ¢(¢'®) = z— on (0, 2r). Then ay(¢) =0, ap(4) = i/n
for other n. Let f and g be trigonometric polynomials, which we

write in the unusual way
(5.10) f=bx7, g="%aqx*.

Then
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(5.11) /fy¢x’1 do = J,Zi bicka; g 41(9)-

Since ¢ is bounded by 7, the modulus of the left side is less than

(5.12) [|fllollglly = =l1blollelly-
If bj and ¢, are 0 for j, k<0, we find

(5.13) | x|{bllgllclly.

]+k+1 I =

The right side is unchanged if b , ¢; are replaced by their moduh,
so that (5.4) is proved under the assumption that the sum has
only finitely many terms. The passage to the limit is easy.
The proof that = is the best constant is Problem 4 below.
The same proof shows that an inequality

(5.14) |j, Z,B6+H bicd < Kllbllyllell,

holds if B(n) equals a,(¢) for non-negative n, where ¢ is a
function with uniform bound K. If the values of B are non-
negative, then bj, c; can be replaced by their moduli.

The theorem of Hardy and Littlewood has an interesting
reformulation: Let f be a function of bounded variation on T with
an(f) =0 for n<0. Then the Fourter series of f converges abso-

lutely, and
(5.15) °>_1‘.°Ian(f)| < V)2

where V is the total variation of f.
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We may assume (by rotating f) that fis continuous at 1;
and (by adding a constant) that f(1) =0. Let u be the measure

associated with f; at points of continuity of f

(5.16) fe'®) = [ due).
0

Integration by parts (see the Appendix) gives for the Fourier-
Stieltjes coefficints of u

(5.17) / X"dy = in / €2f(¢i7) dz = 2minay(f).

Thus p is a measure of analytic type. By the theorem of F. and
M. Riesz (Section 1), p is absolutely continuous. Thus fis continu-
ous, differentiable almost everywhere, g('®) = df(¢’®)/dz is in
HY(T), and a,(g) = ina,(f) for all n.

In particular gy(g) =0. If we apply the theorem of Hardy
and Littlewood to e **¢(€'*) we find

o0
(5.18) %Zlan+1(f)| < wllglly = V/2.
This completes the proof.

Problems
1. Prove another inequality of Hilbert:

|5 2% < xlblylel
jEe -kl = T2

valid for b, ¢ in 12. Show that the inequality fails if the kernel is
-k
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2.Is the form ¥ bicy(j+k+1)""/? bounded in I??
k>0

3. For >0 and fin L2(R) define

T,f(z) = / f—(zt;t)dt.
|t|>n
(The integral extends over the line excluding an interval about
the origin.) Show that T}, is a bounded operator from L2(R) into
itself, and for each f, Tyf converges to a limit Tf and T is a
bounded operator in LZ(R). [This is the conjugacy operator,
formally convolution with the kernel 1/¢. Problem 1 treated a dis-
crete analogue of this operator.]

4. Show that 7 is the best constant in the Double Series
Theorem. [Multiplication by ¢ in L2(T) is an operator with bound
7. For large n, (¢fx") has almost the same norm as its projection
on HY(T)]

6. Hardy spaces on the line

Hardy spaces on the line, or on the upper halfplane, are
more complicated than on the circle or the disk, because there are
two natural definitions and they lead to different spaces. Some
facts about the circle generalize to one space, others to both.

The conformal map w = #(1-2)/(1 + 2) carries the unit disk
onto the upper halfplane, with 0 taken to ¢ and -1 to co. Bounded
analytic functions on the disk are carried to the same class on the
halfplane. The boundary functions on the line constitute H®(R),
and these are exactly the functions obtained from H®(T) by the
conformal map. There is no ambiguity here. But for finite p the
map carries HP(T) to a space that we shall call HP, which is less

easy to describe intrinsically, and is not even part of LP(R)



4. HARDY SPACES 135

(because it contains constant functions, among others). HY is one
kind of Hardy space on the line.

The second kind, called HP(R), consists of the functions in
LP(R) whose Fourier transforms vanish on the negative real axis.
This makes sense immediately for p=1; the Plancherel theorem
gives it meaning for p = 2; for other values of p the Fourier trans-
form has to be extended in some way. Or else the function-
theoretic description of HP(T) on the disk can be paraphrased on
the halfplane; this method will define HP(R) for all p.

Translations form a group of isometric operators in each
space HP(R). This group structure leads to analogues, with simi-
lar proofs, of many theorems about HP(T). But translation is not
isometric in HP for finite p, and the group structure of R is not
useful in studying these spaces.

Nevertheless the spaces HP and HP(R) are related in a
simple way: fis in HY if and only if f(z)/(l—iz)2/ P belongs to
HP(R), and this correspondence is an isometry of the spaces aside
from a constant factor. This is the result we are aiming for; it is
not obvious. First we have to define the spaces carefully, and then
there are function-theoretic difficulties to be met. Once this
theorem is proved it is simple to pass information back and forth
between the circle and the line.

In Section 2 of Chapter 2 we met the Poisson kernel of the
upper halfplane:

(6.1) Py(2) = ;‘(17117) (u>0).

Note that P,(z) is the real part of i/w(z+14u), and is therefore

harmonic. We showed that convolution of functions in LP(R) with
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this kernel generates harmonic functions in the halfplane. This
fact (Problem 1 below) was implicit in the analysis: for f in
LP(R), the harmonic extension F(z+iu) is bounded in every
interior halfplane u > uy > 0.

Here is the function-theoretic definition of the intrinsic
Hardy spaces of the line: HP(R) is the subspace of LP(R)
consisting of all f whose harmonic eztensions are analytic in the
upper halfplane. By Problem 1 below, if a sequence (f,) in HP(R)
converges in the norm of LP(R) to f, then the analytic extensions
F, converge to F uniformly on compact subsets of the halfplane.
Therefore F is also analytic, and this shows that HP(R) is a closed
subspace of LP(R). For p =1 we should include the analytic func-
tions that are extensions of finite measures on the line; but a
version of the theorem of F. and M. Riesz will say that all such
measures are absolutely continuous.

The connection between this function-theoretic definition
and the Fourier transform is, for p = 2, the subject of this classical
theorem.

Theorem of Paley and Wiener. A function f in L%(R) is in
Hz(R) if and only if f vanishes a.e. on the negative real azis.

Let f belong to L%(R) and have Plancherel transform sup-
ported on the positive real axis. We are to show that the har-
monic extension Pyxf is analytic. The transform of Pyxf is
(exp —ult|) f(t), supported on the positive real axis. Since the con-

volution is a smooth function, the inversion theorem shows that

(6.2) Pyf(s) = ok / fy €4+ gy
0

This function is indeed an analytic function of z+iu in the
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halfplane.

In the opposite direction, suppose that fis in HZ(R). Write
f=d+ h, where § and h are in L%(R) and are supported,
respectively, on the positive and negative real axis. By what has
just been proved, g is the transform of a function g in H2(R).
Thus h=f-g is in Hz(R) and has transform supported on the
negative real axis. We must show that A= 0.

The transform of h is supported on the positive real axis,
so k is in HX(R). Therefore both ®h and Sh are in HZ(R). Their
analytic extensions are real, because the Poisson kernel is real.
Hence these extensions are constant, and it follows that ®A and
Sh are constant.These functions are in L%(R), so they must be 0.
This completes the proof.

Corollary. For f in LY(R), f is in HY(R) if and only if f
vanishes on the negative real azis.

For positive u, P,xf has transform (exp —u|t|)f(%), a square-
summable function. By the theorem, P,xfis analytic in each half-
plane u> uy >0 if and only if f is supported on the positive real
axis, and this proves the theorem.

Theorem of F. and M. Riesz. Let yu be @ measure on the
line whose Fourier-Stieltjes transform is supported on the positive
real azis. Then y is absolutely continuous.

We reduce this result to the theorem on the circle. For any
positive number r, define the measure g, on the interval [0, ) by

setting

(63) ur(E) = 5 p(E+hr)

for each Borel set F in the interval. The Fourier-Stieltjes coef-
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ficients of this measure are

-
64)  ealw) = [ P dpuy(o) = p2mn/r).

0
Hence a,(p,) =0 for n<0; it follows that p, is absolutely contin-
uous, for every positive r.

If 4 had a nonnull singular part, then by translating x4 and
choosing r large enough most of the mass of this singular part
would be contained in [0, r), so that g, would also have a nonnull
singular part. This is impossible, and the theorem is proved.

Problem 2 below asks for a translation of this result to a
function-theoretic statement.

We come to our main theorem. Let fbe a function on T,
and F the function on R defined by

. )
(6.5) F(z) = f(e"%) where z = z(—l——i.g-l.
1+¢€
The infinitesimals of z and @ satisfy
6.6 o = 24z
(6.6) 1+ 22
Hence
00 2w )

(6.7) 2 [ PP 25 = [ |f(e)P do.

oo 1+ 4

This leads to the relation

(6.8) Fl,., = = /PlIf1l,,
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where on the left the norm refers to the space L? based on the
measure dv(z) = (1 +22)"!dz, which we call LP, and on the right
the norm is in LP(T). Thus the conformal map of the circle onto
the line carries LP(T) isometrically (aside from a factor) onto L.

Theorem 21. For 1 <p<oo the following subspaces of LY
are the same:

(a) the image of HP(T) under the conformal map

(b) the closed span in LP of all exponentials exp iuz with
u>0

(c) all functions (1 - iz)z/pg(z), where g is in HP(R).

This subspace of LP is called HY.

Define HY to be the set (a), a closed subspace of LY. Since
the exponentials of (b) are bounded analytic functions in the
upper halfplane they belong to HP, so the set (b) is contained in
HP. We shall show that they span a dense subspace, and this will
prove the equivalence of (a) and (b).

The functions x" (n=0,1,...) span HP(T). Their images
under the conformal map are (i—z)*/(i+2)", which therefore
span HP. In order to prove that the exponentials of (b) are dense
in HY it will suffice to show that if fis any function in L§ (where

g is the exponent conjugate to p) such that

(6.9) /oof(z)(l +2) e = 0 (all w2 0)
then also

(6.10) /oof(z)(l+§)-1[(z_i)/(z+i)]"dz =0 (n=0,1,...).

For n=0, (6.10) is immediate. Write (z-1)/(z+1%)=
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1-2i/(z+ ). The binomial theorem shows that it will be enough

to prove that
(6.11) [ f@+ @) erimde =0 (n=1,2,.).

For each positive n there is a measure y, carried on the positive
real axis such that

o0
(6.12) (z44)™ = / ¢ dyu  (2).

0
For n =1, this measure is —ie~!dt on the positive axis, null on the
negative axis; and p, is the n-fold convolution of p; for n=
2,3,.... Thus (6.11) is the same as

(6.13) /f(z)(1+z2)_1/ €% dy(t) de = 0.
I .

The integrand is summable on the product space. By Fubini’s
theorem and the hypothesis (6.9), the integral with respect to z is
0 for all positive t. This proves that (a) and (b) are the same.

The set (c) is a closed subspace of L2. For non-negative u,
exp im:/(l—z':z)Q/ P belongs to LP(R) and has bounded analytic
extension to the upper halfplane. Therefore this function belongs
to HP(R) (a proof of this point is asked for below). That is,
exp tuz is in the set (1 —iz)2/p-Hp(R). Hence (b) is contained in
(c).

We must show conversely that if g is in HP(R), then
9(z)(1 - i2)*/P is in HP. This will follow from the relations

(6.14) /g(z)(l—iz)z/p[(z—i)/(:c+i)]"(1+:c2)'1dz:: 0 (n>1),

—00
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for these quantities are the Fourier coefficients with negative
indices of the function on the circle that corresponds to
g(z)(1- i:::)2/pon the line.

Extend the integrand of (6.14) to the upper halfplane:

(6.15) G(w)(1 - ) P[(w— 1) [(w+ )1 + v?)"L,

where G is the analytic extension of g¢g. This expression is a

constant times
(6.16) G(w)(w+ i) 2/ (w=13)/(w+ )] L.

The fraction is bounded in the upper halfplane. By the Holder
inequality, this function has bounded means of order 1 on lines
Sw=u>0. Hence its boundary function, which is a multiple of
the integrand in (6.14), is in H(R). But such functions have
mean value 0, because their Fourier transforms are continuous
and vanish on the negative real axis by the corollary to the
theorem of Paley and Wiener. Thus (6.14) holds and the proof is
finished.

Problems
1.If fis in LP(R), p finite, then its harmonic extension
satisfies |F(z+ iu)| < Apu'l/ P||fll, for positive v. Find a value for
Ap.
2. Prove the function-theoretic version of the theorem of F.
and M. Riesz: if F is analytic in the upper halfplane with means
of order 1 on horizontal lines bounded, then F is the Poisson

integral of a summable function.
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3. If fis in H(R) nLP(R), then fis in H?(R).

4. Say a function f in HP(R) is outer if the family
(e“*f(z)), u >0, spans a dense subspace of HP(R). (If p = oo, the
family should span a subspace that is dense in the weakx topol-
ogy.) Show that (1 - iz)'z/p is outer in HP(R) for finite p.

5. A function ¢ on the line is inner if ¢ is in H®°(R) and
|g(z)| =1 a.e. Show that every function in HY(R) is the product of
an inner and an outer function.

6. Describe all inner functions on R that have no zeros in
the upper halfplane and are analytic across the real axis.

7. Show that if a function in HI(R) is real, then it is
constant.

8. Prove this version of the theorem of Paley and Wiener:
let f(z) be entire, square-summable on the real axis, and
O(exp r]u|) for some positive r, where u = Sz Then the Plancherel

transform of fis supported on (-, ).



Chapter 5
Conjugate Functions

1. Conjugate series and functions

The series conjugate to a trigonometric series
(1.1) S = $La,em®
—00
is
- R niz

(1.2) T = —1_2020(sg n) a, €M,
where sgn=1if n>0, —1if n<0, and sg0 = 0. Formally

. w y
(1.3) S+iT = ay+2} a,e™%

1

such a series is of analytic type.

If the series

(1.4) S(2) = )o:.é ay, olnl gniz (2= €'%)
=00
converges in the unit disk it defines a harmonic function. The
function
(1.5) T(z) = —i_%;(sgn) a, '™ eME

has the property that S(z) +:T(2) is analytic in the disk. Thus §
and T are conjugate harmonic functions, and conjugacy for the

trigonometric series (1.1) and (1.2) is formally the relation at the
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boundary of conjugacy for harmonic functions. Note that T is
normalized to have T(0) =0.

If (a,) is square-summable, then S is the Fourier series of a
function fin L2(T), T is also the Fourier series of a function ¢ in
L2(T), and f+ig=h is in H2(T). If fis real then so is g, and
f=Rh, g=3h. Whether or not fis real, g is said to be conjugate
to f Then -f+a; is conjugate to g. Moreover if ayg=0, the
Parseval relation shows that ||f||y =]|g||o. The function conjugate
to fis written f

The notion of conjugate function is extended to any pair of
functions f and g having a Fourier relation, perhaps generalized in
some way, to the series S and T. This chapter is devoted to
theorems asserting that functions f in various classes have
conjugate functions in the same or some other classes.

There are two ways to give meaning to T when S is the
Fourier series of f in some space larger than L%(T). The first way

is to prove an inequality of the form

(1.6) Hall" < AllAII"

for some two norms, which may be the same, and some constant
A, when fis, say, a trigonometric polynomial. Then the conju-
gacy operation is extended by continuity to the whole space of f.
The second method is based on the observation that conju-
gacy is a multiplier operation: the Fourier coefficients of g are

those of f multiplied by (-isgn). Formally,

(1.7) —i_z;o('sgn) T - cot%.
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Therefore we expect
(1.8) () = / £ D) cot £ do(t).

This integral can sometimes be given meaning, and provides
another definition for conjugate function.

The theory of conjugate functions proves inequalities of the
form (1.6), investigates the singular integral (1.8), and shows that
the two definitions are the same when they are both meaningful.

Theorem 22. A series conjugate to a Fourier-Stieltjes series
is Abel summable almost everywhere.

We already know (Theorem 4 and Problem 4 of Chapter 1,
Section 7) that a Fourier-Stieltjes series is Abel summable a.e.
The present theorem is interesting because the conjugate series
may not be a Fourier-Stieltjes series.

Let 4 be a measure on T whose Fourier-Stieltjes series is S
of (1.1). We are to show that the series T is summable by Abel
means for a.e. z. u is a linear combination of positive measures; it
will suffice to prove the result for each part separately, so that we
may assume that p is positive. Then H(z) = 5(2)+:T(z), the
analytic function constructed above, has for real part the positive
harmonic function S(z) = P,*u, and imaginary part
(1.9) T(2) = -1 OEO (sgn)a, plnl gniz
that is to be proved to have a limit a.e. as r increases to 1. Since
exp (—H) is analytic and bounded in the disk, it has radial limits
almost everywhere. This implies that S(z) has a radial Jimit a.e.

(we already know this), and that TY(2) has a radial limit wherever
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exp(—H) has a nonzero limit. Since the boundary values of a
bounded analytic function are zero only on a null set (unless the

function is null), the result is proved.

Problems

1. Show that the function conjugate to a bounded function
need not be bounded. Deduce that the conjugacy operation,
defined on trigonometric polynomials, is not bounded for the
norm of LI(T). [Let @ be the operation that takes every trigono-
metric polynomial to its conjugate. If @ is bounded in the norm of
L1(T), then the dual operator Q* would exist as a bounded opera-
tor in L®(T). Compute the dual operator.]

2. Using the ideas of the last problem, show that if p and ¢
are conjugate exponents, with p finite, and if @ is a bounded
operator in LP(T), then @ is bounded in LY(T).

3. Show function-theoretically that if f is in L%(T) and
vanishes on an arc J of T, then f+ zf can be continued analy-
tically across J. Therefore f is smooth on J.

4. Find the functions conjugate to (a) f(€'*) = z on (0, 2r);
(b) g(¢*) = ~1 on (-m,0), =1 on (0, 7).

2. Theorems of Kolmogorov and Zygmund

The operation of passing from a function to its conjugate is
a linear operation in L(T). We have seen (Problem 1 of the last
section) that the conjugate of a bounded function may not be
bounded, and that conjugacy cannot be extended to LY(T) so as
to be a bounded operator in that space. A famous theorem of M.
Riesz, to be proved in the next section, states that conjugacy is a

bounded operator in LP(T) for 1 < p<oo. At the extremes p=1,
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oo, theorems of Kolmogorov and of Zygmund give precise
information even though conjugacy is not bounded in these
spaces. These latter results are the subject of this section.
Theorem of Kolmogorov. There is a constant K such that
for all fin L(T), and all positive ),
KIIflly

(2.1) If(eiz)] < A ezcept on a set of measure at most 3

The statement is interesting for large A.

The conformal mapping

(2.2) w=1+2 +§
carries the right halfplane to a disk of radius 1 centered at w=1.
The crucial point for our proof is that the part of the halfplane
consisting of z such that |2| > ) is mapped to the half of the disk
where Rw > 1. The verification is straightforward.

First suppose that fis a non-negative trigonometric poly-
nomial with mean value 1. Form h=f+ if, and let H be the
analytic extension of h to the unit disk. Then H(0) =1, and we

have

(2.3) tel=d = f14 ZE ::;+;da(z).

Let E be the set in T where |f(¢'F)] > A. On this set also |h(e'%)|
> ), so there the integrand in (2.3) has real part at least 1. This

real part is non-negative everywhere; hence

(2.4) _3_ = 14+ 1225 ().
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This is still true if the trigonometric polynomial fis non-negative
but has mean value less than 1.

Let f be any function in L2(T) that is non-negative with
mean value at most 1. Then the result just established holds for
the Fejér means K,*f, whose conjugate functions are K,x f As n
tends to oo, Kn*f~ tends to f a.e., and we deduce the same
inequality on the measure of the set where |f|> A (Problem 1
below).

If fis merely real in L2(T), but still with norm at most 1
as an element of LI(T), write f=f, — f_ where f, and f_ are the
positive and negative parts of f. Wherever | f | > A, obviously either
(f+)">A/2 or (f.)" > A/2. Moreover f, and f_ have mean value at
most 1. Hence If | <A except on the union of two sets, each of
measure at most 87/() +2).

Finally, if fis complex we break it into real and imaginary
parts, and find that

(2.5) |f] < A except on a set of measure at most K/(A+1)

for a constant K, whenever f belongs to L%(T) and || flly <1. If fis
any nonnull function in L%(T), (2.5) applied to f/||f ||; leads to the

statement

K\£1ly

2.6 f < A except on a set of measure at most - .
20 Ul [+ 2

This proves the theorem, with a small improvement for small A.
The reference to L%(T) in the theorem is convenient
because functions in that space have conjugate functions, but this

result and a limiting process will lead to a definition of conjugate
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function for elements of LY(T).
Corollary. For any p between 0 and 1 there is a constant K
such that for all fin L¥(T)

2.7) [1frde < KIfII]-

Assume the corollary, and let f be any function in LI(T).
Choose a sequence (f,) of square-summable functions tending to f
in LI(T). By (2.7), (f;) is a Cauchy sequence in LP(T), a com-
plete metric space (although not normed), so that f;, converges in
this space to a limit function that we define to be f . It 1s easy to
see that f is independent (modulo sets of measure 0) of the
approximating sequence.

Fatou’s lemma shows that f satisfies (2.7). Thus the conju-
gacy operation carries LY(T) to LP(T), for each p with 0<p<1,
and (2.7) holds with a constant K that depends on p.

Let us deduce the corollary from (2.6). It will suffice to
prove (2.7) when ||f||; =1. Define F()) to be the normalized
measure of the set where | f | >A (A>0). Thus F decreases on the
positive real axis from 1 to 0. By (2.6), F(A) < K/(A+1) for some
K independent of f (The function 1-F is the distribution
function of | f |.) The definition of the Lebesgue integral shows that

(2.8) / If? do = — /OOAP dF()).
0

(F may well have a discontinuity at 0, but the integrand vanishes
there, so the integral is well defined.) The formula for integration

by parts (see the Appendix) is applicable: (2.8) equals
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A
(2.9) -~ Jim {[A"F(/\)r— / (pAP™1) F(A) o),
0

The bracket tends to 0 as A tends to oo, and the integral has a
finite limit that is independent of f, because p<1. Thus (2.8) is
less than a constant times ||f]|; for all fin L%(T). This proves the
corollary.
The next theorem has an interesting nonlinear character.
Theorem of Zygmund. If f is real and bounded, with bound
7/2, then

(2.10) /exp |flcosfdo < 2.

Let fbe a real trigonometric polynomial. Then

(2.11) 1> Siexp/ifda = Rexp/if—fda =

%/exp(if—f)dﬂ: /e_fcosfdo.

Replacing f by —f gives a similar inequality with f in place of — f~ .
Adding these inequalities gives (2.10).

Now let f be any real function bounded by 7/2. choose a
sequence (f,) of real trigonometric polynomials tending to f point-
wise and with bound #/2. (The Fejér means of f are such a
sequence.) On a subsequence at least, the conjugates fn converge
to f a.e. (because the sequence converges in L%(T)). The inequal-
ity (2.10), valid for each fn, holds in the limit by Fatou’s lemma.
Part of the conclusion, of course, is that the integrand in (2.10) is
summable.

If ||flloo is strictly smaller than 7/2, then cos f is bounded
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from 0. This implies the first of two corollaries.
Corollary. If f is real and ||f]|oo is strictly smaller than 7 /2,
then

(2:12) / exp|fldo < K

where K depends only on the bound of f.

Corollary. If f is continuous, then exp tf is summable for
every real t.

We may assume that fis real. Write f= g+ h where gis a
real trigonometric polynomial and A has uniform bound less than
7/2. Then g is a trigonometric polynomial, so that expg is
bounded. Since exp h is summable by the previous corollary, exp f

is summable. The same argument applies to tf for any ¢.

Problems

1. (hy) is a sequence of measurable functions on T such
that h, <0 except on a set of measure at most 5 for each n.
Suppose that h, tends to h a.e. Show that A has the same
property.

2. Let F be analytic in the unit disk and take values in the
sector: |argz| <m/2-¢, where € is positive. Show that F is in
HY(T).

3. Find a function in LY(T) whose conjugate is not in
LY(T).

4. Find a function f with bound exactly 7/2 such that
exp|f | is not summable.

5. (a) k is a positive constant. Show that there is a real
summable function f such that f =kf a.e. (b) There is a real
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bounded function f such that |f|+|f|=1 a.e. [Use the Riemann

mapping theorem.]

3. Theorems of Riesz and Zygmund
Theorem of M. Riesz. Let 1 < p<oco. For every f in LP(T),

f is in the same space and

(3.1) WFll, < Alifll,

where A, depends only on p.

First assume that fis a positive trigonometric polynomial,
so that h=f+ zf is a trigonometric polynomial taking values in
the right halfplane. Then the analytic extension H(z) also takes
values in the halfplane (because it is the Poisson integral of h),
and we can form the analytic function H(z)? using the principal
value of the power function. This function is analytic in the
interior of the disk, and continuous on the closed disk. By
Cauchy’s theorem and the fact that f has mean value 0,

(2)  [Wdr = HOY :[/f+ ifda]” - [/fda]p.

At this point we need an elementary lemma.

Lemma. If 1 < p <2 there ts a number K such that
(3.3) 1 < (1+K)(Kcosy)? - Kcos py

for all y such that |y| < n/2.

The inequality is equivalent to
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(3.4) (1+ K)"}(1 - cos py) < (Kcos y)P - cos py.

It will suffice to show that the right side is positive and bounded
from 0 for the given range of y, if K is large enough. For y =0 the
right side is K? —1. As y increases, cos py decreases and reaches 0
while the first term on the right is still positive, because p > 1.
Over this interval the right side is bounded from 0 if K is large.
As y increases further to 7/2, cos py is negative. This proves the
conclusion for y in [0, 7/2], and both sides of (3.4) are even

functions.
Multiply (3.3) by |A|P:

(3.5) [h? < (1 + K)(K|h|cos y)? — K|h|P cos py.

Choose for y the argument of h. Since the values of A lie in the
right halfplane, |y|<n/2. Moreover |h|lcosy=Rh=/f, and
|h|? cos py = R hP. Therefore the integral of (3.5) leads to

(3.6) M5 < (1 + K)RPIAIIG- KR [ P do.

By (3.2), the integral on the right is the positive number ay(f)?.
Hence the inequality (3.6) is still true without the last term. On
the other hand |f] < |hl, so that (3.1) is proved when fis a positive
trigonometric polynomial.

The rest of the proof is like the corresponding argument of
the last section. If fis square-summable and non-negative, then
Kuxf is a positive trigonometric polynomial whose conjugate is
Kn*f . These functions satisfy (3.1), and Kn*f converges to f at
least on a subsequence. Fatou’s lemma shows that (3.1) holds for f
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itself.

If fis still real in L2(T) but not necessarily of one sign, we
write f= f, — f_ as before, and (3.1) follows with a larger constant;
and then the same follows for complex f. Since L2(T) is dense in
LP(T) for finite p, the theorem is proved for 1 < p < 2.

Problem 2 of Section 1 established that the same must be
true in LY(T), where ¢ is the exponent conjugate to p. This
completes the proof of the theorem.

For p=1 we know that the analogous result is false. The
theorem of Kolmogorov and its corollary of the last section
provide one substitute. Here is another substitute, which has a
partial converse.

Theorem of Zygmund. If flog* |f| is summable, then f is

summable and

(3.7) [1f1ds < A+ B [fl10g* Ifl do

for some constants A and B that are independent of f. Conversely,
if f ts summable and non-negative, and j: summable, then flog* |f|
s summable.

Recall that log* z = max (0, log z) for z > 0.

First assume, again, that fis a positive trigonometric poly-
nomial, whose mean value we call C, and which we assume > 1.
Define h = f+ if , an analytic trigonometric polynomial with values
in the right halfplane. Define logh by means of the principal
branch of the logarithin. Then logh is analytic and continuous.

By Cauchy’s theorem,

(3.8) Clog C:/hloghda: /floglhl—yfda,
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where the argument y of h takes values in (-7/2, 7/2). Note that
y has the same sign as f. By hypothesis the left side of (3.8) is

non-negative, so we have

(3.9) [vido <} [flog(s+ 7% do.

In order to defeat the f on the right we need another

inequality: for positive a and b
(3.10) alog (a? + b%) < 2alog a+ b.

A proof is asked for below. (This is not the best such inequality,
but it is good enough.) If we set a=fand b= lf|, the right side of
(3.9) is seen to be less than

(3.11) /flogfda+%/]fl do.

Now we assume further that f> e everywhere. Let F be
the set where | f | < f. Obviously

(3.12) [1fldo s [fdo< [flogfdo.
FE

On the complementary set |y| > 7/4, and therefore

(313)  [Ifldo <} [vfds < 4{ [flogfdo+} [Ifl do}.
CFE

Add (3.12) and (3.13), and take the term with f to the left

side:
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(3.14) (1 —%)/lfl do < (4+ 1)/flogfda.

The coefficient on the left is positive, so we have shown that

(3.15) [1fido < B [ flog fdo

for all trigonometric polynomials satisfying f> e.

Keeping the assumption f>e, suppose now that f is
bounded. Then (K,xf)(log K,*xf) converges boundedly to flogf,
and (3.15) remains true. If flogf is summable, and still f > e, we
find a sequence of bounded functions f, increasing to f, each
satisfying f, > e, and (3.15) is valid in the limit.

Let f be any real function satisfying the hypotheses of the
theorem. Define f; = max (f, €), fy =min(f, -e), fy=f-(f; + f»), so
that |f3] < e. Denote by E'j the set where fzf; for j=1,2. Then

(3.16) [fdo < B [|filog|fldo+ Be  (j=1,2)
. Ej
[1ildo < liflly < e

Adding these inequalities proves (3.7).

Finally, if fis cbmplex the result follows with new con-
stants from the real case.

The second part of the theorem is a consequence of (3.8).
Adding a constant to f if necessary (this does not change f), we

may assume that f > 1. Then

(3.17) /flogfdag /flog|hlda=Clog 0+/yfda
< ClogC+%/|f|do,
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first when fis a trigonometric polynomial, and then by Fatou’s
lemma for any non-negative summable function f whose conjugate

is summable. This completes the proof.

Problems
1. Prove (3.10).
2. Let v be a probability measure (a positive measure with

total mass 1) on Borel sets of the complex plane. Assume that

HM:/H@@@

for all polynomials P. Write z= z+ 1y. Show that

J19? d(2) < 4, [ 1al? dv(2)

where A, depends only on p, 1 < p<oo.

3. Find an upper bound for the best constant A, in Riesz’
theorem. ‘

4. Use Zygmund’s theorem of this section to show that i is
not summable for certain fin LY(T).

5. Show that for fin LY(T), the summability of f does not
imply the summability of (f,)".

4. The conjugate function as a singular integral
Theorem 23. Let f be continuous and satisfy a uniform
Lipschitz condition on T. Then f is continuous, is the sum of its

Fourier series at each point, and has the representation

(4.1) f(ei® )= lim /f eE0) cot (1/2) do(2)

|t|>e
(The integral is understood over the interval (-, 7) with
the subinterval (—¢, €) excluded.)



158 5. CONJUGATE FUNCTIONS

The convergence of the Fourier series of f can be proved in
the same way as Theorem 1 (Problem 1 below). However the
other assertions of the theorem require a different treatment, and
convergence will be proved at the same time.

The conjugate of the Dirichlet kernel is

cos ( n+%) z

(4.2) bn(ei') = ~iill: % _ e HT _ (ot (2/2) - Sn(E2)

Since Dn has mean value 0, the partial sums of the Fourier series

of f can be written
(43)  Durf(¢®) = [If(F) - f(e)) Dy(e) ()

The function [f(e"*™Y) - f(€"%)]/sin (£/2) of tis summable. There-

fore

(44)  Dprf(e™) = [If(7) - f(e)] cot (t/2) da(?)

cos ( n+%) t

- [ - f(ei0) s datt)

where both integrands are summable. The last term tends to 0 as
n tends to oo by Mercer’s theorem. Hence the Fourier series of f
converges everywhere; at a point of continuity the sum is f ,
because the series is summable to that value, and cannot converge
to anything else. Moreover the sum is f almost everywhere,
because f is square-summable, so its Fourier series is summable to
fae.

Since the cotangent is an odd function, the right side of
(4.1) can be written
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(4.5) lim [ 1f(¢70) = f(e) ot (¢/2) dot()

|t|>e
equal to the first integral in (4.4) because the integrand is sum-
mable. Thus (4.1) holds a.e., and at each point of continuity of f
If we show that (4.5), or equivalently the first integral of (4.4),
represents a continuous function, then all the assertions of the
theorem will be proved.

In the expression

(46)  [IA(ED) = f(6%) - f(970) + f(e)] cot (4/2) dor(t)

the integrand tends pointwise to 0 as y tends to z, and the
uniform Lipschitz condition makes the dominated convergence
theorem applicable to show that the integral tends to 0. Hence f
is continuous, and the proof is complete.

Theorem 24. For every summable function f, (4.1) holds
almost everywhere.

This proof is delicate. We shall show that the formula
holds at each point where two conditions are satisfied: where the
indefinite integral of fis smooth in a certain sense, and where also
the conjugate Fourier series is summable by Abel means. Both
conditions hold almost everywhere.

Set €=1—r as r varies from 0 to 1. Let K, (') = cot (¢/2)
on (-m, m) excluding the subinterval (-¢, €), where K,.=0.
Without loss of generality we may assume that f has mean value
0, so that an indefinite integral F of f is continuous on T. We

shall prove this result: at any point z where

(4.7) |F(z+t) + F(z—t) - 2F(z)| = o(t)  as t—0
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we have
(4.8) (13,,— K)*f(€%) =0 as r increases to 1.

The condition (4.7) holds wherever F is differentiable, and
so almost everywhere. Also 13,.*f tends to f a.e.; Theorem 22 of
Section 1 gives the convergence, and the limit is f because we
have metric convergence in LP(T) (0<p<1) to f, by the results
of Section 2. Thus it will suffice to prove (4.8) under the hypothe-
sis (4.7).

To simplify notation take z=0. The kernel 13,— K, is odd;

therefore the statement to be proved can be written
e ~ . 3 .
(4.9) lirp { { P(é) [f(e™M) - f(<)] dt

+ / (Pe) - cot t/2) f(e™*) - f(&)] df} = 0.

We shall show that each integral tends to 0.
For the first integral an integration by parts gives

(4.10) [P(&) (~F(~1) - F(8) + 2F(0)]
€
+ / [F(t) + F(~t) - 2F(0)) P.(¢'!) dt.
0
The bracket on the left vanishes for ¢ =0. Now

4.11 P (él) = —2rsint
( ) o ) 1—27‘cost+r2

A calculation shows that IBT( ei(l"r)) = 0(1/(1-r)) as r increases to
1. From (4.7) it follows that the first term in (4.10) tends to 0 as



5. CONJUGATE FUNCTIONS 161

r tends to 1.
Next we note that

(4.12) ﬁ;(cit) = (d/dt) §2r"sin nt = 2% nr” cos nt.
1 1

Thus for all ¢

b (it °°nn - _2r )
(4.13) |P(e)] < 2; T o3

Hence the second term of (4.10) is majorized by

1-r 1-r
(4.14) 21{1—1‘)_2/ E(t)tdt < 2r(1-r)'2E(1-r)/ tdt,
0 0

where E(t) decreases to 0 as t tends to 0. The right side obviously
tends to 0 as r increases to 1, so we have proved that the first
integral in (4.9) tends to 0.

To estimate the second term we need the identity

~(1-1)2cot /2

4.15 P(e!) —cott/2 = ,
( ) He) / 1-2rcost+ 7

obtained directly from (4.11). When r is replaced by 1-¢, the

quantity that must be shown to tend to 0 with € becomes
r I3 .
(4.16) ¢ / cot t/2 [(1 - ) sin® /2 + €2/4] L [f(e®t) - f(e7)) .
€

Once more we integrate by parts, and this time the

expressions are complicated. The product term is

(417)  €2[cot t/2[(1-€)sin? t/2 + €2/4] "} [F(t) + F(~1) - 2F(0)]:-
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At t =7 the cotangent vanishes. When ¢ =¢, the expression tends
to 0 with € on account of (4.7). Thus (4.17) has limit 0.

The integral that remains is, apart from sign,

[F(t) + F(~t) - 2F(0)] dt.

(4.18) 2/ 1-¢) +cos t/2+——csc t/2]
—e)sm t/2-4--;4-]2

The part of the integral from, say, 1/2 to = is obviously bounded
as ¢ tends to 0, so we can integrate merely from € to 1/2. On this

interval the kernel (which is positive) is dominated by

k1+k262/t2

(4.19) k3t2 +€2/4

for some constants k;, and F is bounded (that is all we need).
Thus it will be enough to show that

2/2
(4.20) 2 / 2;‘2’?64 i dt

tends to 0 with e.
Change variables by setting ¢t = ue

1/2¢

ky + k2/u
(4.21) € -_—5—1
{ kg’ + 4

The integral is bounded, so the expression tends to 0 with e. This

completes the proof.

Problems
1. Show, as in the proof of Theorem 1, that if f satisfies a
Lipschitz condition at a point, then the conjugate of the Fourier

series of f converges at this point.
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2. Investigate the convergence at 0 of the conjugate of the
Fourier series of the function equal to 0 on (-7, 0) and 1 on (0, 7).
Discuss the limit (4.1) for this function. Find the conjugate
function.

3. Show that |a,(K,)| (where K, is the function defined in
this section) is bounded in 7 and 7, 0 < r< 1, and tends to —isgn)
as r inreases to 1. Deduce that K xf converges to f in L2(T) for

each fin the space.

5. The Hilbert transform
For fin L2(R), the conjugate function f is defined by the

formula

(5.1) f(2) = ~i(sg2) f(2).

(sgz=1for >0, = -1 for z<0.) Then f is also called the Hilbert
transform of f Conjugacy is a multiplier operation, so it
commutes with translation, and we expect it to be formally a
convolution with some kernel. On the circle the kernel was
cot t/2. Here the kernel is 1/xt. The informal justification for this

statement is the calculation

A
: -1 itz g, _ o , :
(5.2) lelﬁ)l M/t e T dt = 2z(sg1:)€lohnloo‘€/(smt)/tdt
lt|>€

= —TisgZ.

(The limit of the second integral was evaluated in Problem 6 of
Chapter 2, Section 2.)
Let K, be the kernel equal to 1/xt for |t| > €, and to 0 for
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|t| <e. For each positive € this function is square-summable. Its
Fourier transform is given by the first equality of (5.2):
o

(5.3) rKe(z) = ~2i(sg 2) / (sin t)/tdt.

lzl€
This function is uniformly bounded in z and positive e. Therefore
the operation that takes f to K¢xfis continuous in L2(R), and the
bounds of these operators lie under a fixed number. As € tends to
0, f(e tends boundedly to —i(sgz), and so Kxf tends in norm to
the function f defined by (5.1). (Compare Problem 3 of the last
section.) Thus we have proved

Theorem 25. For each f in LA(R), Kcxf tends in norm to f
as € decreases to 0.

From the definition (5.1), the Fourier transform of f+ if
equals 2f on the positive real axis, and 0 on the negative axis.
Thus f+ zf is in Hz(R), and this justifies our definition.

There is an obscure difference between the line and the
circle that is sometimes a source of difficulty. On the circle, the
conjugate function is normalized to have mean value 0, and this
normalization is contained in the representation of the conjugate
function as a convolution with the kernel cot¢/2. On the line,
square-summable functions do not in general have a mean value
(because they are not summable), and yet the conjugate function
is certainly normalized in some fashion by (5.1). Of course it is
normalized by the property that it belongs to L2(R)! Also, the
analytic extension F(z) of f+ z'j: tends to 0 as 2 tends to oo along
vertical lines.

This normalization commutes with translation. The nor-

malization on the circle also commutes with translation. However,
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if we map the disk on the upper halfplane in the usual way, the
harmonic function on the disk that vanishes at the origin is
mapped to a function on the halfplane that vanishes at i, not at
0o, and this normalization does not commute with translation.
Thus (5.1) is not the conformal map of the definition of conjugacy
on the circle. A different singular integral, not a convolution,
would define conjugacy on the line with the other normalization.
The theorems of Kolmogorov, M. Riesz and Zygmund
proved earlier for the circle group have analogues on the line,

which we shall not prove.

Problems

1. Calculate the Hilbert transform of the characteristic
function of an interval [a, b].

2. Prove that the harmonic extension of any function in
L%(R) to the upper halfplane tends to 0 along vertical lines.

3. Find an integral representation for the conjugate func-

tion normalized to vanish at .

6. Maximal functions
Let fbelong to LY(R). Define the two mazimal functions
) 4+t )
Fe)= sup (27 [ If(e)]du,
(6.1) O<t<m ot
fu(€%) = sup |f(re'®)|.
O<r<l

These functions are defined everywhere if we allow the value oo,
and they depend only on the modulus of f. Each is the supremum

of certain averages of |f|, and obviously each is greater than or
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equal to |f(€'%)| almost everywhere.

A discovery of Hardy and Littlewood, which has proved
very important in the theory of Fourier series and in other parts
of analysis, is that f* and f, on the average are not much bigger
than |f| itself. In form the theorems resemble those proved earlier
about the conjugate function. The results will be proved for f*;
those for f, will follow easily.

Theorem 26. For positive A,

(6.2) f* <X ezcept on a set of measure at most 4||f||;/\.

Let m denote Lebesgue measure on T.

The proof uses the

Vitali Covering Theorem. Let § be any non-empty family
of intervals on T, whose union we call J. There is a sequence of

pairwise disjoint intervals (I,) of the family such that

(6.3) m("lﬁz,,) > Im(J).

Find an interval I} of § = §; whose length is at least % of
supy ¢ g ™(I). Let §y be the family of intervals of ¥ that are
disjoint from ;. Find I, in §, with length greater than %— of
SUPJ e gy, m(I). Then define §3 as the family of intervals of
that do not intersect I; or I,. Continuing in this way we obtain a
disjoint sequence (I,) of members of §, and we shall show that it
satisfies (6.3).

Obviously m(I,) tends to 0. Thus for large n the intervals
of §, all have small length; therefore no interval is in all the §,,.

For each n, let I, be the interval with the same center as
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I,, and four times the length. For each I in § there is a least
positive integer n (at least 2) such that Iis not in §,. This means

that I intersects I, ;. Since I is in § its length is at most

n-1>
%m([ _1)- Hence Iis contained in I;,_;. That is, every interval of
& is contained in the union of the I, and this proves the covering
theorem.

Take fsummable and non-negative. For fixed positive ), at
each z such that f*(e*)> A let I, be an interval centered at e'*

for which

(6.4) / f(€%) du > Am(L,).
Iz

This is a family to which we apply the covering theorem. The

measure of the set where f* > A does not exceed

(65)  m(J) <4m(UL) <4 [f(e)du<$ [fam
In

This proves the theorem.

Let F be the distribution function of the non-negative
summable function f. That is, F(u) is the Lebesgue measure of the
set where f< u. Theorem 26 implies this statement about F: for

positive A,

(o o]
(6.6) f*<2)\ except on a set of measure at most 27!'%/ udF(u).
A+0
For set g=f on the set where f< ), =0 elsewhere; and h=f-g.
We have f*<g*+h*<A+h* Thus f*>2X at most on the set

where h* > )\, whose measure is not greater than
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o0
(6.7) %/hdm - %%/ wdF(w).
A+0

Theorem 26 is analogous to the theorem of Kolmogorov
about the conjugate function, proved in Section 2. Now we prove
analogues of the theorems of M. Riesz and Zygmund.

Theorem 27. If f is in LP(T) with 1 < p < oo, then f* is in
LP(T). If flog* |f| is summable, then f* is summable.

The corresponding theorem about p = oo is trivial, because
if fis bounded then f* is bounded with the same bound.

The function-theoretic method used to prove the theorems
about conjugate functions is not available now. The information is
hidden in Theorem 26, however. This method can also be used to
prove the theorems about conjugate functions, once Kolmogorov’s
theorem of Section 2 has been established.

Take f summable and non-negative, with distribution
function F. Let G be the distribution function of f*. For positive
A, (6.6) gives

o0 o0
(6.8) 1-G(2)) < %/ wdF(u) < f.r,/ wP dF(v).
A+0 A+0

(The second inequality holds because (u/A)? increases with p for
u>A) If fisin LP(T), 1 < p < o0, the integral on the right is finite

and tends to 0 as A tends to oco. Therefore
(6.9) M(1-G(2))) -0 as A —oo.

Now
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(6.10) 1PNy = [ APdeo) = (G -1

0 o0

+p/ (1- G(\)AP-1 .
0

The first term on the right vanishes by (6.9). In the second, the

integrand is non-negative, and the first inequality of (6.8) gives

(6.11) IFIlp = p2? / (1- GNPy
0

Suppose p > 1. If we change the order of integration in the
last term of (6.11) we find

} 2P+
(6.12) p21'/ /)J’ 2 d) udF(u) = p 1 [ dF(u) = 2 ||f|1p,
which proves the first part of the theorem.
For p=1, (6.11) becomes

[0 o]
(6.13) |IF*11, =2/ (1-G(2\)) dX < 2+2/ (1= G(2))) dA

0 o0 o0

< 2+8/ A / wdF() dA.
1 A+0

If we change the order of integration we find the other assertion of

the theorem.

Problems

1. Prove the assertion used in the text above: if fand g are
non-negative functions, then (f+ g)* < f*+g*.

2. Show that f, <f*. (Then the theorems of this section
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follow immediatly for f,.) [Show that every function P that is
positive, even and differentiable on (-, 7), decreasing on (0, )

with P(7) =0 can be represented in the form

T

P(z) = / h(t) 8(t, z) dt
where S(t, z) = 1/2t for |z < t,O =0for |z]>t(0<t<7),and hisa
non-negative function whose integral over (0,7) equals the
integral of P over (-, 7). Apply this result to P(z) — P(n) where

P is a member of the Poisson kernel.

7. Rademacher functions; absolute Fourier multipliers

The Rademacher functions (¢,) (k=1,2,...) are an ortho-
normal system in L%(0,1). ¢ equals 1 on (0,1/2) and -1 on
(1/2,1). Continue ¢; to be periodic with period 1. Then @(¢) =
<p1(2k*1t) for each positive integer k. Equivalently, ¢(¢) =1 on
the dyadic intervals (j/2k, (j+1)/2k) for even j, and = -1 on such
intervals when j is odd (5=1,..., 2’“——1). The values of the
functions at endpoints of the intervals are unimportant; for
definiteness we can say that ¢ (t)=0 at each point of
discontinuity.

Each real t in (0,1) not a dyadic rational has a unique

expansion
(7.1) t = ?Ek/Zk, Ek:OOI' 1.

The ¢ tell where ¢ is situated in the interval. If ¢; =0, then tis in
(0,1/2); if 1, tis in (1/2,1). Similarly, €9 =0 if ¢ is in the first
half of that subinterval, and =1 if it is in the second half. And so

on for each k.
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We verify easily that €, =(1-¢;)/2. Both ¢, and ¢, are
functions of &

It is useful to use the language of probability. An eventis a
measurable subset of the probability space (0,1) (with Lebesgue
measure). The probability of an event is the Lebesgue measure of
the set. For example, the probablity that p5=-1 is 1/2, because
the set of ¢ for which ¢4(¢) = ~1 has measure 1/2.

A random variable is a measurable function on a probabil-
ity space. Our random variables, such as ¢, and ¢, will be real.

Lemma 1. The random variables ¢ are independent.

The statement means: given any measurable subsets
Ey,...,E, of R, and any distinct positive indices kj,...,k,, the
probability that all the events

(7.2) ¢ (t) belongs to E;  (j=1,...,n)
7

occur equals the product of the probabilities of each one. In this
case it suffices to test sets Ej each consisting of one point, 1 or —-1.
From the definition of the Rademacher functions it is obvious by
induction that the set where Ph, =Py P =Cn (each aj equal
to 1 or —1) has measure exactly 1/2"

Much of what follows is simply a transcription, for this
special case, of results that hold for any independent sequence of
random variables.

Lemma 2. If ky,..., k, are distinct positive integers, then

1
(7.3) /‘Plcl""l’lcndt =0.
0

Suppose that k, is the greatest integer of the set. On each
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interval of constancy of Pr " Ph, P, takes the values 1 and
-1 each with probability 1/2, so the integral (7.3) vanishes over
the interval. Hence the integral over (0, 1) is 0.

The square of a Rademacher function is identically 1 (aside
from points of dicontinuity). From this fact and Lemma 2 it
follows that two products of distinct Rademacher functions are
orthogonal in L0, 1), unless the products are identical. The
family of all products of distinct Rademacher functions, together
with the constant function 1, is called the Walsh system.

Obviously the Rademacher system is not complete (that is,
the Parseval relation does not hold), but Bessel’s inequality is
true with the same proof as for the trigonometric system. Also the
Riesz-Fischer theorem holds: given any square-summable se-

quence (c¢j, ¢y,...), the series
0
(7.4) ; CKPE

converges in L2(0, 1) to a function f, and
1
(1.5) ¢ = /f(t) opdt  (k=1,2,...).
0

The main theorem, from which we shall obtain results
about trigonometric series, is this.

Theorem 28. If (c;) is square-summable, then the series
(7.4) converges almost everywhere to its metric sum f. Otherwise
the series diverges a.e., and indeed a.e. is not even summable by
Abel means.

The Abel summability method is not particular here; the

series is not summable by any ordinary method, but our appli-



5. CONJUGATE FUNCTIONS 173

cation will involve the Abel method.

Denote the partial sum of order k of (7.4) by S,. Since S;
tends to f in the metric of L%(0,1), it converges also in LY(0,1)
(by the Schwarz inequality). Let 0 <a<b<1, and fix a positive
integer k. We have

b b
(7.6) [ -8pdt =l [ S-Syt
a a

If (a,d) is a maximal interval of constancy of ¢, then for n>k
the integral on the right vanishes, because the difference involves
only ¢, 1,.--,¥n Therefore f and S have the same mean value
over every such interval.

Let F be an indefinite integral of f, and ¢ a point of (0, 1),
not a dyadic rational number, where F' exists. For each positive
integer k, let J; be the interval of constancy of ¢, that contains ¢,

whose length we call |J;|. Then

(7.7) Sy(t) = |7 / Spdz = |JJ™! / fdz,
Iy I

and we recognize the right side as a difference quotient of F. As k
tends to oo, this quotient tends to F'(t). Since F is differentiable
almost everywhere, and the derivative is f(t) a.e., the first part of
the theorem is proved.

Now suppose that the series converges in a set of positive
measure. On a subset E still of positive measure m, the partial

sums all satisfy |S;| < M for some number M. Hence

(7.8) I= [(Sp,p-S0%dt < ambf?
E
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for all positive integers k, p. Expanding the square gives

(19) I= /(Zc]-soj)2dt = mZC,z+2Zcrcs/sor<psdt
E E

where the summations extend over indices satisfying k+1 <j<
k+p; k+1 <r<s<k+p.

The system (p,p;) (r<s) is orthonormal by Lemma 2,
and the integral on the right side of (7.9) is the Fourier coefficient
of the characteristic function of E. These coefficients d,; form a
square-summable sequence by Bessel’s inequality. Hence if k is

large enough
(7.10) Y&, < m¥9  (k+1 <r<s<oo).

By the Schwarz inequality, the modulus of the last term of (7.9)

does not exceed
(7.11) AT dd/im < Wme

where j, 7, s range over the same intervals as in (7.9) Hence

k+p
(712) 4mME>I>myd-Mmycd= L;'El 2

for all positive integers p, provided that k is so large that (7.10)
holds. This proves that (c;) is square summable, if (7.4) converges
on a set of positive measure, or indeed if merely the partial sums
are bounded on a set of positive measure.

Suppose only that the Abel means of (7.4) are bounded on

a set E of positive measure. That is, if we replace each ¢, by ckuk,
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then |Sy(t, u)| < M for all k, for all ¢t in E, and for all v, 0 <u< 1.
We follow the same steps, noting that the choice of k to insure the
truth of (7.10) does not depend on u. Therefore (7.12) holds with
the factor »?’ in each term of the sums. As u increases to 1 we
find the same result.

The theorem can be paraphrased in probabilistic language:

if the signs in the series

(7.13) %:lo :f:Ck

are chosen independently and with equal probabilities, then the
series converges almost surely if (c;) is square-summable, and
diverges almost surely otherwise.

The Rademacher system 1is an interesting example of an
orthonormal system that is quite different from the trigonometric
system, because its members are independent, but it is actually a
useful tool for studying the trigonometric system itself. Here are
some results that follow from Theorem 28.

Theorem 29. The series
(7.14) § e ek
-0

18 a Fourier-Stieltjes series for all choices of signs if and only if
(cp) is square-summable.

If the sequence is square-summable, then for any choice of
signs the series is the Fourier series of a function in L2(T); this
direction is trivial.

Suppose that (7.14) is a Fourier-Stieltjes sequence for each

choice of signs. Rewrite the series as
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o0 .
(7.15) PO ekiz,

where (1;) is a reordering of the Rademacher functions in a
doubly infinite sequence, so that every choice of signs in (7.14)
corresponds to a number ¢ in (0, 1) that is not a dyadic rational
(we exclude sequences of signs that terminate in +’s or —~’s). In
Chapter 1 we proved that a Fourier-Stieltjes series is summable
a.e. by Abel means (Theorem 4 and Problem 4 of Section 7), so
for each t (7.15) is summable a.e. By Fubini’s theorem, for a.e. z
the series is summable for a.e. . Theorem 28 now implies that
(¢p) is square-summable.

The dual of this result is: a sequence (w) of non-negative

numbers is square-summable if and only if
(7.16) _°):;|ck| w, < 00

whenever (c;) is the Fourier sequence of a continuous function.
An interesting strengthening of this statement was proved by
R.E.A.C. Paley.

Paley’s Theorem. Let (wy) (k>0) be a non-negative se-
quence such that (7.16) holds (the sum now being over k>0)

whenever
(7.17) of Cp ekiz
0

is the Fourier series of a continuous function. Then (wy) is
square-summable.
If (7.17) were the Fourier series of a continuous function

whenever
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(7.18) $2 ¢ ekt
-0

is, then Paley’s theorem would be an uninteresting corollary of
the statement dual to Theorem 29. But this is not the case; the
analogue of the theorem of M. Riesz on conjugate series of class
LP(T), 1 < p< oo, is not true in C(T). Therefore the hypothesis is
now genuinely weaker, and Paley’s theorem is not obvious.

Define a linear functional F in the subspace of C(T)

consisting of all functions with analytic Fourier series (7.17) by

setting
x
(7.19) F(g) = %ak(g) wy.
The series converges absolutely by hypothesis. Moreover F is the
limit of
n
(7.20) Fn(g) = %3%(9) W

Each F, is a continuous functional; by the Banach-Steinhaus
theorem, F is continuous.

F has a continuous extension to C(T) by the Hahn-Banach
theorem. This functional, by the theorem of F. Riesz, is realized
by integration with a measure u. Taking exponentials for ¢ in
(7.19) shows that ay(u) = w; (k>0). The same argument can be
applied to (+w,) for any choice of signs. That is, the series

(7.21) % + wy ekiz
0

is half a Fourier-Stieltjes series, for every choice of signs.
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Unfortunately the other half of the Fourier-Stieltjes series
depends on the choice of signs, and (7.21) is not itself necessarily
a Fourier-Stieltjes series. The argument used to prove Theorem 29
fails at this point.

Theorem 22 of Section 1 provides the needed information:
the series conjugate to a Fourier-Stieltjes series is also Abel
summable a.e. It follows that (7.21) is summable a.e., for each
choice of signs, and the proof ends as before by means of Fubini’s
theorem.

Here is a second important result about the Rademacher
system.

Theorem 30. If (¢;) is square-summable, then the sum f of
(7.4) belongs to LY(0, 1) for every finite g, and indeed expuf?® is
summable for every positive u.

As soon as the sum of a Rademacher series is square-
summable, it is the next thing to being a bounded function.

We may take the c; real. As before, let Sy be the partial
sum of (7.4). We want to estimate the integral of

2q _ (2‘1)!

l
rl!-- b

r
(7 22) Skq = (Cllpl +...+ CkSOk) kk‘pl ‘Pkk;
the summation extends over all sets of non-negative integers
Tyy..., T} With sum 2¢g. When a term of this sum is integrated, the
result is 0 unless each T is even. For such terms the product of

the Rademacher functions is 1, and we find

1
20 14 _ (2¢)! 2
(7.23) /Skth = S e
0

where now the 7; are non-negative with sum gq.
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Also

(7.24) (B+..+cH? =% ¢ ...

Tyl

where the r; are non-negative and have sum ¢. Compare the

fractions in (7.23) and (7.24); an elementary estimate gives

(29)! q!
7.25 - < o
(7.25) kgt T S 9
for all indices 7, ..., ;. Therefore
(7.26) 1S3 < g9leliz,
and
27 1 Rdt = R Lysyze < R
(7.27) {exp vl = 3 qliSdlzy < 35

where s = ”C”% If s <1, the sum on the right is finite.

This inequality is independent of k. As k tends to oo, S
converges a.e. to f, and (7.27) remains true for f by Fatou’s
lemma. If s>1, we can remove a finite number of terms from
(7.4), which does not affect the summablility of exp f2, and obtain
the same conclusion. Thus the theorem is proved for u=1. But
the hypothesis is homogeneous with respect to the sequence (cg),
so the conclusion holds for all u.

Pointwise convergence and summability theorems are
always more difficult than the corresponding metric theorems. In
classical harmonic analysis, pointwise results were often appealed

to in contexts where metric versions would suffice, and ‘indeed be
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more natural. This has led to a modern tendency to neglect the
pointwise theorems. This is a pity, because the deeper pointwise
theorems have interesting consequences. It is hoped that the

results of this section illustrate the point.

Problems

1. Why are the functionals F,, defined by (7.20) contin-
uous? Why does that imply that F'is continuous?

2. Write down an unbounded positive function f on (0, 1)
such that exp uf2 is summable for every positive .

3. Denote by L the space of real functions fon (0, 1) that
are sums of series (7.4) with square-summable coefficient
sequences. Show that the p-norm and the ¢-norm are equivalent
onLforl1<p<g<oo.

4. Prove this point, used in the text: if the Abel means of
(7.4) converge on a set of positive measure, then they are uni-
formly bounded on some smaller set of positive measure.

5. Verify (7.25).



Chapter 6
Translation

1. Theorems of Wiener and Beurling; the Titchmarsh
convolution theorem

For each real t define the translation operator: Tf(z) =
f(z—t) for all functions fdefined on R. Translation operators on Z
and on T are defined similarly. N. Wiener began the study of
closed subspaces of LI(R) and of L%(R) that are invariant under
all translations Ty. A. Beurling studied subspaces that are invar-
iant under translations in just one direction on R or Z; these
subspaces are more complicated and interesting. Translation is
carried by the Fourier transform to multiplication by exponen-
tials. Thus much of Chapter 4 was about such subspaces. The
first objective of this chapter is to characterize the closed
subspaces of L2(R) invariant under all translations, or under trans-
lations to the right. These results are analogous to theorems of
Chapter 4 on the circle.

Theorem 31. Let M be a closed subspace of LZ(R) invariant
under all translations. Then M consists of all functions whose
transforms are supported on some measurable subset of R.

The converse of the theorem is obvious.

Let f be an element of M and g orthogonal to M. The

invariance of M implies that

(L) fi(t)= [ fe+t)9(a) do

vanishes identically. (Recall that g(z) = g(-z).) The Fourier trans-
form of the convolution is f?, which must therefore be null. That
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is, transforms of M and of M1 have disjoint supports. As in the
proof of Theorem 18, Chapter 4, this means that all the functions
of M have transforms with supports in a set E, and those of M1
in the complement of E. Hence M contains all the functions whose
transforms are supported in E, as the theorem requires.

Theorem 32. Let M be a closed subspace of L2(R) that is
invariant under T, for t>0. Either M s invariant under all T,
(and has the form of Theorem 31), or M consists of the trans-
forms of functions in q- H2(R), for some unitary function q.

Let N denote the set of inverse Fourier transforms of func-
tions of M. Invariance of M under a translation T, is the same as
invariance of N under multiplication by expitz. If ¢ is any func-
tion of modulus 1, N = q-Hz(R) is invariant under multiplications
by exponentials with positive frequencies; therefore the space M
of Fourier transforms of N is invariant under T, for ¢> 0. This is
the easy half of the theorem.

The other direction is harder than the proof of Theorem 18
for the circle group. Let N be a closed subspace invariant under
multiplication by exp #tz for all positive t.

Lemma. N admits multiplication by all functions of H®(R).

For fin N and gin N1 we have

(1.2) / f(2)9(z) € dz=0  (¢>0).

Thus fg belongs to HY(R). Then fgh is in HY(R) for any A in
H*(R), and necessarily

[e.¢]

(1.3) / fohdz =0,

—00
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That is, g is orthogonal to fh. Hence fh is in N, as we were to
prove.

The lemma enables us to reduce the proof of the theorem
to the circle. Multiplication by z- 1 carries N isometrically onto a
subspace N of L2 (the Lebesgue space L%(R) formed with the
measure dv(z) = (1+z2)'1dz). Then N is also invariant under
multiplications from H(R). The conformal map from the upper
halfplane to the unit disk carries N to a closed subspace of L2(T)
that is invariant under multiplications from H®(T). Theorem 18
of Chapter 4 gives the form of this subspace. Going backwards to
the line leads to the conclusion that N consists of all functions of
L2%(R) supported on some subset of the line, or else is q- H(R) for
some unitary function ¢. This proves the theorem.

Theorem 32 provides an easy proof of an important theo-
rem. Here is a first version; Problem 5 below completes the result.

Titchmarsh Convolution Theorem. Let f and g belong to
Lz(R) and vanish on the left half-azis. If neither f nor g vanishes
throughout any interval (0, r) with r> 0, then the same is true of
f*g.

If f vanishes on an interval (—oo, r) and g on (-oo, s), then
from the definition of convolution f*g vanishes on (—oo, r+s). The
theorem states that if r and s are exact, then so is 7+ s.

We assume that f and g are not identically 0 on any open
interval containing 0, but that fxg=0 on (0, 7), r>0. Fix £ and
let M be the set of all A in L2(R) that vanish on the left half-axis
and such that fxh=0 on (0, r). M is a closed subspace containing
g, and also all functions of L2(R) vanishing on (-0, 7); and M is
invariant under translations to the right. Obviously M is not

invariant under all left-translations. Hence M is the set of Fourier
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transforms of ¢-HZ(R) for some unitary function ¢, and g is inner
because M is contained in the set of transforms of HX(R). Thus we

have
(1.4) ¢ . H%(R) c ¢-H3(R) c HY(R).

It follows that both ¢ and ¢ !¢”® are inner functions. If ¢
contained any Blaschke product, or any singular factor generated
by a measure on the line, this would be false. The only other possi-
bility is that ¢ is itself an exponential: ¢(z) = €*% with 0 <s< .
Hence all the functions of M vanish on (0, s). Since g
belongs to M, s must be 0. In other words, fxh vanishes on (0, r)
for all h supported on the right half-axis. This would imply that f

vanishes on (0, ), which is not the case, and the proof is finished.

Problems

1. Show that the closed span of translates of fin L2(R) is
all of L2(R) if and only if f' #£0a.e.

2. Show in detail why (1.4) implies that ¢ has the form
exp isz for some s, 0 < s<r.

3. Let f, g be square-summable, and I, J the smallest inter-
vals supporting f, g, respectively. Assume that I and J are finite
intervals. Show that the smallest interval supporting fxgis I+ J,
the interval consisting of all 7+s with rin I and s in J. Is the
result true if Jor Jis an infinite interval?

4. Characterize the closed subspaces of L(T) invariant
under translations. [There is no corresponding one-sided result on
T.]

5. If fand g are locally summmable (that is, summable on
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each finite interval) and vanish on the left half-axis, but not
throughout any interval (0, r) with >0, then fxg is defined a.e.,
and does not vanish identically on any such interval. [After
convolution with an appropriate approximate identity, f and g¢
will be locally square-summable and can be modified to be square-

summable.]

2. The Tauberian theorem

Much of the deepest analysis in our subject concerns the
Banach algebras 1! and LY(R). A central result is the Tauberian
theorem of N. Wiener, which will be proved in this section.

Let f be a continuous function on T whose Fourier series
converges absolutely. That is, f is the Fourier transform of an
element of 11. If f is different from 0 everywhere, than 1 /f is at
least continuous. Wiener’s first result is that the Fourier series of
1/f is also absolutely convergent. P. Lévy completed this result to
state: if H is a function analytic on a domain of the complez plane
containing the values of f, then H(f) has absolutely convergent
Fourier series. Later the Wiener-Lévy theorem was generalized to
Banach algebras, and it is an important tool of modern analysis.

Wiener’s theorem does not have an obvious extension to
LY(R) because the inverse of any Fourier transform is unbounded,
and cannot be a transform. However, this weaker statement holds:
if F is a Fourier transform not vanishing on an interval [a, b},
then there is a transform G such that FG=1 on [a,b]. This is
almost

Wiener’s Tauberian Theorem. If f is in LYR) and its
Fourier transform never vanishes, then translates of f span a
dense subspace of LI(R).
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The name of the theorem will be explained later.

The converse of the theorem is trivial. If f(y) =0, then
every translate of f has transform vanishing at y, the same is true
for linear combinations of translates, and of a limit in norm of
such linear combinations. Thus the translates of f cannot span a
dense subspace of LI(R).

The proof proceeds in a series of steps, several of interest
as independent results.

(a) Closed ideals of LYR) are identical with closed
subspaces invariant under translations.

The proof is straightforward and is asked for below.

(b) The set of functions in LYR) whose transforms are
compactly supported is dense in the space.

This was Problem 2 of Chapter 2, Section 2. Let (e;) be an
approximate identity consisting of functions whose transforms are
compactly supported, for example the Fejér kernel. Then e, *f has
compactly supported transform, and tends to f, for each f.

(c) Let f belong to LY(R) and suppose that f does mot
vanish on the interval [a, b]. Then there is a function g in LY(R)
such that f§= 1 on that interval.

This will prove the Tauberian theorem. For let f be an
element whose transform never vanishes. Denote the smallest
closed ideal containing f by Mf- Let h be any function in the
space whose transform has compact support, and g a function
such that f g=1 on an interval containing the support of h. Then
h= fﬁfz, so that A belongs to M. Such functions h are dense in
LY(R) by (b), and this proves the theorem.

Thus we must prove (c).

(d) A triangular function is a function on R whose graph is
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a triangle with base on the horizontal axis, and having equal
sides. Such a function is a translate of the Fourier transform of a
Fejér kernel. The trapezoidal function that vanishes outside
(-2, 2), equals 1 on (-1, 1), and is linear on the intervals (-2, -1),
(1, 2) is a difference of triangular functions, and therefore is also a
Fourier transform. Let ¢ be the summable function whose trans-
form is this trapezoidal function. Define g¢,(z)= nLly(z/ n) for
positive integers n. Then for each n, ||g,ll; =/4]|;- The transform
of g, is g§(nz), another trapezoidal function, equal to 1 on the
interval (-1/n, 1/n).

For any fized positive t, ||Tyqn— qn||| tends to 0 as n tenls

to co. We have

@1 ITgn-alli=7"" [ lal(z—8)/n) - o(e/n) do=
[ laz=t/m) - q2)] da.

This quantity tends to 0 because translation is continuous in
LY(R).

(e) Suppose that f is in LY(R), F(0) =0, and € >0. There is
a summable function g such that § vanishes on a neighborhood of
0, and ||f-gl|; <e.

It will suffice to show that any linear functional vanishing
on all g such that § is 0 on a neighborhood of 0 must vanish also
on f. Let ¢ be a bounded function with ¢*g(0) =0 for all such g;
we shall show that ¢ is constant (and thus orthogonal to f).

First we establish that pxg, = ¢ for each of the trapezoidal
functions g, of (d). Let k be any summable function. Then
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(2.2) (@*gn~ p)xk = p*(gnxk— k).

The second factor on the right side has transform vanishing on a
neighborhood of 0; by hypothesis ¢ annihilates such functions.
Hence the left side is 0 for all k; it follows that ypxg, = ¢, as we
wished to prove.

Now fix positive numbers ¢ and e. We have

(2.3) 1T - #lloo = | Ty(p*an) — *anlloo = Hepx( Ty42) — p*talloo
<1 Tgn - gally lelloo < €lllloo

if n is large enough. Hence T,y = ¢. This equality holds a.e. for
each t; it follows (after some reflection) that ¢ is a.e. equal to a
constant.

If we set h=f-g, then h= f' on a neighborhood of 0, and
[|P]l; < €. This is the function we shall need.

(f) This assertion will not be used to prove the Tauberian
theorem, but it is an interesting corollary of (e). If f is summable
and € positive, there is a function g in LY(R) such that §= f(0) on
a neighborhood of 0, and ||f- g||; < e.

Let g be the trapezoidal function again. Then f- f(O)q is
summable and has transform vanishing at 0. By (e), we can find &
with transform vanishing near 0, such that ||f- f(O)q—hIIl <e.
Then g = h+ f(0)q has the required properties.

(g) Suppose that f is summable and f(O) #0. Then there is
a summable g such that f g=1 on a neighborhood of 0.

Say f(O) =1. By (e) (applied to the function ¢- f), there is
an b so that h=1 ——f on a neighborhood of 0, and ||A}|; < 1. Then
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on a neighborhood of 0

(2.4) Fl=t1+hsi24 .
The series
(2.5) g=q+h+hxh+. ..

converges in norm, and the transform of g is the right side of (2.4)
near 0. This proves the assertion.

(h) If I and J are intersecting open intervals on the line
and f@: 1onl ﬁz:l on J, then there is a summable function k
such that ﬁc= 1 onIulJ.

Let I=(a,c), J=(b, d) with e<b< c¢< d. Define p as the
function whose transform is the trapezoidal function equal to 1 on
(a, b), decreasing to 0 on (b, ¢), and also to the left of a. Let ¢ be
the function similarly associated with J: ¢=1 on the part of J not
in I, increases from 0 to 1 on (b, ¢), and decreases to 0 to the right
of d. The crucial point is that p+ g=1 on JuJ. Therefore fx(pxg
+ g*h) has transform equal to 1 on JuJ, so that k= pxg+ gxh is
the function we need.

Now we can complete the proof of (c), and of the Tauber-
ian theorem. Translating the result of (g), for each point z of the
given interval [a, b] we can find g in LY(R) such that fo=1lona
neighborhood of z. (This is also true of the endpoints @ and b.)
Let I,...,I, be a finite set of such open intervals whose union
covers [a, b]. Name the intervals so that a belongs to I, the right
endpoint of [} is in I, and so on. By (h) there is a function whose

transform is inverse to f on all of [a, b], and this finishes the
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proof.

A Tauberian theorem asserts that if a series or integral is
summable in some sense, then under hypotheses it actually
converges (or is summable in another sense). This is the opposite
of an Abelian theorem, which says that a convergent series or
integral is summable in some sense. Wiener viewed his theorem as
an abstract Tauberian theorem, and he showed that it implies a
number of previously known concrete Tauberian theorems, al-
though the deduction was not always simple.

Here is an idea of the connection. Let ¢ be a bounded
function that may not have a limit at co, but such that ¢xfhas a
limit for a certain summable function f In other words, certain
averages of ¢ have a limit. The set of all summable g such that
*g has a limit is a closed translation-invariant subspace of L(R);
therefore every g in M 1 has this property. If the Fourier
transform of fis never 0, then Mf is all of LI(R), and this is the

conclusion that Wiener wanted.

Problems

1. Prove (a) above.

2. Show that if ¢ is a function such that Tip=¢ ae. for
each real ¢, then ¢ is a.e. equal to a constant.

3. Extract from the proof of the Tauberian theorem a proof
that the inverse of a nonvanishing absolutely convergent Fourier
series has absolutely convergent Fourier series.

4. Let M be a proper closed ideal of LI(R). Show that the
transforms of the functions of M have a common zero.

5. Let ¢ be a bounded uniformly continuous function in

H®(R). Suppose that its analytic extension to the upper



6. TRANSLATION 191

halfplane, ®(z+ iy), has a limit as z tends to oo, for some positive

y. Show that ¢(z) has a limit as z tends to oo.

3. Spectral sets of bounded functions

Bounded functions on R do not generally have Fourier
transforms in any sense that we have yet described, but there are
related operations that transform bounded functions into some
object more general than a function. The simplest idea is to
observe that multiplication by a bounded function is a linear oper-
ator in L2(R). Define an operator T in L%(R) by setting

(3.1) (Tf)" = of.

Then T is linear and commutes with. translation. If ¢ is a Fourier-
Stieltjes transform, T is convolution by a measure. So in general
T can be thought of as a generalized convolution operator whose
inverse transform is ¢.

Another idea is to regard ¢ as a linear functional by inte-
gration on the space of infinitely differentiable functions that tend
to 0 faster than any (negative) power of the independent variable.
This space of functions is carried onto itself by the Fourier
transform; hence the transform of a bounded function is another
functional on this space. This is the point of view of the Theory of
Distributions of L. Schwartz.

Although the transform of a bounded function ¢ cannot
always be a function, it is possible to tell what the closed support
of ¢ ought to be. This set is called the spectral set or the
spectrum of . It was defined and studied on the real line by A.
Beurling, and on locally compact abelian groups by H. Cartan
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and R. Godement.

The spectral set o(p) of the bounded function ¢ is the set
of real A such that whenever fis in LI(R) and fxyp is identically 0,
necessarily, f(A) = 0.

Equivalently: o(y) consists of all A such that expidz
belongs to the weak* closure of the span of all translates of ¢ in
L*(R).

The two criteria are easily compared. The condition fxp
=0 means that fis orthogonal to all translates of ¢ (when L1(R)
and L°°(R) are paired in the proper way). And f(x\) =0 just if fis
orthogonal to expilz in this pairing. By Banach’s criterion, the
exponential belongs to the x-closure of the linear span of trans-
lates of ¢ if and only if every f in Ll(R) that vanishes on all
translates of o also vanisheson the exponential. This is the equiv-
alence of the two definitions.

The first definition is the basic one. The properties of
spectral sets are derived in a series of steps.

(a) The spectral set of the exponential expilz consists of
the single point A. For trivially A belongs to the spectral set. In
the other direction, if 7 is different from ), there is a summable
function f such that f()\) =0 but f(r) #0 (f can be a triangular
function centered at 7 with small base), so 7 is not in the spectral
set.

Further, the spectral set of a trigonometric polynomial
consists exactly of the frequencies that appear in its representa-
tion. This justifies the idea of the spectral set as the set of frequen-
cies that should appear in a harmonic analysis of ¢.

(b) If ¢ is both summable and bounded, and f summable,
then fxp =0 if and only if fc[v =0. That is, f: 0 on the support of
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@. Hence o(p) is precisely the closed support of ¢. Thus it is
reasonable to think of o(p) as a substitute for the closed support
of the Fourier transform of ¢.

(c) o(p) is closed. By definition, it consists of the common
zeros of the summable functions f such that fis orthogonal to ¢
and its translates; since the f are continuous, the set is closed.

(d) For bounded functions ¢, ¢ we have o(p+v)cC
o(p)uo(y). For suppose A is not in the union. Find f and ¢ in
LYR) such that fxp=0, g«p=0, but f(A) and §)) #0. Then
fxgx(p + 1) =0 but (fxg)’(A) #0. Thus X is not in o(p + ).

Also, o(kyp) = o(p) for any nonzero number k.

(e) If f is summable and ¢ bounded, o(f+p) is contained in
the intersection of o(p) with the closed support of f This follows
from the definition.

(f) If E is a closed subset of R, the set of bounded functions
¢ such that o(p)C E constitutes a subspace of L®(R) that is
tnvariant under translation. This also follows from the definition.
We shall see presently that this subspace is weak* closed, but
that is not obvious.

These elementary properties are to be distinguished from
others that depend on the Tauberian theorem.

(g) If o(p) is empty, then ¢ =0. This is the statement
about L°(R) that is dual to the Tauberian theorem. Suppose that
¢ is bounded and has empty spectral set. Denote by M the set of
all fin LY(R) such that fxp = 0. This is obviously a closed ideal.
By the definition of spectral set, the Fourier transforms of
functions in M have no common zero. Problem 4 of the last
section shows that M is all of LY(R), so that ¢ = 0.

Conversely, suppose that we know the assertion (g) and fis
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a summable function whose transform never vanishes. If ¢ is
bounded and vanishes as a linear functional on all translates of f,
that is if f*p =0, then f vanishes on o(y). Hence o(y) is empty,
so ¢ = 0. This shows that translates of f span a dense subspace of
Ll(R), which is the conclusion of the Tauberian theorem.

(h) If f is summable and f =0 on a neighborhood of o(p),
then fxp =0. For the closed support off 1s disjoint from o (). By
(e) above, fxp has empty spectral set, and so is null.

This assertion is a partial converse to the definition of
spectral set: necessarily f:O on o(yp) if fxp =0, and now it is
shown that the convolution vanishes if f =0 on a neighborhood of
o(¢). The question whether fxy =0 if merely f: 0 on o(y) itself
was the celebrated problem of spectral synthesis posed by
Beurling. A negative answer was given for the analogous problem
in space of three dimensions (or greater) by L. Schwartz in 1947,
and for Beurling’s problem by P. Malliavin in 1959.

The facts can be restated in this way: if V is any neighbor-
hood of o(¢), then ¢ is contained in the x-closed subspace of
L°(R) generated by exponentials expilz with A in V; but
frequencies A from o(¢) may not suffice.

(i) The set of all bounded functions with spectral set
contained in a given closed set E is x-closed. Let )\ be any point
not in E. Find fin LY(R) such that f is null on a neighborhood of
E, but not at A. Then fxp =0 for all ¢ with spectral set contained
in E, and also for any ¢ that is a *-limit of such functions.
Therefore X is not in the spectral set of ¥, and this proves the
assertion.

(j) For any bounded functions ¢, 1, the spectral set of py
18 contained in the closure of a(p)+o(ip) (the set of all r+s



6. TRANSLATION 195

where ris in o(y) and s in o(%)).

If ¢ is a trigonometric polynomial, the fact is easy to
prove. Let V, be the neighborhood of o(y) consisting of all points
whose distance from o(yp) is less than 1/n. Find a net (p,) of
trigonometric polynomials converging in the star topology to ¢,
such that each ¢, has frequencies in V;, (with n fixed). Then ¢,y
has spectral set in V,, +o(v); and the product converges weakx to
¢y. By (i), ¢y has spectral set contained in the closure of
Vp+0(v). The intersection of these sets, as n tends to oo, is the
closure of o(p) + o(¢), and this proves the assertion.

(k) Primary Ideal Theorem. If ¢ has ezactly one point A in
its spectral set, then ¢ is a constant times exp iAz.

After multiplying ¢ by an exponential we can suppose that
A is 0. The conclusion is then that ¢ is constant. Given the
Tauberian theorem, the statement is a corollary of assertion (e) of
the last section. Let M be the closed ideal of all fin LI(R) such
that fxp =0. By (h), M contains all f such that f vanishes on a
neighborhood of 0. But (e) of the last section implies then that M
contains all fsuch that f vanishes at 0. Thus ¢, as a linear func-
tional on LY(R), has the same null space as integration. It follows
that ¢ is constant.

The dual statement reads: a closed ideal in LY(R) whose
Fourier transforms have only one common zero necessarily
contains all functions whose transforms vanish at that point. In
other words, every closed primary ideal is maximal. The theorem
was probably proved first by V. Ditkin, and the generalization to
locally compact abelian groups is due to I. Kaplansky.

Finally, we give a function-theoretic characterization of

spectral set, due to Beurling but related to older work of T.
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Carleman. We prove the result for bounded sequences, rather
than for functions on the line.

The definition of the spectral set of a bounded sequence is
analogous to that for bounded functions on R, but the spectral set
is a subset of T instead of R. If a is a bounded sequence, its
spectral set o(a) is the set of all exp i\ such that fxa =0 (with 3

in ll) implies that the Fourier transform of 8 vanishes at exp i
(3.2) T Bae M = 0.

The properties (a—k) above have analogues for spectral sets of
sequences.

Let a be any bounded sequence. The spectral set of «
ought to be the complement of the open set in T where the

Fourier transform

xR : x .
(3.3) Sape™* or Y a_pe™*
-0 =0
vanishes. Define two analytic functions, one inside the disk and

the other outside:

(3.4) F(z):?a_,,z” (14 <1), G(z):—:zoia_nz" (I > 1).

If F and G have boundary values, and are equal, on an arc of T,
this is a way of saying that the series (3.3) vanish on the arc. In
that case, with some growth condition, F and G are analytic and
continue each other across the arc. The following theorem is a
complete and surprising realization of this idea.

Theorem 33. If J is an open arc of the circle disjoint from
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o(a), then F and G continue each other across J. If J contains a
point of o(a), then F and G do not continue each other across J.
Define a sequence 7 in 12 by setting v, = (ap— ap)/n. The

value of v is for the moment unspecified. Set g=. Then
(3.5) a, = ag+ n/gx"da.

This formula holds for n =0 whatever value is assigned to ~,.

If fis a smooth function with support in a compact subset
of J, with Fourier sequence (8-,) (so that the Fourier transform
of B is f), then ax3=0 by (h) above (restated for the integer
group). This means that

(36) 0 = T = agThn—i[of do.
J

We can arrange that the point 1 of T is outside J; then 38, =
f(1) = 0. Hence the integral vanishes. This fact, valid for all such
functions f, implies (Problem 4 below) that ¢ must be constant on
J. The mean value 7 is at our disposal; we choose it so that ¢g=0
on J.

If we change n to —n in (3.5), multiply by 2", |2/ <1, and

sum we find

[0 x - [4 zZX9
(3.7 F(z :—L—/Enznx "gdo = ——-Q-—/————-—dﬂ'.
) = 1= 1 1- (1-2x)°
Since g vanishes on J, this integral represents a function that is
analytic across J and everywhere outside the closed disk.
Divide numerator and denominator of the integrand on the

right side by (2%)? and expand in a series of powers of 1/zx; we
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find G(z). This proves that F and G continue each other across
every arc of T that is disjoint from o(a).

Let us show that if J contains a point of ¢(a), F and G do
not continue each other across J. Assume that they do. Let A be a
point of o(c) inside J. Find a sequence § in 1! such that B=fis
not 0 at A, with the support of B contained in an arc strictly
smaller than J. Then a*f is not the null sequence (by the
definition of spectral set). After translating 4 if necessary,
axf3(0) # 0. Write J as the inverse Fourier transform of f:

38)  Srap, = [ (menrn@ia_n,inl) it do
= [IF(rei®) - G(r1e)| (&) do(a).

The bracket tends uniformly to 0 as r increases to 1, because F
and G continue each other across all of J, and the support of fis a
smaller interval. But the first sum tends to ax3(0)#0. The
contradiction completes the proof.

An analogous theorem is true on the real line.

Problems

1. Show that if fis in LY(R), ¢ in L®(R), and f=1 on a
neighborhood of o(yp), then fxp = .

2. If ¢ is bounded and o(p) compact, then ¢ is almost
everywhere equal to the restriction of an entire function to the
real axis.

3. Suppose that ¢ is bounded and uniformly continuous,
and o(¢) consists of a discrete set of points without finite limit

point. Show that ¢ is almost periodic; that is, ¢ is the uniform
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limit of a sequence of trigonometric polynomials. [The result is
due to Beurling. If (e,) is any approximate identity, then ep*¢
tends to ¢ uniformly.|

4. Prove the statement used above: if in (3.6) the integral
vanishes for every continuously differentiable function f with

support in J, then g is constant on J.

4. A theorem of Szegd; the theorem of Gruzewska and
Rajchman; idempotent measures

Szegd’s Theorem. Let (a,) be a sequence whose terms are
drawn from a finite set W of complez numbers. Unless the
sequence 1s periodic, its spectral set fills T.

This is not quite Szegd’s statement (see Problem 2 below),
but it embodies much of the content of his theorem. Problem 1
below asks for a description of the spectral set of a periodic
sequence.

We assume that the spectral set E of (a,) is not all of T
and that the sequence is not periodic. These assumptions will lead
to a contradiction.

Denote by L the *-closed subspace of 1°° spanned by the
translates of a. The sequences in L have spectral sets contained in
E. We shall show that L contains a one-sided sequence v: vy #0
but v, =0 for all n>0 or else for all n<0. Then we shall show
that the spectral set of such a sequence must fill the circle.

A pattern of length k will be a sequence (gp,...,q) of
elements of W. There are only finitely many patterns of length k;
therefore one, at least, must recur infinitely often in the sequence
(ap). By translating this sequence and subtracting, we obtain a

new sequence with k consecutive 0’s. Since (a,) is not periodic,



200 6. TRANSLATION

this difference is not the null sequence, so the string of 0’s ends on
one side at least with a nonzero element of the difference set of
W. After translation, this element has index 0. We construct such
a difference of translates for each positive integer k, and find a
weak* accumulation point for this sequence. This is a one-sided
sequence (v,), belonging to L and therefore having spectral set
contained in E.

The fact that a bounded omne-sided sequence has full
spectral set belongs to the family of theorems asserting that
analytic functions in the disk cannot vanish on a large subset of
the boundary without vanishing identically. Here the analytic
function merely has bounded Taylor coefficients, which is less
than belonging to HY(T); but the boundary object is null on a
whole arc of the circle (because E is closed), rather than merely
on a set of positive measure.

Say v,=0 for all n<0. Find a sequence (p,) in 1! such
that py #0, with Fourier transform supported on a small neigh-
borhood V of the identity in T. From property (j) of the last
section, (yppp) is a sequence whose spectral set is contained in the
closure of E+ V. If Vis small enough, this is still not the whole of
T. Moreover the sequence is in 1!, so its spectral set is the closure
of the support of its Fourier transform (property (b)). Therefore

the conjugate-analytic function

m —4
(4.1) %:'Mpne me

vanishes on an arc of T, but not identically. This is impossible,
and the contradiction proves the theorem.

The theorem can be improved. Let (a,) be a bounded



6. TRANSLATION 201

sequence, and [ an open arc of T. Say that o(a) is measurable on
I if there is a measure g on T such that the spectral set of
(ap—ap(p)) does not intersect I. The stronger result (due to the
author) is

Theorem 34. If (a,) has terms drawn from a finite set, and
if its spectral set is measurable on some open arc I of T, then the
sequence 1s ultimately periodic to the right, and also to the left.

Suppose that (a,) is not ultimately periodic to the right.
(The proof for the other case is similar.) Then there are strictly

increasing sequences (m,), (n;) of positive integers such that

(42) amk+j = ank+]'
for 7=0,...,k=1, but the equality is false for j= k. Define the left-

shift: (Sa), = «, 1, and the sequences
(4.3) vk = Sm"+ka - Sn"+ka.

Then 'yk vanishes at indices -1,...,-k, but 7’6 is a nonzero
element of the difference set of W. A subsequence of ('7'“)
converges pointwise, and thus in the weakx topology of 1%, to a
sequence v that vanishes to the left, but not at 0. So far, we are
repeating the proof of Szegd’s theorem.

Let 4 be a measure on T such that (a,-an(x)) has
spectral set disjoint from I Exceptionally, let a,(y) mean ji(-n)
(this is still a Fourier-Stieltjes sequence). Apply the translation
operations of (4.3) to (a,(g)). The corresponding sequence ak is

k n, +k
TR _ xR ),

which we call y;. We passed to a subsequence of k to have

the Fourier-Stieltjes sequence of the measure (x



202 6. TRANSLATION

convergence of (7¥) to v; on a further subsequence, p § converges
weak* to a measure v on T.

Lemma. v is singular with respect to o.

Assume the lemma for the moment in order to finish the
proof. Now vy-—a(v) is a sequence whose spectral set is still
disjoint from I, and v, =0 for n<0, 75 #0. Let 8 be the inverse
Fourier sequence of a triangular function f with support in an
interval smaller than I. By (h) of the last section, #*(y-a(v)) =
0. Since B, = O(1/n?) for n—+ 00, and 7 is one-sided, Bxy(n) =
O(1/n) for n——oco. Hence the same is true for Bxa(v) = B*~.
Thus the measure fdv, which has inverse Fourier-Stieltjes
sequence fxa(v), is the sum of a square-summable function and a
measure whose coefficients vanish on one side. By the theorem of
F. and M. Riesz, fdv is absolutely continuous; by the lemma it is
singular, so fdv=0. It follows that Sxa(v) =0, and hence that
B*v = 0. This means that the spectral set of v is disjoint from the
support of f But we know that the spectral set of a nonnull one-
sided sequence fills T. This contradiction means that a must have
been periodic to the right.

The lemma remains. Write p=pq+ ps where p, is abso-
lutely continuous and g, is singular. Since the sequences (m;) and
me+k Xnk+lc)

the weakx topology of measures, by Mercer’s theorem. Therefore
=X ¥ )us (on a

subsequence of k) is singular. To simplify notation, write u for

(n) tend to oo, (x #q tends to the null measure in

we only have to show that the limit v of (x

and suppose that this sequence converges weak* to v.

A positive measure { on T is singular if and only if for
each positive € there is an open set G such that o(G)=1,
((G) <e. Find such a set for |u|. For each function f that is
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continuous on T, supported on G, and has ||f||o, < 1, we have
(4.4) | / fds|=lim| / FOE XMy dy < 2e.

One can show, using the theorem of F. Riesz, that the supremum
over fof the left side is |v|(G). The criterion above shows that v is
singular, and the proof is finished.

A complex measure g on T is idempotent if pxp = p. This
is the case if and only if the Fourier-Stieltjes coefficients of p are
all equal to 0 or 1. Which sequences of 0’s and 1’s are Fourier-
Stieltjes sequences? The answer (also due to the author) follows
from the theorem just proved. The spectral set of (an(p)) is
measurable on all of T, and therefore the sequence must be
ultimately periodic to the right and to the left. This condition is
not quite sufficient.

Theorem 35. A sequence of 0’s and 1’s is a Fourter-
Stieltjes sequence if and only if it coincides with a periodic
sequence ezcept in finitely many terms.

A periodic sequence is always a Fourier-Stieltjes sequence,
and changing finitely many terms only means adding a trigono-
metric polynomial to the measure. In the other direction there is
still a point to be established: a Fourier-Stieltjes sequence that is
periodic to the left and to the right must coincide with a single
periodic sequence except in finitely many terms. This will follow
from the

Theorem of Gruzewska and Rajchman. If y is a measure
on T and a,(u) has a limit as n— — oo, then the sequence has the
same limit as n— oo.

By subtracting a point mass at 0 from p we can suppose
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that the limit at —oo 1s 0. If Pis a trigonometric polynomial, it is
obvious that a,(Pdu)—0 as n— —oo. Trigonometric polynomials
are dense in the space L! formed with the positive measure |u; it
follows that any measure absolutely continuous with respect to u
has the same property. Hence the complex conjugate measure fi
has coefficients tending to 0 at —oo. This means that the coef-
ficients of p itself tend to 0 as n tends to oo, as we wished to
prove.

Now finish the proof of Theorem 35. If the theorem were
not true, we could obtain by translation and subtraction a
Fourier-Stieltjes sequence vanishing on one side, but not tending
to 0 on the other; but this is impossible.

The theorem on idempotent measures was generalized to
torus groups by W. Rudin, and to arbitrary compact abelian

groups by P. J. Cohen.

Problems

1. Describe the spectral set of a periodic sequence; show
that a periodic sequence is a Fourier-Stieltjes sequence.

2. Prove Szegd’s theorem, as he stated it: if a power series
has only finitely many distinct coefficients, and if its sum f has an
analytic continuation across some arc of the unit circle, then f is
a rational function with poles at roots of unity.

3. Give an example of a sequence that is ultimately
periodic to the left, and to the right, but that is not a Fourier-
Stieltjes sequence.

4. Describe (as measures) the idempotent measures on T.

5. Prove the corollary of Riesz’ theorem used above.



Chapter 7

Distribution

1. Equidistribution of sequences

For any real number u let [u] denote the integer part of u,
and (u) the fractional part. Then u = [u] + (u), where the first sum-
mand is an integer, and the second satisfies 0 < (u) < 1. If u is irra-
tional, the fractional parts (ku), k=1, 2,... move about the inter-
val (0, 1) in what seems at first to be a random way, but in fact a
good deal can be said about their distribution. In this chapter we
shall prove theorems about the distribution of this and other
sequences in the interval. The definition of equidistribution and
the results of this chapter are due to H. Weyl. The methods and
results presented here were chosen because they involve trigono-
metric series.

The notation (u;) can mean either the sequence whose
elements are wu, or the fractional part of a number u;. We shall
continue to mean the former unless otherwise stated.

Given a sequence (u;) of real numbers, we can study the
distribution of their fractional parts by forming the sequence
(exp2miuy) of numbers on T. This makes available the analytic
properties of the exponential function.

Let (uy) (k>1) be a sequence of real numbers contained in
an interval I of length |I|. For any subinterval J of I, of length
[J], let J(n) denote the number of ,points among uy,..., Uy that lie
in J. The sequence is said to be equidistributed or uniformly distri-

buted on Iif for each J contained in I

(1.1) lim————2 _ Wl .
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(Intervals may be open or closed or half-open.) In words: the
asymptotic proportion of terms of the sequence falling in J is the
normalized length of J, for each subinterval J of L

The definition is geometrically simple but not easy to use
analytically. It is translated to analysis by this fundamental
result.

Theorem 36. The sequence (u;) contained in [0,2r) is
uniformly distributed on that interval if and only if

i n"ln u =
(1.2) lign 7! 5 f(uy) / fdo

for every function f that is continuous and periodic with period
2n. In order for this to be the case, it is sufficient that (1.2) hold
for the functions exp jit, that is,

(1.3) lim nl f: U = 0 (all tntegers j #0).
k=1

The proof will depend on this lemma.

Lemma. If (1.2) holds for each of a sequence of functions
( fJ), and if f; tends to f uniformly, then (1.2) is true for f.

The simple proof is omitted.

The definition of equidistribution is simply (1.2) for each f
that is the characteristic function of a subinterval J of [0, 27).
Suppose that (1.2) holds for such functions. Any continuous, peri-
odic function can be approximated uniformly by step functions,
that is, by linear combinations of characteristic functions of
intervals. By the lemma, (1.2) holds for the limit function.

Conversely, suppose that (1.2) holds for all continuous

periodic f. Let g be the characteristic function of a subinterval J
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of [0,27). Construct continuous periodic functions h and & such
that h < g <k and the integral of k- h is small. The sums (1.2) for

g lie between the corresponding sums for h and k. Thus we have
(1.4) /hda < liminfn"l‘Z‘, g(u) <limsup n ! ig(uk) < /kdo‘.
1 1

Since the left and right members are arbitrarily close together,
the limit (1.2) exists for g and the equality is proved. We have
now shown that (1.2) for all continuous periodic functions f is
necessary and sufficient for the uniform distributiion of ().

If (1.2) holds for all continuous periodic functions f, then
of course (1.3) is true. In the other direction, (1.3) implies that
(1.2) holds for trigonometric polynomials, and so (1.2) follows for
all continuous periodic functions by the lemma. This completes
the proof.

Corollary. If u is irrational, then the fractional parts (ku)
are uniformly distributed on (0, 1).
We have to verify that

(1.5) lim n-lél kU _ g (all j£0).

The sum is a geometric series, equal to

ws) aripe i
1- £2FiJu
the denominator is not O for j# 0 because wu is irrational. Divided
by n, this quantity tends to 0.
It follows that the fractional parts (ku) are dense in the

interval.
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Theorem 36 suggests a definition of distributions on an
interval other than the uniform distribution. Let u be a probabi-
lity measure on [0, 1), and (u;) a sequence contained in this inter-

val. We say that the sequence has distribution g if

(1.7) ligp ™52 f(u) = [ S

for every continuous periodic function f. For this to be the case it
is necessary and sufficient that (1.7) hold when fis an exponential
exp 2rjit, because the lemma is still true in this context. Moreover
if (1.7) holds for characteristic functions of intervals, then it is
true for all continuous periodic functions, but the converse is

sometimes false (Problem 2 below).

Problems

1. Invent a sequence that is dense on (0,1), but not
uniformly distributed.

2. Find a sequence in (0, 27) whose distribution measure is
the unit point mass at 1, such that (1.7) fails for the charac-
teristic function of some interval.

3. Phrase (1.7) as an assertion about weak* convergence of
a sequence of measures.

4. Find a sequence on (0,27) that has no distribution
measure.

5. Show that the distribution measure on T of
exp27i(1+v/2)" is the point mass at 1. [1++/2 is an algebraic
integer of degree 2. If u is its conjugate, then (1+1/2)"+ ™ is an
ordinary integer for each positive integer n.]

6. Find the distribution of the fractional parts (kle).
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2. Distribution of (n u)

From Weyl’s criterion of the last section it was easy to see
that the fractional parts (ku) are uniformly distributed on (0, 1)
for every irrational u. It is more difficult to establish the uniform
distribution of other arithmetically defined sequences. In this
section we prove a universal result of Weyl that puts the problem
in perspective.

Theorem 37. For any strictly increasing sequence (n;) of
positive integers, the fractional parts (nu) are uniformly distrib-
uted on (0, 1) for almost every u.

The scale is immaterial; we prove the same fact for (n u)

modulo 27.
Define

(2.1) Stp) = S(pw) = 271 %

where j is an integer different from 0 that is fixed for the mo-

ment. If for a particular u

(2.2) jflS(p)P < oo,

then S(p) tends to 0, and if this is true for each j# 0 then uniform
distribution is established for that u. That much is not true, but
the idea will help.

For each p,

(2.3) 18 Wt do(w) = 1/

Hence
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(2.4) [Eis6)1do = £ [Is6?)Pdo < oo.
Thus
(2.5) ilsuﬂ, W2 < o0 ae.,

so that S(p?, u) tends to 0 a.e.
For each positive integer m, let p=p(m) satisfy pP<m
< (p+1)2. Obviously for all »

(2.6) |mS(m) — pS(p?)} < m-p?,
so that

2 2
(2.7) 1S(m) - E8(p?)| < 1- &,

a quantity that tends to 0 as m tends to co. The second term on
the left tends to 0 for a.e. u, and thus S(m) does too.

In this argument j was fixed. Outside a countable union of
null sets, S(m,j, u) tends to 0 for all j#0 at once, and the
theorem is proved.

Weyl himself disclaimed interest in such a theorem, which
purports to tell something about almost all » but nothing about
any particular u. Nevertheless it shows that we can expect uni-

form convergence as the normal case for sequences (n,u).

Problems
1. Let (n;) be a strictly increasing sequence of positive
integers. If (n u) is uniformly distributed modulo 27 for all % in a
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measurable set F, and if g 1s a measure supported on FE, then
ft(n;) is summable to 0 by Cesaro means.

2. S(p) is as in (2.1). The set of u such that S(p, u) tends
to a particular limit different from 0 is a Borel set. Show that it
cannot support a positive measure whose Fourier-Stieltjes coef-

ficients tend to 0.

3. (Fu)

Weyl proved that if u is irrational and r any positive
integer, then (k"u) is uniformly distributed modulo 1. This result
is not simple, but it can be proved in a number of interesting
ways. In this section two methods are presented.

The first method depends on ideas from ergodic theory.
Let X be a compact metric space and 7 a continuous mapping of
X into itself. For z a given point of X, we ask whether the
sequence (Tkz), k>0, has a distribution; that is, a probability

measure g on X such that

(3.1) lim n VS f(rhe) = / fdp
0

for every continuous function fon X. If X is a compact group and
i is normalized Haar measure, we say that the sequence is
uniformly distributed.

For each n let u, be the probability measure on X that has
point mass 1/n at each point z, 73,...,7" 1z Then (3.1) says that
pq converges to p in the weakx topology of measures. For any z,
the sequence (u,) is bounded in the space of measures on X, and
therefore has accumulation points for the weak* topology of

measures. A measure v is an accumulation point if every weak*
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neighborhood of v contains infinitely many p,. This is the case if
and only if v is the limit of a subsequence of ().
For continuous functions f define f7(z)=f(7z), another

continuous function. Dually, to each measure g define the func-

tional p™ by
(3.2) W) = wsm) = [ du

This functional is realized by a measure, also called u”. If y is a
probability measure, so is u”.

Lemma. Let z be a point of X and (u,) the measures
defined above. If a subsequence (;I.nj) converges weakx to p, then
p" =p. If p is the only probability measure on X with this invar-
tance property, then p, converges weakx to u, and p is the distrib-
ution measure for (Tky) for every y in X.

For any continuous f,

) B le—l . _ n]»
(33)  H()=uf)=limn;l & f(ra) =lim ! ¥ f(rts)
- 0 R T
=lim ot 2 f(r*) +lim n7 (£ ) - f(2)).
i 7% i
The last limit is 0, and the one before is y(f). This proves the
invariance of p.
If 4 is the only invariant probability measure, then u is the
only accumulation. point of (g,), so the sequence converges to p.
And this is true for every point y, which completes the proof.
A point z is called a generic point for the probability
measure g if (3.1) holds for all continuous f; or equivalently, if the

measures i, tend to g. The lemma shows that there is at least



7. DISTRIBUTION 213

one probability measure invariant under 7 for which a given point
z is generic. If 7 has only one invariant probability measure (so
that every point is generic for that measure), 7 is called uniquely
ergodic. Proving that a transformation is uniquely ergodic is a
way to establish equidistribution theorems. This idea is due to H.
Furstenberg.

Let X be the circle T, written additively, and 7 the trans-
formation that takes r to z+u (modulo 2r), where u/27 is
irrational. It is easy to prove that 7 is uniquely ergodic, the
invariant probability measure being Haar measure o (Problem 1
below). Therefore the sequence (z+ ku) is uniformly distributed
modulo 27, for every z. If we know the result for z=0 it follows
easily for all z, so the added generality is not important, but this
is a new proof of the Corollary of Section 1.

Now take for X the two-dimensional torus T2, represented
as the set of pairs (z,y) of real numbers with addition in each
coordinate modulo 27. Let u be a real number such that u/2r is

irrational. Define a mapping of X into itself by setting

(3.4) (3, 9) = (z+ 9 y+v);
7 is a homeomorphism of X. A calculation shows that
(3.5) (2, ) = (z+ ky +4(k- V)ku, y+ ku)
for each positive integer k.
The mapping T is uniquely ergodic, the only invariant

probability measure being normalized Haar measure: do =
dz dy/4r?.
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Assume this for a moment. By the lemma, 7¥(z,y) is
uniformly distributed on X for all z, y. Take z=y=0 and f(z, y)

= exp ¥2jz + jy), where j is a nonzero integer. Then (3.1) gives
-1

(3.6)  limnl'S expi(i(k-1)ku+ jku) = / fdo =0

k=0
or

. _1"’1 ..
(3.7) lim n™" 3 exp iPu = 0.
0

Since j was any nonzero integer, Weyl’s criterion shows that (Ku)
is uniformly distributed modulo 2.
We want to prove that 7 was uniquely ergodic. A calcula-

tion shows shows that a measure g is invariant if and only if
(3.8) fi(m, n) = e ™¥i(m, m+ n)

for all integers m, n. This is obviously true if 4 is Haar measure:
f(m, n) =0 unless m = n =0. We must show that (3.8) holds only
for this measure.

By induction, (3.8) leads to

(39)  ji(m, n) =(exp~[§(k~1)km + knJiu) i(m, km + n)

for all integers m, n and positive k. The same formula holds for
negative k (Problem 3 below). Now fi(m, km+n) is a Fourier-
Stieltjes sequence in the single variable k for fixed m, n (Problem

4 below). If a coefficient fi(m, n) is not 0,
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(3.10) (exp %(k — 1) kmiu) (exp kniu)

would be a Fourier-Stieltjes sequence in k. We shall show that
this is impossible unless m = 0.

Since exp(—kniu) is a Fourier-Stieltjes sequence in k, we
can neglect the second factor in (3.10). Let v be the measure such
that

(3.11) / e ™% dy(z) = exp(Y(k~1)kmiu)
for all k. Then
(3.12) (xv) (k) = p(k+1) = Emp(k),

which is the Fourier-Stieltjes coefficient of a translate of v
through mu. Thus the coefficients of v have constant modulus,
and v must have a point mass by the criterion of Wiener
(Chapter 1, Section 4). If z carries a point mass, and if m#0,
then all the points z+jmu are distinct as j ranges over the
integers, and (3.12) shows that each of these points carries a mass
of the same magnitude. But v is a finite measure, so this is
impossible.

Therefore fi(m, n) = 0 unless m = 0.

If m=0 but n#0, (3.8) shows immediately that /i(0, n)
=0. This concludes the proof.

The same idea can be used to treat (k™u) for any positive
integer r.

The interest of this proof lies in the connection it creates

between Diophantine problems and the part of ergodic theory



216 7. DISTRIBUTION

known as Topological Dynamics. Furstenberg and his collabo-
rators have developed this connection into a remarkable body of
results. Now we shall prove the same theorem in a very different
way.

Theorem of van der Corput. 4 sequence (u) (k> 1) of real
numbers is uniformly distributed modulo 1 if for every positive in-
teger p the sequence (“k+p - u) is uniformly distributed modulo 1.

The following beautiful proof is transmitted by G. Rauzy.

Let (n,) (k>1) be a fixed strictly increasing sequence of
positive integers, and (ay), (8;) (k>1) two bounded complex

sequences. We define an inner product
e _
(3.13) M(a, B) = liin ngl Y af;
T _

if this limit exists. Since the sequences are bounded, we have for

any positive integer p

) 1 ™% —
(3.14) M(a, B) = hin nkl zl: a]-+pﬂj+p.
If we set oy =3, =0 for k<0, then (3.14) holds for all integers p.
The shift operator S is defined by (Sa), = a,, +1 for positive

k, and =0 for k< 0. We are interested in the sequence
(3.15) p(p) = M(Sa, a),

assumed defined for p=0,1,.... Let p(—p) = p(p), thus defining p
for negative p.
Lemma. If p is defined for the bounded sequence a, it is

positive definite.
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The proof is formally the same as showing that axa is
positive definite, where a belongs to 12.

The inner product has the expected algebraic properties:

(3.16)  M(SP(a-B),(a-pB)) = M(SPa, )+ M(SPB, B)
~ M(SPa, B) - M(SPB, o)

provided the means exist.
If (exp2miuy) is not uniformly distributed on T, then for

some integer r # 0 and some increasing sequence (n;)

. -1 Rk Oriru,
(3.17) limng" Y e T=A#0.

k j=1
Take o =exp2miry, and B =1 (k>1). Let A be any complex
number. Using this sequence (n;) and (3.16), we calculate
M(SP(a - AB), (a—AB)). The first term is

Nk 2mir(u., —u
e It+p

(3.18) M($a, o) = lim nj! > i

By hypothesis, this limit is 0 for all p >0, and therefore also for
p<0. The next term M(SPAB, AB) is |A|2 for all p. The last two
terms are conjugates, with sum 2R(MA) for non-negative p, and
therefore for all p. We know that the sum (3.16) is positive defi-
nite, and by Herglotz’ theorem is the Fourier-Stieltjes sequence of
a positive measure u. Now we can identify this measure. The
sequence (3.18) is the Fourier-Stieltjes sequence of . Denote the
unit mass at the identity of T by §; then the constant I)\|2 comes
from the measure |A|26. The last terms contribute 2R(AA)S.

Therefore the sum
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(3.19) p=a+(M*+2R(A))S

is a positive measure, and this holds for all complex A. Choose A
so that AA is negative. Then the coefficient of § is negative for |)|
small enough. But o has no point mass, so x4 is not a positive
measure for such A. This contradiction shows that (3.17) was
impossible, and the theorem is proved.

Weyl!’s Theorem. Let P be a real polynomial having at least
one term wuz", n>1, with irrational coefficient u. Then the
sequence ( P(k)) ts uniformly distributed modulo 1.

We know that this is true if the polynomial has degree 1.

The result follows from van der Corput’s theorem by induction.

Problems

1. Show that u” is a probability measure if g is.

2. Prove that an irrational rotation on T is uniquely
ergodic. [Compare the coefficients of 4 and p7.]

3. Verify that (3.9) holds for negative &.

4. Show that if a(m, n) is a Fourier-Stieltjes sequence in
two variables, then a(m, km+ n) is a Fourier-Stieltjes sequence in
k for fixed m, n.

5. Carry out the inductive proof of Weyl’s theorem.



APPENDIX
Integration by Parts

The formula for integration by parts

b b
[£@) @ dz = f(5)g(5) - f(@)g(a) - [ f(a)g(2) d

is proved simply by differentiating both sides with respect to b, in
the ordinary case that f and g are differentiable on the interval of
integration. We sometimes need a more general theorem in which
gdz is replaced by du(z), where p is a function of bounded
variation:

Theorem. If f s differentiable and p s of bounded

variation on [a, b, then

b b
[ £(2) du(=) = FBu(b)-f(au(@) - [ (=) u(a) ds

provided that p is continuous at the endpoints.

If u is not continuous at the endpoints, the formula can be
modified in an obvious way.

Write f as the integral of its derivative; the left side

becomes

b b

[ @)+ [ (0 Be-) dedu(a),

a

where E(z) =1 for >0 and 0 othervﬁse. The term f(a) integrates
to f(a)[p(b) — #(a)]. What remains is an iterated integral to which

Fubini’s theorem is applicable. Interchanging the order of inte-
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gration and performing the integration in z leads to

b

F(@)[u(8) = (@) + [ (u(b) - (1)} f1(0) dt.

a

When this is simplified we find the desired formula.
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