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To Mimma, Maria Lucia and Elena Sofia.
Although they likely will not read this book,
they should know that, without doing
Mathematics, I would be “a lost soul
swimming in a fish bowl”.



Preface

The main aim of this book is to give significant applications to concrete examples
of interest in Applied Mathematics and Mathematical Physics of both classical Lie
theory and some of its recent developments, including many original contributions
contained in several scientific papers. At the same time, in order to have an almost
self-contained monograph, I cannot exempt myself from giving a short account of
the relevant theoretical arguments justifying the proposed methods. In fact, this is not
a book where the reader can find (only) some useful recipes to deal with differential
equations; rather, the considered applications are intended to show the extraordinary
power and the algorithmic nature of the general methods of Lie group analysis of
differential equations.

Moreover, two computer algebra packages (freely available), developed to manage
quickly and efficiently the cumbersome computations involved in Lie group analysis
of differential equations, are described in detail.

The idea of this book originated from the lecture notes prepared in 2009 on the
occasion of an advanced course delivered at the Summer School of Mathematical
Physics in Ravello (Italy). Those lecture notes along the years considerably grew
and now contain some of the topics covered in a semester course on Lie Symmetries
of Differential Equations, which is part of the higher programme in Mathematics at
the University of Messina.

Chapters 1-7 review well known classical results; their content is suitable for an
introductory course in Lie group analysis of differential equations. On the contrary,
the remaining chapters mainly contain original results appeared in the last thirty
years in papers published in peer—reviewed journals, and most of the topics could be
of interest especially to postdocs and researchers.

Chapter 1 briefly introduces the evolution of the concept of symmetry and its
modern use in Mathematical Physics (Galilean group and dimensional analysis).
Chapters 2 and 3 review the main theoretical arguments about Lie groups of trans-
formations and Lie algebras, whereas Chap. 4 focuses on the prolongation formulae
for managing Lie groups of transformations leaving differential equations invariant.
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viii Preface

Applications of Lie symmetries to ordinary differential equations are discussed in
Chap. 5: itis shown the use of symmetries for lowering the order of ordinary differen-
tial equations (possibly reducing them to quadrature), determining integrating factors
or first integrals. Also, second order ordinary differential equations admitting at least
two symmetries spanning a two—dimensional Lie algebra are classified and solved.
Chapter 6 deals with partial differential equations, discussing the determination of
invariant solutions, and generation of new solutions starting from a given solution
by using symmetries. Moreover, the problem of the classification of inequivalent
invariant solutions using optimal systems of Lie subalgebras is analyzed.

Chapter 7 is concerned with differential equations admitting a variational formu-
lation. The invariance of the Lagrangian action under a Lie group of transforma-
tions, and Noether theorem for constructing first integrals (in the context of classical
mechanics), or conservation laws in the case of a general Lagrangian function of
order r > 1 in n independent variables, are discussed.

Chapter 8 investigates the so called inverse problem of Lie groups analysis of
differential equations. After reviewing the basics of the differential geometry of
differential equations, the notions of strongly Lie remarkable equations and weakly
Lie remarkable equations are introduced, and necessary and sufficient conditions are
established. Various examples of differential equations—both partial and ordinary—
uniquely determined by Lie algebras of symmetries are characterized.

Chapter 9 is devoted to the use of Lie symmetries admitted by partial differential
equations for constructing invertible point mappings suitable to transform a given
equation into an equivalent, and often more convenient, form. Various problems
are addressed: the transformation to autonomous form of general partial differential
equations, or to linear form when the equations are of first order, the transforma-
tion of nonhomogeneous and/or nonautonomous quasilinear first order systems of
partial differential equations to homogeneous and autonomous form, the transfor-
mation of first order nonlinear differential equations polynomial in the derivatives
into autonomous first order equations polynomially homogeneous in the derivatives.
Several examples of physical interest are used to illustrate how the procedures work.

Chapter 10 deals with conditional symmetries and equivalence transformations.
Conditional symmetries generalize the nonclassical method first introduced by
Bluman and Cole in 1969. On the contrary, equivalence transformations, extensively
studied by Ovsiannikov (but also considered by Lie himself), constitute a nice frame-
work for investigating the invariance of classes of differential equations containing
unspecified functions.

Chapter 11 presents an approach to approximate symmetries of differential equa-
tions containing small terms that is consistent with the basic principles of perturba-
tive analysis. Moreover, it permits to preserve, and adapt to the approximate context,
many relevant properties of exact Lie symmetries of differential equations.

Finally, Chap. 12 describes two computer programs. The first one, written in the
Computer Algebra System REDUCE, is able to perform almost automatically much
of the computations described in this book (in particular, it is able to determine
point, contact, variational and conditional symmetries, both exact and approximate).



Preface ix

The second one, SYMBOLIE, written in Wolfram Mathematica™, is devoted to find
families of optimal Lie subalgebras of a finite—dimensional Lie algebra.

It is really a pleasure to warmly thank some of the friends and colleagues with
whom [ have significantly worked and/or discussed over the years: Luca Amata,
Ljudmila Bordag, Giampaolo Cicogna, Carmela Currd, Rosa Di Salvo, Andrea
Donato, Giuseppe Gaeta, Matteo Gorgone, Nail Ibragimov, Joseph Krasil’schchik,
Lucia Margheriti, Giovanni Manno, Maxim Pavlov, Giuseppe Saccomandi, Mariano
Torrisi, Rita Tracina, Antonino Valenti, Raffaele Vitolo are just few of them!

I am particularly indebted to Matteo Gorgone who carefully read the material in
this book; his comments and suggestions were precious for helping me to fix various
typos, and improve the clearness and the global coherence of the notations.

The author is grateful to the unknown reviewers for their time and effort in reading
a preliminary version of this book; their valuable comments and suggestions were
useful to eliminate inaccuracies so improving the quality of the book. Special thanks
go to Paolo Maria Mariano for his support and encouragement to publish this book.

This book wishes to honor the memory of Andrea Donato (1947-2000), who,
besides having been my mentor and a good friend, initiated me in 1985 to the study
of Lie symmetries of differential equations.

Messina, Italy Francesco Oliveri
August 2025



Competing Interests The author has no conflicts of interest to declare that are
relevant to the content of this book.

This book is entirely my own work.

Results arising from books or papers by other authors are always clearly attributed.

The figures not created by myself are in the public domain, and the source is
indicated.

xi



Contents

1 Symmetries ............. i 1
1.1 What Is Meant by Symmetry? ..............ccoiiiineeien... 1
1.2 Symmetries in Mathematics and Physics ................. ... 3
1.3 Symmetries in Continuum Mechanics
and Thermodynamics .......... ... ... oo, 7
1.4 Dimensional Analysis ...ttt 10
1.4.1 Application of Dimensional Analysis to First
Atomic Explosion ........... ... .. oL, 14
References ........ ... i i 16
2 Lie Groups of Transformations ................................. 21
2.1 Introduction ....... ... 21
2.2 Groups, Lie Groups .. ...vvviiiinee i 22
2.3 One-Parameter Lie Groups of Transformations .............. 24
24 Infinitesimal Transformations ................. . ... ..., 29
2.5 Infinitesimal Generator and Invariance ..................... 31
2.6 Canonical Variables .......... ... ... i 37
2.7 Multi-Parameter Lie Groups of Transformations ............. 41
2.8 Lie Brackets ...ttt 47
References ....... ... i 52
3 LieAlgebras ............... i 55
3.1 Lie Algebras ........ooiiiiiiiiiii 55
32 Center and Derived Algebras ............. ..., 61
3.3 Solvable, Nilpotent, Simple, and Semisimple Lie Algebras .... 64
34 Structure Constants ................. ... 67
35 Homomorphisms of Lie Algebras .......................... 68
3.6 Lie Subgroups and Lie Subalgebras ........................ 70
3.7 Lie Algebras of Operators ............c.c..eeuuuiiuuunnnnnn. 75
References ....... ... i i 76

Xiii



Xiv

Contents

Lie Groups of Transformations of Differential Equations .........

4.1 Introduction . ........... . i
4.2 Prolongations of a One-Parameter Lie Group
of Transformations ............. ... .. i,
4.2.1 One Independent Variable ........................
422 More Than One Independent Variable .............
4.3 Lie Groups Admitted by Differential Equations ..............
4.4 Lie Brackets and Prolongations ............................
4.5 Beyond Lie Point Symmetries ..................oooiiia..
45.1 Contact Symmetries of Ordinary Differential
Equations .............o i
45.2 Contact Symmetries of Partial Differential
Equations ........... ... i
4.6 Concluding Remarks ......... ... ... ... ...
References ........ ...

Lie Symmetries of Ordinary Differential Equations ..............

5.1 Introduction ............ ... .
52 BasicExamples ....... ... .
53 First-Order Ordinary Differential Equations .................

5.3.1 Integrating Factors ............. ... ... ... ..
54 Higher Order Ordinary Differential Equations ...............

5.4.1 Order Reduction through Canonical Variables ......

542 Order Reduction through Differential Invariants . . ...

543 Order Reduction with Multi-Parameter Lie

GIOUPS oottt

54.4 Joint Differential Invariants ......................
55 Second-Order Ordinary Differential Equations Reducible

to Quadrature . ...........iiiii e
5.6 Linearizable Second-Order Ordinary Differential

Equations ......... ..
5.7 Second-Order Ordinary Differential Equations

with a Three-Dimensional Lie Algebra .....................
5.8 Lie Symmetries and First Integrals .........................
59 Hidden Symmetries ........... ... .. i
5.10  Concluding Notes ..............ooiiiiiiiiiiiiiaaa...
References ........ ...

Lie Symmetries of Partial Differential Equations .................

6.1
6.2

6.3

Introduction ........... ... .
Determination of Lie Symmetries of Partial Differential

Equations ........ ...
Use of One-Parameter Lie Groups of Transformations ........
6.3.1 Invariant Solutions ............. ... ... .. ...



Contents

6.3.2 New Solutions from a Known Solution ............
6.4 Invariant Solutions and Initial/Boundary Value Problems ... ...
6.5 Separable Solutions ........... .. .. i
6.6 Use of r-Parameter Lie Groups of Partial Differential
Equations ..........iiiiiiii i
6.7 H-Invariant Solutions and Factor Systems ..................
6.8 Classification of Invariant Solutions ........................
6.8.1 Classification of Lie Subgroups ...................
6.8.2 Equivalent Lie Subgroups and Corresponding
Lie Subalgebras ............ .. ... . ...
6.9 Galilean First-Order Quasilinear Systems ...................
References .......... ...
Conservation Laws ............. ... . . . i
7.1 Introduction ............ ..
7.2 Hamilton Principle and Euler-Lagrange Equations
in Analytical Mechanics .......... ... .. i
7.2.1 Equivalent Lagrangians ..........................
7.2.2 Variational Symmetries ..........................
7.3 Lagrangian Field Theory ........... ... ... ... ..........
7.3.1 Equivalent Lagrangians ..........................
7.3.2 Variational Symmetries ..........................
7.3.3 Conservation Laws ........... ... ... .. ...
7.4 Concluding Remarks ......... ... .. . i,
References ...... ... i

Inverse Problems in Lie Group Analysis of Differential

Equations ............ ... . .
8.1 Introduction ........... ... . i
8.2 Basics of Differential Geometry ...........................
8.3 Geometry of Differential Equations ........................
8.4 Lie Remarkable Equations ................................
8.5 Smooth Surfaces in R ............ ... ... ...
8.6 Lie Remarkability of Second-Order Monge—Ampere
Equations ........ ...
8.6.1 Second-Order Monge—Ampere Equation
in Two Independent Variables ....................
8.6.2 Second-Order Monge—Ampere Equation
in Three Independent Variables ...................
8.7 Lie Remarkability of Higher Order Monge—Ampere
EqQuations . ..........iiii
8.7.1 Fourth-Order Monge—Ampere Equation ............
8.8 Lie Algebras and Corresponding Lie Remarkable
Equations . .........oiiiii
8.8.1 The Case of i(R™1) ...,

8.8.2 The Case of a(R™) ... .. . .

XV



Xvi

10

Contents
8.8.3 The Case of p(R™1) ... ... ... .. 239
8.8.4 The Case of c(R"™Y) ... .. . 239
8.9 Second-Order Lie Remarkable Systems of Partial
Differential Equations .......... ... ... i, 240
8.10  Third-Order Lie Remarkable Systems of Partial
Differential Equations ............... oo, 247
8.11  Lie Remarkable Ordinary Differential Equations ............. 248
8.11.1  Primitive Lie Algebras of Vector Fieldsin R? ... .... 248
8.11.2  Lie Remarkable Systems of Ordinary
Differential Equations ........................... 250
References ......... ... 255
Lie Symmetries and Equivalent Differential Equations ........... 259
9.1 Introduction . ........... . i 259
9.2 Abelian Lie Algebras and Canonical Variables ............... 260
9.3 Reduction to Autonomous Form ........................... 263
9.3.1 ApPPLiCAtions . .....i 265
9.4 Transformation to Linear Form ............................ 275
94.1 Applications .......... ... . o ool 277
9.5 Reduction of First-Order Quasilinear Systems
to Homogeneous and Autonomous Form ................... 284
9.5.1 2 x 2 First-Order Quasilinear Systems ............. 285
952 The General Case ......................oou... 290
9.6 Reduction of Nonlinear First-Order PDEs to Autonomous
Form Polynomially Homogeneous in the Derivatives ......... 299
9.6.1 Applications: Monge Systems .................... 305
References ......... ... 312
Conditional Symmetries and Equivalence Transformations ....... 315
10.1  Introduction ............uuuiiiiiunine i, 315
10.2  The Nonclassical Method by Bluman and Cole .............. 315
10.3  Conditional Symmetries ...ttt 318
10.3.1  Clarkson and Kruskal Direct Method .............. 319
10.4  Q-Conditional Symmetries ...............ccciiieeeionn.. 320
10.5  Conditional Symmetries of Burgers-Like Equations .......... 321
10.5.1  Hierarchy Originating from Burgers Equation . ... ... 322
10.5.2  Hierarchy Originating from a Pair of Coupled
Burgers-Like Equations ............. ... ... ... .. 325
10.5.3  The General Hierarchy of Coupled
Burgers-Like Equations ......................... 327
10.5.4  Matrix Burgers Equation ...................... ... 329
10.6  Substitution Principles in Ideal Gas Dynamics ............... 331

10.6.1  Substitution Principle and Conditional
SYMMELIIES .« oottt ettt 337



Contents

11

12

10.7  Substitution Principles in Ideal Magneto Gas Dynamics . . .....
10.7.1 A Mixed Substitution Principle for Plane Flows
Subjected to a Transverse Magnetic Field ..........
10.7.2  Substitution Principle and Conditional
Symmetries ...
10.8  Equivalence Transformations .............................
10.9  Equivalence Transformations of Balance Laws in (2 + 1)
DImensions . ..........iiiiii
10.9.1  Equivalence Transformations Generated by &Z; ......
10.9.2  Equivalence Transformations Generated by &, ... ...
10.9.3  Equivalence Transformations Generated by Z3 ... ...
10.9.4  Equivalence Transformations Generated by &4 ... ...
10.9.5  Equivalence Transformations Generated by Z5 ... ...
10.10  Applications .............oiiiiiiiiiiiii i
10.10.1 First Case .........oiiiiiiiiiiiiiiiiieaan
10.10.2 Second Case .............ccoviiiiiiiiiiiiiinn...
References ......... ... i

Approximate Symmetries ..................... ... L.
11.1  Introduction ................. oottt
11.2  Approximate One-Parameter Lie Groups ...................
11.3  Approximate Symmetries of Differential Equations ..........
11.4  Order Lowering of an Ordinary Differential Equation .........
11.5  Approximate Invariant Solutions .................... ... ...
11.6  Approximate Q-Conditional Symmetries ...................
11.7  Approximate Conditionally Invariant Solutions ..............
11.8  Approximate Noether Theorem ...........................

11.8.1  Applications ...........coveeiiiineeienninnennn.
References ........ ... i i

Computer Algebra Programs ...................................
12.1  Introduction ............ ...
122 The Program RELIE ........... ... ... ... ... ... ... ...
12.2.1  Computing Lie Point Symmetries of Differential
Equations ............ .. i
12.2.2  An Example of Group Classification ...............
12.2.3  Commutator Table ..............................
12.2.4  Computation of Q—Conditional Symmetries ........
12.2.5  Computation of Contact Symmetries ..............
12.2.6  Computation of Variational or Divergence
Symmetries and Associated Conservation Laws ... ..
12.2.7  Computation of Approximate Symmetries ..........
12.2.8  Computation of Equivalence Transformations . ......
1229 Inverse Lie Problem .............................
12.2.10 Inside RELIE: Global Variables and Routines .......



xviii Contents
123 SymboLie ... 458
12.3.1  One-Dimensional Lie Subalgebras ................ 458
12.3.2  Multi-dimensional Lie Subalgebras ............... 463

12.3.3  Algorithms for Optimal Systems of Lie
Subalgebras .......... ... .. il 465
12.3.4  Case Studies with SYMBOLIE ..................... 474
123.5 Concluding Remarks .......... ... ... .. ... ... 484
References . ...... .o 484
Index .. ... 487



Chapter 1 ®)
Symmetries o

In the beginning was the symmetry.
Werner Heisenberg

Tell me why should symmetry be of importance?
Mao Zedong

1.1 What Is Meant by Symmetry?

Symmetries, and their application to differential equations, are the leading actor of
this book. We start by recalling that the word symmetry comes from ancient Greek:
oUv (together) and pétpov (measure). Some widespread meanings of the word

symmetry are illustrated in the following quotation extracted from the 1952 book
“Symmetry” by Weyl [71]:

The word symmetry is used in our everyday language in two meanings. In the one sense
symmetric means something like well-proportioned, well-balanced, and symmetry denotes
that sort of concordance of several parts by which they integrate into a whole. Beauty is
bound up with symmetry. [...]

In this sense the idea is by no means restricted to spatial objects; the synonym “harmony”
points more toward its acoustical and musical than its geometric applications. Ebenmass
is a good German equivalent for the Greek symmetry; for like it carries also the con-
notation of “middle measure,” the mean toward which the virtuous should strive in their
actions according to Aristotle’s Nichomachean Ethics, and which Galen in De tempera-
mentis describes as the state of mind which is equally removed from both extremes:
GOUPETPOV OTtep EKOTEPOV TV akpwv améyel. The image of the balance provides a nat-

ural link to the second sense in which the word symmetry is used in modern times: bilat-
eral symmetry, the symmetry of left and right, which is so conspicuous in the structure of
the higher animals, especially the human body. Now this bilateral symmetry is a strictly

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2026 1
F. Oliveri, Lie Symmetries of Differential Equations, Advances in Mechanics
and Mathematics 55, https://doi.org/10.1007/978-3-032-12791-4_1
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Fig. 1.1 Evariste Galois
(Bourg La Reine, October
25, 1811—Paris, May 31,
1832). Source https://
commons.wikimedia.org/
wiki/File:Evariste_galois.jpg

iy |

geometric and, in contrast to the vague notion of symmetry discussed before, an absolutely
precise concept. A body, a spatial configuration, is symmetric with respect to a given plane
E if it is carried into itself by reflection in E. Take any line / perpendicular to E and any
point p on [: there exists one and only one point p’ on [ which has the same distance from
E but lies on the other side. The point p’ coincides with p only if p ison E.

In the nineteenth century, symmetry appears unexpectedly in the work of Evariste
Galois (Fig. 1.1), who exploited the permutations of the roots of an algebraic equa-
tion to prove that there is no general formula for solving by radicals a polynomial
equation of degree greater than four. The central idea of Galois theory is based on
the permutations of the roots such that any algebraic equation satisfied by the roots
is still satisfied after the roots have been permuted. Thus, it emerged the idea of
a symmetry as a transformation, and the algebraic structure of a group of symme-
tries as a set of transformations, containing the identity transformation, the inverse
transformation of each element, and such that the composition of two symmetries
yields a symmetry too. Roughly speaking, a symmetry of a mathematical object is a
transformation that does not transform the object. In some sense, symmetries behave
like a skilled pickpocket: they are actions that leave no trace.

Symmetries are of course strictly related to geometrical objects, and they cannot be
considered a geometrical accident, or a lucky and rare phenomenon. The link between
symmetry and geometry assumed an essential and effective role after the famous lec-
ture by Felix Klein (Fig. 1.2) in 1872 (now known as Erlangen Program [34]), where
it was clearly stated that every kind of Geometry (Affine, Projective, Conformal,
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Fig. 1.2 Felix Christian
Klein (Diisseldorf, April 25,
1849—Géttingen June 22,
1925). Source https://
commons.wikimedia.org/
wiki/File:
Felix_Christian_Klein.jpg

Differential, Euclidean or non-Euclidean, Topology, ...) can be defined in terms of
symmetries: the geometrical properties are simply invariant properties with respect
to a group of transformations.

1.2 Symmetries in Mathematics and Physics

Symmetry (together with principle of parsimony, Ockham razor) through the history
of science revealed often successful in expanding the sphere of our knowledge of the
world.

The request of symmetry in the formulation of the laws of nature accounts for
their features that are independent of some unessential circumstances. For instance,
the reproducibility of experiments in different places at different times relies on the
invariance of the laws of nature under space translation and rotation (homogeneity and
isotropy of space, respectively: there is neither a privileged position nor a privileged
direction!), and time translation (homogeneity of time: there is no privileged instant!).
Without such regularities, our understanding of physical events would probably be
very limited. An important implication of symmetry in Mathematics and Physics is
the existence of conservation laws. This connection has been established in 1918,
when Noether [36, 52] (Fig. 1.3) showed the intimate relation between continuous
symmetries and conservation laws.
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Fig. 1.3 Emmy Noether
(Erlangen, March 23,
1882—Bryn Mawr, April 14,
1935). Source https://
commons.wikimedia.org/
wiki/File:EmmyNoether.png

The concept of symmetry fascinated through the centuries many artists and sci-
entists, from the ancient Greeks to Kepler, in his efforts for determining the orbits
of the planets, to Newton, who embodied in the laws of mechanics as a symmetry
principle what is now known as Galilean invariance, i.e., the equivalence of motion
in different inertial frames.

In the nineteenth century, a great advance arose when Marius Sophus Lie (Fig. 1.4)
began to investigate the continuous groups of transformations leaving differential
equations invariant, creating what is now called the symmetry analysis of differen-
tial equations. The original Lie’s aim was that of setting a general theory for the
integration of ordinary differential equations similar to that developed by Evariste
Galois and Niels Abel (see [73] for a good historical account) for algebraic equa-
tions. More information about Sophus Lie’s life and the mathematical relevance of
his contributions can be found in the book by Stubhaug [63] and in some papers (see,
for instance, Fritzsche [22]).

Thus, symmetry analysis of differential equations was developed and applied
by Sophus Lie during the period 1872-1899 [37-39]. This theory allows one to
derive solutions of differential equations in a completely algorithmic way. Despite
this feature, the Lie approach to differential equations was not exploited for half a
century, and only the abstract theory of Lie groups grew. As far as we know, the
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Fig. 1.4 Marius Sophus Lie
(Nordfjordeid, December 17,
1842—Christiania, February
18, 1899). Lithograph after
painting by Erik
Werenskiold. Courtesy of
Municipal Archives of
Trondheim, Norway. Source
https://commons.wikimedia.
org/wiki/File:
Sophus_Lie_(1842_-_1899).
ipg

term Lie group (groupe de M. Lie) appears for the first time in a paper by Arthur
Tresse [67] in 1893. Moreover, the term Lie algebra was coined by Hermann Weyl
in 1928; before Weyl, Lie algebras were referred to as infinitesimal groups. It was in
1940, with the work of Birkhoff [4] and Sedov [61] on dimensional analysis, that the
theory gave relevant results in concrete applied problems. Further, it was the Russian
school, under the guidance mainly of Ovsiannikov [55, 56], that since 1960 began
to use systematically the methods of symmetry analysis of differential equations for
the explicit construction of solutions of any sort of problems, even complicated, of
Mathematical Physics. The English translations by Bluman [55] and Ames [56] of the
books by Ovsiannikov gave a great diffusion of Lie methods, and, as a consequence,
many significant results have been achieved by a high number of researchers either
from a theoretical or an applied point of view.

Lie theory is powerful, versatile, and fundamental for the development of system-
atic procedures leading to the integration by quadrature (or, at least, to lowering the
order) of ordinary differential equations, to the determination of invariant solutions
of initial and boundary value problems, to the transformation of differential equa-
tions in equivalent forms more easy to handle (e.g., autonomous or linear), to the
determination of conservation laws, to the implementation of numerical schemes, ...

Sophus Lie pointed out the main problem he addressed with his theory in a fore-
word to his lecture Differentialgleichungen given in Leipzig (1891):
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The older examinations on ordinary differential equations as found in standard books are not
systematic. The writers developed special integration theories for homogeneous differential
equations, for linear differential equations, and other special integrable forms of differential
equations. However, the mathematicians did not realize that these special theories are all
contained in the term infinitesimal transformations, which is closely connected with the
term of a one parametric group.

The application of Lie theory to differential equations is completely algorithmic
but usually involves a lot of cumbersome and tedious calculations. For instance, it is
not uncommon to have to handle hundreds of differential and/or algebraic equations
for obtaining the symmetries admitted by a system of differential equations. Today,
nobody can disregard the facilities offered by Computer Algebra Systems, both com-
mercial (like Maple™ [41], or Wolfram Mathematica™ [72]) and open source (like
Maxima,' REDUCE [30], or SageMath [66]); use of specifically designed packages
greatly helps the analysis of algebraic/differential manipulations that can be often
done almost automatically without requiring much user work [31-33, 53, 59, 60,
62]. In this book, the program RELIE [53] (written in REDUCE) and the program
SYMBOLIE (written in Wolfram Mathematica™) will be illustrated.

Classical Lie theory is a source for various generalizations. Among these general-
izations we may quote the potential symmetries [5, 7], the nonclassical symmetries
first introduced by Bluman and Cole [6], and now part of the more general method of
conditional symmetries, the equivalence transformations for classes of differential
equations [56], the approximate symmetries [2, 19, 23] for differential equations
involving small parameters, the generalized symmetries [54], which in turn extend
contact symmetries introduced by Lie himself, A-symmetries [47-51], u-symmetries
[11,24], ...

The key idea of Lie theory of symmetry analysis of differential equations relies
on the invariance of the equations under a transformation of independent and depen-
dent variables. These transformations form a local group of point transformations
establishing a diffeomorphism on the space of independent and dependent variables,
mapping solutions of the equations to other solutions of the same equations. Any
transformation of the independent and dependent variables in turn induces a transfor-
mation of the derivatives. Typical examples of symmetries are translations, rotations,
and dilations. These transformations do not exhaust the possible symmetries useful to
analyze differential equations. An important role is often played by discrete symme-
tries such as reflections. They are symmetries under the transformations of a discrete
group, i.e., a topological group with a discrete topology whose elements form a finite
or a countable set.

In Lie theory of differential equations, we may consider a direct problem and
an inverse one. The direct problem consists in finding the symmetries admitted by
a differential equation (or by a class of differential equations). On the contrary, the
inverse problem aims to find the most general form of a differential equation (or a
class of differential equations) admitting a given set of Lie symmetries.

!https://maxima.sourceforge.io.
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The main aim of this book is to give significant applications to concrete examples
of interest in Applied Mathematics and Mathematical Physics of both classical Lie
theory and some of its recent developments, including many original contributions. At
the same time, according to the maxim “The best practice is a good theory” (attributed
to Ernst Mach), we present the relevant theoretical arguments justifying the proposed
methods. This reflects on the structure of this book. In order to have an almost self-
contained monograph, we cover in Chaps.2—7 many classical arguments of modern
group analysis; on the contrary, Chaps. 8—12 mainly contain original results.

We close with a quotation from the Preface of a book [57] published in Italian by
Ernesto Pascal in 1903 (a few years later than Lie’s death), where the fundamental
role of Lie theory in the analysis of differential equations is clearly stressed:

Questa teoria, pur di data cosi recente, si ¢ andata meravigliosamente e rapidamente svilup-
pando e ha preso presto un cotal posto fra le sue consorelle, che oggidi un qualunque giovine
che percorra gli studii delle matematiche superiori, non puo piit non conoscerla, almeno nei
suoi fondamenti e principii.>

1.3 Symmetries in Continuum Mechanics
and Thermodynamics

Continuous media are described (in local form) by balance laws of mass, momentum,
angular momentum, energy, and entropy [29]:

ap
a3 + V.- (pv) =0,
a(pv)
at
d(p(e +v2/2) o
ot
a(ps)
ot

+V.-(pv@v—-T)y=pb, T=TT,

((p£+pv2/2)v—T~V+q):h+pb~v,

+ V.- (psv+J,) = oy,

where p is the mass density, v is the velocity, ¢ is the specific internal energy, T is
the Cauchy stress tensor, q is the heat flux, s is the specific entropy, J is the entropy
flux, b is the specific body forces, 4 is the internal energy production, and oy is the
entropy production.

The balance laws contain more unknowns than equations. So, we need to sup-
plement them by the constitutive equations to describe the behavior of the mate-
rial at hand. Larger sets of balance laws (e.g., Grad’s moments of Boltzmann

2 This theory, although so recent, has been beautifully and quickly developing and took such an
important place that nowadays any young pupil who is addressing higher mathematical studies can
no longer not know it, at least in its foundations and principles.
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equation [28], or Extended Thermodynamics [46], continua with microstructures
[10], continua with internal variables [42], ...) can be also considered.

Although there are many degrees of freedom, three fundamental constraints do
exist:

e Determinism: Any material behavior at the present depends only on its past history:
The initial state of a mechanical system (the totality of positions and velocities of
its points at some moment of time) uniquely determines all of its motion.

e Material symmetry: The structural symmetries of a material must reflect on con-
stitutive equations [29, 45].

e Entropy principle: In every admissible process, the entropy production o, cannot
be negative [68].

A series of experimental facts (at least approximately) is at the basis of classical
mechanics [1]:

e the space is three-dimensional and Euclidean, and time is one-dimensional;
e Galilei principle of relativity: there exist coordinate systems (called inertial) pos-
sessing the following two properties:

1. all the laws of nature at all instants of time are the same in all inertial coordinate
systems;

2. all coordinate systems in uniform rectilinear motion with respect to an inertial
one are themselves inertial.

Therefore, the universe is modeled as a four-dimensional affine space A* (the
set of world points or events). The parallel displacements of the universe A* give
the vector space R*. There is a linear mapping : A* x A* — R. The time interval
between the events a, b € A* is the number (b — a).

If £ (b — a) = 0, then the two events are called simultaneous. The distance d : A* x
A* — RT between simultaneous events

d@ab)=la—b|=(@a—ba—b), abeAa

is given by a scalar product on the space R*. This distance makes every space of
simultaneous events into a three-dimensional Euclidean space E°.

A space A*, equipped with a Galilean space-time structure, is called a Galilean
space.

The Galilean group consists of all transformations preserving the structure of
Galilean space (intervals of time and distances between simultaneous events). There
are three relevant subgroups:

e Uniform motion of frames with velocity « = (o, o, 3) (Galilei’s relativity prin-
ciple):
(t, x1, X2, x3) > (t, X1 + at, X2 + oot X3 + ast),

whereupon vy — v + oy, k= 1,2, 3.
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e Translation of time and space coordinates:
(t, x1, x2, x3) = (t + g, X1 + 05, X2 + a6, X3 + 7).
e Rotation of the coordinate axes:
(t,x) — (t,Qx),

where Q is an arbitrary orthogonal matrix (depending on three parameters).

Every Galilean transformation of the space R x R? can be written in a unique
way as the composition of a rotation, a translation, and a uniform motion. This group
involves ten arbitrary parameters. Additional transformations, corresponding to the
invariance of physical laws under an arbitrary change of the fundamental units of
measurable quantities, fall in the domain of dimensional analysis.

As far as the constitutive equations are concerned, they are often derived from a
macroscopic point of view in accordance with experiments; anyway, transformation
groups are involved. A constitutive equation (for stress tensor, heat flux, entropy
flux, ...) is just a mathematical relation between forces and motion, in the sense
that if forces are applied to a body of a solid, liquid, or gaseous material they will
cause it to undergo a motion in which the motion itself will differ according to the
nature of the body. In classical continuum mechanics, the forces of interest include
pure mechanical stresses, as well as thermal or electromagnetic effects. The general
principles commonly accepted for assigning constitutive relations have a long history
(see the review [21]). Hooke in 1678 observed that a spring scale at the bottom of
a deep mine or at the top of a mountain gives the same response to a given force.
Later, in 1829, Poisson and Cauchy independently realized that a spring scale may
serve for measuring the change of gravity acceleration and also the centrifugal force
of a rotating system. By attaching a spring with a terminal mass to the center of a
horizontal, uniformly rotating table, the force exerted by the spring in response to a
given elongation is independent of the observer. So, Poisson and Cauchy were forced
to impose the theoretical requirement that only frame-independent terms should enter
a constitutive equation of a material, laying the bases for what is now called frame-
indifference principle.

In the formulation of the frame-indifference principle by Truesdell and Noll [69],
constitutive equations must be objective with respect to a change of observer; the
latter is defined by the transformations (forming a group):

tr=t+1ty, X =Q)x+c(), (1.1)

where fy is constant, whereas ¢(f) is an arbitrary vector, and Q(z) an arbitrary
orthogonal matrix, both time dependent. Scalar functions f are objective if f* = f,
vector functions u are objective if u* = Qu, tensorial functions T are objective if

T =QTQ7, ...
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Finally, entropy principle imposes additional constraints to the constitutive equa-
tions. In fact, the constitutive functions characterizing the properties of a continuous
material must be assigned in such a way the second law of thermodynamics is satisfied
by arbitrary thermodynamic processes. Thus, second law is regarded as a restriction
on the constitutive equations and not on the thermodynamic processes. As a conse-
quence of such a statement, it is not necessary to verify a posteriori if a solution of the
balance equations satisfies second law of thermodynamics, because such a require-
ment is ensured a priori by the form of the constitutive equations. There are two
classical methods for the exploitation of entropy principle: Coleman—Noll procedure
[15-17] and Liu procedure [40]. In both methods, the constraints imposed on the
entropy inequality by the balance laws (eliminating time derivatives in the Coleman—
Noll approach, or introducing Lagrange multipliers in the Liu approach) are used.
This means that the entropy inequality is evaluated on the balance equations. Never-
theless, this is not always sufficient in the presence of nonlocal constitutive equations,
i.e., constitutive equations depending on some derivatives of the unknown fields.

For this reason, an extension of these two classical techniques has been recently
proposed (see [12—14, 25], and references therein). They require to use as constraints
in the entropy inequality both the balance equations and some of their differential
consequences. The extended procedures revealed able to dismantle some physical
properties which are not obtained by applying the classical methods. A notable
example is given in [27], where the extended Liu procedure has been successfully
applied for explicitly characterizing the constitutive equations of a viscous Korteweg
fluid [35], i.e., a fluid where the stress tensor depends on first- and second-order
gradients of mass density (see also [26] concerned with mixtures of viscous Korteweg
fluids).

1.4 Dimensional Analysis

Important Lie groups (scaling groups) are commonly used also by physicists and
engineers who have no idea of the theory but know the importance of describing
physical relations in dimensionless form. The circumstance that physical laws need
to have the same form whatever the scales used to measure lengths, masses, time
intervals, ...has been clearly stated in 1873 by Maxwell [43]:

The formula at which we arrive must be such that a person of any nation, by substituting for
the different symbols the numerical value of the quantities as measured by his own national
units, would arrive at a true result.

From a mathematical point of view, this means that a relation involving some
physical quantities must be independent of the scales we adopt for the fundamental
quantities [4]. The implications of this requirement are mathematically stated by
the Buckingham r-theorem. This was first proved by the French mathematician
J. Bertrand in 1878 in considering problems arising in electrodynamics and heat
conduction phenomena [3]. The technique of using the “method of dimensions”
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Table 1.1 Base units of International System (SI)

Symbol Name Quantity

S Second Time

m Meter Length

kg Kilogram Mass

A Ampere Electric current

K Kelvin Thermodynamic temperature
mol Mole Amount of substance

cd Candela Luminous intensity

became widely known after the works of Lord Rayleigh. A general formulation of
the theorem for the case of arbitrarily many quantities was given first by Vaschy
[70] in 1892, then in 1911 by Federman [20] and Riabouchinsky [58], and again in
1914 by Buckingham [8] (see also [9]). The notation used by Buckingham for the
dimensionless variables (i7;) is at the origin of the name given to the theorem.

The modern form of the metric system, coordinated by the Bureau International
des Poids et Mesures,’ is the International System of Units (SI). In the SI, there are
7 base units (see Table 1.1) and 22 coherent derived units, represented as products of
powers of the base units, and possessing special names and symbols.

Consider a physical relation expressing a measurable quantity u in terms of n
measurable quantities (¢, Uz, ..., uy,),

u=F(u,uz, ... up), (1.2)
where the function F is not specified. Suppose that the quantities (uy, ..., u,, u) are
measured in terms of m fundamental dimensions (Lq, ..., L,,).

Each quantity has a dimension expressed as a monomial of fundamental dimen-
sions; the dimensions of the quantities « and u ; are expressed as
[l = Ly - L%,  [u;]=L{"--- Ly, j=1,....n,
where a; and a; ; are real numbers. A dimensionless quantity u is such that [u] = 1.

Equivalently, we can associate to the measurable quantities « and u ; their dimension
column vectors

3 International Bureau of Weights and Measures.
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A dimensionless quantity is associated to the null m-dimensional vector. Define the

m x n dimension matrix of the quantities u, ..., u,
ap dip s din
ayp dzp --- dp

== 9
am,1 Am2 * am,n

and let » = rank(A).

Given a set of fundamental dimensions, a measurable quantity has a value that
depends on the chosen system of units. A change in the system of units corresponds
to a positive rescaling of the fundamental dimensions; this in turn induces a positive
rescaling of each measurable quantity. Thus, relation (1.2) with quantities measured

with the system of units Ly, ..., L, must hold also when we adopt a new system of
units, i.e.:

u'=F@,...,u),
where u’, u/, ..., u) are measured in the system of units L', ..., L) . With such an

assumption, we can prove the Buckingham 7 -theorem.

Theorem 1.1 (Buckingham r-theorem) The physical relation

u=Fuy,...,u,

involving m fundamental dimensions Ly, . .., L,, can be written in the dimensionless
form:

T =G(m,...,7,.), (1.3)
where r is the rank of the m x n dimension matrix A of the quantities uy, ..., u,;
moreover,

n n
Xji .
n:ul_[uy.’, niznuj”’, i=1,...,r (1.4)
Jj=1

j=1
with suitable real values y; and x ;.

Proof Let

ai,j

[l = Ly - L%,  [u;]=L{"--- Ly, j=1,....n,

m

and rescale the unit of the fundamental dimension L,,, say

L, = AL,
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A being a positive real number. Thence,

u = Ay, u’jz)ua'”*’uj, j=1,...,n,
and
Ay = FQA uy, oo, A% uy).

The case a,,,; = - -+ = ap,, = 0 and a,, 7# 0 must be excluded as it implies u = 0.
The case a1 = - -+ = amn = a, = 01is trivial as it means that the dimension L,, is
not really involved. Therefore, without loss of generality, we can assume, possibly
by a permutation of the quantities uy, ..., u,, a,., # 0. Introducing the quantities

V= uu;am/am.n’

—am,j[@m.n .

v =uju, , j=1...,n—1,

Uy = Up,
it is

vV =, vi=v @(i=1,...,n—1), vl = Ay,
whereupon
v=F(,..., U1, A""v,)

for all A, implying that F cannot depend on v,,.

Thus, we are led to a relation, expressing a measurable quantity in terms of
n — 1 quantities, involving m — 1-dimensional units. Repeating the procedure for
the remaining dimensions, we arrive to the dimensionless relation (1.3) along
with (1.4).

Moreover, from

+X a1y Yot Am Y
1 = [JT] _ LTI Z_,ilal,,/}’/ . ~LZ1 ijld /)j’
1= [m] = L2y
it follows that y = (y1, ..., y,)7 (T denotes the transposition) is a solution of the
linear system Ay = —a, and that x; = (xy, ..., x,,,,-)T, i=1,...,r,arer linearly

independent solutions of the linear system Ax = 0. (]



14 1 Symmetries

1.4.1 Application of Dimensional Analysis to First Atomic
Explosion

One of the most impressive use of the Buckingham m-theorem is concerned with
the computation of the energy relaxed in the first atomic explosion, the Trinity test,
conducted by the United States Army on July 16, 1945 in a desert area of New Mexico
(named by Spanish conquistadors Jornada del Muerto*), as part of the Manhattan
Project, coordinated by J. Robert Oppenheimer. The test consisted in an implosion
of a plutonium bomb similar to the Fat Man bomb later detonated over Nagasaki,
Japan, on August 9, 1945.

Some years later, a series of pictures of the explosion, along with a size scale,
and time stamps, were released and published in a popular magazine. Based on these
photographs, the British physicist Geoffrey Ingram Taylor in 1950 [64, 65] estimated
the power released by the explosion (which was still a secret at that time). In fact,
using the radius R of the ball of fire which spread out from the point where explosion
occurred at different times, dimensional analysis yielded an estimate of the energy E
generated in the explosion. Therefore, the energy relaxed was computed from purely
kinematical data.

The pictures (in Fig. 1.5, a photograph taken 25 ms after the explosion is displayed)
showed that the ball of fire assumes at first the form of a rough sphere that reached
the ground in <1 ms. After the impact, the shock wave produced continued to expand
as a nearly perfect luminous hemisphere.

First, we have to identify the relevant variables in our problem: the radius R of
the fireball, the elapsed time ¢ since the explosion, the energy E relaxed, the initial
density p and the initial pressure p of the air. Of course, there can be lots of additional
variables, but as long as they do not have a great relevance to the problem, we can
neglect them.

Assume the relation

R=F(, E, p,p), (1.5)

and use the dimensions L; (for length), L, (for mass), and L3 (for time). The dimen-
sion matrix A of (¢, E, p, p) and the dimension vector a of R are

02 -3-1 1
A=101 1 1], a=]0
1-2 0 -2 0

The rank of the matrix A is 3. So, there is one linearly independent solution of

Ax =0,

4 Route of the dead man.
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Fig. 1.5 Photograph of the ball of fire (25 ms after the explosion) produced by the Trinity test. Cour-
tesy of US Government Defense Threat Reduction Agency. Source https://commons.wikimedia.
org/wiki/File:Trinity_Test_Fireball_25ms.jpg

say

As a solution of

we choose
(2 1Y
y_ 55 5755 .

Thus, introducing the dimensionless variables

Ei —-1/5 /6 1/5
k() meelEs)

relation (1.5) becomes
Et2 1/5
0
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Assuming the function G to be continuous at 71 = 0, whence G (1) ~ G(0) # 0 for
71 < 1 (this is reasonable due to the time duration of the phenomenon), we obtain

Er\'?
R:(—) G(0).
P

A plotof log(R) versus log(¢) on the data deduced from the photographs of Trinity
test allowed Taylor to take G (0) =~ 1. Atr = 0.006 s the radius of the shock wave was
approximately 80 m; furthermore, taking as the density of the air p = 1.2kgm™,
the estimate of the energy relaxed by the explosion

E = 1.092 - 10 joule,

corresponding to about 25 kt. Notice that the actual value of the energy relaxed was
still classified in 1950. Different values of the relaxed energy can be found in the
literature (see, for instance, the 2011 paper by Deakin [18], or the recent paper by
Mone and Seshadri [44] who revisited Taylor’s analysis of the Trinity test), but,
undoubtedly, the result achieved by Taylor is impressive!
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Chapter 2 ®)
Lie Groups of Transformations e

2.1 Introduction

In view of its application to differential equations, Lie group theory—with spe-
cial emphasis on Lie groups of transformations—is briefly reviewed. The interested
reader may refer to a wide set of available monographs [1-23] for a more detailed
exposition and for learning more about the (many) topics not covered here.

Lie groups are special groups that, in addition to group properties, have the struc-
ture of a differentiable manifold. In fact, a Lie group G is a C* manifold endowed
with a group structure in which the group operation and the inversion of an element
are analytic functions. This means that the group elements can be continuously var-
ied; for any two points a and b in the manifold, there is a multiplication w(a, b),!
and this group operation is consistent with the continuous structure of the manifold.
This implies that if two more points a’ and b’ (close to a and b, respectively) are
considered, then the product w(a’, ') is close to the product w(a, b).

Despite appearances, the coexistence of the manifold structure with the group
properties is a severe restriction, and very few structures (manifold + group) are Lie
groups.

Groups arise as an algebraic abstraction of the notion of symmetry, whereas mani-
folds generalize the familiar concepts of curves and surfaces in the three-dimensional
space. Roughly speaking, a manifold is a space that locally looks like a Euclidean
space, but whose global character might be quite different. The union of such two dif-
ferent mathematical concepts combines, and significantly extends, both the algebraic
methods of group theory and the multi-variable calculus.

Remarkably, the resulting theory can be applied to a wide range of physical and
mathematical problems.

! Usually, the composition of two elements of a group is denoted as a - b; the reason of the notation
w(a, b) will soon become clear.
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2.2 Groups, Lie Groups

Definition 2.1 (Group) A group G is a nonempty set of elements endowed with a
law of composition (binary operation)

w:GxG—> G

satisfying the axioms

1. the associative property holds:
Ya,b,c € G, w(a,w(,c)) = w(w(a,b),c);
2. there exists the identity element:
de € G suchthatVa € G, w(e,a) =a = w(a, e);
3. every element has an inverse:

Va € G, 3a~! € G such thata)(a_l,a) =e=w(a, a_l).

Remark 2.1 Itis a simple matter to prove that the identity element e and the inverse
a~! of the element a € G are unique.

Definition 2.2 (Abelian group) A group G is Abelian if
VYa,b e G, w(a,b) =w(b,a),

i.e., the group operation is commutative.

Definition 2.3 (Subgroup) A subgroup H of G is a subset of G which is closed with
respect to the law of composition of G and the inversion.

Definition 2.4 (Lie group) A Lie group G is a group that carries the structure of an
n-dimensional differentiable manifold in such a way that both the group operation
and the operation of inversion of an element are smooth maps between manifolds.

A Lie group is a special instance of a topological group.

Definition 2.5 (Topological group) A set G endowed with a group operation and
a topology is said to be a topological group if the mappings which define its group
structure are continuous, i.e., if the group composition and the inversion of an element
are continuous.

Example 2.1 The additive group R is a Lie group because R is a differentiable
manifold and the sum (group operation) is analytic.
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Example 2.2 The additive group Z is not a Lie group because its elements cannot
be continuously varied. Nevertheless, Z can be endowed with the discrete topology,
where every subset is considered both open and closed. So, any open neighborhood
of an element x € Z will contain only x. Z is a manifold where each point has an
open neighborhood homeomorphic to R® (a single point), and the group operation
is smooth and compatible with this zero-dimensional structure.

Example 2.3 The general linear group GL(m; R) defined by
GL(m; R) = {A: det(A) #£ 0},

where A is a real m x m matrix, is a Lie group. The manifold structure can be
identified with the open subset of the linear space of all m x m nonsingular matri-
ces. The group composition (ordinary matrix multiplication) and the inversion of a
nonsingular matrix are analytic functions.

Definition 2.6 (Lie subgroup) A subset H of a Lie group G is a Lie subgroup if H
is a subgroup of the abstract group G and a submanifold of the analytic manifold G.

Example 2.4 The special linear group SL(m; R) defined by
SL(m; R) = {A € GL(m; R): det(A) =1}
is a Lie subgroup of the Lie group GL(m; R).
Example 2.5 The orthogonal group O(m; R) defined by
O(m;R) ={A e GL(m:R): ATA =1,}

(the superscript 7 denotes the transposition operator, and |,, is the m x m identity
matrix) is a Lie subgroup of the Lie group GL(m; R).

Example 2.6 The special orthogonal group SO(m; R) defined by

SOm;R) = {A € GL(m; R): ATA =1,,, det(A) = 1}

is a Lie subgroup of the Lie group GL(rn; R) (and also a Lie subgroup of the orthog-
onal group O(m; R)).

Example 2.7 (Symplectic matrix) Let m = 2n; a matrix A of order m such that

ATJA =,

On _In
)= <|n 0, )

where
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0, and |, being the null and identity matrix of order n, respectively, is called sym-
plectic. It is straightforward to verify that

J and |, are symplectic;

the product of two symplectic matrices is symplectic;

symplectic matrices are nonsingular;

the transpose of a symplectic matrix is symplectic;

the inverse of a symplectic matrix is symplectic, and has the form

AR

Al = —JATY.

Thus, the set of symplectic matrices of order 2n is a multiplicative Lie group, denoted
as SP(n; R). It is a Lie subgroup of GL(m; R), and, because of the constraints of
the definition, is a manifold with dimension (2n% + n). Forn = 1, it is SP(1; R) =
SL(2; R).

Definition 2.7 (Compact Lie group) A Lie group G is compact if its manifold is a
closed and bounded submanifold of R”, for some n.

Definition 2.8 (Connected Lie group) A Lie group G is connected if its manifold is
connected.

Remark 2.2 A topological space is connected if it is not the disjoint union of two
open sets. Since a manifold locally looks like a Euclidean space, any connected
manifold is pathwise connected, i.e., for any couple of points there is a smooth curve
joining them. For instance, GL(m; R) (and O(m; R) too) is not connected, as it is
the disjoint union of the two connected Lie groups

GL*(m; R) = {A: det(A) > 0},
GL™ (m; R) = {A: det(A) < 0}.

In the remainder of this book, we mainly consider connected Lie groups.

In Mathematical Physics, groups typically occur as transformations. Therefore,
let us introduce Lie groups of transformations, starting with one-parameter ones.

2.3 One-Parameter Lie Groups of Transformations

Definition 2.9 (Groups of transformations) Let M C R" be a manifold, and S C R.
The set of transformations

Z:MxS—> M,

z— 7 =72(z;a),
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depending on the real parameter a, constitutes a real one-parameter group of trans-
formations on M if:

1. for each value of the parameter a € S, the transformations are one-to-one onto
M;

2. S, with the law of composition w: S x § — S, is a group with identity e;

3. Z =zwhena =e,ie., Z(z;e) =1z,

4. ifz =7Z(z;a),7” = Z(Z';b),thenz’ = Z(z; w(a,b)),Va,b € S.

Remark 2.3 Z(z; a) is the group action on z.

Definition 2.10 (Lie group of transformations) A group of transformations defines
a real one-parameter Lie group of transformations if, besides satisfying the axioms
of Definition 2.9, possesses the following properties:

1. a is a continuous parameter, i.e., S is an open interval in R (possibly the whole
set of real numbers);

2. Zis C* with respect to z in M, and an analytic function of @ in S;

3. Ya,b e S,w(a,b) and a~' are analytic functions.

Example 2.8 (Translations) Let M = R?, and let z; € R? be a fixed point of the
plane. The set of transformations

Z =1z+az

(a € Rand w(a, b) = a + b) defines a one-parameter Lie group of transformations,
called group of translations.

Example 2.9 (Scaling) Let M = R2. The transformation

7 =az

(a € R" and w(a, b) = a - b) defines a one-parameter Lie group of transformations,
called group of scaling.

Example 2.10 (Rotations in the plane) Let M = R?, and let A be the 2 x 2 matrix
__[cosa —sina
“\sina cosa /-

7 = Az

The transformation

(a € R and w(a, b) = a + b) characterizes the clockwise rotation by the angle a in
the plane.
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Definition 2.11 (Lie group homomorphism) A Lie group homomorphism is a
smooth map
¢:G— G

between two Lie groups G (with operation w) and G’ (with operation w’) respecting
the group operations:

¢(w(a, b)) =o' (p(a),¢(b), VYa,bed.
If ¢ has a smooth inverse, an isomorphism between G and G’ is determined.

Example 2.11 The Lie group R* consisting of all positive real numbers, the ordinary
multiplication being the group operation, is isomorphic to the additive Lie group R.
The exponential function

¢:R—RY,  ¢(x) =exp(x)

yields the isomorphism.

Lemma 2.1 Let S be an open interval of R, and let : S x S — S an operation
rendering S a group, e being the identity element and a™" the inverse of a. If w(a, b)
and the inversion are analytic, then there exists an analytic function ¢: § — R such
that

¢(w(a, b)) = ¢(a) + ¢ (D),
i.e., ¢ is a group homomorphism.

Proof Define the function

Q) = dw(p, q) 7

dgq (p.)=(a"".a)
and the Cauchy initial value problem

d
d_¢ =Q(), ¢()=0. 2.1)
a

Integration of (2.1) yields
¢(a) = / Q((x)dx.

Due to the hypotheses, the function ¢ is analytic. It represents the group homo-
morphism we are looking for. What is needed is the proof of the equality

¢(w(a, b)) = ¢(a) +¢D),
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that is,
w(a,b) a b
/ Q(x)dx = / Q(x)dx +/ Q(x)dx. 2.2)
By differentiating both sides of last condition with respect to b, we get

Q(w(a, b))% = Q). 2.3)

and integrating between e and b,

w(a,b) b
/ Q(x)dx = / Qx)dx + ¢(a).

In particular, choosing b = e, we obtain

o(a) = / Q.

implying that (2.2) and (2.3) are equivalent.
Now, since w is a group operation, we have

w(c, w(a, b)) = w(w(c,a), b);
differentiating the latter with respect to b, we get

dw(c,w(a, b)) dw(a, b) _ dw(w(c,a),b)
dw(a, b) b ab '

In particular, choosing ¢ = (w(a, b)) ™' = w(b™!, a™"), one obtains

dw(a, b) _ dw(w(w(a, b)™ ', a), b)

Q ,b =

(w(a, b)) 5b b
_ do(w(@® a™"),a),b)
B dw(a, b)
o w@, a),b)
N ab
_ dw(w (B!, e), b) _ dw (b1, b) — Q)

b ob
that is the relation (2.3), equivalent to (2.2). ([l

Remark 2.4 Lemma 2.1, in the case of one-parameter real Lie groups of transfor-
mations, allows us to assume, without loss of generality, the group operation as the
ordinary sum.
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Example 2.12 Consider the scaling group
Z=0+az, z€R, (2.4)

witha € § =] — 1, oo[, where the group operation is such that

w(a,b)=a+ b+ ab, al=— , e=0.
14+a
Itis ] b .
Qa) = w(a, b) _
8b (a=',a) 1+Cl
and

¢: S —> R, ¢(a) =log(l + a).
The function ¢ is such that

¢(w(a,b)) = p(a+ b+ ab) =log((1 +a)(1l+ b))
= log(1 + a) + log(1 + b) = ¢(a) + ¢ (D).

Therefore, setting @ = log(1 + a), the scaling group (2.4) can be written as
7 =exp(a)z, @ € R,

where the group operation is the ordinary sum.

Example 2.13 ([17]) Consider S =] — 1, 1[ with the group operation

2ab—a—b
w(a,b) = ———;
ab—1
with identity e = 0; the inverse
1 a
T 2a-—1

exists fora €] — %, %[. This is a classical example of a local Lie group. It is

dw(a, b) 1
Q(a) = )
b e (@—1)7?
whereupon
a a
) R, = d
¢: 85— ¢(a) /O G- T T,
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The function ¢ is the required group homomorphism because

b
+ = = 9@ + ().

—a 1

ab—1

2ab—a —b a
¢(w(a,b))=¢( >= 1

2.4 Infinitesimal Transformations

Consider a one-parameter (a) Lie group of transformations
7 =7(z;a) (2.5)

that, because of Lemma 2.1, we may assume to involve as a law of composition the
sum with identity e = 0. By expanding in powers of a around @ = 0, we get

9Z(z; a) a? 3*Z(z: a)

, 0Z.(z; a) 2
7 =72+a — +---=zZ4a + O(a”).
da a=0 2 da? a=0 a a=0
By setting
02.(z; a)
$(z) = ,
da a=0

the transformation
Z =2+ al(z)+ 0(@a?)

is called the infinitesimal transformation of the Lie group of transformations (2.5);
the components of ¢ (z) are called the infinitesimals (or infinitesimal generators) of
the group (2.5).

Lie first fundamental theorem shows that the infinitesimal transformation contains
the essential information for characterizing a one-parameter Lie group of transfor-
mations.

Theorem 2.1 (Lie first fundamental theorem) The Lie group of transformations (2.5)
is equivalent to the solution of the initial value problem for the system of first-order
differential equations (called Lie equations)

dz/ , ,
Ja - ¢(@), z(0)=z (2.6)
a

Proof 1f 7 = Z(z; a), taking into account that

Z(z;a+¢) =27 ¢),
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and expanding both sides in powers of ¢ around ¢ = 0, we get

0Z.(z; a) ) , dz’ )
Z(z;a+¢e)=2(z;a) +e—+ 0(") =2 +e— + O(e7),
da da
/ / aZ(Z/;S) 2 / / 2
Z(z;s):Z(z;O)—i—eT +0E)=2 +¢€&(@)+ O(e7),
e=0

where 7’ is given by (2.5).

Comparison of these expressions implies that z’ = Z(z; a) satisfies the initial
value problem (2.6).

Conversely, since the infinitesimals ¢ (z') and their first-order partial derivatives
are continuous, the Cauchy theorem for the initial value problem (2.6) implies that
the solution of (2.6) exists and is unique. This solution has to be (2.5). O

Theorem 2.1 means that the infinitesimal transformation is de facto equivalent to
the Lie group of transformations, and so justifies the term infinitesimal generator of
the group given to ¢ (z).

Example 2.14 Consider in R? the infinitesimal generator ¢ = (21, z2). The Lie
equations are

dz, _ ,
— =17, 7j(0) =z,
da 1 1( ) 1
dz, _ ,
=2, 2(0) = z2,
da 2 2( ) 2
whose integration yields
Zy =exp(@)z1, 25 = exp(a)za,

corresponding to the group of uniform scalings in the plane.

Example 2.15 Take in R? the infinitesimal generator { = (22, —z1). The Lie equa-
tions are

dz]
1 ’
Ta = 21(0) =z,
dz)
2 /
% = 1 2,2(0) = 22,
whose integration yields
7y =zicosa+zpsina,  z, = —zysina + zx cosa,

corresponding to the group of counterclockwise rotations in the plane.
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Example 2.16 Consider in R3 the infinitesimal generator ¢ = (2,0, 1). The Lie
equations are

dz)
T = 4O =1,
dz)
d_az =0, z0) =z,
dz)
To=1 %0 =2z,
whose integration gives
y=zu+azn, =22, B=2z3+a. .7

By interpreting z; as a space coordinate, z, as a time coordinate, and z3 as a velocity,
the one-parameter Lie group (2.7) characterizes the Galilean frame invariance in one
dimension (a is the velocity of one inertial frame with respect to the other one).

Example 2.17 Consider in R? the infinitesimal generator ¢ = (z%, z122). The inte-
gration of Lie equations,

dz, )
1 _ /. , ! 0 — ,
da 2 21( ) <1
dz) ,
e R /7 0) = ,
Ta 2125, 25(0) =2
yields
/ 21 / 22
= , = . 2.8
4 1—az; “ 1—azn (2.8)

Notice that transformations (2.8) become singular when 1 — az; = 0. Therefore,
they only make sense if defined in a neighborhood of a = 0. In such a case we have
a local Lie group of transformations.

2.5 Infinitesimal Generator and Invariance

The infinitesimal generator ¢ (z) (which is a vector field) of the one-parameter Lie
group of transformations (2.5) allows us to introduce the first-order differential oper-
ator (the symbol, according to Lie’s terminology)

0
0z,

0
E=§(Z)-V=§1(Z)a—zl+-~-+§n(z) (2.9)

which is called infinitesimal operator of the Lie group (with a slight abuse of lan-
guage, we can refer to it using again the term infinitesimal generator).
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For any differentiable function F(z) it is

oF

oF
E(F)=¢@)-VF = CI(Z)B— + o+ 8u(2)
21 0Zn

and, in particular,

E() =¢(@).

A one-parameter Lie group of transformations, which by Theorem 2.1 is equiva-
lent to its infinitesimal transformation, is also equivalent to the infinitesimal operator
Ein (2.9).

The following theorem shows that the use of the infinitesimal generator leads to
an algorithm for finding the formal solution of the initial value problem (2.6).

Theorem 2.2 The one-parameter Lie group of transformations (2.5) is equivalent

1
’ a2 ad ak
Z =exp(aB)(z) =z+aB(z) + —E(2) + -+ = Z — 2k @), (2.10)
2 £ k!

where the operator E is defined by (2.9), and Ek@z) =& (Ek’l(z)), in particular,
=0
=2°(z) = 7.

Proof Let us have
0

3z,

a
E=0@y+ 6@
<1

and 3 g
= — N ... N —
E Cl(Z)az/1 + +§n(Z)8Z',1,

where 2’ = Z(z; a), whose expansion in Taylor series around a = 0 yields

da , 39z, da

i=1

0z;

Z,_iak FZza)|  ~d dZ
— k! dak |, — k! da*|,_,
For any differentiable function F(z) it is
dF(Z) <~ 0F(2) dZ Z LOF@)
= t= ) i(2) =8 (F@));
i=1
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in particular, it follows

dz’
da

d*z d (d7 i o
= da () =5 ) =2°),

k]

1]

(),

whereupon
d*z .
=E"(z), keN
dak a=0
holds true, so that (2.10) follows. O

Henceforth, the Taylor series expansion around a = 0 of a function Z(z; a), which
defines a Lie group of transformations (2.5), is determined by the coefficient of its
O (a) term, i.e., by the infinitesimals ¢ (z).

Thus, one can find explicitly a one-parameter Lie group of transformations from
its infinitesimal transformation, by expressing the group in terms of a power series
(2.10), called Lie series.

The following corollary is an immediate consequence of Theorem 2.2.

Corollary 2.1 If F(z) is infinitely differentiable, then

F(z') = F (exp(aE)(z)) = exp(aE) (F(z)).
Proof
F(z) a* d*F(z)
da |, + 20 da? 40
2
— F(z)+a E(F(z)) + %EZ(F(Z)) T
=exp(aB) (F(z)).

) d
F@Z)=F@+a

O

Now, we can introduce the concept of invariance of a function with respect to a
Lie group of transformations, and prove the related invariance criterion.

Definition 2.12 (Invariant function) An infinitely differentiable function F(z) is
said an invariant function of the Lie group of transformations (2.5) if and only if the
condition

F(Z) = F(z)

holds true.
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If F(z) is an invariant function of (2.5), then it is simply called an invariant
of (2.5).

The invariance of a function is characterized in a very simple way by means of
the infinitesimal operator of the group, as shown in the following theorem.

Theorem 2.3 An infinitely differentiable function F(z) is invariant under (2.5) if
and only if
E (F(z)) =0.

Proof From Corollary 2.1, it follows:

© i
F(&) = F exp(a8)®) = exp(@®) (F@) = Y - (F@)
k=0
2
— F(2) + aE (F(@)) + %32 (F@)) + - -- 2.11)

Suppose F(z') = F(z). Then, (2.11) implies E (F(z)) = 0. Conversely, if
E (F(z)) = 0, then E* (F(z)) = 0 for all positive integers k, whence (2.11) implies
that F(z') = F(z). O

Remark 2.5 From a geometrical point of view, the condition E (F(z)) = ¢(z) -
V F = 0 means that the vector field ¢ (z) must be tangent to the surface F(z) = 0.

It can be defined also the invariance of a surface in R” with respect to a Lie group
of transformations.

Definition 2.13 (Invariant surface) A surface F(z) = 0, where F(z) is infinitely
differentiable, is said an invariant surface with respect to the one-parameter Lie
group (2.5) if F(z') = 0 when F(z) = 0.

As a consequence of Theorem 2.3, the following result immediately follows.
Theorem 2.4 A surface F(z) = 0 is invariant with respect to the group (2.5) if and

only if
E (F(z)) = 0when F(z) =0,

B (F(z) = A@)F(2)
for some smooth function (multiplier) A (z) nowhere vanishing.

Theorems 2.3 and 2.4 can be easily extended to functions with values in R” and
to general manifolds, respectively.
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Example 2.18 Given the infinitesimal operator of the rotation in the plane,

0 a
E=n— -,

971 022

]

the functions F(z1, z2) that are left invariant satisfy the condition

dF oF _,
228Zl Zlazz_ ,

whereupon F(z1, z2) = F(z3 + z3), as one expects.
Definition 2.14 (Invariant family of surfaces) The family of surfaces
F(z) =c, z e R”,

where the constant ¢ labels the different surfaces of the family, is an invariant family
of surfaces for a Lie group of transformations if

F(z') = ¢ when F(z) = c.
From this definition, it follows that
¢ =Cl(c;a).

Theorem 2.5 ([4]) A family of surfaces, F(z) = c, is an invariant family of surfaces
for the Lie group of transformations (2.5) if and only if

B (F) = x(F),

for some infinitely differentiable function x (F).

Proof Let F(z) = c be an invariant family of surfaces for the Lie group (2.5). Then,
expanding in power series around a = 0

F(z') = C(c; a),
we get
F() +aB(F@)+ 0@® =c+ax(c)+ 0@,
where x (¢) = E . So,
ac |,

E(F(z)) = x(F(z)).
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Conversely, suppose E (F) = x (F) for some differentiable function x (F). Then,
B2 (F(2)) = x'(F)x(F),and, in general, EX (F(z)) = xx(F),k > 0, forsome func-
tions xi (F). Consequently, if F(z) = c, then

(12

F(Z) = F(z) +aE (F(2)) + 532 (F@2)+ -

—F(z)+Z xk<F(z>>—c+Z—xk<c> Cleia)=c.
O

Two different types of invariant families of surfaces may be considered. The trivial
type is when each surface in the family is itself invariant. This type is characterized
by x (F) = 0. The nontrivial type is when no surface in the family is itself invariant,
i.e., each surface is mapped to a different one. In such a case, as the representation of
afamily of surfaces is not unique, and so G(F(z)) = G(c) for any invertible function
G characterizes the same family, then the invariance of the family is guaranteed by
the condition:

E(G(F(2)) = G'(F)E(F) = G'(F)x(F).

The choice G'(F) = 1/x (F) allows us to restate Theorem 2.5 for families where no
surface is itself invariant as follows.

Theorem 2.6 ([4]) A family of surfaces, F(z) = c, is an invariant family of surfaces
for the Lie group of transformations 7 = Z(z; a) if and only if

E(F)=1.
Example 2.19 Consider in R? the family of spherical surfaces
d4+B+d=c, c¢>0. (2.12)
The infinitesimal operators

N 9 L d 3 9 3
Sl =22, 215, S2=1Z

921 022

[x]
w

3— — 71—

921 18z3

73— — N

022 2 9073

’ ’

corresponding to the rotations in the planes z;z», 7123, and z,z3, respectively, leave
each surface in the family invariant; in fact, it is

E1(Z%+Z%+Z§)= Ez(Z%+Z%+Z§) = E3(z%+z§+z§)=0.

On the contrary, the infinitesimal operator
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corresponding to a uniform scaling of z;, z», and z3, maps a spherical surface into a
different one. In fact,

g (Z% + Z% + Z§)|zf+z§+z§=c = 2c,
and the associated finite transformation

7y =exp(a)zi, zh =exp(a)za, 23 = exp(a)zs,
maps the surface (2.12) into

I+ 7+ =expa)e = .
According to Theorem 2.6, we can write the surface in (2.12) as
1 1
Z(Zf +25+23) = 3
whence

=1.
@+3+3)/2o)=1/2

1
B (Z(Zf + z% + Z%))

2.6 Canonical Variables

Given in R” the one-parameter Lie group of transformations (2.5), let us make the
change of variables defined by the one-to-one and (at least) C! transformation

y=Y®@, y=0n....). (2.13)

If
T i=1 R

is the infinitesimal operator in terms of the coordinates z, the corresponding operator
in terms of y has a (possibly) different representation, say

5N
u—gé‘t(y)ayl

We should have the same group action, even if the infinitesimals have different
expressions, whence the following theorem is stated.
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Theorem 2.7 Given

"=§ (Z)B_z,

and the one-to-one and (at least) C' transformation (2.13), it is

"~ D
—;Q(y)a—yi,

(&SN

where N
Gi(y) =8 i), i=1,...,n.

Proof Let F(z) be a smooth function, and y = Y(z) (together with its inverse
z=Y"! (y)) a smooth transformation; we have

F(z) = F(Y ' (y)) = F(y).

Using the chain rule, it is

u<F<z)>—Z;, (FOY~'(v)) Z;, (Fy)

e[ IFMAy ) e, ) 0F W)
=313 ¢ e —Z(Eaazl)—

i=1 \ j=1 dy; j=1 dy;
. IFY) r 0F(Y) = ~

=D BON— == L= =E(FO),
j=1 9y, j=1 9y,

where

O

Definition 2.15 (Canonical variables) A change of coordinates (2.13) defines a set
of canonical coordinates (also called rectifying coordinates) for the one-parameter
Lie group of transformations (2.5) if, in terms of such coordinates, the group (2.5)
becomes

Y=y, i=1,...,n—1,

2.14
o =yn+a, @19

i.e., a translation of only one component, say the nth one.
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Theorem 2.8 For any Lie group of transformations (2.5) there exists a set of canon-
ical coordinates 'y = (y1(z), . .., ya(z)) such that (2.5) is equivalent to (2.14).

Proof From Theorem 2.3, we have
yi=y ifandonlyif E(y)=0, i=1,...,n—1,
and, from Theorem 2.7,
y, =y, +a ifandonlyif E(y,) =1.

Thus, the first-order linear partial differential equations

ay;i ay; :
a@2 b @2 =0, i=1,...n—1,  (2152)
321 BZn
ay”l ayn
L@ 4 L@ =1 (2.15b)
3Z1 3Zn

characterize the canonical variables. In fact, Eq. (2.15a) has n — 1 functionally inde-
pendent solutions: these solutions are the n — 1 essential constants appearing in the
general solution of the system of # first-order ordinary differential equations

dz

T =@ (2.16)

resulting from the characteristic equations of the system (2.15a) (because of the
autonomous form of the system (2.16), the nth constant is unessential). The nth
canonical variable is a particular solution of the nonhomogeneous first-order linear
partial differential equation (2.15b). O

Remark 2.6 In terms of the canonical coordinates, the infinitesimal operator of the
Lie group assumes its simplest form:

3
Ayn

o

Remark 2.7 Hereafter, to light the notation, we will remove the “tilde” in the nota-
tion used for the infinitesimal operator when a different set of variables (say, canon-
ical) is used.

Example 2.20 Take the Lie group in R? generated by
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The canonical variables (y;, y,) are such that

a1 a1
- 2
B = — =0,
() = Zla o + 212 2a =
92
) =32 b an— =1
(»2) 18 125
A possible choice is
21 1
yi=—, Yo =—,
22 22
so that the infinitesimal operator becomes
~ 0
(W] ay2 .

Example 2.21 Consider the Lie group in R? generated by

0 d 0
=az1— +Bn—+ )/23— a, B, y constants, y # 0.
971 022 023

The canonical variables (y;, y», ¥3) are such that

oy 0 0
E(n) = aZl— + ﬁml + VZ?ﬂ =0,
8 823
dys 3}’2 dy>
E(y2) —Olzl— + Bz 2— +yz— =0,
8 3Z3
dy3 3y3 dy3
E(y3) —0621— + Bz 2— +yzz— =1
071 073
A possible choice is
! o _ 1.
yl_Zg:T’ yz—wy }’3—; nzs;
so, the infinitesimal operator becomes
0

(1]

dy3
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2.7 Multi-Parameter Lie Groups of Transformations

A Lie group of transformations may depend on many parameters as well,

Z:MxS—> M,
z+— 7z =71(z; a), 2.17)
where M is an open connected domain of R*, a = (ay, ..., a,) € S, and S is an open
connected subset of R". Moreover, Z(z; a) is C*> with respect to z, and analytic with
respect to a.

Let the law of composition of parameters rendering S a group be denoted by

®(a,b) = (w(a,b),...,w.(a,b))

with identity e = (ey, ..., e,); alsoin thiscase w: § x S — §, as well as the inver-
sion of any element a € §, should be assumed analytic in their domain of definition.

The relations (2.17), for arbitrary choices of the components of a, characterize
r-parameter, or (r — v)-parameter transformations, the second situation being asso-
ciated to the existence of (r — v) functions A;(a), ..., A,_,(a) such that the function
Z depends on a through A (a), ..., A,_,(a). If v = 0, then we say that the parameters
(ai, ..., a,) are essential.

Let us suppose the existence of functions A;(a), ..., A,_,(a) (with0 < v < r),
consider a function ¢(a), and construct the Jacobian matrix

dp e
e
0A; 04,
S A
9A,_,  0A.,

with respect to r — v 4 1 arbitrarily chosen components of a (possibly relabeling
them to choose the first » — v + 1 components). Then, the condition det(J) =0
yields a linear partial differential equation for ¢,

r—v+1 9
> aa)-t =0,
Bak

k=1

which is a special case of the general equation:

r a(p
Zak(a)— =0. (2.18)
=1 aak
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This equation is obviously satisfied by ¢ = A;, ..., ¢ = A,_,; since any function
of Ay,..., A,_, is a solution, then Z, assumed to be function of Ay,..., A,_,,
is a solution. Choosing different groups of » — v 4 1 parameters, we have that if
the parameters ay, ..., a, are not all essential, then the function Z must satisfy to
some equations like (2.18). Vice versa, if the function Z satisfies some equation
like (2.18), then Z depends on the parameters ay, ..., a, through some functions
Ai(@), ..., A,—,(a). Thus, the following theorem remains proved.

Theorem 2.9 In the family of transformations z' = Z(z;a), the parameters
ai, ..., a, are essential if and only if the functions Z do not satisfy any equation

like
- 97
Zak(a)a— =0.
k=1 i

Example 2.22 Let z € R; the family of transformations

a1z +ax

Z, = Z(Z; a) = ajas — aras ;é 0;

9
asz +ay

characterizes a multi-parameter Lie group; moreover, the group operation is
w(a, b) = (a1b) + a3by, arby + asby, a1bs + azby, arbs + asby)

with identity element e = (1, 0, 0, 1), and inverse

ag —dp —das a)
aiay —a2a3’ a1a4—a2a3’ 61104—(12613, ajas — azas '

As it is identically
0Z a 0Z a 0Z a 0Z
a1(a)—— + —a(@)— + —ai @) — + —a @) — =0,
da; da, day; day

with «)(a) arbitrary, the parameters are not all essential. On the contrary, for the
family of transformations

Z+ay

/
(z:a) P

a=(a,a,a),

an equation like
aZ 0Z Z
aj(@)— +w@—+a@-—=0
da 1 3612 3613
cannot be satisfied whatever the functions «;(a), oz (a), @z(a) (not identically van-
ishing) are chosen. Thus, the three parameters are essential.
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When dealing with r-parameter Lie groups of transformations, we will implicitly
assume the r parameters to be essential.

Lemma 2.2 Let
7 =7Z(z;a)

be an r-parameter Lie group of transformations. Then the identity
Z(L(z;a); w(a ' a+e) =Z(z;a+e),

where €,a + & € S, holds true.

Proof

Z(Z(z;a); w@ ', a+¢)) = Z(z; w(a, w(@a ', a + ¢)))
=7z, »(w(a, a’l), a+e))
=7Z(z;w(e,a+¢e)) =7Z(z;a+¢).

Lemma 2.3 Let

w: SxS—> S,
(a,b) — w(a, b)

be a binary analytic operation rendering an open connected domain S C R” a group.
For a € S and & small enough (in norm) such thata + € € S, it is

w@ ' ate)=e+Q@e+0(le]?)),
where Q () is the r X r matrix with entries

dwy(p, q)

Q%(a) = .
B
g5 (p.9)=(a"',2)

Proof Straightforward, by expanding in power series,

w@ ' ate)
=w@ ' a)+ V@, O o o0 €+ O (lel’)
=e+Q@e+ 0 (lel?),

0 0
where Vg = —,..., — ). [l
aql aQr
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Definition 2.16 (Generators of an r-parameter Lie group) Let

7 =7Z(z;a)
be an r-parameter Lie group of transformations. The vectors

e = EED

0ay  |a—e

are the generators of the r-parameter Lie group. These generators may be collected
in the r x n infinitesimal matrix

S
x@=\|:
é‘rl--'é‘rn

We associate to each generator the differential operator

[I]

() V = an,(z)— a=1,...,r

Finally, let V,Z(z; a) =
Ay
The following theorem is the Lie first fundamental theorem for r-parameter Lie

groups.

Theorem 2.10 (Lie first fundamental theorem) The r-parameter Lie group of trans-

formations
7 =7(z;a) (2.19)

is the solution of the initial value problem for the system of n - r first-order partial
differential equations (in some neighborhood of a = e):

9z _\ g .
” =Y 4i@)Q@. i=1....na=1...r
o y=1
z(e)=z, i=1,...,n,
or, in compact form,

Vaz = x (@)Qa),

7' (e) = z.



2.7 Multi-Parameter Lie Groups of Transformations 45
Proof Due to Lemma 2.2, it is
Z(Z(z;a); 0@ ', a+e)) =Zz a+e).

Let us expand both sides in Taylor series around ¢ = 0, and take into account
Lemma 2.3:
Z(Z(z;a); w@a ' a+e)) =Z(Z(z; a); e+ Q@)e + O (|le]?))
=Z(Z;e+Q@e + 0 (lle]?))
=Z(z;e) + Vi Z(Z;a)|,_ Q@e+ 0 (lel?)
=7+ x"@)Q@e + 0 (lel’),
Z(z;a+¢) =Z(z;a) + Vo, Z(z; a)e + O (|e]?)
=7+ (Vaz)e + 0 (lel?);

s0, (2.19) satisfies the differential equations:

Vaz = xT(@)Q(a). (2.20)

This is a set of n - r partial differential equations to be integrated with the initial
condition z'(e) = z. O

This means that also for r-parameter Lie groups of transformations the infinites-
imal version contains all the information of the group.

Remark 2.8 Evaluating (2.20) for a = e, it follows that €2(e) is the » x r identity
matrix.

Example 2.23 The two-parameter family of transformations

7y = exp(ai)zi + az,

221
75 = exp(2ay)za, (221

with the law of composition
(wi(a,b), w2(a, b)) = (a1 + by, exp(b1)az + by),

defines a two-parameter Lie group of transformations with z| = z;, z; = z, when

a=(0,0).
Since 8! 8!
Z b4
_1 =121, 2 = 2Z27
3“} a=(0,0) 8a/1 a=(0,0)
9z _, = ~0
942 |a(0,0) 942 |a(0,0)
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the infinitesimal matrix is given by

and the corresponding infinitesimal operators of (2.21) are

B1 = 21 + 22—
o) =21 8Z1 Zzazz’

Moreover, it is

According to Theorem 2.10, the group (2.21) can be recovered by solving the initial
value problem for the system of partial differential equations

’ /
3Z1 aZz

= - , —— = 2 ! y
8@1 “ = 3611 “
das da

with the initial condition

Z/l(os 0) =21, ZIZ(O’ O) = 22.

Remark 2.9 The r-parameter Lie group of transformations (2.17) can be recovered
also integrating the (ordinary) Lie equations corresponding to each of the infinitesi-
mal operators &, ..., E,, and then making their composition

.
7z = 1_[ exp (aqy Bq) Z.

a=1

As far as Example 2.23 is concerned, we have

exp(a; E1)z = (exp(ay)z1, exp(2a;)z2),

exp(a282)z = (21 + az, 22),
and we have the two-parameter Lie group

z’ = exp(a; B)) exp(a2 E2)z = (exp(a))z1 + a2, exp(2a;)z2). (2.22)
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Changing the order of the one-parameter Lie groups in the composition, we have the
same Lie group, though its form may appear different. In fact,

z' = exp(ay Bs) exp(a1 E1z = (exp(a1)(z1 + a2), exp(2a;)z2)
is not essentially different from (2.22).

Remark 2.10 The one-parameter (a) Lie group of transformations

,
7 = exp(aB)z = exp (a E Og Ea> z,
a=1

obtained by exponentiating the infinitesimal generator

r N 9
E = E UaEa = E é‘](z)a_v
a1 - Zj

where o1, ..., o, are fixed real constants, and
(@) =) 0ulej@, j=1,...,N
defines a one-parameter (a) subgroup of the r-parameter Lie group of transforma-

tions.

For the infinitesimal operators of an r-parameter Lie group, a new operation can
be defined (Lie bracket) in such a way they gain the structure of a Lie algebra (see
also Chap. 3).

2.8 Lie Brackets

Definition 2.17 (Lie bracket) Let G be an r-parameter Lie group of transformations
along with the associated infinitesimal operators 8, (u = 1, ..., r). The Lie bracket
(or commutator) of two operators E, and &, is

<

~ m 1= =
Eu By|=E,E

= ;,u(z> Zg,(z) —cm(z> ZMz)
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Proposition 2.1 The Lie bracket of two first-order differential operators is still a
first-order differential operator:

where
n

o~ a Vi 3 L
r;i(z):Z(g]() Gi®) (Z)>

j=1 4

Proof Straightforward. (]

Proposition 2.2 The Lie bracket is skew-symmetric, say
(B, Byl =—[Ey, Byl
and bilinear, say
[Ex, ¢E, + BEL] = a[Ey, E,] + BLE;, B,
where o, f € R.

Proof Both properties follow from the definition. (]

Theorem 2.11 (Lie second fundamental theorem) The commutator of any two
infinitesimal operators of an r-parameter Lie group of transformations is an infinites-
imal operator of the r-parameter Lie group, say

g, = ch" wov=1,...,r (2.23)

where the constant coefficients Cﬁu are called structure constants.

Proof The proof follows immediately from the integrability conditions

9%z, 9%

da,da, da,da,’

i=1,...n, p,v=1,...,r

In fact, using (2.20) and the Einstein convention of sums over repeated indices, it is
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027! 9 , 8¢,i(z) 0 Glole
T ; QP ,01 Qp ;
da,a,  da, (6@ @) = = Z aaﬂ 8@ 4

8C,i(2) N Q20
= 97, 0 @), + ¢ (2 3 u’
3%z, d o 35 (z) 0 IRk
i — ; Q 4 ] QA. ;
tavar, ~ a, G1O%@) == 2 da, O @5
08 (z) , ile%
= 02, 8o (@)QUQ + £(@) 5 :‘
whereupon
LS ,(z) ac z(z) (0% 0k
0 () =57 = 5y (@)= Q=0 (55— o] 229)
J J a, day,
Finally, evaluating (2.24) for a = e, we have
0¢,i(2) 3§ i(2)
<§m( ) - {v;( ) = {AZ(Z)
zj zj
where .
cr = (aQ/L . 3Qﬁ>
Y
da, day e
are suitable constants. O

Theorem 2.12 (Jacobi identity) For any three operators of an r-parameter Lie
group, the Jacobi identity is satisfied, i.e.:

[0, [Ew B]] + [Ew. [Eh, Bx]] + [E0. [E5, EL]] = 0.

Proof
- = - o= - o=
[\:‘)u [C‘M7 C‘u]] = [‘:‘)u Sy T gy ‘:‘ﬂ]
- = - = - = o - = =
=8, 8,8, — &8, 8, &8, — 8,8, 8 + &, &8, &,
- - = e - = o = o
=& Hy 8y — 8y By &y — 8, 8+ B, 8, )
oo oo oo oo
+uuuA L‘U_L‘Mu)»‘-‘v—i_‘-‘v (=) S T Sy (=) S
- = - = - = - =y
:_c‘u(dv C‘)L_\:‘)\Clv)'i_(av QA._C‘A.QU)EM
—-&8,(E, B, - E,B)+ (B, B, —E,E)E
—p =) =" uﬂu)\ ) =" uﬂu)\ —y
=—[2,[E8, 81 -[E g, R
- s L=y, S Sy | =L M
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Theorem 2.13 (Lie third fundamental theorem) The structure constants defined by
the commutation relations (2.23) satisfy the relations

ch, =—Ct

v
r

Z (CSAC;;O + CZVC){JQ + Cf/,LC;j)Q) =0.

0=1
Proof These relations follow immediately from the antisymmetry of Lie brackets,
and Jacobi identity. ]

Some properties of Lie brackets are very important and will be used in other parts
of this book.

Theorem 2.14 The Lie bracket of two operators is invariant in form with respect to
any invertible change of variables.

Proof Lety = Y(z) be a change of variables. It is
n n n
a dy; \ 0
”_gg“'azi’ ”_Z(zg’”az)ayj’
n 8 a
v—ggvza_mv —Z(Z >3yj.

Hence, using the convention of sums over repeated indices,

~ =1 (> 8Euk ~ 3§Mk) el
[‘-‘w “V] - <§w 3yj §J 8yj Ay

dy; ayk> 0 < 8yk>> 0
é-p,t 32, 3y, (gvl Z {w aZz ay] ;MZ aZe 3yk

ayj 08Cve 0z OYk 8y/ agué 0z BJ’k> i
"8z 3z dy; dze " dzi dzm dy; 020 ) Ik
“Ozm " 0zw ) dy; 0z 3z¢ ) Ik

9L, ] ] )

<§m’ﬂ — Gui _§,w) Omi yk)

0Zm 0 az@ Vi

B ) D)
8Zi aZl

[x]
o

(]
[I] i

0z¢ ) Oyk
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This theorem means that the structure constants do not change under a coordinate
transformation.

Itis convenient to display the commutators of a Lie algebra through its commutator
table, whose (1, v)th entry is [E,,, E,]: the commutator table is a skew-symmetric

matrix. Moreover, the structure constants are easily deduced from the commutator
table.

Example 2.24 (Group of rigid motions in R*) The group of rigid motions in R?

preserves distances between any two points in R? and it is the three-parameter Lie
group of transformations of rotations and translations in R? given by

7y =z1cosa; + z2sina; + az,
7y = — zysina; + zz cosay + az.

The corresponding infinitesimal operators are

d d
Bl =22— — 21— By =— 83 = —, (2.25)
8Z1

and the commutator table of the associated Lie algebra is

| 81 B2 &3
2] 0 &5 -5,
g|—83 0 O
= 8 0 0

Example 2.25 (Similitude group in R*) The similitude group in R? consists of

uniform scalings and rigid motions in R2. It is the four-parameter Lie group of
transformations in R? given by

Z) =exp(as)(zi cosar + zpsinay) + az,

75 =exp(ag)(—z; sina; + zz cosay) + as.

The infinitesimal operators are E;, E,, 83 of (2.25) and

- a n d

Sy =217 T2

0z1 022

The corresponding commutator table is

| Ei E, E; Es

il 0 B3z —=&E, 0

E)l—83 0 0 &,

E3l8 0 0 Ej

E4) 0 =B —-E3 0
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Finally, the following result can be proved.

Theorem 2.15 If a regularly assigned manifold F (z) = 0O is invariant with respect
to the operators 8, and B, then it is invariant with respect to their commutator

[Eu, BV

Proof Since the manifold F(z) = 0 is invariant with respect to the Lie groups gen-
erated by E, and B, it is

E.(F(2) = A (2)F(2),
E,(F(z)) = A, (2)F(2),

where A, (z) and A, (z) are suitable Lagrange multipliers. Then,

[a]

[E1, Bv] (F(2) = BLE(F(2)) — BJE . (F(2)

w(Dy (@) F(2) — E,(Au(2)F(2)
= Eu(Av(@)F(2) + Av(2) B (F (2)
— Ev(Au(2) F(z) — Ap(z) B, (F(2)

(Bu(Av(@) — Eu(Au(2))) F(2) = A@)F ().

[x]

So, the manifold F(z) = 0 is invariant with respect to [E,,, &, ]. O
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Chapter 3
Lie Algebras

3.1 Lie Algebras

f')

Check for
updates

Lie groups are intimately connected to Lie algebras [8, 10-13, 20-22], yielding a
linearized framework to study the local properties of Lie groups. In this chapter, we
introduce the first basic notions about Lie algebras. As it will become soon clear,
the algebraic structure of the Lie symmetries of differential equations plays a crucial
role both for obtaining exact solutions, deriving first integrals or conservation laws,
classifying differential equations, transforming to suitable equivalent form, as well

as implementing numerical schemes [9, 17].

Definition 3.1 (Field) A field K is a nonempty set endowed with two operations

(addition and multiplication), (K, 4+, -), satisfying the axioms:

1. the two operations are associative and commutative;
2. there exist two distinct elements (0 and 1) such that

a+0=a, a-1=a, Vack;
3. there exists the additive inverse,
Va € K, 3—a € Ksuch thata 4+ (—a) = 0;
4. there exists the multiplicative inverse,
VaeK, a#0, 3a~! €e Ksuchthata -a~' =1;
5. multiplication distributes over addition,

Ya,b,ceK, a-(b+c)=a-b+a-c.
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Thus, a field K is an Abelian group with respect to the addition with identity O,
K\ {0} is an Abelian group with respect to the multiplication with identity 1, and the
distributive property of multiplication over addition holds.

Definition 3.2 (Characteristic of a field) The characteristic of a field indicates
whether the sum of the multiplicative identity added to itself a finite number of
times produces the additive identity. This characteristic is O or a prime number.

Definition 3.3 (Vector space) A vector space V over a field K is a nonempty set of
elements (vectors) endowed with two operations, vector addition between vectors
producing a vector, and scalar multiplication between an element of K (scalar) and
a vector producing a vector, satisfying the axioms:

1. closure properties,
Ya,veV, u+velV,;
VacK,VueV, aueV;

2. vector addition is associative and commutative;

there exists a zero vector, 0, such that u + 0 = u, for any vectoru € V;

4. for any vector u € V, there exists an additive inverse (—u) € V such that u +
(—u) =0;

5. for any vector u € V, lu = u, where 1 is the multiplicative identity of the field
K;

6. for any scalars a, b € K, and any vectoru € V, a(bu) = (a - b)u;

7. for any scalars a, b € K, and any vectoru € V, (a + b)u = au + bu;

8. for any scalar a € K, and any vectorsu,v € V,a(u+v) = au + av.

w

Definition 3.4 (Basis and dimension of a vector space) Let V be a vector space over

the field K. A set of vectors {uy, ..., u,} is linearly independent if
auy +auy +--- +au, =0, agekK,i=1,...,n,
holdsonly whena; = a, = --- = a, = 0. Abasisof V isaset of linearly independent

vectors that span the entire vector space, i.e., any vector in V can be written as a
unique linear combination of the vectors of the basis. The cardinality of the basis is
the dimension of the vector space.

Definition 3.5 (Lie algebra) Let K be a field. A Lie algebra I over K is a vector
space over K equipped with a bilinear map (Lie bracket),

[,-]:LxL—L,
(x,y) = [x,y],
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satisfying the following properties:

[x,x] =0, Vx €L, (3.1a)
[x, [y, 2]+ [y, [z, x]] + [z, [x, y]] =0, Vx,y,z € L, (3.1b)

the relation (3.1b) being the so-called Jacobi identity.

Due to the bilinearity of the Lie bracket and to (3.1a), it is

O=kx+y,x+yl=xxI+[xyl+ 1y, x]+ [,y =[x, y] + [y, x],

whereupon
[x, yI=—[y,x], Vx,ye€lL, (3.2

so that the Lie bracket is skew-symmetric. Moreover, if K does not have characteristic
2, Eq.(3.2) implies (3.1a); to prove this, it is sufficient to choose y = x in (3.2).
The following properties are easily proved:

1. [x,0]=0=1[0,x],forallx € L;
2. if [x, y] # 0, then x, y € L are linearly independent over K.

The dimension of a Lie algebra L is its dimension as a vector space; if it has finite
dimension r, then the notation L, will be used.

Definition 3.6 (Abelian Lie algebra) A Lie algebra L is Abelian if

[x,y]=0, Vx,yel.

Definition 3.7 (Lie subalgebra) Given a Lie algebra I, a Lie subalgebra of LL is a
vector space I C L such that [x, y] € L' forall x, y € L.

Example 3.1 Let R? be the Euclidean three-dimensional vector space. For any

X,y € R3, x = (x1, X2, X3), y = (1, y2, ¥3), we can define the vector product

XAY = (X2y3 — X3Y2, X3Y1 — X1Y3, X1 Y2 — X21).

We have a three-dimensional Lie algebra:

. XAy=—-yAX;
2. (ax+By)Az=a(xAz)+ B(yAZ);
3.XAYAZD)H+ZAXAY)+YA(EZAX)=0.

Example 3.2 If V is a vector space over the field K, the set of all linear maps from
V to V is again a vector space over K, denoted by GL(V).
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The vector space GL(V') becomes a Lie algebra, denoted by gl(V) and known as
general linear algebra, with the Lie bracket

[x,y]:=xo0oy—youx, Vx,y € gl(V),

where o denotes the composition of maps.
There is a matrix version for the general linear algebra gl(V'): the vector space
GL(n; K) of all n x n matrices over K with the Lie bracket

[x, y] :=xy — yx,
where xy is the usual matrix product of x and y.

Example 3.3 Let sl(n; K) be the subset of gl(n; K) of the traceless matrices. For
arbitrary traceless matrices x and y, xy is traceless, so sl(n; K) is a subalgebra of
gl(n; K).

Example 3.4 The Lie algebra t(m; K) of diagonal matrices in gl(n; K) equipped
with the Lie bracket of gl(n; K) is an Abelian subalgebra of gl(n; K).

Example 3.5 Let b(n; K) be the subspace of upper-triangular matrices in gl(n; K)
equipped with the Lie bracket of gl(n; K), it becomes a Lie algebra.

Example 3.6 (Hamiltonian matrix) Let m = 2n; a matrix A of order 2n is said
Hamiltonian if
ATJ +JA =0,

J= on - In
i 00 )’
0, and |, being the null and identity matrix of order n, respectively.
It is immediate to prove that the following statements are equivalent:

where

1. Ais a Hamiltonian matrix;
2. A =JS, S being a symmetric matrix;
3. JAis symmetric.

Moreover, J is trivially Hamiltonian as
J7J +Jdd =1y, — |, = 0y,.

The set of Hamiltonian matrices is a vector subspace of the vector space GL(2n; R).
Moreover, it is also closed with respect to the Lie bracket: if A;, Ap are Hamiltonian
matrices, then A; = JS;, A; = JS; (S;, S; symmetric matrices), whence

[A, Al = AlA; — A A = JS1JS; — US,dS) = J(S1JS; — S,JS)),
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where

(S1JS, — S,JS)T = (S,JS; — S,JS)).

So, the set of Hamiltonian matrices of order 2n is a Lie algebra, usually denoted as
sp(n; R), and is a subalgebra of gl(m; R). Because of the constraints imposed by the
definition of Hamiltonian matrices, the dimension of this Lie algebra is (2n> + n).
For n = 1, Hamiltonian matrices are traceless, so that sp(1; R) = sl(2; R).

The Lie algebra sp(n; R) is the one corresponding to the Lie group SP(n; R)
of symplectic matrices defined in Example 2.7. It is simple to prove that, if A is a

Hamiltonian matrix of order 2n, the matrix exp(Az) is symplectic. Conversely, if

. . . . dA@®)
A(t) is a time-dependent symplectic matrix of order 2n, then the matrix

=0
is Hamiltonian. For this reason, Hamiltonian matrices are also called infinitesimal

symplectic matrices.

Example 3.7 (Fermionic operators) Let H be a Hilbert space and consider n linear
operators (by, ..., Db,) acting on H, and satisfying the canonical anticommutation
relations (CAR)

{aja}=6ul. faj. a}={(al.aj} =0, (33)

for all j,k=1,...,n, where {U, V} = UV + VU is the anticommutator, §;; is the
Kronecker delta, | is the identity operator in H, and aj is the adjoint (transpose and

conjugate complex) of ;. In quantum field theory, b; and b; are known as fermionic
creation and annihilation operators, respectively. The set

{ajak: jk= ln}

is a Lie algebra. In fact, using (3.3),

. : .
[ala,. aja,] = ala,aja, —aja,aja

=al (8kgl - a}ak) a, —a, (a,-ml - a;am) a
= 8eala, — 8jmajay.

Example 3.8 (Bosonic ladder operators) Let H be a Hilbert space and consider n
linear operators (b1, . .., b,) acting on H, and satisfying the canonical commutation
relations (CCR)

[bj,bj1=8;l,  [bj, bl =1[bl,bj]1=0, (34

forall j,k =1, ..., n,where[U, V] = UV — VUis the commutator, § ;; the Kronecker
delta, | the identity operator in H], and b; is the adjoint (transpose and conjugate
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complex) of b;. In quantum field theory, bj and b; are known as bosonic creation
and annihilation operators, respectively.
The operators

{bjbk: J k= 1n}
form a Lie algebra. In fact, using (3.4),
[biby. bb,,] = bibibib,, — bjb,blby
= b} (8l +bbe ) by — b} (801 + b1y, ) by
= 8xbiby — 8jmbiby.

Remark 3.1 Ladder operators (either fermionic or bosonic) play a central role in
quantum field theory. Bosons and fermions are the two classes of ladders which
are likely the most known since the beginning of quantum mechanics, the reason
being that they describe interactions between particles (the bosons), and the particles
themselves (the fermions). We could think of photons and electrons, just to give two
concrete examples of bosons and fermions, respectively. Besides quantum mechanics
[15], ladder operators, and the number representation, in the last 15 years revealed
useful also in the modelization of classical macroscopic systems [4—6]. Ladder oper-
ators generalizing fermions and bosons are the quons. They satisfy the g-mutation
relations

[c;.cily =8ul.  [cj. ey =I[c).cll, =0,

where —1 < ¢ < 1, [U, V], = UV — gVU is the g-mutator. It is easy to ascertain that
the operators

{c}ck:j,kzl,...,n}

built of quonic operators do not form a Lie algebra unless ¢ = —1 (fermions) or
q = 1 (bosons).

Definition 3.8 (Ideal of a Lie algebra) An ideal of a Lie algebra L is a subspace J
of L such that
[x,ylel, Vx e J, Vy e L.

As an example, sl(n; K) is an ideal of gl(n; K).

Ideals in a Lie algebra theory play a role similar to that of normal subgroups in
group theory, and two-sided ideals in ring theory. In fact, because the Lie bracket is
skew-symmetric, there is no need to distinguish between left and right ideals as in
the case of non-commutative rings.

The Lie algebra L and {0} are ideals of L, called the trivial ideals of L. Any ideal
different from L is called a proper ideal.
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Remark 3.2 From the definition, it follows that an ideal is also a subalgebra, but
the converse is not necessarily true. For example, b(2; R) is a subalgebra of gl(2; R)
but not an ideal. In fact, taking

00 11
<1 0) € gl(2; R), <0 2) € b(2; R),

[(i) 8) ((1) é)} = (j (1)) ¢ b(2; R).

It is possible to introduce some operations to construct new ideals from two given
ideals I and J of a Lie algebra L. First, we observe that I N J is an ideal of L. In
fact, 1 N J is a vector subspace of L, and for x € L and y € IN J, we have [x, y] € 1
since [ is an ideal, and similarly [x, y] € J. Hence, [x, y] e IN J.

The union of ideals, however, is not generally an ideal. Anyway, the following
result holds true.

it is

Proposition 3.1 Let IL be a Lie algebra, and let 1 and J be ideals of . Then
I+J={x+y:xel,yel}

is an ideal.

Proof As 1+ J is a vector subspace of L, let us show that it is an ideal. Let x € L
and z € [ + J. Then there exist y; € [ and y, € J such that z = y; + y,. Thus:

x,zZl=[x, 1+l =[x, 1]+ [x, ] €l+].
The ideal I + J is called the sum of the two ideals I and J.

3.2 Center and Derived Algebras

We can define another operation between ideals: given two ideals I and J of a Lie
algebra LL over the field K, we denote by [L, J] the set

[LI1= 1> alxi,yil: i €K, x; €1,y € J,n € N,

i=1

which is called the product of the ideals I and J.
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Proposition 3.2 Let L be a Lie algebra over K, and let 1 and ] be ideals of L. Then
[L, J] is an ideal.

Proof Clearly, [I, J] is a vector subspace of L. Let x € L and z € [I, J]. Then there
existay,...,0, € K, xy,...,x, € ,and yy, ..., y, € J such that

n
z= Zai[xiv vil.
i—1

Itis
[x.2] = [x, Za,»[x,-,y,-]] = ailx. [xi. il
i=1 i=1
=Y o (=lxi, [yi, x11 = [y, [x, 1))
i=1
=Y o (=lxi, [y, <11+ [Ix, i, yi]) € [, 71,
i=1
because x; € I, [y;, x] € J, [x,x;] € ,and y; € J foreachi =1, ..., n. [l

From this proposition, it follows that [, L] is an ideal of L; so, we can give the
following definition.

Definition 3.9 (Derived algebra) Let L be a Lie algebra. The ideal LV = [L, L] is
called the derived algebra of L.

Given a Lie algebra I and a subset S C I, we can define the set of elements of IL
that commute with all elements of S:

Zp(S) ={x e L: [x,s] =0 forevery s € S}.

The set Z,(S) is called the centralizer of S in L. It is easy to verify that Zp (S) is a
subalgebra of IL. Given x, y € Z1(S) and s € S, the Jacobi identity yields

(lx, yl, 81 = —I[ly, s]. x] = [[s, x], y] = [0, x] — [0, y] =0,

whence [x, y] € Zg(S).

Definition 3.10 (Center of a Lie algebra) Let L be a Lie algebra. The set of elements
of L that commute with all elements of L, say

ZIL) ={xeL: [x,y]=0Vy e L},

is called the center of L.
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Proposition 3.3 Let IL be a Lie algebra. L is Abelian if and only if Z(LL) = L.

Proof If L is an Abelian Lie algebra, for any x € IL, we have [x, y] = 0 for every
y €L, so x € Z(IL) and thus L = Z(IL). Conversely, if . = Z(IL), then [x, y] =0
forall x, y € L, i.e., L is Abelian. O

Note that the center of I is the centralizer of L itself, i.e., Z(IL) = Zy (IL). The
following property holds.

Proposition 3.4 Let IL be a Lie algebra over a field K. Then Z(L) is an ideal.

Proof Z(LL) is a vector subspace of IL: taking o, 8 € K, x, y € Z(L), and z € L, it
is
[ax + By, z]l = alx, z] + Bly, z] = 0,

so that ax + By € Z(L). Moreover, let x € L and y € Z(L), for any z € L; using
the Jacobi identity, we have

([x, y], z] = =y, z], x] = [[z, x], y] = —[0,x] =0 =0,
ie., [x, y] € Z(L). O

Given a vector space V and a subspace W C V, it is known that we can construct
the quotient vector space V/W. Let us now define the quotient Lie algebra.

Let L be a Lie algebra over K, and let I be an ideal of .. We know that I is a
particular subspace of IL; so, we can consider the quotient space IL/I.

Theorem 3.1 (Quotient Lie algebra) Let 1L be a Lie algebra over K, and let I be an
ideal of . On 1L/, let us define the bracket

[-,-]:L/Ix L/T - L/I
x+Ly+D—>[x+Ly+1]=[x,y]+1L

The vector space /1 is a Lie algebra called quotient Lie algebra (or factor Lie
algebra) over K.

Proof The Lie bracketis well defined. Forx, y € L,itis[x + I,y + 1] = [x, y] + L.
Letx’,y € Lsuchthatx +1=x"+1Tand y +1 =y’ + I. We need to show that

x+Ly+N=x+Ly +1] < [x,y]-[x,y]el

Since x is equivalent to x’, there exists z; € I such that x = x’ 4 z;. Similarly, there
exists z, € I such that y = y" + z,. Then

oyl =, y1="4+z1,y + 2] — [, Y1 =[x, 22l + [z1, Y] + [z1, 22] € L.
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The Lie bracket is bilinear. We prove linearity in the first argument. Let o, 8 € K
and x, y, z € L. We have

[ox+D+ By +D,z+1] =[(ax +1) + (By + 1),z +1]
= [(ax + By) + L,z +1]
=[ax+ By, z]+1
= (alx,z]1+ Bly, zD) +1
=a(lx,z1+ D+ By, z1+D
=ax+Lz+0+B8ly+1Lz+1].

Moreover, [-, -] is skew-symmetric and satisfies Jacobi identity. Let x, y € L,
[X‘HL)"HI] = [X’Y]‘HI: _[yrx]+]l= _[)"HLX‘HI]
Finally,

+Ly+Lz4+IM+h+Lz+Lx+I+z+Lx+1Ly+1]]
=kx+Ly,z2]1+0+y+Lz,x]+0+[z+1[x, y]+1]
= ([x, [y, 2l + D + (Iy, [z, x]1 + D) + ([z, [x, y]I + D)
= ([x, [y, 2]l + [y, [z, x]] + [z, [x, y]D) + I
=04+1I=1

3.3 Solvable, Nilpotent, Simple, and Semisimple Lie
Algebras

The ideals constitute an important ingredient for classifying Lie algebras. Previously,
we introduced a special ideal of a Lie algebra L known as the derived algebra:
LM =[L,L]. The following lemma holds.

Lemma 3.1 Let L be a Lie algebra and 1 C L an ideal. Then the quotient /1 is
Abelian if and only if I contains the derived algebra L.

Proof The quotient /I is Abelian if and only if for every x, y € L. we have
x+Ly+I=[xyl+I=1

i.e., forevery x, y € L, we have [x, y] € L. This holds if and only if L' C I, because
I is a vector subspace of IL, and L{!) is generated by the set {[x, y]: x,y e L}. O
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This lemma says that the derived algebra (! is the smallest ideal of L such that
the quotient /L) is Abelian. By a similar reasoning, we can say that the derived
algebra of L"), denoted by L, is the smallest ideal of L") such that the quotient
LM /L® is Abelian, and so on. Thus, we can define the derived series of L as follows.

Definition 3.11 (Derived series of a Lie algebra) Let L be a Lie algebra. Consider
the ideals

LO=L, L®=[L,L], ..., L®=[L*&D L&D,

The sequence L. O L™V D L@ O ... is called the derived series of L.

This notion is useful to define solvable algebras.

Definition 3.12 (Solvable Lie algebra) A Lie algebra L is said to be solvable if there
exists a finite positive integer m such that L™ = {0}.

It is easily recognized that an Abelian Lie algebra is solvable. The reason of
the attribute “solvable” (coined by Sophus Lie himself) to these algebras relies on
their remarkable property of allowing the multiple order reduction of an ordinary
differential equation.

If L is solvable, then the derived series of L. gives an approximation of L via a
finite sequence of ideals whose quotients are Abelian. The converse also holds.

Lemma 3.2 Let L be a Lie algebra, and let 1y, 1, ..., L,, withm € N, be ideals of
L such that
L:]IOQHI 22]1;/”71 Q]Im ={O}7

and the quotients I_, /1y are Abelian for every 1 < k < m. Then LL is solvable.

Proof We will show that L = {0}. By hypothesis, the quotient L./I; is Abelian,
so using Lemma 3.1, we have L C ;. Suppose this inclusion holds for k — 1, i.e.,
L&D cTI,_,, and prove it for k. By assumption, the quotient I;_; /I; is Abelian,
so by Lemma 3.1, we have [I;_;, I;_;] € I;. By the inductive hypothesis, we have
L&D cC I,_4, so that

L® = LD LY € Moy, L] € L,
and the claim remains proved. (]
Theorem 3.2 For any r-dimensional solvable Lie algebra 1L,, there exists a chain
L, OL._1D...DL

of subalgebras of dimensions r,r — 1, ..., 1, respectively, such that L is an ideal
of Lypy fors =1,...,r — 1.
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Proof Let L™ = {0}, and letm (0 < m < 0o) be the smallest positive integer such
that L™ = {0}. It follows that L~V is Abelian or one-dimensional.

Let us show the existence of a chain of ideals of dimensions from 1 to r. If L~
is k-dimensional (1 < k < r), we can easily construct (in many ways) a complete
chain of ideals I.; of dimension j (1 < j < k). So, we have the chain

L, oLY. . oL" D51, >...L.

If this is not the required complete chain of ideals (in the sense that the length of
the subchain L, D L&V ... D LY is less than r — k + 1), then we may fill the
gaps constructing the intermediate ideals. This is done by taking into account that
adding an element of LY to LYY produces an ideal one dimension higher than

dim(ILﬁj - ). We have to continue this procedure until all the gaps in the chain of
ideals are filled. ]

Two-dimensional Lie algebras are solvable, as stated by the following theorem.
Theorem 3.3 Every two-dimensional Lie algebra is solvable.

Proof Given the basis {x;, x,} of a two-dimensional Lie algebra, two cases may
arise:

1. [x1, x2] = 0, whence the Lie algebra is Abelian and trivially solvable;
2. [x1, x2] # 0: in this case the Lie bracket gives an element of the vector space
spanned by x; and x,, say

[x1, x2] = ax; + bxy,

for some constants a and b not both vanishing; if ab = 0 all is ok; if ab # 0, we
choose as basis

~ ~ 1
{x1, x2} = {axl + bx», sz},

so that
[X1, %21 = X).

Another important class of Lie algebras is that of nilpotent Lie algebras.

Definition 3.13 (Central descending series) Let IL be a Lie algebra. Consider the
ideals

=1L, L'=L®, L2=[L,L"], ..., L‘=[L,LF1,

The sequence L D L' D L% D .- is called the central descending series.
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Definition 3.14 (Nilpotent Lie algebra) A Lie algebra L is said to be nilpotent if
there exists a finite positive integer m such that L" = {0}.

Remark 3.3 Every nilpotent Lie algebra is solvable. The converse is not generally
true. For example, the Lie algebra b(n; K) of upper-triangular n x n matrices is
solvable, but it is not nilpotent for n > 2.

Definition 3.15 (Simple Lie algebra) A Lie algebra L is said to be simple if LL has
only trivial ideals.

Of course, simple Lie algebras cannot be Abelian.

Example 3.9 Let L be the three-dimensional Lie algebra with basis {x, x, x3} with
Lie bracket

[x1, x2] = x3, [x2, x3] = x1, [x3, x1] = x2.

It is easy to verify that this Lie algebra has no proper ideals. This algebra can be
realized taking the Lie algebra associated to the group SO(3) of the rotations in R3.

Definition 3.16 (Semisimple Lie algebra) A Lie algebra is said to be semisimple if
it is the direct sum of two simple Lie algebras.

A semisimple Lie algebra has neither solvable nor Abelian ideals different
from {0}.
3.4 Structure Constants

If L, is an r-dimensional Lie algebra with basis {x, ..., x,}, any element x of the
Lie algebra E can be represented as

-
X = Zflxi,
i=1

where the fi eK,i=1,...,r,are constants.
The Lie bracket of any two elements in the basis of L, is a linear combination of
the basis elements, say

o x 1= cixe ij=1....n (3.5)
k=1

where the constants cf.‘j are called structure constants, and Eqgs. (3.5) are known as
commutation relations.
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As the Lie bracket is skew-symmetric and satisfies Jacobi identity, we have some
constraints on the structure constants, namely:

ko k
cf; = —ck,
r

m L m L m L _
E :(cijcmk + i + €RiCi) =0,

m=1

Vi, jk,£ef{l,...,r}

For an Abelian Lie algebra all structure constants are zero. Moreover, the property
of a Lie algebra to be solvable has a straightforward consequence on their structure
constants.

Theorem 3.4 An r-dimensional Lie algebra spanned by {x1, ..., x,} is solvable if
it is possible to choose the basis in such a way

j—1
[xi, x;] = E cf‘jxk, I<i<j<r
k=1

Proof The proof follows by choosing a basis such that the chain of subalgebras of
dimensions r, r — 1, ..., 1, respectively, with L ideal of Ly ; fors = 1,...,r — 1
have bases

{xt, ..., D{xt, oo} Do D {2} D {a)

O

It is convenient to display the commutators of a Lie algebra through its commu-
tator table (see Examples 2.24 and 2.25), whose (i, j) entry is [x;, x;]: the commu-
tator table is a skew-symmetric matrix. Of course, the structure constants are easily
deduced from the commutator table.

Structure constants enter the Cartan criterion for semisimple Lie algebras: an r-

dimensional Lie algebra is semisimple if and only if the matrix whose (i, £) entry is

S el «
Cijclk 1S nonsmgular.
Jj.k=1

3.5 Homomorphisms of Lie Algebras

Definition 3.17 (Lie algebra homomorphism) If I and 1" are Lie algebras over the
field K, a map
p:L—>1'
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is a Lie algebra homomorphism if it is linear and

o([x, yD = [px), e(M]"  Vx,y €L,

where [-, -] and [-, -]’ are the Lie brackets in I and L, respectively; ¢ is an iso-

morphism if it is also bijective (I = ). An isomorphism from L into L is called

automorphism. The set of all automorphisms of LL is a group denoted by Aut(L).
In the finite-dimensional case, isomorphic Lie algebras have the same dimension.

If J is an ideal of L, there is a natural homomorphism ¢ of the Lie algebra IL on
the factor algebra IL/J, defined by ¢(#) = U, if u € U. The ideal J is the kernel of
this homomorphism.

Theorem 3.5 (Isomorphism theorems)

1. Let ¢: L — I be a homomorphism of Lie algebras. Then Ker ¢ is an ideal of L
and Im ¢ is a subalgebra of ', and

L/Ker¢p = Img.

2. IfTand ] are ideals of a Lie algebra L, then (I 4+ J)/J =1/ N J).
3. If Tl and J are ideals of a Lie algebra 1L such that 1 C J, then J/1 is an ideal of
L/Tand (L/T)/(J/I) = L/J.

If L is a Lie algebra and V is a vector space, a linear representation of L in V is
a homomorphism
p: L — GL(V).

Every Lie algebra defines, by its own structure, one linear representation, called
the adjoint representation

ad: L — gl(L),
x> ad;(y) =[x,y] forx,yel.

It follows from the bilinearity of the Lie bracket that the map ad, is linear for
each x € L and the map x — ad, is itself linear. Therefore, to show that ad is a
homomorphism, it needs to check that

adj, ,) =ad,oady, —adyoad, Vx,yel,

but this is equivalent to Jacobi identity.
The kernel of ad is the center of L.

Definition 3.18 (Derivation of a Lie algebra) A derivation of L is a linear map

y:L—> 1L



70 3 Lie Algebras

such that
y(x, yD) = [y ), yI + [x, y(], Vx,y € L.

The derivations of IL form a Lie algebra with the bracket

v, l=vioy»—v2on.

This Lie algebra, denoted by Der(LL), is called algebra of derivations of the Lie
algebra L.

The elements of ad(IL) are special derivations called inner derivations. In other
words, an inner derivation is a map

y:L— 1L,
y i+ y(y) =[x, y] forsome x L.

Each derivation y € L determines an automorphism, denoted by exp(y) and
defined by

2 0
eXp(V)(y)=y+y(y)+y2—(,y)+~~= Vj(,y).
! =

(3.6)

Definition 3.19 (Inner automorphisms) Using Formula (3.6) with an inner deriva-
tion y = ad,, we get

1
exp(adc(y)) =y + [x, yI + Sl [x, Il + - (3.7)

The inner automorphisms of L consist of the smallest subgroup of Aut(L), con-
taining all automorphisms of form (3.7), where x runs through all elements of L.
This group is denoted by Int(L).

3.6 Lie Subgroups and Lie Subalgebras

Let us consider a group G, and use the notation w(a, b) =a - b (a, b € G) for the
group operation. An automorphism of the group G is a bijective map

¢:G—>G

such that
¢(a-b)=¢(a) o).
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In the group of all automorphisms of the group G, there are the automorphisms

¢.: G — G, YaeG
¢pob)=a-b-a',

called inner automorphisms of the group G. Asa - b - a~! = bis equivalent to saying
a-b=">-a, the existence and number of inner automorphisms different from the
identity is a sort of measure of the failure of the commutative law in the group.

Definition 3.20 (Conjugate subgroups) A subgroup H; C G is conjugate to a sub-
group H, C G if there exists a € G such that H, = aH,a~', i.e., the subgroups H,
and H, are connected by inner automorphisms of the group.

This relation of conjugacy between subgroups is an equivalence relation, and the
corresponding equivalence classes are said conjugacy classes.

Considering an r-parameter Lie group of point transformations, we can associate
to it the Lie algebras of infinitesimal generators. Classifying the subgroups of a Lie
group up to conjugacy can be reduced to the corresponding problem of classification
of Lie subalgebras. In the remainder of this chapter, let us refer to real Lie algebras.

The determination of similar Lie subalgebras, and then associating to them similar
Lie subgroups, is more effective algorithmically because the group of inner automor-
phisms of a Lie algebra L, Int(IL), is always a group of linear transformations on the
main space, whereas the group Int(G) is necessarily not.

Let L, be areal r-dimensional Lie algebra with basis {x, ..., x,}; after fixing the
basis, L, is uniquely characterized by its structure constants. By taking two elements
x,y € L,, they can be decomposed according to the basis in the form:

r r
x = E flxi, y= E g'xi,
i=1 i=1

where f? and g’ are suitable elements belonging to R, whence it follows

oyl= Y flg/ [xx]= D flelcxe (3.8)

i,j=1 i,jk=1

Relation (3.8) implies that, for the coordinatesf = (f', ..., f")andg = (g', ...,
g") of the elements x and y with respect to the basis {x1, ..., x,}, we may introduce
a Lie bracket in R” such that

[f.e] =D Fleld,  k=1.....r

ij=1
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We note that any x € I spans a one-dimensional subalgebra with elements ax
(a € R), i.e., one-dimensional subalgebras always exist in any Lie algebra L. On the
contrary, as far as the two-dimensional subalgebras of a real Lie algebra L. are con-
cerned, their existence is not always guaranteed (for instance, the three-dimensional
Lie algebra in Example 3.9 does not possess two-dimensional subalgebras).

Let {xy, ..., x,} be abasis of the real Lie algebra I, and cf-‘j its structure constants
in this basis. A generic Lie subalgebra of dimension 1 < d < r is spanned by the
elements

yi=2h5‘<xk7 i=1,...,d, (39)
k=1

where the d x r matrix ”hj" ” has rank d, provided that

d
[yioyi] =Y Mxe. ij=1....4d (3.10)
k=1

kf.‘j being suitable constants.
By using (3.9), relations (3.10) yield

r d
Doohihtch, =Y akh ij=1...dn=1.r, (3.11)
k=1

£,m=1

clarifying the fact that the determination of a Lie subalgebra requires the solution
of a system of quadratic equations. In fact, what is needed is to find the entries hf
of a matrix with rank d such that relations (3.11) hold true for some constants )»f.‘j.
Of course, this problem can be addressed using a computer and suitable algorithms
based, for instance, on Grobner bases; nevertheless, this can be computationally hard
for high values of r and d. Luigi Bianchi was aware of this circumstance when in his
book of 1918 [7] he wrote:

Il problema ¢ cosi ricondotto, come si era enunciato, ad un problema algebrico. In pratica
pero questo metodo, teoricamente soddisfacente, offrirebbe presto difficolta insormontabili,
e val meglio sostituirlo con un altro che utilizza ulteriori proprieta del gruppo aggiunto.!

Let L, be a real Lie algebra; as already observed, the vector space R" gains the
structure of a Lie algebra sharing the same structure constants as L,.. Due to this, we
may consider a different perspective to the computation of the inner automorphisms
of a finite-dimensional Lie algebra that reveals useful for classifying Lie subalgebras.

! The problem is thus brought back, as it was stated, to an algebraic problem. In practice, this
method, theoretically satisfactory, would soon give rise to insurmountable difficulties, and it is
better to replace it with another one that uses further properties of the adjoint group.
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Definition 3.21 Let L, an r-dimensional Lie algebra, and introduce the Lie algebra
LA spanned by the following first-order differential operators:

p
]

Ej:ZC;(j l—k, j=1,...,l".
i,k=1 8f

The algebra L# generates through the integration of the Lie equations,

dft &y .
7:Zcfjf, Jok=1,...,r,
i=1
F o = %,
the group of inner automorphisms of the Lie algebra L, .

Definition 3.22 (Similar subalgebras) Two Lie subalgebras " and IL” (with the
same dimension) of a Lie algebra L are similar if there exists an inner automorphism
¢ € Int(LL) such that ¢ (') = LL”. The similarity is an equivalence relation, indeed
id, € Int(L), and if ¢, ¥ € Int(L) then ¢!, ¢ o € Int(L).

Any subalgebra of a Lie algebra L, is completely defined by its generators, which
are linear combinations of the generators of the Lie algebra L,. Hence, the subal-
gebra is completely defined by the coefficients of these linear combinations. Taking
into account Definition 3.21, actions of automorphisms can be transferred to these
coefficients.

Definition 3.23 (Optimal subalgebras [16, 18, 19]) For a given finite-dimensional
Lie algebra LL,, with inner automorphisms A = Int(L,), the optimal system of d-
dimensional Lie subalgebras ®dﬂ (L,) is the set of representatives of the classes of
similar subalgebras [18, 19]. Then, the complete optimal system of Lie subalgebras
is

Oa(ly) = {OR(L,), O(L,), ..., 04" IL,)}.

We observe that an optimal system of Lie subalgebras is not unique, and different
algorithms for its construction lead to different systems ® #(LL,). All these systems
are equivalent in the following sense: if ® #(IL,) and ©, (L) are two optimal systems,
forany 6 € ®4(LL,) there is an automorphism ¢ € A such that ¢ (9) € @4 (L,), and
vice versa.

Thus, the optimal system of subalgebras of a Lie algebra L, with inner automor-
phisms A = Int(L,) is a set of subalgebras ® #(LL,) such that

1. there are no two elements of this set which can be transformed into each other by
inner automorphisms of the Lie algebra L, ;

2. any subalgebra of the Lie algebra L, can be transformed into one of subalgebras
of the set ® z(LL,).
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The union of the elements of the optimal system of given dimensionality s is called
optimal system of order s and denoted by the symbol ®;; since the dimension of an
algebra is invariant under automorphisms, the solution of the classification problem
for a finite-dimensional Lie algebra L, must be tables of optimal systems for every
s=1,...,r—1.

Besides the inner automorphisms, one has also to take into account a uniform scal-
ing of all generators: in fact, any subalgebra is transformed into a similar subalgebra
under this operation. The problem of constructing an optimal system of subalgebras
reduces to obtaining the maximum possible number of zero coordinates in the basis
of the subalgebras.

The determination of optimal systems is relatively easy for Lie algebras of small
dimensionality, but also in this circumstance the solution is accomplished by a method
requiring choices from a few possibilities at certain stages of the work, and the
simplicity of the results obtained is not always clear.

Example 3.10 ([14]) Consider the three-dimensional solvable Lie algebra with basis
{x1, x2, x3} whose nonzero Lie brackets are

[x1, x3] = x1, [x2, x3] = x3.

The inner automorphisms are given by

104 10 0 expts) 0 0
Ar=1010], Aa=]01-5], As=| 0 expiy)0],
001 00 1 0 0 1

where 11, t, and 73 are the parameters of the automorphisms A;, A,, and A3, respec-
tively.

The two-dimensional subalgebras can be of two types: subalgebras including the
generator x3, and those without x3. There is only one subalgebra without the generator
X3.

{x1, x2}.

For the second type of subalgebras, after scaling and taking into account linear
combinations, a basis of them can be chosen as follows:

{q1x1 + g2x2 + x3, p1x1 + paxa},

with p; and p; such that pf + p% # 0.

By action of the automorphisms A; and A,, the coefficients ¢, and g, are trans-
formed to zero, whereas the coefficients p; and p, remain unchanged. Hence, all
classes of these subalgebras are

{x2,x3},  {x1 + paxa, x3},
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with an arbitrary p;,. Thus, the list of all dissimilar two-dimensional subalgebras
consists of the subalgebras

{x1, 22}, {x2, x3}, {1 + paxo, x3}.
Similarly one can classify all one-dimensional dissimilar subalgebras. They are

{xi + pox2}, {2}, {x3).

As we will show in Chap. 6, the characterization of systems of optimal Lie sub-
algebras is very important in the applications of Lie group theory to differential
equations. For instance, the optimal systems of subalgebras of the algebra of point
symmetries of a partial differential equation serve to characterize inequivalent group
invariant solutions. Moreover, in Chap. 12, we will illustrate the package SYMBOLIE
[1-3], able to compute optimal systems of families of Lie subalgebras of a finite-
dimensional Lie algebra.

3.7 Lie Algebras of Operators

The basis of a generic Lie algebra has been heretofore denoted as {xi,..., x,},
and the structure constants as cf‘j In the following, as we are mainly interested to
finite-dimensional Lie algebras spanned by infinitesimal generators of symmetries
of differential equations, we will denote the basis as {E}, ..., E,} (this is the nota-
tion used also in SYMBOLIE [3]), and the corresponding structure constants as Cl"]
Moreover, even if real (K = R) and complex (K = C) Lie algebras are of special rel-
evance in the application of Lie groups of transformations to differential equations,
we shall restrict ourselves to consider real Lie algebras.

As proved in Chap. 2, an r-parameter Lie group of transformations in R” is
characterized by its infinitesimal operators

. ]
Eu:ziui(z)a—z» uw=1...,r
i=1 !

We also defined the Lie bracket (or commutator) of two operators &, and &,,

v

[1]
1]
[1]
[1]

[Euv v] = VE

5 o

still producing a first-order differential operator, say

- - o~ 0
[au,av]=;¢j(z>£j,
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where

~ ag, 0
é‘j(Z) = Z(gut( )——— é‘]( 2 — $i(2) ;UJZ( )>

i=1 t

As a consequence of this definition, the operation of commutation is bilinear,
skew-symmetric, and satisfies the Jacobi identity.

Moreover, we also proved that the infinitesimal generators of a multi-parameter
Lie group of transformations are closed under the operation of commutation, and
that the Lie bracket is form invariant with respect to an invertible change of coor-
dinates. This means that the structure constants do not change by a transformation
of coordinates. On the contrary, the structure constants change if a different basis of
the Lie algebra is used.
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Chapter 4 ®)
Lie Groups of Transformations e
of Differential Equations

4.1 Introduction

The study of differential equations within the framework of Lie symmetry analysis
requires some further elements. In particular, we need to recognize the different role
of independent and dependent variables, and devise a method to extend the group
action to derivatives. In fact, the continuous transformations of independent and
dependent variables induce naturally the transformations of derivatives. This means
that the infinitesimal operator of the Lie group of transformations need to be suitably
prolonged to the so-called jet space. Then, we can establish the Lie infinitesimal
criterion for computing the Lie symmetries admitted by differential equations. The
interested reader may refer to a wide set of available monographs [3, 4, 6, 7, 10,
19-25, 27, 29-32, 36, 37] for more details and different viewpoints.

In considering Lie groups of transformations associated to a given differential
equation & involving n > 1 independent variables

X =(x1,...,x,) €D, CR",
and m > 1 dependent variables
u= (uy,...,uy,) €D, CR",
where D, and D,, are open domains, let us split the variable z in

7 =7(z;a)
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80 4 Lie Groups of Transformations of Differential Equations
as z = (X, u), so that the one-parameter Lie group of transformations is rewritten as
X =X(x,u;a), u =Ux, u;a), 4.1)

acting on the space D = D, x D,, € R"™™ of the variables (x, u).

As a differential equation involves, in addition to x and u, the derivatives up to
some finite order of the latter with respect to the former, we have to determine the
transformation of such derivatives. This is accomplished by prolonging the action of
the group. In fact, the transformations (4.1) determine suitable transformations for
such derivatives.

Let u” denote the vector whose 7 - m components are all first-order (partial)
derivatives of u with respect to X,

M duy ouy ou,, ou,,
w=—...,—, ..., — ..., — ],
0x1 0x, 0x1 0x,

and, in general, let u®) denote the vector whose components are the m - ("+,]Z_1) kth-
order partial derivatives of u with respect to x. An rth-order differential equation can
be written in the general form:

A(x,u,u®, o u?) =0, (4.2)

where A = (Al, e, Aq) are suitable smooth functions depending at most on the
indicated arguments.

Let us introduce the jet spacel JT(R"™ 1), whose coordinates, denoted for sim-
plicity by z, are the independent variables X, the dependent variables u, and the
derivatives of the latter variables with respect to the former ones up to the order r.
Its dimension is easily computed:

r ._1
dim(J"R"™™ n)) =n+m E (n+l >=n+m<n+r)=N.
r

1

i=0
Each A; (j = 1,..., ¢) is a function from (an open subset of) J" (R"*", n) to R.
Setting
(AL, ..., A
q' = rank H—( ! ?) ,
(21,5 2N)

Equation (4.2) from a geometrical point of view can be thought of as a (N — ¢’)-
dimensional manifold & in the N-dimensional jet space J" (R"*", n).

! Some additional details about the geometry of jet spaces will be given in Chap. 8.
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The transformations of the derivatives, induced by the transformations of inde-
pendent and dependent variables, lead to natural extensions (prolongations) of the
one-parameter Lie group of transformations (4.1). While the one-parameter Lie group
of transformations (4.1) acts on the space (x, u), the prolonged group acts on the jet
space J" (R n).

With such a viewpoint, we may investigate the invariance of a differential equation
with respect to a one-parameter Lie group of transformations.

Let

u=0x%) =(0,x),...,0,())

be a solution of &.

Definition 4.1 A Lie group of transformations of the form (4.1) admitted by & has
the two equivalent properties:

1. atransformation of the group maps any solution of (4.2) into a (possibly different)
solution of (4.2);

2. a transformation of the group maps the manifold & into itself, i.e., (4.2) has the
same form (up to a multiplicative function that is nowhere vanishing) in terms of
both the variables (x, u) and the transformed variables (x', u’).

The first definition of the group of transformations admitted by a differential
equation is apparently simple, but has only a theoretical value. In fact, it requires
that we know at least a solution of the differential equation. On the contrary, the
second definition does not require the knowledge of a solution, and has a geometrical
interpretation: the group of transformations leaves a differential equation invariant
if the manifold in the jet space defined by the equation is invariant. This second
viewpoint allows us to check the invariance by using the infinitesimal criterion on
the differential equation, provided that we prolong the action of the group to the jet
space. Roughly speaking, we need to find the prolonged vector fields that are tangent
to the manifold characterized by the equation (also called the frame, or the skeleton
of the equation).

4.2 Prolongations of a One-Parameter Lie Group
of Transformations

Hereafter, we derive the prolonged transformations of a Lie group of point transfor-
mations for managing the derivatives appearing in a differential equation.

Two main cases may be distinguished (although they are not really different),
according to the number of independent variables: n = 1 and n > 1. In the first
case, we have ordinary differential equations, in the second one partial differential
equations.
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4.2.1 One Independent Variable

Suppose we have an rth-order ordinary differential equation involving m unknowns
u(x) = (u1(x),...,un(x)), and we are interested to find the one-parameter Lie
group of transformations of the form

X =X(x,u;a), u =Ux,u;a) (4.3)
leaving it invariant. The natural prolongation of (4.3) from the space (x, u) to the
prolonged space (x,u,u”, ..., u"), where

at = D (L) ()
=——= AEY ) =y,
dx dx dx
(k=1,...,r), is obtained by requiring that the contact conditions, linking the dif-
ferentials dx, du,du® (k=1,...,r = 1),
du = u(l)dx,
du*V = u(k)dx, l1<k<r,

are preserved, so that

du’ = u"Vdx’, (4.4a)
du*V =uWax',  1<k<r (4.4b)

By differentiating (4.3), we have

X
dx' = —dx 4+ —du, +---+ du,,,
0x 8141 Um
oU oU
du = —dx + —du, +--- + du,y,;
8 8141 Um

so, from the first-order contact condition (4.4a), we get

@ + Z ﬂu((xl)

ax Oy
" = UV x,u,uV;a) = a;l .
0X X
—— 4+ —u
ox ou,

a=1

By induction, higher order prolongations are immediately determined. Assuming

Y = g*Dix wa®, . u* g, k> 1
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the contact condition (4.4b) yields

u® = 0O, u,u?, .. u®;a)
CLR = VLU Ut
+ <—u,§}> ot — u;">)
ax 1 g aul=b

X & 0X
- R ¢V
ox + O; Oty Ha

Therefore, the following theorem can be stated.
Theorem 4.1 The one-parameter Lie group of transformations (4.3), acting on the
(x, w) space, prolongs naturally to the one-parameter Lie group
x'=X(x,u;a),

u =U(x,u;a),
u” =0, u,u; ),

)

" =07, w,u?, ..., u”;a),

where
k—1 m - _
su%™d WD o 0w
0x « ouk—b
U® — ! : - k=1,

X = 0X
LS ()
ox ; ouy

and

U? =Ux, u; a),
acting on the (x,u, u . u(’)) space.
Proof Straightforward. (]

Example 4.1 (Rotation group) Let m = 1, and consider the rotation group

x'=X(x,u;a) =xcosa +usina,

u =U(x,u;a) = —xsina + ucosa.
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We immediately derive

—sina + uV cosa

cosa +u®sina ’
e

" _

u® =

(cosa + u® sina)3’
@D sinag + cosa)u® —3w®)?sina

(cosa + u® sina)’

3

Remark 4.1 By defining the total derivative operator with respect to x,

9
H_~ (e+1)
+§ ( et a“’>+“>’

for a differentiable function F(x, u,u®, ..., u®), we have

F oF oF
D (F)_a_+z< " S S +u((1r+1>a (r)).

Therefore, the rth prolongation may be written as

x'=X(x,u;a),

u =Ux,u;a),
D, (U(x, u; a))

u” = UV x,u,uV;a) = ,
D (X (x,u; a))

D (U D, u,u®, ..., ulD;q
" =07, w,u?, ... ,u”;aq) = i ( )).
Dy (X (x,u; a))

Things go similarly when we consider infinitesimal transformations.

Theorem 4.2 (Prolonged infinitesimal transformations) The infinitesimal transfor-

mation

X' =x +ak(x,u) + 0(a?),
v =u+anx,u) + 0@

has the rth prolongation given by
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X' =x+ak(x,u) + O(a”),
v =u+an(x,u) + 0@d?),
u’ =u® + a4y x,u,u) + 0@@?),

u” =u” +ap® @, u,u®, .. u”) + 0@,

where
1P, uu®, o u®)y =@, 00y, k=1,
is given by
(9] (1) k).
n(k)(x,u,u(l),...,u(k))z UW(x,u,u'”,...,u";a) .
da a0
Formulae for the prolonged infinitesimals n® (k = 1, ..., r) are easily obtained
by recursion:
1" =D, —uD.(®), 4.5)

with 3©® = y(x, u).

Proof The proof of formulae (4.5) follows immediately by taking into account that
the operators of derivative with respect to a and total derivative O, are commuting,

so that
O _ (i <DX(U(X’ u; a))))
=\ \ oo xwan )|,
9 B
@x(X)a— (D:(U)) — D (V) — (D (X))
a da
(D, (X))?

U X
Z)x(X)Dx (%) - Dx(U)Z)x (_>

a=0

da

(D (X))?

= D.(n) —u'VD,(§),

and, for k > 1,
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W (9 (DU uu®, L u D)
da Dy (X)

a=0
D, (X)% (DU D)) — D, (U“‘-“)% (D (X))
(D (X))?

oUuk-—D X
D, (X)D, ( ) - D, U*ND, (—)
da Jda

(D (X))?

=D,* D) —u®D, ).

Theorem 4.3 (Prolonged infinitesimal operator) The infinitesimal operator of a Lie
group of transformations,

St 4 Y
== X, 0)— X, )
ax e 17
a=1
has the rth prolongation recursively given by
E® =g,
< d
k) _ k=D (k) (6] (k) —
W=D+ O, uu®, . u Jom k=l
a=1 o
Proof Immediate. O

Moreover, we can state the following theorem.

Theorem 4.4 The prolonged infinitesimals 3, satisfying the recursion relation
1" =D @* ") —uD, () (4.6)

(k = 1), where n@ = y(x, w), are given by the closed formula

k

k . .
(k) _ qyk _ (k—i+1) i
N =D (n(x, w)) E (i)u D (§), 4.7

i=1

where D = D (DX, and DY is the identity operator:
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Proof First of all, we observe that formula (4.7) is correct for k = 1. Fork > 1,letus
prove that relation (4.7), assumed true for k — 1, satisfies the recursive formula (4.6).
In fact, it is

1Y =D:m*") —uVD.()

k—1
=D, (@f;l(n) -y <k ; 1)u<k—i>1);(§)) —u®D, (&)
i=1

k—1
=D - (k ? 1) (D DLE) +uh D () —uP D, (E)

i=1
k—1

k—1 ; .
—_ )k _ (k) _ (k—i+1) i
= D) —ku D, &) - ) < ; )u D, (&)

i=2

2
1

k—
i=

= D) — kuP D, (&) —uVDE(E)

k—1
S (D
i=2

k—1

= DL — ku D, (&) - Y ('j)u“‘”“ﬂi & —uVDi)
i=2
k

)k _ k (k—i+1) qyi
= D, (n) Z(,-)u D (&)

i=1

Remark 4.2 The prolonged infinitesimals y®) have the following properties:

1. the components of ®) are polynomial in the components of u", ..., u® with
coefficients that are linear homogeneous in & (x, u), the components of n(x, u),
and their partial derivatives up to the kth order;

2. the components of n® are linear in the components of u® for k > 2.

Example 4.2 (Rotation group) From

x'=X(x,u;a) =xcosa+usina,

w' =U(x,u;a) = —xsina + ucosa,
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we deduce

X —
ax ou
and

" =—1+ @"?),
n® = —3u0u®,

77(3) — —(3(u(2))2 +4u(1)u(3)),

For instance, the third-order prolonged infinitesimal operator reads

0 0
=03 — oy (H
) —uax xa 14+ (u ))3(‘)
a
M, @ _—_ (2)y2 1,®
— 3u P — By +4u )8 R
Example 4.3 (Scaling group) The transformation
x' = X(x,u; a) = exp(a)x,
u' = U(x,u; a) =exp(aa)u, o constant,
yields
§ g i +
=X, =au, E=x—+au—,
" ox " ou
and

1% =@—-kbu®, k>1.

For instance, the third-order prolonged infinitesimal operator is

+ (@ = 3u® —

(@)
+ (@ = 2u —5-

0 0
23 = xa— +au3— + (o — l)u(l)

au el

4.2.2 More Than One Independent Variable

Now, consider the case with n > 1 independent variables, and derive the natural

prolongation of
X =X(x,u;a), u=Ux ua) (4.8)
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from the (x, u) space to the prolonged space (x, u,uV, ..., u®), where a generic
element of the set of all partial kth-order partial derivatives u®) is denoted as?

*u,
Ugi 5 = ——
et Bxil N axik

.oy

This is accomplished by requiring once again that the contact conditions, relating
differentials dx;, duy, dug;,

n
du, = E Ug, jdx;,
j=1

n
dug,.i, = E Ug iy i jdxj, k>1
Jj=1

are preserved, so that

n

du, = Z u&hidx}, (4.9a)
j=1
duly, . = ul, . dxj, k>l (4.9b)
=1

By differentiating the generic components of (4.8), we have

n

dx] = Z?dxj+z af"
j=1 "/ B
" 9U, " 9U,
dity = Z 8x-dxj+z du

j=t 7 p=1

thus, using the first-order contact condition (4.9a), we get

> ul, Di(X;) = D;(Ua),

i=I

k
. . L u .
2 Note the difference between the notation for the derivatives of ug (x), ugO = —: , and the partial

L. 8k“a
derivatives of uq (X1, ..., Xp), Ug,iy..iy =

. If we have only one dependent variable u,
0xj, ... 0x;,

a* o*u
the derivatives will be denoted as u® = —u, and u ;, i,

————, respectively.
8xil s Bx,-k P Y
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D, being the total derivative with respect to x;, i.e.:

0
Dj = axj-l-;(uaja "+ua,i1...ikjm+"'>~

By introducing a matrix A with entries A;; = D;(X;), and the row vectors

B = (D1(U,), ..., D,(Uy)),
u) = (g1, )

1)y __ / /
) = (ua,l, .. .,ua,n),
we have
u =BPA™! = UV (x,u,u?; a), (4.10)

yielding the desired transformation of first-order derivatives.
Higher order prolongations are inductively determined following the same ideas.
Assuming
u Y = g% D(x u,u®, .. u%D; g, k>1,

and using the higher order contact condition (4.9b), we get

n

Z u‘;vilujk—ljﬂz ( ) Dy ( O(Ikll l)lk—l) .

j=1

Therefore, by introducing the row vectors

(k) (k—1) (k—1)
Bc{zl...ik, (z)1 (Uotl] - 1) v D (Uotll A 1)) ’

(k) _
Woiripy — (uavilnjk—ll’ ce u%il»»»ikflﬂ) ’
(k)’ (7 /
Dt ipedp—1 (ua.ilmi/‘,l 1> 0> uzx,il...ik,ln) ’
we have
(k)r (k) (k) Y] (k).
Wi, =Bai _iHA =U,; o, &xuu’ .. a5 a). 4.11)

Collecting such relations forall « (1 < o <m)andalli, ...,y (1 <i; <.-- <
ix < n), we may write

" =UPx, u,u?, ..., u?;a).

Thus, the following theorem remains proved.
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Theorem 4.5 The one-parameter Lie group of transformations (4.8) acting on
the (Xx,u) space prolongs naturally to the one-parameter Lie group acting on the

&, u,u®, . u®) space:

X =X(X, u;a),
v =U®X, u;a),
' = UV x,u,u; ),

u” =0, u,u®, ..., u";a).

The prolongations of infinitesimal transformations are easily computed as shown
by next theorem.

Theorem 4.6 The infinitesimal transformations

X =x+ak(x,u) + 0(a?),
u =u+anx, u) + 0@@?

have the rth-order prolongation given by

x' =x+aé(x,u) + 0(a?),
v =u+anx, u)+ 0@,
u =u® +ap(x,u,u") + 0(a?),

u” =u” +ap”x,u,u?, . u”) + 0@?),

where the component of the extended infinitesimal 'V corresponding to u, ; is
n
Na,il = Di (Na) — Zua,jZ)i (&)
J=l1

and, in general, the component of the extended infinitesimal ® (k > 1) correspond-
ing to Uy j, ., is

n
Meiroic] = Diy Masiyoniv 1) — Z Uaiy..inj Dy (&) -
=1

Proof Recalling that A;; = D;(X;), we have

X,
()
a=0 da

Aij’a:() =i},
0A;j 0

da a:(): da

(D](X,)) :Dj (%-l)

a=0
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Moreover,
B((Xl) a0 = (ua,l, el ua,,,) ,
k
B((x,gl...ik,l ‘a:() = (”a,il...ik_ll, caey Ma,i,,,,ik_,n) s
aBW 0
= = _(Dl(Ua)’”an(Ua))
da |,—o Oa 220
iU, 0U,
- (2 (%) (%))
da da =0
= (Dl (na) y ey Z)n (Ua)) 5
aB® P
ol g ] _ (k—1) (k—1)
ala k—1 . — a—a (-Z)l (Ua,il...ik71> 9. .Z) (Uoll] ke ])) o

D aUO(tkl[ 1)l/( 1 D aUC(lkll l)lk 1

a=0
= (D1 (Mairivs) s s Dn (Maviv i) -
Therefore, taking into account (4.10), from
ou' | _ (OB \ i pap-19Aan
da |, da “ da u—s
we deduce
Nwi) = D; (Ma) = Y tta ;D (&) .
j=1
while, taking into account (4.11), from
(k)7 (k)
auc{,il...ik,l — aBO{l] A |A 1 B(k) . Ail%Ail
aa 361 ol .dp— 3& )
a=0 a=0
we deduce

Ula,il...ikl=D n[all . 1] E Ug,iy..ix1 j lk %_J)
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Theorem 4.7 The infinitesimal operator

" ) ” )
&= i\, — + AC)
;E (x, w5 ;n (x, w7 -

has the rth-order prolongation defined recursively by

20

1]

’

m n n a
~(k —~(k—1 _
o0 .y

a=1 i]=1 ik=1
k=1,...,r.

Also in this case, Remark 4.2 holds true.

4.3 Lie Groups Admitted by Differential Equations

The infinitesimals of the Lie groups of transformations leaving a given differential
equation invariant can be found by means of a straightforward algorithm that will
be described below. Remarkably, the search of such one-parameter Lie groups of
transformations leads usually to multi-parameter Lie groups of transformations.
Let
A(x,uu® . u”)=0 (4.12)

(A = (Ay, ..., Ay)) be an rth-order system of g differential equations with n inde-
pendent variables x and m dependent variables u.

Equation (4.12) can be considered as characterizing a manifold in the jer space
J"(R™™  n) with coordinates (x, u, u”, ... u®).

The second point of view in Definition 4.1 can be formulated as follows.

Definition 4.2 The one-parameter Lie group of transformations (4.1) leaves the
(4.12) invariant (equivalently, we say that it is admitted by (4.12)) if and only if its
rth-order prolongation leaves the manifold defined by (4.12) invariant.

Theorem 2.4 allows us to prove the following result, which leads directly to the
algorithm for the computation of the symmetries admitted by a given differential
equation.

Theorem 4.8 (Infinitesimal criterion) Let

R 9 - 9
E= ;mx, W= +;na<x, W
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be the infinitesimal operator corresponding to (4.1), and B the rth-order prolonged
infinitesimal operator. The Lie group (4.1) is admitted by (4.12) if and only if

g” (A (x,u,u®, . u))|,_, =0, (4.13)
i.e., the expression
27 (A (x,u,u®, .. u®))
is vanishing when evaluated on A (X, w,u®, ..., u(’)) = 0. Equivalently, it has to
be
27 (A; (x,u,u® . u?)) =

q
ZA x,uu” o u) A (xowu® L u®)
=1

(j=1,...,q) for some Lagrange multipliers A ji.

If (4.12) can be solved with respect to ¢ derivatives, we do not need to introduce
the Lagrange multipliers, and we eliminate in the invariance condition (4.13) these
derivatives.

If the differential equation is polynomial in the derivatives, the invariance con-
dition (4.13) is polynomial in the components of (uV, ..., u"), with coefficients
expressed as linear combinations of the unknowns &;, 1, and their partial derivatives.
Because (4.12) has been used in the invariance condition (4.13), the derivatives of u
therein appearing are independent and can be arbitrarily varied. By equating to zero
the coefficients of these derivatives in this polynomial, one obtains an overdetermined
system of linear and homogeneous differential equations for the infinitesimals, called
determining equations. The integration of the latter leads to the infinitesimals of the
group. The infinitesimals involve arbitrary constants (and in some cases arbitrary
functions), and thus we have de facto multi-parameter Lie groups.

Example 4.4 Consider the simplest second-order ordinary differential equation

d
W@ =0 <(2)— dx”) (4.14)

and look for its Lie symmetries. We need the second-order prolongation of the
infinitesimal operator, say

0

2)
R e

=2 d _|_ 14_ 9
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where £ = £(x, u), n = n(x, u), and

nh = 9n + (8_77 - §> uV — ﬁ(u('))z,

ax du Ox au
3%n %y 0% 3%y 9%
@ _ %) ()y2
=—+12 - — +l5 22—
7 0x? < dxou 8x2> ! <8u2 8x8u) @™
9% an 0§ 43
95 (D3 —_ 975 @ _322,0,@
PPEAC +<8u ox )" "

The invariance condition of (4.14), £® (u(z))|u(2):0 =0, gives

32 2y 9% 2y 0% 92
R ) _25),m I 5 98 ) (2 — L5 03—
dx2 + ( dx0u 8x2> Wt (8142 axau) @) du? @™

This is a polynomial in u‘V yielding the determining equations

?’n 9% 0 °n . 9%
xdu  ax2 a2 oxou
s e (4.15)

9x2 ’ u? ’

El

for the unknowns & (x, u) and n(x, u). The integration of these determining equations
gives the solution

E(x,u) = a; + azx + asu + a7x? + agxu,
n(x, u) = ar + asx + agu + azxu + agu?, (4.16)
ai, ..., agbeing arbitrary constants. As (4.15) is a linear and homogeneous system of
partial differential equations, if we have two solutions also their linear combination
is a solution. Therefore, (4.16) may be seen as linear combinations (through the
constantsay, . .., ag) of fundamental solutions, giving eight different Lie symmetries
(obtained by setting one constant equal to 1 and the remaining ones to 0), whose
corresponding infinitesimal operators are

=5, = 9 0, = 9

o —8—)68, oy = 8”8’

E3=x8—, E4=u8—,

_ 8x _ g “4.17)
g5 = X—, Se = U s

o I S

7 =X 8—+xu£, ag=xua+u 5
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Table 4.1 Table of Lie brackets (commutator table) of symmetries of u » = 0

[,] g & g3 By Es Ee g7 Eg
1 0 0 E1 0 Eo 0 283+ | B4
86
o 0 0 0 g1 0 o Es 23 +2E¢
23 -81 0 -84 Es 0 7 0
Eq 0 —E1 B4 0 Ee— |-B4 Eg 0
E3
Es —&7 0 —&5 23— |0 Es 0 Z7
6

E6 0 —&87 0 E4 —Bs Eg
E7 —2E3—Eg | —E5 —&7 —&g 0 0
23 —84 —E3—2E¢ |0 0 —&7 —dg 0

The infinitesimal operators (4.17) are the elements of a basis of an eight-
dimensional vector space which is also a Lie algebra, as it can be verified by com-
puting the Lie brackets of all possible couples of operators (see Table4.1).

Example 4.5 (Symmetries of linear heat equation) Letus consider the linear second-
order partial differential equation

uip—unyn =0 (418)

(u, =0u/oxj,u = 32u/8x§; interpreting x; as the time, x, as a space coordinate,
and u(xy, x3) as a temperature, (4.18) is the Fourier equation for heat conduction),
and let us determine its Lie symmetries. We need the second-order prolongation of
the infinitesimal operator, say

H(z)_§a+ga+a+ 8+ 0
T T e, Mo M, T A,
+ 9 + + 0
.11 au,” n.12] au’n 1,221 au’zz H
where &1, &, and 1 depend on (x1, x,, u).
The invariance condition,
EP ) —un)| =0,

ui—un=0 "
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yields

an  n %7 & %6
— -2 —= us
0x1 0x; 0x0u  0xy 8x2

2 2 2
+(2ﬁ—a—>( S S( )3+23ﬁu12
X

0x,0u  Ju? 2

081 062 351 3%&
il p 282 %1 51
+ o M,2M,12+< oy o + 8x§ U
%, 05 3%
2 — =0,
+ <8x28u + au>uzuzz+ » 2(Mz) U =

where Eq. (4.18) has been used to eliminate « ;. It is recovered a polynomial in the
derivatives u », u 12, and u 2> whose coefficients, involving the infinitesimals and
their partial derivatives, must be vanishing. Hence, the following set of determining
equations (which are linear and homogeneous partial differential equations) is found:

on  n ) 3’7 06 9%
0xq Bx% o 0x0u  0xy ax% ’

o ity e o | 0

dx0u  du 0 Toxy  ox  ax2 (4.19)
3%, 35 %6, &)

2 — 0, — = 0’ — = O’

Ax20u  du 82142 dx2
d d
i =0, i =0

ou ou?

Equations (4.19) can be easily integrated, and we obtain the solution

2
& = ay + 2a3x1 + asxy,
& = ay + az3xy + asx1x2 + asxy,

a a
n= _f(x% +2x))u — ?szu +asu + f(x1, x2),

where ay, ..., ag are arbitrary constants, and f (xy, x,) a solution to Eq. (4.18), i.e.:

f1—f2n=0.

In this case, the corresponding infinitesimal operators live in an infinite-
dimensional vector space (because of the presence of the function f') that it is also

a Lie algebra, which is spanned by
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L} a L}
= gy = —
8.X1 ’ a.XQ’
- 5 0 n 0
B3 =2x1— +x0—,
Bxl 3)62
d x24+2x; 3
EBy=xl— +xixp— — -2 , (4.20)
0 1 3)62 4 d
- a Xou 0
g5 =X T— — —/— T
0x> 2 du
0 0
EGZM— e = (X] X2)—.
ou’ p=J u
The nonzero Lie brackets are
L} L} ~ ~ ~ L 1?‘1
[El, B3] =28, [El, B4] =83 — 5 Ze:
[E1, E5] = &), [E2, B3] = &y,
1
[E2, B4l = Es, [E2, B¢l = —5 &6
[E3, B4] =284, [E3, B5] = &5,
and
g1, Ef = Ef], By, By = Efz,
83, Ef| =&, |EB4, Ef|= 8y, 4.21)
Es, Ef|=Em, |86 Ef|=E_y,
where
gx1, x0) =2x1 f1 +x2f2,
2
5 x5 +2x
h(xi, x2) = xi fa +X1X2f,2+Tf, (4.22)

X
m(xy,x2) = x1f2+ Ef-

The Lie brackets in (4.21) yield infinitesimal operators still belonging to the Lie
algebra, since — f, f |, f2, and the functions g (x|, x2), h(xy, x2), m(xy, x2), defined
by (4.22), satisfy the Fourier equation.

The infinitesimal operators {E, &, E3, E4, Es, Eg} span a six-dimensional Lie
subalgebra of the infinite-dimensional Lie algebra of symmetries of linear heat equa-
tion.

Remark 4.3 Examples 4.4 and 4.5, although concerned with very simple differential
equations, clearly show that looking for their Lie symmetries requires lengthy and
tedious calculations. As the procedure for finding the Lie symmetries admitted by a
differential equation is completely algorithmic, it is convenient to use a Computer
Algebra System with a dedicated package. Many specialized programs are available
in the literature (see [3, 9, 11, 16—18, 33-36]). In Chap. 12, the REDUCE [15] package
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RELIE [28], able to do many computations in Lie symmetry analysis without much
effort, is described in detail.

In a session of the Computer Algebra System REDUCE , the code

in "relie.red" $
jetorder:=2 $
xvar:={x} $
uvar:={u} $
diffeqs:={u_xx} $
leadders:={u_xx} $
relie(4) $

;end;

computes the Lie symmetries of the ordinary differential equation #® = 0, and the
code

in "relie.red" $
jetorder:=2 $
xvar:={x1,x2} $
uvar:={u} $
diffeqs:={u_x1-u_x2x2} $
leadders:={u_x1} $
relie(4) $

;end;

computes the Lie symmetries of Fourier equation u ; — u 2 = 0 (see Example 12.3
for more details).
Both computations require a few seconds!

4.4 Lie Brackets and Prolongations

An important property of Lie brackets and prolonged vector fields needs to be
explicited.

Theorem 4.9 The Lie bracket of the kth (k > 1) prolongations of two generators
&1 and E; is the same as the prolongation of their Lie bracket,

k) ok m =k
[G(l),ﬂé)]I[m,Gz](),

i.e., the operations of prolongation and taking the Lie bracket commute.

Proof To prove the claim, due to the recursive definition of the higher order prolon-
gations, it is sufficient to limit ourselves to first-order prolongations. Let us consider
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the infinitesimal operators E; and E, involving the variables x and u. Since the
operation of Lie bracket is invariant in form with respect to a change of variables,
let us introduce the canonical variables associated to £ (still denoting them with x
and u to simplify the notation), whereupon

Thus,

whereas the first-order prolonged operators become

=) _ =
—_ —1,

1=

m n 8
=) _ o
H, ' = &y + E ;
2 2 "[“'”aua,k

moreover, it is
Mokl = Dk (o) — D (E)Ua, ;-

So,

m n a
e, & = (&1, &1+ | & =
[ 1 » 2 [ 1s 2]+[ lvz n[a,k]au }
— & 9 Ma ) N Miaky D
= —— + + : .
; dxy 0x; l; 0x1 Uy O; = 0x; Ougk

m
[E1, B2]V =[Ey, B2l + Mok :
Z fer, ]3u

where

~ 87701 aéj
wi) =D, D [ 2L )y =
Mo,k k<axl) k<3x1>u’j

d 010 k)
— (Do) — Di(ENug ;) = Ly
ax ( k(n ) k(‘i:j)u ,j) ax

Hence,
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=~ =1 ~(1) =
[E1, B2V = [di ! 5(2)] :

O

Remark 4.4 Theorem 4.9 allows us to say that if a differential equation admits
the Lie symmetries generated by the operators E; and E;, then the Lie symmetry
generated by [E, E;] is admitted as well. In other words, the Lie symmetries of a
differential equation are the elements of a Lie algebra.

4.5 Beyond Lie Point Symmetries

The Lie groups heretofore considered are point transformations since they establish a
mapping between points (x, u) and (x’, w’). These transformations naturally prolong
to the rth-order jet space J” (R"*™ n). Nothing prevents us to consider more general
transformations that are not prolongations of point transformations, where a point
x,u,uV ... u") e J (R"™, n) is moved to another point in J" (R"*", n) by a
one-parameter group of transformations which is not the rth prolongation of a point
transformation. Below we analyze these transformations for ordinary and partial
differential equations.

4.5.1 Contact Symmetries of Ordinary Differential Equations

Let us consider the second-order ordinary differential equation
us=F(u,u,), 4.23)

that, for arbitrary function F, admits only the symmetry generated by

(O
0=

ox’

We will see in Chap. 5 that the admitted Lie symmetry allows us to setu ; = v(u),

dv
whence u , = —u | = vv ; as a consequence, Eq. (4.23) reduces to the first-order

u

ordinary differential equation:
F(u,v)
V= —".
v

The latter cannot admit any symmetry coming from symmetries of (4.23) (we say
that there are no inherited symmetries) because the second-order ordinary differential
equation, for an arbitrary function F (u, u ), admits only the translation with respect
to x. Nevertheless, every first-order ordinary differential equation admits Lie point
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symmetries, say those generated by

H 9 9
E =&, v)a + n(u, v)%,

for some functions & and 5 (for instance, the symmetry with n = § F', with § arbitrary
function); this symmetry, in terms of the original variables, reads

0

ad
= — My % )
£ u®) G u )

that cannot be the first prolongation of a Lie point symmetry because £ depends
onu;j.

These considerations suggest to introduce more general transformations whose
infinitesimal generators depend also on derivatives.

Thus, let us consider one-parameter groups of transformations of the form:

X =X, u,u®, . u®a),
W =UG,u,u®, .. u":a),
u =D, u,u®, . u;a), (4.24)

u™” =00, u,u®, . u”;a);

these are called contact transformations of order r. Of course, we have to preserve
contact conditions, say

du' = UWayx’,
du™ =Uu*Vax',  k=1,...,r—1,
and this will imply that U" must depend on »*V, ..., U must depend on u®",

contrarily to the hypotheses. To avoid this contradiction, let us switch to the infinites-
imal version of (4.24):

X =x4at(x,u,uV, . .. u)+ 0@,
w =u+an(x,u,u®, ... u”)+ 0@,
u =u +anWx,u,u®, .. u”)+ 0@,

" =u+an® e, u,u®, . u) + 0@,
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where, in order the contact conditions be preserved, it is

1 =0,0% " —u®D,E), k=1...r
with n©@ = 5.
Inorder n® (k=1,...,r) tobe independent of derivatives of u of order higher

than r, it is easily recognized that we have to impose the conditions

k—1
e w o o

ou® qum (4.25)

, T

Taking into account the recursive relation for =1 and that

o @ 9

condition (4.25), for k = r, gives

0

= a0

(D" —u" "D (&) —u

(r) 43
ou™

an(r—Z)
=Dx ( Ju

=D
u 320D

an(er)
Dx( au(”)
3n(r—2)

= Bury

Thus, it is

Int=2
)+
8u(r 1)

9§

_ =1

0§
_ =D >
u Dy <8u(’))

95
au(r)
IO S DL A I
ou® ) T gutn P)
3
qur=n"
an(r—Z) _ oD A€
U qut—’
8n(r—2) e aé
ou qun’

Cross differentiation of the latter conditions yields

whence

9§

au(r) -

s
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Therefore, a contact transformation of order » must have all the infinitesimals &,
n, nV, ..., =V independent of ", and so we have a contact transformation of
order r — 1 prolonged to the rth-order jet space.

We can repeat the above reasoning, and prove that the maximum order of contact
transformation becomes r — 2, r — 3, ... The process breaks down when r = 1, and
so we deduce that the generators of a contact transformation are prolongation of
vector fields having the form

d ad
= ()] (e)) €8} D
H_E('x?uau )ax+n('x7uau )a +T’ (.xul/[ )8 a’

subject to the condition
o _ a9
du® ou®’

Introducing the function 2 (x, u, uD), the latter condition is satisfied by

a9 L 92
=gy M= S w T
Because of its definition, it is also
g0 = 2w 3R
ax du’

whereupon the contact transformation, with generating function € (x, u, u 1), is rep-
resented by the vector field

L2002 O (02 02 0
E = — u — — —u .
du®D Jx qu® ou ax au® ) gu®

To have a proper contact symmetry we need a generating function €2 which is not
linear in u(1; if this is not the case, we have just the first prolongation of a point
symmetry.

We cannot have proper contact symmetries if the differential equation involves
more than one dependent variable. In fact, considering a contact transformation
generated by the operator

R 9 9
g M M n(h M
E=£(,uu )aeraE:1 (na(x,u,u )Bu (x,u,u )a (1)>

we have to satisfy the conditions
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Mg -, &
Bu(l) “ Bug)
87)0, 1 0

P " g
Cross differentiation yields

L 0 0
ay 314;31) of Bu;”-
If there are more than one dependent variable, we can choose « =  and « # v,
and deduce
9§

01
Bu(l)
whereupon it is also
d
e .
duy

This means that contact symmetries of ordinary differential equations involving
more than one dependent variable are prolongations of Lie point symmetries.

4.5.2 Contact Symmetries of Partial Differential Equations

Using similar arguments, we can define contact symmetries also for scalar partial
differential equations starting from

x =X(x, u, u(l)'a)
w =URX,u, u! a)
u =U(x,u,u?; ),

to which corresponds the infinitesimal operator

—stx u, u“>>—+n<x u, u(l))—+Z’7[z](X u. u<”>—,

i=1 i

where



106 4 Lie Groups of Transformations of Differential Equations

Also in this case, there exists a generating function Q (x, u, u") such that

a2 a2 0Q
éi—ﬁj» n= Z”laul Q, n[,i]__(ula +8x,>

4.6 Concluding Remarks

The symmetries of differential equations heretofore presented are transformations in
the space of independent and dependent variables (point symmetries), or transforma-
tions in the space of independent and dependent variables, and first-order derivatives
(contact symmetries [13, 26]), transforming solutions into solutions. Both kinds of
symmetries have a geometrical meaning.

If this geometrical interpretation is relaxed, a further enlargement is represented
by the so-called generalized symmetries; roughly speaking, they are transforma-
tions in the space of the independent variables, dependent variables, and all (par-
tial) derivatives [1, 29]. The generalized symmetries are introduced as formal vector
fields whose components depend also on higher order derivatives. They prove useful
in many contexts (see, for instance, [2, 3, 5, 8, 12, 14]). Anyway, the generalized
symmetries are beyond the scope of this book and will not be discussed.
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Chapter 5 ®)
Lie Symmetries of Ordinary Differential oy
Equations

5.1 Introduction

In this chapter, we use Lie symmetries to analyze ordinary differential equations.
Sophus Lie proved that if a given ordinary differential equation admits a one-
parameter Lie group of point transformations, then the order of the equation can
be algorithmically lowered by one. Hence, the solution of the reduced equation and
a quadrature give the solution of the original ordinary differential equation. For a
first-order ordinary differential equation, the Lie method yields its quadrature, or,
equivalently, enables us to find a first integral or an integrating factor. Furthermore,
an ordinary differential equation of order n admitting an algebra of Lie symmetries
possessing an r-dimensional (» < n) solvable Lie subalgebra, can be reduced to an
ordinary differential equation of order (n — r): in this case, the solution of the orig-
inal ordinary differential equation is found by solving the reduced equation plus r
quadratures.
The reader may refer to [7-10, 25, 26] for further elements and examples.

5.2 Basic Examples

Example 5.1 The first-order ordinary differential equation

du

1 _ (O
u’ = f(x) (u = dx) (5.1)

is easily solved by quadrature,

U= / f(x)dx + ¢, ¢ constant.
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It is evident that Eq. (5.1) is invariant with respect to the Lie group (translation of
the dependent variable)

’

x' =x, W =u-+a (5.2)
because )
u = %‘, = Z—z =u,  fON) = f).
Conversely, the general equation

u = £x,u)

is invariant with respect to (5.2) if the function f does not depend on u. This means
that reduction by quadrature of (5.1) is possible if and only if Eq. (5.1) is invariant
with respect to (5.2).

Example 5.2 The first-order homogeneous ordinary differential equation

W= f (Z) (5.3)

X

is invariant with respect to the scaling group

x' = exp(a)x, u' = exp(a)u; (5.4)

, du  du u' u
(1) = —_—= = (1) —_— = - .
! dx' dx ' f <x/> ! (x>

By introducing the canonical variables

in fact,

u
r=-, s =logu,
X

the Lie group (5.4) assumes the form

From

we obtain
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and Eq. (5.3) is mapped to

ds _ fr)
7 =8, g = =

the latter is solved by quadrature,

s:/g(r)dr—i—c;

in terms of the original variables, we get the solution

u/x
u =c'exp (/ g(r)dr) , ¢ constant.

Example 5.3 It is easy to check that the first-order ordinary differential equation

uV =
=+ 5.5
uw’ T f (5.5
is invariant with respect to the scaling group
x' =exp(=2a)x, u =exp(a)u; (5.6)
in fact, we have
, o du
uV = du/ = exp(3a)— = exp(3a)u(1)
—u') + LI exp(3a) (—u3 + ;>
x'/x' xXA/x

By introducing the canonical variables
2
r=xu", s = logu,

of the Lie group (5.6), we obtain

Jds
“ar
1
u - T g
1 - 2rﬁ
dr
and Eq. (5.5) is transformed to
ds —14r32

dr 142122
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that can be solved by quadrature,

Sl
S :/md}”—i—c, ¢ constant.

The above examples show how to use a Lie symmetry admitted by a first-order
ordinary differential equation. Introducing (if needed) the canonical variables, the
equation is solved by quadrature.

5.3 First-Order Ordinary Differential Equations

Assume a general first-order ordinary differential equation

u = f(x,u) (5.7)

to be left invariant by the Lie group of point transformations generated by

o 0 0
) _S(x,u)a—i-n(x,u)%. (5.8)

This means that, by considering the first-order prolongation of the infinitesimal
operator E in (5.8),

0 an an 0§ 5
=0 g _ _ 75 n _ (1)y2
=53 +"au+(ax+<au 8x> ™) o <1>’

the invariance condition
(1 1
u( ) (u( ) f(xv I/l))|u(1)—,f(x,u) 0 (59)

holds. The condition (5.9) implies that the infinitesimals & (x, ©) and n(x, u) satisfy
the linear partial differential equation

st (5 0e) -0 4

" Sk s =0, (5.10)

If we are able to find a solution to (5.10) for the infinitesimals & (x, ) and n(x, u),
by introducing the canonical variables r(x, «) and s(x, ©) such that
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the Lie group generated by (5.8) can be written as

4

rr=r, s =s+a. (5.11)

Furthermore, in terms of the canonical coordinates r(x, u) and s(x, u), it is

as as as

- u® o2
ﬁ _ 0x Bu _ Ox + f(x u)
— (5.12)
dr or n ar M = or + f( )
— + —u —+ —f(x,u
0x ou dax
Due to
B(0) =g o =0,
778 =

relation (5.12) is nonsingular if f(x, u) # n/&. Determining x and u in terms of r
and s, and using in (5.12), one obtains

ds Fr.s)
— = F(r,s).
dr
However, as the latter equation must be invariant with respect to the Lie group
(5.11), the function F cannot depend on s, i.e., we have

ds F(r)
— = F(@r),
dr

that can be solved by quadrature.

Remark 5.1 The Lie symmetries admitted by a first-order ordinary differential
equation cannot be found in general, as we have two unknowns, £ and 7, and only
one condition, say (5.10).

By direct substitution, it can be easily seen that (5.10) always admits the solution
n = &f for any &. Nevertheless, this solution (yielding a so-called trivial symmetry)
is useless to reduce the equation to quadrature, unless we know how to solve the
given differential equation. In fact, the canonical variables associated to the trivial
symmetry

0 0
E=860x,u)— +&0x,u)f(x,u)—
0x u
are found from the conditions
ar or
§(x, u)a— +&x,u) f(x,u)— =0,
X ou
as as
é(-x’ I/t)— +é(x1 u)f(-xs u)_ = 17
0x ou
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whose solution requires the integration of the characteristic equation

dx _ du
E(r,u)  E(x,u)f(x,u)

i.e., we need the solution to Eq. (5.7) itself.

Anyway, we may consider a special ansatz for the infinitesimals n and/or & (for
instance, polynomial in x and u of a fixed degree) and check if the invariance condition
is satisfied (see Example 5.5).

5.3.1 Integrating Factors

The first-order ordinary differential equation (5.7) can be rewritten as

e, w)dx + hewdu = 0. fv.u) = — 51 (5.13)
h(x,u)
The general solution is a family of curves
¢(x,u) =c, ¢ constant,
such that 5 )
—¢dx + —¢du =0
ox ou
is equivalent to (5.13), and this implies
a a
h(x,u)—¢ —g(x,u)—¢ =0. (5.14)
ox ou

If a Lie group of the form (5.8) is admitted by the differential equation, it leaves
the family of solution curves invariant, that is, transforms a solution curve to another
solution curve. Therefore, if E is the infinitesimal generator of the Lie group, it has

to be
¢ Loy
E(p(x, u)) =€(x,u)a—+n(x,u)— =1 (5.15)
X ou

From conditions (5.14) and (5.15), it follows

9 _ glx, u)
ax  E(x,wglx,u)+nlx, wh(x,u)’
Jdp h(x,u)

du  E. gl u) + G wh(x, u)’



5.3 First-Order Ordinary Differential Equations 115
this is correct if

§Ce,w)gx, u) + n(x,wh(x,u) #0 & nlx,u) #E&x,u) f(x,u),
i.e., we have a nontrivial symmetry, whence we deduce that

1
_ 1
plx, ) E(x, u)g(x, u) + n(x, u)h(x, u) e10

is an integrating factor. Conversely, if w(x, «) is an integrating factor, then any
E(x,u), n(x,u) satisfying (5.16) give the infinitesimals of the Lie group leaving
Eq. (5.7) invariant.

A simple application is when in Eq. (5.13) g(x, u) and A (x, u) are homogeneous
functions of the same order «, that is

gOx, Au) = A%g(x, u), h(hx, Au) = Ah(x, u),

with A € R*. This implies

0g g

x8x+u8u_ag’
8h+ o _
ax  lou T ¢

It is easy to observe that in such a case (5.13) is invariant with respect to the Lie
group of transformations

whose generator is

Thus, the integrating factor is immediately found:

1
xg(x,u) +uh(x,u)

nx,u) =
Example 5.4 The first-order ordinary differential equation

x2u? 4+ 7x%u — 4u?
xud — 2x2u? + 3x4

ul = (5.17)

can be written equivalently as

(2u? + 7x%u — 4u™Mdx + (—xu® 4+ 2x%u* — 3x*)du = 0. (5.18)
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We may easily determine an integrating factor by observing that equation (5.17)
(as well as (5.18)) is invariant with respect to the Lie group generated by

- 0 N 0
E=x—4+u—.
0x u

Consequently, an integrating factor arises, i.e.,

1
x(x2u? + 7x3u — du*) + u(—xud + 2x2u? — 3x4)’

u(x, u) =
Example 5.5 The ordinary differential equation [25]

3 2
u’ —3xu+u
u(l):

_ 5.19
—x3 4 3xu +x ( )

by direct inspection, does not admit simple symmetries like scalings or translations.
Looking for the infinitesimals as third degree polynomials in x and u we obtain:

& = al(u3 —3x%u+ u) + az(—x3 + 3xu’ + x),
n= al()c3 —3xu’ — x)+ az(u3 —3x%u + u).

We observe that for a; = 0 we have a trivial symmetry, i.e.,
n wd—3x%u +u

£ —x3+3xu2+x

On the contrary, setting a, = 0, we have a nontrivial symmetry generated by the
vector field

a 0
E = —3x%u+u)— + (x> = 3xu’> — x)—.
ax ou

Instead of looking for the canonical variables (whose determination appears not
so easy), let us integrate (5.19) by means of an integrating factor. So, we have

W3 = 3x%u 4+ w)dx + (x> = 3xu® — x)du
(3 —3x2u + u)? + (—x3 + 3xu? + x)?

1 u 1 u u
— arctan + — arctan — arctan (—) =c,
2 x+1 2 x—1 X

(x2 + M2)2 _ x2 + u2

Xu

=c, c arbitrary constant,

yielding

whence

=c, c) arbitrary constant,

i.e., the solution in implicit form.
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5.4 Higher Order Ordinary Differential Equations

Now, let us move to the application of Lie groups of point transformations to the
study of a second or higher order ordinary differential equation like

u™ = f(x,u,u(l), ...,u("fl)), n>2. (5.20)

From a geometrical point of view, it defines a surface in the jet space with
coordinates (x, u, uV, ..., u®™).

Assume that Eq. (5.20) admits a one-parameter Lie group of point transformations
with infinitesimal operator

) :g(x,u)i+n(x,u)i. 5.21)
0x ou

The invariance of (5.20) under a Lie group of point transformations constructively
leads to reducing (5.20) to an (n — 1)th-order ordinary differential equation plus a
quadrature.

When n > 2, the admitted infinitesimals of Lie groups of point transformations
satisfy an overdetermined system of linear determining equations that have only a
finite number of linearly independent solutions. In practice, we are usually able to
compute explicitly (if they exist) the admitted Lie groups of point transformations
of an nth-order ordinary differential equation in the case n > 2.

In the next subsections, we illustrate the procedures to reduce the order of an
ordinary differential equation admitting one-parameter Lie groups of transformations
by means of either canonical variables or differential invariants; moreover, also the
case of multi-parameter Lie groups is considered.

5.4.1 Order Reduction through Canonical Variables

Theorem 5.1 ([7, 9]) Suppose a nontrivial one-parameter Lie group of transforma-
tions with infinitesimal generator (5.21) is admitted by Eq. (5.20), with n > 2. Let
r(x, u), s(x,u) be the corresponding canonical coordinates satisfying E(r) =0,
E(s) = 1. Then, the nth-order ordinary differential equation (5.20) reduces to an
(n — 1)th-order ordinary differential equation,

dnfl d dnfz
g (r,z, a Z), (5.22)

drn—1 dr’ " dim2

" ds
where 7 = —.
< dr



118 5 Lie Symmetries of Ordinary Differential Equations

Proof In terms of the canonical coordinates r(x, u) and s(x, u) it is

as n as o
— + —u
dr ~ 0r  Or a )
— 4+ —u
0x ou
By differentiating (5.23), we get
d
2 d 2
d*s dr (2)f s ds + s ds (5.24)
- = 5, =u sy Dy T y 9y T ) .
dr? dr : dr &1 dr
where
7 ds 1 or os or 0s
s, —|=—————— — —— ,
: dr ar o 3\ 0x 0u  Ouox
(a T )
ds 1 ( (1))3 ar 9%s ds 9%r
rs,—|=——"———[("')Y|——  ——
&1 dr ar o 3 du du?  du du?
(a T )
Iy 1)2 ar 9%s ) ar 9%s ds 9%r ds 9%r
u -2 - _ _ -
dx 0u? ou 0x0u  Ou 0xdu dax du?

ou 0x2 Ox dxdu  9x oxdu )  ou ax2
n ar 9%s ds 3%r
ax 9x2  oxox2/))’

Solving (5.23) with respect to ", we have

e <8r 9%s 42 <8r d%s  ds 0°r ) s 82r>
u —_—

uD = 0x  oxdr

that, used in (5.24), yields

u(z)—d—st rsd—s + G rsﬂ
_drzl 7’d}" 1 71dr ’

with F; = 1/f; and G = —g;/f1. Since r and s are canonical coordinates, it is

ar as  Or as . .
— — — —— # 0, and hence f; # 0. Proceeding inductively, we have
ox du  Ju 0x
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d~s ds ds d* s
_:u(k)fl<r9s’_>+gk—l<r’s7_‘ )

drk dr dr’ " drk-1
for some function g;_; (r, s, Z—j, R %). This leads us to write
® dks F ds 4G ds dk1g
u" = — rs, — alrns,—, ..., —— ),
drk"! dr k=t dr drk-1
where 21
kal = —;, k > 2.
fi
Finally, the original ordinary differential equation may be written in the normal
form ]
da" d a'~
S F(rns 8,22 (5.25)
drh dr drn—1

. ds d s
for some function F ( r, s, —, ..., ——
dr drn1

the translation in s, the function F' does not depend on s. This allows us to introduce

) . Since (5.25) is invariant with respect to

d
z= d_s and write (5.20) in the form (5.22) as an (n — 1)th-order ordinary differential
,

equation. O

Remark 5.2 If z=¢(r;c1,...,ch-1) (c1,...,cy—1 arbitrary constants) is the
general solution of Eq. (5.22), then the quadrature

r(x,u)
s(x,u) =/ o(t;ctye.., cuo)dt + ¢y

gives the general solution of (5.20), where also ¢, is an arbitrary constant.
Example 5.6 Consider the second-order linear homogeneous ordinary differential
equation
u® + p)u? + g(x)u = 0. (5.26)

It admits the Lie group of symmetries (scaling of the dependent variable)
x'=x, u =expla)u. (5.27)

Introducing the canonical coordinates

r=x, s =logu,
itis
ds u®

I=——=—,
dr u



120 5 Lie Symmetries of Ordinary Differential Equations

whereupon

dz dz
u® =Zu, u? = zuW 4+ u—= = 22u+u—.
dr dr

Therefore, the equation can be rewritten as

dz =,
—+z7+pr)z+4q@F) =0,
dr

known as Riccati equation. If we know a particular solution zo () of Riccati equation,
then, setting

1
=20+ —,
w

we obtain the linear equation

dw ") L0
— —-pHw-—-1=
dr P

whose solution is

w(r) = exp (/ p(r)dr) / (exp <— / p(r)dr)) dr 4+ ¢, c constant.

5.4.2 Order Reduction through Differential Invariants
For a Lie group generated by
- a a
8 =80 u)zm +nlx.u) o
an invariant J (x, u) is found by solving the condition
- aJ aJ
E(J) =&(x, u)a— +n(x,u)— =0.
X ou

Taking the kth prolongation of a Lie group, we may define the differential invariant
of order k as follows.

Definition 5.1 (Differential invariant) A differential invariant of order k > 1 of the
Lie group generated by

. 3 3
E= E(x,u)a +n(x,u)a—u
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is a function Ji (x, u, uV, ..., u®), with » (k) # 0, such that
0Jx 3Jk
= (k) (€8] (€8]
EY () = $—+ i +n(x,u,u )a (1)
d0J
(k) (€3] (k) k
+o O, ) =

Remark 5.3 An invariant J(x, u) can be considered as a differential invariant of
order zero.

Remark 5.4 If the equation
Fo,u,u®, . . u™)y=u® — f(x,u, u o u Dy =0

admits the Lie point symmetry corresponding to the infinitesimal generator

=4 )a + n( )8
o= X, U)— X, U)—,
ax 3

ie.,
& (F)] g =0,

the function F must depend on its arguments through the differential invariants
J(x,u), Ji(x,u, u(l)), ey, Ju(x,u, uld, u(”))
of B, where
EJx,uw) =0, EPUG,u,u®, ... u®)=0, k=1,...,n

with
dJy

m# , k=1,...,7’l.

The differential invariants of order k are found by integrating the characteristic
equations

dx _ du . du® _ _ du®
EC,u)  nGo,u) - O, u,u®) T T g® G u,u®, L u®)

However, we really need to integrate only the characteristic equations for finding
the differential invariants of order 0 and 1.
In fact, since J (x, u) and J; (x, u, u‘") are invariants under the action of the nth

J
prolonged group, it follows that J, = d_Jl is a second-order differential invariant,
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. dJ, d2J1 . dJ,_ . dn71J1

= —— athird-order differential invariant, ..., J, = = an
2 " dJ dJjr=!

3
nth-order differential invariant.

In terms of the differential invariants, the nth-order ordinary differential equation

has order (n — 1):
d" v ( dv d"‘zv)
= H t, v, — )

dn1 dt’ " de?
where we set t = J and v = J;, for some function H.

Example 5.7 By considering Eq. (5.26), the first prolongation of the Lie group
(5.27) possesses the invariants

u®
_ My
J(x,u) =x, Jix,u,u’)y=—.
u

The second-order differential invariant is

dn u?®  @h)?

J = — =
2T u u?

Thus,

dv
ul = ut, u® =u— + uvz,
dt

where we set t = J, v = Ji, and Eq. (5.26) transforms to

dv

T v2 + p(Hv+q@t) =0,

which is, as one would expect, the Riccati equation.

5.4.3 Order Reduction with Multi-Parameter Lie Groups

By considering the case of an nth-order ordinary differential equation which admits
an r-parameter Lie group of point symmetries, it can be easily proved that if the
corresponding Lie algebra is solvable then we may reduce the order to n — r. If
r = 2, or the Lie algebra has a two-dimensional Lie subalgebra, then the order can
be always reduced to (n — 2) because every two-dimensional Lie algebra is solvable
(see Theorem 3.3).

Theorem 5.2 [f the equation

u™ = foe u,u®, L u®Y)
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admits an r-dimensional (r < n) solvable Lie algebra as subalgebra of the Lie alge-
bra of its point symmetries, then it is possible to reduce algorithmically its order to
(n—r).

Proof Let L, be the solvable Lie algebra spanned by the operators

Let us introduce the canonical variables r; and s; satisfying E;(r;) = 0, E;(s1) =
1. The equation now becomes

d" 'y, P dv, dv;“2
—7 = 1 rl’ vl’ _1 AR ] —7
d}’f' ! dry drf' 2

3

dS]

where v| = —.
drl . . . .

To use E, we need to write it in terms of the new independent and dependent

variables, r; and vy, respectively; however, since v is a derivative, we need the first

prolongation aél). We have:
il d
=) = (1) =)
'~ = r)— + ~ V) —.
2 2 ( ) Brl 2 ( ) 81)1

Due to the relations

~(1) ~(1 —~(1) ~(1 1 —~(1
eVEL ) = BV ED () + LB () = 0,

= (1) = (1) = (D) = () 1 =)
BBy (v) = 8, B (v) + CRrE; (v1) =0,
we deduce that Egl) (r1) is a function only of the invariant | of E;, and that E;l)(vl)
is a function at most of r; and v; (which is a differential invariant of order 1 for E;).!
By introducing the canonical variables r, and s, corresponding to Eg) , the
equation reduces to

n—2 n—3
d""“v, dv, dvy
— =B —— ... —
dr} dry dr,

L1f we compute E;l)(sl), this is 51 4+ J(r1), but we do not need it because s; does not appear in
the reduced equation.
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dSz . . .

where v, = T To use E3 we need its second-order prolongation. By virtue of the
ra

relations

=@ =@ _ Al a2 =0
|:“1 ) 83 ]—C13-‘1 +Ci38; 7,
=@ =@~ a2 2@
[52 » 83 ]— »na) +CxE;,

we have that E§2> (r,) is at most a function of r,, and E;z)(vz) is at most a function
of r, and v,.

Continuing the process, we arrive to an (n — r)th-order differential equation

dan— v, dnfrfl v,
=F(rv,....,.——").

dr)™" Ty
O
Example 5.8 (Blasius equation) The Blasius equation
u® + %uu(z) =0 (5.28)

is a third-order ordinary differential equation arising in some problems in fluid
dynamics [6]. Looking for its Lie symmetries, it is easy to ascertain that it admits
the operators

&
Il
|

w
Il
=
|
I
<

|

Let us prove that the Blasius equation can be reduced to a first-order differential
equation by using in sequence E; and Ej.
The canonical variables associated to E; are r; = u and s; = x, whence

ds, _ dx _ 1

dri  du  u®’

d%s u®

drl — @My’

d3s, u® (14(2))2

a7 = @ Wy
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Solving the previous equations with respect to u", u® end u®, and substituting
in (5.28), we get

ds; d? 2si\° 1 (ds;\>d?
D (23 o (22) S =0
dr1 a’r1 dri 2 dr; dri

. ds .
Setting v; = d—l, we get the second-order equation
r

d*v; dvi\> 1 duv
— —3(— —rvi— =0. 5.29
V1 drlz (dr1> + 2r1v1 ar ( )

The first-order prolongation of E,, in the variables 7| and vy, has the form

c) 9 +2 9
Ey = —ri— v —
2 1 or; 1 P
and its canonical variables are
vl 1lnv
rp = vry, Sy = — .
2 177 2= 5 1
Computing
dU1
dSz 1 drl

dvi \° dv; d*v,
21 =270 2 20270 - -1
g (dn) + (dn n drl2

arr d
: 2;’1111 <2v1 —|—r1ﬂ>
dry

)

dv d*v,
solving with respect to T and —- y , and substituting in (5.29), we obtain:
r }”1

2

2 420,46 (22) s anm 2 (©2) — 042%™ o
ro—— — 4r; (r ro (7 r —:.
arr dr, 2 dry 2T Y,

ds
Finally, setting v, = d_z’ we obtain the first-order differential equation
L)

dv,
4r2d_r 4r3(ra + 6)v; + 4ra(r2 +2)v3 — (r2 +2)v2 = 0.
2
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Remark 5.5 Itcan be easily verified that in the procedure we cannot interchange the
order we apply the generators: in fact, using first the operator &, the first prolongation
of E; cannot be expressed in terms of the variables introduced by E;. This means
that E; is not inherited by the reduced equation obtained by using the canonical
variables of E,.

Example 5.9 (Chazy equation) The Chazy equation [11]
u® = 2uu® — 3®)? (5.30)

has been derived in 1909 as an example of a third-order differential equation with a
movable singularity that is a natural boundary for its solutions. It is left invariant by
the Lie point symmetries generated by

]

[E1, B2l =&, [E1, B3] =28;, [&y, B3] = Es.

Thus, the Lie algebra spanned by {E], &,, E3} is not solvable.

Nevertheless, the two-dimensional Lie subalgebra spanned by {E;, E,}, as well
as the two-dimensional subalgebra spanned by {E,, E3}, are solvable. Therefore,
Eq. (5.30) can be reduced in two different ways to a first-order differential equation.
Let us consider the two-dimensional Lie subalgebra spanned by {E,, B3}, and use
the method of differential invariants. Because [ 2,, E3] = E3, we have to use first
the symmetry generated by =23 and then the symmetry generated by E,. In fact, if ¢
and v are such that

- (1
s (10, w) =0, By (vix,1,u)) =0,
the first prolongation of =, writes in terms of # and v, and so the corresponding sym-

metry is inherited by the second-order reduced equation. The zeroth-order invariant
(t) and the first-order differential invariant (v) of the vector field E; are such that

, Ot (2xu + 6) Jt 0
x°— — (2xu — =
0x ou
av _

av av
297 ov 1
X P 2xu + 6) 5 Qu + 4xu )au(l) =0,

whose integration yields

t =x(xu+6), v =x2(x%uV + 2xu +6).
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Assuming ¢ as independent variable, and v as dependent one, second- and third-
order differential invariants are

dv *u® +6x3u® + 6x2u + 12x

oD = — = ,
dt x2u® +2xu+6
5 dv® 22, 2 |
v? = = (72(1 + xu) + 12x%u® + x2(108 + 24xu)uV

-3
+ 348 4+ 12xu — Pu®)u® + x*(6 + 2xu +x2u(l))u(3)) (xzu(l) + 2xu + 6) .

In terms of the differential invariants ¢, v, v" and v®, the Chazy equation reduces
to the second-order differential equation

0@ + ()2 =200V 430 =0

for the unknown v(¢). Moreover, the first-order prolongation of E, becomes

d a
E(zl) =t— +2v— 4+ ¥

ot v v’
yielding the invariants
v v
I==, WwW=-—
1? t

so, the second-order differential invariant writes

dw  t@tv® — D)

1 _
w — P —
dz tv) — 2y

Finally, we obtain the first-order differential equation

22z —wwV —w? - (z=2)w—-3z=0

for the unknown w(z).

5.4.4 Joint Differential Invariants

An ordinary differential equation of order n, say
u(n) = f(xv u, u(1)7 ) u(n_l))y

admitting a Lie symmetry, can be written in terms of the corresponding differential
invariants; if more than one Lie symmetry is admitted, then it may be written (up
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to a multiplicative function nowhere vanishing depending on the coordinates of the
jet space) as a function of the common differential invariants of the symmetries.
Denoting by

d 0
By =&4(x, 1) + 1e(x, u) s (04 L...r
0x u

the ath vector field, the fundamental differential invariants of the vector fields
{E1,..., E,} are solutions of the system

0J aJ 0J

8

aJ L)) .. = =
ga8x+na8u—l-r]a 8u(1>+ o« 50 ) a=1,...r.

If the matrix ) )

& m 7111 ey

g mon Y

M=o
1
%-r—l Nr—1 7’;{—)1 T n'gr—)l
& 7751) e n'(‘r)

has rank r (in this case, we say that the vector fields span an r-dimensional distribu-
tion, see Definition 8.10) then we have r — 2 differential invariants, that are found by
the method of characteristics, possibly after reducing the matrix M to row echelon
form [5, 25].

Example 5.10 The third-order ordinary differential equation
xuu® — 2x @) = uOu® — ;)3 =

possesses the Lie symmetries spanned by

[l
[l

ou

1=

a
5 2 =X
ox
As differential invariants of both symmetries (one independent of 1), satisfying
the equations

L0

Ju

aJ

aJ _
ou®

aJ
u

0,
0x

)

let us take t = xuP and v = x>u®. We can deduce immediately the third-order

differential invariant
dv

2xu® + x*u®
dr

u(l) + xu(z)

Ly

and the equation at hand assumes the form
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o 2P+ 3tv 41
v =
t(t+v)

’

e., it can be written in terms of the differential invariants.

In [5] (see also [35]), a constructive algorithm, that reduces the determination of
joint local invariants of any finite-dimensional Lie algebra of vector fields, as well as
of any finite number of vector fields, to that of a commuting family of vector fields.
The algorithm relies on Frobenius integrability theorem (see Theorem 8.2).

The procedure in [5] is based on the following two theorems.

Theorem 5.3 ([5]) Let L be a finite-dimensional Lie algebra of vector fields defined
on some open subset U of R". Let {E1, ..., By} be a basis of L. Then:

1. The algebra of operators whose coefficient matrix is the matrix of functions
obtained from the coefficients of i, ..., Bq by reducing it to reduced row
echelon form is Abelian.

2. The local joint invariants of I are the same as those of the above Abelian
algebra.

Theorem 5.4 ([S]) Let B4, ..., Ey be vector fields defined on some open subset of
R". Then the joint invariants of 2, ..., Ey4 are given by the following algorithm:

Step 1 Find the row reduced echelon form of the vector fields &, ..., Eq, and let
Ei, ..., &, be the corresponding vector fields. If this is a commuting family,
then stop Otherwise go to Step 2.

Step 2 If some a , uj] ;é 0, then set ur+] = [u,, Ej] # 0. Go to Step 1 and
substitute 51, vevy 8py Bpqp inplace of By, ...,

o]

d-
This process terminates in a finite number of iterations. If €, ..., E,, are the com-
muting vector fields at the end of the above iterative process, the joint invariants of
&1, ..., 8q coincide with the joint invariants of 8, ..., Bn.

5.5 Second-Order Ordinary Differential Equations
Reducible to Quadrature

A second-order ordinary differential equation is reducible to quadrature if it admits
as subalgebra of its Lie algebra of symmetries a two-dimensional Abelian or solvable
Lie algebra.

Given a second-order ordinary differential equation in normal form

u® = f(x,u,u), (5.31)

its admitted Lie symmetries, generated by

B=4§( )8 + n( )8
E=8ux,u)— X, u)—,
ax 3
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are found by solving

@4_ 28271 _ﬁ (])+ 37] 8%- ((1))
ax2 Oxou  0x2 uz axau

2
_ %(u(l))z_{_ (% _2% _3§u(1)) f é: f af

dy dax du Bu
an on 9§ M _ ‘i: (N2 f
-\ = —_ - =0. 5.32
(E)x + <8u Bx) ( ) au® (5:32)

Condition (5.32) can be viewed under two different perspectives:

1. assign f, and find £ and 7, i.e., determine the symmetries admitted by a given
equation;

2. assign £ and n, and find f, i.e., determine the most general second-order equation
admitting a given symmetry.

Let us focus on the second perspective, and assume that (5.31) admits a two-
dimensional Lie algebra L, of symmetries generated by

[I]

= &i(x, u) PRALIICE u)

]

2 =6&(x, M)a + na(x, U)E'

Because of Theorem 3.3, we may distinguish the case where L, is Abelian from
the one where L, is solvable but not Abelian. In turn, in each case we may distinguish
two subcases according to the rank of the distribution of {E, E,}. Therefore, we
have four cases [26]:

Case 1: [E],Ez]:O,E]\/EQ#O,
Case2: [E;,E;]=0,E,VE,=0;
Case 3: [El,Ez]zEl,ElszyéO,
Cased: [E(,E]=E,E  VE, =0

where E; V By = &1y — &1 (pseudo-scalar product).

Let us observe that an invertible transformation, besides preserving the Lie bracket
(see Theorem 2.14), does not change the rank of a distribution. In fact, by considering
an invertible change of variables,

¢ —ox ) S 9r 0v 91 9V L0
=1 x,u), v=uvx,u), —_—
dx ou ou 0x

the generators E; (i = 1, 2) become

”—§8+Aa—é *s or a+§aﬁ+ a0\ 8
S5 T ey T e T e ) ar T Cax T o ) au
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Itis PR ~ o
EA g,\ i £am) dat v Jt dv
112 21 = (G112 2M 9x o nox)”

Therefore, the four cases can be discussed assuming four simple (canonical) forms
of generators, and we may always reduce the equation to quadrature by a suitable
change of variables.

Case 1. 5 5
B = P &, = v (5.33)
Using (5.33) into (5.32), the second-order ordinary differential equation
u® = ), (5.34)

where f(u") is an arbitrary function of u‘, is characterized. Equation (5.34) can
be easily integrated,

M) M) du'®
F(u =x+c, F(u = .
@) Lo P = | o
A further integration yields
u= / F~ ' (x + ¢)dx + ¢,
where ¢| and c; are arbitrary constants.
Case 2. 5 3
B = —, 2, = x—. 5.35
=3, 2 =X (5.35)

Using (5.35) into (5.32), the second-order ordinary differential equation
u® = f), (5.36)

where f(x) is an arbitrary function of x, is characterized. Equation (5.36) is
immediately integrated:

u:/(/f(x)dx)dx—i—c]x—i—cz,

where c¢; and ¢, are arbitrary constants.

= ’ = 8 a . ( '3 )
=1 =2 X u 5 ‘
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Using (5.37) into (5.32), the second-order ordinary differential equation
@_ 1.
w”=—f), (5.38)
X

where f(u") is an arbitrary function of u‘, is characterized. Equation (5.38) can
be easily integrated,

M M du'V
Fw’) =logx + logc, Fw") = W
and a further integration yields
U= / F"(log(clx))dx + ¢y,

where ¢| and c; are arbitrary constants.
Case 4. 5 "

2= —, Er=u—. 5.39

1= 2 o (5-39)

Using (5.39) into (5.32), the second-order ordinary differential equation
u® = fou®, (5.40)

where f(x) is an arbitrary function of x, is characterized. Equation (5.40) is
immediately integrated,

u=c|/exp</ f(x)dx)dx—i—cz,

where c¢; and ¢, are arbitrary constants.

Example 5.11 The second-order ordinary differential equation
u® + xutu® —w’ =0 (541

admits the two-dimensional Lie algebra of symmetries spanned by the generators



5.5 Second-Order Ordinary Differential Equations Reducible to Quadrature 133

This means that we are in the case 3 considered before. Let us show that we may
construct an invertible transformation

t =71(x,u), v="0(x,u)

(¢ will be the new independent variable, and v the new dependent one) such that the

generators £; and E, assume the canonical form of case 3. The new variables ¢ and
v have to be found in such a way

Bi)=0, Biv)=1, Ey@t) =1t B&2(v)=v,

ie.,
ot n ot 0 5 0V n ov |
x— 4+ xu— =0, — +xu— =1,
ax ou 0x u
ot 5 ot v 5 dv
— 4+ —u— = —t, X—+-u—=—v
ox 4 du ox 4 du

The integration of the latter conditions gives the invertible transformation

x\4 1
= () e=-L
u X

From
1 x3 x*
dv = ;dx, dt = 4;61)6 — 4u—5du,
we obtain
dv B u’ (5.42)
dt — 4x5u — xu®)’ ’
and then

d*v . u® (=5u® + 10xuu® + x?uu® — 5x2(u)?) (5.43)
drr 16x°w3 — 3xu2u® + 3x2u@®)? — x3(u®)3)" .

By solving (5.42) and (5.43) with respect to #" and u®, we have

d
—u’ +4x5u—v
M _ dt
= dv ’
4x°—
Y
u9d_v 14yt sd’v
e dt dr?
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Their use in (5.41) yields

belonging to the canonical form already considered in case 3, that can be solved by
two successive quadratures.

Example 5.12 The second-order ordinary differential equation

143(142 + u(l))(uu(z) — 2(u(1))2) + k(u(l))4 =0, k constant, (5.44)

admits the three-dimensional Lie algebra of symmetries spanned by the generators

, 0 - 1 0 2 0
uw'—, Bz3=x——)——-u—,
ou 3u) ox 3 Ou

S5}
Il

whose commutator table is

]
[1]
)
]

w

81 0 0 g1
o) 0 0 (E1 +287)/3
g3 | —B1 | —(81+2E2)/3 0

It is immediate to recognize that we may consider the following two-dimensional
Lie subalgebras:

1]

{
{
3 3
L§={31—Ez,533}, [51—32,553]=

The Lie subalgebra ]L% becomes the canonical form of case 1 by introducing the
new dependent variable v = 1/u, whereupon

|
]
)

M
v
uD =

O 2w )2 — @

v3

Thence, Eq. (5.44) transforms into

1)y4
SO _ k(M)
1—ov®’

The Lie subalgebra ]L% becomes the canonical form of case 3 by introducing the
new independent variable r = 1~ and the new dependent variable v = x — u™"
whence

>
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~ 2u’/? @ 16u°/% + 30u*v® + 18u5/2y®@
u = = u =
2ul/2 4 3pM° Qul/2 4+ 3p)3

Thus, Eq. (5.44) transforms into

o L 8k
tr\ 3 270D )7

belonging to canonical form of case 3.

Finally, the Lie subalgebra L3 becomes the canonical form of case 3 by introducing
the new independent variable t = (x — 1/u)*/3 and the new dependent variable v =
1/u. So,

1 _ _21)—(1)
v2(2u(M 4 3¢1/2)°
@ 20u? (0D (3 4+ 12tuv® + 16124 (v)2) — 121v@
P2 2u0 + 301/203)3 ’

and Eq. (5.44) transforms into

O _ lv<”(8k(v(1))3 +9)
Tt 18 ’

belonging to canonical form of case 3.

Remark 5.6 It is worth of being remarked that there are second-order ordinary
differential equations that do not possess any Lie symmetry and nevertheless can be
solved by two successive quadratures. An example is given by the equation [2]

o _ @)’ ) 4 +1
u” = ——+ pg(xHufu'” + g'(xH)u’"’, (5.45)

where p is a nonzero constant, and g(x) a nonzero arbitrary function. This equation
does not admit any Lie symmetry unless

g(x) = ajexp(azx), or g(x)=ai(axx + a3 exp(asx),

where a; (i = 1, ..., 5) are constants.
Nevertheless, Eq. (5.45) can be integrated once to give

u®
— —guf =¢y,
u

which is a Bernoulli equation, that can be written as a linear equation in the unknown
u~P, and then integrated to give
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exp(cix)

(c2 — p [ (g(x) exp(e; px))dx)''"

where c¢; and ¢, are the integration constants.

5.6 Linearizable Second-Order Ordinary Differential
Equations

The simplest second-order ordinary differential equation
u? =0

admits an eight-dimensional Lie algebra of point symmetries. Lie proved that eight is
the maximal dimension of the algebra of point symmetries of second-order ordinary
differential equations (a proof can be found in [15]).

The question whether a second-order ordinary differential equation, say

v? = F(t,v, D), (5.46)

where F' is a smooth function of the indicated arguments, can be mapped by an
invertible point transformation like

u= f(tv), x =g(t,v) 5.47)

into the linear equation
u® =0 (5.48)

can be posed. This question is answered by the following theorem.
Theorem 5.5 The following statements are equivalent:

1. Equation (5.46) can be mapped by an invertible point transformation like (5.47)

into (5.48);

Equation (5.46) admits an eight-dimensional Lie algebra of point symmetries;

3. Equation (5.46) admits a two-dimensional Lie algebra of point symmetries
spanned by the generators &y and E; such that 8, vV E; = 0;

4. Equation (5.46) is such that

N

F=Fotv+ Fe.n + B (& 2+F(t W 3
= , U ,V)— , U i , U - s
0 ! dt 2 dt 3 dt

where Fy, Fi, F» and F5 write in terms of the partial derivatives of f and g.
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Proof The equivalence between (1) and (2) is immediate. If such a linearizing trans-
formation exists, since the target equation admits an eight-dimensional Lie algebra,
an isomorphic Lie algebra of point symmetries has to be admitted by the source
equation, and vice versa.

The equivalence between (1) and (3) is easily proved by recalling the canonical
forms of second-order ordinary differential equations admitting a two-dimensional
Lie algebra of point symmetries. If the source equation admits a two-dimensional
Lie algebra spanned by E; and E; such that &; v &, = 0, then necessarily it can be
written (possibly after a change of variables) in one of the two following canonical
forms:

u® = h(x),
u® = h(x)u,

where h(x) is some smooth function. In the first case, the reduction to
u® =0

is produced by means of the replacement

u—>u—/</h(x)dx>dx,

whereas in the second case by means of the replacement

x — /exp (/ h(x) dx) dx.

Finally, the equivalence between 1) and 4) is proved by a direct approach. Since
the transformation we consider is (at least locally) invertible, we may start from
the linear equation and determine the most general form of a second-order ordinary
differential equation equivalent to it.

In fact, from

and considering the invertible point transformation (5.47), we obtain

d’v Fot. )+ Fit. 0™+ By (2 2+F(t y( 3
. —Ftv V) — o) [ — ) (=) .
dt? 0 ! dt 2 dt 3 dt
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with
1 /af 9*g 0%f dg
Fp=— (X285 _"Z2°7°
J \ ot 912 3t ot
1 8f82 82f8g af d%f 3% f dg
F = — —_—— 22— 22—
J \ v ar2 at? v ot dtdv dtdv ot
1 /3f 3%’g 3°f 0 af 92 3%f a
p= L(2 0% 0°fdg 0 ef ,0°f bg
J \ 0t 0v2 0902 ot dv 9tdv atdv v
1 /3af 9*g 9%f g
F=-(-—2-—==
J \ovav?  9v? v
where
__0fdg Odfdg £0
Qv ot ar dv
because the transformation (5.47) is invertible. U

5.7 Second-Order Ordinary Differential Equations
with a Three-Dimensional Lie Algebra

The classification of second-order ordinary differential equations on the basis of their
Lie point symmetries has been performed by Lie himself who proved that the maximal
algebra admitted by a given second-order equation can be only of dimension 0, 1, 2,
3, or 8 [26]. Dimension 0 means that the equation does not admit a group of point
transformations; it is not difficult to find examples of equations with no symmetries,
like Eq. (5.45), or the first Painlevé equation u® = 6u? + x [14], or equations with
only one symmetry, like u® = (x — u — 2)u'". We already considered the canonical
forms of second-order ordinary differential equations admitting two-dimensional Lie
algebras and the equations admitting eight-dimensional Lie algebras.

Let us show the second-order equations admitting at least a three-dimensional
Lie algebra of point symmetries. It is known that all three-dimensional indecom-
posable real Lie algebras can be classified into nine types [33, 34]. Hereafter, we
list simple realizations in the (x, ) plane of these Lie algebras, and the correspond-
ing second-order ordinary differential equations u® = f(x, u, u"’) admitting them.
The second-order differential equations are characterized by substituting in (5.32)
the infinitesimals & and 7 of the symmetries realizing each Lie algebra.

Az nonzero Lie brackets:

the vector fields
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are admitted by the equation

u® = ¢, ¢ constant.

As,:  nonzero Lie brackets:

0x + ou 0x ou

the vector fields

are admitted by the equation

u(z) = cu(l) ¢ constant.

A3 4 nonzero Lie brackets:

[E1, B3] =&y, [El, B3] = —C&o;
the vector fields
- d - ad - 0 0
Ei=——, E2=—, Bs=x——u—
0x ou 0x u

are admitted by the equation
u?® = c(u,1)3/2, ¢ constant,

whereas the vector fields

0 n 0
x— +u—
0x ou

]
)]

1=

ou

El

2 0 o~
2=X s o3 =

are admitted by the equation

139
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(u(l))3/2 —2u®

X

u(2) =c , € constant.

Ass:  nonzero Lie brackets:

are admitted by the equation

u® = c(uW)@=2/@=D " ¢ constant.

A3 nonzero Lie brackets:

the vector fields

0 0
3=U— — X—
0x ou

are admitted by the equation
u®? = c(l+ (u(l))2)3/2, ¢ constant.
As7:  nonzero Lie brackets:
[E1, B3] = a8 — By,
the vector fields

0 0 0 0
1=, B=—, B3=@x+u)—+@u—x)—, a>0,
0x 0x ou

[1]

are admitted by the equation

u® =c(1 + @™)?)*? exp(a arctan(u"), ¢ constant.

Asg:  nonzero Lie brackets:

[El, B2l = &1, [E1, B3] =28y, [Ej, B3] = E3;
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the vector fields

are admitted by the equation

@ c@M)y3?2 420 +u®)
u'” = ,

X—u
whereas the vector fields
- 0 n 0 ~ 0 n 0 - , 0 , 0
El=—+4+—, EBh=x—+4+u—, EBz3=—x"——u"—
dx  du 0x u 0x ou
are admitted by the equation
u® = cu*S, cconstant.
Asg9: nonzero Lie brackets:
[E1, E2]1 = &3, [Ey, B3] =—Es, [&E2, E3]=Ey;
the vector fields
1= (x5 4 xu E 0yl S5 = xul (1t ud)
g = — +xu_—, Ey=—-u_—+x_—, B3 = xu_— u’)—
! dx u 2 0x u 3 0x u

are admitted by the equation

o (1 1?4 (1 + x2) D)2 = 2xuu® )3/2
u- =c , ¢ constant.

14+ x2+u?

The Lie algebras A3 3 and A3 g are simple, the remaining ones are solvable; more-
over, A3 is also nilpotent. In Chap. 12, for such Lie algebras we compute by means
of the program SYMBOLIE [4] the optimal systems of Lie subalgebras.

5.8 Lie Symmetries and First Integrals

In the previous sections, we have seen how to use a Lie symmetry admitted by
differential equations to lower its order by one. Moreover, for an ordinary differential
equation of order n, an r-dimensional solvable Lie subalgebra of the algebra of point
symmetries, when r < n, allows for its reduction to an ordinary differential equation
of order n — r. This approach may fail, for instance, for a second-order ordinary
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differential equation admitting a three-dimensional Lie algebra isomorphic to so(3)
(the algebra A3 ¢ above described); the latter does not possess two-dimensional Lie
subalgebras, so that the differential equation cannot be reduced to quadrature with the
methods previously described. Nevertheless, there is an alternative approach based
on the existence of first integrals induced by Lie symmetries.

An nth-order ordinary differential equation,

u™ = fee,u,u®, 0 uY), (5.49)
possesses the first integral
SO, u,uV, . u" D) =, ¢ constant

if
d¢

Dy (@D)ymw=r =0, PrEy

£0. (5.50)

Introducing the operator
Dx = Dxlu('”:f s

the condition (5.50) can be written as

~ 0
D@ =0, il #0.

The vector field ) 5
= éj(-xa u)a + n(-xﬂ M)E

of a symmetry of (5.49) satisfies the invariance condition

( g— - af Z (k)au(k)> =0. (5.51)
um=g
In terms of the so-called characteristic Q = n — £u', itis
D=0 +Eu*Y, k=1,
so, condition (5.51) reads
DHQ) — 5 ({ l)@" Q) - - o J:])@ (Q) - —fQ =0, (5.52)

where the condition u™ — f =0 and its differential consequence have been
used. Assume that Eq. (5.49) admits r > n symmetries with characteristics
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01, O, ..., Q,. Taking n + 1 linearly independent characteristics, let us construct

the matrix
01 0 Ous
D(0) Di(02) -+~ Di(Qus)
M= | Di(Q) Di(Q2) -+ DI (Qnt1)

D)) DHQ2) -+ D (Qup1)

whose rank cannot exceed n since, due to (5.52), the last row is a linear combination of
the first n rows. Let us consider the case where the rank of M is n; possibly reordering
the characteristics of the symmetries admitted by Eq. (5.49), the determinant of the
matrix

_ 9 0 O

D(Q1) Di(Q2) - Dyi(Qn)
w— | Do) DO - DAQ

D0 DNQ) - DN

is nonvanishing. It is easy to verify that

~ )
Dy (det(M)) = —f det(M'). (5.53)
dun—b
Moreover, there must exist functions ¢y, ..., ¢, such that
¢l » Qn-H
M/ ¢2 — Dx (Qn+l) , (554)
¢n i)ﬁ_l (QnJrl)

together with

01D (Q1) + 0D (Q2) + - + G D (Qn) = D' (Qri1)- (5.55)

Action of operator Z~)x on (5.54), taking into account (5.54) itself and (5.55),
yields ~
D.(pr) =0, k=1,...,n,

so that we have the first integrals (possibly, some of them may be constant). The
explicit expressions of the functions ¢ are obtained by solving the linear system
(5.54).

In the case where the rank of the matrix M is m < n, the ratios of all nonzero
determinants of m x m matrices
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_ 9 9, - 0,
?x(Qil) -?v)x(Qiz) ?x(Qi,,,)
DXHQi) DHQ) -+ DIQi,)

D10 D@ -+ D0,

because of (5.53), yield either first integrals or constants. Notice that in this case,
since for a first integral ¢ = c the condition % # 0 is required, we have first
u
integrals only whenm =n — 1 orm = n.
In general, if the obtained first integrals are less than n, it is possible to check the
existence of a supplementary first integral by using (5.53).

Example 5.13 The second-order equation

Lo — T+ @) Eu® —uw) + ky/T+ (uM)?

3 5 k constant
I14+x*+u
admits the symmetries
- 0 0
Eil=u——x—,
ox du

]

0 ad
s =1 4+x>—u?)— + 2xu—
0x

u’

[x]

ad d
3 =2xu— + (1 — x>+ uz)—;
dx ou

these vector fields give a realization of s0(3) in R?. This algebra does not admit
two-dimensional Lie subalgebras, so that the equation at hand is not reducible to
quadrature. Nevertheless, we can determine the first two integrals. We have the three
characteristics

Q1 =—x— uu(l), 0y =2xu—(1+ pag uz)u(l), 03=(1-— x2+ uz) — 2xuu(1),

whence, considering the 2 x 2 matrices

I 2 ;
M= <z>x(Qj) Dx(Qo)’ I=j<k=3

the conserved quantities are

_ det(M,) _ det(M3)

' det(My)) 7T det(Maz)
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So, we have the first integrals

2xu + (1 — x2 4+ u>Hu® — kx/1 + ()2
=1,
4u — xuD) + k(=1 + x2+u?)/1 4+ (uD)?
(14 x% — u?) + 2xuu® + ku/1+ (w®)?
=,

40cu® —u) + k(1 —x2 —u2)/T+ @02

Some more examples of the procedure outlined in this section can be found in [25].

Remark 5.7 For scalar ordinary differential equations we can determine first inte-
grals also by means of contact symmetries. For a contact symmetry the characteristic
coincides with —Q (x, u, uV), where  is the generating function of the contact
transformation. For true contact transformations, the generating function €2 is not
linear in u‘V.

5.9 Hidden Symmetries

In Remark 5.6, it has been exhibited a second-order ordinary differential equation that
can be reducible to quadrature even if it does not have any Lie point symmetry [2].

When a symmetry of a differential equation exists, one uses the symmetry to
lower its order. This approach can be reversed, so that one may increase the order
of the equation and look for the admitted symmetries of the new equation. Another
situation may occur after the lowering of the order of a differential equation, where
the reduced equation possesses symmetries not coming from the symmetries of the
original equation.

In such cases, one may talk about hidden symmetries [1-3] When one of the effects
of increasing the order of a differential equation & produces the birth of symmetries
not possessed by & one has hidden symmetries of first type. On the contrary, when
new symmetries appear after a reduction of order, then one has hidden symmetries
of second type. Hidden symmetries of second type may arise also when looking for
invariant solutions of partial differential equations. The reduced ordinary differential
equation may possess symmetries not inherited from the original partial differential
equation [21, 22].

5.10 Concluding Notes

Continuous symmetries are the main actors of this book. Nevertheless, it is worth
noticing that many physically relevant differential equations may admit discrete
symmetries (see, for instance [27] where nonclassical reductions of the Boussinesq
equation are also considered). Moreover, in [20] a method for determining the most
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general equation admitting a given discrete symmetry is given. A special mention
is due to Hydon [23, 24] (see also the book [25]) who gave effective algorithms for
computing discrete symmetries of both ordinary and partial differential equations.

Another interesting generalization of Lie symmetries is given by the C°°-
symmetries (or A-symmetries), introduced in a series of paper by Muriel and Romero
[12, 19, 28-32], At the basis of the A-symmetries there is a modification of the pro-
longation formulae for vector fields in such a way there is a complete system of
invariants that can be computed by derivation of lower order invariants (as in the
case of classical symmetries). This allows for the order reduction of differential
equations for which no Lie point symmetry exists.

After the introduction of A-symmetries, several other types of symmetries (e.g.,
u-symmetries [13]), defined through a deformation of prolongation formulae, have
been introduced and collectively called twisted symmetries [16—18]; as classical sym-
metries, they reveal useful for the order reduction of ordinary differential equations or
for the determination of special (invariant) solutions to partial differential equations.
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Chapter 6 ®)
Lie Symmetries of Partial Differential Sheshse
Equations

6.1 Introduction

In this chapter, we will consider two possible ways of using the Lie symmetries of par-
tial differential equations, namely, the determination of particular exact solutions that
are invariant with respect to a Lie group of point transformations, and the generation
of new solutions starting from existing ones. The first strategy uses the infinitesimal
version of the transformations, whereas the second one the finite expression of groups
of transformations. The search for invariant solutions [7, 22-24] of partial differential
equations is the widely used application of Lie group theory. In some cases, invariant
solutions describe meaningful physical situations (for instance, self-similar solutions
or traveling wave solutions). Nevertheless, it has to be remarked that, in general, not
always the admitted symmetries of the partial differential equations leave physically
relevant initial and/or boundary conditions invariant, thus preventing us from solving
satisfactorily such problems.

6.2 Determination of Lie Symmetries of Partial Differential
Equations

Hereafter, we show some examples of well-known partial differential equations, and
compute the admitted Lie symmetries.

Example 6.1 (Symmetries of Burgers equation) Let us consider the second-order
nonlinear partial differential equation for the unknown u(x;, x;) (x; is the time and
X5 the space variable)

du ou 3%u

u— — — =0,
dx1 0x) 8x§
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written in compact form as
A=ug+uuy—uyn=0, (6.1)

known as Burgers equation. It represents the simplest evolution equation containing
nonlinear and dissipative terms. Equation (6.1) has been introduced first by Bateman
[5]in 1915, and later by Burgers [8, 9], for describing a mathematical model of tur-
bulence. It is related to linear heat equation by the well-known Hopf—Cole transform
[10, 16]; in fact, setting

_ _2810g(¢(x|,x2)) _ _2@’ 62)
0x2 ¢
we get
9 (¢,1 —¢,22) _0
0x2 0] ’

whence, if ¢ is a solution of linear heat equation, then u given in (6.2) is a solution
of (6.1). Burgers equation has many relevant properties, and some of these will be
described in other parts of this book.

In order to find the Lie symmetries admitted by (6.1), let us consider the infinites-
imal operator

0 0 0
E =& (x1, x2, u) — + & (x1, X2, u) — + n(xy, X2, u) —, (6.3)
dx 90X ou

and its second-order prolongation E®. Requesting Eq. (6.1) to be invariant under
the Lie group generated by (6.3), say

2% (8)] =0

we get the invariance condition

9 m 9 08 9 9 0
(—'7+ L ’7>+<u AN PR X { R

0x; 0x7 8x§ 0x;  0xy 0x7 0x>
2 2 2 2
— 281;}14 Z—E—u%—é) u,2+<2§—i—§—i— g—i—i—%—é) U2
+2 (88xzju + %) ozt <_% + 283;2%2” -2 88x22581u> (u,z)z
+ (% - M%) ()’ + %(M,z)zu,zz + z—iu,lz + 2%—?”,2”,12 =0,

where the constraint A = 0 has been taken into account to eliminate u ;. The invari-
ance condition is a polynomial in the derivatives u », u 12, and u 7, whose coef-
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ficients, involving the infinitesimals and their partial derivatives, must vanish. By
annihilating the coefficients of this polynomial, a set of determining equations arise;
the latter represent a set of overdetermined linear partial differential equations whose
integration yields the expression of the infinitesimals &;, & and 7:

%‘1 = alxlz + azXx) + as,
a
& = (a1x2 +as)x; + > X + as,

ap
n=- (alxl + ?) U+ ayxy + ag,

where ay, ..., as are arbitrary constants. Due to this arbitrariness we may say that
Burgers equation admits a five-parameter Lie group of point transformations spanned
by the following infinitesimal operators:

0
Bl = — (time translation),
8x1
Hy = — (space translation),
3)62 3 9
E3=2x— +Xxp— —u— (scaling),
gxl 5 0x2 ou
Eq=x1— + — (Galilean transformation),
Bgz ou 5 5
Es = xlz— + x1X0— + (x» — xu) — (projective transformation).
dx1 9x7 ou

Example 6.2 (Symmetries of KdV equation) Let us consider the Korteweg—deVries
equation [20]

ou du du

— 4+u—+—=0

0x dxy  9x;

that in compact form we rewrite as
A=uj+tuuyr+un = 0. 6.4)
By using the third-order prolongation of generator (6.3), we expand the invariance
condition for Eq. (6.4),
20(8)] 5 = 0.

integrate the determining equations, so obtaining

&l =a1+3ax1, &S =atax+axy n=a—2qu,
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where aj,...,a4 are arbitrary constants. Therefore, Eq. (6.4) admits a
four-dimensional Lie algebra of point symmetries spanned by the vector fields

0
g =— (time translation),
8§c1
By = — (space translation),
P
B3 =x1— + — (Galilean transformation),
0x ou
) 3 5 + 9 2 9 (scaling)
B4 = 3x1— + xo— — 2u— (scaling).
4 ! 0x1 2 0x2 ou &

Example 6.3 (Symmetries of axially symmetric wave equation [6]) Let us consider
the axially symmetric classical wave equation (7 is the time and r is the radial coor-
dinate):

By requiring the invariance with respect to a Lie group of point transformations
and solving the associated determining equations, one obtains the Lie algebra of
point symmetries spanned by

0
B = 3 (time translation),
ad d
Ey = 3 + ra— (scaling of independent variables),
r
0
Bz = ua— (scaling of dependent variable),
u
0 0
By= " 4+rH)— +2r— —tu— (projective transformation),
at ar du
E, =v(,r) 3 (linear superposition of solutions),
u

where v(¢, r) is an arbitrary solution of the equation:

henceforth, the axially symmetric wave equation admits an infinite-parameter Lie
group with generators spanning an infinite-dimensional Lie algebra.

The occurrence of an infinite-dimensional Lie algebra is due to the linear form
of the equation, and is also peculiar of nonlinear differential equations that can be
mapped to linear form [7, 12, 13, 18].
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Example 6.4 (Symmetries of the equations of ideal gas dynamics) Consider the
three-dimensional Euler equations of ideal gas dynamics,

3
N
av; > av; .
( +Z "axk) ax,_o’ i=1,23, (6.5)
+ka—+ypzavk—

where p (¢, X) is the mass density, v; (¢, X) is the components of velocity, p(t, X) is
the pressure, and y is the adiabatic exponent.

By applying Lie infinitesimal criterion, and solving the determining equations for
the infinitesimals of the Lie symmetries, we observe that the value of the adiabatic
index y plays arole. In fact, if y is unspecified, we have a 13-dimensional Lie algebra
of point symmetries spanned by

d ad a
B = —, Brr] = —, ® =fr— 4+ —, k=1,2,3,
1 Y k+1 ™ k+4 o + o
d a a | < -3
Esyipj =X — X i — Vi ) 1 < )
T N T oy T o Uy, /
3
0] a a
En=t—+20— — —_—, 6.6
11 3t+ '08,0 Z Ukavk (6.6)
3
a a
B = — tu—)—20—,
12 ;(xkaxk kavk) '08,0
. 8+ a
u13—,08p Pap‘

Thus, we have the invariance with respect to time translation, isometries (space
translations and rotations), Galilean transformations, and three independent scalings.
Furthermore, if y = 5/3 (this is a physical value!) there is a 14th symmetry generated
by the vector field

0 0 0 0 0
— 2
By =1t"— t— —yt)— | —3pt— — Spt—, 6.7
14 Py +k2=1:(xk s + (o — vk )ka) p op P p (6.7)

corresponding to a projective transformation. Ovsiannikov [25] proved that a pro-

jective transformation exists for the Euler equations of ideal gas dynamics in n space

2
dimensions provided that y = i
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Remark 6.1 The lengthy and tedious calculations required for determining the Lie
symmetries of the system (6.5) can be automatically done by using RELIE (see
Example 12.5).

6.3 Use of One-Parameter Lie Groups of Transformations
The knowledge of a one-parameter Lie group of transformations admitted by a given
partial differential equation can be used to find exact solutions in two ways:

e determine particular solutions, called invariant solutions;
e obtain different solutions, once a special solution is known.

Let & a partial differential equation of order » > 1 for the unknown u(x) =

(u1(x), ..., u,(x)) where x = (xy, ..., x,) are the independent variables, say
Ax,u,u, ... 0" =0, (6.8)
and let
"—ié»(x w0 +f} x,w)— (6.9)
u_izl RS a:l”a g .

be the generator of a Lie point symmetry of (6.8) corresponding to the one-parameter
Lie group
X =X, u;a), u=U®xua) (6.10)

that is obtained, using (6.9), by integrating the Lie equations.

6.3.1 Invariant Solutions

The functionu = O (x) is said an invariant solution of the partial differential equation
&ifand only if u = @(x) is an invariant manifold of (6.9), namely (see Theorem 2.4)

E—0Xx)|y-ox =0.

that is,
n au
Zéi(x, u)a— =5(x, ), (6.11)
i=1 i

and is a solution of (6.8).
Thus, an invariant solution of & is a solution of the overdetermined system made
of the invariant manifold condition (6.11) and the given differential Eq. (6.8).
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Equation (6.11) is solved by introducing the corresponding characteristic equa-
tions:

dx; _ _ dx, _ du, _ _ du,,
£1(x, u) E(x,u)  ni(x, ) M (X, W)
Ifsixuw),..., ,oixuw,vnEuw),...,v,X u)isasetof m + n — 1 function-
ally independent invariants for &, assuming J;(x,u),k = 1,...,n — 1, as indepen-
dent variables, and vy (X, u), @ = 1, ..., m, as new dependent variables, provided
vy .
that the rank of the Jacobian matrix with entries BL (¢, =1,...,m)is m, then
u

the solution of Eq. (6.11) can be expressed (at most in implicit form) as
UD((Xs u):wa(‘ll(xv u)s"-anfl(Xv u))s o = 17"'9m9 (6'12)

with each ¥, arbitrary function of the invariants Ji, . . ., J,—1. Substituting (6.12) into
(6.8), we get a reduced rth-order partial differential equation with n — 1 independent
variables. In many cases, it is & (x), i = 1, ..., n, whence the representation of the
invariant solution (6.12) is not implicit. It is evident that, when n = 2, the reduced
equation is ordinary.

Remark 6.2 The variables Ji, ..., J,_ are often called similarity variables; the
reason lies on the fact that the scaling invariance, i.e., the invariance under similarity
transformations, was one of the first examples where this procedure has been used
systematically.

Example 6.5 The linear wave equation

3%u _ 9%u 9%u 9%u 6.13)
a2 x? o axd  ox? '

admits, among the others, the scaling invariance

SR IE I I
=17 — X1 — Xy)— X3—.
ot o ok oxs

The condition (6.11) reads as

t8u+ 3u+ 8u+ ou 0
— +xi— +x—+x3— =0;
ar ' lax | Poxa | oxs

integrating the corresponding characteristic equations, we determine the four invari-

ants
X1 X2 X3 U
1= —, 2= —, 3= —, = Uu;
Y t Y t Y t
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therefore, the representation of the invariant solution is u = U (yy, y2, y3), that,
inserted in (6.13), yields the reduced equation

3

1 azu
> (5(»3 -)— et ) > vin

k=1 1<j<k<3

8)’/ a)’k

involving three independent variables.

Example 6.6 (Interaction of two waves) Let us consider the first-order system [11]

Ui +u1,2=2ku1u2, (6.14)
Uy — uzp = —2kujus,
where k is a real constant, describing the interaction of two waves of amplitude
uy(xy, x2) and un(x;, x3), respectively, traveling along the x,-axis (x; is the time)
with velocities £1.
The infinitesimal generator of the Lie group of point transformations leaving
system (6.14) invariant is

0 0
= (f(w1) — g(wz))a— + (f(@1) + g(@2)) —
X1 0x>
0 0
- 28/(0)2)”13_ —2f (w)uy—,
Ui 8u2

where w; = x| + X2, w3 = —x1 + x2, f(w)), and g(w,) are arbitrary functions of
the indicated arguments, and the prime (') denotes the derivative with respect to the
argument. The corresponding invariant solutions of the system (6.14) are found by
solving the characteristic equations

dxl d.XQ . dul duz

flo) —g@)  flo)+g@) 28w —2f (@)uy’

from which we find the invariant
da)1 / da)g
w= — ,
S (1) g(w2)

and, ultimately, the invariant solution

aexplkaw) 1

aff + eXP(kaw) g(w )
«2f 2 (6.15)

af + explkaw) f(a)l)

ui(xy, x2) =

ur(xy, x2) =

with «, 8 arbitrary constants.
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The solution (6.15) contains two arbitrary functions, exactly the number we expect
to have the general solution. Indeed, the general solution of (6.14) is given by (6.15).

In [33], by means of the truncation of the Laurent series used to perform
the Painlevé test [34, 35], it has been determined a Bicklund transformation
mapping (6.14) to the linear wave equation. More in detail, the Bécklund
transformation is

L0 Y ouo)
U= — | — - — ,
YTk o om ) OB

L(29 + 9 log(¢)
up = —— | — + — | log(p),
2= \on Ton ) B

where ¢(x1, x») is solution of linear wave equation

o1 —@n=0. (6.16)

Due to the known fact that the general integral of (6.16) is known (the sum of
an arbitrary function of (x; + x;) and an arbitrary function of (—x; + x3)), it is
straightforward to recognize that (6.15) is the general solution of the system (6.14).

Example 6.7 In Example 6.4, it is shown that Eq. (6.5) of three-dimensional ideal
gas dynamics with adiabatic index equal to 5/3 admits the symmetry generated by
(6.7). The corresponding invariant solutions can be easily found:

p(t,X) =t R(w), v(r,x):’t—‘ﬂ“V(w), pt,x) =t P(w),

X
where @ = . and R(w), V(®), and P (w) solutions of the reduced equations

V*(RV) = 0,
(V-VHV + V*P =0, 6.17)

5
V- VP4 IPVV =0,

d 0 a

where V' = | —, —, —
8(,()1 3(1)2 8(,()3
form as the steady equations. Therefore, if

T
) . Identifying @ with x, Eq. (6.17) has the same

{p(x), v(x), p(x)}
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is a solution of steady ideal gas dynamics equations with adiabatic index equal to

5/3, then . . . «
e (G) () e (D))

gives an unsteady solution.
This result will be used later in Theorem 10.6.

Since differential equations can admit more than one symmetry, we can determine
many different invariant solutions.

Example 6.8 (Invariant solutions of potential Burgers equation) Let us consider the
potential Burgers equation

ui+ W) —usn=0.

It admits an infinite-dimensional Lie algebra spanned by the vector fields

o 0 - 0 -
BT =27 oy, =T
) 2 9 + ) 2 9 + 9
84 =2x1— +x0—, s =2x1— +xo—,
4 18)61 28)62 9 > 18)628 2814 (6.18)
Be = 4x7— +dxx— + (2 H—,
6 = 4x; o + xlxzax2 + (2x; +x2)8u

1]

0
r=fx1,x)—, fi1—fn=0.
u

One may look for solutions that are invariant with respect to different subgroups;
in Table 6.1, we show the representation as well as the reduced ordinary differential
equations of the group invariant solutions of potential Burgers equation generated
by the vector fields (6.18) of the finite Lie subalgebra of symmetries. Besides con-
structing invariant solutions with respect to generators of the basis of Lie algebra,
we can also consider other subgroups, for instance, the one generated by &; + cE,
where c is a constant. In such a case, we have the traveling wave solutions

u(xy, x2) = ¥(x2 — cxp) = ¥(w),

where 1 () satisfy the reduced ordinary differential equation:

dy  (dy\* &Y
—c—4—) -5 =0.
Cda)+(dw> dw?

Notice that in general there is no reasonable limit to the number of the one-
parameter subgroups we may consider!



6.3 Use of One-Parameter Lie Groups of Transformations 159

Table 6.1 Invariant solutions of potential Burgers equation

Invariants Representation of the Reduced equation
solution
x dy\* d*
ol u= () (di) _Y
u X2 dxy
X1 d
82 u=y ) Y=o
u X1
X1 . . .
E3 No group invariant solutions
X2
X2
- ©= s @) L (dv?
2 u =y ——w— — ) -
* . 2%do " \do
>y
do?
X1 d
o w= 7 (Y +x2) R AN N
2 4 dx
dxiu — x5 1
- ©=73 AN
(=13 %2 1 u= ) 7 — ﬁ =
U= gk — 3 logx V(@) + 3= + Llogx @ ©

Remark 6.3 1t is worth of being observed that there are cases where a symmetry of
a differential equation does not allow for the construction of invariant solutions (see
the case of the symmetry Ej3 in Table 6.1, or examples in [24]).

In Sect. 6.6, we will show that it is also possible to achieve a multiple reduction
of variables by using multi-parameter groups of transformations.

6.3.2 New Solutions from a Known Solution

As the action of a Lie group of transformations admitted by the partial differential
equation & maps a solution to a one-parameter family of solution of the same equation
(unless it is invariant), a solution of &, which is not invariant with respect to the
group, can generate new solutions. This is especially interesting when one can obtain
nontrivial solutions from trivial ones.

Let us consider the one-parameter Lie group of transformations (6.10) leaving
(6.8) invariant, and let

u=0()

be a solution of &, which is not invariant with respect to the group (6.10).
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The transformation (6.10) maps a point (x, @(x)) of the solution u = @(x) into
the point (x’, u’) characterized by (6.10).
For a fixed value of the parameter a, it is

X = X(X/v u/; _a)s

whereupon
v =UXX,u; —a), XX, u'; —a)); a). (6.19)

Finally, by substituting (x’, u’; —a) with (x, u; @) in (6.19), one may state the
following theorem.

Theorem 6.1 ([7]) If u = O(X) is a not an invariant solution of &, admitting the
symmetry group (6.10), then

u=UX(®EX, u;a), XX, u;a)); —a)

implicitly defines a one-parameter family of solutions of &.

Example 6.9 (Solution of linear heat equation from a constant solution) The linear
heat equation (see Example 4.5)

up—uxn»=>0

admits the symmetry generated by

d d X1 x2 ad

- 2 2

B =X — 4 xip— — | — + == —. 6.20
18x1 128x2 <2 4>u8u ( )

The related finite transformation (obtained by integrating Lie equations) is

, X1 , X2
x] = ) x2 = )
1—ax; 1 —ax;
u =uy1—axyexp| ——).
4(1 — axy)

One can obtain the inverse transformation by exchanging (x;,x»,u) and
(x}, x5, u’), and replacing a by —a:

! /
_ X Yy — )
- /7 2_ /7
1 + ax; 1+ ax;

axxz
u=u'J1+ax|exp|-—=2—).
4(1 + axy)

X1
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By applying this transformation to the trivial solution # = u of the heat equation
(ug constant), the nontrivial solution

uo x < ax; )
U — — _——
Jixan CP\T40 Fan)

is immediately obtained.

6.4 Invariant Solutions and Initial/Boundary Value
Problems

Lie symmetries constitute a powerful tool for constructing exact solutions to partial
differential equations. Anyway, we have to take into account that the solutions one
is interested to find in applied problems must satisfy special initial and/or boundary
conditions. This implies that, in order the group invariant solution be acceptable, it
is needed that also initial and/or boundary conditions be invariant [29].

As an example [14], suppose to have a differential equation for the unknown
u(xy, xp) admitting the symmetry generated by

E = & (x1, X2, M)aixl + &2(x1, x2, M)aix2 + n(x1, x2, M)%;
an initial condition like u(x19, x2) = f(x,) is invariant if
8 — f2) = f ) x1=xio = 05
that is,
n(x10, X2, f(x2)) = &2(x10, X2, f (x2)) f'(x2) =0, &1 (x10, X2, f(x2)) = 0.
Similar reasonings apply to the invariance of boundary conditions.

Example 6.10 (Nonlinear heat equation) The nonlinear heat equation [7]

4
u7/3u,1 + guzz —UrU 2 = 0 (621)

admits the symmetry generated by the vector field

0 0 3 d
E = 2(a; + axx)) — + (a3x3 + (a2 + ag)xz + as) — — = Qazxy + ag) u—,
dx dxy, 2 ou
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where ay, ..., as are arbitrary constants. The initial condition
_ 2y—3/2
u(0,x) = (1 +x3) exp(arctan x,), (6.22)

is invariant if E is such that

3
a; =0, a3 = as = ——ay, a, = —ay.

2

Thus, Eq. (6.21) and the initial condition (6.22) are invariant with respect to the
symmetry

"4a+(1+2)8+(13)8
8= —-x;— X5)— — 3x)u—
3 laxl 28x2 2 ou

that we may use to find a group invariant solution with the given initial condition.

Remark 6.4 Example 6.10 clearly shows that, if we want to determine an invariant
solution satisfying an assigned initial boundary value problem, we have to use only
symmetries leaving both the equation and the initial boundary data invariant.

6.5 Separable Solutions

There are several situations where one may be interested to obtain solutions to partial
differential equations in terms of some functions each depending on one independent
variable [17, 19, 27, 28]. These solutions are called separable. In these cases, the
separable solutions are found by solving a set of ordinary differential equations. A
classical example where this approach reveals useful is given by the search of the
complete integral of Hamilton—Jacobi equation [4].

Example 6.11 (Separable solutions of linear heat equation) Let
Uip—u»p= 0
be the linear heat equation. Looking for a solution in separable form,

u(xy, x2) = ¢ (x1)¥ (x2),

we obtain
d¢ d*y _0
dx1 dx% -
that is compatible provided that
1dy 1 d*y

c

’

¢da T ydg



6.5 Separable Solutions 163

where c¢ is a constant; to have a bounded solution, it is necessary that ¢ = —w?.

Integrating the two ordinary differential equations

do 5 d*y 5
- = 07 5 = Ov
d TP oz TV

we get the separable solution
u(xy, xp) = exp(—a)le) (c1 cos(wxy) + ¢; sin(wxy)) .

In a recent paper [30] (see also the references therein), the authors discuss the
relation between the existence of separable solutions of a partial differential equation
and the structure of its symmetry operators, showing examples of separable solutions
obtainable as group invariant solutions. Hereafter, let us limit ourselves to scalar
partial differential equations in two independent variables, say

A(xy, xp, u,uP oo u®) =0, (6.23)
and to additive or multiplicative separable solutions,

u(xy, x2) = @(xy) +¥(xz), or u(xg,x) =@y (x).

It is easily recognized that for a linear homogeneous partial differential equation
an additive separable solution can be transformed into a multiplicative separable
solution and vice versa, namely:

v(x1, X2) = exp(u(x1, x2)) = exp(¢ (x1) + ¥ (x2))
= exp(¢ (x1)) exp(¥ (x2)) = P (x1) ¥ (x2).

An additive separable solution of (6.23) must satisfy the constraint # j, = O that,
by means of the substitution u — log(u), gives the constraint uu o — u ju , = 0 for
multiplicative separable solutions.

Let us suppose that (6.23) admits the symmetry generated by

d a

ax;  du’

—~
= —

The two functionally independent invariants are (¢ — x;) and x;, so that the invari-
ant solution has the representation

u = x1+ ¥(x2).
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More generally, assume that (6.23) admits the symmetry generated by

0 de(xy) 9
E = A ) ) P —_— N
(x1, 22, ) (8x1 T i au>

with ¢ (x1) and A(x;, x, u) suitable functions of their arguments. The vector field

E possesses the two functionally independent invariants u — ¢ (x;) and x;, so that
the invariant solution has the form of an additive separable solution:

u(xy, x2) = ¢(x1) + ¥ (x2).

To have an invariant solution in separable multiplicative form, we need a symmetry
generated by

) 1 do(x) 9
E=A —
(Jcl,xz,u)<8)Cl +¢(x1) . uem)’

whereupon the invariant solution reads as
u(xi, x2) = ¢(x) Y (x2).
Interchanging the independent variables, we have the additive separable solution
u(xy, x2) = ¢ (x2) + ¥ (x1),

which is invariant with respect to

- d do(xy) 0
8= A(xy, x2,u) <8_xz+ ‘szz 5>’

or the multiplicative separable solution
u(xy, x2) = ¢ (x2) ¥ (x1),

which is invariant with respect to

3 1 do(x) 8
E=A —
(x1, x2, u) <8x2 + 50 dn u3u>,

Of course, the function ¥ involved in the separable solutions listed above must
satisfy the reduced equation that we obtain inserting the separable solution into
(6.23).
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For instance, the separable solution in Example 6.11 is invariant with respect to
the Lie group generated by

admitted by linear heat equation.

Example 6.12 The homogeneous Monge—Ampere equation for a surface in R? with
vanishing Gaussian curvature (see also Sect. 8.6)

2
uun — (U2)" =0

possesses separable solutions both in additive and multiplicative form [30]. It admits
a 15-dimensional Lie algebra of point symmetries, and some of these symmetries
determine the existence of invariant solutions in separable form (see Table 6.2).

Nevertheless, it has to be noticed that there are equations admitting separable solu-
tions that are not invariant with respect to Lie point symmetries. A simple example
is given by the equation of minimal surfaces in R? [30].

Table 6.2 Group invariant solutions in separable form of homogeneous Monge—Ampere equation;
ag, k=1,...,6,and bj, j =1,...,4, are arbitrary constants, and ¥y, k =1, ..., 6, arbitrary
functions of the indicated argument

Symmetry Separable solution
b 0
— +a— u(xy, x2) = arx; + ¥ (x2)
dx| ou
d b
— +a— u(xr, x2) = axxz + Yo(x1)
dxp ou
d d
— tazu— u(xy, x2) = ¥3(x2) exp(asxi)
9x1 u
0 d
— 4 aqu— u(xy, x2) = Ya(x1) expadxz)
dx2 du
3 3 as
X1 — +asu— u(xy, x2) = kx> ¥s(x2)
dx| du
9 d ag
X2 — +agu— u(xy, x2) = kxy°¥e(x1)
0x7 ou
d 9 .
Xi—+ar— u(xy, x2) = log x| + bixz + by
0x1 ou
3 9 .
X2 — +ag— u(xy, x2) = log|x2|*® + b3x1 + by
0x2 u
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Example 6.13 The minimal surface equation
(1 + (M,z)z) uir — 2uupu 12 + (1 + (M,l)z) uxn» =0
has the additive separable solution
u(xi, x2) = ¢1(x1) + ¢a(x2),

where . .
1 (x1) H (x2)

T+ o201 1+¢2(x)

yielding the solution

1
u(xy, x2) = A (log | cos(kxy — c1)| — log| cos(kx; — c2)]) + c3,
where ¢y, ¢, and c3 are arbitrary constants, if k # 0, and

u(xy, x2) = c1x1 + c2x2 + 3

ifk =0.
Rosenhaus et al. [30] prove that additively separated solutions of the minimal
surface equation are related to its contact symmetries.

For further details, as well as examples, see [30], and references therein.

6.6 Use of r-Parameter Lie Groups of Partial Differential
Equations

Given a differential equation &, once we have determined the Lie group of point
transformations leaving it invariant, various tasks can be performed when many
group parameters are involved.

Of course, as shown before, one can choose one subgroup of the full group and
try to determine the corresponding invariant solutions that are found as solutions of a
reduced system involving one independent variable less. But, in some cases, it is also
possible to use in a sequence more than one subgroup in order to obtain a reduced
system, thus getting a stronger reduction of the number of independent variables.

When this is possible, there are essentially two ways to obtain such a multiple
reduction of independent variables: repeating step by step the procedure used in the
case of one-parameter Lie groups for each subgroup considered, or performing the
reduction all-in-one.
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Reducing the number of variables step by step means performing the following:

1. take a generator of a subgroup (say, &, written in terms of the variables involved
in the differential equation A = 0) and build the associated similarity reduction;

2. write the original system of differential equations A = 0 in terms of the invariants
of the used symmetry, so obtaining the reduced equation A = 0;

3. if a further reduction is wanted, set A = A and go to step 1; of course, the
symmetries admitted by A = 0 must be rewritten (if possible) in terms of the
invariants of E.

This method works only if each considered subgroup is possessed by the reduced
equation; of course, this is true for the first subgroup considered, but for the sub-
sequent steps this is true only if the subgroup (written in terms of the invariants)
is inherited by the reduced system. After a reduction with the symmetry generated
by the vector field E;, a second reduction with a different vector field, say &, is
certainly possible if

[E1, B2] = a &y, o constant;

this is because the vector field E, can be written in terms of the invariants of E;,

and so it is inherited. In other terms, the two-dimensional Lie algebra spanned by

{E1, E,} is solvable. As in the multiple reduction of order of ordinary differential

equations, the vector fields have to be used in a well-defined order, first E; and then

E,, unless the subalgebra is Abelian. A higher number of reduction steps can be

done by using suitably the vector fields of a solvable Lie subalgebra (see also [15]).
The following example shows a situation where this is the case.

Example 6.14 As shown before, the solution invariant with respect to the scaling
group of the linear wave equation

9%u _ %u  %u  du

S A 6.24
arr  9x;  Ax3  Ax? (6249

isu =U(yi, y2, y3), where y; = x;/t (i = 1, 2, 3), and the function U satisfies the
reduced equation:

3 2U U
Z ((Yk ‘|'2)’k_)

k=1 yk ayk
+2( U N U N 82U>
NYor——F— T Y1)3 »2y3 =
0y10y2 0y10y3 0y20y3

The operator
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of the rotation in the x;x; plane is a second symmetry of (6.24). In terms of the new

variables y;, it reads
- 0 d
B2 = Y27 — Vg s
a1 ay2

which is a symmetry of the reduced wave equation. Its invariants are
2, .2 2 2y/42

so that the invariant solution U = V (zy, z») satisfies the reduced equation:

0%V 3%V 0%V aVv oV
475(1 — z20)—5 — 4712 —(1=2)—5 + (@4 —63)— — 27— =0.
2 2) az3 292,02, ( v Az} ( 2)812 "z

Furthermore, Eq. (6.24) admits the symmetry generated by

that, in terms of variables z, z2, and V, reads

- (1 2y 0 ) 0
Ey=—z2))7— —2zn122—.
321 812
Its invariants are ) )
22 Xy + x5
g = 3 = 2 3 V
1 —z3 1 — x5

and the invariant solution V = W (o) satisfies the equation:

92w ow
2 .
logs do

0
This ordinary differential equation admits the generator E4 = 3w (but also the

0 o . . .
symmetry Es = 0 — not inherited from the wave equation), so that it can be inte-
grated yielding the particular solution
X 43

u(xy, x3,x3) =a; +aylogo =a; + a log 2 B
—X
3

of the wave equation, where a; and a, are arbitrary constants.
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Example 6.15 The linear wave equation in spherical coordinates

10 ([ ,0u 4 1 9 S,neau n 1 %u  %u 0
_—— ryr— —_— 1 _— _—m =
r2 or or r2sin6 96 a0 r2sin?6 d¢p?  3t2

admits, among the others, the group of three-dimensional rotations generated by

d
Ao’

1]

1

1]

. a 0
2 =sing— 4+ cospcotfd—,
dg

a6

ad . ‘o 0]
cosp— —singcotd—.
a6

]

3

If we start the reduction procedure with E, then, in terms of the invariants
r, 0, t, u,

the invariant solution is u = U (¢, r, 6), where U satisfies the reduced equation

19 (,0U 1 o (. dU 02U 0
2or ( W) t g 90 (Sm@%) T T

This equation does not inherit the symmetries E, and Ej, so these generators
cannot be used for a further reduction.

On the other hand, the wave equation has solutions u = U (¢, r), independent of
both the coordinates ¢ and 8, that are invariant with respect to the Lie algebra spanned
by {E], E,} (the same results are obtained considering the Lie algebra spanned by
{81, 83)).

6.7 H-Invariant Solutions and Factor Systems

Let G be the Lie group of transformations admitted by a differential equation &
Ax,u,u, ... u®) =0, (6.25)

and H C G be an r-parameter subgroup.

A solution u = @(x) of the differential equation & is called an H -invariant solu-
tion if the manifold u = ®(x) is an invariant manifold with respect to the r-parameter
group H generated by the operators
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- 9 - 9
= i— + o s k=1,-~~» 5
k ;& ox, a;m e r

such an H-invariant solution u = @(x) has to satisfy (6.25) and the additional dif-
ferential equations:

1]

. 00,
E Eki(X,G))—a = N (X, O), k=1,....r,a=1,...,m.
Xi

i=1

In other terms, we have to look for the joint invariants of the symmetries
1, ..., &y (see also Sect. 5.4.4), i.e., defining the matrix

]

Ein &M Mim
&1 - & Mmam

";:rl é:rn Nr1 = Nrm
we have to find the functionally independent invariants J (X, u) such that

MVJ =0,

) 9 9 o\’
Ve — . — — . — .
0x) 0x, 0u oy,

and T denotes the transpose operator. If the matrix M has rank r* < r, then there

where

exist m + n — r* functionally independent invariants Jy(x,u), ..., Jyin—r (X, 0).
. L NN/
When the rank of the Jacobian matrix with entries 8—' is m, we may choose
uj
n — r* invariants (say, the first n — r*) as new independent variables (let us call
them z1, ..., z,—), and the remaining as new dependent variables (let us call them
Vi, ..., Un), and express the H-invariant solutions in the form (that can be implicit):
v (X, ) = Y (zi(X, @), ...,z (X, 0), a=1,...,m.

The invariant solutions discussed before are particular instances of H-invariant
solutions when r = 1.

This allows the reduction of the initial differential equation & to a reduced dif-
ferential equation &/ H with n — r* independent variables. The differential equation
&/ H is called a factor system or submodel [26]; the number 6 = n — r* is the num-
ber of the independent variables in the factor differential equation &/H, and it is
called the rank of the invariant solution, or the rank of the submodel.
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It can be noted that, if r* =n — 1, the factor system is a system of ordinary
differential equations, whereas if r* = n the factor system is algebraic.

Example 6.16 By using the full rotation group for a multiple reduction of the wave
equation in spherical coordinates, the invariants are u, r, and ¢, and they lead directly

to the reduced equation:
19 (,0 2
Lo (a0u) 0w
r2 or or 912

6.8 Classification of Invariant Solutions

Typically, we may determine invariant solutions of partial differential equations by
means of many subgroups of the symmetry group. Because of the potentially infinite
number of such subgroups, listing all possible invariant solutions is not a good strat-
egy; what we really need is a way to identify an optimal system of group invariant
solutions, from which every other invariant solution can be obtained. As remarked
in Chap. 3, this is done by characterizing an optimal system of Lie subalgebras of
the algebra of point symmetries admitted by a differential equation. Let us clarify
some more aspects relative to equivalent group invariant solutions.

6.8.1 Classification of Lie Subgroups

As a starting point, let us focus on the problem of equivalence of solutions that are
invariant under a one-parameter Lie group of transformations.

In Example 4.5, we computed the Lie symmetries of linear heat equation; in
particular, let us consider the symmetries generated by the vector fields E; and E4
in (4.20), say

xlz— X - —u—.
0x1 0x7 4 ou

The symmetry generated by E; has the invariants x, and u, whence the invariant
solutionis u = 1 (x,), with ¥ solution of the equation " = 0; so, we get the solution

u=cix;+ca, c1, ¢y arbitrary constants.
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. . X
On the contrary, the symmetry generated by E4 has the invariants o = =2 and
X1

2 1 2
u/x1 exp X , whence the invariant solution is u = —— exp B ¥ (w)
4x, XL 4x;
with 1 (w) solution of the equation ¥ = 0. Thus, we obtain the solution

= — -2 — 4+ bit y tant (6.26)
u exp c c ), C1, Cp arbitrary constants. .
/X1 4)61 : :

Notice that in both cases the reduced ordinary differential equations have the same
form.

Remarkably, the two group invariant solutions so obtained are proved to be equiv-
alent, for one can be obtained by the action of a group admitted by linear heat equation
on the other one.

Let G, be an r-parameter Lie group of transformations admitted by a system of
differential equations A = 0. Moreover, let u = ©@(x) be an invariant solution with
respect to a one-parameter (a) subgroup of transformations 7¢ € G,; T“ maps (X, u)
to (x/, u’), namely, we can write

T(x,u) = (x',u).

If we set
F(Xv u) =u-— ®(X)’

it is
F(T*(x,u)) =Fx',u) =0, when F(x,u) =0,

or, equivalently,
F(x',u) = Ax, wF(x,u),

A being an m x m matrix of suitable Lagrange multipliers.

Let G € G, be another fixed transformation of the Lie group G,, and set
F x',u) = G(F (x,u)). We can prove that F is invariant with respect to the conju-
gate subgroup T9 = GT*G™" of the group G,. In fact, one has

7% (F) = GT°G™" (F) = GT*(F) = G (AF) = (G (A)) (G (F)) = AF.

Since s-parameter subgroups (s > 1) are completely determined by their one-
parameter subgroups, this remark can be generalized.

Proposition 6.1 Let G, be the symmetry group of a system of differential equa-
tions A =0 and let H; C G, be an s-parameter subgroup. If u — O(x) = 0 is
an Hs-invariant solution to A =0, and G € G, is any other group element, then
Gu—0%x) =0isa H -invariant solution, where H = GH,G"is the conjugate
subgroup to H; under G.
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Example 6.17 In Example 6.9, we have seen that the linear heat equation admits
the one-parameter Lie group 7“ defined by the transformations

X1 X2 ax2
X1 — , Xy = ur—)uvl—axlexp <——),

1 —ax; 1 —ax;’ 4(1 — axy)

whose infinitesimal generator is given by (6.20), to which corresponds the invariant
solution (6.26).
Indeed, denoting by

F( )— ——1 exXp -2 —2—‘,- =0
X1, X, U)=Uu X C C
! 2 /X1 4)(1 lxl 2

the manifold corresponding to (6.26), one of course has
F=T%F)=F.

Now, let G be another element of the full symmetry group, say the one defined
by

1 X2 x2
Xy , Xy > , U+ u/ 1 —xexp . R ,

1—x; 1—x 4(1 — xy)
and let G~ its inverse, namely, the one yielding

x1—1 X

2

2 X

X1 — s X = —, U = uUs/x1 €Xp -z .
X1 X1 4)(1

It is easily ascertained that the action of the conjugate subgroup T =Gr*G™!
on (x1, xp, 1) yields

Tx1, x2,u) = GTG ™ (x1, x2, ) = (x1 +a, x2, ),

whose generator is

Moreover, applying G to F, we obtain
4(x1 — 1

2
F =G(F) =exp<x—2) V1—x1(—c1x2—c) =0,

that is,
U = C1xy + ¢z;
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therefore, the solution invariant with respect to E4 is transformed by a group action
to the solution invariant with respect to E;.

The above considerations suggest to limit ourselves to characterize essentially
different invariant solutions, i.e., those that are not obtainable using conjugate sub-
groups. Therefore, the problem of the classification of essentially different H-
invariant solutions is reduced to the classification of subgroups of the group G,
up to conjugation. We recall that a subgroup H € G, is equivalent to a subgroup
H C G, if there exists G € G, such that H = GHG™'; this is a relation of equiv-
alence and the corresponding equivalence classes are said conjugacy classes. This
problem, in turn, reduces to the corresponding problem of classification of Lie sub-
algebras (see Chap. 3) that can be approached more easily from an algorithmic point
of view, as we shall see in Chap. 12.

6.8.2 [Egquivalent Lie Subgroups and Corresponding Lie
Subalgebras

To illustrate the procedure for classifying equivalent Lie subgroups (done classifying
the corresponding Lie subalgebras), let us consider one-parameter Lie subgroups.

Let T € G, be a one-parameter Lie subgroup of transformations in R” generated
by the vector field

i P
o= j -,
o 0z;

and let G € G, another subgroup mapping z to z. Let E the generator of the group
T=GTG™.
Using Theorem 2.2, it is

2 3

a
:‘2
=13

T%(z) = exp(aB)(z) = (H—aE—l—? E3+-~-)(z),

and also

T%z) = GTG ' (z) = Gexp(aE)G ' (z)

oo k 0 k
—6(Y%e 6@ L (6867 @ = exp(aGEG™H (@)
£ £ ’

whence

e

=GaG . (6.27)
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Thus, two one-parameter Lie subgroups are equivalent if and only if the relation
(6.27) for some group G € G, holds true.

Remark 6.5 We note that T and T, as the parameter changes, generate one-
parameter subgroups of G,. On the other side, & and E are two elements of the
corresponding Lie algebra, and they generate two one-dimensional subalgebras.
Moreover, if T% and T are equivalent via G, then the corresponding Lie subalgebras
generated by E and Z are related by the same group G, i.e., the two subalgebras are

equivalent.

Let us show how to construct, by means of the infinitesimal generators and without
using the finite transformations of the Lie group, the maps establishing the equiva-
lence among Lie subalgebras.

In the remainder of this chapter, the analysis will be limited to the equiva-
lence among Lie subalgebras of a finite-dimensional Lie algebra L, with basis
{E1,..., B}

For each generator E; in the basis, we can consider
X =exp (@B X exp (—aa &), (6.28)

for any generator X of the Lie algebra.
Differentiating the expression (6.28) with respect to the parameter a, we obtain

~

dXx

da

I
[1]

iexp(ag;))Xexp(—al;) —exp(aB;)Xexp(—al;)&;

~

X — X8 =[&;, X].

|
[x]

Thus, X satisfies the following initial value problem:

X
da

(]

(g, X1, X|_,=X.

Again, calculating the second derivative, we obtain

o
iy

X [ dX
da? da
and so on. Thus, in a neighborhood of a = 0, one has

a?

X=X +al8 XI+ 58 8 X]]+ -
Considering the adjoint map (which is a linear map, see Chap. 3) ady : L, — L,,

ady(Y) =[X,Y], foreachX,Y e€L,,



176 6 Lie Symmetries of Partial Differential Equations
itis

~ a2

X =X+aadg (X)+ o7 adg, (adg, (X)) +--- =

=X (aadz (X))k
Z = exp(adz,)(X). (6.29)

(=)

If X =" f'8, then
i=1

adx () =Y f[E:. 1= (Z fiCé) :
k=1 i=1

i=1

k Ck being the

whence the (k, j)-entry of the matrix associated to ady is Z f! Cis

i=1
structure constants of the Lie algebra IL,. Then, in the finite-dimensional case, we

can construct the invertible transformations that map equivalent Lie subalgebras
by computing the exponential of these matrices. We recall that, given an element
X e LL,, exp (ady) is a Lie algebra automorphism, known as inner automorphism of
L,, and their set is denoted by Int(L,).

Example 6.18 Consider the non-Abelian two-dimensional Lie algebra IL, with a
basis {E;, E,} such that

[1]
[a]

[El, Ex] =

1.
A generic element X € L, has the form
X=f'8 + f’E.

In this case, it is simple to compute the inner automorphisms related to the gen-
erators 2; and E,. In fact, it is sufficient to write the series (6.29):

l‘2
exp(t; adg,)(X) =X + 1, [E, X]+ 2—1, [EL [, XTI+ -

2 2
. t

=Zf’ <Ei + 08, El+ 2—1,[51, [E1, Ei]]+"'>
i=l1 :

=f'Bi+ P+ nE) = (' +nf*)Ei+ f7E,
2 2

i = o Lo 2 o=
exp(yads,)(X) =) f (a,» + 082, il + 5, [E2, [, Eill + - )

i=1

=exp(—n) f'8, + f2E,.
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Example 6.19 Consider the three-dimensional Lie algebra L3 = sl,(R) with the
basis {E;, E,, E3} such that

—

1, [Er, B3] = —2E,, [Ey,

]
[1]
[1]
a1

[E1, Br] = 3] =

3.

Let us compute the matrix representation of adjoint maps adg,, withi = 1,2, 3:

010 —-100 0 00
adgl =1002 s adg2 = 000 s ad53 =]1-2 00
000 001 0 —-10

The inner automorphisms A; = exp (#; adg,) are obtained by computing the
respective exponential matrices:

11 tf exp(—»)0 O 1 00
Al=1012], A, = 0 1 0 s A3 =|-215 1 0
00 1 0 Oexp(n) 2 -1

Therefore, the two subalgebras H; and H, of L3 are equivalent if there exists an
inner automorphism A such that H, = AH;.

Partitioning Lie subalgebras of a Lie algebra L, in equivalence classes, we obtain
an optimal system of Lie algebras (see Definition 3.23). From an optimal system of
Lie subalgebras of the Lie algebra of symmetries of a differential equations we can
derive an optimal system of group invariant solutions.

Example 6.20 Consider the Lie algebra L4 spanned by the vector fields

_ 3 3 A R SN BRP
=, gy = —, Sy = X1 — —, B4 = 3x x —Ju—
S T T T A Yox; P ox, du

generating the Lie point symmetries of Korteweg—deVries equation [22],
uy+uuy+un =0.
In order to determine the inner automorphisms, we first compute the Lie brackets,

[El, B3] =By, [E1, B4l =3E), [Ez B4l =8, [Es, B4l =283,

and thenadg,,i =1,...,4:

0010 0001 0-100 -1000
e —|0003] . _Joooo| . _Joooo]| . _[o0-300
== loooo] = T loooo =T oo o2 =T 0 020
0000 0000 0000 0000
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whence we derive A; = exp (t; adg,), i =1,...,4:
10—, O 100 —n
101 0 =34 1010 0
Ar=loo 1 o |© 2=|oo1 0|

00 0 1 000 1
15300 exp (1) 0 0 0
Ax — 0100 A, — 0 exp(3ty) 0 0
7100125 | 4= 0 0  exp(—21)0
000 1 0 0 0 1

Let

X=f'8+ P8+ P8+ f'E

be an element of IL,; actions of the automorphisms can be transferred to the coordi-
nates (f!, f2, f3, f*), so that we can represent X as (f!, f2, £, ). Our aim is
to simplify these coordinates so as to obtain a simpler representative (i.e., with the
greatest number of zero coordinates). We divide the computation into several cases.
Case 1: f* = 0. For simplicity, we can assume f* = 1; applying A3, it follows

X' ="'+ i, 2 £ +21, D,

and choosing 13 = — f3/2, we get a first simplification
¥ — <f1 e £0, 1)
Then, acting with A; act on X’ yields
<f1 rr , f2 =310, 1).

Choosing t; = f2/3, we obtain

2 r3
X//:<fl_f2f ’0’0’1>.

Finally, acting with A; on X”, and choosing 1, = f! — f2 f3/2, it turns out that
the first component vanishes. Therefore, any one-dimensional subalgebra spanned
by an element with f* # 0 is equivalent to the subalgebras spanned by E4.
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Case 2: f* = 0. We can distinguish between two subcases: f> # 0 and f3 = 0.
Subcase 2.1: /3 # 0. Again, we can assume f> = 1 and act with A; on X. Hence,

X =(f'—n, f31,0)

choosing #; = f!, we obtain X’ = f2E, + E3. Then, we can apply the inner auto-
morphism A4 to X’ and, after rescaling, obtain

X" = (0, exp (5t) f2, 1, 0),

whereupon
" . 2 . 1 2
X" =(0,sign(f%), 1,0), with 14 = —510g(|f D

Thus, any subalgebra generated by an element with f* = 0 and f> # 0 is equiv-
alent to one of the three subalgebras: E; £ E, or &3, depending on the value
of f2.

Subcase 2.2: f3 =0. If f2 #0, taking f2 = 1, we can act with A; on X =
(f 1.1,0,0), and annihilate the first coordinate by choosing t3 = — f L Tf instead
f? = 0, we have the one-dimensional subalgebra generated by Z;.

This concludes the analysis, and the optimal system of one-dimensional Lie sub-
algebras is

N I I 3 0
S1=g B=go Es=xgoton
H 3 3 a 3 3 3
Se=3ng -t ngs —dugn, ByE B =xom ot o

The computations required to produce an optimal system of subalgebras are rela-
tively simple for low-dimensional algebras, but become significantly more cumber-
some as the dimension increases. In Chap. 12, a computer algebra package [1-3]
written in Wolfram Mathematica™ [36], able to determine classes of optimal Lie
subalgebras almost automatically, will be described.

6.9 Galilean First-Order Quasilinear Systems

Many mathematical models of physical interest (e.g., think of the equations of ideal
gas dynamics) are mathematically modeled by first-order quasilinear systems of
partial differential equations of the form:
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A()a“+iA()8“ F(u) (6:30)
u)— ;(w)— = F(u), .
T =y

where u(z, x) € R” represents the unknown vector field, x € R” (n > 1) denote the
spatial coordinates (in a fixed frame reference) and ¢ € R the time, Ag(u) and A; (u)
(i =1,...,n)are m x m matrices with entries depending on u, and F(u) € R” is
a given vector function of the field u. We assume that Ag(u) is nonsingular and that
all derivatives we use exist and are continuous.

In the framework of Newtonian physics, a system of the form (6.30) has to be
invariant with respect to the so-called Galilean group of transformations stating that
the equations must have the same form in two reference frames differing only by
constant relative motion. In order to study such kind of systems (hereafter referred
to as Galilean systems) it is convenient to split the unknown vector field u in a pair

u=(v,w), v e R, weR"",

where the vector v assumes the meaning of a velocity.

Now, we require the system (6.30) to be left invariant by the following (Galilean)
group of transformations:

X =x+at, t'=1,

V=v+a w=w, 6.31)
x’ being the spatial coordinates in a new reference frame moving with a constant
velocity a = (ay, .. ., a,) relative to the previous reference frame; the components
of a are the parameters of the group. The request of invariance of (6.30) with respect
to the transformations (6.31) implies some restrictions on the structure of the sys-
tem (6.30). Such a structure, which is well known, has been considered by several
authors [31, 32]. Hereafter, we consider a different derivation making use of the
methods of infinitesimal Lie groups of transformations [21]. This approach is both
straightforward and elegant: obviously, we recover the same results as in [31, 32].

The system (6.30) is Galilean if it is invariant with respect to the transformation
(6.31); this characterizes an n parameter Lie group whose infinitesimal operators

LI =1 (6.32)
i =1— -, =1,...,n, .
/ 8xj 81)]' J

[l

generating an n-dimensional Lie algebra.

If the system (6.30) is Galilean then, in the spirit of Lie theory, the first prolon-
gations of the generators (6.32), acting on the system (6.30), give zero along the
solutions of (6.30).
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This leads to the following determining equations:

oA oF
“2(A)'F - — =0, i=1,....n,
8Uj al)j
(6.33)
oA,

Ay
— A%, ——(A)'A =0, i,j=1,...,n,
v, / 3vj( 0) hJ "

d;; being the Kronecker symbol; integration of (6.33) yields

F(u) = Aj(w)G(w),
A](u)=A0(u)(vj|m+B](w))7 j= 1,...,”,
where |, is the m x m identity matrix, G(w) € R™, B;(w) m x m matrices with

entries depending at most on w.
Thus, a Galilean system has the form

d . 9
Ao S + 3 Ao (il + B, (W) = — Ay G(w) = 0.
J

Jj=1

or, equivalently, in components (by left multiplying by (Ag)~')

Gl i~ dug ,
— — B, (W) — | —Gi(w) =0, i=1,....n. (634
T X; (v, o, ; /(W) axj) (W) i n.  (6.34)

j=

In each equation in (6.34) we can recognize the material time derivative of the

field u;,
8u,~ - Bui
— —, i=1,...,m.
o1 +Zv’ax, : "

j=1

The problem here considered falls into the class of inverse problems since we
require a class of partial differential equations to be invariant with respect to an
assigned Lie algebra of point symmetries. Chapter 8 will be devoted to a deeper
analysis of the inverse Lie problem, and the class of Lie remarkable equations will
be introduced.
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Chapter 7 ®)
Conservation Laws Creck for

7.1 Introduction

In Mathematical Physics, conservation laws have a deep relevance, as they express the
conservation of physical quantities such as mass, momentum, angular momentum,
energy, and electrical charge. They are also important from a theoretical point of view
due to their use in investigating integrability, existence, uniqueness, and stability of
solutions [6, 14], or in implementing efficient numerical methods of integration
[8, 10].

In 1918, Emmy Noether [13] presented a procedure (Noether theorem) to find
local conservation laws for systems of differential equations arising from a variational
principle. Noether proved that a point symmetry of the action integral yields a local
conservation law through an explicit formula that involves the infinitesimals of the
point symmetry and the Lagrangian. In [11], a new English translation of the original
paper by Emmy Noether (that she dedicated to the fiftieth anniversary of Felix Klein’s
doctorate) is contained. Also, many historical notes about the relevance of Noether’s
contributions are included.

We start considering a first-order Lagrangian in the context of analytical mechan-
ics, so that the Noether theorem produces first integrals. Then, we move to the general
problem within the framework of Lagrangian field theory, where we may have more
than one independent variable and/or Lagrangians of higher order.
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7.2 Hamilton Principle and Euler-Lagrange Equations
in Analytical Mechanics

In analytical mechanics [3, 7, 12], the equations of the motion of a holonomic system

with n degrees of freedom subject to ideal constraints and conservative forces can be

obtained starting from a scalar function, the Lagrangian £(¢, gx, gx) (k =1, ..., n),
. d . . ..

where g, = %, and using the Hamilton principle.

Given the Lagrangian L(t, gk, qx), the Lagrangian action in the time interval
[#1, 12] is the integral

5]
s:/ Lt e qn) d, (7.1)
n

depending on the curve

qr = qx (1), k=1,...,n,

representing the motion of the system in an n-dimensional configuration space.

Hamilton principle (or least action principle) states that the motion of the system
ruled by the Lagrangian £ in the time interval [¢1, #,] corresponds to the trajectory
of the configuration space where S in (7.1) attains a stationary value.

In other words, among all possible curves of the configuration space from the
point at time #; to the point at time #,, the trajectory followed by the system is the
one such that the variation of the Lagrangian action is vanishing, i.e., 68 = 0.

Let g = qr(t) (k =1,...,n) be the equations of the curve representing the
motion, and consider a small perturbation

a(@t) +3qr(t), k=1,...,n,

along with the constraints
8qi(t1) = dqi(t2) =0, k=1,...,n,

that is, the varied curve has the ending points coinciding with those of the non-varied
curve.
This perturbation of the trajectory produces a variation of the Lagrangian action,

1) 15}
58S = / L, qx + 8qk, gx + Sqr)dt —/ L(t, qi, qr)dt
1 h

_ / (L0t qe + 8qc. dx + 866 — L(E, o G0 di = / 5L.
n 1
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Taking the Taylor expansion of the Lagrangian of the varied motion, and neglecting
higher order terms in 8¢, and 8¢y, we obtain

n

5S = /h Z (_5qk + %qu> dt
[ 5 (G0 (5o ()
[ (B (1)) [ 2]
[ (S (- () )

where we made use of the conditions that §g;’s are vanishing at t = #; and ¢t = 1,
and 9, is the total time derivative.
Itis S = 0 if and only if

0L 0L
D Sqp = 0.
Z(qu ’(M)) qk

Finally, the arbitrariness and independence of d¢;’s lead to the Euler—Lagrange

equations, say

a a

L Dt(_.E):O, k:1,...,n.
dqi g

7.2.1 Egquivalent Lagrangians

There are cases where different Lagrangians produce the same Euler-Lagrange equa-
tions. In some of these cases, it is possible to construct an equivalence relation among
such Lagrangians. Using Hamilton principle, it is possible to characterize equivalent
Lagrangians.

Definition 7.1 (Null Lagrangian) A Lagrangian such that the corresponding Euler—
Lagrange equations are identically satisfied is called a null Lagrangian.

Theorem 7.1 L is a null Lagrangian if it is the total time derivative of a function
F(t,q1,.-.,q,) depending on t and the Lagrangian coordinates qi, say

L=D(F(t,q1,...,qn).
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Proof 1f
L=D(F (. q,---.qn)

for some smooth function ¥ (¢, g ), then

OF . OF

k=1 09k !
whence

0L . oF

e g

Consequently, we have the Euler-Lagrange equations

0oL 0L 0 oF
e Z)t (_> = T (DI(T)) - -Dt (_> =0,
3qk 3qk 3qk qu
where the Schwarz theorem on mixed derivatives has been used. Furthermore,

S = /_D,(T)dt = F (2, gr(02)) — F (t1, g (t1))-

So, 8§ = 0 for arbitrary variations g, ’s vanishing at #; and #,. O

Definition 7.2 (Equivalent Lagrangians) The Lagrangians £, and £, are equiva-
lent if they differ by the total time derivative of a smooth function ¥ (¢, gx), i.e.:

L =L+ D(F (1, q1)-

Remark 7.1 Of course, two equivalent Lagrangians produce the same
Euler-Lagrange equations.

The converse is in general not true: two Lagrangians yielding the same Euler—
Lagrange equations are not necessarily equivalent, as illustrated in the following
examples.

Example 7.1 The Lagrangians

(A # 0, 1) yield the same Euler—Lagrange equation,
. k
q+—q=0,

m

but are not equivalent according to Definition 7.2.
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Example 7.2 The Lagrangians

1
L= —6}2 (free particle with unitary mass),

Ly =+/1+¢? (geodesic of the plane)

lead to the same solution but are not equivalent. In these two cases, Euler—Lagrange
equations admit a first integral,

i i
whence we deduce
C/
q = ct + qo, CI=—/2H‘6]0»

1—c
that in the (#, g)-plane represent a straight line (the geodesic).

Remark 7.2 As two Lagrangians £ and £, such that
L, =2L;, X nonvanishing constant,
lead to the same Euler—Lagrange equations, we can give a weaker definition for
equivalent Lagrangians [7]: £; and £, are equivalent if their linear combination
with constant coefficients is equal to the total time derivative of a smooth function
F(t, qr), i.e.
ML, gk, gi) + 2L, g, Gr) = Di(F (1, qi))s

A1 and X, being constants.

7.2.2 Variational Symmetries

Given the Lie group of infinitesimal transformations

t/:t—l—at(t,ql,...,qn)—}—O(az),
G=q+ant,qi,....q) + 0@, k=1,...,n,

generated by the vector field

—T—+an8qk
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let us impose that it leaves the Lagrangian action invariant, that is,

I &)
/ L g} dpdt = / L0t qe. dudt.
1 al

Taking into account that
dt' = (1+aD,(r) + 0(a?)) dt

dr = Gk +ayy + 0(a®),

where
Y = D () — Di (1),

it is

/L(t qk,qk)dt—/ L(t, qx, gr)dt = /Ldt /Ldt

i it

=/t12<13+a< +Z< k—+wk—£>)+0( ))

X (1 +aD; (1) + O(az)) dr — / h Ldt

:/ 2 (a <£Dl(r) + raa;f: + Z (nk% wk—> ) + 0(a2)> dt
h k=1

:/2 (a (LDi(v) + EV(L)) + 0(ad)) dt

141

&M being the first-order prolongation of E.
Therefore, we can state the following result.

Theorem 7.2 The Lagrangian action is invariant if

LD, () + EV (L) =0.

Definition 7.3 (Variational symmetry) A symmetry of the Lagrangian action is
called a variational symmetry.

Since an equivalent Lagrangian can be obtained adding the total time derivative of
an arbitrary smooth function ¥ (¢, qy, . . . , g»), we can give a more general definition,
that of a divergence symmetry.
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Definition 7.4 (Divergence symmetry) A divergence symmetry is a symmetry pre-
serving the Lagrangian action up to a total time derivative of a smooth function 7,
that is,

LD, (v) + EV (L) — D,(F) =0.
Now we have all the ingredients for formulating the Noether theorem.

Theorem 7.3 (Noether) Let L be a Lagrangian, and suppose we know a variational
symmetry, that is a vector field B such that

LD, (x) + EV(L) =0;

then, the relation

L+ Z(Uk - TCIk)— =

k=1

where c is a constant, yields a first integral.

Proof 1tis
0=LD(r)+EP)

0L 0L L AL
= LD () + iy + k;: (nka—qk + (D (k) — Di(T)qr) 8_qk>

" /0L 0L
=LD@m) +7 (DD - =+ —
() r( L kZI(aqqu 20 qk>>

- 0L . 0L
+ k; (nka—qk + (Di(m) — Di(T)di) a—qk)

. 3 d
=D,(L) Z (@, (;) G + —qu>

9q

+ Z (nkﬂ, ( . ) + (D1 () — D)) 7{';)
0L oL 0L
S oo Z (2 (g ) -2 () - 200 (550
(rzz + Z ((nk - qu)_>)
k=1
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whereupon

. . 0L
L+ ((nk - TCM)@) =c

k=1
gives a first integral. O

Remark 7.3 Poisson and Jacobi first integrals are special cases obtainable from
Noether theorem.

d
e Poisson integral: if for some i (1 <i <n) B_L = 0, then the Lie operator
qi

d
B = 3 (translation of the g; coordinate)
qi

is a variational symmetry, and Noether theorem yields the classical Poisson first
integral

oL

——c

9q;

0
e Jacobi integral: if a—f = 0, the Lie operator

8= 3 (time translation)

is a variational symmetry, and Noether theorem gives the first integral
n
oL .
L- Z - qk =C,
=1 G
namely, the conservation of the Hamiltonian function.

In analytical mechanics, first integrals are very important as they allow for the
order reduction of the Euler-Lagrange equations. Moreover, a sufficient number of
first integrals can make the problem integrable (think of the equations for Lagrange
spin top where we have three first integrals allowing for analytically solving the
problem).

Remark 7.4 Using divergence symmetries, the invariance condition of Lagrangian
action functional reads

LD, (t) + EV(L) — D(F) =0,
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and Noether theorem gives the first integral

. s
TL—I-Z <(71k - TC]k)a—ql) -F =c,

k=1

where c is a constant.

7.3 Lagrangian Field Theory

Variational formulations are important also in field theory, where we have n indepen-
dent variables that we denote as usual with x = (xy, ..., x,), m dependent variables
u= (ui,...,u,),and a Lagrangian function £(x, u,u, ... u") not necessarily
of first order.

Consider the action integral S of the Lagrangian £, involving independent vari-
ables x € R", dependent variables u € R™, and their partial derivatives up to order
r, on a domain 2 C R”,

S= / L(x,u,u®, o u?)dx
Q

Take an infinitesimal variation of u(x) given by u(x) — u(x) + av(x), where a is a
small parameter, and v(X) is any function vanishing together with its derivatives up to
order (r — 1) on the boundary 9<2 of the domain 2. The corresponding variation in
the Lagrangian £ (x, w,u, .. u(’)) is given by

sL=L(x,u+av,u +av? u” +av?) - L(x,u,u®, . u?)

0L L 0L 2
=a|—vy+—Vaj +- -+ Va,ji...jr | + 0@,
aua auaﬁjl aua,_il,,,j,,
au "u . . .
where uy j, = ——, Uy j,.;, = —————, and the Einstein convention of sums
Ox duxjy -+ 9,
over repeated indices is used.
Setting
0oL 0L
on,jl = ) sy Xa,jl...j, =5
auaqjl auavj|~~~jr

repeated integrations by parts produce
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Xo‘v.il Vo, ji = Xavjl va) - /1 ( o ]1) Va

Dj, (
DJI (wajljzva J2 ) DJI ( a JIJZ) Va, j,

D (Xaji V) = Dijijp (XajipVa) + Djij (Xajij2) Va

D, (XajijpVoj = Dj, Xa b)) + Dy (Xaji ) vas

DJI ( ) (Xa,j1j2j3) Vo, jy js

=D, (Xa,j1j2j3va,]2]3) - Djljz (Xa,j1j2j3 Ua,jg)

+ Djijy (Xaji o) Ve

= D (Xaji sV jojs) = i (Xavjijojs Var )

+ Dj1j2j3 (Xawjljzjsva) - Djljzjs (XavjlijS) Vo

= D (X jijojs V. jojs = Do (X jijojs Ve ) + D (Xeasji o s Ver))
— Djijojs (X jijojs) Ve

X“»jljzva,jljz

>

Xav.il.i2.i3 Vo, jijojs = Xol Juj2js Ve o ja

and, in general,

on,,/'1...,/',_va,j1~~jr =D (Xot,jln.j,.UoL,jz~~J)- - Dj, (Xa’jl~~~jrv°"j3"'j")
+ Dijy (KajiojiVajunsy) + o+ DDy (Xajy. V)
+ (=D'Dj, (Xa,jl---jr) Vo

where, as usual, D, is the total derivative operator with respect to x;,, and D, ; =
D; (Dj,...;,). Thus, by defining the Euler operator relative to u,,

_00 _ 5 (930 (20
Eun() aua Dj] (aua,jl) * DJ}JZ <au01»j1j2>

- D, . _90 +-+(=D'Dy M
J1j2J3 8ua,j1j2j3 e aua,jl...jr ’

and the quantities

0L oL 0L
V. = Vg + Vo, jy — Djz (—UO,)

J1
8I/taqj] 8”017]1]2 8140[’/']]'2

oL 0L
+ V0 jpjs — Dj <—v¢w'3)

a, jy )y ta, jy s
0L

+ D |l —v |+ ——
s <8ua.j]j2j3 “) g ji...j,

0L oL
- Z) <8ua i Va, js.. b) + D.iz.i3 <8ua,j]...jr Ua,j4---jr>

A+ =DDy, (Lva> (7.2)

g, j...j,

0L

Va,js...j,
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(ji=1,...,n), we can write

8L=a (Z v E,, (L) + Zﬂk(‘pk)> + 0(ad).

a=1 k=1
Therefore, using the divergence theorem,

m n

88:/8.£dx=a/ <ZvaEua(£)+ZDk(l¥k)> dx + 0(a?)
Q2 2 \g=1 k=1
= wE. (Ldx+ | W-vdS|+ 0@,
a(/QD;v L(Ldx fm v ) (@)

where |, o 18 the surface integral over the boundary €2 of the domain €2, v being the
outward unit normal vector to 2.

Since v(x) and its derivatives up to order ( — 1) are vanishing on the boundary
02, whence ¥ = 0 on 02, it is

88 =a (/ > vuEy, (L) dx) + 0.
Qot:l

Finally, the arbitrariness of v, implies that the extremum u(x) of the action integral
S has to satisfy the Euler-Lagrange equations

Eua (-E) =0,
that is,
0oL 0L 0L 0L
= _ . | = D | ——)—--- D . |——=—) =0,
oug " <3ua,jl> o <3ua,jljz> + U Dives (3“%/‘,...];)
a =1, ..., m.FromaLagrangian of order r, the resulting Euler—Lagrange equations

are of order 2r, unless the Lagrangian is linear in the highest order derivatives.

Example 7.3 (Lagrangian of minimal surfaces in R®) Let u(x1, x») be a field, and
consider the Lagrangian function

L= 1+ ) + o)
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introduced by Lagrange in 1762 for determining the surface of least area stretched
across a given closed contour. The corresponding Euler-Lagrange equation is the
equation of minimal surfaces in R? (see Sect. 8.5), namely

(L4 @2)?)uyy —2uusu o+ (1+ 1)*)uxn =0.

Lagrange was not able to find any solution of the latter equation beyond the one
describing a plane. In 1776, Meusnier discovered that the helicoid and catenoid
satisfy the equation, and that the differential equation of minimal surfaces describes
surfaces with zero mean curvature.

Example 7.4 Let u(xy, x;, x3) be a field, and consider the Lagrangian function

L= J? + w2 + W)
The Euler—Lagrange equation is
un +uzn+us =0,

i.e., the Laplace equation.
For a field u(xo, x1, x2, x3) (xo denotes the time), the Lagrangian

L= ((uo)? = () + @)+ @3)?))

1
2
produces the linear wave equation

oo — c*(uy +um+us) =0.

7.3.1 Equivalent Lagrangians

Also in Lagrangian field theory, it is possible to define an equivalence relation
between Lagrangians.

Definition 7.5 (Null Lagrangian) A Lagrangian £(x,u,u® ... u®) such that
the corresponding Euler—Lagrange equations are identically satisfied is called a null
Lagrangian.
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Theorem 7.4 L(x,u,u”, ... u") is a null Lagrangian if it can be written in
divergence form, namely:

n
L uu® L u”) =Y 0 (F (xouu?, L D)),
i=1

where F; (i = 1, ..., n) are arbitrary smooth functions.

Proof Assume
Lxuu® . u”) =D (F (xuu®, .. uD))

for some smooth functions ¥;; then,

SZ/ ZD,‘ (7:, (X,ll,ll(l),...,u(rfl)))dxzf Zﬁvid&
€= i

(v1, ..., v,) being the outward unit normal vector to 9<2.
Since the variations of u, u", ..., u’~" are vanishing on 9%, it is §S = 0, and
the Euler-Lagrange equations are identically vanishing. (]

Finally, we can define the equivalence between Lagrangians also in the framework
of Lagrangian field theory.

Definition 7.6 (Equivalent Lagrangians) The Lagrangians £; (x, u,u®, ... u®)
and £ (x, u,uV, ... u®) are equivalent if their difference can be written in diver-
gence form, i.e.,

n

Lr=L+ ZDi (Fr(x,u,u®, .. u")),

i=1
for some smooth functions ;.

Remark 7.5 Of course, two equivalent Lagrangians produce the same
Euler-Lagrange equations.

7.3.2 Variational Symmetries

Let £ (x,u,u®, ..., u") be a Lagrangian function, and consider a one-parameter
Lie group of transformations

x = X(x, u; a), v =U®X, ua)
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together with its infinitesimal generator

H n a m 8
g = ;a-(x, W+ ;na(x, W

Let us impose the invariance of the Lagrangian action, that is,
0= f L (X’, o, u, u(’)/) dx’ — / Lx,u,u?, L u)dx, (7.3)
o] Q

where ' is the image of 2 under the point transformation.
The infinitesimal transformation prolonged to the jet space of order r reads

x| = x; +a& + 0(a®),

Uy = Uy + any + 0(a®),
U j, = Ugjy + Alja,jy) + 0(a%),

2
u:’l-,.ilm.l}- = Ugj,..j + ANa,j...j,1 T O(a@”).

Taking into account that
dx' = Jdx = (1 +adet(|D;E)) + O(a?))dx,

expanding condition (7.3) around @ = 0, and neglecting higher order terms, we get

0 d
0=/G<Lﬂi(§i)+§i—£+fla £
Q Bx[ Bua

3L IL
+ Majiz—— + Mo, —) dx + 0(a?)

Ot j, o
- / a (LD;(E) + EV(LD) dx + 0(a).
Q

Therefore, the Lagrangian action is invariant with respect to the symmetry generated
by the vector field E provided that

LY DiE) +EV (W) =0.

i=1

The definition of divergence symmetry can be also given in this context.
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Definition 7.7 (Divergence symmetry) A divergence symmetry is a symmetry pre-
serving the Lagrangian action up to a divergence expression, that is,

n n
LY DiE) +EVL-Y Di(Fi) =0.

i=1 i=1
Remark 7.6 The generators of the Lie point symmetries of the Lagrangian action
leave invariant the extrema of the Lagrangian action. Hence, they are admitted as
generators of symmetries of the corresponding Euler—Lagrange equations. However,
in general, it is not guaranteed that Lie point symmetries admitted by the Euler—
Lagrange equations are variational symmetries.

7.3.3 Conservation Laws

Here, we briefly review some elementary concepts about conservation laws, and
emphasize them in the context of Lagrangian field theory.

Definition 7.8 (Local conservation law) A local conservation law of an sth-order

system A (X, a,u®, ..., u(s)) = 0 of partial differential equations is a divergence
expression
> 0 (0 (x,uu®, L ut)) =0 (7.4)
i=1
holding for all solutions of the differential system, where ®; (i = 1, ..., n) are called

the fluxes of the conservation law.

Definition 7.9 (Trivial conservation law) A conservation law (7.4) is trivial if each
of its fluxes vanishes identically on the solutions of the given system of differential
equations, or the conservation law vanishes identically as a differential identity.

A trivial conservation law contains no information about a given system of dif-
ferential equations.

The notion of trivial conservation law allows for the introduction of equivalent
conservation laws and linearly dependent conservation laws.

Definition 7.10 (Equivalent conservation laws) Two conservation laws

D Di(®)=0 and Y Di(¥;)=0

i=1 i=1
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are equivalent if

zn:@i (©; =) =0
i—1

is a trivial conservation law.

Definition 7.11 (Linearly dependent conservation laws) A set of £ conservation
laws

Y D@ =0:k=1,....¢

i=1

is linearly dependent if there exists a set of constants {a; : k = 1, ..., £}, not all zero,
such that the linear combination

Xn:zx (ax®f) =0

i=1

is a trivial conservation law. In this case, up to equivalence, at least one of the
conservation laws in the set can be expressed as a linear combination of the remaining
ones.

Actually, one is interested in finding linearly independent sets of conservation
laws of a given system of differential equations.

In evolutionary problems, when one of the independent variables (say, x,) is the
time ¢, the conservation law has the form:

n—1
D (¥ (x,u,u, o u)) 4+ ZD,' (@ (x,u,u®, .. u"Y)) =0,

i=1

where W is referred to as the density, and ®; as spatial fluxes, of the conservation
law.
We can now prove the Noether theorem for general Lagrangian functions £(x, u,
(1) (r)
u’,...,u").

Theorem 7.5 (Noether) Let L(x, u, uV, ..., u®) be a Lagrangian function and &
the generator of a variational symmetry. Then, the conservation law

> DL+ Tylx, w5 =0,
j=1

depending on the Lagrangian and the infinitesimal generators of the Lie symmetry,
can be constructed.



7.3 Lagrangian Field Theory 201

Proof Setting

Na = Na — &illa,i,
whence
Majil — &ittaijy = Dj (o — Eitta,i) = Dj, (),
Ma,jijo] — Eillaijifn = Dijij (),
Mo jioi] — Eiltaijy..jy = Djy...jp ),
we deduce

0=LD:&)+E7(L

0L 0L
=Di(&EL) + (o — Sitta,i) 7— + Mo ji) — Eillaijy)
ug e
0L
+ o Majioji) — giua,i,fl~~~jr‘)m
Y s _ oL

:Di i o D‘l o e Z) o)

GD ey, + PO ot i Ol g, 2

[repeatedly integrating by parts and using Euler—-Lagrange equations]
=D, ¢, L+ l’\I;jl)’

where W j, is obtained from W}, in (7.2) with the replacements

Va = Ta
UOl,jz - Z)jz(;icl)v

Va, ooy = Dio.je ().
O

Remark 7.7 Using divergence symmetries, the invariance condition of Lagrangian
action functional reads

LY Di(E)+EVL-D Di(Fi) =0,
i=1 i=1
and, using Noether theorem, we get the conservation law

ZD/‘ (§j£+{l7j[x, w7 —7;) =0.

j=1
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Example 7.5 (Klein—Gordon equation (see [4]) The class of Klein—-Gordon wave
equations,
u+gu) =0, (7.5)

with a general nonlinear interaction term g(u), can be derived from a variational
principle given by the action functional with Lagrangian

L= tuuahe, D= g
= 21/{,11/[,2 u), du =gu).
For an arbitrary function g(u), Eq. (7.5) is invariant with respect to translations of
the independent variables, and a scaling group of x; and x,. The vector fields of these
symmetries are

. 3 9
2= Ey=x— —X2—,

3)61 ’ 8_xz’ 3)61 8)62

03]
]

1=

and it is straightforward to verify that they are variational symmetries of the action
functional. Applying Noether theorem, the following conservation laws are easily
derived:

1
D, (Eu 2> + D (h(w)) =0,

Dy (h(u)) + D, (lu 1) =0,

1 1
Dy ( )C2u - xlh(u)) + D, <_EXIM’21 +x2h(u)> =0

Example 7.6 (Hunter—Saxton equation [9]) Let u(x;, x,) be a field, and consider
the Lagrangian function
L= uuy+ uu’zz.

The Euler—Lagrange equation is
1,
(u,l + uu,z),2 — Eu’z =0,

describing asymptotically weakly unidirectional waves that satisfy a simplified model
equation for the evolution of the director field of a nematic liquid crystal [9].
There are four variational symmetries generated by the vector fields

_ _ d d ~ d 9
, By =_—, E3=xX—+xXo—, E4=x1—+—.

0xy 9x, ax,  Ou



7.3 Lagrangian Field Theory 203
Applying Noether theorem, the following conservation laws are easily derived:

Dy (—uuy) + Do (u (w1 + 2uu ) =0,

Dy (u%) + Dy (uu’) =0,

D ((X2 — xlu)u ) + D, ()61(1421 + 2uu jup) + x2uu?2) =0,
Dy (uax(xjup — 1)) + D, (xluu S —2uuy —uy) =0.

Example 7.7 (Variational symmetries of minimal surfaces in R?) The equation of
minimal surfaces in R?,

(L4 @) uy —2uqupu i+ (1+ @) uxn =0,

as shown in Example 7.3, derives from the Lagrangian

L= 14+ ) + @),

The admitted variational symmetries are

= 9 = =
D1=8—x1, Dz=8—xz, Ds=5,
- _ a d

H4—x2a_xl_ la_xzs

- a a

s —ua—x]—xla—u,

- a a
u@—ua—‘m—xZau,

and the application of Noether theorem yields the following conservation laws:

1+ (u)? TRUR
Ci=9 ' +D: | — — =0,
: ‘<¢1+<u 1)2+(u,2)2) 2( J1+<u,n)2+(u.z>2)

u U 1+(”1)2
+D; |- =0,
JIF @) + @, 2)2> 2( J1+<u$1)2+<u,2)2)

Uy
+D ’ —o,
<J1+(u1)2+<u2)2) 2<\/1+(u,1)2+(u,2)2>
(M 2(x1u, + xou ) —l—x2> D (_M.l(xlu.l + Xou ) +x1) —0

VI+@)? + (u,)? V14 @)+ (up)?
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u(l+ (2% — xju, uo(uuy + xp)
Cs=9D : — 1 +D, |- : : =0,
’ 1<\/1+(u,1)2+(u,2>2> 2( \/1+(M,1)2+(u,2)2)
u g (uuy + x2) u(l+ (u1)?) — xau,
Co=D | +D, (- : 2) =0
‘ ‘<¢1+(u,1)2+<u,2)2> 2( J1+(u,1)2+(u,2>2>

These conservation laws are linearly independent. In fact, taking their linear combi-
nation, we get

6
Z)»kck = (A3 — Asx1 + Aexz + (Ao + Aqu)u s — (A + Aaxy + Asu)uy)
k=1

x ((1+ @2)®u iy —2uupu iz + (14 @) )u ) =0,

that identically vanishes when .} = A, = A3 = Ay = A5 = A6 = 0.
Equation of minimal surfaces in R admits also the symmetry generated by

E=x1—+x— +tu—,
laxl 28x2 ou

but this is not a variational symmetry.

7.4 Concluding Remarks

Noether theorem, despite its elegance and relevance, has an important limitation, for
it permits the determination of local conservation laws only for variational problems.
Therefore, for partial differential equations which are not the Euler—Lagrange equa-
tions of a functional, Noether theorem cannot be used. In the last years, various meth-
ods have been proposed for determining conservation laws also in non-variational
problems. For general systems of differential equations, a divergence expression pro-
viding a conservation law may be found through a direct approach: by taking a linear
combinations of the given differential equations with multipliers that are functions
of the independent and dependent variables, as well as derivatives (up to some finite
order) of the dependent variables. In the direct approach, the dependent variables
(and their derivatives) involved in the system of differential equations, or appear-
ing in the multipliers, are replaced by arbitrary functions (and their derivatives). By
their construction, such divergence expressions vanish on all solutions of the given
system. The interested reader may find details about many important contributions
concerned with the direct approach and the introduction of formal Lagrangians in
the literature (see, for instance, [1, 2, 4, 5, 15]).
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Chapter 8 ®)
Inverse Problems in Lie Group Analysis e
of Differential Equations

8.1 Introduction

The inverse problem in Lie group analysis of differential equations addressed in this
chapter consists in the determination of differential equations possessing a given
algebra of Lie point symmetries. An algorithmic approach for this problem can
be found in [5]. An interesting contribution has been given by Rosenhaus in [41],
who posed the problem of the unique determination of a differential equation by its
group. Therein, the author considered the projective algebra of R* and its subalgebras,
and was able to prove that the equation of surfaces in R® with vanishing Gaussian
curvature (which is a Monge—Ampere-type equation) is uniquely determined by its
Lie point symmetries.

One possible approach to the problem of finding the most general form of a differ-
ential equation admitting a given Lie algebra of infinitesimal point symmetries is to
classify all possible realizations of the given Lie algebra as algebra of vector fields on
the base manifold [40]. Then, the theory of differential invariants of such realizations
allows to find the most general form of the equation [16, 40]. In fact, it is known
(see [37]) that, under suitable hypotheses of regularity, the most general differential
equation admitting a given Lie algebra of point symmetries is locally given, up to
a multiplicative function (nowhere vanishing) depending on the coordinates of the
jet spaces (see, for instance, [12]), by A(Jy, J2, ..., J;) = 0 where A is a general
smooth function, and J; (k = 1, ..., s) are the differential invariants of the realiza-
tion under consideration. However, in some cases it could be hard to compute the
differential invariants, though it amounts to solve a linear first-order system of partial
differential equations (a constructive algorithm is given in [4]). Then, in such cases, it
is necessary to confine the investigation to a specified class of differential equations,
i.e., to impose additional constraints to the form of A; interesting questions may arise
in this context.

Hereafter, we shall introduce the notion of Lie remarkable equations, i.e., dif-
ferential equations uniquely determined by their Lie point symmetries, prove some
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relevant theorems, and give various examples. The main results hereafter presented
are contained in [21, 27-34].

Of course, many relevant differential equations are not Lie remarkable for lack
of point symmetries (see Theorems 8.4 and 8.5). Among them we recall Korteweg—
deVries equation, Burgers equation, Kepler equations. Several authors studied the
problem of finding, for a given equation, an extension of the algebra of point sym-
metries for which the equation at hand is determined. For instance, in [3, 22], such
a construction is performed in the case of ordinary differential equations by consid-
ering a nonlocal extension of the algebra of point symmetries. Also, in [41], it is
shown that the algebra of contact symmetries characterizes the equation of minimal
surfaces.

8.2 Basics of Differential Geometry

Differential geometry is the most natural framework where Lie groups, as well as
differential equations viewed as submanifolds in a suitable extended manifold, can be
discussed. Roughly speaking, manifolds are spaces that locally look like a Euclidean
space; they generalize the familiar concepts of curves and surfaces.

For the sake of clarity, let us introduce some basic notions useful to fix the language
and set the theoretical framework that will be used hereafter [11, 13, 14, 36, 37].

Definition 8.1 In R", the projection functions are defined as

e R" - R, k=1,...,n,

(2150005 20) P> Zke

A fundamental concept for studying manifolds is concerned with charts.

Definition 8.2 Given a topological space M, a chart (or local coordinate map) is a
pair (U, ¢), where U is an open subset of M and ¢ : U — Q2 is a homeomorphism
onto an open subset Q2 = ¢ (U) of R" (for some n > 1). For any z € M, a chart
(U, ¢)isachartatzif and only if z € U. If (U, ¢) is a chart, then

w=mop@), k=1,...,n,

are called local coordinates; for every z € U, the tuple (zy, ..., z,) is the set of
coordinates of z with respect to the chart. The inverse (2, ¢~!) of a chart is called a
local parametrization. Given any two charts (U;, ¢;) and (U, ¢x), if U; N Uy #= 0
we can define the transition maps

@5 ¢;(U; N Uk) — ¢ (U; N U,
ol ¢ (U; N U — ¢;(U; N U,
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defined by '
P =dioo;'. ¢l =¢iop.

Notice that ¢ = @)

Definition 8.3 Let M be a topological space, and n > 1 an integer. A C¥ (k > 1 a
given integer) n-atlas A is a family of charts {(U;, ¢;)} such that

1. ¢;(U;) € R"forall j;

2. M =UUj,ie., U;’s cover M;

3. if U;NU; # , the transition maps ¢ and ¢} are C* diffeomorphisms. In
particular, we have a C* n-atlas if the transition maps are C* (smooth).

Definition 8.4 Let A be a C* n-atlas on a topological space M. Any other chart
(U, ¢) is compatible with the atlas A if every map ¢; o ¢~! and ¢ o (¢;)~! is C*
whenever U N U; # @. Two atlases A and A’ on M are compatible if every chart of
one is compatible with the other atlas. This is equivalent to saying that the union of
the two atlases is an atlas too.

Definition 8.5 Letn > 1 be some integer. A C* manifold of dimension # is a topo-
logical space M together with an equivalence class A of C* n-atlases on M. Any
atlas A € A defines a differentiable structure of class C* and dimension n on M.
We say that M is modeled on R”. If the atlases are C°°, we say that M is a smooth
manifold.

Hereafter, we assume all manifolds and maps to be C*°.

Definition 8.6 Let M be a differentiable manifold of dimension n. A curve y at a
pointz € M is a differentiable map

y:S—> M,

where S is a subinterval of R, such that y(0) =z,0 € §S.

We use Definition 8.6 to construct the tangent space T, M at a point z of a manifold
M.

Let z € M be any point on M, and let y a C* curve passing through z, i.e., it
is y(0) = z. For any chart, (U, ¢) at z, the map ¢ o y is a C* curve in R”, and
the tangent vector £ = (¢ o y)'(0) is well defined. However, it is possible that the
same ¢ arises from different curves. This problem can be overcome by defining an
equivalence relation on curves passing through z.

Definition 8.7 Given a smooth manifold M of dimension n, for any z € M, two
C*®curves,y, : S — Mandy, : S — M, with y,(0) = y,(0) = z, are equivalent
if there is some chart (U, ¢), at z such that

(@ oy (0) = (¢0y,)(0).
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Remark 8.1 This definition does not depend on the choice of the chart. In fact, if
(V, ¢) is another chart at z, as z belongs both to U and V,itis U NV # @, so the
transition function 7 = ¥ o ¢! is smooth. Using the chain rule, we have

(WY oy' () =mopoy)(0)
=1'(¢@) (¢ 0y (0) =1n'(p@) (¢ 0y,)'(0)
=(mo¢oyy) (0)= (¥ oy, (0.
Definition 8.8 Let M be a smooth manifold of dimension n. For any z € M, a
tangent vector to M at z is any equivalence class { = [y] of C* curves y through z

on M, modulo the equivalence relation given in Definition 8.7. The set of all tangent
vectors at z is denoted by T, M.

Definition 8.9 Let M be a smooth manifold of dimension n. The tangent bundle
T M is the disjoint union of the tangent spaces T, M, forallz € M, i.e.,

T™M ={(z,¢):ze M, ¢ € T,M}.

Thus, a vector field ¢ of the manifold M is a C*°-section of the tangent bundle 7'M,
i.e., a C* mapping from M to T M assigning a vector { € T, M to each pointz € M.
Introducing a local coordinate system z = (zy, ..., 2,) € M, { can be expressed as
the first-order operator

E i( (z) i
E= (2)—,
k=1 9z

where ¢;(z) € C*(M),k=1,...,n.
An integral curve of the vector field at the point z is the curve y at z whose tangent

d
vector %) coincides with ¢ at the point z = y (a) and such that
a
dy(a)
i 1 10)
a

foreacha € S. Locally, the curve y can be found by solving the autonomous system
of first-order ordinary differential equations

d
Zw)=cww»,
a

y(0) = zo.

The existence and uniqueness theorem for systems of ordinary differential equa-
tions ensures that there is a unique solution to the system with the initial datum
¥ (0) = zy. So, we have the existence of a unique maximal integral curve y (a) pass-
ing through the point zg = y(0) € M. Such a maximal integral curve is called the
flow of ¢ at z = y (a); let us denote it with Z(z; a) satisfying the properties
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Z(a;0) =z, 7Z(Z(z;a); b) =72(z;a + b), (8.1a)

dZ(z; a)

—— =E((z;a)), zeM, (8.1b)
da

for all sufficiently small a, b € S. An alternative notation for the flow is

k

| S

Z(z;a) = exp(aB)(z) =z +aB@) +---+ —E@) +--- .

PN

!
The property (8.1b) implies that Z(z; —a) = Z~'(z; a), or, equivalently,
(exp(a®))”" (2) = exp(~aE) ().
From the infinitesimal viewpoint, the flow is expressed as
exp(aB)(z) = 2+ aE(z) + 0(a?).

The flow exp(aE)(z) generated by the vector field E corresponds to a one-
parameter group of transformations as it arises as the action of the Lie group R
on the manifold M.

Conversely, given a flow with the first two properties (8.1), the corresponding
generating vector field ¢ (z) is found by differentiating the flow:

£(z) = w  zem.
a a=0

Rectification of a vector field ¢ (z) in a neighborhood of a regular point (a point z
where ¢ (z) is nonvanishing) is always possible.

Theorem 8.1 If zy is a regular point of &, then there exist local rectifying coor-
dinates y = (y1, ..., Yu) in a neighborhood of 7o such that & = % generates the

translational flow exp(ai)(y) =, Y2, Yn + Q).

The coordinates (yi, y2,...,y,) are what we called canonical variables in
Chap. 2.
Let E be a vector field in the local coordinates

2=y q-
& = k(2) —,
P 0Zk

and F: M — R a smooth function. Applying the vector field E to the function F
produces the infinitesimal rate of change in F as the parameter a of the induced flow
exp(a B)(z) varies:
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« oF dF ©
E(F@) =) @y = dF (exp(aE)(z))
k=1

Zk da a=0 '

Vector fields act on functions as derivations, for they are linear and satisfy the
Leibniz rule:

E(F+G)=E8(F)+ E(G), E(FG)=FE(G)+ E(F)G.

If we introduce an invertible change of coordinates y = Y(z), then, by the chain
rule, the vector field E in the new coordinates y is expressed as

n n B 8Y(Y’1(y)) a n 8
&= Y 'y)——F— =) E(, Ly =
;;m =5 ; Gl 5

The commutator or Lie bracket of two vector fields E; and &, is defined as the
unique vector field satisfying

[E1, BE2](F) = E1(Ea(F)) — E2(E(F))

for all smooth functions F: M — R. If, in local coordinates,

- 9 “ 9
1= ;Qka—zk, gy = kg}:{zka—zk,

o]

then
n

0
1, 82 = (B1(¢2k) — E2(C1x)) Py
p Zk

[1]

[

so that the Lie bracket of two vector fields is a vector field too.
The Lie bracket of two vector fields is skew-symmetric and satisfies Jacobi identity

[E1, [E2, B3]] +[E2, [E3, E1]]l + [E3, [Er, E2]] = 0.

Thus, the set of vector fields of the manifold M constitutes a vector space which
is a Lie algebra.

If two vector fields E; and E, of the manifold M are such that [E;, E,] = 0, we
say that E; and E, commute.

Definition 8.10 Let M be a differentiable manifold of dimension n, and r < n. An
r-dimensional distribution ® on M is a function associating to every point z € M
an r-dimensional vector subspace of 7, M that we denote ©,:

D:M—->TM
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z— %9, C T,M.

We have a C* distribution ©, it exists a tuple of C* vector fields &, ...
defined on a neighborhood U of z yielding a basis of ©, forevery 2’ € U.

Remark 8.2 The dimension of a distribution ®, may not be the same in all points

ad d

z € M. For instance, the distribution {a—, Z1 8_} is two-dimensional only when
<1 22

21 #0.

A distribution whose dimension is constant for all z € M is said regular; if the
dimension is not constant, then we have a singular distribution. In the remaining
of this section, the distributions are assumed to be regular in M (or, at least, in
M’ C M). We observe that a distribution ®© does not change if we replace its vector
fields with a linear combination with coefficients depending on z, as long as the linear
transformation is not degenerate.

Definition 8.11 Let ® a C*° r-dimensional distribution. A submanifold N of M is
an integral manifold of ® if T,N = ®, forallz € N.

Remark 8.3 If N is the integral manifold of D, its tangent space contains r linearly
independent vectors.

Definition 8.12 Let ® be a distribution on M. If it exists for any z € M the integral
manifold of ®, then the distribution © is said completely integrable.

Remark 8.4 A one-dimensional C* distribution is a vector field and is trivially
completely integrable.

Example 8.1 In R", the vector fields

span an n-dimensional distribution possessing as integral manifold R”.

Definition 8.13 A C*° distribution ® on the manifold M is involutive (or, equiv-
alently, the vector fields in © are in involution) if for any E;, E; € D, it is
[Ei, Ej] € D, i.e., the distribution is closed under the Lie bracket.

An important result is the Frobenius theorem [37], that we state for vector fields.

Theorem 8.2 (Frobenius theorem) Let® be a regular distribution spanned by the
linearly independent vector fields {E,, ..., E,} foranyz € M' € M. The distribu-
tion © has an integral manifold of dimension r (so, it is completely integrable) if
and only if the distribution ® is involutive. Moreover, it is possible to choose a set of
coordinates (y1, ..., yu) in a neighborhood U of Z such that the distribution writes

as
o]
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8.3 Geometry of Differential Equations

The notions recalled in the previous section are now used for giving a short account
about the geometry of differential equations in order to have a framework where Lie
remarkable equations [30] can be characterized [6, 36, 37, 48].

Let E be an (n + m)-dimensional smooth manifold. For simplicity, let us denote
local charts as (x;, uy),i = 1,...,n, 0 = 1...m; then, we describe (locally) an n-
dimensional submanifold L C E as the graph of a vector function u, = f,(x;). Let
x (E) denote the Lie algebra of vector fields on E.

By considering two submanifolds

(1L —> E, /: L' — E,

and z € L N L', we say that L and L' have a contact of order r at z if « and ' have
a contact of order r at z. Locally, this means that the Taylor expansion of (¢ — ()
around z in a chart which is compatible with both L and L’ vanishes up to the order
r. This property is invariant by coordinate transformations.

The above relation is an equivalence relation, and an equivalence class is denoted
by [L];,. The set of such classes is said to be the rth jet of n-dimensional submanifolds
of E (also known as extended jet bundle [36], or manifold of contact elements), and
it is denoted by J”(E, n). The set J"(E, n), whose dimension is n + m(”j'r), has
a natural manifold structure with local charts (x;, uy, g j,, - - ., Ua, j...j, ), Where we
recall that

*u, ok £,

= b
3le...a)€jk 8le...8xj‘k

Ug,j..ji = 1<k<r.

We have the following natural maps:

1. the embedding
JrL: L — J'(E,n), z+ [L]};

2. the projection

men: JNE, n) — JNE,n), [LFw [L]", k> h.

Let us denote by L the image of j,L, and call the tangent plane Tp L") at
0, = [L], an R-plane. It is easy to realize that to each point 8, € J'Y(E, n) such
that 77,1 ,(8,+1) = 0, there corresponds the R-plane Ry, , = Tp,, L"TV.

The span Cj of all R-planes at 6, is said to be the contact plane (or Cartan
plane). The correspondence 8, — Cj is said to be the contact distribution. The
contact distribution on J" (E, n) is generated by the vectors
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D= ug A S

i uzx i Ug,ij et ua,i' Uy - )
ax a ! 3 Ua,j Jledrt aua,j]-'~jr71
ad

auavjl-ujr .

As already introduced in Chap. 4, the vector fields D; are the total derivatives,
and are tangent to any prolonged n-dimensional submanifold of E.

A diffeomorphism of J"(E, n) preserving the contact distribution is called a
contact transformation. Analogously, a vector field E € x (J"(E, n)) is said to be a
contact vector field if [E, Y] is a vector field lying in C" whenever Y is a vector field
lying in C".

We can lift a contact transformation G : J"(E, n) — J"(E, n) to a contact trans-
formation G : J"T1(E, n) — J"T1(E, n) in the following way: take an element
0,41 € J"TY(E, n) and identifies it with Ry, .. Then define GV as the map that takes
Ry, to Ty, G(Ry,,,). We call such an operation the /-/ift. By induction, we can define
the k-lift of a contact transformation. By using this reasoning, we can lift contact
fields by lifting the corresponding one-parameter group of contact transformations.
In coordinates, if & € x (E) has the coordinate expression

Zgl(-xjvuﬂ) +Zna(xjvuﬁ)

then its k-lift 2% has the coordinate expression (sum over repeated indices)

a
k—1
¢ )+n[a/1 Sy T
a]l---]k

=0 7

where 2@ = 2, and

n

Majiid = Dje Miajiji ) — Zua,jlmjk,ljﬂjk (&))-
j=1

According to a classical result by Lie and Béacklund [2] (see also Sect. 4.5 in
Chap. 4), any contact transformation on J" (E, n) is the lifting of:

1. a contact transformation of J'(E, n) if m = 1;
2. a diffeomorphism of J°(E,n) = E (which we call point transformation)
ifm > 1.

An analogous result holds for contact vector fields.

Remark 8.5 If E is endowed with a fibring 7 : E — M, where dim(M) = n, then
we can reproduce all the above constructions (see [6, 36, 37, 45, 48]). The space J'
of rth jets of (local) sections s : M — E of 7 is an open dense subset of J"(E, n). In
fact, it coincides with the subset of rth jets of submanifolds of the type s(M), which
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are transverse to the fibring. Jets of maps f: N — P between two manifolds N and
P are easily shown to coincide with jets of the trivial fibring N x P — N.

A differential equation & of order r on n-dimensional submanifolds of a manifold
E is a submanifold of J"(E, n). The manifold J" (E, n) is called the trivial equation.

The I-prolongation &' of the equation & is the set of first-order differential
consequences of & Geometrically:

E' =1{0,41 € JTNE. n): 1p1,0,41) €8, Ry, C T E)

r+1
Iterating, we can define the k-prolongation &X.
The equation & is said to be formally integrable if E+' — & are smooth fiber
bundles. Locally, if the equation & is described by {A; =0:i =1,..., g}, with
A; € C®(J"(E, n)), then &° is described by

[Ai=0,D; ;(A)=0:i=1,....q, i=1,....,n, 1 <k <¢},
With@j]mjk :Djlz)jz"'Djk'

Definition 8.14 (Symmetry of a differential equation) An infinitesimal classical
external symmetry of the equation & C J"(E, n) is a contact vector field on J" (E, n)
which is tangent to &.

An infinitesimal point symmetry of & is an infinitesimal classical external
symmetry which is the prolongation on J” (E, n) of a vector field on E.

Definition 8.14, as proved in Chap. 4, means that the symmetries of a differential
equation &, locally described by {A; =0:i=1,...,9 < dim(J"(E, n)} requires
to solve the condition

g (A,-)|Al: 0, i=1,...,q

w=Ay=0 T
for some E € x(FE).

The Lie algebra of infinitesimal point symmetries of the equation & is denoted by
sym(E).

An rth-order differential invariant of a Lie subalgebra s of x (E) is a smooth
function F: J"(E, n) — R such that for all E € s we have 2" (F) = 0.

The problem of determining the Lie algebra sym(&) is said to be the direct
Lie problem. Conversely, given a Lie subalgebra s C x (J"(E, n)) of contact vec-
tor fields, we consider the inverse Lie problem, i.e., the problem of classifying the
equations & C J"(E, n) such that sym(E) 2 s.
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8.4 Lie Remarkable Equations

Hereafter, we give the definition of Lie remarkable equations in the framework of
jets of submanifolds. We assume to have an (n 4+ m)-dimensional manifold E and
an {-dimensional differential equation & C J"(E, n), with £ < dim(J" (E, n)).

Definition 8.15 (Weakly Lie remarkable equation) Let E be a manifold, dim(E) =
n +m, and let 0 < r € N. An ¢-dimensional equation & C J"(E, n) is said to be
weakly Lie remarkable if & is the only maximal (with respect to the inclusion)
£-dimensional equation in J"(E, n) passing at any 6 € & admitting sym(E) as
subalgebra of its algebra of infinitesimal point symmetries.

Definition 8.16 (Strongly Lie remarkable equation) Let E be amanifold, dim(E) =
n+m, and let 0 < r € N. An ¢-dimensional equation & C J"(E, n) is said to be
strongly Lie remarkable if & is the only maximal (with respect to the inclusion) £-
dimensional equation in J" (E, n) admitting sym(&) as subalgebra of its algebra of
infinitesimal point symmetries.

Remark 8.6 Of course, a strongly Lie remarkable equation is also weakly Lie
remarkable.

Let us analyze some direct consequences of Definitions 8.15 and 8.16. For each
0 € J'(E, n), denote by Sy(E) C TyJ"(E, n) the subspace generated by the values
of infinitesimal point symmetries of & at 6. In particular, if @ € &, then Sp(E) C TyE;
let us set
s@&= J S©.

0cJ’(E,n)

In general, dim(Sy (E)) may change with @ € J"(E, n). The action on J"(E, n)
of the algebra of point symmetries is called regular if S(&E) is a regular distribution.
The following inequality holds:

dim(sym(&E)) > Sp(E), Y0 € J'(E,n),

where dim(sym(&)) is the dimension, as a real vector space, of the Lie algebra of
infinitesimal point symmetries sym(E). If the rank of S(&E) ateach @ € J"(E, n) is
the same, then S(&) is an involutive (smooth) distribution.

A submanifold N of J” (E, n) is an integral submanifold of S(E) if Ty N = Sy (E)
for each 6§ € N. Of course, an integral submanifold of S(&) is an equation in
J"(E, n) which admits all elements in sym(&) as infinitesimal point symmetries.
Moreover, due to the fact that the point symmetries of & are tangent to &, we have
dim(Se(&)) < L.

Theorem 8.3 The points of J"(E, n) of maximal rank of S(E) form an open set of
J'(E, n).
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Proof Let us consider a chart U at a point 6 of maximal rank, and a finite number
of symmetries {E;} spanning S (E) at 0. In the chart U let us consider the matrix
(Ej.), where E’j is the ith component of the jth point symmetry of &. The rank of
such a matrix decreases if the determinant of some submatrix vanishes. The points
satisfying such a condition form a closed set of U which does not contain 6. If we
remove it from U, we obtain a neighborhood of # of maximal rank. |

Corollary 8.1 The equation & cannot coincide with the set of points of maximal
rank of S(E).

Proof 1t follows from the condition dim(&) < dim(J"(E, n)). O

Theorem 8.4 A necessary condition for & to be strongly Lie remarkable is that
dim(sym(&)) > dim(E).

Proof LetU C J"(E, n) be an open neighborhood at § ¢ & where the rank is maxi-
mal (see Theorem 8.3 and Corollary 8.1). Let g be this rank. Suppose that there exists
an £-dimensional submanifold of J”(E, n) passing at # made up by g-dimensional
leaves of S(&)|y, so that dim(sym(&)) < dim(&). This implies that the equation is
not strongly Lie remarkable. (]

Theorem 8.5 A necessary condition for & to be weakly Lie remarkable is that
dim(sym(&)) > dim(E).

Proof 1f g = dim(sym(&)) < dim(E), then there would be several submanifolds of
J"(E, n) passing at a point § € & which are tangent to the vector fields in sym(&),
and this contradicts the weak Lie remarkability. (]

Theorem 8.6 If S(E)|g is an £-dimensional distribution on & C J"(E, n), then & is
a weakly Lie remarkable equation.

Proof Of course, an equation & passing at @ € & admitting sym(&) as subalgebra
of its algebra of point symmetries and such that Ty& + Ty& cannot exist. So, sup-
pose that there is an ¢-dimensional equation & passing at @ € & with Ty&E = T,E.
A symmetry E € sym(&) would be tangent to both & and &, and, in particular,
B¢ € TyE = Ty&. Then, E would have two distinct integral curves passing at @,
leading to a contradiction. (]

Remark 8.7 Theorem 8.6 suggests a way to determine if an equation is weakly Lie
remarkable or not. We easily realize that the points which play a key role in the
computation are the singular points (that is, the points of the equation where the
dimension of the distribution determined by the symmetries decreases). Then, in
Sects. 8.5 and 8.6, our strategy will be the following: we will find the singular point
of the equation under consideration, then we check (if possible) if there exists another
equation admitting the same symmetries and passing through these submanifolds. In
view of these considerations, we realize that if we remove all singular points from
&, then we get an equation which is uniquely determined by its symmetries in the
weak or strong sense.
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Theorem 8.7 Let S(E) be such that for any 0 ¢ & we have dim(Sy(E)) > L. Then
& is a strongly Lie remarkable equation.

Proof By contradiction, let & be another ¢-dimensional equation passing at 6 ¢ &
and admitting sym(&) as subalgebra of its algebra of point symmetries. Then TyE -
Sp(E). This would imply that & would not have sym(&) as a subalgebra of its algebra
of point symmetries. (]
Remark 8.8 In the proofs of previous theorems we construct some submanifold
of the jet space without caring if this submanifold is a formally integrable equa-
tion. However, we would like to stress that in the scalar case any submanifold of
codimension 1 is always a formally integrable equation.

The fact that an equation & is uniquely determined by its point symmetry algebra
has consequences on the local, and in some cases global, topological structure of &
as a manifold.

We recall (see, e.g., [38]) that a (left) action of a Lie group G on a manifold M is
asmoothmapa: G x M — M suchthata(g, a(h,x)) = a(gh,x)anda(e,x) = x
forall g,h € G, x € M, e being the identity in G. This concept has a local analogue
(see, e.g., [36]). From [38, Theorems XI, p. 58 and IV, p. 98] we obtain the following
theorem.

Theorem 8.8 Let s be an {-dimensional subalgebra of sym(E). Let {Efr)}]gige be
a basis of s. Let us suppose that span{ Efr)(ﬂ)}lsig = S$4(E) = TyE for any 6 € &E.
Then, & has the structure of a local Lie group.

More precisely, there exists a Lie group S whose Lie algebra is s, and a local
differentiable action ¢: S x & — & by point symmetries of & whose tangent map is
the inclusion of s into sym(&). If the vector fields B; are complete (in particular if
& is a compact manifold), then the action is global.

Notice that if the hypotheses of the above corollary are satisfied, then, following
the terminology of [38], the Lie algebra s is a Kobayashi Lie algebra. For this reason,
if the action of S on & is global, then a necessary and sufficient condition that the
map ¢(-, #): S — & be a diffeomorphism for § € & is that the isotropy group of the
action at @ is trivial [38, p. 105].

The previous theorem deals with topological aspects of the equation. Hereafter,
we will not study topological aspects of Lie remarkability, even if they are quite
interesting.

Many differential equations are given as the zero set of just one differentiable
function. Indeed, the former definition and examples of Lie remarkable equations
have been formulated in [33] in this case (see also [28]). We may rediscover the
former definition as a particular case of our present more comprehensive theory.

Proposition 8.1 Let s be a Lie subalgebra of x(E). Let us suppose that the rth
prolongation subalgebra of s acts regularly on J" (E, n) and that the set of rth order
functionally independent differential invariants of the rth prolongation of s has a
unique element J € C*°(J"(E, n)). Then, the submanifold of J" (E, n) described by
A(J) = 0 (in particular, J = c for any ¢ € R), with A an arbitrary smooth function,
is a weakly Lie remarkable equation.
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Proof 1t follows in view of the fact that A(J) = 0 (up to a multiplicative function
nowhere vanishing) is the most general equation admitting s as a Lie subalgebra of
point symmetries [36, 37]. ]

When talking about Lie remarkable equations, a natural question arises. Namely,
about Lie remarkability of the first prolongation &' of & whenever & is Lie remark-
able. Then we immediately realize (see Theorems 8.4 and 8.5) that Lie remarkability
is a property that, for dimensional reasons, generally does not hold on prolongations.
But there is a special class of differential equations for which this is true. For instance,
let an equation & be the image of a section V: J"'(E,n) — J"(E, n). Such equa-
tions can be thought as generalized sprays [39]. Examples of such equations are,
for instance, the totally geodesic submanifold equation. With such an equation it is
possible to associate the n-dimensional distribution R o V on J"~!(E, n) defined by
0 — Ry (re recall that Ry is an R-plane, see Sect.8.3). We call such equation
integrable if this distribution is integrable.

Theorem 8.9 Let & be the image of a section V: J'"W(E,n) — J"(E, n). Let & be
integrable. If & is weakly Lie remarkable, then also EF is weakly Lie remarkable.

Proof Of course, it is sufficient to prove the proposition for £ = 1. Following the
same reasoning as in [26], we see that the prolongation (V@)WY of a point V(0)
is the point prolongation represented by the pair (V(G), T9V(Rv(g))). Let us note
that TyV(Ry)) is an R-plane in view of the integrability. If we define V(! by
vih@) = (V(6)D, then

Cyow (E') = TyV'"Y (Rv) ~ Ry

Therefore, &' is completely identified with &, and point symmetries of both equa-
tions are vector fields on £ whose (r — 1)-prolongations are symmetries of the
distribution R o V. O

We have the following interesting result.

Theorem 8.10 Let & be the image of a sectionV: J""Y(E, n) — J'(E, n). LetE be
integrable. If it is weakly Lie remarkable, then any solution is invariant with respect
to a one-dimensional subalgebra of its algebra of point symmetries.

Proof In view of our previous discussion, we can identify & with J "=1(E,n),and a
solution with an integrable submanifold of the distribution R o V.Letd € J"~'(E, n)
and L be the unique solution passing at 8. Let vy € Ty L. By hypothesis, vy =
al EE”(O) witha' € Rand 8; € x(E).Letus consider the vector field 2" = 4 Efr).
In view of the fact that 27 is still a point symmetry, and then sends solutions into
solutions, we obtain that 27 is tangent to L. O
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8.5 Smooth Surfaces in R3

Let us consider a smooth surface in R? (with the Euclidean metrics), with coordinates
(x1, x2, u(xy, x2)), where (x1,xp) € D, and D is an open connected set of R2. We
can define two important objects: the Gaussian curvature,

Ui — (u12)?

G = =,
(14 (u,)? + (u2)?)

and the mean curvature,

(T + o)) uar — 2uqupu o+ (1+ @) un

H =
2(1+ 1)? + w2)?)?

A minimal surface is a surface with vanishing mean curvature, so that the
differential equation for minimal surfaces is

(14 u2)?)ugr = 2uqupu iz + (1+ w)?) w2 =0. (3.2)

This equation admits a seven-dimensional Lie algebra of point symmetries
spanned by

- 0 - 0 - 0
—] = ax1 5 =y = axz ) =3 = 81,{ ’
0 0 d d
B = — —X—, B5=u——m7— —, 8.3
=0 0x1 laxz > dx1 o ou 8.3)
~ 0 0 ~ 0 n b n 0
Be=U— —Xp—, Br=x1— +x— +u—,
O Mo, w7 Noxy T e | du

corresponding to the isometries in R? together with a homogeneous scaling of the
coordinates (x1, x, ©); the latter is also called homothety. The matrix of second-order
prolonged vector fields,

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0o 0 1 0 0 0 0 0

x2 —x1 0 u;? —u, 2u. 12 —u +umn —2u. 12

u 0 —x; —1-— u_zl —uuy —3u 1u 11 —2uu2 —uuy —2u U2 — U U2
0 u —x2 —u{luﬁj -1 - “,22 —2uqu i —uu2 —2u o0 —u U2 —3uu 2

X| X2 U 0 0 —u 11 —u, 12 —u22

give rise to a distribution of rank 7 on the whole jet space provided that we exclude
the six-dimensional submanifold of J2(R?, 2) locally described by the system
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u gty — (14 )Hu s =0,

w2 — (14 w2)?u =0,
where the rank is 6, and the five-dimensional submanifold of geodesics described by
u =up=umxn=0, (8.4)

where the rank reduces to 5.

Remark 8.9 The unique second-order differential invariant of the vector fields in
(8.3)1s

7= (1 + @2)?)un — 2uuu 2 + (14 (u1)?) M,22)2 _ (2H)?
(T4 u)? + 2)?) (w1110 — (u,12)?) G

Therefore, it follows that the most general second-order scalar partial differential
equation left invariant by (8.3) must be given as A(J) = 0.
We note that:

e the system {H = G = 0} reduces to Eq. (8.4);

e the system {H =0, G # 0}, thatis J = 0, is Eq. (8.2);

e the system {H # 0, G = 0}, that is 1/J = 0, is the equation of surfaces with
vanishing Gaussian curvature (which is a Monge—Ampere equation, see Sect. 8.6).

According to Proposition 8.1, the above equations are weakly Lie remarkable.

If we consider in general the equation of minimal n-dimensional submanifolds in
R"*™ whose expression is outside the scope of this book and so it is omitted, it seems
reasonable to conjecture that their point symmetries are isometries and homotheties
(homogeneous scalings of the coordinates). In view of Theorems 8.4 and 8.5, we
infer that possible candidates of Lie remarkable minimal submanifold equations are
characterized by having a dimension less than or equal to the dimension of the Lie
algebra generated by infinitesimal isometries and homotheties.

Lemma 8.1 Ler d denote the dimension of the equation of minimal n-dimensional
submanifolds in R"™™, with n > 2, m > 1, and let i be the dimension of the Lie
algebra generated by infinitesimal isometries and homotheties in R"*". Then,

1. the only integer solutions of the equationd = i are (n,m) = (2, 1) and (n, m) =
(2,4);

2. ifn = 2 the inequality d > i holds form =2, m = 3;

3. ifm = 1 the inequality d > i holds forn > 2.

Proof Taking into account that

2
d:dim(Jz(E,n))—mzn—i—m(n; )—m,
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and (n+ |
i n+m)(n+m+ )+1’
2
a direct computation proves the statements. (I

Theorem 8.11 The equation of minimal surfaces in R* and R is neither strongly
nor weakly Lie remarkable, whereas it is weakly Lie remarkable in R3 and RS,
provided that we remove a singular equation.

Proof The point symmetries of the equation of minimal surfaces in R, R* R and
R® are the isometries and homotheties. Then the first part of the theorem follows in
view of the above lemma and Theorem 8.4. In fact, we have that if n = m = 2 then
d=12andi =11, whileifn =2, m = 3 thend = 17 and i = 16. O

8.6 Lie Remarkability of Second-Order Monge—Ampere
Equations

Monge—Ampere equation for a surface in R® with vanishing Gaussian curvature is
a particular instance of the equation, introduced by Ampere in a paper published in
1815 [1] (see also [47]), having the form

p g Py (PR (N )
ax? dx10x2 9x3 dx7 9x3 dx10x2 S

where the coefficients H, K, L, M, N # 0 depend on xy, x», u, and first-order deriva-
tives of u (x; denotes the time variable). A remarkable property of Eq. (8.5) has been
proved by Boillat [8], who showed that this is the most general second-order nonlin-
ear hyperbolic equation in (1 + 1) dimensions that is completely exceptional [7, 23].
In 1973, Ruggeri [44], using the property of complete exceptionality, generalized
Monge—Ampere equation to (2 4+ 1) dimensions. Moreover, Donato, Ramgulam,
and Rogers [15] characterized the (3 + 1)-dimensional Monge—Ampere equation.
Boillat [9], with the same procedure, derived the general form of Monge—Ampere
equation for a function u(xy, .. ., x,). All these second-order Monge—Ampere equa-
tions are given as a linear combination (with coefficients being arbitrary functions of
the independent variables, the dependent variable, and its first order derivatives) of
all minors of all orders extracted from the Hessian matrix. Some of these equations
can be reduced to quasilinear or linear form [19, 20, 32]. The property of complete
exceptionality has been used by Boillat [10] to characterize higher order Monge—
Ampere equations for a function u(x1, x5); in such a case, they are given as a linear
combination of all minors of all orders extracted from an Hankel matrix [18] built
with the highest order derivatives of u(x;, x3).

In this section, we apply our results to various second-order Monge—Ampere
equations. As we deal with local point symmetries of these equations, and we are
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interested to local aspects, we will interpret them as submanifolds of jets of a trivial
bundle R? x R — R2. The interested reader may see [25] for a geometric treatment
of second order Monge—Ampere equations and their classification up to contact
transformations of J2(E, n).

8.6.1 Second-Order Monge-Ampeére Equation in Two
Independent Variables

According to the result proved in 1968 by Boillat [8], let us consider the equation
it (1m0 — (u,12)?) + kou 11 + k3t 12 + Katt oo + ks = 0, (3.6)

where «; = k;(x1, X2, u, u 1,u2),i =1,...,5, are arbitrary functions.
Let us restrict ourselves to consider Eq. (8.6) in the case where the coefficients «;
are constant (in particular, we assume «; # 0 in order to have a nonlinear equation).
Through the replacement u — u + ox? + apx1X) + a3x3, where o) =
—K4/(2K1), 0y = K3/(2K|), o3 = —K2/(2K1), Eq. (86) is mapped to

unun — )’ =« (8.7)

where k = (4kak4 — dKc1K5 — K32)/(4K12).
If x =0 we have the homogeneous Monge—Ampere equation for the surface
u(xy, x,) with zero Gaussian curvature.

Theorem 8.12 Equation (8.7) is weakly Lie remarkable if k # O, whereas it is
strongly Lie remarkable if « = 0.

Proof 1f k # 0, then Eq. (8.7) admits a nine-parameter group of point symmetries
whose Lie algebra is spanned by the vector fields

- 0 - 0 - 0
—=] = ax1 5 =y = 8){2 ’ =3 = al,{ ’
0 d 0

B4 =X1—, &5=Xxp—, B&g=X—, 8.8
4 =X o 5 x28x1 6 =X (8.8)
- 3 9 s 5 9
Bi=x—, Bs=x— +u—, Bo=xp— +u—
TTR T e T TP T o T u
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The second-order prolonged vector fields (8.8) give rise to the distribution

010 O 0 0 0 0
010 O 0 0 0 0
001 O 0 0 0 0
0 X1 0 —Uupy 0 —21/{,12 —Uu» 0
X2 00 0 —Uu 0 —Uu —214’12
0 0x 1 0 0 0 0
00x O 1 0 0 0
X1 0 u 0 ur —ujl 0 U
0 X2 U U;j 0 U 11 0 —Uu»

whose rank is 7 on the whole jet space provided that we exclude the five-dimensional
submanifold of J2(RR3, 2) locally described by

upn=unp=uxn=~0 (8.9)
(totally geodesic submanifold of R?) where the rank reduces to 5. We note that (8.9)
do not represent a submanifold of (8.7); then, according to Theorem 8.6, Eq. (8.7)
is weakly Lie remarkable.

On the contrary, if x =0, Eq. (8.7) admits a 15-parameter group of point
symmetries whose Lie algebra is spanned by the vector fields

ad

dl:a_xl’ dz_a—xz, D3=£,
- 0 - 9 . )
d4:x18_x1’ C15=1618—xz7 D6=X1£,
- d - ad - ad
g7 =X a_xl’ D8=Xza—xz, D9=xza—u,

d - d ~ d
ﬁlo—ua_xl, & :Ma—xz, dlzzua, (8.10)
- d d d
o3 =X (xla_xl +x28_xz +u£> )
- d d 0
g4 = X2 <x18_x1 +x28_x2 —Hta—u) )
- a0 ad d
S5 = U <X18—xl +X28—x2 +M£) .

In this case, the second-order prolonged vector fields give rise to a distribution
of rank 8 on the whole jet space provided that we exclude the seven-dimensional
submanifold locally described by Eq. (8.7) for k = 0, where the rank reduces to
7, and the five-dimensional submanifold (8.9), where the rank reduces to 5. Thus,
according to Theorem 8.7, Eq. (8.7) for « = 0 is strongly Lie remarkable. O
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There are various seven-dimensional Lie subalgebras of the nine-dimensional Lie
algebra spanned by (8.8) whose second-order prolonged vector fields give rise to a
distribution of rank 7. For instance, we can consider the subalgebra whose generators
are {E1, E,, B3, B4, B¢, &7, Eg}. Then, in view of Theorem 8.8, this equation has
the structure of a local Lie group diffeomorphic to a local subgroup of the group of
its point symmetries.

Moreover, it is natural to ask if among the 15-dimensional algebra of point symme-
tries (8.10) itis possible to extract some subalgebra such that Eq. (8.7) forx = Ois still
strongly Lie remarkable. In fact, in view of Theorems 8.5 and 8.7, it could be sufficient
an eight-dimensional Lie subalgebra. We see that there are many eight-dimensional
Lie subalgebras whose second-order prolonged vector fields generate a distribution
of rank 8 (provided that we exclude, of course, Eq. (8.7) for k = 0), even if we
confine ourselves to consider the eight-dimensional subalgebras spanned by subsets
containing 8 elements chosen in the set of basic vector fields given by (8.10). We limit
ourselves to quote the Lie subalgebra spanned by { E;, E,, E3, B4, Es, B¢, g, E12}.

Remark 8.10 In [41], Rosenhaus showed that the dimension of the subalgebra of
the algebra of point symmetries of Eq. (8.7) (with k = 0) which determines this
equation has to be at least 8; this is easily obtained from Theorem 8.5. Furthermore,
in [41-43], it is claimed that the six-dimensional subalgebra

0 d 0 a

J— 11— _ J—

ax;’ ax)’  ou ax;” loxy, T lou

characterizes completely Eq. (8.7) with k = 0 provided that we restrict our attention
to fully symmetric systems. This last requirement is essential as the previous sym-
metries cannot determine Eq. (8.7) for « = 0 in view of Theorem 8.5. For instance,
the equation A(u , u 22) = 0, where A is an arbitrary smooth function, admits the
same six-dimensional Lie subalgebra.

Remark 8.11 We observe that J = u jju 2 — (u,n)2 is a second-order differential
invariant of (8.8), and then, in view of Lie remarkability, it is unique up to functional
dependence. Therefore it follows that the most general second-order scalar partial
differential equation invariant by (8.8) must be given as A(J) = 0, where A is an
arbitrary function of the invariants. For instance, J = «, with ¥ € R, is again weakly
Lie remarkable in view of Proposition 8.1.

8.6.2 Second-Order Monge-Ampere Equation in Three
Independent Variables

A Monge—Ampere equation in three independent variables has been characterized
in [44], imposing the condition of complete exceptionality used by Boillat [8] for
deriving the classical Monge—Ampere equation. This equation is a linear combination
of all minors extracted from the Hessian matrix, with coefficient arbitrary functions
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of the independent variables, the unknown and its first-order derivatives. Here, we
limit ourselves to consider the case of constant coefficients. Denoting with A the
determinant of the Hessian matrix |lu ;;|,1, j = 1, 2, 3, the Monge—Ampere equation
in (2 4+ 1) dimensions can be written as

A A A A A AN
KIA + ko + K3 + K4 + K5 + k¢ + K7
Bu,” 314,12 314,13 81/[,22 811)23 81/{,33

+ Kgi 11 + Kol 12 + Kiol 13 + K114 22 + K121 23 + K 13K14 = 0.

Linear terms in the second-order derivatives can be dropped out by means of the
replacement

2 2 2
U — U+ oxy + axxixy + o3x1x3 + ogxy + osxx3 + agx3”,
where o1, .. ., o satisfy the conditions

kg + 2K704 — 2K605 — /qag + 2ks506 + dx10q06 = 0,
K10 + 2Kk600 — 2K503 — dicgoy — dicrozo + 2x305 + 2k100a5 = 0,
K10 + 2Kk600 — 2K503 — dicgoy — diozon + 2K305 + 210005 = 0,
K11 + 2k7001 — 2k403 — /qoz32 + 2K006 + 4kt = 0,
K12 — dkgop + 2K400 + 23003 + 2K 1000003 — 26005 — dkjagas = 0,

K13 + 2K500 — 2K3000 — Kla% + 2K004 + dKcrotyoy = 0.
Therefore, we can consider the equation

2 2 2
it (11w 20u 33 + 20 100 131 03 — (U,13) 122 — w1 (U,23)” — (u,12)7 1 33)
2
tix (201,33 — (U.23)7) + 2k3 (131,03 — u 12U 33)
2
24 (w121 03 — w13, 2) + Ks (w1133 — (u,13)%)
2
+2k6 (w1013 — w111 3) + k7 (u 1w — (12)%) +k =0, (8.11)
where « is also a constant. In the following, let us choose the value x; = 1. Lie

symmetries of Eq. (8.11) for an arbitrary choice of the involved parameters span a
Lie algebra of dimension 11, with basis given by the vector fields

- 9 - d - 9
ST T T
D4=x1£7 G5=X2£, D6=X3£, G7=£,

(]
[e2]
|

d 0
= (K3Xx1 + Kks5X2 + Kex3) —— — (KaX1 + K3X2 + KaX3) —,
8x1 8x2
0

0 0
= —(ks5x2 + keX3) — + (KoXx1 + 2K3X2 + Kk4X3) — + K3x3— + 263U —,
0x1 X, X3 ou

[l
e
|
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— 2 2 2 9
Ei0 = ((2/<3 K6 — K3KaKs — Kokske) Xy 4 (2K3K7 — Kok — K3K4K6)X3) Fe

1

2 2
+ ((K2K6 — Kok3ka)X1 + (k3ky + Kokake — 2K2K3K7))C3) Fy.
2

+ (2u3eares — 1) + 3y (earcs — sessca)x3) =—
3

0
+ 2K3(K2k6 — K3K4)U—,
ou

[1]

2 2
11 = ((kaks — Kk3kske) X + (Kakske + K3kg — 2K3K5K7)X3) Fy™
1

2 2 2
+ (263K — Kkakaks — Kok3ke) X1 + (263k7 — KjKs — K3Kak)X3) e
2

+ (263 (kaks — K3)x1 + 3k3(kak's — K3K6)X3) .
3

+ 2u3(kegks — K3K6)Mi,
ou
so that, in general, Eq. (8.11) is not Lie remarkable for dimensionality reasons.
Nevertheless, there are various choices of the parameters such that a higher num-
ber of symmetries is admitted. These cases may be discovered performing a group
classification of Eq. (8.11). This task may be accomplished by using the program
RELIE (see Chap. 12). In fact, in a REDUCE session, the code

2nd order Monge-Amp\‘'{el}re equation in 3 independent variables

o0 oP

Group classification
in "relie.red" $
xvar:={x1,x2,x3} $
uvar:={u} $
jetorder:=2 $

matrix a(3,3) S
a(l,l):=u_x1x1;
c=u_x1x2;
c=u_x1x3;

c=u_x1x2;

$=U_X2X3;

)

)

)

) :=u_X2xX2;
)

) :=u_x1x3;
)
)

delta:=det (a);

diffeqgs:={kappal*delta+kappa2*df (delta,u_x1x1)
+kappa3*df (delta,u_x1x2)+kappad*df (delta,u_x1x3)
+kappab*df (delta,u_x2x2)+kappa6*df (delta,u_x2x3)
+kappa7*df (delta,u_x3x3)+kappal}l $
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leaders:={u_x1x1} $

kappal:= 1 $
freepars:={kappa2, kappa3, kappa4, kappa5, kappab, kappa7, kappal}l $
nonzeropars:={kappa?2, kappa3, kappa4, kappas, kappab6, kappa7} $
relie(4) S

;end;

is able to compute in a few seconds 22 sets of symmetries according to specific
choices of the parameters. As a result, the following theorem can be stated.

Theorem 8.13 The second-order Monge—Ampére equation in three independent
variables

2 2 2
(110,200 33 + 2u 120 130 03 — (u,13) 1 20 — w11 (1,23)° — (u’p)u 33)
2
iy (201 33 — (U.23)7) + 263 (13U 23 — u 121 33)
2
+2uc4 (110,23 — u 131.20) + ks (111,33 — (1,13)°)

2
+2x6 (1,101,153 — w111 23) + k7 (w1110 — (U,12)) + & =0, (8.12)
where Kk, . .., k7 and k are constants, is

1. weakly Lie remarkable when

(a) the constants are such that

2 2
_ K3k7 — 2K3K4K6 + KK _0
KZ - 2 ’ K = ’
Ks5K7 — K¢

along with ks # 0, kg #0, ks # 0, kg # 0, k7 # 0, and k3k7 — kake 7 0;

(b) the constants are such that

K4Ke K62
K3 = _7 KS = _’ K == 07
K7 K7

along withky # 0, kg # 0, kg # 0, k7 # 0, and krk7 — Kf #0;

(c) the constants are such that

K K4Keg
4
Ky = —, K3 = —, K= 07

along withky # 0, ks # 0, k¢ # 0, k7 # 0, and ksk7 — K62 #0;
(d) the constants are such that

2 2
KiKs k4 (2K — K5K7)
kKp=——, Kz=——"7—>, k=0,
Ke KeK7
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alongwithky # 0,ks # 0,k # 0, k7 # 0, ksk7 — K62 # 0andksk7 — 2K62 %+
0;
(e) the constants are such that

along withky # 0, ke # 0, k7 # 0, Kk £ 0.

2. strongly Lie remarkable when

2
K K4Kg K
K=" Kk=—, Kks=-2 k=0,
K7 K7 K7

along with kg # 0, kg # 0, k7 7# O.

Proof Equation (8.12) characterizes a 12-dimensional submanifold in the 13-
dimensional jet space J*(R*, 3). In all the cases (a), (b), (c), (d) we have a 14-
dimensional Lie algebra, whereas in the case (e) we have a 16-dimensional Lie
algebra of symmetries; their second prolongations give distributions with rank 12
in the whole space. On the contrary, in the case 2, we have a 24-dimensional Lie
algebra of point symmetries whose second-order prolongation gives a distribution
with rank 13 in the whole space. ]

Remark 8.12 A similar analysis can be exploited for the extension of Monge—
Ampere equation in four independent variables; this equation has been derived in
[15] by requiring once again the complete exceptionality condition, and a reciprocal
transformation has been used to map it to linear form. Linearizable second-order
Monge—Ampere equations have been also investigated in [32].

8.7 Lie Remarkability of Higher Order Monge-Ampere
Equations

The third-order Monge—Ampere equation [10] for the unknown u(x, x,) is built by
starting with the Hankel matrix

Ui Up12 U122
H3 = ,
U112 U122 U222
and taking a linear combination (with coefficients depending on independent vari-

ables, dependent variable and derivatives up to the order 2) of all minors extracted
from the matrix Hs:
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2 2
it (1120020 — (1,122)%) + ke (1110 220 — w,112u,122) + K3 (110,122 — (,112)7)

+Kau 111+ Kksu 1o + Keld 122 + K7U 220 + kg = 0.

By limiting ourselves to consider the coefficients ki, ..., kg to be constant and
using the replacement

3 2 2 3
U — U+ a1x] + XXy + a3x1X; + 045,
with suitable coefficients ¢;, i = 1, ..., 4, we are led to the equation

2
it (w1121 020 — (1,122)%) + ke (1110200 — U 1121,122)

+ i3 (w12 — Wa12)*) + & =0, (8.13)

where k is constant.

For arbitrary choices of constants involved in (8.13), this equation admits a nine-
dimensional Lie algebra of point symmetries; as Eq. (8.13) characterizes an 11-
dimensional submanifold in the 12-dimensional jet space J3(R?3, 2), it follows (see
Theorem 8.4) that Eq. (8.13) is not weakly Lie remarkable, and, a fortiori, it is not
strongly Lie remarkable.

An interesting case is obtained by choosing x| = i3 /k3, whereupon Eq. (8.13)
becomes

(1120020 — (U,122)%) + A 111,220 — U 1120,122)
+ A2 (w22 — (112)%) + =0, (8.14)

with A = k3/Kk2, L = KK3 /Kzz. In such a case, we have an infinite-dimensional Lie
algebra of symmetries spanned by

- 90 93 0
ul_ax15 uz_axza u3_au7
Bs=( AX2) + I g ( A )a A 0
Es=(x1 —Axp))— +u—, Bs=(x; —Axp)— — Au—,
TR T e T T T T T du
0 0 0
e =x +x— +3u—, EB7=x1—, 8.15
6 lax 28x2 ou ! 1814 ( )
g =X o) —xza o) XX 9
Sy = Xago, B =Xjoo, o S10 X2
0
2 _
21 = , Gf= — Axp) —,
11 =X r=f x2)8u

where f(x; — Axp) is an arbitrary function of its argument.
The following two theorems hold true.

Theorem 8.14 Equation (8.14) is weakly Lie remarkable (provided that we remove
a singular subset).
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Proof Choosing f(x, x2) = (x; — Ax3)3, the third-order prolongation of (8.15)
produces a distribution of rank 11 on the whole jet space, provided that we exclude:

e the 11-dimensional submanifold locally described by the equation
AMu iy + 337112 + 3hu 120 4 w0 =0,

where the rank of the distribution is 10;
e the nine-dimensional submanifolds locally described by systems:

Au g +u 2 =0,
i+ Aug2 =0,

2
U0 —Aujpp =0,
where the rank of the distribution is 9.

d

Remark 8.13 The unique third-order differential invariant of (8.15), with
f(x1,x2) = (x1 — Ax2)?, up to functional dependence, is

J = (u,nzu,zzz - (M.IZZ)Z) + (w000 — w1121, 122) + A7 (u,mu,lzz - (u,nz)z) .

So, the most general third-order scalar partial differential equation invariant
by (8.15) mustbe given as A(J) = 0, where A is an arbitrary function of the invariant.

Theorem 8.15 Equation (8.14) with u = 0, namely

(M,mu.zzz - (u,122)2) + A (1,000 — u112u,122) +22 (u,mu,lzz - (M,112)2) =0

is strongly Lie remarkable.

Proof In fact, it admits an infinite-dimensional Lie algebra of symmetries spanned

by
o= 8_x1’ S = 8_x2’
~ 8 ~
By = G4=(x1—)~x2)a—,
- , 0 0 - 0 0
Hs = A X28—xl+xla—x2, ;’:‘46:)618—)614—)628—)62,
_ B ~ d
7 =X1£, =g =x2£, (8.16)
- , 0 - 0
(=14} leﬁ, Glolexzaa
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, 0 9

Ei= xga, Epp = Ma—u

g ( AX2) i + i +2 0 c f( A )a
Bi3=(x; —Ax — 4+ x— +2u— Er=fx1—Ax)—,
13 1 2 1a 295 o f 1 D5

where f(x; — Ax;) is an arbitrary function of its argument.

Choosing f(x1, x2) = (x; — Ax3)3, the third-order prolongation of (8.16) pro-
duces a distribution of rank 12 on the whole jet space, lowering to 11 on the equation
at hand. O

8.7.1 Fourth-Order Monge—Ampere Equation

Finally, let us consider the fourth-order Monge—Ampere equation [10] in two
independent variables; it is built by starting with the Hankel matrix

Ui U, 1112 U,1122
H, = U112 U 1122 U 1222
U 1122 U 1222 U 2222

and taking a linear combination (with coefficients depending on independent vari-
ables, dependent variable, and derivatives up to the order 3) of all minors (including
the determinant of H,) extracted from the matrix Hy:

iy det(Hy) + ko det(HM) + k3 det(H?) + kg det(H ")
+ s det(H ™) + wg det(H™ V) + k7 det(Hy )

+ KgU (111 + Kol 1112 + Kiolt 1122 + K111, 1220 + K1oU 2200 + K13 =0,

where H, f’j ) denotes the 2 x 2 matrix obtained by removing from Hy the ith row and

the jth column. By limiting ourselves to consider the coefﬁcients Ki (i =1,...,13)
to be constant and using the replacement u — u + ajx} + axxix; + a3x2x§ +
a4x1x2 + asxz, with suitable coefficients «;, i = 1, , 5, we are led to

iy det(Hy) + icp det(HMY) + i3 det(H") + kg det(HY )
+ s det(H\ ") + kg det(H ™) + 7 det(HS V) 4+ k = 0, (8.17)

where « is constant.

The Lie algebra of point symmetries of Eq. (8.17) is 13-dimensional; as Eq. (8.17)
defines in the jet space a submanifold of dimension 17, in general it is neither strongly
nor weakly Lie remarkable. Nevertheless, if we consider the special case det(H,) =
0, then the following theorem holds true.
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Theorem 8.16 The equation
det(Hy) =0 (8.18)

is weakly Lie remarkable (provided that we remove a singular subset).

Proof The Lie algebra of the admitted point symmetries of Eq. (8.18) is 19-
dimensional and is spanned by the vector fields

. d a9 9
o = gy = — o3 = — Sy =X1—
axl’ 3)(2, 814, Bu’
= 9 = 2 0 = 9 = 2 0
g5 =XpT—, de = Xyo—, &7 =XXpo—, 8y =X T,
du " du 3 2 ou
- 3 J 2 9 0 - 3 0
g9 = X7 — S0 =X X2 — S = X1 X5 — S = X5 —
You’ o’ 2ou’ 2ou’
H 9 a a 9
S3 =X S4 =X SI5s=X17 S = X2
axl’ 3)61 8)(2 a)CQ
. a 9 3 3
Bip=u_—, Ei=xi|Xxi5—+xo—+3u_—|,
ou 0x1 0x7 ou
H 9 N 9 ta 9
g9 =X | X1— Xop— u—-m,1.
0x] 0X> ou

The corresponding second-order prolonged vector fields yield a distribution of
rank 16 (equal to the dimension of the equation) on the whole jet space, provided
that we exclude

e the 15-dimensional submanifold

2u 11110,1222 = —3u,11121,1122 + \/(M,1112)2(9(u,1122)2 —8u 11121,1222),

2 .
2(u,1112)7u,2222 = 14,1222 (—314,111214,1122 + \/(14,1112)2(9(14,1122)2 - 814,1112”,1222)) ;

e the 15-dimensional submanifold

2u 1y11u,1222 = 3uq112u,1122 + \/(M,1112)2(9(u,1122)2 —8u 1112u,1222),

2 .
2(u,1112)7u,2222 = 14,1222 <3u,1112u,1122 + \/(14,1112)2(9(u,1122)2 - 8M,1112M,1222)) ;

e the 15-dimensional submanifold

2 3
w11 (,1222)" = —2(u,1122)° + 3u 11120,11221,1222 — 2\/((14,1122)2 —u112u,1222)3,

2 3 .
(u,1112)7u,2000 = =2(u 1122)” + 3u 11120, 11224,1222 + 2\/((14,1122)2 —u11121,1222)%
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e the 15-dimensional submanifold

2 3
u i1 (,1222)" = =2(u,1122)” + 3u 11120, 11221,1222 + 2\/((14,1122)2 —u1112u,1222)3,

2 3 .
(u,1112)71,2000 = —2(u 1122)” + 3u 11124 11224,1222 — 2\/((u,1122)2 —u1112u,1222)%;

the 14-dimensional submanifold

ui =0, w2 =0,

2.
3u 11221 2020 = 2(u,1222)°;

the 14-dimensional submanifold

w1 =0, wunup=0, un=0;
e the 14-dimensional submanifold

w2 =0, wu =0,

2.
w20 = 9 1122)%;

e the 14-dimensional submanifold

3/2
Ui/ = — (U 1112)*"%,
u 1122 = — (U 11121,1222)
_ 3/2.
U 21 20 = —(1,122)77;

e the 14-dimensional submanifold

3/2
Ui = 1112)*,
U 1122 = /U 111241222,

_ 3/2.
U2t 200 = (1,1222)77;

e the 14-dimensional submanifold

ui =0, V3u 1120 = =2 /W 11120 1222
3/2.
3V3 U a0 = =4 10m)Y%;

the 14-dimensional submanifold

u i =0, «/gu,nzz =2/u 11121 1222,
3/2.
33U 00 = 4 1220) Y
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e the 14-dimensional submanifold

2
3uimu, 22 =21 1112)°,

u 1202 =0, U2 =0;

the 14-dimensional submanifold

2
4u 122 = 3 1112)7,

2 3,
w2 =0, (W i112) U200 = —4W 1122)7;

the 14-dimensional submanifold

u 122 =0, u 1220 =0, u 2 = 0;
e the 13-dimensional submanifold
ui =0, w2 =0, wuj» =0, 1.2 =0;

the 13-dimensional submanifold

winr =0, wi2=0, wuu2=0, ujpn=0;
e the 13-dimensional submanifold
w2 =0, wunxn =0, u 1220 =0, u 0 =0,

where the rank of the distribution of third-order prolonged vector fields lowers to 14
or 15. 0

8.8 Lie Algebras and Corresponding Lie Remarkable
Equations

Let us consider scalar partial differential equations, that is, according to our notations,
restrict our attention to the case m = 1. We denote by i(R"*!), a(R"*!), p(R"*1)
and c(R"1), respectively, the isometric, affine, projective and conformal algebra

of R"*! with respect to the metrics g = Z’:l kidx; ® dx; + du ® du, where k;

(i =1,...,n) are nonvanishing real constants. Even if the algebras i(R"*!) and
¢(R™1) depend on the constants k;, we shall continue to denote them by the same
symbol. For instance, i(R*) can represent both the Euclidean and Poincaré algebra
for suitable values of the constants k;. For each of the previous algebras we shall
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determine strongly scalar partial differential equations of various order associated
with them.

8.8.1 The Case of i(R"1)

It is easily ascertained that the Lie algebra i(R"*') has dimension equal to
(n+1D@n+2)
2
in view of Theorem 8.5, strongly Lie remarkable equations can be only of order 1.
In order to get them, we have to construct the matrix representing the distribution of

first prolonged vector fields of isometries. If n = 2, we have the vector fields

. . n+1 .
; in fact, we have (n + 1) translations, and ( ) rotations. Then,

ul—axl, uz—axz,
E 0 & k 9 k 9 (8.19)
Ey=—, B4 =koxo— — kyjx;—, .
3T g, 2 28x1 1 18x2

a0 d 0 d
Bs=u_——hkixi——, Ee=u— —kxo—.
> ”axl 1 ou 6 ”axz 2x28u

The first prolongation of these vector fields gives the distribution on J!'(R3, 2)

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
M =
y —]]z—;xl 0 %M.Z —u
u 0 —kix; —ki—u1)? —uu;
0 u —kaxo —ujup —ky— (uy)?

whose rank is 5 except for the four-dimensional submanifold locally described by

1) (u2)?
1 . . =0
+ I + I

the latter corresponds to the vanishing of the infinitesimal area element.
The strongly Lie remarkable equation characterized by i(R?) in this case is
nonempty provided that not all k; are positive.
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The generalization to arbitrary n is straightforward, and yields the strongly Lie

remarkable equation
1+ Z w)” _
o ki ‘

8.8.2 The Case of a(R"*1)

The Lie algebra a(R"*!) of affine transformations has dimension n? 4 3n + 2. By
using Theorem 8.5, we see that a strongly Lie remarkable equation can be of order
2 or 3 in the case n = 2, and of order 2 if n > 3. The infinitesimal generators of this

Lie algebra are
d il a

a—, a—,
da b
VYa,b € {x1,x2,...,X,, u}.
We see that the strongly Lie remarkable second-order equation in J2(R?3, 2) is the

homogeneous Monge—Ampere equation
u iy — (u12)? =0, (8.20)

which describes surfaces of R? with vanishing Gaussian curvature.
Moreover, there exists also a strongly Lie remarkable equation of third order in
J3(R3, 2) which has the following local expression:
(11> (222)* + (D) (,22)” + 6 1w 11w, 120 221 22
— 6upiu 21,120, 22)* — 6u 11, 11w 122(,22)°
— 6(u,11)%u, 1211221 222 — 6(u11) 2w, 1121 221 222
— Bu 111 () 220 + 9u 11 (u,112)? (u,22)?
+ 9, 1) (u,122) 1 22 + 120,111 (u,12) 1 1200 22
+ 120 1,112 (u,12) w200 — 18u 1w, au U, 120,20 = 0. (8.21)

To the best of our knowledge, this equation has been described in literature for
the first time in [31].

Now, it remains to find the equations that live in J 2(R™ | n) with n > 3. In this
case, for each n, we still have a strongly Lie remarkable equation, namely

Uil U - Uin

U2 U2z -+ U2,
det| 7 T =o, (8.22)

Uin Udp * U pn

that is, the second-order homogeneous Monge—Ampere equation in n variables [9].
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8.8.3 The Case of p(R"1)

The Lie algebra p(R"*!) of projective transformations has dimension n? + 4n + 3.
Its infinitesimal generators are

i i i Xn: i, (8.23)
—, a—, a—, a x'—+u—1, .
da da ab Py oaxt ou

foralla, b € {x1, x2, ..., X, u}.

Then we easily realize that we have to look for strongly Lie remarkable equations
in the same jet spaces we considered in the previous section. Furthermore, we have to
discuss also the case of an equation that lives in J3 (R*, 3). We realize that Egs. (8.20),
(8.21), and (8.22) are strongly Lie remarkable also in this case, and that there are no
strongly Lie remarkable equations in J3(R?, 3). In fact, the prolongations of vector
fields (8.23) span, at each point of J 3R4,3), a subspace of dimension at most 20.
As the dimension of the equation we are looking for is 22, in view of Theorem 8.4,
we have no chance of finding a strongly Lie remarkable equation.

8.8.4 The Case of c¢(R"t1)

The algebra ¢(R"*!) has dimension equal to (n + 2)(n + 3)/2.
We start with n = 2. The infinitesimal generators of this algebra are the generators
(8.19) together with

- 1 kixi —kox3 —u® 9 n 0 n 0
fT==—— X1 Xp— X u_v
L) ki ax, T du

d 1 k2X22 — k1x12 — u2 0 0
By =X Xp— + - ————— — + Xou—,
%xl 2 kll 9x2 ou (8.24)
— 2 2 2
Bo = xju——o W = kx? = koxd) —,
9 =Xug o F U oW =kt = k) o
b
) = X|— Xy — u—-.:
O T e, | du

Assuming the metrics kjdx; ® dx| + kodx, ® dxy + du ® du on R3, with k;
nonvanishing real constants, the (scalar) mean curvature of a generic surface u =
u(xy, xp) reads

1 (ka4 (u2)?) uy — 2uqupu 1z + (ki + 1)?) w2

=5 32 ’
2 (ks + ka(u )2 + Ky (u2)?)”
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and the Gaussian curvature is

u i — (U 12)?
(kika + ko (u.1)? + ki (u 2)2)

Then, by analyzing the rank of the matrix of second-order prolongations of the
vector fields (8.19) and (8.24), we realize the unique second-order equation which
is strongly Lie remarkable with respect to the conformal algebra is

G = H>.

Remark 8.14 By adirect computation, we realize that the unique second-order scalar
differential invariant J of the algebra formed by i(R?) with the addition of homo-
theties of R® is / = H?/G. Then J =k, with k € R, is a weakly Lie remarkable
equation in view of Theorem 8.1. Therefore we could look for strongly Lie remark-
able equations among the equations J = k. In fact, from the above discussion, we
realize that J = 1 is the strongly Lie remarkable equation we were looking for.

Finally, it remains to analyze the case n = 3. So, we have to search strongly Lie
remarkable equations in the jet space J>(R*, 3). In this case, we realize that we do
not have strongly Lie remarkable equations. In fact, the prolongations of vector fields
forming the algebra C(R*), at each point of J2(R?, 3), span a subspace of dimension
at most 12. As the dimension of the equation we are looking for is 12, in view of
Theorem 8.5, we cannot find a strongly Lie remarkable equation. The same negative
result is achieved by considering the algebra ¢(R"*!) with n > 3.

8.9 Second-Order Lie Remarkable Systems of Partial
Differential Equations

Now, let us consider the case of systems of partial differential equations that can be
Lie remarkable.

The Lie algebra a(R"™™) of affine transformations of R"*™™ is spanned by the
vector fields

0 0

P a—,

da ab
where a, b € {x1, ..., x,, Uy, ..., Uy};itis

dim(a(R"™)) = (m +n)(m +n + 1);
on the contrary, as far as the second-order jet space is concerned, it is

mn—+1)(n+2)

dim(J*(R"™ n)) =n + 5
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Moreover, we have
dim(a(R"™)) > dim(J>(R"*"™, n))

for all m provided that n < 5. Nevertheless, in order to characterize strongly (weakly,
respectively) Lie remarkable equations, it is necessary that the dimension of the Lie
algebra be greater (greater or equal, respectively) than the dimension of the equation.
In the following, we shall prove that strongly Lie remarkable equations corresponding
to the Lie algebra of affine transformations of R"*" do exist.

For n =2, m = 1, we have already proved that the Monge—Ampere equation
for a surface with vanishing Gaussian curvature is strongly Lie remarkable: the Lie
algebra of affine transformations does suffice, even if the equation admits the Lie
algebra of projective transformations of R3.

Moreover, we have shown that the unique second-order partial differential equa-
tion for the unknown u(xy, ..., x,) (n > 2), characterized by the Lie algebra of
affine transformations of R"*!, is the homogeneous Monge—Ampere equation in 7
independent variables given by (8.22)

Now, let us consider the situation where m > 1, i.e., the case of a system of partial
differential equations, and derive new strongly Lie remarkable equations.

Theorem 8.17 The system of second-order partial differential equations locally
described in J*(R*, 2) by

{ul,lluz,lz—ul.lzuzA,ll =0, (8.25)

U142, — upnuz 1 =0,
is strongly Lie remarkable.

Proof System (8.25) characterizes a 12-dimensional manifold in the second-order
jet space J2(R*,2), that has dimension 14. The dimension of the Lie algebra of
affine transformations of R* is 20, and, by a straightforward calculation, one can
easily recognize that the rank of the distribution of its second-order prolongation is
14, reducing to 12 only on the 12-dimensional manifold of J 2(R*, 2) characterized
by (8.25); therefore, system (8.25) is strongly Lie remarkable. In passing, we note
that system (8.25) admits also the symmetries generated by

d n d n d n d
alxi— +x— t+u— +u,— |,
! dxy 2 0x> ! ouy 2 ous

wherea € {xy, xp, uy, uy},1.e.,itadmits the 24-dimensional Lie algebra of projective
transformations of R*. O

Remark 8.15 In a four-dimensional Euclidean space, the functions

uy =uy(xr, x2), Uz = us(xy, x2) (8.26)
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characterize a two-dimensional surface. In [17], the authors introduced an invariant
linear map of Weingarten type in the tangent space of the surface, which generates
two invariants k£ and «. These invariants divide the points of the surface into four
types: flat, elliptic, parabolic, and hyperbolic. The two invariants (see [17] for the
details) for the surface defined by (8.26) have the form

K= 4ur 12 — un,12u2,00) (1,12U2,20 — U1,22U2,12) — (U1, 11U2,22 — U1,22U2,11)°
A+ (ur,1)? + (1,2)? + (u2,1)? + (U22)? + (u1,1u2,2 + w1 0u2.1)?)3
 — (L4 1,02 + (u2,)) (w1, 12u2,20 — U1, 22U2,12)
A+ (u1,1)? + (1,2)% + (u2,1)? 4+ (U2,2)* + (u1,1u2,2 + uy 2u2,1)?)?

n (14 (u12)? + (u2,2)?) (Ui 11u2,12 — U1, 12u42,11)

A+ (u1,1)? + (w1,2)? + (u2,1)? + (W22)? + (u1,1u2,2 + w1 2u2,1)?)?
_ (i ui —uoquz2)(up 11u2,20 — U1,22U2,11)

A+ (ur,0)? + (w12)? + (u2,1)? + (U22)* + (w1, 1u22 + up o2, 1)?)?’

)

It is immediately seen that both invariants vanish identically on Eq. (8.25), where-
upon it remains proved that these equations characterize the surfaces consisting of
flat points: such surfaces are either planar surfaces or developable ruled surfaces [17].

Second-order strongly Lie remarkable systems do exist also form > 2 orn > 2.
Before stating the theorem that identifies such systems for arbitrary values of m and
n, let us consider some special cases.

Theorem 8.18 The system of second-order partial differential equations locally
described in J*(R>, 3) by

ui 12,12 — iUz =0,
uy o3 — Ui 3uz g =0,
Uy — Ui U =0, (8.27)
uy a3 — up3uz g =0,
ui 142,33 — u133u2,11 =0,

is strongly Lie remarkable.

Proof System (8.27) characterizes an 18-dimensional manifold in the second-order
jet space J2(R3, 3), that has dimension 23. The dimension of the Lie algebra of
affine transformations of R is 30, and, by a straightforward calculation, one can
easily recognize that the rank of the distribution of its second-order prolongation is
23, reducing to 18 only on the 18-dimensional manifold of J?(R?, 3) characterized
by (8.27), that, consequently, is strongly Lie remarkable. Actually, the system (8.27)
admits the 35-dimensional Lie algebra of projective transformations of R>. O

Theorem 8.19 The system of second-order partial differential equations locally
described in J*(R>, 2) by
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Ui o, 12 — Ui 12Uz =0,

Uy — Ui Uz =0, (8.28)
Uz 114312 — Uz, 12u3,11 = 0,
Uz 114320 — Uz 2oz 11 =0,

is strongly Lie remarkable.

Proof System (8.28) characterizes a 16-dimensional manifold in the second-order
jetspace J2(IR?, 2), that has dimension 20. The dimension of the Lie algebra of affine
transformations of R? is 30, and, by a straightforward calculation, one can easily rec-
ognize that the rank of the distribution of its second-order prolongation is 20, reduc-
ing to 16 only on the 16-dimensional manifold of J?(R?, 2) characterized by (8.28),
that, consequently, is strongly Lie remarkable. Actually, it is easily verified that sys-
tem (8.28) admits the 35-dimensional Lie algebra of projective transformations of
R3 too. O

For arbitrary values of m and n, we are able to state the following result.

Theorem 8.20 The system of second-order partial differential equations in the
unknowns (U1 (xXq, ..., Xn)y e ooy U (X1, ..., X,))

A=0, (8.29)
with the components of A given by
A(x,a+l;l,l,p,q = Ug, 11Ua+1,pg — Ua,pgUa+1,11 = 0, (8.30)

wherea =1,....,m—1land p,q =1, ..., n, is strongly Lie remarkable.

— 1)(n? -2
Proof System (8.29), made of (m Yo~ +n ) independent differential equa-

tions, characterizes a manifold with dimension d in the second-order jet space
J2(R"™ n), where

mn(l —n)

d=n>+2n+3m—-2+ 5

A simple analysis shows that d < (n +m)(n + m + 1) for all positive values
of m and n, so that the number of symmetries in the affine Lie algebra of R"*",
according to Theorem 8.7, may suffice. Moreover, the rank of the distribution of the
second-order prolongation of the generators of affine Lie algebra in R"*™ is maximal
(the minimum between the dimension of affine Lie algebra and the dimension of jet
space).

It is easy to recognize that from (8.30) it follows

Dq piijp.g = Ua,ijUp,pg — Ua,pgp+1,ij = 0,
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foralle, B € {1l,...,m},and all i, j, p,q € {1,...,n}.

Now, let us prove that system (8.29), along with (8.30), admits as subalgebra of
the algebra of its Lie point symmetries the Lie algebra of affine transformations. In
the sequel, we use the Finstein summation convention over repeated indices.

Consider the infinitesimal generators of the affine Lie algebra in R**", say

0 0 b 0 0 0
—, T,  XjT—, ug—, XiT——, Uy, (8.31)
8)6,' 814/3 ' 8)6,' 3)6,‘ auﬁ 8u§

wherei, j=1,...,n,and B,y =1, ..., m. We will prove that each of the vector

fields in (8.31) is admitted by system (8.29).
As neither the independent variables nor the dependent ones appear explicitly in
system (8.29), it is evident the invariance with respect to the (n + m) translations

of the independent and dependent variables. Let us consider the remaining vector
fields.

d
1. & = x; —. Its second-order prolongation is
3%

Xi
0 0
=22 _
EY =xj— =8y i—— — (8jelty.ik + Sjklty ic ,
T ox; T (8jeuty.i j y’l)auy,kz

where §;; is the Kronecker symbol. It is

E(Z) (Aa,aJrl;l,l,p,q) - 28j1 (ua,liuaJrl,pq - ua,pquotJrl,li)
+8jp (Ma,llua+1,iq - Ma,iqua+l,ll)
+8j4 (ua,llua+1,ip - Ma,ipua+l,1l)
= 25j1Aot,ut+1;1,i,p,q + aija,a+1;1,l,i,q

+ 8jq Aa,at1;1,1,i,ps

that vanishes on A = 0;

]

a L
2. E = ug—. Its second-order prolongation is
p Bx[

—~(2) el 0
=2 = Mﬁg — uy,iuﬂ,km - (My.iuﬁ.ke +ugiy.ic + "‘N”V,ik) Y
i ¥, 2

whereupon

g@ (Aa.a+l;l,l,p,q) = Ug,; (uﬁ,llu(x+l,pq - uﬁquua+l,ll)
+ Ug+1,i (ua,lluﬁ,pq - ua,pquﬂ,ll)
+ 2”/3,1 (ua,liua+l,pq - uzx,pquaJrl,li)
+ ugp (ua,llua+l,iq - ua,iqua+l,ll)

+ Ug.q (ua,llua+l.ip - ua,ipua+l,ll)
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= th,iAﬂ,oH-];l,],p,q + ua-‘r],iAot,ﬂ;l,l,p.q
+ 2ug 1 Aaat1;1ipg T U pDaatiilLig

+ upqDaatisiips

vanishing on A = 0;

d .
3. E=ux; P Its second-order prolongation reads
ug

d

8uy,k

’

0
@ = Xi@ + 8py dik

whereupon
= .
E? (Awatiinipg) = 0;

0 oo
4. 8 = u, —. Its second-order prolongation is
upg

0
—~(2
=@ — Uy _814,3 + dpulty k s + 5/3,41/!%“—8” "
2 My

whereupon
e
P (Avatt:1.1,p.g) = Sap (ty11Uas1,pg — Uy, pgllati11)

+ St 1) (Ua11lty pg — Ua pglty.11)

= SapDyat1i1,1,p.g T S@tnpBayil 1 pas
vanishing on A = 0.
O

We also observe that system (8.29), along with (8.30), is invariant with respect to
the projective transformations of R"*™ too.

Proposition 8.2 System (8.29) admits the symmetries generated by the vector fields
N 3
ig— + an

witha € {x1,..., Xy, U1, ..., Uy}, so that system (8.29) is strongly Lie remarkable
also with respect to the Lie algebra of projective transformations of R,

Proof We need to prove that system (8.29) admits also the symmetries spanned by
the (n + m) vector fields
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9 “ d .9 “ 9
)Cj ZX[E-’-);M},M, I/t/g ina——i-;uym,

. X
i=1 ! i=1 !

where j =1,...,n,and 8 =1, ..., m.

_.
&3]
Il

0
xj | xi — =+ u, — ) (sum over repeated indices).
Bx,- BuV

Its second-order prolongation is

E(z):xx;i—i—xu —I-(Sk(u XU m) 9
J axl J Va J Y 14 auy,k
ad
- (Sjkuy,muy,fm + szxmuy,km +xjuy,k2) P
Bu],,kg

Itis

E(Z) (Aa,a+l;1,],p,q) = 5jpxm (ua,mqua+l,ll - ua,llua+1,mq)
+ 8jqu (ua,mpuot+l,ll - ua,llua+1,mp)
+ 2v(sjlxm (ua,pqua+l,lm - ua,lmua+l,pq)
+ 2 (Ua, pgUat1,11 — Ua,11Ua+1,pq)
= —Xm ((Sija,oH—l;l,l,m,quq + Aoz,oH—l;l,l,m,p
+ 28j1Aa,a+l;l,m$p,q) - 2xjAoz.Ot+l:,l,l,p,q,

that vanishes on A = 0;

0 0
2. E= i — + u,,—— ) (sum over repeated indices).
ug (x axi iy 314;,) ( P )

Its second-order prolongation is

E® = u,g;)c,-i +upguy — +upgi (M — XU i) 2
ax; 4 ou, ’ 4 v ouy i
b
+ (Myuﬁ,ke —uglty keX;(Uy jUg k¢ + UG KUy ¢ + uﬂ,l“y,ik)) P
v,k

Itis
E(z) (Aa,a+];l,],1),q) = (uy — xiua,i) (“y.llua+1,pq - uy,pqu(x+].ll)
+ (Uas1 — Xittgr1,i) (Mo, 111y, pg — Ua,pgliy.11)
- 2’4;/ (Ma,lluotJrl,pq - Ma,pqua+1,11)
- 2xiuy,1 (ua,liuaﬂ,pq - Ma,pquoz+1,1i)
— Xilly,p (Ma,llua+l,iq - Ma,iqua+1,11)

— Xilly g (ua,llua+l,ip - ua.ipuaJrl,ll)
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= (Ug — XiUe,i) Dy ati:1,1,pq
+ (U1 — Xillay1,i) Da,y:1.1,p.g
- 2“1/ Aa,aJrl;l,l,p,q - zxiuy,lAOt,otH;l,i,[?,q

— Xilly, pAaa+1;1,1,i,g — Xilly,g Daa+1:1,1,i,p>

that vanishes on A = 0.

8.10 Third-Order Lie Remarkable Systems of Partial
Differential Equations

We already proved that for n = 2 and m = 1, Eq. (8.21), admitting the Lie algebra
of projective transformations (even if the Lie algebra of affine transformations is
sufficient to characterize it), is strongly Lie remarkable.

For n =3 and m = 1, the dimension of Lie algebra of affine transformations
is 20, whereas the dimension of the third-order jet space is 23, so that we cannot
characterize a third-order Lie remarkable equation. Even if we take the Lie algebra
of projective transformations (with dimension 24), neither strongly nor weakly Lie
remarkable equations exist, because the rank of the distribution generated by the
third-order prolongation of vector fields of projective transformations is 20.

For n = 2, the dimension of the Lie algebra of projective transformations in
R"™™ d = (m + 2)(m + 4), is greater than the dimension of the jet space, j =
10m + 2 for all values of m > 0; thus, we may try to construct third order strongly Lie
remarkable equations involving two independent variables and an arbitrary number
of dependent ones. Thus, in principle, we may conjecture that a hierarchy of Lie
remarkable third-order systems involving the unknowns uy(x, x2) (@ =1, ..., m,
m > 2) may exist.

Taking m = 2, the computation can be easily done, and the following result can
be stated.

Theorem 8.21 The third-order system of partial differential equations

(1,201,120 — U1, 12U2,2) (U1, 20U 11 — Uy, 12U, 12)°
— (up w2 — (u1,12)%) (U2, 112,00 — (U2,12)")u, 111
+3(ur11u2,12 — ur,12u2,11) (U1,12U2,12 — U1,22U2 11)
X (Wy,12U2,20 — U1,22U2,12)U1,112
+ 3y U2 — 12U, 1) (U1, 20Uz, 12 — UL 12U ) UL 122
+ (ur U212 — U U 1) (U1 2,00 — U1 1212, 12) U1 222
+ (1,00 — 2) ) W w11 — Uy 1U2,00) (U, 120220 — U1 22U2,12)U2, 111

2
+3((r,12)" —urun,22) @i 2u, 10 — Ui 11U2,12) (U1, 12U2,20 — U1 20U2,12)U2 112
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+ ((U1,12)* = ur11u1,22) (U1 12U2, 11 — U 11U2,12) 12,000 = 0, (8.32a)
3(uimun 2 — 1, 12U2,20) (U2, 111220 — (U2,12)ur 112

+ 3 U2 — 1t 1) (U101, 12 — U1 12U2,22) (Un 11U — (U2,12)P) U112

+ (uz,11u2,20 — (2,12)3) (U1, 112,20 — w1 Uz 1)

+ (u1,12u2,20 — Uy 2212, 12) (U1, 12U2,11 — U1, 1142,12))U1,222

+ (u1,20U2,12 — Uy, 12U2,20) U 111

+ 31 10un,12 — 120U, 1) (U1 22U, 12 — U1 12U2,2) Un 112

+ 31 2Un, 12 — U1, 1212,20) (U1, 22U 11 — Uy 12U 12)*

— (uy ity 20 — (u1,12)%) (U2, 112,00 — (U2,12)")u2, 122

+ ((ur10u2,12 — w1 0ux 1) — (U122 + Uy 12U, 12 — 2U1 20U, 11)

X (ur nur22 — (u1,12)%) 142,00 — (U3 15))2,000 = 0, (8.32b)

characterizing a 20-dimensional submanifold in J3(R*, 2), is strongly Lie remark-
able with respect to the Lie algebra of projective transformations of R*.

Proof 1In fact, the rank of the distribution of the third-order prolongations of the
vector fields of Lie algebra of projective transformations of R* is maximal (and
equal to the dimension of third-order jet space). Moreover, the rank lowers to 20
when evaluated on the submanifold described by (8.32). [l

For higher values of m, the amount of computation required to look for possible
third order strongly Lie remarkable equations is rapidly increasing.

8.11 Lie Remarkable Ordinary Differential Equations

The definition of Lie remarkable equations of course applies also to ordinary dif-
ferential equations [27]. In this case, there are important consequences related to
the existence of first integrals (see Sect. 5.8 in Chap. 5) because Lie remarkability
requires the existence of a sufficient number of symmetries.

8.11.1 Primitive Lie Algebras of Vector Fields in R>

Let us start considering the primitive Lie algebras of vector fields in R? [37], and
classify Lie remarkable scalar ordinary differential equations [27].

I R x R?

d d 0 d d d
- — u— —x—4alx—4u—|), aeR.
0x ou
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This Lie algebra is three-dimensional: possible Lie remarkable equation can be
of first and second order. Anyway, it is easily ascertained that there are no Lie
remarkable equations.

I sl(2)
n d o2 — 1) 0 42 d
—, Xx—4u—, " —u°)— Xu—.
ox ox ou ox ou
No Lie remarkable equation does exist.
111 50(3)
0 0 0 0
- —x—, 1 2 2\ 7 2 —,
“ox g (T g Ty,

0 ) 5. 0
2xu— + (1 —x“ 4+ u”)—.
ax ou

No Lie remarkable equation does exist.
IV R*xR?

a 0 a d 0 a
— —, X—4u—, u— —x—.
ox  du ox ou ox ou
The only Lie remarkable equation is u® = 0.
v sa(2)

d il d 0 0 0
— —, X— —Uu—, U—, X—.
ox  du ox ou dx ou

The only Lie remarkable equation is u® = 0.
VI a(2)
ad ad ad a d

, U—, X—.
u 0x ou

The Lie remarkable equation associated to this Lie algebra are u® = 0 and the
equation of the vanishing affine curvature [46]

3uPu® — 5wy =0,

also known as the generalized Kummer—Schwarz equation [24].
VII 50(3,1)

0 d 0 0 0 0

PN ~ Uu——xX—, x_+u_’

0x ou 0x ou 0x u

(x? 2)8 + 2x 9 2x 0 + (x2 2)a

X< —u)— u—, u— —u)—.
0x ou 0x ou

This algebra gives the Lie remarkable equation of circles, namely

(L4 @)?u® - 3u®D @) = 0.
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VIII s[(3)

This algebra (projective Lie algebra of R? that sends a conic curve into a conic
curve) characterizes as Lie remarkable equations once again u® = 0, and the
equation of conic sections, namely

9u® )2 + 40y’ — 45uPuDu® = 0.

8.11.2 Lie Remarkable Systems of Ordinary Differential
Equations

Here, we consider the isometry i(R?) (dimension 6), affine a(R?) (dimension 12),
conformal ¢(R?) (dimension 10), and projective p(R3) (dimension 15) Lie algebras
of R3. Thus, we limit ourselves to systems of two ordinary differential equations for
the unknowns u(x) and u;(x).

8.11.2.1 Lie Algebra i(R%)

The generators of the Lie Algebra i(R?) are

We observe that for any number of unknowns, the Lie remarkable equations
associated to the algebra i(R"*!) are

u? =0, k=1,...,m.
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8.11.2.2 Lie Algebra a(R%)

The generators of the Lie Algebra a(R?) are

0 ad
5o A a,b € {x,uy, uz},

and we are able to characterize the following fifth-order system of ordinary
differential equations:

(5) <5(42(u§3)) (u§4)) (u(Z))S _ uﬁz)(u§4)u§2))3 _ 72(14(13))3”54)(“(22))2”%3)
—78”52)14(13)(u§4))2(u§2))2u§)+144u§2)(u(3))2 (4)u;2)(u;3))2
+36(u(12>)2(u(14))2 (2)( 53))2_72@(12))2”(3) (4)(u(3))3
_{_72(”&3))4(”(2))2 “4) 48u§2)(u§3))2u§4)(uéz))zu(;)
+3)? @) @S2 us” — 144u P @y u$us us?
~|—84(u§2))2u(13)u§4)u§2) 3) (4)+ 72(u (2))2(u(3))2( (3))2u§4)
—36(u(12))3 (4)( (3))2 (4)+ 6(u(2)) (u ?))2 (2)( (4))2
—3(u§2))3u§4)u2 (u (4))2_ (MEZ))3M(13)M(23)(M(24))2

-1
+ (uiz))4(u;4))3) (144( (i)ugz) §Z)M;3))3> ,

=(5(—(ui4))3(u§2))4 _’_6”53)(”54))2( (2))3 3 _ 72(u (3))2ui4)(u§2))2(u;3))2
—6u§2)(u€4))2(u§2))2(u§3))2—I— 144u(2)u§3)ul4) (2)( (3))3

— 72(M(12))2u(14) (u§3))4 + 36(u(13))2u§4)(u(22))3u§4)
_{_3”(2)(”(4))2(”(2))3”;4)+72(u§3))3(u§2))2u(23)u(24)

2) 3). @), D2 3) @4 2), B2, 2, B2, @
—84u§ )”(1) ()( (2)) ué)ug) — 144145)(14& )) ué)(ué)) u(z)

=

G
U

2 2 3 4 72 2 3 3 4
2 3 2 4 2 4 2 4
)56145 )(ui ))2(115 ))z(ué ))2 — :;(Mﬁ ))ZM(I )(ué ))z(ué ))2

-1
+ @7 u? @) (144000 - uPul)?)

8.11.2.3 Lie Algebra cR3)

Conformal vector fields of the Euclidean space R” form a Lie algebra of dimension
%(n + 1)(n + 2) except for the case n = 2. In fact, in such a case, the dimension
of the Lie algebra of conformal vector fields is infinite, as the latter are essentially
identified with holomorphic functions of one complex variable. More precisely, if
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ad d

X 4+ iX, is a holomorphic function, then X Fy + X,— is a conformal vector
X1 X2

field of the Euclidean metrics. If n > 3, the conformal algebra is formed by trans-

lations, rotations, the dilatation, and special conformal vector fields. In R3 we have
the vector fields

2 = 9 == 9 . = 9

‘-‘l_av ‘—‘2_8_’“7 ‘-‘3_3_142

~ d 0 - ) 0
0421/!15—)(8—“1, a5=u2£—xa—uz,

_ 0 0 ~ 0 0 0
5621428_141_”18—“2, D7=Xa+u18—ul+uza—uz,
Eg:(x2—u%—u%)%+2xulaiul+2xaiu2,

= 9 2 2 2 0
a9:2xula+(ul—x —uz)a—ul+2uluza—u2,
510=2xuzaiul+2uluzaiul—i—(u%—xz—u%)aiuz.

To the conformal Lie algebra in R? it is associated the third-order system of circles
(1 + (uﬁl))2 + (uﬁz))z) uf) =3 (aﬁ”uﬁ” + uél)uéz)) uiz),

Dy2 NANNE @ n @), @
(l—i-(u(l)) +(u§)))u(z)=3(u(1)u(1)+u;)u§))u§).

8.11.2.4 Lie Algebra p(R%)

Finally, to the algebra of projective transformations in R? there are associated the
equations
u” =0, u, =0,

and the sixth-order system

up = (—144(u(12))5(u(23))2(u(25))2 +360ui™) ul (us”)?ul
=225 ™) @Syt + 288 ) uPuP u’ @)
—360(u ) uPu® @S2ud — 480y uP @) ulPul
+ 600(u§2))4u(13)u§3) (ugl))3 - 720(u§2))4u54)u§2)u§3)u§4)u§5)
+900(u ™y P ul P + 960y ul? ) ul
— 12000y u'® @) @$)? + 288wy uVul @)l

2)\4..(5) . (2). .3 4)\2 2)\4 (5 3)\3,,4
—360(u ) uusus W5y + 240wyl @Sy uf?
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— 144w(?) @) @) @S)? + 960 i) us us us

— 600y ) 2u? 1) — 640w )W) u

+400( ) i) @§)? 5y + 720 ) u PVl @) us ul

_2400(14(12))31/!53)”?4) (2)(u(3))2 ;5)+600(u(2))3 (3) (4)u§2)u§3)(u(4))2

+400(u(12))3 (3) (4)(u(3))3 (4) 576(u(12))3u§3)u15)(14(2))2 (3) (5)

+360(14&2))3”?3)“(15)(”(2)) (ugt))z _ 24O(u(12))3u§3)u§5) (2)(u(23))2u§4)

+640(u ) uVu @Sy + 360ty @) @) ud ul

_1350(1452)) (u§4)) (MEZ))Z(L{;@)Z+2400(M§2))3(u§4))2u§2)(u§3))2u;4)

—800(ui™)* )2 @S)?* + 720w u P uf® ) ud us

— 12007 ui?uPus? @) — 144w @) @S @)

— 480wy @) ulPul +1920)? @) ul? @§)2ul

—800(u' )2 @) ul?ul $)? + 1920 )2 @)l @S 2uPu

+ 60002 @) 2ul® @) @) — 20000?)? @) 2uP 1l @) ?ul?

+288(1452))2(”53))2”55)(ugz))sug) _ 240(u§2>)2(u§3>)2u§5)(Mgz))zu?)ugt)

— 19202 @ 2u®u® @) — 360®)2u® @) @)l

—3000(u§2))2 (3)( 54))2(14(2))2 ;3)14;4)4-2800( (12))2 (3)(ui4))2u§2)(u;3))3
720(14(2))2 (3) (4)u§5)(u(2))% (4)—1—3120(14(2))2 (3) (4) 55)(u§2))2(u;3))2

+288(u(12)) ul3)(u§5))2(u§2))3 (3) +900(u(2)) (u(4)) (u(2))3 4)

—1200(u§2))2(u(14))3(u(z))z(u(”) —360(1412)) (u(4> )(u<2>)3 ©)

~1920u® Py @) 2uPu + 4004 (DY @) Wy

— 480 (V)2 ul? @) ud + 28006 @) 2ulP @$)2u ul?

+240u® @) ul® @) ul? + 19200 @) ul @) @)?

+600u'? )2 @) @) ul — 32000 @) @) @) @l)?

—2640u” () 2uPu® @)3u — 1440 @) @) @ P

+ 1800u§2)u(13) (u§4))3(u§2))3u(23) + 360u§2)u(13) (u§4) 214&5) (u(zz))4

—225uP ") ) + 640 P)S @) ud — 1200 )4 ul® @) ul?

— 6400y u® @@y u® + 1200 @2 ) ud

+ 720Gy’ uiPul® @§)* — 600(u()? (u§4>)3(u§2>)4)

x (160(u§2>)4(u§3>)4 + 160y @Syt — 640 ) utVu @Sy’

-1
n 960@52))2(M§3))2(M§2))2(u§3))2 _ 640u§2)(u§3))3(u;2))3u§3)) ’



254 8 Inverse Problems in Lie Group Analysis of Differential Equations

uf) = (—144(u(12))4u§2)(ug))z(ués))2 + 360(u§2))4u(22)u§3)(u(24))2u£5)
=225y P @Sy + 720 @) ulPuld
—0600(u?)* @S2 @) + 288y ul W$)2ul W)?
—360(”)2ul” @) @S)2uS — 2640w uPul? @) us uld
+ 1800”2 uulul’ WsPy? — 640 ) ul? @) *ud
+ 12000 u? @) WSy — 7120 ul® @) ?uP ulP ul
+900u?)ut? @S2 @Sy + 240w ulPus? @S ) ul
+600(u(12))3u§4)u(22) (ug))z(u?))z - 1ZOO(MEZ))Su?)(u(zs))“ug‘)
+288(u§2))3u§5)(uf))z(uf))zu?) _ 360(u§2>)3u§5)(ug))zu?)(ug))z
—480(u )2 uluP @Sy 2ul? + 640y ul’ @)’
— 1442 @) W) @S2 4 3120P) 2 @) @S2 ul uSul
— 12000 )2 @) @) @) + 1920y @) 2u? @) ul
—3200®) 2@ WP @) + 720? 2u®u® 12y ul @)
— 24O(u§2))2u§3)u(14) (ugz))z(u(f) 2u§5) — 3000(u§2))2u§3)u(14) (u(22))2u§3)(ué4))2
+ 2800(u§2))2u§3)u§4)u§2) (u;3))3u§4) — 576(u§2))2u§3)u(15) (uéz))3u§3)ués)
+360(u'™)2ulu® @) @S + 1920 ) ul ul @) @) us?
— 19202 u®ul? @)yt + 360 )2 @) @) ulul
— 13502 @2 @) @) + 600 @) @@y (D) ?ul®
+ 4000 ) @) 2u? @) + 720P)2uPu® @) ud ul?
— 4802 u® )2 W) — 144 2 @Y @) u)?
— 12001452)(u§3))3(u§2))3u§4)u$) — 192014&2)(u(13))3(ugz))z(u(;))zués)
+2800u® (') @) 2u$ @) — 2406 @) 2ulP @) u$ uld
+2400u® ()2 @$P)? @$)? — 20000 @) 2P @) @) 2ul?
+288u® @) 2u® @) *ud — 24000 @')2u @) ul uld
+1920u'® P)?u® @82 @) — 3606 u'P @) @)
+600u Pu'? ') @S uPus? — 800uPu @) @) @)
— 720u§2)u(13)u§4)u§5)(uéz))“u?) + 96Ou§2)u§3)u(14)u§5)(u(zz))3(u§3))2
+288u Y ()? @Sy ud + 900u (i) sy us’
— 600 (u")? @) W$)? — 360u (i) ?u® sy us’
+ 6400 W) ud us — 800ui” ) us?)? ush)?
+240( ) ul® @8y ud + 400 ) ulP @) uf ul’



References 255
+960(u ) u Sy us” — 640wy ul? W)} )
— 12000 @) @Sy us” + 400 ) D)) W)
—480(u™)ulVu Y @Sy us) — 144 @) @)’
+600u (ui™)? @5y us” + 360uf” V)l @)’
. 225(u§4))4(u§2))5)
x (160(u§2>)4(u;3’)4 + 160w sy — 640 uPul )
-1
+ 960(u i) )2 s us))? — 640u§2>(u§3>)3(u§2>)3u§3>) :

Remark 8.16 There should be no doubt about the great help that a Computer Algebra
System can offer in order to find Lie remarkable equations characterized by a Lie
algebra of symmetries! As an example, the sixth-order ordinary differential system
characterized by Lie algebra p(R?) is quickly found with the following RELIE code
(see Chap. 12 for the description of RELIE [35]):

in "relie.red" $

jetorder:= 6 $

xvar:={x} $

uvar:={ul,u2} $

generators:=

{{1,0,0},{0,1,0},{0,0,1},

{x,0,0},{ul,0,0},{u2,0,0},
{0,%,0},{0,ul,0},{0,u2,0},
{0,0,x},{0,0,ul}, {0,0,u2},
{x"2,x*ul,x*u2},
{x*ul,ul”2,ul*u2},
{x*u2,ul*u2,u2"2}r} $

relieinit() $

reliedistrib(generators) $

m:=minors (distribution,14) $

sol:=solve (m, {ul_XXXXXX,U2_XXXXXX}) $

;end

References

1. A.-M. Ampere, Considérations générales sur les intégrales des équations aux différences
partielles. J. Ec. Polytechn. 10, 549-611 (1815)

2. R.L. Anderson, N.H. Ibragimov, Lie-Bdicklund Transformations in Applications SIAM Studies
in Applied Mathematics. (SIAM, Philadelphia, 1979)



256 8 Inverse Problems in Lie Group Analysis of Differential Equations

3. K. Andriopoulos, P.G.L. Leach, G.P. Flessas, Complete symmetry groups of ordinary differen-
tial equations and their integrals: some basic considerations. J. Math. Anal. Appl. 262, 256-273
(2001)

4. H. Azad, 1. Biswas, R. Ghanam, M.T. Mustafa, On computing joint differential invariants of
vector fields. J. Geom. Phys. 97, 69-76 (2015)

5. G.W.Bluman, J.D. Cole, Similarity Methods for Differential Equations (Springer, Berlin, 1974)

6. V. Bocharov, V.N. Chetverikov, S.V. Duzhin, N.G. Khor’kova, A.V. Samokhin, Y.N. Torkhov,
A.M. Verbovetsky, Symmetries and Conservation Laws for Differential Equations of Math-
ematical Physics, ed. by 1.S. Krasil’shchik, A.M. Vinogradov. Translations of Mathematical
Monographs, vol. 182 (American Mathematical Society, Providence, MA, 1999)

7. G. Boillat, La Propagation des ondes (Gauthier-Villars, Paris, 1965)

8. G.Boillat, Le champ scalaire de Monge-Ampere. Det. Kgl. Norske Vid. Selsk. Forth. 41, 78-81
(1968)

9. G. Boillat, Sur I’équation générale de Monge—Ampere a plusieurs variables. C. R. Acad. Sci.
Paris, S. I Math. 313, 805-808 (1991)

10. G. Boillat, SurI’équation générale de Monge—Ampere d’ordre supérieur. C. R. Acad. Sci. Paris,
S.IMath. 315, 1211-1214 (1992)

11. W.M. Boothby, An Introduction to Differentiable Manifolds and Riemannian Geometry
(Academic Press, New York, 1975)

12. J.F. Carifiena, M.A. Olmo, P. Winternitz, On the relation between weak and strong invariance
of differential equations. Lett. Math. Phys. 29, 151-163 (1993)

13. M.P. do Carmo, Differential Geometry of Curves and Surfaces (Prentice Hall, Englewood
Cliffs, New Jersey, 1976)

14. M.P. do Carmo, Riemannian Geometry (Birkhiduser, Boston, 1992)

15. A. Donato, U. Ramgulam, C. Rogers, The (3 + 1)-dimensional Monge-Ampere equation in
discontinuity wave theory: application of a reciprocal transformation. Meccanica 27, 257-262
(1992)

16. W.I. Fushchych, I. Yehorchenko, Second-order differential invariants of the rotation group o(n)
and of its extension: e(n), p(1, n), g(1, n). Acta Appl. Math. 28, 69-92 (1992)

17. G. Ganchev, V. Milousheva, On the theory of surfaces in the four-dimensional Euclidean space.
Kodai Math. J. 31, 183-198 (2008)

18. F.R. Gantmacher, The Theory of Matrices, vol. 1 (Chelsea Publishing Company, New York,
1969)

19. M. Gorgone, F. Oliveri, Nonlinear first order partial differential equations reducible to first
order homogeneous and autonomous quasilinear ones. Ric. Mat. 66, 51-63 (2017)

20. M. Gorgone, F. Oliveri, Nonlinear first order PDEs reducible to autonomous form polynomially
homogeneous in the derivatives. J. Geom. Phys. 113, 53-64 (2017)

21. M. Gorgone, F. Oliveri, Lie remarkable partial differential equations characterized by Lie
algebras of point symmetries. J. Geom. Phys. 144, 314-323 (2019)

22. J. Krause, On the complete symmetry group of the classical Kepler system. J. Math. Phys. 35,
5734-5748 (1994)

23. P.D. Lax, Contribution to the Theory of Partial Differential Equations (Princeton University
Press, Princeton, 1954)

24. P.G.L. Leach, Symmetry and singularity properties of the generalised Kummer-Schwarz and
related equations. J. Math. Anal. Appl. 348, 487493 (2008)

25. V.V. Lychagin, V.N. Rubtsov, I.V. Chekalov, A classification of Monge-Ampére equations.
Ann. Sci. Ec. Norm. Super. 26, 281-308 (1993)

26. G. Manno, The geometry of the geodesic equation in the framework of jets of submanifolds.
AIP Conf. Proc. 729, 207-217 (2004)

27. G. Manno, F. Oliveri, G. Saccomandi, R. Vitolo, Ordinary differential equations described by
their Lie symmetry algebra. J. Geom. Phys. 85, 2-15 (2014)

28. G. Manno, F. Oliveri, R. Vitolo, On an inverse problem in group analysis of PDEs: Lie-
remarkable equations, in Wascom 2005, ed. by R. Monaco, G. Mulone, S. Rionero, T. Ruggeri,
Proceedings of the X111 International Conference on Waves and Stability in Continuous Media
(World Scientific, Singapore, 2005), pp. 420432



References 257

29.

30.

31

32.

33.

34.

35.

36.
37.

38.

39.
40.

41.

42.

43.

44.

45.
46.

47.
48.

G. Manno, F. Oliveri, R. Vitolo, Differential equations uniquely determined by algebras of
point symmetries. Theor. Math. Phys. 151, 843-850 (2007)

G. Manno, F. Oliveri, R. Vitolo, On differential equations characterized by their Lie point
symmetries. J. Math. Anal. Appl. 332, 767-786 (2007)

G. Manno, F. Oliveri, R. Vitolo, On the correspondence between differential equations and
symmetry algebras, in Symmetry and Perturbation Theory, ed. by G. Gaeta, R. Vitolo, S.
Walcher, Proceedings of the International Conference SPT 2007 (World Scientific Publishing
Co, Singapore, 2007), pp. 164-171

F. Oliveri, Linearizable second order Monge-Ampéere equations. J. Math. Anal. Appl. 218,
329-345 (1998)

F. Oliveri, Lie symmetries of differential equations: direct and inverse problems. Note Mat. 23,
195-216 (2004/2005)

F. Oliveri, Sur une propriété remarquable des équations de Monge—Ampere. Suppl. Rend.
Circ. Mat. Palermo, “Non Linear Hyperbolic Fields and Waves — A tribute to Guy Boillat” 78,
243-257 (2006)

F. Oliveri, ReLie: a Reduce program for Lie group analysis of differential equations. Symmetry
13, 1826 (2021)

P.J. Olver, Applications of Lie Groups to Differential Equations (Springer, New York, 1986)
PJ. Olver, Equivalence, Invariants, and Symmetry (Cambridge University Press, Cambridge,
1995)

R. Palais, A Global Formulation of the Lie Theory of Transformation Groups, vol. 22 (American
Mathematical Society, Providence, RI, 1957)

R. Palais, Foundations of Global Non-linear Analysis (W. A. Benjamin, New York, 1968)

P. Rideau, G. Winternitz, Nonlinear equation invariant under the Poincaré, similitude and
conformal groups in two-dimensional space-time. J. Math. Phys. 31, 1095-1105 (1990)

V. Rosenhaus, On one-to-one correspondence between the equation and its group: the Monge—
Ampere equation. Preprint F. 18, Academy of Sciences Estonian SSR, Tartu (1982)

V. Rosenhaus, The unique determination of the equation by its invariance group and field-space
symmetry. Algebr., Groups Geom. 3, 148-166 (1986)

V. Rosenhaus, Groups of invariance and solutions of equations determined by them. Algebr.,
Groups Geom. 5, 137-150 (1988)

T. Ruggeri, Su una naturale estensione a tre variabili dell’equazione di Monge—Ampere. Atti
Accad. Naz. Lincei, Cl. Sci. Fis. Mat. Nat. 55, 445-449 (1973)

D.J. Saunders, The Geometry of Jet Bundles (Cambridge University Press, Cambridge, 1989)
M. Spivak, A Comprehensive Introduction to Differential Geometry, vol. 2 (Publish or Perish
Inc., Houston, Texas, 1999)

G. Valiron, Equations fonctionelles: Applications (Masson, Paris, 1950)

A.M. Vinogradov, An informal introduction to the geometry of jet spaces. Rend. Sem. Fac.
Scienze Univ. Cagliari 58, 301-333 (1988)



Chapter 9 ®)
Lie Symmetries and Equivalent e
Differential Equations

9.1 Introduction

In this chapter, we will discuss another relevant application of Lie symmetries of
differential equations, i.e., their use to algorithmically construct invertible point map-
pings suitable to transform a given differential equation into an equivalent, and often
more convenient, form: as a consequence, the source differential equation and rarget
one are (at least locally) equivalent. In particular, we prove some theorems stating
necessary and sufficient conditions for:

¢ the transformation of differential equations of arbitrary order, involving an arbi-
trary number of independent and dependent variables, to autonomous form [14,
15];

o the transformation of first-order systems of partial differential equations, involving
an arbitrary number of independent and dependent variables, to linear form [13];

e the transformation of nonhomogeneous and/or nonautonomous quasilinear first-
order systems of partial differential equations to homogeneous and autonomous
form both in the case of 2 x 2 systems [10], and in the case of general systems
involving an arbitrary number of independent and dependent variables [34];

e the transformation of first-order nonlinear differential equations polynomial in
the derivatives into autonomous first-order differential equations polynomially
homogeneous in the derivatives [18, 19].

Notably, the proofs of the theorems are constructive, and the desired transfor-
mation can be algorithmically derived. In all cases, the key role is played by the
canonical variables associated to a set of Lie symmetries spanning a Lie algebra.

The mappings we shall construct (whose existence is strictly related to Lie sym-
metries having a suitable algebraic structure) need not be group transformations.
However, if such mappings do exist, then necessarily any generator admitted by the
source equation has to be mapped to a generator admitted by the target equation. As
we shall consider invertible mappings, then a one-to-one correspondence between
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generators of the source and target equation is established. Moreover, since the Lie
bracket of two generators of symmetries is not affected by an invertible change
of coordinates (see Theorem 2.14), the Lie algebra of the symmetries of the target
equation has to be isomorphic to the Lie algebra of symmetries of the source equation.

If the mapping from the source equation to the target equation is allowed to be
noninvertible, then not necessarily there is a one-to-one correspondence between
Lie algebras of symmetries of source and target equation. But such a noninvertible
mapping must take any generator admitted by the source equation into a generator
(which could be a null operator) admitted by the target equation. More precisely, the
mapping must establish a homomorphism between the two Lie algebras.

It is worth of being remarked that transforming a system of partial differential
equations to an equivalent form may be used to find solutions; in fact, we may
determine simple solutions of the target equation and obtain (hopefully) less simple
solutions of the source equation. Many of the results hereafter presented are contained
in [10, 12-15, 18, 19, 33, 34].

9.2 Abelian Lie Algebras and Canonical Variables

A theorem allowing to introduce a special set of coordinates as a consequence of the
existence of a suitable Abelian Lie algebra of generators is presented. This will be
the main ingredient in proving the theorems concerned with the transformation of
partial differential equations to equivalent forms with special features.

Theorem 9.1 Let D C R” an n-dimensional manifold, and 7. = (zy, ..., z,) € D;
let

. B]
Ei=2§ij(l)?, i=1,...,5s<n
=1 %

be the generators of an s-parameter Lie group of point transformations. If the vector

fields {81, ..., By} generate a distribution of rank s, i.e.,
tn G2 vt L
01 & ot L
rank | . . . =y,
Csl §Y2 e {sn
and

09

[Ei,8;]=0, 1<i<j<s,
i.e., we have an s-dimensional Abelian Lie algebra, then it is possible to construct
new variables

v=V(),
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such that the operators { E1, . .., B} characterize translations of s variables chosen
among the components of v, and leave the remaining variables invariant.

Proof Let us introduce the canonical variables associated to &,
- =l . .
Ei(y) =1, Ei(y;) =0, i1=2,....m
as a consequence, =, takes the form

_ 0
3)’1’

(1]

i.e., it corresponds to a translation in the variable y;.
From the relation [E;, ;] = 0 it follows

E1(E2(y1)) = BE2(E1(y1)) =0,
E1(E2(3))) = E2(B1(3))) =0.

Thus, representing E; in terms of the canonical variables of E;, its components
may depend at most upon the invariants of &, i.e.,

E, = 2(y,,>—+z L)

112

81, j1=2,...,n

If ®% # 0, we introduce the variable

=+,

where ¢; satisfies

otherwise we take y| = y;.
That enables us to write E; and E, as follows:

m

= ayl’

i1=2

]
(S}

so doing, y 11 , for which E; induces a translation, is an invariant for E,.
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Now, let us introduce the canonical variables associated to the operator &,
Ex(y) =1, Exy)=E07)=0, ir=3,....n,
so that

_ 0
_3)’2'

[x]
)

Since E; commutes with Z; and Z,, we can write
_ 3,2, 0 3,2, 0
C'432@1(}’,'2)_1 +®2(y,‘2) + E @ (y,z 2,
270y, 270y, o ay

where j, = 3,...,n.
If ©3 # 0, we introduce the variable

=y +el0?)

with (pll such that

n

3]

3 3 L _po

CHE) ®1282— ,
12—2

otherwise we take y? = y!; moreover, if ®3 # 0 we introduce the variable
yi =y +e;07%)

with ] such that

dp
=2 ayio
otherwise we take y5 = y .
Thus, 21, E, and E3 become
9 3 -
g = —, 8 = —5, B3 = (, ,
0y; 9y3 22_: oyt
where j, =3,...,n.

By iterating the procedure for the remaining operators, at the generic kth step we
introduce the canonical variables

B0 =1, &GO H=-=E0I)=CE0) =0,
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where iy =k + 1,...,n, whence
_ 0 ~ 0 ~ 0
Sl = 77> 8y = —7 7> ey S = T
dy; ™! ays~! Ik

0
— ®k+1 k ®k+1 k
Srr1 = Yy ()’) _ k_](y') —
Jk ay:é 1 Jk 8_)7]]{(

|
——

8 n
k1 k Z K+, k
+®k+ (yjk)a + ®ik+ (yjk ovk’
i=k+1 i

where jy =k+1,...,n.
Finally, after the complete application of the described algorithm, the composition

of the various variable transformations produces new variables v = (vy, ..., v,),
where
yvili=1,,5 1,
vi=143Yy, I[=S5,
yi, i=s+1,...,n
such that

and
Zi(v) =0, i=1,....,s, k=s+1,...,n.

Thus, in terms of the variables v, the generators become

1]

i = 5
8U,‘

O

Remark 9.1 Theorem 9.1 is a special case of Frobenius theorem [36] (see The-
orem 8.2); in fact, we require the most restrictive condition that the vector fields
{E1, ..., B} are commuting. This condition is essential because we will use this
theorem in the case where the vector fields correspond to point symmetries of a
differential equation, and only a linear combination of symmetries with constant
coefficients is a symmetry.

9.3 Reduction to Autonomous Form

Here, we consider the case of the transformation of a system of partial differential
equations to autonomous form, i.e., a form in which the independent variables do
not appear explicitly.
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Theorem 9.2 The system of differential equations of order r
A(x,uu o u?) =0, (9.1)

wherex € D, CR" andu € D,, € R™, can be transformed by the (at least locally)
invertible point transformation

z = 7Z(x,u), w = W(x, u) 9.2)
to the autonomous equivalent form
A(w,wh, . w?") =0, (9.3)

if and only if it admits n Lie symmetries whose generators B; (i = 1,...,n) give a
distribution of rank n and satisfy the conditions

[E/,E;1=0, i j=1,...,n,
that is, {1, ..., By} span an n-dimensional Abelian Lie algebra.

Proof Using Theorem 9.1, we can construct a variable transformation like (9.2) such
that the generators become

[1]

i = a_Zi’
and system (9.1) takes a form where all the independent variables do not explicitly
appear, i.e., it is autonomous.

Conversely, if the nonautonomous system (9.1) can be mapped by the invertible
point transformation (9.2) to the autonomous system (9.3), then, as the latter admits

the n generators Py spanning an n—dimensional Abelian Lie algebra and generating

1
a distribution of rank n, then it follows that also the system (9.1) must admit n
symmetries spanning an n-dimensional Abelian Lie algebra generating a distribution
of rank n. 4

Remark 9.2 It may happen in some applications that the generators of the indepen-
dent variables are independent of the dependent variables, and that the rank of the
n X n matrix, whose entries are the infinitesimals of the independent variables only,
is n. In such a case, the new independent variables may be chosen as functions of
the old independent variables only.
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9.3.1 Applications

Let us give some examples of physical interest where Theorem 9.2 can be applied.

Example 9.1 (Cylindrical Korteweg—deVries equation) Consider the cylindrical
Korteweg—deVries equation [22]

ou ou  Bu u 0 9.4
o Mo T T T ©)
which is said to describe the “cylindrical solitons”; it is known [22] that it can be
reduced to the classical Korteweg—deVries equation. We will derive algorithmically
this transformation by means of Theorem 9.2.
Equation (9.4) is invariant with respect to the Lie groups generated by the
following vector fields:

ox ou
9 3
EZ = 8t3/2— +4 t1/2_ + 2(Xt71/2 _ 4I/lt1/2)—,
ot X u
- 3 0 n 0 ) 0
iy = —_ X— —2u—,
3TN T e 9
- 0
T a0

spanning a four-dimensional Lie algebra. From the commutator table

‘ g1 Bo 3 o
21 ‘ 0 0 (—1/2)E; 0
82 | 0 0 (=3/2)8; —2E
B3| (/2B (3/2)8; 0 — B4
o ‘ 0 28 B4 0

we easily recognize that the two-dimensional Lie subalgebra spanned by {E;, E;}
is Abelian and gives a distribution of rank 2. It is also

0 2t
rank (8t3/2 axsl2) =2

so that the new independent variables can be chosen to depend only on ¢ and x. The
variables N
t, E=—— U =4tu — 2x,

satisfying
Ein)=0, E& =1 EWU)=0,
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are such that £ and &, become

0 0
g =—, 322813/2—;
0& ot
by introducing
1
T=——t"'/?
we obtain
- 0
=T e

and Eq. (9.4) becomes

8U+U3U+83U—0 9.5)
at o g3 '

that is, we have the classical Korteweg—deVries equation. Equation (9.5) has the
well-known “soliton” solution
U = 12sech’(& — 47),

yielding the solution

to the cylindrical Korteweg—deVries equation.

A different reduction of cylindrical Korteweg—deVries equation to autonomous
form can be obtained using the two-dimensional Lie subalgebra spanned by { B, E4}.
In such a case, the new independent variables will depend also on u; in fact, the
variables

t=t"2u, E=x-2tu, U-=rt,

allow to write

and the cylindrical Korteweg—deVries equation gains the following autonomous (but
not simple) structure:

U U AU \°> 23U AU \° 93U
— —2JU— — ) —= (=) —
at 9E at ) 0g3 aE ) a3
AU AU (U 33U U 33U
dt 98 \ 0F 9T20& 0T 0TIE2

(Y 302U\ ? S (U 2 U, U 92U 92U
o0& at? 0& ot 0t ) 012 0to&
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AU AU (U AU\ (9°U 9*U PU
+3——(— +2vVU — — 42
ot 9§ \ 071 a& 12 852 ato&

AU\ (U U\ 92U 92U AU\’ (92U \°
(%) Ge o5 ) s e +o7 (57) (52)

U AU \*
- <3_‘L’ - 2\/U¥) =0.

Example 9.2 (Axi-symmetric gas-dynamics equations) Consider the Euler equa-
tions for a polytropic gas subject to no external forces,

av; ’ av; ap
= — - =0, i =1,2,3,
p(at +§vk8xk)+8x; !

3 3

0 0 v

—p+ka—” +ypY — =0,
=1 9%k =1 Ok

where 7 is the time, X = (x1, X2, x3) the Cartesian space coordinates, p (¢, X) the mass
density, (v (t, X), v2(t, X), v3(¢, X)) the components of velocity, p(t, x) the pressure,
and y the adiabatic index. In some situations, particular flows, possessing some
special geometrical symmetries, can be considered:

1. plane symmetry; setting x = x;, and assuming p = p(¢,x), p = p(¢, x),
(v1, v2, v3) = (1,0, 0)u(t, x), i.e., the velocity directed along the x;-axis;

2. cylindrical symmetry; setting x = ,/x7 + x3, and assuming p = p(t, x), p =
Xp X
p(t, x), (vi, vz, v3) = (—1, —2, O) u(t, x), i.e., the velocity directed along the
X X
radial direction in cylindrical coordinates;

3. spherical symmetry; setting x = ,/x7 + x3 + x7, and assuming p = p(t, x),

X1 X2 X . . .

p = p(t,x), (v, vy, v3) = (—1, —2, —3) u(t, x), i.e., the velocity directed
X X X

along the radial direction in spherical coordinates.

In all these three cases, the equations may be written in a unified form, i.e.,

0 d(pu vou
dp | dow)  veu _ o
at 0x X

ou ou ap
- _ - =0, 9.6
p<3t+u8x>+8x ©-6)
ap ap du  yvpu
Bt+u8x+yp8x+ by

=0,
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where v is a parameter depending on the geometric symmetry of the flow (v =0, 1, 2
for plane, cylindrical, and spherical symmetry, respectively).

It is easy to verify that system (9.6) is left invariant by the Lie group of
transformations having the following generators:

. 9 d

TR

. 9 3 0

T T

Xi3 —x——i—ui—i— pi,
0 ou 0

Hence, system (9.6) admits the invariance with respect to three independent scaling
(corresponding to the arbitrary choices for the scales of mass, time, and space), and
with respect to time translation. The only nonzero Lie bracket is [E,, E4] = —E4.
Let us consider the two-dimensional Lie subalgebra spanned by the generators

)

._.

E)+al t8+ i a+( 2) !
=Ey4+aB =t—+ap— —u—+@—2)p—,
2 R TP T Pap

o)

(3]
|

~ - a a 0] 0]
=83+pEi=x—+po—+tu—+B+2)p—,
dx ap ou ap

where « and § are arbitrary constants. These symmetries verify the conditions
required by Theorem 9.2, and we may construct the transformation

T = logt,
n = logx,
p(t, x) = xPt*R(z, 1), 9.7)

u(t,x) = xt'U(z, n),
p(t,x) = xP P22 Pz, ),
in terms of which the system (9.6) reduces to the following autonomous form:

oR 9(RU)
— +
at an

+(@B+v+1DRU +aR =0,

aU aU apP

Rl —+U—|)+—4+RUU-D+(B+2)P =0,
aT an an

oP P

oUu
—+U—+yP—+B+2+yWw+1))PU+ (¢ —2)P =0.
ot an an
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The form of this system allows for the possibility of looking for a constant solution

R = Ry, U = Uy, P =Py, 9.8)
where the constants Ry, Uy and Py satisfy the system of algebraic equations

a+(ﬁ+U+I)U(]=0,
RoUp(Up— 1) + (B+2)Py =0, 9.9)
a—2)+B+24+y@+1)Uy=0.

To the constant solution (9.8)—(9.9) there corresponds the following nonconstant
solution of the original system:

p(t, x) = Rox"1?,

a X
t,x)=———"#H——, 9.10
u(t. x) B+v+1t ( )
— 1
p(t.x) = R ala+B+v+ )xﬂ+2tot72

YB+v+ DB +2) :
where Ry and 8 are arbitrary constants, whereas

Yo T2BFVED
S+ D+vy =1

Note that the solution (9.10) still exists when v = 0 (plane symmetry). In such a
case, the transformation (9.7) maps an autonomous system to a different autonomous
system possessing nontrivial constant solutions which are nonconstant in the original
physical variables!

Solution (9.10) generalizes the classical Sedov solution [40] for the point
explosion problem, the latter being recovered when

2
oz=—ﬂ=1 and v =2.

Example 9.3 (Navier—Stokes—Fourier equations) Let us consider a gas in rotation
around a vertical axis with a constant angular velocity w; it is convenient to introduce
explicitly the inertial frame {x{, x}, x4} with respect to which the noninertial system
(with coordinates {x, x, x3}) is rotating around the x} axis (where x3 and the x}
axes will be assumed coincident).

The ordinary thermodynamics of viscous and heat conducting monatomic gases
can be obtained starting from the balance equations for the first 13 moments and
using a formal iterative scheme analogous to the Maxwellian iteration [20, 32]. In
this case, we have only 5 scalar fields (mass density p, velocity v = (v, v2, v3), and
temperature 7') governed by the balance equations for mass, momentum, and energy:
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o) _

9.11a
ot Xy ( )
a(pv;) 0 2 (K 1 [0ov; Oy 1 dvy
N . —_ - T — — _— — 7764
ot | oxg (p”’”" o \m 2 \oxe Tox, ) T 30, 0
K .
+p (—) T(Sik) = o(F9 +FD), =123, (9.11b)
m

a(pT) a 5 (K oT
+—\pTvg—— | — | T—
ot Xy 20 \'m Xy

2 4 1 [dvy Qv 1 dvy vy
o8 — —T (2 =22+ =) -2 — =0, (9.11c
* (3” 7 3y (2 <8xk * axﬁ) 3 0%, ‘”‘)) oxy @11

where the Einstein convention of sums over repeated indices is used, Fi(” are the
components of the specific inertial forces, Fi(e) the components of the specific exter-
nal forces acting on the gas, K the Boltzmann constant, m the mass of a single
particle, and the coefficient « an appropriate constant which describes the interac-
tion between the Maxwellian molecules. If the origins of both frames coincide, as
we are considering a time independent rotation with angular velocity @ = (0, 0, w),
we have only the contributions of Coriolis and centrifugal forces, so that

FO = Quwv; + 0’x;, =200, + @*x2, 0).

Moreover, assume that F© = (0, 0, — g), where g is the gravitational acceleration.

System (9.11) is invariant with respect to a 12-parameter Lie group whose Lie
algebra is spanned by the following generators (see Remark 12.1 for the RELIE code
performing the computation):

d n d d
=X — X1 — Vp— — V| —,
! 23)(] IBXQ 28v] 181)2

[1]

(1]

d d d gt*\ 9
t—+ (x) +wxat)— 4+ (xy —wxit)) — + | x3— — | —
0x1 0x>

2T 2 ) ox;
9 + w(vat + x2) 0 (vit +x1) i 2
—p— t+w( x)— —w(v X)) — — gt—,
'08,0 2 2 dvy ! ! vy & dv3
Bi=1—+ t8 ta t28 8+( + w(vat + ))a
Eys=t—twxt— —wxjt— —gt"— —p— + (—v1 + 0o (v X3))—
3= TR, T 8o Pap ! 2T
(v2 + w(vit + ))a (+2t)8 2T8
— (1 +wl x1)— — (v — = 2T —,
2 gy, T T A8, oT
~ 0 B 0 0 ~ 0
B T T A TS
. ad 0 d . B
E7 = sin(wt) — 4+ cos(wt) — + w cos(wt) — — w sin(wt) —,
8x1 BXQ 31)1 avz
. a 0
&g =t sin(wt) — 4t cos(wt) —
8x| E)xz
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d d
+ (wt cos(wt) + sin(wt)) — + (—wt sin(wt) + cos(wt) —,
dvg vy

[x]

0 d ] 0
9 = —cos(wt) — + sin(wt) — + w sin(wt) — + w cos(wt) —,
8x1 8)62 3U1 81)2

a 0
B9 = —tcos(wt)— + ¢ sin(wt) —
3x1 8x2
. ] . d
+ (wt sin(wt) — cos(wt)) — + (wt cos(wt) + sin(wt)) —,
Bvl avZ
- 2 . 0 2 9
E11 = (gt” + 2x3) sin(wt) — + (gt” + 2x3) cos(wt) —
8x1 a)C2
d
— 2(x1 sin(wt) + x; cos(wt)) —
3)63
0
+ (a)(gt2 + 2x3) cos(wt) + 2(gt + v3) sin(a)t))a—
U1
ad
+ (—a)(gt2 + 2x3) sin(wt) + 2(gt + v3) cos(wt))a—
)
ad
+ 2((v; — wxy) sin(wt) — (V2 + wxy) cos(a)t))a—,
v3
- 2 9 2 . 9
E1p = (gt° + 2x3) cos(wt) — — (gt~ + 2x3) sin(wt) —
x| 9x2
0
— 2(xq cos(wt) — x, sin(wt)) —
8x3
0
— (a)(gz‘2 + 2x3) sin(wt) + 2(gt + v3) cos(a)t))a—
vy
a
— (w(gt? + 2x3) cos(wt) + 2(gt + v3) sin(a)t))a—
vy

— 2((v1 — wxy) cos(wt) 4+ (v, + wxy) sin(wt))%.
3

The governing system (9.11) involves four independent variables (the time ¢ and the
three spatial coordinates x;), so that its reduction to autonomous form through the
application of Theorem 9.2 requires the existence of a four-dimensional Abelian Lie
subalgebra. By analyzing the commutator table, it is easily seen that either the Lie
subalgebra

L' = {8, Es, s, E10},

or the Lie subalgebra

are Abelian.
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By considering the Lie subalgebra I', we may construct the following invertible
point transformation

X1 X2 .
X = - cos(wt) — - sin(wt),

X1 . X2
Xy = ” sin(wt) + " cos(wt),

e X3 gt —~
==+ =, t =1In(t),
X3 t+2 ()

_ls o7
/O_t ) - £

~ ~ . X1
v = vy cos(wt) + vy sin(wt) + " + wx>y,

~ . —~ X2
vy = —v; sin(wt) + v, cos(wt) + i wXy,
~ , X3 gt
v =v3+— — —,
t 2

o~ o~

where the new dependent variables p, f, U1, U2 and 3 are functions of the new
independent variables 7, X, X and X3.
In the new variables, the system (9.11) reduces to autonomous form, i.e.,

ap 0oy
9 | (Pvg)

o 0%, +20=0, (9.12a)

0GT) | 0 (o 2 (K\& (100 0 L
= o= |\ PViVk — — | Sla=s T ) 73=09
ot om LU T G U 2\om Ton ) T 3o ik
K\ ~
+ﬁ<f>T5ik)+3ﬁa~:0, =123, (9.12b)
m
dPT) 0 (a5 (K\a0T ~
D 0 (570 - 2 ()7L v apT
g T P T o i) Tam ) TP
2~ 4 ~ (1 (v, O 1 0y vy
STy — —T = =f + ==2)-=—Ls — =0. (9.12¢
+<3" %~ 34 (2<3xk+8xz> 3 0% “‘))axk ©.12¢)

It is worth of noticing that this system has the same form as the original system with
the exception of the inhomogeneity terms.

A direct inspection of (9.12) allows us for the determination of some simple

classes of solutions to the system (9.11). For instance, by searching for the solutions
of the transformed system (9.12) depending only on 7, one gets the following solution
to the original system (9.11):

0o Ty
P = Pl T = 2
vy, cos(wt) + vy, sin(wt) x|

v = + — +wxy,
t t
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—vy, sin(wt) + vy, cos(wt)  x
vy = p + T — wxy,
V3, X3 gt

V3=—T"— "7,
t t 2

where py > 0, vy, vy, V3, and Ty > O are arbitrary constants.

Also, by assuming in (9.12) 7, = 7, = 13 = 0, we get the following solution to
the original system:

1 T TOW
= = — X1, X2, X3),
P B3V (X1, X2, X3) 12 B

X1
U|=T+wx2, v2=7—a)x1, V3 = — — ——,

where Ty is a positive constant, and v is a positive solution of the Laplace equation

2 2 2
Py Py Py

R I T
=2 =2 =2 :
ox; ox;  dx3

In the case of the subalgebra I.”, we are able to introduce the invertible point
transformation

X1 = x; cos(wt) — x, sin(wt),

X, = x; sin(wt) + x; cos(wt),

—~ t —~

fi=m+ - T=ho).
1_ 7 1 d

p - t ’ - [2 ’
V] vy .

v = - cos(wt) + - sin(wt) + wxs,

I v

vy, = - sin(wt) + - cos(wt) — wxq,
V3

vz = — — gt,

t

where the new dependent variables p, T, Dy, v and v3 are functions of the new
independent variables 7, X, X and X3.
In these new variables, system (9.11) is autonomous, i.e.,

ap | d(PU) .
—— — — :0, 9133
a Tom P ©.132)
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0G0, B (o 2 (K\a(1 (B0 90 100
— —_— ViV — — — — — — ——0;
o oam PV o 2\om Tox ) T 3ar ok

K\ ~
+ ,3~(f> T8ik> 2 =0. =123, (9.13b)
m
A(pT 3 [m 5 (K\~0T ~
(,OA) — (2T — — T —)—3pT
Jat 0xy 200 \'m 0xXy
2 .~ ~ (1 (00, Ik 1 09, vy
ST — —T = [ — + == ) - =5 — =0, 9.13¢c
(37057 (5 (35 3% ) 53 3w -0 O30

and also in this case the transformed system has the same form as the original system
with the exception of the inhomogeneity terms. The solution of the transformed
system (9.13) depending only on 7 gives the following solution to the original system:

10 = po, T = T(),
v = vy, cos(wt) + vy, sin(wt) + wxs,
vy = —vy, sin(wt) + vy, cos(wt) — wxy,

v3 = V3, — gI,

where py > 0, vy,, V2, V3, and Ty > O are arbitrary constants.
Also, by assuming in (9.13) v1 = v, = 13 = 0, we get the solution

1 ———————
Io = T T - TO Ip('xlv-x27x3)v
N (X1, X2, X3)
V] = wxy, vy = —wXy, V3 = —gI,

where Tp is a positive constant, and i is again a positive solution of the Laplace
equation

2y Yy %Y 0

& o am
Remark 9.3 Reduction to autonomous form of differential equations has some
important applications in the study of the propagation of weak discontinuity waves
compatible with hyperbolic first-order quasilinear systems [5]. In 1987 (see [1]), it
has been shown how to study the propagation of weak discontinuities in a noncon-
stant state, characterized by a self-similar solution, as a propagation problem in a
constant state for an equivalent autonomous system. The same approach has been
applied in [28] in the case of axi-symmetric equations of magnetohydrodynamics in
cylindrical symmetry, and in [16], where, using the equations for a rarefied gas with
spherical symmetry in the context of extended thermodynamics, the point explosion
problem has been considered.
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9.4 Transformation to Linear Form

An important problem one can consider is whether a first-order system of partial
differential equations can be transformed to linear form, and, also in this case, Theo-
rem 9.1 plays a role. Notice that this problem is rather different from that addressed
when one linearizes some equations around a special solution.

Before stating the main theorem, let us prove the following lemma.

Lemma 9.1 Let us consider a first-order linear system of partial differential

equations for the unknown u = (u;(X), ..., u, (X)) withx = (xy, ..., X,), say
A= Xn:A(x)a—u —B®u—Cx) =0 (9.14)
- i=1 o o .
where A;(X) (i = 1, ..., n) and B(X) are m x m matrices with entries depending at

most on the independent variables, and C(X) a vector function.
Whatever the functional dependence of the coefficients in (9.14) is, the Lie
symmetry generated by

m 8
g = Z Fop(X)—, (9.15)
0y
a=1
where F(x) = (F|(X), ..., F,(X)) is a solution of

> AN~ BOOF =0,
8)6,'

i=1
is admitted by (9.14).
Proof The first prolongation of (9.15) is

m n

_ m a aFa( ) a
D(l) = Zl Fa(X)M + ZZ axix aua,i ’

a=1 i=1

whereupon
2D (A)],_, =0.

O

Remark 9.4 The operator (9.15) corresponds to the linear superposition principle
of solutions of linear equations: adding to the solution of a linear nonhomogeneous
system a solution of the associated linear homogeneous system gives another solution
of the linear nonhomogeneous system.

Now, we can state a theorem giving necessary and sufficient conditions for the exis-
tence of a one-to-one transformation suitable to map a nonlinear first-order system
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of partial differential equations to a linear one. Necessary and sufficient conditions
for the existence of invertible mappings relating a nonlinear first-order system of
partial differential equations to a linear system of partial differential equations have
been given by Kumei and Bluman [26] (see also [4]). However, the proof they give
does not seem to involve natural conditions. A more natural proof, given in [13],
relies on the introduction of the canonical variables related to some operators (in
general not admitted by the source system of partial differential equations) whose
linear combination (with coefficients given by arbitrary functions that are solution
of a linear system of partial differential equations) is an admitted symmetry of the
source system.

Theorem 9.3 The nonlinear first-order system of partial differential equations
A (x,u,uV) =0, (9.16)

wherex € D, CR", u € D,, € R", can be transformed to the linear form
" ow
E A; (Z)B_ —B@)w —-C(z) =0, (9.17)
Zi
i=1

by means of the invertible point transformation
z =7(x,u), w=W(x,u), (9.18)

if and only if it is left invariant by a Lie group of point transformations whose
infinitesimal operator has the form

m

E:ZFa(z)Ea, (9.19)
a=1

where the vector fields

m

n
a a
Bu =) & W+ Y g w)—, a=1,....m
o1 8xl~ A= Buﬂ
generate a distribution of rank m, §,;(x, w) and n4p(X, u) being specific functions of

their arguments (their form depends on the nonlinear system we are dealing with),
and the functions F,(z) satisfy the linear system

- oF
> A@ — ~B@F=0,
P 0z

along with the conditions
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EO{(Z):O5 [Ea’Eﬁ]ZO’ 1§a<ﬂ§m'

The vector fields B, do not need to correspond to admitted symmetries of the source
system (in some cases this is so), but only their linear combination B does.

Proof Suppose that system (9.16) admits the symmetry generated by (9.19), and that
the conditions of the theorem are satisfied. By using Theorem 9.1, let us construct the
canonical variables z = Z(x, u) (playing the role of the new independent variables)
and w = W(x, u) (playing the role of the new dependent variables) such that the
operators E, become

[x]

a=1,...,m.

a =

dw,’

Consequently, the symmetry generated by E, admitted by the source system (9.16),
becomes

= — S 8
u—gamawa,

which is responsible for the linear superposition of solutions.
This allows us to write the source system (9.16) in the form

A (z, w, w(l)) =0,

that must be linear, i.e.,

A (z.w,w) = ZA,-(Z)S—W —B@z)w—-C(@z) =0.
Zi

i=I

Conversely, if the nonlinear system (9.16) can be mapped by the invertible point
transformation (9.18) to the linear system (9.17), then, as the latter admits the sym-
metry (9.15), then it follows that also the system (9.16) must admit a symmetry like
(9.19). O

Remark 9.5 It is worth of being recalled a theorem by Miiller and Matschat [31],
who proved that for first-order systems of partial differential equations a linearizing
transformation, if it exists, is a point transformation like (9.18).

9.4.1 Applications

Various examples, where Theorem 9.3 applies, are given below.

Example 9.4 (Hodograph transformation) It is well known (see [4]) that the 2 x 2
quasilinear first-order homogeneous system
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ou Ju

Al(w)— +A(w)— =0, (9.20)
8X1 8x2

where A; and A, are 2 x 2 matrices with entries depending on u = (u1, uz), by
introducing the hodograph transformation (interchanging the role of dependent and
independent variables), i.e.,

Xy =x1(ur, u2), X2 =x(uy, uz),

assumes the linear form

8x1 axz
“A@d | M rAamd| 24 =0
S (KA IR WA= R
8142 8u2
0-1
where J = 10)

The hodograph transformation works for the 2 x 2 system (9.20) because the
latter admits the symmetry [4]

0 0
E=Fi(uy,u)— + F>(uy, up) —,
0x1 dx2

where F| and F, satisfy the linear system

3F1 8F2
_ 8141 8u1 _
A(u)d IF, + A (w)d aF, | = 0,
31/[2 auz

and the application of Theorem 9.3 implies that the new independent variables are
the old dependent variables, and the new dependent variables are the old independent
variables.

The hodograph transformation is one-to-one if

8u1 3141
dx; 0x

det au; 814% # 0.
3)61 8)62

Example 9.5 In [24], it has been considered the nonlinear wave equation

92 d d
Tl =, (cw)%) ©21)
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as a simplified model equation ruling the evolution of the director field of a nematic
liquid crystal [39], showing that weakly nonlinear unidirectional waves satisfying
(9.21) are described asymptotically by the equation

0 (ou  ou\ _1(du : ©.22)
— —_— u — = — —_— N .
ax \ 0t ox 2 \ ox
where u (¢, x) is the perturbation of ¥ (¢, x) around some constant value ¥y = 1, and
X is a space variable in a reference frame moving with the linearized wave velocity.

This equation has a variational formulation (see Example 7.6 in Chap. 7).
Let us write Eq. (9.22) as a first-order system:

E)u_ 8v+ 8v+1
ax 0 e T2

In compact form, we have

1
Uip =1Uuy,  Upg+uiso + 5”% =0, (9.23)

where 4| = u, uy = v, x| denotes the time, and x, the space variable.
System (9.23) admits the Lie symmetry generated by

E = Fi(x1, u2) 81 + F>(x1, up) Es,

where the vector fields

are commuting, whereas F (x|, u;) and F, (x|, uy) are arbitrary solutions of the linear
system

OF  uz dF F F aF;

—-——=— -5 A

up
3)61 2 3”2 3142 3142
According to Theorem 9.3, introduce the new variables
21 = X1, 22 = Uy, wp = uy, Wy = X3

(note that this change of variables corresponds to a semi-hodograph transformation)
so that (9.23) transforms to linear form

wiy — 2wy =0,
23
w2,1 — 311)2,2 — W = 0
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Latter system is also equivalent to the following linear second-order equation:

2
z
Wy, 12 — 222Wa 0 — Ezwz,zz =0. (9.24)

Introducing
w = w22,

Equation (9.24) reduces to first order,

2
)
wyp— ?wg = 22211),

that, integrated by the method of characteristics, gives

4 2
w(z1,22) = 2, Y1 (Zl - Z—)

2

where 1| is an arbitrary function of its argument. Another integration with respect
to z; yields the general solution for w,(z1, z2):

2
wy (21, 22) = /Z£4¢1 <Z1 - Z—) dzo + ¥ (z1),

Y¥>(z1) being an arbitrary function of z;.
Notice that E; (and of course E) is a symmetry of (9.23), but &, is a vector field
not generating a symmetry of (9.23).

Example 9.6 (Burgers equation) The Burgers equation

ou ou d ou
— qu———(—) =0,
8x1 3)62 3X2 sz

written in compact form under the form of a first-order system, namely

urp =2uy,  upy =2uin —uj, (9.25)
where u; = u, admits the Lie symmetry generated by

E = Fi(x1, x2) E1 + Fa(xy, x2) B,

with

E] =exp (2) (uli + 4i> , E, =2exp (%) %, (9.26)
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where F| and F; satisfy the linear system

8F1 3F2 _ aFl
3)(2 > 3X2 - 8x1 ’

Applying Theorem 9.3, and introducing

i1 = X1, 22 = X2,

u, 1 175
wyp = —exp (—Z), w2=§u1exp (——),

we have

9 0
E=F(z1,20)— + Fr(z1,20)—,
Jdw dw;

and (9.25) is mapped into the linear system
Wi2 = Wy, W22 = Wy,1,
that corresponds to the linear heat equation for the field wy(z1, z2)
wy —wyn =0.

Notice that in this case, system (9.25) does not admit the symmetry &, in (9.26),
whereas 2 is admitted; of course, the symmetry generated by E is admitted.

Example 9.7 The equation

ou 0 1 du o Ju
— — — | —=—) = —=— =0, « constant,
ax;  0xy \u?dx, u? 9x,

occurring in two-phase flows in porous media [17], can be written in compact form
as a first-order system, namely

o
Upp =1uy, Uzl = U2+ —,
ul ui

where u; = u. This system admits the Lie symmetry
E = Fi(x1,u) 81 + Fa(xy, uz) By,

where

m
Il

1 9 0
exp(—ax2) | —— +ui— ),
o 0X) ouy

_ u%exp(—axz) 0

@
[
I

o duy’
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with F; and F, solutions of the linear system

8F1 3F2 _ aFl
8142 > 8142 - 8x1 ’

The vector fields E; and E, are commuting. Thus, by introducing the canonical
variables with respect to E; and E,,

1 = X1, 22 = U,

o
w; = exp(axy), wy = — exp(axy),
1

we obtain

0 0
E=F(z1,220)— + B (21, 220) —,
Jw dw,

and the source system assumes the linear form
Wiz = Wo, Wa2 = Wi,1;
the latter system is once again reducible to the linear heat equation
wip —win =0.

Also in this case, the generator E; is not admitted, whereas E; does.

Example 9.8 The first-order system (corresponding to a nonlinear telegraph equa-
tion)

upg —auzy +auy =0,  wuzy— —u2=0

uy
(a and b constants), admits the Lie symmetry generated by
E = Fi(z1, 22) 81 + F2(z1, 22) Ea,

where

]

N ( ) 3 3 3
o] = exp(—oax — —au;— |, -—,
: P : 8)61 8u1 2 3)(?2

with F; and F, solutions of the linear system

IF,  OF LI

— Y Z] = 09
921 022 022 971

and
Z1 = upexp(axy), 22 = us.
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Theorem 9.3 allows us to introduce the new independent and dependent variables

z1 = upexp(axy), 22 = uy,
exp(axy)
wp = T, Wy = X3,

whereupon

0 d
E=F(z,220)— + F(z1, 22) —,
ow ow;

and the source system is rewritten in the form
awy —wyy =0, bw, — szg,l =0.
From the latter system, the following linear wave equation can be derived:
aszl,n —bw;pn =0.

In this case, both vector fields E; and &, are admitted symmetries.

Example 9.9 The system [43]

w1 —uzp =0,
ury — (L4 uz)*usp + (1 +uz)uy =0

admits the symmetry generated by
E = Fi(z1,22) E1 + F2(z1, 22) B,
where

8X1
0 d

3)(2 3_1/117

~ 9 9
Er=exp(—xp) | —+ A+ Mz)a— ,
s

]

2

with F| and F; solutions of the linear system

0F; n F, 0 , 0F] n 0F, 0
—+—=0, zn—+-—=0,
071 02> 23z, 0z
and

21 =xp—uy, 22 =exp(—x)1+uz).
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Applying also in this case Theorem 9.3, we have the new variables

Z1=xp—uy, 22 =exp(—x) +uy),

wp = exp(x1),  wr =xy,
and the source system is mapped into the linear system
wig+wyr =0, zZwi,+wy =0,
that corresponds to the nonautonomous linear wave equation

2
w11 — ZHwa0 = 0.

9.5 Reduction of First-Order Quasilinear Systems
to Homogeneous and Autonomous Form

Quasilinear first-order systems of partial differential equations are relevant in
many problems of nonlinear wave propagation [5, 11]. In some cases, they can be
nonautonomous, nonhomogeneous, or both, i.e., they have the general form

- Ju
DA (W o= =B(x.u), 9:27)
i=1 dx;
where u(x) is the unknown column vector with m components, Ay, ..., A, arem X m

matrices and B a column vector, all with components depending at most on x and
u, respectively. The aim is to find the necessary and sufficient conditions for the
existence of an invertible transformation

z = 71.(x), w=W(x,u) (9.28)

mapping (9.27) to autonomous and homogeneous first-order quasilinear systems,
namely

ZK,- (W) §7W =0. (9.29)

i=l1

The invertible transformation (9.28) we consider is such that the new independent
variables z are functions of the old independent variables x only. This choice ensures
us that the target system is still in quasilinear form (see Lemma 9.2). On the contrary,
if the new independent variables z are allowed to depend also on the old dependent
variables u, then in general it may occur that the target system is not in quasilinear
form.



9.5 Reduction of First-Order Quasilinear Systems to Homogeneous ... 285

Lemma 9.2 Given the quasilinear system (9.27), an invertible mapping of the form
(9.28) produces a system still in quasilinear form.

Proof Straightforward, through the use of the chain rule. (|

We distinguish the case where m = n = 2 (2 x 2 systems) from the general case
where m > 2 and/orn > 2.

9.5.1 2 x 2 First-Order Quasilinear Systems

2 x 2 systems belonging to the class (9.27) describe models arising from different
physical contexts such as viscoelastic materials [9], nonlinear elastic rods with vari-
able cross section [25], nonlinear heat conduction [38], as well as problems with
special geometric assumptions.

The mathematical structure of the system (9.27) does not allow for the direct
linearization via the hodograph transformation (always possible in the homogeneous
and autonomous case). Some of these systems can be mapped by an invertible point
transformation to autonomous and homogeneous form, i.e., to a system like (9.29).
The key idea of such a possibility is that any 2 x 2 homogeneous and autonomous
first-order quasilinear system is left invariant by an infinite-parameter Lie group of
point transformations (see Example 9.4) [4]. Therefore, if a nonautonomous and/or
nonhomogeneous 2 x 2 quasilinear system can be reduced to autonomous and homo-
geneous form by an invertible point transformation, an infinite-parameter Lie group
has to be admitted by the original system. Conversely, if a nonautonomous and/or non-
homogeneous 2 x 2 quasilinear system admits a suitable infinite-parameter Lie group
of point symmetries, then an invertible map exists transforming it to autonomous and
homogeneous form.

Theorem 9.4 The nonautonomous and/or nonhomogeneous 2 x 2 quasilinear sys-
tem

ou ou
Ax,u) — + A (x,u) — =B (x,u) (9.30)
8x| 8x2
transforms, under the action of the one-to-one variable transformation
z=7Zx), w=Wx,u), (9.31)
to the autonomous and homogeneous form
~ ow  ~ ow
Ar(w) — + Ay (w) — =0, (9.32)
971 022
if and only if the system (9.30) is left invariant by the Lie group of point symmetries
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where the vector fields

9 9 9 3
e =801 (X) 7— + §2(X) — + Na1 (X, W) — + Ng2(X, W) —
0x1 0x> ouy ouy

(@ = 1, 2) are commuting, i.e., [E1, E;] = 0, the infinitesimals, at most functions of
the indicated arguments, depend on the specific system we are dealing with, whereas
F1(w) and F>(w) are solutions of the linear system of partial differential equations

3F1 an

N ow ~ Jwy | _

A, (w)d IF, + A w)d I =0, (9.34)
dw, dw;

01
where J = (_1 0).

Proof Let us assume that there exists a one-to-one point variable transformation
(9.31) mapping (9.30) to (9.32). Since the homogeneous and autonomous 2 x 2
quasilinear system (9.32) admits the infinite-parameter Lie group of point symmetries
generated by

a 0]
E=F W) —+FRhW_—, (9.35)
321 3Z2

with F|(w) and F,(w) solution of the linear system (9.34) (see Example 9.4 [4]), and
the mapping (9.31) is invertible, to (9.35) it must correspond an infinite-parameter
Lie group of point symmetries admitted by the source system.

Conversely, let us assume the system (9.30) to be left invariant by the Lie group
generated by (9.33); by introducing the canonical variables associated both to &
and E,,

Ei(z1) = Ex(zo) =1, EBi(z2) =EBa(z1) =0, Ei(w)=8E(w)=0

(this is possible because the two generators commute), we are able to write (9.33) in
the form (9.35). Hence, the target system must be autonomous and homogeneous.
]

Some examples where Theorem 9.4 works are discussed below.

Example 9.10 (Nonlinear elastic rod) Let us consider a nonlinear elastic incom-
pressible rod with a variable cross section which is assumed everywhere symmetrical
with respect to the axis of the rod and two fixed mutually orthogonal axes that are
normal to it. Under the assumptions that the cross-sectional area is a (slowly) varying
function of the distance measured along the rod, we are led to the following system
of governing equations considered in [25]:
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u —uzp =0,

1dT T (u1) S (x2) (9-36)
U1 — ——F—Uj2 = >
p du; p S(x)

du ou
where x; is the time, x, the space coordinate along the rod, u; = Py Uy = Fy

X2 X1
being the displacement of the particle along the rod with respect to the axis; p is the

constant density, 7 (#1) denotes the stress, and S (x;) is the cross-sectional area.

By carrying on a full group analysis for the system (9.36), owing to the arbitrari-
ness of the functions 7~ (1) and S (x;), several cases arise. In particular, we find that
(9.36) is left invariant by the Lie group generated by

u

E=F (w, w) E| + F (wy, wy) By,

where

o
[
[

[\

0 1 < ol +S/(x2)

ox;’ T S(x) \ox,

d
o5 T S(o) (w1 + B) a—ul) ,

with F; (wy, wy) and F> (w;, wy) satisfying the following linear system of partial
differential equations

oF, o0F; , 0F, oF,
~ T = Oa P = 07
dw,  dwg pwlawl +y8w2
whereas 8 and y are arbitrary constants, S (x,) is arbitrary, 7 (u;) = B _t , and
up
w w+h w u
1= ) 2 = Uj.
S (x2)

Theorem 9.4 can be used, whereupon, introducing the new independent variables

21=X1, = / S (x2) dx,

and taking as new dependent variables w; and w;, system (9.36) reduces to
autonomous and homogeneous form, namely

2
wi— w2 =0, pwijwy +ywr2=0.

Example 9.11 (Rate-type materials) Within the framework of viscoelasticity, in
order to describe the experimental behavior of special classes of materials under
loading-unloading one-dimensional processes, the following quasilinear first-order
system has been widely investigated [9]:
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uy —uzp =0,
(9.37)
uz 1 — ¢ (xp, u) urp =¥ (x1, uz),

where x; is the time, x; the space variable, u; denotes the Lagrangian velocity and
u, the stress, whereas the functions ¢ (xy, u;) and ¥ (x1, u;) measure the noninstan-
taneous and the instantaneous response of the material to an increment of the stress,
respectively. The functional forms of ¢ (x|, ) and ¥ (x;, u,) are usually suggested
by experimental investigations. In the particular case where

p=u3, Y =usl —u), (9.38)

the system (9.37) has been linearized by means of a hodograph-like transforma-
tion [43].

Because of the arbitrariness of the constitutive functions ¢ (x1, up) and ¥ (x1, u»),
looking for the symmetries of (9.37), several cases may be distinguished. In
particular, provided that

_ oL, u2)
P = Tt ey 4 B (9.39)
Vo) =~ — LD )

where the function ¢ depends upon its arguments through the combination
(u28(x1) + h(x1)), system (9.37) admits the symmetry generated by

E=F (wy, ws) E1 + F (wy, wy) &y,

where

[l
|

d d
= g(x1) <— — (W' (x1) + u2g' (x1)) a—@) ,

8)61

H 3 3
Sy = P
3)(2 31,{1

with g(x;) and h(x;) arbitrary functions of time, F| and F, being solutions of the
linear system of partial differential equations

OF, 9F

311)2 8w1 ’

dF, aF,

- - _ - = (),
" ¢(w2)8w2

where
wy =uyp — X,  wy=ug(xy) + h(xy).
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The conditions of Theorem 9.4 are satisfied, whereupon, introducing the new

independent variables
/ dxl
1 = — 12 = X2,
g(x1)

the system (9.37) reduces to autonomous and homogeneous form:

wi, — w2 =0,

w21 — @(w)w; =0.

‘We remark that the choices

gla) =exp(—x1),  h(x) =0, @) =w;
in (9.39) allow us to obtain the constitutive relations (9.38).

Example 9.12 (Nonlinear hyperbolic heat equation) Letus consider the hyperbolic
heat equation proposed in [38]

0 (8u+u) 0 <X§3u>_0 (9.40)

8x1 axl 70 3)62 u2 3)62 - ’
where xo and 7y are positive constants; this equation has been reduced [38] to the
standard linear telegraph equation by means of a reciprocal Biacklund transformation.
Furthermore, by setting u = 1/v and choosing 79 = xo = 1, Eq. (9.40) specializes
to the nonlinear telegraph equation linearized in [4] within the framework of poten-

tial symmetries. Actually, by setting # = u; and introducing the potential function
uy (x1, x2), we are led to the following 2 x 2 quasilinear system

uj X0
0

Uy —uzp=——, U1 — —u;x=0. 9.41)
To ul

System (9.41) is invariant with respect to the Lie group generated by
E = Fi (wy, w2) 1 + F> (wy, w2) &,

where

along with
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where the functions F) (w1, wy) and F,(w;, w,) satisfy the linear system

an Xé‘[() 3F1
8w1 wl2 8w2
F aF;

8w2 Toawl

=0.

Using Theorem 9.4, we introduce the new independent variables

X1
Zr=¢exp{— |, 12 = X2,
To

whereupon system (9.41) takes the form

2
Xo 7o
wir — w2 =0,  wyy — pwaliEh 0.

1

9.5.2 The General Case

Contrarily to what happens for 2 x 2 quasilinear first-order systems of partial dif-
ferential equations, where the reduction to homogeneous and autonomous form is
related to the possibility of their transformation to linear form [10], for general first-
order quasilinear systems involving more than two independent variables and/or
more than two dependent variables, this link does not exist. Nevertheless, also in this
case, it is possible to recover the necessary and sufficient conditions allowing for the
transformation to homogeneous and autonomous form within the framework of Lie
group analysis of differential equations [34].
Given the first-order quasilinear system

Z A (x, u)a—u = B(x,u) (9.42)
izl ax,»

for the unknown field u(x) € R”, x € R”, we are interested to the derivation of an
invertible mapping, like

z = 71.(x), w=W(x,u), (9.43)

such that system (9.42) is transformed to the homogeneous and autonomous form

no )
YA (W)~ —o. (9.44)
= d9Z;
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Before stating the main theorem, let us make some preliminary considerations.
Every system of the form (9.44) is invariant with respect to the n independent trans-
lations and to a uniform scaling of all the n independent variables, i.e., a system of
the form (9.44) admits (whatever the functional form of the entries of matrices A’
is) the Lie point symmetries generated by the following vector fields:

[1]

9 " 9
i=— (@(A=1...,n), Byl = i—.
5 ¢ n) a=Y z 0

i=1

These vector fields span an (n + 1)-dimensional solvable Lie algebra [23] where
the only nonzero commutators are

[ Bi] =81 i=1...,n

Moreover, this Lie Algebra contains an n-dimensional Abelian Lie subalgebra gen-
erating a distribution of rank n. Consequently, if a system of the form (9.42) can be
mapped by (9.43) to the form (9.44), it has to admit, as subalgebra of the Lie algebra
of its point symmetries, an (n + 1)-dimensional Lie algebra with a suitable algebraic
structure.

Now we have all the ingredients to prove the main theorem.

Theorem 9.5 ([34]) A nonhomogeneous and/or nonautonomous first-order quasi-
linear system of partial differential equations

Z A (x,u) u _ B (x, u) (9.45)
i=l 0xi

can be transformed by the invertible map
z = 7.(x), w=W(x,u) (9.46)

into an autonomous and homogeneous first-order quasilinear system,
n
~ ow
> A (W) — =0, (9.47)
i=1 0zi

if and only if it admits as subalgebra of the algebra of its Lie point symmetries an
(n + 1)-dimensional Lie algebra spanned by the vector fields

" 9 " 9
Eiz ij a. i ’ ’ .217"‘7 17
;éu<x)axj +;na(x Wi n+
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such that
[Ei.8/]=0, [EiEu]=8, 1<i<j<n
Furthermore, the n x n matrix whose (i, j)-entryis &; (i, j = 1,...,n) must be
nonsingular, and the variables w, which by construction are invariants of E1, . .., &y,

must be invariant with respect to &, too.

Proof Suppose the conditions of the theorem are satisfied. By using the commuting
generators Zp, ..., &,, under the hypothesis that the infinitesimals of the indepen-
dent variables are independent of the dependent variables, Theorem 9.1 allows for
the construction of the variable transformation

z=72(x), w=W(xu),
such that

9
=9

[x]

i i=1,...,n.

Therefore, what we have obtained is a variable transformation like (9.46) allowing
to write the system (9.45) in autonomous form.

Finally, since [E;, E,+1] = &; (i = 1,...,n),itis
Ei(Ent1(we)) = Ept1(Ej(wa)) + Ej(we) =0, i=1,...,n, a=1,...,m,

where §;; is the Kronecker symbol; these relations, together with the hypothesis that
the variables w, (¢ = 1, ..., m) are invariant with respect to E,;;, allow the vector
field E,+, to gain the representation

As a consequence, the system, written in terms of the variables z, w, must be
homogeneous too, i.e., it has the form (9.47).
Conversely, if the nonautonomous and/or nonhomogeneous system (9.45) can
be mapped by the invertible point transformation (9.46) to the autonomous and
0
homogeneous system (9.47), then, since the latter admits the n vector fields —,
Zi
n
spanning an n-dimensional Abelian Lie algebra, and the vector field Z Zj Py then
- 4
j=1 J
it follows that also the system (9.45) must admit (n 4 1) Lie point symmetries with
the requested algebraic structure. (I
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Remark 9.6 The first part of the proof is quite similar to the proof of Theorem 9.2,
the only difference being that here the new independent variables depend only on
the old independent variables.

Of course, Theorem 9.5 may be used also for 2 x 2 quasilinear systems, that,
as proved in Theorem 9.4, can be mapped to autonomous and homogeneous first-
order quasilinear form provided that they admit an infinite-dimensional Lie algebra
of symmetries. As a consequence, the following result holds true.

Corollary 9.1 If a nonautonomous and/or nonhomogeneous first-order quasilin-
ear 2 x 2 system admits as subalgebra of the algebra of Lie symmetries a three-
dimensional Lie algebra with the properties required by Theorem 9.5, then it must
admit an infinite-dimensional algebra of Lie symmetries.

From an algorithmic point of view, given a system
n
Jdu
D A u— =B(xu),
i=1 dx;

the following steps have to be taken:

e determine the Lie algebra L of point symmetries (various computer algebra
packages are available [2, 21, 35]);
e ifdim(L) >n+ 1:

1. determine the (n + 1)-dimensional Lie subalgebras;

2. check if among the Lie subalgebras there is a Lie algebra having the structure
required by Theorem 9.5, and then reduce the system to homogeneous and
autonomous form.

Hereafter, we present some examples where Theorem 9.5 can be applied.

Example 9.13 (Rate-type materials revisited) The system in Example 9.11 can be
mapped to autonomous and homogeneous form using Theorem 9.5. In fact, it is easily
recognized that system (9.37), along with (9.39), admits the three-dimensional Lie
algebra spanned by

d 0
81 = exp(—x1) (— + eXP(—xl)M2—> ,
8u2

8X1
Y R
Sy = — P
8X2 3M1
8= b e+ e+ exp(—x)ir
by = — Xy — Xy)— exXp(—Xx1)ur —.
3T 0 o, Py, ORI

Example 9.14 (Nonlinear hyperbolic heat equation revisited) The system in Exam-
ple 9.12 can be mapped to autonomous and homogeneous form using Theorem 9.5
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by observing that system (9.41) admits the three-dimensional Lie algebra spanned

by
— X1 0 0
o = €X _ To— —ur—|19,
! P 70 08x1 181/{1

- 0 0 0

o3 = Toa—x1 +x28_x2 - ula—ul.
Example 9.15 (Shallow water equations) Let us consider the (2+1)-dimensional
system of the shallow water equations describing the behavior of an inviscid fluid
flowing over a bottom flat topography, incorporating Coriolis terms due to the
horizontal components of the Earth rotation vector [42],

oh + oh + oh +h 3141 + 3142 0

— uy— Uy — - ] =Y

at 18x1 28X2 8x1 3)(2

aul 8u1 8141 oh

T T R pr 9.48
Jat +M13X1 +u23x2 +g8x1 @u2 ( )
8u2 8Lt2 + 8u2 4 oh )

— 4t u— tuy— — = —2wu;,

o ax T ox T S !

where & is the height of the fluid, (u;, ;) the components of its velocity, g the
gravitational constant, and w the constant angular velocity of the fluid around the
x3-axis responsible for the Coriolis force.

System (9.48) is autonomous, nonhomogeneous, and involves three independent
variables; hence, in order to map it to autonomous and homogeneous form by means
of Theorem 9.5, we need a four-dimensional Lie algebra of point symmetries. The
Lie point symmetries admitted by system (9.48) span a nine-dimensional Lie algebra
generated by the following vector fields:

- - - 0
DIZE’ dz:axl’ == 9xy’
_ 0 0 0
S =g gy Fegy Ty

@
W
|

0 0 0 0
= cosRuwt)— — sin(Rwt) — — 2w sin(Qwt) — — 2w cosQwt) —,
8x1 8x2 8u1 8u2

[l
[=))
|

s

a 0] ] ]
= sin(Qwt) — + cosRwt) — + 2w cos(Rwt) — — 2w sin(Rwt) —
0x1 0x7 duy duy
0 + 0 + 9 + 9 + 2h 0
Xi— +xp— +u— +up— —,
Yoxy T Coxa | louy | Cous ah

[
~
Il

0 d
Eg = sin(Qwt) — + w(x; cosQwt) + x; sinRwt)) —
at 8X1
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. B
+ w(x2 cosRwt) — xy sin(Qwt)) — — 2wh cosRwt) —
dx oh

+ o (Rwxy — uy) cosRwt) + (—2wx + us) sin(2a)t))8—
u

1
B
— w(Q2wx; + uy) coswt) + Qwxy + uy) sin(Zwt))a—,
Uy

B9 = cosRwt) — + w(x; coswt) — x; sin(Qwt)) —
Jat dxq
ad
— w(x; cosRwt) + x5 sin(Zwt))a— — 2wh sin(2a)t)a—
— w(2wx; — uy)coswt) + Qwxy — uy) sin(2a)t))a—
Ui
— w(2wxr +up)cosuwt) — Qwxy + uy) Sin(Za)t))a—.
u
Hence, we have the invariance with respect to time and space translations, rotation,
helical rotations, scaling, and conformal transformations.

By considering the four-dimensional subalgebra spanned by

’

The hypotheses of Theorem 9.5 are sg\tisﬁed; hence, we may introduce the new
independent (z, z1, z2) and dependent (A, 7y, u) variables

= —— cot(wt),
T 0 cot(wt)
71 = E(Xz — x1 cot(wt)),

1
2= —E(M + x3 cot(wt)),

~ 1- 2wt
P cos(Rw )h,
2
U1 = —=(u; sinQwt) — ur(1 — coswt)) — 2wxy),
R 1
Ur =

2= —=(l —cosRwt)) + us sinQwt) — 2wx,),



296 9 Lie Symmetries and Equivalent Differential Equations

whereupon

ah  __oh  __ oh ~[(8m, on
M1—+u2—+h< Lt 2)=0,

at 971 02> 871 0z
. om . om on

Br TNy TRy T8 =
R R )

Br T T, T8, =0

It should be noticed that a similar transformation has been derived in [7] through
the comparison of the Lie algebra of point symmetries admitted by the rotating
shallow water equations with the Lie algebra of point symmetries of the nonrotat-
ing shallow water equations. Nevertheless, the transformation reported in [7] exists
because of Theorem 9.5.

Example 9.16 (Perfect gas in rotation and subject to gravity) Considering the sys-
tem (9.11) where we neglect viscous effects and heat conduction, we have a first-order
quasilinear system of partial differential equations,

)

3
ap d(pvr)
s =0
it

8)6,'

3
av; dv; K o(pT i
p<”’ +3 w “’>+m(p ) p(FO 4 ED),  i=1.2.3,  (9.49)

3

oT 0T 2 O u
& sy 2%,
o +H %o T3 ; oy

In such a case, we have a nonautonomous and nonhomogeneous system involv-
ing four independent variables; hence, a five-dimensional Lie algebra of point
symmetries is needed in order to apply Theorem 9.5.

Looking for the Lie point symmetries admitted by system (9.49), we obtain a
14-dimensional Lie algebra generated by the following vector fields:
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T _ 9 9 9
=g B=gn BSugrongotwgsouig
. s 0 3
=4= t8X3 vz =5 :pap’

= 0 0 5\ 9 9 ]
Eo =X17—+tx-—+|x3+ 58" ) >— +vi— +v2—
0x1 E) X3 1

d
+ (v3 + g1)0y, +2Tﬁ’

(=] wlx wix v wlv wXx

d d d
—0tv] — vy — X)) (—v3 — 2g1)—— — 2T,
+ (—wtv] — vy a)xl)av2+( v3 g)av3 3T

28
ot

Eg =t

d d 1 ) a
+t(x] + wtxy)— —t(wtx] — xp)— — —t(gt* —2x3)—
0x1 dxy 2 dx3
a 2 a
— 3pt— 4 (—tv] + wt“vy + x| + 2wtxr) —
ap avg
d

0 1 0

2 2

+ (—wt —tvy —2wtx] + — + —(—3gt° — 2tvy + 2x3)— — 2Tt—,
( v — vy — 2wix] + x2) o3 2( 8 v3 + 2x3) 003 3T

d 0 d d
Eg = cos(wt) — — sin(wt) — — w sin(wt) — — w cos(wt) R
axy dxo av] vy

] 0 0] ad
E10 = sin(wt) — + cos(wt) — + wcos(wt) — — w sin(wt) R
x| 0xo davg vy
d . 0 . 0
H11 = —tcos(wt) — + t sin(wt) — + (— cos(wt) + wt sin(wt)) —
axy dxo dvy
0]
+ (sin(wt) + wt cos(wt)) —,
vy
. il d . ad
E1o = tsin(wt) — 4+ t cos(wt) — + (sin(wt) + wt cos(wt)) —
x| axo dvg
a
+ (cos(wt) — w sin(wt)) —,
vy
- 2 a 2 . 0
E13 = (—gt° — 2x3) cos(wt) — + (gt + 2x3) sin(wt) —
axy axo
a
+ 2(x1 cos(wt) — xo sin(wt)) —
9x3
0
+ (—2gt cos(wt) — 2v3 cos(wt) + gwt2 sin(wt) + 2wx3 sin(wt))a—
V]
]
+ (got? cos(wt) + 2wx3 cos(wt) + 2gt sin(wt) + 2v3 sin(@n)) 5~
v2

0
+ 2(vq cos(wt) — wxy cos(wt) — vy sin(wt) — wx sin(a)t))a—,
v

d d
By = (gt2 + 2x3) sin(wt) — + (gt2 + 2x3) cos(wt) —
ax] 9x7
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. Rl
— 2(xp cos(wt) + x1 sin(wt)) —
dx3
a
+ (ga)t2 cos(wt) 4 2wx3 cos(wt) + 2gt sin(wt) + 2v3 sin(a)t))a—
V]
0
+ (2gt cos(wt) + 2v3 cos(wt) — gwt2 sin(wt) — 2wx3 sin(wt))a—
v2
. . a
+ 2(—vy cos(wt) — wxq cos(wt) — v1 sin(wt) + wxp sm(wt))a—.
U3

By taking the five-dimensional Lie subalgebra of Lie point symmetries spanned by
the vector fields

g1 = &) +wE3 — gEy, Ep = Eo,
E3 = By, &4 = &y,
Es = 85+ &7,
the nonzero commutators are
[Ei,85]=8;, i=1,....4

All the hypotheses of Theorem 9.5 are satisfied, thus we may introduce the new
independent (7, z1, 72, z3) and dependent (0, Dy, V>, V3, T') variables

z1 = x1 cos(wt) — xp sin(wt),

zo = X1 sin(wt) + x; cos(wt),

1,
73 = X3+ =< gt°, T=t,

2
p=p, T=T,
V1 = (v — wxy) cos(wt) — (va + wxy) sin(wt),
Vy = (v2 + wx;) cos(wt) + (v — wxy) sin(wt),
/U\3 = vs + gft,
whereupon
= = = d = 0
S =, gy = —, 83 = — S4 =,
Y 3z 922 923

)
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and the system (9.49) reduces to homogeneous and autonomous form:

—~ 3 P
d 0
Y + Z (pvr) _

0 | %
T oo %
_ 3 . =
[ 9; —__ 0 K a(pT) .
- hhid - =0, =1,2,3, 9.50
p(ar ;v 0Zx +m 9Z; ' ( )

From a physical point of view, system (9.50) represents the system (9.49) in a
reference frame where apparent forces (gravity, Coriolis and centrifugal forces)
disappear.

Remark 9.7 The reduction of a nonautonomous and/or nonhomogeneous quasilin-
ear system to autonomous and homogeneous form, besides its intrinsic interest, may
reveal useful in investigating a well-known problem connected with a system of
hyperbolic conservation laws, i.e., the Riemann problem [11, 41], where one takes
a piecewise constant initial datum with a single discontinuity. As well known, there
is an existence and uniqueness theorem for the Riemann problem for a system of
conservation laws; on the contrary, analogous results have not been obtained yet for
a system of balance laws, even for a generalized (i.e., piecewise nonconstant initial
data) Riemann problem [3]. In the case in which we have a system of balance laws,
and the application of the theorem leads to a system of conservation laws, then one
may investigate a Riemann problem (classical or generalized) for the original system
of balance laws by studying an associated Riemann problem (which can be classical
or generalized) for a system of conservation laws. Once the latter problem has been
solved, thanks to the inverse transformation, it is possible to obtain the corresponding
solution of the original system. An application can be found in [8].

9.6 Reduction of Nonlinear First-Order PDEs
to Autonomous Form Polynomially Homogeneous
in the Derivatives

Let us now consider a general nonlinear system of first-order partial differential equa-
tions involving the derivatives of the unknown variables in polynomial (of degree
greater than the first) form, and establish a theorem giving necessary and sufficient
conditions in order to map it to an autonomous system which is polynomially homo-
geneous in the derivatives. Differently from Theorem 9.5 (concerned with the trans-
formation of a general first-order quasilinear system of partial differential equations
into a first-order quasilinear homogeneous and autonomous system), we consider
now the possibility of admitting an invertible point transformation like
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z=172(x,u), w=W(x,u), (9.51)

i.e., a mapping where the new independent variables z are allowed to depend also
on the old dependent ones. According to Theorem 9.5, this choice works very well
in some relevant situations, e.g., Monge—Ampere systems, where the target system
turns out to be quasilinear; however, there are cases where the system we obtain is
polynomially homogeneous in the derivatives but not quasilinear. This fact means
that the conditions of Theorem 9.5, using the invertible point transformation (9.51),
are only necessary for the reduction of a nonlinear first-order system to autonomous
and homogeneous quasilinear form [18]. Thence, necessary and sufficient conditions
can be guaranteed if the derivatives of the unknown variables in the source system
appear only in polynomial form [19].
Let us consider a general system of first-order partial differential equations

A (x,u,u") =0, (9.52)

where x € R”, u € R” and u” € R™" are the independent variables, the dependent
variables, and the first-order partial derivatives, respectively. In particular, in the
following we consider a system of the form (9.52) made of equations which are
polynomial in the derivatives, with coefficients depending at most on x and u, i.e.,

Ny Jet]
) Oy ,
Yooayxw[[=E 4B xw=0, s=1,...m, (9.53)
. axik
e, lj|=1 k=1 ’
where « is the multi-index (o, ..., ®,), j the multi-index (ji,..., j.), ax =
I,...,m, jy=1,...,n, N, are integers, and Aij (x, u), B*(x, u) smooth functions

of their arguments.
The aim is to determine necessary and sufficient conditions for the construction
of an invertible point transformation

z=7Z(x,u), w=W(x,u), (9.54)

mapping (9.53) into an equivalent autonomous system which is homogeneous
polynomial in the derivatives w'!, i.e., made by equations of the form

Ny
~ T 0Wy
> Aw]] : =0, s=1,...m,
k=1 “%i

lel, jl=N,

for some integers N,; of course, it may occur that the target system turns out to
be linear in the derivatives, i.e., Ny =1 (s =1, ..., m), whereupon we have an
autonomous and homogeneous quasilinear system.
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The following lemma guarantees that an invertible point transformation like (9.54)
preserves the polynomial structure in the derivatives.

Lemma 9.3 Given a first-order system of partial differential equations like (9.53)
which is polynomial in the derivatives, then an invertible point transformation like
(9.54) produces a first-order system which is still polynomial in the derivatives.

Proof Straightforward, by using the chain rule. O

Then, we can prove the following theorem [19].

Theorem 9.6 The nonlinear first-order system of partial differential equations
polynomial in the derivatives

lec]

N,

s a o

> Ayxw[[FE B EwW =0 s=1...m 9:55)
k=1

lae], jl=1 Ik

is mapped by an invertible point transformation
z=7(x,u), w = W(x, u) (9.56)

to the equivalent nonlinear first-order autonomous system having homogeneous
polynomial form

~ 0 o
> A;lj(W)l_[&=0, s=1,....m, (9.57)

for some integers N, if and only if there exists an (n + 1)-dimensional subalgebra
of the Lie algebra of point symmetries, admitted by system (9.55), spanned by the
vector fields

n

=) &j(x u)i+§: (X, 1) 9 i=1 n+1
— = ij\ &y Ox az]”]m{ ’ aua’ = Ly >

j=1 J
generating a distribution of rank (n + 1), and such that
[Ei.8]=0, [Ei,Bu]=Ei I=<i<j=n (9.58)

Moreover, the variables w, which by construction are invariants of 1, . .., &,, have
to be invariant with respect to E,.11 too.

Proof Suppose the conditions of Theorem 9.6 are satisfied, and so the system (9.55)
admits an (n 4 1)-dimensional algebra as subalgebra of the algebra of its Lie point
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symmetries generating a distribution of rank (n 4 1) and verifying the structure con-
ditions (9.58). Using Theorem 9.1, we are able to construct a set of canonical vari-
ables z = Z(x, u) (independent variables) and w = W(x, u) (dependent variables)
such that the vector fields E; are written as

9
=9

[1]

i i = 1, (B
Therefore, what we have obtained is a variable transformation like (9.56) allowing

to write the system (9.55) in autonomous form.
Finally, since [E;, E, 1] =&; (i = 1,...,n),itis

Ei(Bns1(z))) = Euq1(Bi(z))) + Ei(z)) = dij,
(Ell+l(wa)) = En+l(Ei(wa)) + Ei(wa) = 0;

Ei
where §;; is the Kronecker symbol; these relations, together with the hypothesis that
the variables wy (¢ = 1, ..., m) are invariant with respect to E,, allow the vector
field E, to gain the representation

‘ 9
Enyl = E Lja
o 0z

As a consequence, since the system written in the variables z and w is autonomous
and polynomial in the derivatives, and is invariant with respect to a uniform scaling
of all independent variables, then it necessarily must be polynomially homogeneous
in the derivatives, i.e., it has the form (9.57).

The condition that the symmetries generate a distribution of rank (n + 1), whence
the vector fields spanning the n-dimensional Abelian Lie subalgebra generate a dis-
tribution of rank n, ensures that we may construct the complete set of the new
independent variables z.

Conversely, if the nonautonomous and/or nonhomogeneous system (9.55) can
be mapped by the invertible point transformation (9.56) to the autonomous system
polynomially homogeneous in the derivatives (9.57), then, since the latter admits

a
the n vector fields Py spanning an n-dimensional Abelian Lie algebra, and the
Zi

9z,

1)-dimensional Lie algebra of symmetries with the requested algebraic structure. [

"9
vector field Z 7j—, then it follows that also the system (9.55) must admit an (n +
j=1

Example 9.17 Let us consider the first-order system made of the equations

uyp —uz1 =0, (9.59a)
4 2
K1 (ulﬁz) + (Kzul,luz,z + k3 (141,2) >M1,1M2,2
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2 2
+ <K4M1,1M2,2 + ks (u1,2) ) up1+ (K6M1,1M2,2 + K7 (Ml,z) ) Ui
2 2
+ \Kgu11U2.2 + K9 (m,z) Uz + Kio (M1,1) + kU2
2 2
Fiipuyuzn + ki3 (u12)” + kg puz s + kis (u22)” =0, (9.59b)

with uq (x1, x2), up(x1, xp) scalar functions, and k; (uy, up) (i =1, ..., 15) arbitrary
smooth functions of the indicated arguments.
It can be easily ascertained that system (9.59) admits the Lie point symmetries

- 0 ~ 0
Ei=-—, &=,
8)61 3)62
~ )
B3 = (x;1 —auy — buy) — + (x — buy — cup) —,
8)61 8x2
a, b, c being constants, provided that the conditions
2 2 2,
K1 — cKk19 + bcky) — ackyp — b7k + abkyy — a“ks =0,

Ky — k1o + bekyy — ackyy — bPky3 + abkyy — a’kys = 0,

K3 + 2(02/(10 — bekyy + ackyy + bz — abiyg + a2/<15) =0,
k4 + 2cK10 — bryy + akpp =0,

ks — 2ck10 + by —akp =0,

Ke + ck11 — 2bk1z + akyy = 0,

k7 — ckiy + 2bk(3 — akis =0,

kg + ck1p — bicg + 2ax15 = 0,

K9 — CK12 + bK14 — 2(1/(15 =0

are satisfied. Since

]

[E1, B2] =0, [E1, B3] =&y, [E2, B3] =

2,
applying Theorem 9.6, we introduce the new independent and dependent variables

z1 =Xy —au; —buy,  zp =x, —buy — cuy,

wp = Uy, Wy = Uy,
and the nonlinear system (9.59) reduces to

Wiz — W21 = 0, (9603.)
2
K10 (w1,1) + KW 1w2 + KW w2

+K13 (wl,z)2 + Kawi w22 + Kis (wz,z)2 =0, (9.60b)
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i.e., an autonomous system polynomially homogeneous in the derivatives. We notice

that system (9.60), by specializing the functions kg, . . ., k15 as follows,
K0 = — (1 + w3)?,
K11 = 4/<w1w2(1 + w%)

k12 =2(2—1)(1 + w1 + wl) — kwiw?),
K13 = —4(1 4+ wi + wj + kwiw3),

K14 = dkwiwo (1 + w%),

—k(1+wh)?,

K15

is equivalent to the second-order partial differential equation

K( (wz) ) (w11) —4Kw1w2(1+(w,2)2)w,11w,12
<(2 —K) (1 (w,z)z) —K (w,lw,z)z) w 11w 22
+4 (14 (wa)?+ ( ) e (wiw.2)’) (w,12)?
(

2
—4Kw1w2< 1+w1) )w12w22+/c< -I-(w‘l)z) (w,22)2:0, 9.61)

where k = k (w,l, w.z) is an arbitrary function of the indicated arguments.
Considering a smooth surface in R® with the metric ds? = dz} + dz5 + dw?, and
its Gaussian and mean curvature,

w W — (w)’

(1 +(w,) + (w.z)z)r
(1 + (w,z)z) w1 — 2w wow 12 + (1 + (w,1)2> w22
(1 + (w,1)2 + (w’2)2)3/2

respectively, Eq. (9.61) can be written as

G =

H =

’

N =

G = rH?, (9.62)

whereupon it should be x < 1. In the limit case k = 1, Eq. (9.62) characterizes
a surface with all its points umbilic; it is known that a surface with all its point
umbilic is a (open) domain of a plane or a sphere [37]. It is worth of being remarked
that Eq. (9.62) with x = 1 is strongly Lie remarkable [30], since it is the unique
second order partial differential equation uniquely characterized by the conformal
Lie algebra in R3 [29] (see Sect. 8.8.4 in Chap. 8).

Remark 9.8 Notice that Example 9.17 yields a system polynomial in the derivatives
which is transformed into a system polynomially homogeneous of degree 2 in the
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derivatives. Now, we analyze various first-order Monge—Ampere systems, and show
that they can be transformed to quasilinear form.

9.6.1 Applications: Monge Systems

Here, we give some examples of first-order nonlinear systems polynomial in the
derivatives whose Lie symmetries satisfy the conditions of Theorem 9.6, and prove
that they can be transformed under suitable conditions to autonomous first-order
systems having homogeneous polynomial form; the systems that will be considered
are of Monge—Ampere type, and, remarkably, they are reduced to quasilinear (or
linear) form.

In particular, we are concerned with the nonlinear first-order systems of Monge
equations for the unknowns u,(x;) (@ =1,...,m, i =1,...,n). These systems
have been characterized by Boillat [6] by looking for the nonlinear first-order systems
possessing, as the quasilinear systems, the property of the linearity of the Cauchy
problem. These systems are also completely exceptional [5, 27], and are made by
equations which are expressed as linear combinations (with coefficients depending
at most on the independent and the dependent variables) of all minors of all orders
extracted from the gradient matrix of u, (x;). In the following, we limit ourselves to
consider the coefficients of the Monge systems generic functions depending on the
field variables.

Example 9.18 (Monge system: case m =n =2) Let us consider the nonlinear
first-order Monge system made of the equations

Ké (ul’luz,z — ul,zuz,l) + K{I/t]_l + Kéul,z + K3iu2,1 + Kiu2,2 + Ké =0 (9.63)
(i =1,2), with u;(x1,x2), ua(xy, x2) scalar functions, and K; (i, up) (i =
1,2; j=0,...,5) arbitrary smooth functions of the indicated arguments.

The replacements

u = u; +oix; +oxs, i=1,2,

where o;; are arbitrary constants, produce a system with Kg =0 (@ = 1,2) provided
that

Koloiony — apanr) + kjany + K0 + ko1 + Ky + k5 =0 (9.64)

(i =1,2). Conditions (9.64) give two constraints on the functional form of the
coefficients so that not all systems can be written in a form where /cg = 0; however,
if the coefficients /c;. are constant, due to the arbitrariness of the constants «;;, then
(9.64) can always be satisfied.
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It is easily recognized that system (9.63), now taken with K; = 0, admits the Lie
point symmetries spanned by the operators

’ ’ B3 = ( VAY) ’ + (2 — f2) ’
s = —, o3 = (X — -_— Xy — -
8x1 2 axz 3 ! ! 8)C1 2 2 3)62

m
Il
@

where fi(u1,uy) (k= 1,2) are arbitrary smooth functions of their arguments,
provided that

i 0f2 ; 0f1 i8f2+ ;0f1 _

R L ek =0, i=1,2. 9.65
Klaug K28u2 K33M1 “ 8141 : ( )

The constraints (9.65), once we assign the 10 functions k; U, up) i=1,2,j=
0, ..., 4), arethe differential equations providing us the functional form of f (u, u5)

and f>(u1, uo). A
In the case where all the coefficients /c} are constant, then the functions f; and f,
are forced to be linear, i.e.,

fi = Bituy + Bioua, i=1,2,

Bi; being constants whose values are determined by the coefficients I{;
Since

[E1, E2] =0, [El, B3] = &y, [E2, B3] = &y,
we introduce the new variables
z=x1—f1, z22=x2— fa wy = U, wy = Uy, (9.66)

and the Lie point symmetries become

0
gy =, gy = o, 83 =217t

8Z2 311 822 '

In terms of the new variables (9.66), the nonlinear system (9.63) becomes
Kjwi g+ rSwi +Kiwa g +Hkhwan =0, i=1,2,

i.e., it is an autonomous and homogeneous quasilinear system. This system is linear
if all the coefficients K;- are constant; nevertheless, since it is a 2 x 2 homogeneous
and autonomous quasilinear system, it can be written in linear form by means of the
hodograph transformation also when the coefficients /cj depend on u; and u,.
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In conclusion, all Monge systems with m = n = 2 can be reduced to a linear
system when the coefficients «; are constant; on the contrary, when the coefficients

Kj- depend upon u; and u,, the reduction to linear form is possible provided that the
constraints (9.64) are satisfied.

Example 9.19 (Monge system: case m = 2, n = 3) By considering the gradient

. . . Ou . . .
matrix of u, (x;), with entries a—a (¢ =1,2,i = 1,2, 3),and all its extracted minors,
Xi
the nonlinear first-order Monge system is made of equations like

K| (M1,1M2,2 - M1,2M2,1) + &} (M1,1M2,3 - M1,3M2,1) +} (M1,2M2,3 - M1,3M2,2)

Fiegun1 + kiU F kg1 3+ Kylo g + kgl o + kgia 3 + k1 =0, (9.67)

with K;- (uy,up) i =1,2, j=1,...,10) arbitrary smooth functions of the indi-
cated arguments.
The replacements

up — up + o Xy +ooxo +oyzxz, i =1,2,

where o;; are arbitrary constants, produce a system with «{, = 0 (i = 1, 2) provided
that

Kki(anom — apaar) + k(e — aizenr) + k3(@0s — a13002) 9.68)
Ficjon + kson + Kgos + kG0 4 Kgo 4 Kooz 4+ ki =0 ’
(i =1, 2). Actually, conditions (9.68) can always be satisfied when the coefficients
Kj- are constant because of the arbitrariness of the constants «;;.
The nonlinear system (9.67), now taken with xi, = 0, admits the Lie point
symmetries spanned by the operators

a 0 a

2= 7

dxy’ axy’ dx3’
P 5 (9.69)
xr—f)—+tx—f)—+ - fz)—,
X1 x> 0x3

o]
|
o]
o]

3= 57

[1]
N
I

where fi(uy,u;) (k =1,2,3) are arbitrary smooth functions of their arguments,
provided that

i 0h  oft  i0f i 0fi

i i 0,
“ +K43Lt2 531/{2 73%1 83”1
. . af‘:; af] 3f3 afl
; — — =0, 9.70
G T g T Ty T %, T ©-70)
s i0h i3 0k

S G T oy oy %, T



308 9 Lie Symmetries and Equivalent Differential Equations
(i = 1, 2). The six conditions (9.70) cannot be fulfilled for an arbitrary choice of the

coefficients . In the simplest case, where the coefficients Kj» are constant, they can
be always satisfied, and the functions f; must be linear:

Jio = Brauy + Brouz,  k=1,2,3,

Bi; being arbitrary constants.
The symmetries (9.69) span a four-dimensional solvable Lie algebra,

Eisa' =01 [EivE4]=Ei1 i»j2172337
J

whereupon we may introduce the new variables

u=x1—fil,2=%—f,3=x3—f3, 971
wy = Uy, wy = Ujp.
So,
I T T B o8 0
S =, gy = —, 83 = T, Sy =21 ip— 3—.
" oz > 9, P 23 ! oz, 29z oz

In terms of the new variables (9.71), the nonlinear system (9.67) reduces to
Kiwl,l + Kéwl,z + Kéwm + K;u)z,l + Kéwz,z + Kéwzg =0,

i.e., it becomes an autonomous and homogeneous quasilinear system.

Example 9.20 (Monge system: case m = 3, n = 2) By considering the gradient
. . . Ou . . .

matrix of u, (x;), with entries —— (o = 1, 3, i = 1, 2), and all its extracted minors,

l
the nonlinear first-order Monge system is made of equations like

icf (wrguzp — wiguz) + iy (urusp — uyqus ) + i (ua1uz 2 — uzous )
Fichuny + bun o+ kgua 1+ Koo + Kguzy + Kguz s+ kjg =0, (9.72)
with K;» Uy, up,uz) i =1,...,3, j=1,...,10) arbitrary smooth functions of the

indicated arguments.
The replacements

up —> u; +opx; +ogoxa,  i=1,...,3,
where «;; are arbitrary constants, produce a system with K{O =0@G=1,...,3)
provided that
K (@102 — apear) + k5 (enaz — anast) + ki (@es — anes) 9.73)

g0t + Ks0n + kg0t + K50 + Kgozt + koo + k1 =0
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(i =1,...,3). Alsoin this case, conditions (9.73) can always be satisfied when the
coefficients /c; are constant because of the arbitrariness of the constants «;;.

This nonlinear system (9.72), now taken with K{O = 0, admits the Lie point
symmetries

a a
By=-—, &E=m—-fiyz-+t-»n_— 74
Bxl sz

where fi(u1, us, u3) (k =1, 2) are arbitrary smooth functions of their arguments,

provided that
f  Of 0f O

i Je 0’
“ +K43M2 53142 68141 K78u1
. 8f2 3f| afz 8fl
/ =0, 9.75
K2+K48u3 58u3 88u1 tK 98u1 ( )
. 0 a ; 0 ; 0
Ké + ki /2 i fi 12 f1 —0.

68_143 _K7al/l3 88142 T 98142
The conditions (9.75) cannot be fulfilled for an arbitrary choice of the coefficients

IC; In the simplest case, where the coefficients /c; are constant, they can be always
satisfied, and the functions f; must be linear:

fi = Brur + Brous + Bisus,  k=1,2,

Bij being arbitrary constants.
The symmetries (9.74) span a three-dimensional solvable Lie algebra,

[Ei.8j]=0, [EB.E]l=8;, ij=12,

and we may introduce the new variables

z21=x1— fi, 2 =x2— fa, (9.76)
wp =uyp, w2 = Uy, w3 = Us3.
Therefore,
o= — Ly = — Sy =21 — Tt
321 ’ 3Z2 321 822

In terms of the new variables (9.76), the nonlinear system (9.72) reduces to
Kywi 1+ kiwa + khwa 1+ Khwa s + khws g +Kgws =0,  i=1,2,3,

i.e., as an autonomous and homogeneous quasilinear system.
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Example 9.21 (Monge system: casem = n = 3) By considering the gradient matrix
ou
of u, (x;) with entries 8—“ (a,i =1, 2, 3), and all its extracted minors, the nonlinear
x:

1
first-order Monge system is made of equations like

K (uruz2u33 — uy Uz 3us0 + Uy 2Up 3U3 | — U oW, 1U33

+ui Uz U3 — M1,3M2,2M3,1) + &} (M2,2M3,3 - M2,3M3,2)

+K£ (uz,lu3,3 - M2,3M3.1) + K_é (uz,lua,z - M2,2M3,1)

+Kf¢ (u1,2u3,3 - M1,3M3,2) + K§ (M1,1u3,3 - M1,3M3,1)

+ick (M1,1M3,2 - M1,2M3,1) + & (M1,2M2,3 - M1,3M2,2)

+icd (uruz3 — M1,3u2,1) + (u1,1u2,2 — M1,2M2,1)

+Kfoul,1 + Kf]ul,z + Kf2M1,3 + Kf3M2,1 + Kf4uz,z

+K{5u273 + Ki6u3’1 + Kf7u3,2 + Kf8M3,3 + K§9 =0, 9.77)
with Kj» (Ui, up,uz) (i =1,...,3, j=0,...,19) arbitrary smooth functions of the

indicated arguments.
Also in this case, the substitutions

U = u; +oi1x) + ajpxy + ajzxs, i=1,...,3,

where «;; are arbitrary constants, allow us to obtain a system with Kf9 = 0 provided
that u; ; = o is a solution of Eqs.(9.77). This requirement implies some constraints
on the coefficients K; in the general case; on the contrary, no limitation to the values
of the coefficients exists if they are assumed to be constant.

The system (9.77), with ng = 0, admits the Lie point symmetries spanned by the
operators

~ B _ 0 ~ |
g2 =, gy = —, 83 = —,
3)(?1 5 8)62 5 3)63 (978)
Es=x1—f)—+2— ) — + (3= f3) —,
0x1 0X> 0x3
where fi(uy, uz,u3) (k=1,...,3) are arbitrary smooth functions of their argu-

ments, provided that

Koy — K -
0 10 8u3 al/lz 8112 8113

8142 8143 8u3 8142

i ,-(B_fza_ﬁ afzaf3>_K,. fi 3fs 8f18f3)
11

ofi ofs  0fi ofs o ofs > 0fs

3142 3143 8u3 8u2

( )-
(20 o5 05
( )-

K13

8143 8u1 8u1 8143

(3f1 afr  dfi 3f2>
K4 Kis\ 77— 5+
8141 8%3 8u3 31/!1

0f2 9f3  9f2 3fs

8u3 31/!1 8141 8143

ofi 9fs  9fi 3fs

i i
—K12 1
i i

1 1

1 1

1 K17

—K1g

duy our,  Oup duy duy 0uy duy oun
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i (0N 0fa  3fi 3fa
—ki [ == - =L ) =0,
aulauz

18

duy ouy
g kgl =l 2 g <o,
L Ofs s 0h dfs O
Ky +K{38—u3 - K{Sa—u3 — Kféa—uz K{Sa—uz =0, (9.79)
K3 +K{3§_Z - ’C{4g_f3 - Kfﬁg_fz + K{7§_£12 =0,
Kl — Kl — e + g =0,
g =t~ ot g o,
o =kl 3~ g 2 2l <o,
ki — kg~ s =0,
o — kgt — a2 iy <o,
o+ og =l g =, g2l 2o

The vector fields (9.78) span a four-dimensional solvable Lie algebra,

(1]

[Ei.8]=0, [E.El=8;, i,j=1,..3
introducing the new variables

z1=x1— fi, 22=x2— f2, 23 =x3 — f3,

(9.80)
w; =up, Wy = Uy, w3 = Us,
we obtain
S =, Sy = —, o3 =,
971 022 023
_ n d n 0
b4 =217 T T3
1 822 323

In terms of the new variables (9.80), Eq. (9.77) become

i i i i i
KioW1,1 + K Wiz + KpWi3 + Kj3Wa, 1+ KjgWa 2

i i i i .
+KsW2 3 + KieW3,1 + kw32 + Kkjgw3 3 =0, i=1,2,3,
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i.e., they are in autonomous and homogeneous quasilinear (linear, if the coefficients
are constant) form.

Conditions (9.79) play severe restrictions to the expression of the coefficients /c;
‘When these coefficients are assumed to be constant, we are forced to take

fi = Biwur + Bioup 4 Bizuz,  i=1,...,3,

where B;; are arbitrary constants; also in such a simple case, the reduction to linear
form is not always possible due to (9.79).

Example 9.22 (Monge system: case m and n arbitrary) It is easily recognized that
a general Monge system with m dependent variables and » independent variables,
provided that some suitable conditions on the coefficients (at most depending on the
field variables) are satisfied, is invariant with respect to the Lie groups generated by
the vector fields

d . d
E=—1, i=1,...,n, = = x;i — fi(uy)) —,
i 8xi n+1 ;( i fl( a)) axi
where f;(u,) are smooth functions of (u1, ..., u,) which have to be linear in their

arguments when the coefficients of the Monge system are constant.

As one expects, for m > 3 or n > 3, we have a situation similar to the case
m = n = 3, i.e., even in the case of constant coefficients, not all Monge systems can
be reduced to (quasi)linear form.
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Chapter 10 ®)
Conditional Symmetries and Equivalence | @
Transformations

10.1 Introduction

The term conditional symmetries is nowadays used for a generalization of a class of
symmetries introduced in 1969 by Bluman and Cole [8] investigating the linear heat
equation. In that paper, the authors studied the symmetries (referred to as nonclassical
symmetries) of the solutions of Fourier equation constrained to be also solutions of
the invariant surface condition. Today, conditional symmetries are mainly used to
determine meaningful solutions of partial differential equations of interest in the
applications that, because of phenomenologically included terms, admit very few
symmetries.

Typical examples where conditional symmetries reveal fruitful are reaction—
diffusion equations. The latter of course do not exhaust the models for which condi-
tional symmetries are effective [2, 4, 5, 11-15, 17, 18, 22, 25, 34, 35, 38, 42, 43,
49, 52, 58-60, 62-64, 69, 70]. Notably, the solutions that are recovered very often
cannot be obtained using classical symmetries.

On the contrary, equivalence transformations, extensively studied by Ovsiannikov
[53], constitute a useful tool to study the invariance of families of differential equa-
tions containing arbitrary elements [37]. Equivalence transformations have been also
used in group classification problems [30, 31]. Sophus Lie himself [36] used equiva-
lence transformations for classifying a large class of second-order partial differential
equations with two independent variables.

10.2 The Nonclassical Method by Bluman and Cole

Lie symmetry theory gives general and powerful methods for obtaining solutions to
partial differential equations. Nevertheless, some differential equations of interest in
applications have very few Lie symmetries; so, symmetry reductions are not always
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applicable, though there are ad hoc reduction methods yielding nontrivial solutions
obtainable independently of the existence of Lie symmetries.

In 1969, Bluman and Cole [8], in their seminal paper on the general similarity
solution of the heat equation, introduced an essential generalization of the Lie sym-
metry approach, named nonclassical method. The key idea was that of using in the
invariance condition an additional equation produced by the symmetry itself, namely,
the invariant surface condition. So, they studied the continuous symmetries mapping
the manifold characterized by the linear heat equation and the invariant surface con-
dition (together with its differential consequences) into itself. Let us briefly recall
this approach.

Consider the system made of the linear heat equation and the invariant surface
condition:

up—uxn =0, (10.1a)
E1(x1, xo, wu 1 + & (x1, X2, wu o — n(xy, x2,u) = 0. (10.1b)

Assuming & # 0, setting & = & /&, and using the replacement n/&; — n,
(10.1b) becomes
ui+&uy—n=0; (10.2)

the latter is considered together with its differential consequence, i.e.:

U2 <8 5 au)u S l/l2 Eu22 8X2 ( )

(the other differential consequence, obtained differentiating (10.2) with respect to
X1, is not needed in this case). Taking the infinitesimal operator

S NI
“ = 8x2 Tou’

it is easily to ascertain that it is identically
=) _ —
= (u'l + §M,2 77) |u']+éu,2—n:0 =0,

and an analogous result holds for the differential consequences of (10.2). Moreover,
requiring

E(z) (M’l —_ M,22)|M = 0,

where M C J?(R3, 2) is the manifold characterized by (10.1), (10.2) and (10.3), we
get a quadratic polynomial in u », whence the determining equations
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a*n 3 0§

an 262 =,

ou? Ax,0u + Eau

0§ 0§ 3%y 3 0&

% 0% 40 _ T 0%
axy du + Ax0u  9x3 + gsz

0%, 0§ 0n

= _ T _p

B_Jc% K 0xy  dxp

are obtained. These determining equations for & and n are nonlinear, contrarily to
what happens when looking for classical Lie symmetries. They may be partially
solved, yielding

£ =A(x,x), n=CQy,xu+ D(xy,x),

where the functions A (xy, x3), C(x1, x2), and D(x1, x;) satisfy the coupled nonlinear
system

IA 9A %A _aC
S Y P 2

_ — =0,
ax dxy  9x2 dx2
aC JdA 2C
—42c=-"S—o, (10.4)
0x) oxa  0x;
D dA  9°D
—+2D——-—=0
dxq 0x) 0x;

So, any solution of Eq. (10.4) yields a symmetry reduction of the linear heat equation.
For less simple partial differential equations, the nonlinear determining equations
are hard to solve; probably, this was the main reason why the nonclassical method
was forgotten for almost 20 years, if we exclude the book by Ames [1], where the
nonclassical symmetries of Burgers equation have been considered.
Only in 1999, Mansfield [38] (see also [2, 3]) solved Eq. (10.4). In fact, introducing

the matrix
000

Q=10011],
DCA

system (10.4) can be written as a matrix Burgers equation,

I I 9*Q
— 42—Q

- = 0’
8x1 3)(?2 8x2

that is linearized by the matrix Cole—Hopf transform [33],

Q=——0o7!,
8x2
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where the matrix & satisfies the linear matrix equation

00 3P 0

axy  oxz

Nonclassical symmetries are now part of conditional symmetries, i.e., symmetries

of differential equations where some additional differential conditions are imposed

to restrict the set of solutions. In many cases, the results allow for the introduction

of nontrivial reductions of partial differential equations leading to the determination
of wide classes of exact solutions in many applied problems.

10.3 Conditional Symmetries

The revival of interest toward the nonclassical method started in the 1980s after the
papers by Olver and Rosenau [51], and, independently, by Fushchych and Tsyfra [21].

In particular, in [51], it is shown that every solution of a given partial differential
equation is indeed an invariant solution under the action of at least a Lie group that in
general is not a symmetry group of the equation at hand. These groups do not leave
invariant the whole set of solutions but only a proper subset of the solutions, and so are
called weak symmetries [51] (see also [10, 59]). The definition of weak symmetries
relies on the analytic properties of the overdetermined system composed of the given
partial differential equation and the characteristic system associated with the basis
vector fields of the local Lie group. The local Lie group is a weak symmetry of the
given differential equation if and only if this overdetermined system is compatible.

In [50], the authors, with the aid of some examples, underline that the specialized
methods for finding explicit solutions can all be viewed as originating by append-
ing to a differential equation some auxiliary conditions called side conditions. This
approach implies that the unifying theme behind finding special solutions to partial
differential equations is not, as is commonly supposed, group theory, but rather the
more analytic subject of overdetermined systems of partial differential equations [50].
A question now arises: what is the criterion for identifying which side conditions are
admissible and good for obtaining useful solutions?

A similar approach by Fushchych and Tsyfra [21] introduced the general concept
of conditional invariance, replacing the conditions for the invariance of a differential
equation by the weaker condition of the invariance of the combined system made
of the original equation, and some differential constraints. When the differential
constraints are given by the invariance surface conditions and their differential con-
sequences (the nonclassical symmetries introduced by Bluman and Cole [8]), we have
what now are usually referred to as Q-conditional symmetries. The latter are con-
ditional symmetries, but conditional symmetries are not necessarily Q-conditional
symmetries. Some authors [32] do not recognize the status of symmetry to nonclas-
sical symmetries, and prefer to use the term reduction operators.
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A meaningful example of the concept of conditional symmetry is illustrated
in [23]. The first pair of Maxwell equations,

JoE oH
— —VAH=0, — +VAE=0, (10.5)
ot ot

admits the symmetries generated by

I R
PUE] PR P P k:1a2937
at Xy 0E} JdH;,

i L VLI R ROy AR
xA__x_ |~ - P— I~ _7 — — b
Toxe  ox; T ToE, T Y9E; T VUoH, T TY0H, /

) 5 5

Thus, Eq. (10.5) is invariant under the four-dimensional translations, translations of
electric and magnetic fields, the rotations, scale transformations of independent vari-
ables, but are not invariant under the Lorentz boosts. However, adding the conditions

V.E=0, V-H=0, (10.6)

and so taking the full set of Maxwell equations, we have the invariance under the

Lorenz boosts 3 3
— +r—, k=1,2,3.
RETRET

So, Lorenz boosts can be considered as conditional symmetries of the first pair of
Maxwell equations provided that we add the side conditions (10.6).

Some interesting applications of conditional symmetries in ideal gas dynamics
and ideal magneto gas dynamics are discussed in Sects. 10.6 and 10.7.

The rapid explosion in the number of papers on nonclassical symmetries of par-
tial differential equations starts around 1990. Then, a lot of papers were published
investigating nonclassical symmetries of several evolution equations [2, 4, 5, 11-15,
17, 18, 22, 25, 35, 38, 42, 43, 49, 52, 58-60, 62-64, 69, 70].

As aresult, many nontrivial reductions of partial differential equations were pos-
sible, and wide classes of exact solutions in many applied problems have been found.

10.3.1 Clarkson and Kruskal Direct Method

Another approach, called direct method, not using group theory, has been proposed
in 1989 by Clarkson and Kruskal [18]. Given a differential equation

Alxy, xo,u,u®, 0y =0 (10.7)
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for the scalar unknown u(x;, x»), the direct method assumes the solution to have the
form:
u(xy, x2) = F(x1, x2, w(z)), z=2z(x1,x2). (10.8)

Then, the functions F(x1, x», w(z)) and z(x1, x) are determined in such a way the
substitution of (10.8) into (10.7) produces an ordinary differential equation in the
variables w(z) and z. As an example, this method revealed successful for obtaining
new symmetry reductions of Boussinesq equation [18]. Further, in [19], Clarkson and
Winternitz generalized the method to determine solutions to Kadomtsev—Petviashvili
equation. The solutions found by using the direct method can be also obtained by
means of the nonclassical method by Bluman and Cole. However, the two methods
are not equivalent, as proved in [43], where it is given an exact solution to the
FitzHugh—Nagumo equation [20, 41] that is obtained by the nonclassical method but
is not achievable with the direct approach.

10.4 Q-Conditional Symmetries

Hereafter, we shall not give meaningful examples of exact solutions found using

conditional symmetries. Instead, after shortly reviewing the theoretical setting, we

will focus on the classical Burgers equation, and derive an infinite hierarchy of

systems that, because of their structure, we call coupled systems of Burgers-like

equations. This hierarchy is found by suitably looking for Q-conditional symmetries.
Given an rth-order differential equation

Ax,u,u, ... u") =0,

for the unknown u(x) € R”, where x € R", and considering the invariant surface
conditions Q = 0, where

n a n
Q=Y sxw— —nxw, Y &#0.
i=1 ! i=1

the Q-conditional symmetries are found by requiring
27|, =0.

where M is the manifold of the jet space J"(R™*", n) defined by the system of
equations

A =0, Q=0,
Djl(Q) = D]]]z(Q) == DJ]],,](Q) = 0’
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where 1 < ji <n, D}, ., =D;(Dj,. ;. ), and D; denotes the total derivative
with respect to x;.

It is easily proved that a (classical) Lie symmetry is a nonclassical symmetry.
However, differently from Lie symmetries, all possible nonclassical symmetries of
a differential equation form a set which is neither a Lie algebra nor a vector space in
the general case. Moreover, if the vector field of a conditional symmetry is multiplied
by an arbitrary smooth function f(x, u), we have still a conditional symmetry. This
means that, setting k = min{i € {1, ..., n}: & # 0}, we can look for conditional
symmetries such that the invariant surface conditions are divided by &;.

When m > 1 (more than one dependent variable), one can look for conditional
symmetries of gth type (1 < g < m) [12], by requiring the condition

E(r)(A)|Mq =0,

where M, is the manifold of the jet space defined by the system of equations

A=0. Qy=--=0,=0,
D;i(0)=D;;,(Q)=---=Dj, ., (0Q;) =0,
where i € {iy, ..., i,}. Of course, for ¢ = 0, conditional symmetries of gth type are

classical Lie symmetries. We do not need to impose the condition that Q = 0 and its
differential consequences are invariant with respect to the prolongation of E, since
these conditions are identically satisfied. Moreover, when g < m, it may be easier to
find solutions to the nonlinear determining equations. Conditional symmetries allow
for symmetry reductions of differential equations and allow us to determine explicit
solutions not obtainable with classical symmetries.

10.5 Conditional Symmetries of Burgers-Like Equations

In [52], it was proved that the Q-conditional symmetries of Burgers equation are
expressed in terms of three functions that are solutions of a system of coupled
Burgers-like equations. In what follows, we prove that the latter system of cou-
pled Burgers-like equations admits Q-conditional symmetries expressed in terms of
five functions satisfying a new system of coupled Burgers-like equations. This pro-
cess can be repeatedly used, and a hierarchy of systems involving an odd number of
unknowns arises. Moreover, starting with a pair of coupled Burgers-like equations,
another hierarchy of systems involving an even number of coupled Burgers-like equa-
tions is generated. Both hierarchies can be unified [26], and each member written
as a matrix Burgers equation that is linearized by means of the matrix Hopf—Cole
transformation.
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10.5.1 Hierarchy Originating from Burgers Equation

Consider the Burgers equation
A=uj+uur—uny=0 (10.9)

for the unknown u(x;, x,), the vector field

0 0 0
E=—+&0,x2, u)— +n(xy, X2, u)— (10.10)
x| d0xy ou

together with the invariant surface condition Q = 0, where
O =uy+ &1, x2, wup —nxy, xz, u).

In order to compute the Q-conditional symmetries of (10.9) associated to (10.10),
let us define the manifold M; as

Ay=0, 0=0, Di(Q)=0, D:(Q)=0.
So, the conditional symmetries are found by requiring
E@ (A, =

The latter yields the following polynomial of third degree in the derivative u »:

2 2 2
o (”,2)3 + (2 e il L 2§ - 253%) (”,2)2

ou? dx,0u  oul ou
9% 3%n 0§ 0§ 0§ 9§
AL B L%, 2%
+<ax§ TS PR T T ”+">
8%n a& an on
2%, L9y,
sz szn + 0x1 + 8x2

Annihilating the coefficients of this polynomial, after simple algebra, we get

1
5—/(”4'5”1,
k(l—x) 5 « 1 1

n= Tu — Evluz + Zuvz + Zv3

where k is a constant such thatk (k — 1)(2x 4+ 1) = 0, whereas vy (x1, x2), v2(x1, X2),
and v3(x1, x,) are functions depending on the indicated arguments.



10.5 Conditional Symmetries of Burgers-Like Equations 323

Three cases must be distinguished, say « = 0, k = 1, and k = —1/2, the latter
being the most interesting one. In such a case, the functions v, (x1, x2), v2(x1, X2),
and v3(xy, xp) satisfy the system

V1,1 +vvi2 — v + v =0,
As= 1 vy +vvi — v+ 030 =0, (10.11)
V31 +v3v2 —v3 0 =0.

As already remarked, this result has been obtained in [52].
Then, it can be interesting to explore the Q-conditional symmetries admitted by
the system (10.11). As a result, the following proposition is proved.

Proposition 10.1 The vector field

3

d 0

= — F+ &(x1, X2, V1, V2, V3) — + E Ne (X1, X2, V1, V2, V3)
8)62 ot

(1]

8X1 a

gives a Q-conditional symmetry of the system (10.11) provided that

1
§ = 3 (—v; +wy),
_los 2 _
m=g (—vi = 2v1v2 + wi v} + wovy + wiv, — V3 + ws),
Loy 2
=g (—viv2 — vivs — V3 + WiV V2 + Wavy 4+ Wivs + wy),
1 2
=g (—v7vs — vav3 4+ WiV Vs + Wovs + ws),
where the functions wy (x1, x2) (¢ = 1, ..., 5) satisfy the constraints

w1 + wiwyy — wi + wao =0,
w21 + wawip — w2 +wsz =0,
As = w31+ wW3wip — W32 + Whp = 0, (10.12)
W41 + Wawir — Wy + wsp =0,
ws,1 + wswiy — ws o =0.

Proof The proof immediately follows by requiring
E@ (A3, =0,

where Mj is the manifold of the jet space defined by the system (10.11) together
with the invariant surface conditions and their differential consequences, say

A3 =0,
Oa =vy,1 +§(x1, X2, V1, V2, V3)Vg,2 — Na (X1, X2, V1, v2,03) =0, a=1,2,3,
Dl(QOt) =0, Dz(Qa) =0.
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The lengthy computations can be done by using the program RELIE [46] written in
the Computer Algebra System REDUCE [28]. So, we obtain three polynomials of
third degree in the derivatives v, », whose integration yields

1
& =rKv + Ewl,

wi (x1, x2) being a function of the indicated arguments, and « is a constant that has
to satisfy the condition

kQ2k +1)=0.
The most interesting case corresponds again to the choice k = —1/2. After straight-
forward though tedious computations, all the determining equations can be solved;
s0, the claim is proved. O

Remark 10.1 We note that the system (10.12) has the same structure as (10.11),
even if it involves two more unknowns.

Nothing prevents us to repeat the procedure and look for Q-conditional symmetries
of (10.12); in fact, we find Q-conditional symmetries of (10.12) expressed in terms of
seven functions satisfying a similar coupled system of Burgers-like equations [26].

Summarizing, we can say:

e there are Q-conditional symmetries of the Burgers equation expressed in terms of
three functions representing arbitrary solutions of the system A3z made of three
coupled Burgers-like equations;

e there are Q-conditional symmetries of Az expressed in terms of five functions
representing arbitrary solutions of the system As made of five coupled Burgers-
like equations;

e there are Q-conditional symmetries of As expressed in terms of seven functions
representing arbitrary solutions of a system made of seven coupled Burgers-like
equations;

e and so on.

It seems natural to conjecture that repeatedly looking for Q-conditional symme-
tries, and starting from the classical Burgers equation, a hierarchy of systems made
of an odd number of Burgers-like equations may arise.

In the next subsection, we shall consider the case of a coupled system made of
an even number of Burgers-like equations. In particular, the starting point will be
the system of two Burgers-like equations whose structure is deduced from (10.11)
where we set vz = 0.
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10.5.2 Hierarchy Originating from a Pair of Coupled
Burgers-Like Equations

Let us consider the following system made of two coupled Burgers-like equations

A, = {ul,l Fuuip —un +uxr =0, (10.13)

Uz + ugityp — Uz =0.

Looking for Q-conditional symmetries of (10.13) in correspondence to the vector
field

2

0 0 d
= _+ 3 ) ) _+ o b El ) E)
or E(x1, x2, Uy Mz)ax2 ;77 (x1, X2, U Mz)aua

[l

(10.14)
and requiring that
E? (M), =

where M, is the manifold of the jet space defined by the system (10.13) together
with the invariant surface conditions and their differential consequences, say

A, =0,
o = Ug 1 FE@, X0, U, uUg 2 — N (X1, X2, U1, u2) =0,  a=1,2,
Di(Qy) =0, D (Qy) =0,

we obtain the following conditions:

e %% 2 9% 2
2
) (Ml 2) + du 10 (M1,2) uz2 + o 2”12 (Mz.z)
3*m i3 35 0 2
2 - — 4+ 2—u; — 28— 4+ —
+< 8)6231/!1 aul + ou 73] “ %- + 3 12 (141 2)

9*m 3 35 &3
2 22— —2E— 4 —
+( 3)623142 aulaug + 8u1 é81,{2 + 8u2u1

8 n 8 S 8211 85 BE
1> (u2,2)2 ( 2 : —Uj
81/!2

ax3 9x,0u;  0x;  Ox
0& o0& amy ony
_0g 25 yop 25 0 23
T P I PR LE
on 0& & Im 3771 an
) TR, P B lA -2
+( T P L e L L T R
8%m 0& any ony

S L YL SR L R P
a2 Mo, a FIPREr T
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a2 02 92
—52 (M1,2)2 uzn +2 ; uip (M2,2)2 + _52 (M2,2)3
uy du;

0 32 92 92 d
+ (_‘5;:”2 - ;72) (ul’z)z + (2 é ) n2 + é u

3x28u1 8M13M2 8_141

2 2
—ZEE + 2£u2> uiu22 + <2 0% _9m + LA 252) (“2,2)2

8u18u2

8u1 8142 8x28u2 314% 8u1 8142
a?m & & omy an o

) - 2y — 2y, 2y, 22
+< P R P T T Iy

92 92 9 9 9 9 9
+(_52_2i__5_25_5+2,72_5+ﬂu2_ﬂ),m

8)62 8X28M2 3)61 axz 8u2 8142 3141

8%, 08 Ony Oy

B PR TR P

So, we have a couple of polynomials of third degree in the derivatives u; , and u; »,
whose coefficients must be vanishing. After simple algebra, we get

1
& =kKuy+ T
where v;(x1, x2) is a function of the indicated arguments, and « is a constant that
has to satisfy the constraint « (2k + 1) = 0. Again, looking for the Q-conditional
symmetries of (10.13), we choose k = —1/2. Thence, integrating the determining

equations, we obtain the Q-conditional symmetries characterized by the vector field
(10.14), with

1
§= 5 (—up +vy),
1 3 2
m=z (= 1)’ = 2uyuz + viuf + vouy 4 viug + v3),
_ l 2.2
m=g (—uiuz — uz + vingus + vauz + v4),
and the functions v, (x1, x2) (¢ = 1, ..., 4) satisfying the constraints

V11 +uve — v + 22 =0,

A=V + Vv — V220 + V32 =0,
V3,1 +v3V12 — V322 + V42 =0,
V41 + V4012 — V422 = 0.

(10.15)

Repeating the same algorithm for the latter system of four coupled Burgers-
like equations, the admitted Q-conditional symmetries are expressed in terms of six
arbitrary functions depending on x; and x,, and so on.
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The results heretofore obtained can be summarized as follows:

e there are Q-conditional symmetries of the system A, made of two coupled Burgers-
like equations expressed in terms of four functions representing arbitrary solutions
of the system A4 made of four coupled Burgers-like equations;

e there are Q-conditional symmetries of A4 expressed in terms of six functions
representing arbitrary solutions of the system Ag made of six coupled Burgers-
like equations;

e and so on.

These results suggest to conjecture that repeatedly searching for Q-conditional
symmetries, and starting from a pair of coupled Burgers-like equations, a hierarchy
of systems made of an even number of coupled Burgers-like equations arises.

Indeed, the latter conjecture and the one made in the previous subsection can be
unified and proved to be true, as it will be shown below.

10.5.3 The General Hierarchy of Coupled Burgers-Like
Equations

The existence of both hierarchies of Burgers-like equations, arising by searching at
each step nontrivial Q-conditional symmetries, can be proved in general. In fact, we
have an infinite hierarchy of systems made of an odd number of coupled Burgers-like
equations, or made of an even number of coupled Burgers-like equations, depending
on the starting point. The results obtained in Subsects. 10.5.1 and 10.5.2 for the first
members of the two hierarchies are useful for guessing the structure of the vector
fields of the Q-conditional symmetries for the generic element of the hierarchy. Thus,
we can state the following result.

Theorem 10.1 Let m be a positive integer. The system of coupled Burgers-like equa-
tions

Ug + UgU1p — Ug2d FUer12 =0, aoa=1...,m—1,
A =1" : ' ' 10.16
" { Um,1 + UnU12 — Un22 =0 ( )
admits the Q-conditional symmetries associated to the vector field
. 8 a m a
= o Gt t) o ) a2 tt) 20—, (10.17)
ax; ax; — duy

where
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1
§= 7 (—ur + 1),
1 2
No = Z (_“]ua —UIUg+] — UQUy + viuug + ouy + Villg+1 — Ug42 + vct+2)»
1
M1 = 7 (—ufttm—1 — Uty — Ul 1 + VU U1 + V2ll—1 + V1l + Vg1 ),
1 2
M =7 (= @D um — (1 = 81Uzt + viu Uy + V2l + Vi2)
(e =1,...,m —2), §i,, being the Kronecker symbol, provided that the functions
v1(X1,X2), ..., Umaa(X1, X2) satisfy the system
Va1l + VaV12 —Va22 + V12 =0, a=1,....m+1,
A= 2~ Va, 10.18
2 { Um+2.1 + Um+2V12 — Umt2,22 = 0. ( )

Proof 1t must be verified that the vector field (10.17) is admitted by the sys-
tem (10.16) if the constraints (10.18) are satisfied. In fact, requiring

E® (A, =0,

m

where the manifold M,, of the jet space is defined by

A, =0,
Ou =g 1 +EC1, X0, Uy, oo Up)Ug 2 — N (X1, X2, U1, ..., Uy) =0,
Di(Qu) =0, D:(Qu) =0, a=1,...,m,

we get the following polynomial system of m equations in the variables u, and ug »:

(01,1 + V1V — V122 F V22) Ul + (U2,1 + V210 — V222 + V32) Ug
+ (v1,1 + Vv — v + vz,z) Ugi1 — 2 (01,1 + UiV — Vi + 02,2) Ug,2
FVa+2,1 + V2012 — Vo222 + Vo432 = 0,

(Ul,l +uvi2 — v+ Uz,z) Uiy + (v2,1 + vV — V22 + U3,2) Um

-2 (vl,l + Vv — v+ 02,2) Um,2 + Unt2.1 + Unt2V12 — Umg2,.22 = 0,
(10.19)
wherea =1,...,m — 1.
Due to the arbitrariness of u, and u, », the system (10.19) is satisfied if and only
if
v+ uivie — v +v20 =0,
Va1 + VU1 — V222 + 030 =0,
Vg42,1 + Vaq2V12 — Va42,22 + Voy32 =0, a=1,...,m—1,
Uma2,1 + Umy2V1,2 — Umg2,22 = 0,

i.e., the system A,,,» = 0 has to be satisfied. O



10.5 Conditional Symmetries of Burgers-Like Equations 329

Remark 10.2 Note that if m is odd (even, respectively), a hierarchy of systems with
an odd (even, respectively) number of equations is generated.

10.5.4 Matrix Burgers Equation

Each element of the infinite hierarchy of coupled Burgers-like equations can be
written in the form of a matrix Burgers equation [3, 38] that can be linearized by
means of the matrix Hopf—Cole transformation [33].

In fact, defining the m x m matrix Q2 as

0 0 0.1
Uy U1 -+ Uy U
the system (10.16) can be written in the form of a matrix Burgers equation, say
Q1+ Q2Q—-Q»n=0. (10.20)
The matrix Hopf—Cole transformation [3, 33],

Q=-20,0", (10.21)

® being an invertible m x m matrix with entries depending on x; and x,, maps
(10.20) to a matrix heat equation,

D — D=0

1
moreover, from (10.21), it is ® , = —=Q®, whereupon, computing the entries of

Q®, the solution of the system (10.16) is achieved from the linear algebraic system

— . lw 3" wy
Unwi + Y (=2t j— = (=2)" 1
o ax; 9
m—1 i
0’ w m0
unw + Y (= 2>um,8_, = ("5,
j=1 X2 *2
m—1
. 07wy, 0" w,
Um Wy + Z(_Q')jum—j 5 = ( 2)m )

j=1 X dxy'
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where wy (x1, x2) (¢ = 1, ..., m) are m solutions of linear heat equations, i.e.:
Wy, 1 — We22 =0, a=1,...,m.

Therefore, similar to what happens for classical Burgers equation, also the solu-
tions of each element of the hierarchy of systems of coupled Burgers-like equations,
because of the matrix Hopf—Cole transformation, can be obtained by the solutions
of linear heat equation.

As alast comment, we observe that the classical Lie point symmetries of a generic
element of this infinite hierarchy span a five-dimensional Lie algebra, as shown below.

Theorem 10.2 Let m be a positive integer. The system of Burgers-like equations

m —

A = | Ut Tt = Ue F g2 =0, a=1....m—1,
Un, |+ Ul 2 — U2y =0,

for m =1 (classical Burgers equation) admits the Lie point symmetries generated
by

O 8 O — 8

g =0 BTy

_ 9 9

&3 = 2x18_x1 +x28_x2 —Mla—ul,

_ SR

S lea—xz + EP

- 20 9

8 =Xig +x1x28_x2 + (x2 _xlul)a_ul§

for m = 2 the Lie point symmetries generated by

- 0 ~ 0
T T i
0 p 0 0

By =2x— +x— —u\)— — 2up—,

3 18 1 ZBJQ ! Bul 28142
g +2 9 9
) x| — —_— = —,

4 18)62 3141 18142
_ 0 0 B
s =x{— +x1xo— + 2xy — xqu)) — — (oouy +2x1us +2) —;

0x1 0x7 ouy duy

for m > 3 the Lie point symmetries generated by
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= aX1’ =2 8XQ’

9 9 “ 9
By = 2% + X — e
3 x18x1+ 23x2 ;au Oy

9 - 3
By=xim— tm——+ Y (@ —m— Dig_1—,
4 xlax2+ ou +a=2(0[ " u l8140,
= —xzi+xx—+(mx —XUy) —
=T laxl 128)62 2 1 3141

0
— ((m — D(xouy +m) +2xu2) —
8142

— Y (@xiutg + (m —a + 1) (g1 — (m — & + 2ty 2))

a=3

gy

Whatever the number m of coupled equations is, we have always a five-dimensional
Lie algebra (time and space translation, scaling, Galilean and projective transfor-
mation, respectively); these Lie algebras, although realized in terms of vector fields
on manifolds with different dimensionality, share the same structure constants and
so they are all isomorphic.

10.6 Substitution Principles in Ideal Gas Dynamics

In this Section, it is shown that some classical results in ideal gas dynamics, known
as substitution principles [40, 57, 65], can be viewed as conditional symmetries.
Consider the equations governing flows of an isentropic ideal gas

3

a—f + V- (pv) =0, (10.222)
ov

P (E r v V)V) +Vp=o, (10.22b)

as

VeV =0, (10.22¢)

where p(t, X) represents the mass density, v = (v (¢, X), v (¢, X), v3(¢, X)) the veloc-
ity vector, p(z, x) the pressure, and s(z, x) (a function of) the entropy. The sys-
tem (10.22) must be supplemented by an equation of state that it is assumed in
separable form:

p = P(p)s, (10.23)
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P(p) being a suitable constitutive function. Equation of state (10.23) corresponds to
that of a Prim gas [57], which reduces to that of a perfect gas when P(p) = p'/7, y
being the adiabatic exponent. Using (10.23), Egs. (10.22) can be written as

3
P'(p) <3—’; +V~Vp> +P(p)V-v=0. (10.242)
av
P(p)s <E (v V)v) +Vp =0, (10.24b)
9
a—j +v.Vs=0. (10.24¢)

Munk and Prim [40] (see also [57]) derived the remarkable result named substi-
tution principle and stated by the following theorem.

Theorem 10.3 ([40, 57]) The steady version of Eqs. (10.24) (i.e., no time depen-
dence) of an inviscid, thermally nonconducting gas is invariant with respect to the
transformation

PrX) =px), V(X)=—", $*(X) = mx)*s(x),
m(x

v(Xx)
(x)

where m(X) represents a smooth scalar function of the space variables such that
v-Vm =0,

i.e., m(X) is constant along each individual streamline.

This result has been extended in 1964 by Smith [66] to the class of unsteady flows
having steady pressure.

Theorem 10.4 ([66]) If
{px), v(t,x), s(t,%)}

represents a solution to Eqs. (10.24) having the pressure steady, then another solution
is
{pX), mX)V(mt + h(m),x), (m(x))">s(mt + h(m),x)},

provided that v - Vm = 0 for all t, where m(X) is a smooth scalar function of X, and
h(m) an arbitrary function of its argument.

Proof Introduce the variables

x* =x, t* = f(t,m(x)),
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where m(x) is a scalar function such that v- Vi = 0, and let
X=X, t=¢g (t*, m(x*))

be the inverse transformation. For any scalar smooth function G (¢, x), the partial
derivatives of G transform as follows:

G _ 0G af 3G 3G 3G of om
a3t dx;  dxr Arr Imdx;

(10.25)

If X = (X1, X3, X3) and ¢ are material variables, taking into account (10.25), we

have
B d_x . ox(t, X) _ ox (g (t*,m(x*)),X)%

— (10.26)
dt at or* ot
From
X" =x (g (t*, m(x*),X),
it follows 4 5 X e d
* t*, * , *
o XX @, mx))X) | 0g dX o, (10.27)
dt* ar* om dt*
From relations (10.26) and (10.27) one deduces
a 0
V=—f v*——gvv*~V*m ,
ot am
whence
v -V'm =0.
Thus, we get the following transformation for the velocity vector
. (af)“
vi=|—=— v,
ot
1 of #0
as long as — .
& at )
Using (10.25) and (10.26), and assuming a—l; = 0, Egs. (10.24) become
of (P
V*(P(p)v) + —fw -Vm = 0. (10.28a)
om  ot*
of o
P(p)s (a_{% F (v V*)v) +Vp =0, (10.28b)
af o
FOs Ly v =o. (10.28¢)

3t ar*
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If we introduce, in addition to v*, also the following new field variables:
pr(x") = p(x"),

9 2
P, x") = <a—{> p(g (1", m(x")).x"),

3£\ 2
s, X)) = (8_{> s(g (1%, m(x")).x"),

then Egs. (10.28) become

V*(P(p*)v*) = 0,
*f

* * BV* * * * * *
P(p™)s <8t* +W -V )V>+V p +P(p)sﬁ—0,
af [ ds* a2 f
7 *'V* * _2_ * :0’
ot <8t*+v S) TN

av
where we have taken into account that E - Vm = 0. Now, it is immediate to observe

2

.. 0 . .
that the condition o 0 ensures that the equations at hand do not change their
form when they are expressed in terms of the asterisked variables. Moreover, since
m(X) is an arbitrary function, and so can be substituted to an arbitrary function of
itself, it follows that

f &, mx) =mX)t +h (m(x)).

h (m(x)) being an arbitrary differentiable function of its argument. Finally, it is a
simple matter to show that also the equation of state remains invariant, i.e., p* =
P(p*)S(s™). U

We observe that the substitution principle for unsteady flows can be thought as a
combination of a generalized scaling group and a generalized time translation; we
use the term generalized to stress that the parameters entering the transformation are
not constant but depend on functions of the space variables. In such a framework, a
slight generalization of Theorem 10.4 can be found [44].

Let us supplement Egs. (10.22) with the following general equation of state

o= R(p,s), (10.29)

where R(p, s) is a physically admissible constitutive law. Then, assume that (10.22)
and (10.29) are left invariant by the family of finite transformations

t* =mX)t + h(m), x* =X,
V= (m(x))"v, p* = (mXx)*p, (10.30)
st = (m(x))°s, R*(p*.s*) = m(x)’R(p, s),
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where «, B8, 8, and 0 are suitable constants to be further determined, whereas m(x)
represents a scalar differentiable function of space variables and i (m) an arbitrary
function of m. From (10.30), it easily follows that the derivatives transform according

to the rules
0 1 0 t+n 0
VvV — \Y

*

2 2 = m—, (10.31)
o m(x) ot m(X) ot

where b’ = d—; in particular, it is V*m = Vm. Moreover, using dimensional anal-
m

ysis, R
R(p,s)=s""R(p s, (10.32)

provided that § 7~ 0. Notice that the constitutive equation (10.32) includes in partic-
ular that of a perfect gas when

I’?\(p . s_ﬂ/‘s) = (p . s_ﬂ/‘s)l/y .
By using (10.30)-(10.32) in the asterisked version of Egs. (10.22), we get

a(pv)

0
m0—l_p T motOV L (pv) + mato-l ((a +0)pv-Vm — TVm(t + h’)) =0,

at

0
mﬁp <ma—la_: +m2(x (V . V) V) +mﬂvp

+m?! <av(v -Vm) — 8—V(v - Vm)(t + h/))
ot

3
+mP! (ﬂme — a—];Vm(t + h’)) =0,

9 ad
5713—j +m* iy . Vs 4+ me ! ((Ssv -Vm — 8—[:Vm(t + h’)) =0.

Powers of m(x) are balanced if
a=—-1, =60-2, 6§ =2;

furthermore, invariance of Egs. (10.22) and (10.32) under (10.30) is ensured as long
as the following additional constraints are satisfied:

1. if =2:
Bp_

=0, v-Vm=0;
ot
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2. if0 £ 2:
(9—2)p+(t+h/(m))2—l;=0, V-Vm =0, h(m)=hom—1),

where h is an arbitrary constant.

The first case corresponds exactly to the substitution principle in the form stated by
Smith [65].
Thus, the following theorem can be stated [44].

Theorem 10.5 ([44]) If
{p(t,x), v(z,%x), s(t, X)}

represents a solution to Eqs. (10.22) and (10.32), then another solution i

{m) ™ pmt + h(m), %), mEVent + h(m), x), (M)~ s(nt + h(m), %)},

provided that
at  t+h(m)

’

where m(X) is a smooth scalar function of X, and h(m) an arbitrary function of its
argument if B = 0, or h(m) = hom — hg (with hy constant) if  # O.

Further, a mixed substitution principle relating steady solutions to unsteady ones
can be stated. Equations (10.22), supplemented by the constitutive relation p =

5
p'/7s, admit a projective group of transformations when y = = (see Example 6.4

in Chap.6). The corresponding invariant solutions yield a reduced system that is
formally the steady version of the governing equations. Combining this result with
the substitution principle for steady equations of gas dynamics, we can state the
following result [44].

Theorem 10.6 ([44]) If
{p(x), v(x), s(x)}

represents a solution set of the equations governing the steady flow of a perfect gas

whose adiabatic exponent is 3 and the scalar differentiable function m(X) is such
that v - Vm = 0, then

o (). Xt G)v () ((3) 5 ()

represents a new solution describing unsteady flows.
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As a final comment, we mention a recent paper [61] where a substitution principle
for the general relativistic system of gas dynamics has been considered.

10.6.1 Substitution Principle and Conditional Symmetries

The substitution principle in the form given in Theorem 10.4 [66] can be derived
using infinitesimal methods appending to Eqgs. (10.22), supplemented by (10.23),
and the constraints 5 5

L0, v-ym=0 ==o.

ot ot

0
In particular, assuming without loss of generality a—m = 0, we can eliminate from
X3
Eq. (10.22) the third component of the velocity, so obtaining

am (dvy  dvp dm dvg am dvp 3%m 3%m
PPl — | —+— )| 77— F+——)-|u + vy
dx3 \ 0x1 d9xp 0x1 0x3  0xp 0x3 0x10x3 0x20x3
om n am\ 3%m [ am\ ! 4 P() om om n om
nN—+n—||—|— — (v —+vry—
! axq 2 9x7 3x§ d9x3 P ax3 ! axq 2 axo

om am '\ dp
v v ) ) =,
0x1 dxo / 0x3

am [ dvy avg dvg om am '\ dvq om dp
Pp)s|\— | —+vi—+v—)—(vi—+ — |+ — =0
2

vy — —
ax| dxy ) 0x3 dx3 0xq

om (dv v v om am '\ ov om 0
7(72_,_1)172_’_1)272)_(1)174_1}27) 2>+ P 9
2 ax| daxo

P(p) 2 am\? 3Zm 28m dm  9%m n am\? 32m

s|v — ) —-2———— — —=

P 1 dax3 8x12 dx1 0x3 dx10x3 0x1 3x§
am [ om 3*m am *m am %*m am am 3% m
dxy dxp 9x2

ax3) " dxzoxy

+2v1vp (

E E dx10xo B E 0x20x3 B @ 0x10x3

L2 ((2m m _ om om 02m_(om\*o2m
2 d9x3 ax% dxp 0x3 0x20Xx3 E%) ax%
am\2 [ am ap om dop om dp om ap
0x3 dx1 dx1  0xp dxp  0x3 0x3

om ([ 0s N s " as om N om\ 0s 0
— | =t+vu—+vo— |- |(vi—+v— ) —=
axs \ar  oxy T P ox, Yax1 " ox, ) a3

for the unknowns p, vy, vy, and s, whereas m is considered an arbitrary function.

8733x3 -
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Using Lie infinitesimal criterion, the previous system admits the Lie symmetry
generated by the vector field

0 0
E=(mt+h — — — = — 4+ 2ms—,
(m (m)) a7 muv, a0, mv28v2 ms a5

where h(m) is an arbitrary function of m. From the infinitesimal transformation for
v; and vy,

V) = v —amv; + 0(@®), vy =y —amv, + O(a?),

and using the constraint v - Vm = 0, it is immediate to obtain the infinitesimal trans-
formation for vs, i.e.:
vy = v3 — amvy + 0(a?).

It is not difficult to recognize that, integrating the corresponding Lie equations,
we obtain the transformation of the substitution principle in the form stated by
Smith [66].

We can verify the above results by using the RELIE code

in "relie.red" $

jetorder:=1 §

xvar:={t,x1,x2,x3} $

uvar:={s,v1,v2,p} $

depend fun,p $. % P(p) in the formulae

depend m,x1,x2,x3 $

diffeqs := { - df (fun,p)*df (m,x1)*df (m,x3)*p_x3*v1l

- df (fun,p) *df (m,x2) *df (m,x3) *p_x3*v2

df (fun,p)*df (m,x3) "2*p_t + df (fun,p)*df (m,x3) "2*p_x1*vl
df (fun,p) *df (m,x3) "2*p_x2*v2 - df (m,x1,x3)*df (m,x3) *fun*vi
df (m,x1) *df (m, x3,2) *fun*xvl - df (m,x1)*df (m,x3)*fun*vi_x3
df (m,x2,x3)*df (m,x3) *fun*v2 + df (m,x2)*df (m,x3,2)*fun*v2
- df (m,x2)*df (m,x3) *fun*xv2_x3 + df (m,x3) "2*fun*vi_x1

+ df (m,x3) "2*xfun*xv2_x2,

+ o+ o+

- df (m,x1) *fun*s*vikvl_x3 - df (m,x2)*fun*s*vi_x3*v2
+ df (m,x3)*fun*s*xvi*xvi_x1 + df (m,x3)*fun*s*vl_t

+ df (m,x3) *fun*s*vl_x2*v2 + df (m,x3)*p_x1,

- df (m,x1)*fun*s*xvi*v2_x3 - df (m,x2)*fun*s*v2*v2_x3
+ df (m,x3) *fun*s*vi*xv2_x1 + df (m,x3)*fun*xs*v2*xv2_x2
+ df (m,x3)*fun*s*v2_t + df (m,x3)*p_x2,

- 2xdf (m,x1,x2) *df (m,x3) "2*fun*s*xvi*v2
+ 2*df (m,x1,x3)*df (m,x1) *df (m,x3) *fun*s*xv1~2
+ 2%df (m,x1,x3)*df (m,x2) *df (m,x3) *fun*s*xvi*v2
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- df (m,x1,2)*df (m,x3) "2*xfun*s*vl~2

df (m,x1) "2*df (m,x3,2) *fun*s*vi~2

df (m,x1) "2*df (m,x3) *fun*s*vi*vl_x3

2*df (m,x1) *df (m, x2,x3) *df (m,x3) *funxs*vi*v2
2%df (m,x1) *df (m,x2) *df (m, x3,2) *fun*s*vi*v2
df (m,x1)*df (m,x2) *df (m,x3) *fun*s*xvi*v2_x3

+ df (m,x1)*df (m,x2)*df (m,x3) *fun*s*xvl_x3*v2

- df (m,x1)*df (m,x3) "2*fun*s*vixvl_x1

- df (m,x1)*df (m,x3) "2*fun*s*vi_t

- df (m,x1)*df (m,x3) " 2*fun*s*vi_x2*v2

+ 2xdf (m,x2,x3)*df (m,x2) *df (m,x3) *fun*s*v2~2
- df (m,x2,2)*df (m,x3) "2*xfun*s*v2~2

- df (m,x2) "2*df (m,x3,2) *fun*s*v2"2

+ df (m,x2) "2*df (m,x3) *fun*s*v2*v2_x3

- df (m,x2)*df (m,x3) " 2*fun*s*vixv2_x1

- df (m,x2)*df (m,x3) " 2*fun*s*v2*xv2_x2

- df (m,x2)*df (m,x3) "2xfun*s*v2_t + df (m,x3) "3*p_x3,

o+ 4+

+

- df (m,x1)*s_x3*vl - df (m,x2)*s_x3*v2 + df (m,x3)*s_t
+ df (m,x3)*s_x1*vl + df (m,x3)*s_x2%v2,

p_t}$
leadders:={p_x3,vi_t,v2_t,v2_x3,s_t,p_t} $

relie(3) $

% Infinitesimal generators
depend h,x1,x2,x3 $
Xi_t:=m*t+h $

xi_x1:=0 $

xi_x2:=-0 $

xi_x3:=0 $

eta_p:=0 $

eta_vl:=-mxvl $§
eta_v2:=-m*v2 $

eta_s:=2xm*s $

df (h,x1) :=df (h,m)*df (m,x1) $
df (h,x2) :=df (h,m)*df (m,x2) $
df (h,x3) :=df (h,m) *df (m,x3) $
deteqgs:=delzero(detegs) $
;end;

and all determining equations are satisfied.
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10.7 Substitution Principles in Ideal Magneto Gas
Dynamics

Substitution principles for the equations of ideal magneto gas dynamics have been
established by Smith [65] in the steady case, and by Power and Rogers [56] in the
unsteady one.

The equations governing the three-dimensional flow of an inviscid, thermally
nonconducting fluid of infinite electrical conductivity in the presence of a magnetic
field and subject to no extraneous force are

3
a—f £V (pv) =0, (10.332)
3

p(a—:—}—(v-V)V)—i-Vp—l—,uHx(VxH):O, (10.33b)
V.H=0, (10.33¢)
oH

== Vx (v xH) =0, (10.33d)
3

8—‘; fV.Vs=0, (10.33¢)

where p(t, x) is the mass density, p(t, x) is the pressure, s(f, X) (a function of) is
the entropy, v(¢, x) is the velocity, and H(¢, x) is the magnetic field; moreover, u
is the constant magnetic permeability. The system (10.33) is supplemented by the
separable equation of state (10.23).

The theorem proved by Smith [65] and Power and Rogers [56] is stated below.

Theorem 10.7 ([65]) If
{px), v(x), s(x), HX)}

is a solution set of steady Egs. (10.33) (i.e., the field variables are independent of t),
then another solution is given by the substituted flow

{Px), mE)V(Ex), (m(x)?sx), H®)},

where m(X) is a steady scalar function which is constant along each individual gas
streamline and along each individual magnetic line, that is,

vV-Vm=H-Vm =0. (10.34)

Theorem 10.8 ([56]) If

{p(,x), v(t,x), s(,x), H(t,x)}
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constitutes a solution set of the basic equations of unsteady magneto gas dynamics
when the total magnetic pressure

n
—H-H
P+2

is steady, then

{p(mt + h(m),x), mX)v(mt + h(m),x),
(m(x)) "2 s(mt 4+ h(m),x), H(mt + h(m), X)}

also comprises a solution set, provided m(X) is a steady differentiable scalar function
such that (10.34) hold for all t, and h(m) is an arbitrary function of the indicated
argument.

Interpreting the transformation of the substituted flow as in previous section, and
using the same arguments of the proof of Theorem 10.5 we can state the following
result [45].

Theorem 10.9 ([45)) If

{p(,x), v(t,x), s(t,x), H(z, x)}

represents a solution of the equations of unsteady magneto gas dynamics with the
equation of state of the form:

p=s""R(p-s),
then another solution is

{m*~? p(mt + h(m), x), m(x)v(mt + h(m), x),
m~(x)s(mt + h(m), x), m" "> H(mt + h(m), %)},

provided that

) L (o ) <o

va:O, H~V}‘ﬂ,:07

for all t, where m(X) is a steady differentiable scalar function of x and h(m) is an
arbitrary function of the indicated argument if 6 = 2 (whereupon p + EH - H must
be steady), or h(m) = hom — hy, with hy constant, if 0 %= 2.

The substitution principle for steady incompressible magneto gas dynamics [65]
is a special subcase of the family of transformations found by Bogoyavlenskij [9]
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for the magnetohydrodynamics equilibrium equations in the case where the subsonic
dynamics of plasma is considered (in such a case the condition V - v = 0 is satisfied
with high accuracy, and this implies, by using the continuity equation, that the plasma
density p is constant along the streamlines). The main result proved in [9] is stated
as follows.

Theorem 10.10 ([9]) Let p(x), v(x), p(x), H(X) be an arbitrary solution of ideal
magneto gas dynamics for which V - v = 0. A new solution is given by

p1(x) = a>(X)p(x),
)[R b(x)
vi(x) = @ EH(X) + EV(X),

m®=qu§wW®—m®x

H,(x) = b(x)H(X) + c(x), | %V(X),

where a(X), b(X), c(X), and p(x) > 0are arbitrary smooth functions that are constant
along the magnetic field lines and on the plasma streamlines. Moreover, the functions
b(x) and c(x) satisfy the condition

bz(x) — cz(x) = C = const.

It is easy to recognize that the substitution principle as stated in Theorem 10.7,
also true in the case of nonsolenoidal velocity fields, is recovered by choosing
a(x) = m(x), b(x) = 1, and c(x) = 0. Moreover, Cheviakov [16] proved that these
Bogoyavlenskij symmetries can be derived within the context of Lie group analysis.

10.7.1 A Mixed Substitution Principle for Plane Flows
Subjected to a Transverse Magnetic Field

The case of magneto gas dynamics in two space dimensions subjected to a transverse
magnetic field, when the adiabatic exponent is y = 2, is particularly interesting.
The governing equations are obtained from (10.33) assuming the velocity vector as
v = (vy, v2, 0); the magnetic field H = (0, 0, /); and all field variables depending
upon £, x1, and x;.
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ap ap ap dvy  dvy
— — — 4+ 2p|—+—] =0, 10.35
a0 TV TV, T p(&xl + 8x2> (10.352)
Bvl Bvl 81)] Bp oh
2 — — — )+ ——=4+h—=0 10.35b
P S(az+ ]81+v28x2>+8x1+ o -0 )
Jv ov ov 0 oh
12, (291 3 e} o h— —0 10.35
P s(at +v18x1+U28xz>+8x1+ o, , (10.35¢)
oh a(h a(h
oh (90 8wy _ (10.35d)
ot 0x1 0x7
as as as
— — — =0. 10.35
ot tu Bxl T 8)(2 ( e)
System (10.35) admits the symmetry generated by the vector field
S P L RN BTN R
E=t o +X1[8x1 +X2tax2 + (x vll)av1 + (x2 vzt)av2 4pt + o thah’

and the corresponding invariant solutions are

4~ 2 —~
p=t"plo,w), h=t"h(w,w), s=75w],w),
v =+t (w1, @), v =+t (), ),

X ~ S~ —~ .
where w, = Tk (k =1, 2), and p, h, s, v, and v; satisfy the reduced system

e~ D D) ap  ~0h
p'Ss|ivi—+vm—|+—+h— =0, (10.36b)
1 30)2 30)1 8w1
av: 7: ap  ~0oh
7% (%, ova Azﬁ + op +uh— =0, (10.36¢)
w1 dw, dw, dwn
d(hvy)  d(hD:
(hvy)  9(hvy) —0. (10.36d)
dwq dwy
s s
= 452 . (10.36¢)
3w1 30)2

We observe that system (10.36), identifying w; with x; and w, with x,, has the
same form as the steady version of system (10.35). This implies that a steady solution
allows us to generate an unsteady solution. Using the substitution principle for steady
magneto gas dynamics, we can state the following mixed substitution principle [45].

Theorem 10.11 If

{p(x1, x2), vi(x1, X2), v2(x1, X2), S(x1, X2), A(x1, X2)}



344 10 Conditional Symmetries and Equivalence Transformations

constitutes a solution set of the steady equations of plane magneto gas dynamics
with a magnetic field transverse to the plane of motion and the adiabatic exponent
y =2, and m(xy, x3) is a scalar function such that

om . om 0
v— +v,— =0,
13 1 23)(2
then
t, t _ t, t
1= ey /1 %)), X, e/t x/ ) 2y 12/t xa/ )
t m(xi/t,xx/t) t m(xi/t, x2/t)

m?s(x1/t, x2/1), t‘zh(xl/t,xz/t)]

gives a solution set to the unsteady equations.

10.7.2  Substitution Principle and Conditional Symmetries

Hereafter, we append to Eqgs. (10.33) the conditions that the velocity vector v(z, X)
and the magnetic field H(z, x) result for all ¢ tangent to the surface m(x) = constant,
and the condition ensuring the steadiness of the total magnetic pressure. As in the
case of ideal gas dynamics [44], we explicit the above constraints, eliminating the
third components of velocity and magnetic field from Eqgs. (10.33) with the con-
stitutive relation p = p!/?s. These constraints are “side conditions” [50, 51] that
restrict the set of solutions: as a consequence, a different (usually larger) group of
transformations leaving these solutions invariant may arise. This will be shown in
the sequel.

Without loss of generality, let us assume g_m # 0; thus, we may solve the con-

X3
straints (10.34) with respect to v3 and Hj:

am n om H am H om
Vil — TV — 17 27—
3 3 3 3
v = — XIam 2 = —%. (10.37)
8x3 8x3

By using (10.37) into (10.33), the third component of (10.33d) is identically
satisfied; therefore, we get a system of eight scalar partial differential equations
involving the unknowns p(z, X), v (t, X), v2(¢, X), H (¢, x), H(t,x), and s(¢, X),
whereas m is an arbitrary function of space variables (we do not write the expression
of the transformed system that, despite its straightforward derivation, is quite long).
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Using Lie infinitesimal criterion, this system admits the symmetry generated by
the vector field

0 0
E=(mt+h — — — = — 4+ 2ms—,
(m (m)) a7 muv, a0, mv28v2 ms a5

where h(m) is an arbitrary function of m.
From the infinitesimal transformation for vy, vo, H;, and H>,

vi = v —amv + 0@@*), vy=vy—amv+0@’), H =H, H,=H,

and using the constraints v- Vm = 0 and H- Vm = 0, it is immediate to obtain the
infinitesimal transformation for v; and Hj, i.e.:

vy = v3 — amvy + 0(a?), H; = H;.

It is not difficult to recognize that, integrating the corresponding Lie equations, we
obtain the transformation of the substitution principle in the form stated in [56].

10.8 Equivalence Transformations

There are situations where the differential equations at hand contain unspecified
functions (arbitrary elements); in such cases, it is convenient to consider a class
&E(p) of differential equations involving some arbitrary continuously differentiable
functions p; (j = 1, ..., £). The infinitesimal arguments used to study the invariance
of a differential equation, suitably adapted, can be used to study the invariance of a
class of differential equations containing arbitrary elements [53].

Let us consider a class of differential equations

A(xuu® o u”p p?, .. pY) =0, (10.38)

whose elements are given once we fix the functions p;, where p(k), k=1,...,s,
denotes the set of all derivatives of order k of the p’s with respect to their argu-
ments; these arguments may be the independent variables, the dependent ones and
the derivatives of the latter with respect to the former up to a fixed order g: let us
denote the arguments of the arbitrary elements p as z = (zy, ..., Zn).

The study of the invariance of (10.38) can be done by performing what is called a
group classification problem, consisting in determining the symmetries for arbitrary
functions p, and also the existence of additional symmetries for special forms of the
elements p (for instance, see [6, 7, 24, 29, 31]).

Another approach consists in using equivalence transformations, i.e., transforma-
tions that preserve the differential structure of the equations in the system but may
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change the form of the constitutive functions and/or parameters therein involved
[30, 31, 37, 53, 54, 67, 68].

A one-parameter Lie group of equivalence transformations [53] of a family E(p)
of partial differential equations is a one-parameter Lie group of transformations given
by

X=Xx,up;a), U=Uxnup;a), P=Pkxup;a),

a being the parameter, which is locally a C* diffeomorphism mapping a class E(p)
of differential equations into itself.

A common assumption consists in considering transformations of the independent
and dependent variables independent of the arbitrary elements p. This allows for the
projection of the transformation in the space of independent and dependent variables,
and will be the framework we will consider in the following.

In an augmented space A= X x U x P C R" x R™ x Rf [37, 53], where the
independent variables, the dependent variables, and the arbitrary functions live,
respectively, the generator of the equivalence transformation,

n m 4
d 0 d
&= E i\X, + E o (X, + E (X, U, s
i=1 seew 9x; a=1 e dug j=1 it p) apj

involves also the infinitesimals w ; (X, u, p) accounting for the arbitrary functions p;.
The search for continuous equivalence transformations can be exploited by using
the Lie infinitesimal criterion, as proposed by Ovsiannikov [53]. Of course, we need
prolongations.

The first prolongation of E is

n

m 14 N
+Zzn[a,]a o +ZZM[H€]3P

a=1 i=1 j=1 =1

(1]

= (
o =

with

n N
Mwi) = Di(a) = Y tajDiED. i = D) — Y piyDp(&y),
j=1 y=l1

op:
where p;, = a—p’ and ¢, is the infinitesimal generator of z,,, along with the standard
b4

Y
total derivatives 9; already defined, and

) < 9
Dg=—+ Pk p——
p 0z ; ﬁapk



10.8 Equivalence Transformations 347

Higher order prolongations are immediately obtained by recursion,

m n n n a
eV =% D43 NN Y i

a=1ij=1ir=i, i=ir_1 o1l

where

N
i i) = D (ij g ) = D Py Do (8)-
y=I1

In the augmented space A, the arbitrary functions determining the class of differential
equations are assumed as dependent variables, and we require the invariance of the
class in this augmented space via Lie infinitesimal criterion [53]:

E(max(r,s)) (A)|A:0 =0.

If we project the symmetries on the space Z = X x U of the independent and
dependent variables (this is always possible if the infinitesimals of independent and
dependent variables are assumed to be independent of p), we obtain a transforma-
tion changing an element of the class of differential equations to another element
in the same class (same differential structure but in general different arbitrary ele-
ments) [27, 47, 48]. Such projected transformations map solutions of a system in
the class to solutions of a transformed system in the same class.

If some arbitrary elements do not depend upon some variables, the differential
equations at hand have to be supplemented with auxiliary conditions. For instance,
the auxiliary conditions for the equivalence transformations of the class of differential

equations [31]
0u u\ 9%u ou 0
. Xs — ) 7> — X, — =Y,
a2 ax ) ax2 ~ S\"ax

where f and g are unspecified functions of their arguments, are

of _of __of _0s 98 98
ot du  9(du/dr) 9t  du  9(du/dr)

More generally, nothing prevents to consider equivalence transformations where
the arbitrary elements enter the transformation of independent and dependent vari-
ables [39]; in such a case, the total derivative D; in the expression of prolongation
reads
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R [ Op | - dpdzp | D
kL x 02
D = — -+ E Ug,i + E E — | —.
0x; = Bua pa 8x, Pt dzg 0x; | Opx

In the next section we give some applications.

10.9 Equivalence Transformations of Balance Laws
in (2 + 1) Dimensions

Consider the class &(p) with p = (p1, p2, P3, P4, Ps, Ps) of systems [48]

3141 auz 8u;

et Tt Tt A
ot + 0x1 + 0x7
b gy
ot 0x1 0Xx>
dus  9dp3  Op4
—+ =4

ot 0x1 dx7

(10.39a)

(10.39b)

(10.39¢)

where #, x|, and x, are the independent variables; u;, u,, and u3 are the dependent
variables, whereas p; = p;(t, x1, xp, uy, uy,u3) (i =1,...,6) stand for arbitrary

continuously differentiable functions of the indicated arguments.

By imposing the invariance condition to the class &(p) in the augmented space
A =R x R? x R®, we determine nine symmetry operators of equivalence

) m ) M
O I AL B € AL VAL W
! ax;  Ox; oy ot 9x> du,  Ox; " Ous
) m PYa0)
+ (2 f us + f p1+ / (p2+ p3)
8)6 8 D1
3f(1) af(l) 9 9 3f(1) 9
+ +— - —
< 8x2 p4) (8172 3p3> 8x2 ps 3p4
(1) 32f(1) 32f(1) 32f(1)
2
< Mt A 2 g, T e
92 £ 2 £(1) (1) (1)
°f ad f af B of 0
ox101s (p2+ p3) + 92 ———5ps+ 8x2 ops  om 125 .
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ge— r@ % _ i Uy +
2=/ dxy,  oxa 0w, oxy oum ar ' o

9f @ 9 9f @ 9r® 9 P
- Y P1—+<f u + / P1)<—+—)

8143

9 of® 8 @ 9 +(af<2> af<2>u2) 9

0X) ap1 ot dx1 apa aps
af(Z) 3f(2) af(Z) 3f(2) P
+(2 u3+—(p2+p3)+ P4— ps ) —
ot 0x7 8p4
3f(2) P 32f(2) 32f(2) 32f(2) 32f(2)
— — 2 2
o Paps T\ a2 T ai0m T Taram T o M
2FO 2 f® af® 9
+ + + + —,
x19ns (p2+ p3) 932 D4 o Ps) o
0 0
5= f0a— [ (Mz— " u3—)
ou ous
0 0 0 0
—2f'(t) 1—+p2 + p3— 4+ pa—
a1 p2 ap3 op4
" ’ 8 " /
— (f"(us +2g (t)ps) P (f"(@0)us +2f'(t) pe) P
5
0 0 fy 9 af>
me _ p(3) % (4) & _7
gy = + + + — —,
s= It f dus = ot dps Ot Ops
3
2= i, + Z pig~
i=1 i=1 8p’
(6) )
Bf = f<6>i of - CHES f<7>i _af i
8p1 3)(1 8p5 8p2 3)(2 8p5
(¢S] (&)
=e f(&i + of —_ E — f(9) 9 af -
8p3 3)(1 3]95 p4 3)(2 3]96
where f@ (i =1, ...9) are arbitrary functions of the independent variables ¢, x|, x»

with @, f@ and f© subjected to the constraint

3) “ 5)
af +8f +8f( —o0.
ot dx 9x7
and f(¢) is an arbitrary function of its argument (see the results provided by RELIE
in Example 12.14).
By projecting the admitted equivalence generators on the space Z = R? x R3,
and computing from Lie equations the finite corresponding transformations, say

T =T, x1,x, ur,uz, uz;a), Xy = X(t, x1, x2, uy, us, us; a),
Xo = Xo(t, x1, X2, ur, uz, uz; a), Uy =U(t, x1,x2, u1,uz,u3;a),  (10.40)
Uy, = Us(t, x1, X2, Uy, uz, uz; a), Uz = Us(t, x1, X2, Uy, us, u3; a,
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the original system (10.39) is mapped to a different system with the same differential
structure: in particular, we are interested to the case where the target system is an
autonomous system of conservation laws:

20U, U | U5
aT | 0X, ' 9X,
U, 0P, 3P,
9% L9 L 92 10.41
oT Tax, T ax, (1041)
Uy 9Py 3P,

oT + X + 0X>

where P; = P;(U;, U,, U;). To simplify the computation, we exchange the source
and target system; in fact, taking the inverse transformation of (10.40) (which is
obtained by exchanging lower and capital letters and replacing a with —a), and
starting from the autonomous system (10.41) of conservation laws, we are able to
obtain the equivalent nonautonomous system of balance laws.

After projecting on Z the generators, there remain

)] 1) (1) (1)
S I VL I (af W MV N a0 o
0x1 0x1 ouy ot 0x> duy dxy ous
2 2 2 2
SR I R LU i W
8x2 3)(2 8u1 8x2 Bxl 8u3
- 0 d
OF f(t)——f(t) 2—+ 38— ;
us
By = f(%)a f(4) f(5)
uj 3

Now, since we start from an autonomous system of conservation laws to arrive
to a nonautonomous system of balance laws, let us write the operators in terms of
the capital letters; then, we build the finite transformations corresponding to the
operators projected on Z. The most general finite transformation can be recovered
by the composition of the finite transformations induced by each generator.

10.9.1 Equivalence Transformations Generated by E1

By considering the operator &,

B =f—— — + LU
! faxl ax, ‘au, " \ar ' ax,

AU, 89X, oU,

’

3 Bfui+(8f af )a o . 0



10.9 Equivalence Transformations of Balance Laws in (2 4+ 1) Dimensions 351

where we set f(T, X1, Xo) = fI(T, X;, X»), we get the following finite transfor-
mation:

t=T, x1=x(T,X1,Xz20a), x =X,

f(T, X1, X5) f(T, Xy, X5)
=U——- w=U—"F——,
f(T, x1, Xo) [T, x1, X2)
f(T, X, X5) 0x1 0x1
— U+ L2022 (P g 2L
=TT x Ul TP,

x1(T, Xy, X»; a) being such that x, (T, X, X,; 0) = X, and

a.X] 1 af(T’x17X2)
= f(T, X1,X2)/ T X o7 da,

8)?1 _ ST x1, X))
X, f(T,X1, X))’

A% a 1 of (T, x1, X2)
__f(Tv-xhXZ)/O f(T da

X, LX) X ’
whereupon
U X1 U X1 ax; U X
=u—, =Uy —Uj— — Uz —, =uz——.
P X, 2T T T Pox, T,

Thus, system (10.41) is equivalent to system (10.39) with

S Y A S ) LY
X, X X, aT aT
ax1 [ 90Xy 1 X1
P2 —P2+P487 <8X1) t a7
A% [ ax ! ax
p3=P3+ P 49X, (BX]) +t s

_p 3)61 -1
P4 =y X ,

(5 32)61 4P 32)E1 5 p 82)21 4P 82)21 x| -1
Ps =\ \ B3y, T Pgrax, | 00 | B3 ox? " taxpaxs ) ) \axy) "
(s 32)61 P 82551 5 p 32)51 4P X1 X1 -1

_ LT
v\ P3gxax, T 2X2 U\ axr T M axex, 9X, 3

32)?1 0X1 -1
— - u3
aToX1 \dXy
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9 p 32f1 4P 32)?1 5 p 82321 P 32f1 n Bzfl
= - u
Po =\ \ N yrax, T2 aT0x, U\ Maxz T axpaxy ) T arz )Y

oy, [P G +P 8\ o (g 20 +P 075 + 5
- u
CA\Maxiaxy T Pxz ) T\ Tax2 T exgax, ) T aTaxy )

L0
PSoxy
9%, 0% 9%, 9%,
here P, = P, — Ui —— Uy — U — —uzs—— | k=1,...,4.
W k "(”‘ax1 Box, T M ”33)(2)

10.9.2 Egquivalence Transformations Generated by E

By taking the operator E,,

I —— —— _U +_U 9
1 2 + 1 2 a0

S 3 A 0 af o af f 3
2T %x,  ax, 'aUu, X, ‘oU, ' \aT 3X,

whereweset (T, X1, X2) = fO(T, X1, X»), we get from Lie equations the general
finite transformation

t=T, xi=X1, xx=5x, X, Xa),

ST, X1, X5) (T, Xy, X2)
wm=U————, m=U—7,
f(T7X17x2) f(T7X19x2)
(T, X1, X2) 9% 9%
=U U —= — ),
BEOT T X e UK,

where X, (T, X1, X5; a) is such that X, (T, X, X»; 0) = X», and

0x 4 1 of (T, X4,

% _ g, X],xz)/ ST X1 x)
oT o f(T,X1,x2) oT

ox 4 1 af (T, X4,

% _ g Xl,xz)/ ST X020 4,
X, o f(T,X1,x) X

9% f(T, X1, x)

X,  f(T, X1, X2)

Therefore, we may write

U =u—, =Uy——, Us=u; —u1— — up——,
1 18X2 2 28X2 3 3 157 28X1
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whence the system (10.41) is mapped to (10.39) with p; (¢, x1, X2, u1, ua, u3), i =
1,...,6, given by

95>\~
p(=2) .
Xy

- ~ N =1 -
ax 0x 0x
pr =P+ P2 (72) + 2.

P1

Yax, \ox, aT

- - o\ =1 -

dxy [ 9xp Bo)
— Py P2 (22 22 0,
ps =+ Py (3X2> toart?

a%) A% W \2 05\ [9:)\? 3%
PAs2 L (Py+ P2 4 p 22) (22 42225,
“Yax, T (P2 P ‘(axl 9X, or ) T3
323, 323, 323, 323, dxp -1
= oy (P P —oy [P P 22w,
bs <U3< Varax, T ar0x, v\ Maxax, © ox? (ax2> !
82)?2 82)?2 32)22 32)22 0Xo -1
. [ P P oy, [P P 2
" < U3< Vaxz T axiaxy ) T\ Maxpax, T2 ax <3Xz> "
82)?2 0xp -1
_ LT N
0TaXy \0X» )
3222 3222 8256'2 8256'2 3222
=(ay. (P P —ay, [P +P +
Po <U’< Sarax; T arax, ) T U\ Paxax, Yoxz )T arz )

823y 823y 323, 323, 823y
a. | P P —oy [ P P + "
+ ( Us ( 3ax% XX, v\ Baxax, T YoxZ ) T aTax, 2

pa

ox 0x 0x 0x
WherePk =Pk I/tlﬁ,l/lzﬁ,l/l_g—ulﬁ—I/tzﬁ ,k: 1,4
00X, "0X»

10.9.3 Egquivalence Transformations Generated by =3

By considering the operator Es,

_fa I (0
T et \Tau, T hns )

69}

we get from Lie equations the finite transformation

x1 = X4, X2 = X, t =1(T;a),

T T
uy = U, M2=U2f( ), M3=U3%,
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- ar  f@ .
with #(T; 0) = T, and — = ——, whereupon we obtain
ar  f(T)
U U ot U af
= Uu . = U —, = U —,
1 1 2 28T 3 38T

and system (10.41) is equivalent to (10.39) with

AN af\ ° ST
p1 =P 3T , =P 3T , p3=P 3T ,
b ai\ * 3% [ 9F\ ° 3% [ af\ "’
= e , = —Unr—— _— , = —Urxy——— —_— N
Pe=5\ 57 ps 2972\ o1 ps 912 \aT

h P, =P uy,u —t —t k=1
where 2 u . ,...,4.

10.9.4 Equivalence Transformations Generated by Z 4

By considering the operator Ey4,

a a

3
_» % e % e 2
i= 8U1+f 8U2+f AU,

o]

where the functions @, f@ and f© are subjected to the constraint

Gr® 9@ e
f Jrf Jrf _

Os
ot 0x] 0x2

the finite transformation is

t=T, x1=X;, x=Xp,
Up = ug —af (T, X1, X2),  k=1,2,3,

and system (10.41) is equivalent to system (10.39) with

P1=P1, P2=P2, P3=P3, p4=P4,

P of ©) 3f(3) P of 4 af 4
Y .y P 2 (p P
ps a(aU1<laler 28X2>+8U2<18X1+ 28X2>

P af(S) 3f(5) 3f(4)
— | P P s
+ <]8X1+28X2 T
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9 3f(3) 3f(3) 9 af(4) 3f(4)
—a 2 (P +P +—(p +P
bs a(aUl < DX, 48X2) 8U2< DX, 4axz)

9 f® afe afe
aUs ( Tax, T Yax, aT

where P, = Po(uy —af®,us —af®, uz —af®), k=1,...,4.

10.9.5 Egquivalence Transformations Generated by =5

Using Es, the situation is very simple: the finite transformation consists of a uniform
scaling of the dependent variables,

t=T, x1=Xi, x2=2Xo,
U, =exp(a)u;, U, =exp(a)u,, Us =exp(a)us.

Therefore, if the source system is autonomous, so is the target one; the target system
coincides with the source system if the coefficients p;, p», ps3, and ps are homoge-
neous functions of degree zero.

10.10 Applications

The results of previous section can be applied to physically relevant systems of
differential equations. This goal is achieved by constructing the finite transformations
corresponding to linear combinations of the infinitesimal generators &, E,, and Ej
where some assumptions on the functional dependence of the involved arbitrary
functions are made.

10.10.1 First Case

As a first case let us consider the operator B, + B, + E3, where 1, f©@ are
assumed to be arbitrary functions depending only on 7. The integration of Lie equa-
tions yields the following finite transformation:

_ 5T om0y i _ f@

(=T, with (0 =T, Gn=
e

x1=)?1(T7X1§a)=X1+/T ff(t()t)dt,
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)
Xy =X (T, Xp;a) = Xo + . ff(t()t)dt,
. _f U yn
uy=U;, uy= 70 U2+f(t)(f ) — f(T)),
f() U,
— U —(fDiy = £ DTy,
u3 70 3+f(t)(f (r) = f(T)

Because of the relations

oT f(I) ’ T F(T) ’

we may write

Up = —uy — ,
2= T o
U df 9%,
a
PTar T ar !

As a consequence, system (10.41) is transformed to (10.39), where
3%\ 9% df AN
P (‘ <3T) mtssrar ) \ar)
p,_ OT10% 0% di N di\’ AN
- ——Uu ——u — — ,
2T or o T ar ar™ T \ar) ) \ar
p OT10% 0% di N di\’ di\"*
= - ——u — —u — — ,
ps STt ot T ot ar™ T \ar) ) \ar
3%\ 2 3%, di AN
b4 (4 <3T> it aTdT”3><dT) ’
325 2\ (di\"°
U—— —tr—— | | —= ,
Yorz T Par? ) \ar
325, 2N\ (di\"°
=\u— —u3— || —= ,
pe Yarr T arz ) \ar
di ox,  df 8i2>,k

ith P, = P, — —U|—, U3 — — U] —
with £y k<ul’u2dT ”‘aT u3dT ”‘aT
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Example 10.1 (2D Euler equations) System (10.41), with the assignments

Uy =p, U = puy, Us = puos,

U; U>Us U3
P = —+ U 5 P, = P; = s P = — + U ,
=7, pUy) 3 3 U, =7, pUy)

where p is the mass density, (¢, ) is the components of velocity, and p(p) is the
pressure, represents the two-dimensional Euler model of a perfect barotropic gas. By
considering the finite transformation generated by the previous equivalence group,
this system is mapped to a nonautonomous and nonhomogeneous system of the form
(10.39) with

u3 o) i\~ Uz u? o) di\~’
= u J— s = = s = — u — N
P1 i plug aT P2=p3 0 P4 0 pluy AT

N AYL A RN AY. A
Ps=\"%r2 g )\ar) - P \"arz " "arz)\ar) -

. df ) : ) .
The choice 7T =1 (i.e., assuming the function f to be a constant that, without

loss of generality, can be set equal to 1) produces t = T + a. So, pr(uy, uz, u3) =
P (U, Uy, Us), k=1, ...,4, and the Euler equations are mapped to

al/l] auz 8u3

- - =(),
dat + 0xy + 0x7
8u2 0 M% d urus 8251
u 2 =y —L 10.42
o o (u1 +pa) )+ 5 - (50 ) =g (10.42)

31,{3 0 Uurus d u% 82)22
oyl + (24 —u 22,
ar | ox < ” ) oxs <u1 pan) | =iy

i.e., the Euler equations involving source terms (linear in the mass density) in the
. . . 07K

momentum equations. If x, denotes the vertical coordinate, taking Vel =0 and

3%, . e . .

i g, where g is the gravitational acceleration, Eq. (10.42) gives the unsteady

2D Euler equations of a barotropic fluid in a vertical plane and subject to the

gravity.
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10.10.2 Second Case

Now, let us consider again the operator E; 4+ &, + E; with
P =mMXi+mMXy, [P = —n(T)X) +ni(T)Xs,

where n(T) and n,(T) are arbitrary functions of 7.
Integration of Lie equations yields

i _ f
dr — f(T)’
x1 = x((T, X1, X2; a) == exp(m(T; a))(X1 cos(mz(T; a)) + Xz sin(ma(T'; a)),

t =1(T;a), with {(T;0)=T,

xp = Xo(T, X1, Xo5 a) = exp(m(T; a)) (=X sin(my(T; a)) + X, cos(my(T'; a)),
uy = exp(—2m(T; a))Uy,

_ exp(=mi(T5 @)
f@®
+ (X171(T; a) + Xono (T a)) cos(mo(T; a)) Uy

U (f(T) (Uycos(my(T; a)) + Us sin(my(T; a)))

+ (Xon(T; a) — X1712(T'; @) sin(ma(T'; a))Uy),
exp(—m(T’; a))
Q)

+ (Xon(T; a) — X1n2(T; a)) cos(ma(T'; a)) Uy

uz = (f(T) (=Uzsin(ma(T; a)) + Uz cos(m(T'; a)))

— (X11n1(T; a) + Xona(T; @) sin(my (T a))Uy),
where

RUIOp

i(T;a) =
IO = | o

t, ni(T;a) =ni@) —ni(T), =12

Moreover,

ox;  ni(T;a)x; +n(T; a)x, 0x,  —na(T;a)x; + 1 (T; a)x;

aT f(T) CoaT f(T) ’
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whence

Uy = expm(T; a))uy,

d
Uy = exp(m(T; a)) ((uz cos(ma(T'; a)) — u3 sin(ma(T; a))) d—;

- u <8_T cos(my(T; a)) — T sin(mo(T'; a)))),
Us = exp(m(T; a)) (('42 sin(ma(T'; a)) + uz cos(mx(T'; a))) %

— u <% sin(my(T; a)) + % cos(ma(T; a))>> :

We get the following expressions for the functions py, k = 1,...6:

-2
dt
p1 = ((P1 cos® my + Pysin® my) + (P> + P3) sinmy cosm) (d_T>

dm, N dm,\ (di\"? dm, N dm, zdf
| —+t0—) | = X|— +x0—— —2—uy |,
Var T ar ) \ar Var T ar )M T far'™

N}
dt
p2 = ((Py — Py)sinmy cosmy + (P cos? my — P sin? my)) (d_T>

dm, dm, dm, dm, AN
(oG ) (oG 7)) (@) o
dmy  dmy\ (di\" dmy,  dm\ di
- (xlﬁ —xzﬁ> (E‘) uz + <xlﬁ +xzﬁ> T

- =2
. . dt
p3 = ((Py — Py)sinmy cosmy — (P sin® my, — P cos’ ms)) (d_T>

N dm, dm, dm, N dm, di\\
o dma dmy dmy dma)\\ (di
Var T ar )\ ar T ar ar) "

(. dm; dm\ (di\"" N dm2+ dm\ (di\""
ar T ar ) \ar) T\ M T ) \ar)

-\ =2
ot
ps = (P sin? my + Py cos? my) — (Py + P3) sinm, cosmy) (B_T)

dm; dm\ [ 9i\ 2 dm, dm, +2d£
(= —-xn—])| = X|—— — Xo—— —
Var T ar ) \ar Var T ar )M T car'
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-\ -1 2~ ~\ =2
dmy dm, dt d<t (dt
=|—u3— —u — -— | = u
Po=\Car ™™ Tar ") \ar ar’ \ar) "

N d2m1+2 dm;\> N d2m1+2dm1dm2 i\ ?

x| —= — X2 | —— —_— — u
"\ dT 2\ a2 dT dT dT !
dm1

-2
d
+ CXP(ml) <_) aU3 (ﬁ (Pz cosmy + P4 sin mz)

dm> p + Pysinmy)
_ cosm sinm u
dT 1 2 3 2 1

+ exp(m)) il 723 M2 py cosma + Py sinma)
Xp(my aT U, T 1 my 3 my

dm1 .
+ T (P>cosmy + Pysinmy) | uy,

[ dmy  dm ai\~"' & (ai\”
Pe=\"ar " Tar ) \ar) T a\ar)

d’my _dm, dm, d*m, dm; \> di\ 2
_ T, Jutiid Butiicd I, Y [t =
<x1(dT2 tear dT)+x2 a2t (dT) <dT> “

AN dm, ,
— exp(my) (E‘) du, <_dT (P, sinmy — P4 cosmy)
dmy Py s
- T (Pysinmy — P; cosmz)) Uy
di\"? dm, ,
— exp(my) (d_T> dy, (ﬁ (P sinmy — P3cosm,)

+ s m cosm up,
IT 2 2 2 1

where P, = P;(U, Uy, U3) (i =1,...,4).

A physical application of the results in this subsection concerns the shallow water
equations both in the case of bottom flat topography and bottom parabolic topog-
raphy; the transformations linking the nonrotating equations to rotating equations
(where Coriolis forces are taken into account) are derived.

Example 10.2 (2D Shallow Water Equations) Consider the 2D shallow water equa-
tions [55] of an inviscid fluid with constant density flowing over a flat bottom topog-
raphy; by neglecting the Coriolis forces, along with the assignments

Ul =h, U2=hu1, U3:hu2,

u; U} U,Us Ui U}
P=—2+g—t, P=P= Py=—
1 U, 82 2 3 U,
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1y and u, being the velocity components in the plane (X, X,), & is the height of
the fluid layer, and g is the gravitational constant, the governing equations for such
a model have the form (10.41). In such a case the finite transformation we obtained
in the second case produces a system like (10.39) with

2 ~\ —2 2

us dt uj

= 2 4, = i §

Pl " + exp(: ml)(dT> 85
uxu3

p2=p3= ,
uj

2 -2 2
u d u
P4 = —3+exp(4m1)(—) g 1
Uy d
_ o (dma, _ dm di ‘1+d25 i\~
Ps==\"ar™ ™ ar "*) \ar a2 \ar) "
Pmy (dmi\?>  [(dmy\? d®my _dmy dmy di\
— == it e =
+<xl(dT2 (dT) +(dT) +x2<dT2 dT dT) (dT) “
di™' a2 i\
— -— | = u
dr a2 \ar)

N ,dmy dmy d?m; . d?m L (4m 2 dm\? di\ 72
X —_— = x| —5 — | =\ —= — up.
"\“Tar ar T i 2\ dT dT dT !

If .
dt

7= exp(2my), (10.43)

wehave py(uy, us, u3z) = Pr(uy, uz, u3),k = 1....,4,andthe source terms become

ps = Zexp(—ZmI)%lu

+ exp(—4m) (xl (0;2;1121 + (%)2 - (61;;1>Z> +x2 <% - 2%%)) ur,
Pe = —2exp(2ml)%”2

ercn o (GG (5 (R) (5

Now, let us assume

d2m2 dl’)’l] dl’l’IQ
dr* dT dT

dmy\°>  d? dm\°
exp(—4m)) ((%) + sz‘ - (%) ) =ki(a), (10.44b)

where ki (a) is a function of a.

—0, (10.44a)
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Solving the constraints (10.43) and (10.44), one obtains

1 k3(a)
m(T;a) = 5 log|— 2 2|

2 (k5 (a) — ki(a)) + k5 (a)(T + ka(a))

k k T +k
mz(T; a) = L arctan M + ks(a)’
k3 (a) — ky(a) k3(a) — ki (a)

- 1 k T +k
t(T;a) = arctan 3T + k(@) + kg (a),

k3(a) — ki(a) k3(a) — ki(a)

where k;(a),i = 1, ..., 6, are arbitrary functions of parameter a. Taking into account

that m(T; 0) = mo(T;0) = 0 and 7(T; 0) = T, we may choose
ki(a) =k3(a) —a*, ks(a) =a’, ki(a) =ks(a) = ke(a) =0,
whereupon

1
t(T;a) = — arctan(aT),
a

1 22
my(T;a) = —Elog(l +a°T?),
ka(a)

my(T; a) = arctan(aT),
where k;(a) has to be such that lim,_, k> (a) = 0.
Then, the source terms in the transformed system become

ps = 2ka(@)us + (k3 (@) — a®)uixy,  pe = —2ka(@)uz + (k3(a) — a*)uyx.

By choosing the value @ of the parameter a in such a way k,(a) = w, where w is
the constant angular velocity of the fluid around the vertical axis responsible for the
Coriolis force, and setting x = w® — @*, we recover the source terms involved in
the shallow water equations for a fluid flowing over a bottom parabolic topography
described by the depth function

K
H(xy, x2) = ho + 5(?612 + x3),

with h¢ arbitrary constant, where Coriolis forces are incorporated.
Therefore, the shallow water equations over a parabolic bottom topography and
incorporating Coriolis forces are linked by the transformation
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t :é arctan(aT),
X1+ ky(a)t X2 e —kp(a)T X + Xo ’
\/(1 +a2T2)(1 + k3 (a)7?) \/(1 +a2T2)(1 + k3 (a)t?)
up =1+ a21HUy,
14+a2T2

x ((1 +a? T2)(Us + ka(a)TU3) — (2T + K3 (@)1) X — ka(a)(1 — a2 Tr)Xz)Ul),

1+a2712
uz = | ————
Vi@

x (1 4@ TH(Us — ka@1U2) — (@T + B@0) X3 + ka@(1 = a> T)X1)U} ),

x| =

tan(ky (a)t)
wheret = ——=
ka(a) o
over a bottom flat topography where Coriolis forces are neglected.
In particular, by choosing k,(a) = a,fora = w, where w is the Coriolis parameter,
we have the transformation

, to the equations of shallow water equations for a fluid flowing

t t ( T) Xl +aTX2 —aTXl + X2
= —arctanart ), X1 =-———F5-"5 > Y e
a ! 1 +aT? 1 +a’T?

Xy =

’

u = (1 +a’THU,,
u, = (1 +a*T*(Uy + aTUs) — a2aTX; — (1 —a*> TH X)) Uy,
uz = (1 +a* T*)(Us — aTU,) — a2aTX> + (1 —a® T*) X)) U},

linking the nonrotating shallow water equations of a fluid flowing over a bottom flat

topography with the rotating shallow water equations over a bottom flat topography.
Another solution to the constraints (10.43) and (10.44) is

mi(T; a) =ky(a),  my(T;a) = ki(a)exp(Zkz(a)T + k3(a),
{(T; a) = exp(ka(a@)T + ka(a),

where the functions k;(a) (i = 1, ..., 4) are such that

ki(a) >0, lirr(l)ki(a)zo, i=1,...,4.

Without loss of generality, we may choose

ki(a) = ks(a) = ka(a) =0,  ky(a) =d’,
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whereupon the transformation linking the nonrotating shallow water equations with
bottom flat topography with the rotating shallow water equations with bottom
parabolic topography becomes

t=T,
x1 = Xjcos(aT) + X, sin(aT),
x» = —X;sin(aT) + X, cos(aT),
Ui =u,
U, = upcos(aT) +uzsin(aT) +a(X,cos(aT) — Xy sin(aT))Uy,
Us; = uszcos(aT) —uysin(aT) — a(X,sin(aT) + X cos(aT))U.

The source terms specialize to

2
ps = 2auz +a“xiuy,

2 .
Ds = —2aus + a“xyuyg;

taking a = w, where o is the angular velocity, the fluid around the vertical axis
responsible for the Coriolis force, the bottom topography is given by

w2

H = hy+ 7(x% + x2),

with /o constant.

Remark 10.3 The approach described in Sect. 10.9 has been investigated in [47]
for a class of quasilinear first-order systems, involving three arbitrary elements,
in (1 4+ 1) dimensions, and in [27] for a class of quasilinear first-order systems,
involving 16 arbitrary elements, in (3 + 1) dimensions.
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Chapter 11 ®)
Approximate Symmetries e

11.1 Introduction

Lie symmetry analysis yields a general algorithmic approach to the investigation of
differential equations that, besides its intrinsic theoretical interest (e.g., for classi-
fying differential equations according to the admitted symmetries), plays a funda-
mental role from a geometrical or analytical viewpoint. In fact, the exploitation of
symmetries of differential equations often leads to their simplification.

Unfortunately, any small perturbation in the structure of a differential equation has
the—often dramatic—effect of destroying many useful symmetries, and this restricts
the applicability of Lie group methods to concrete problems where equations involv-
ing terms of different order of magnitude occur. To overcome this inconvenient, some
approximate symmetry theories have been proposed in order to deal with differential
equations involving small terms, and the notion of approximate invariance has been
introduced.

The first, illuminating, paper was by Baikov, Gazizov and Ibragimov [1] (see also
[23, 26]), who in 1988 proposed to expand in a perturbation series the Lie generator
in order to have an approximate generator. The constructed theory is quite elegant,
and all the useful properties of exact Lie symmetries are moved to the approximate
world: reduction of order of ordinary differential equations, approximate invariant
solutions, approximate conservation laws, etc. Since its introduction, this approach
has been applied in many physical situations [3, 7, 10, 15-17, 24, 27, 28, 33,
36, 37]. Nevertheless, the expanded generator is not consistent with the principles
of perturbative analysis [30], essentially because the dependent variables are not
expanded. This implies that in some examples the approximate invariant solutions
that are found with this method are not the most general ones.

In 1989, Fushchych and Shtelen [14] proposed a different approach. The depen-
dent variables are expanded in a series as done in usual perturbative analysis; terms
are then separated at each order of approximation, and a system of equations to be
solved in a hierarchy is obtained. Moreover, this system is assumed to be coupled,

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2026 369
F. Oliveri, Lie Symmetries of Differential Equations, Advances in Mechanics
and Mathematics 55, https://doi.org/10.1007/978-3-032-12791-4_11


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-032-12791-4_11&domain=pdf
https://doi.org/10.1007/978-3-032-12791-4_11
https://doi.org/10.1007/978-3-032-12791-4_11
https://doi.org/10.1007/978-3-032-12791-4_11
https://doi.org/10.1007/978-3-032-12791-4_11
https://doi.org/10.1007/978-3-032-12791-4_11
https://doi.org/10.1007/978-3-032-12791-4_11
https://doi.org/10.1007/978-3-032-12791-4_11
https://doi.org/10.1007/978-3-032-12791-4_11
https://doi.org/10.1007/978-3-032-12791-4_11
https://doi.org/10.1007/978-3-032-12791-4_11
https://doi.org/10.1007/978-3-032-12791-4_11
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and the approximate symmetries of the original equation are defined as the exact
symmetries of the equations obtained from perturbation. This approach has an obvi-
ous, simple, and coherent basis. Per contra, a lot of algebra (especially for higher
order perturbations) is needed; moreover, the basic assumption of a fully coupled
system is too strong and not easily justifiable, for the equations at a level should not
be influenced by those at higher levels. In addition, there is no possibility to work in
a hierarchy: this means that if one computes first-order approximate symmetries and
then wants second-order approximate symmetries, all the work must be done from
the very beginning. Applications of this method to various equations can be found,
for instance, in [9, 11-13, 37].

In 2004, the two different approaches have been compared [33], and a third method
as a variation of Fushchych—Shtelen one by removing the assumption of a fully
coupled system has been proposed. Anyway, this method applies only to differential
equations having the form

L) +eN@u) =0, (11.1)

where L(u) and N (u) are linear and nonlinear differential operators, respectively.
Expanding the dependent variables,

u=ugp +euq + 8211(2) +---,
Equation (11.1) gives

L) =0=hox),
L)) = -Ng) = h(x),

L) = =Ny, ugy) = h(x). (11.2)

Due to the circumstance that the differential operators in the left-hand sides of all
the equations are the same, and the right-hand sides can be considered as arbitrary
functions of the independent variables which are determined sequentially starting
from the first equation, the approximate symmetries of Eq. (11.1) are defined as the
exact symmetries of the linear nonhomogeneous equation

L(u) = h(x), (11.3)

with /1(x) considered as an arbitrary function. Actually, the functions 4;(x) in (11.2)
are known functions, so that, substituting these forms to the general symmetry of
Eq. (11.3), one obtains the symmetries at each level of approximation. The algebra
involved is much less than that required by Fushchich—Shtelen method, and it is
possible to work in a hierarchy; nevertheless, the method is not general.

Another variant of Fushchich—Shtelen method, proposed in [35], has been applied
to the third-order partial differential equation
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2 2 3
°w 3 (E)w) 9°w °w (11.4)

—_ _— —_— =,
a2 x ) 9x2 9rdx?
ow . . . ", . .
where f x is an arbitrary function, describing one-dimensional wave propaga-
X

tion in nonlinear dissipative media. Inserting the expansion of the dependent variable
in power series of ¢,

w(t, x, &) = w)(t, x) + ewqy(t, x) + O(e?),

into (11.4), and separating terms with different powers in €, an approximate system
is found. Then, the approximate symmetries of (11.4) are defined as the (exact)
symmetries of the approximate system through the Lie group generated by

—

0 0
E =& (1, x, w(O))E + &3(t, x, w(O))a + no(t, x, w))

8w0

9
+ (mot. x, we)) + M, x, we)w)) P
M

This approach allows to work in a hierarchy; per contra, there is not a full mix
between Lie group methods and perturbative analysis (as in Fushchich—Shtelen
method).

In the remainder of this chapter, we present an approximate symmetry theory
which is consistent with perturbative analysis and such that the relevant properties
of exact Lie symmetries of differential equations are inherited [8]. More precisely,
we expand the dependent variables in power series of the small parameter as done
in classical perturbative analysis; then, instead of considering the approximate sym-
metries as the exact symmetries of the approximate system (as done in Fushchich—
Shtelen method), we construct the consequent expansion of the Lie operator, as in
Baikov—Gazizov-Ibragimov method.

11.2 Approximate One-Parameter Lie Groups

We start by introducing the necessary notation in order to define approximate one-
parameter Lie groups of transformations.

Let f(z, ¢) be a C* function depending on z = (21, ..., 2,) € D C R” and the
small parameter ¢ € R; in the following, we will consider such kind of functions
locally in a neighborhood of ¢ = 0.

Let us expand z in power series of ¢,

Z=17Z0) +¢eZq +---+ 8PZ(p) + 0(6"7+]),



372 11 Approximate Symmetries

withzgy = (Zw1s - - - Zdn), Whereupon
g% (zi — z@©))” 3l f(z, e) 41
f(z,e) = o - +0(e"),
kX(; \;k %! l_[ 0! de7dzy" -+ 9za" |,
with o the multi-index (og, 01, ...,0,),and |o| =09+ 01 + - - + 0.

By means of the assignments

fo (o) = f(z,&)l.—,

0" f(z. )
fo@o) = —F——|
dek e=0
for it is
3! f(z, ¢) _ 77 fio (20)
ez -+ 92y |, 02y 02y
we have

%0 — lo|—00
f(z, &) = Z Z & (l‘[ (@i ;:0)!) ) 9 Jio0) (Z©) Lo,

U»x
k=0 |o|=k ool \;_] 3z(5)1 *++ 923,

So, the expansion in power series of ¢ is characterized (up to the order p in ) by
p + 1 functions of z(g). Such an expansion can be written as

14
f@e) =Y fu@o, ... 20) + 0@,

k=0
where ﬁk) (k > 0) are suitable polynomials in z(yy, . . . , Z, with coefficients given
by fo)(z«©)), - .., fi)(Z©)) and their derivatives with respect to z(o). More precisely,
the functions f(k) are defined as follows:
fo = fi (0),
fi ——R
Jorn =177 [fo],

R being a linear recursion operator satisfying product rule of derivatives and such
that

R[ ™! fu (2(0) } _ " fur) (20)

T Ty T Tn
AZy1 -+ - 9Z () Az - - - 920y

9 3! fun (2(y)
+Z ( o EICO) Z(1)i» (11.5a)

T
; 0z \ 9201 - - - 020
Rlzw ;] = k + Dzgs1y)s (11.5b)
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wherek >0, j=1,....,n,|t|=11+ -+ 1.

Definition 11.1 Given two smooth functions f(z,¢) and g(z, ¢), and fixing a
positive integer p, we will write

fz.e) % gz )

when it is
f(z,e) =gz, &)+ 0",

This means that g(z, ¢) has the same Taylor expansion as f(z, €) up to the order
. . . . p

p in ¢. Hereafter, we shall use the simplest notation ~ instead of ~.

Definition 11.2 (Approximate one-parameter Lie groups) LetD C R” be a domain,

E C R an interval containing zero, S € R another interval (bounded or unbounded)
containing zero such that Va, b € S, a + b € S. The set of transformations

Z:DxExS— D,

(z,e,a) — 2 =1(z,¢;a),

depending on the parameter a, where ¢ € E is small, is a one-parameter (a) Lie
group of transformations if

1. Z(Z(z,c;a),e;b) =2L(z,¢;,a + b);

2. 2(z,¢;0) =1z,

3. for each value of the parameter a € S and each ¢ € E the transformations are
one-to-one onto D;

4. Z is C* with respect to z € D and ¢ € E, and analytic with respect to the
parameter a.

Let us fix a positive integer p, and expand z in power series of €,
z=120) +¢ezq) + -+ Pz, + 0(e"h;
by defining

Z)(20); a) = Lz, &;a)|.—
akZ(z, g a)

Zyy(z0); a) =
aek o0

we can write

p
Z(z.eia) = Y _ e Loy (2). ... 201 a) + O,
k=0
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along with

Z) =Z),

~ 1 ~
Ly = mR[Z(k)], k>0,

where R is the recursion operator defined in (11.5).
The set of transformations

p
7 = Z(Z, g a)~ Z SkZ(k)(Z(o), ey L) a)
k=0

is an approximate one-parameter Lie group with respect to the parameter a if
2(z,6;0)~z, Z(Lz ¢ a),6b)~ 1Lz e a+Db),

and the condition Z(z, ¢; a) ~ z for all z implies a = 0.

Hereafter, we show how all the relevant features of classical Lie groups of
transformations can be extended in the approximate sense.

Definition 11.3 (Generator of an approximate Lie group) The generator of the Lie
group of transformations

14
7 = 7(z,5;a) ~ Z SkZ(k)(Z(()), <oy L) a)
k=0

is given by
o= Z?i(Z, S)S—Zl,
i=1
where
0Zi(z,¢; a)
si(z,¢) = 3 .
a a=0

Inserting the expansion of z, we have

P
~ ks
Gi(z.8) ~ Y & i) - 2w

k=0

where "
0Zwyi (2, - - - » Zky; @)
da u—s

Cwyi (Z©ys - - -0 Ziy) =
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Setting
$0)i(2©0) = &i(2, €)=,
Si (20) = % )
it is
E(O)i = $(yis
Coesyi = %R[E(k)i],

where R is the recursion operator defined in (11.5). Therefore, we may write

p

= A 2 : k=

oo~ & Bk,
k=0

with obvious meaning of terms, that represents the approximate Lie generator.
Definition 11.4 (pproximate Lie equations) Let

k=

(=]

be an approximate generator; the corresponding finite transformation

p
~ km .
Z/ ~ 28 Z(k)(Z(()), cees Lk, a)
k=0

is recovered by solving the approximate Lie equations

a’z’(0
da
dz’(k
da

) ~
=& () (Z/(o)), Z/(o) 0) = z(y),

) ~
= ;‘(k)(z/(o),...,z’(k)), z/(k)(O) = Zy), k=1,...,p.

375

Example 11.1 If p = 1, the generator of the approximate Lie group of transforma-

tions reads

" " 8{ (Z ) d
- 0)i \£(0)
ORa E i(zZ +¢ i(zZ + E —Z()j —.
{(0) ( (0)) é‘(l) ( (0)) = 32(0)] Dj aZi

i=I

Definition 11.5 (Invariance of a function) A smooth function

p
~ § k
F(Z, 8) ~ & F(k)(l(o),...,Z(k))
k=0
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is approximately invariant with respect to
P
~ kg .
Z/~28 Z(k)(Z(o),...,Z(k),a) (116)
k=0

if F(Z, &)~ F(z,¢).

By using the same arguments as those in classical Lie theory, the following
theorem about the approximate invariance of a function can be stated.

Theorem 11.1 Let

R

(k)

p
H%E:gk

k=0

be an approximate Lie generator of (11.6). Then, the function

14
~ k
F(Z, 8) ~ Ze F(k)(l(o), ey Z(k))

is approximately invariant with respect to (11.6) if and only if
E(F(z,¢)) ~ 0. (11.7)

Some details for deriving the constraints arising from condition (11.7) are worth
of being explicitly given. It is:

(S oF
E(Fz,e)~ ) & (Zi(j)i(z(oy.. 7)) (Zz s))

=0 i=1
IFw 20), - -+ 2())
_ Z m (Zz<,>,(z<o>....,z<_,->>”<a;_”
J.k=0 (0
p n ar
OF(k—j)(Z(0)» - - - » Z(k—j))
:Zsk ZZ{(,),(Z(O),...,Z(_/)) J Yz J . (1]8)
k=0 \j=0i=1 ©i

From (11.7), taking into account (11.8), and separating the various powers in ¢,
we easily obtain the conditions
k

Y B (Fajy@oy, - - 26— )

j=0

k n ~
OFu—j(Z©), - - > Z(e—j))
ZZZQ,),(Z(O),...,Z(]‘)) M) k=) =0, (119)
pare 92(0)i

fork =0, ..., p, where we introduced the reduced operators
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n
E(j):Z{(j)i(Z(()),...,Z(j)) ]:0,,]7

i=1

320y
Therefore, the approximate invariance condition of a function F (z, ) yields the

p + 1 conditions (11.9) for the p + 1 functions characterizing the expansion (up to
the order p in &) of the function F.

Example 11.2 Let p = 1, and z = (z;, 2;); a smooth function

F(z, ) ~Fq)(z0)1, 20)2)

0F ) (zo)1, 202) 3 F0)(zo)1, 202)
1+ (12

+e <F<1>(Z<0)1, Zop) + ,
az(0)1 8Z(0)2

is approximately invariant with respect to the Lie generator

9 9
E~ (zo2 +e2012) 7 — (201 +€2001) Py
2

971
provided that
9 F0)(z0)1> 2(0)2) 0F0)(z0)1> 2(0)2)
Z(0)2 —Z)1 =0,
0) )
9z 0)1 9z (0)2
dF 1y (z1, 2(0)2) dF 1y (z1, 2(0)2)
Z(0)2 —Zo)1 =0,
0) )
0z(0)1 02(0)2
whereupon

F(z. &) ~ Fo)(r}) + & (Fiy () + 2(zonzan + z<o>zz(1>z)f{0)(r§)) )

I?(O) and f(l) being arbitrary functions of r§ = 1(20)I + Z%O)z, and the prime (') denoting
the differentiation with respect to the argument.

Definition 11.6 (/nvariance of an equation) The equation
p ~
F(Z, 8) ~ ZSkF(k)(Z(o), ey Z(k)) =0
k=0

is approximately invariant with respect to (11.6) if

F(Z , &) ~ 0 when F(z, &) ~ 0.
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Theorem 11.2 Let
P
k=0
be the approximate Lie generator of (11.6).
Then, the equation

p
~ E k —
F(Z, 8) ~ & F(k)(Z(()),...,Z(k)) —0
k=0

is approximately invariant with respect to (11.6) if and only if

E(F(z,&)) ~0when F(z,e) =0,

B(F(z,e)) ~ A(z,e)F(z,¢),

M(z, &) being a multiplier nowhere vanishing.
Definition 11.7 (Approximate canonical variables) Let
P
- k=0

be an approximate Lie generator. Then

p
~ k&
w(z, &) ~ E E W) (Z)s - - -, Zr)
k=0

gives a set of approximate canonical variables if

Bw)~0, i=1,...,n—1,

E(w,) ~ 1.

In terms of the approximate canonical variables, the approximate Lie generator
becomes 5

(=i N
ow,

and the approximate Lie group of transformations corresponds to the translation of
the variable w, only.
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Example 11.3 Letz = (71, z») € R?, p = 1 and

0 0
g~ (Z%o)l + eQz©12()1)) Py + (201202 + £@o1za12 + 2022001)) Py
i 2

The first-order approximate canonical variables

2

W) (Z(0))
w(z, &) ~ W) (@) + € (W(l)(z(())) + Z MZ
i=1

(i
9Z(0)i

are determined by solving the following system of partial differential equations:

ow ow ow ow
2 0)1 0)1 2 (0)2 (0)2
oo T Zo1Z0)2 =0, Zgi177— tzo1zo2 =
O3z 00 9z(0)2 O 2001 9z(0)2
ow ow ow ow
2 (1 (D1 2 (1)2 (1)2
Zoyn = T 201202 =0, Zoy7— + 201202 =0,
© aZ(0)1 9Z(0)2 © 9Z(0)1 9Z(0)2
whereupon

2(0)2 202  Z0)2ZM1 | 212
w1%()+8 ()_()2()+() ’
Z0)1 Zo) Z(0)1

1 2(0)2 (1
wp v — — e |2+ 220
Z(0)1 Z(0)1 o)1

and the Lie operator reduces to
0

x —

E)wz'

—~
=

Definition 11.8 (Approximate Lie bracket) Let

p p
= = o S
a1~28 k) 52~Z€ 2 (k)
k=0 k=0
where
N N
~ ~ 9 ~ ~ 9
Eiw = ZCl(k), P k) = Z é’z(k)jr,
j=1 2 Jj=1 2
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be two approximate Lie operators. Their approximate Lie bracket is defined as
follows:

p k
[E). B2l ~ ) & (Z [Eiw, §2<k,->]> =

k=0 i=0
P k
k = = = =
=) ¢ (Z (Dl(i) B (k—i) — S2(k—i) Dl(i))) =
k=0 i=0
p k n n ~ ~
~ Duee ~ 3G\ 0
r (k—i)e 16)e
=) € Qoj——— = Su-ij—— | —
3 DM DM PAICIE = bz ) B

Remark 11.1 The approximate Lie bracket possesses the usual properties:

1. linearity: [ E; 4+ B8,, B3] =~ «[E], E3] + B[E), B3], @, B constants;
2. skew-symmetry: [E;, B»] &~ —[8, E1];
3. the Jacobi identity: [[E], E»], E3] + [[E2, Esl, E1] + [[E3, E1], E2] & 0.

The definition of approximate Lie bracket allows us to introduce a structure of
approximate Lie algebra.

Though the approximate theory here considered, is different from the one in the
Baikov—Gazivoz—Ibragimov approach, some definitions are still valid [26].

Definition 11.9 A vector space L of approximate operators is an approximate Lie
algebra of operators if it is closed (in the approximation of order p) under the
approximate Lie bracket, i.e.,

[El, Ez] (S L, VEI, EQ el.

Definition 11.10 The elements of the set {E, :a =1,...,r} of approximate
operators are linearly independent if

r

E Cu By ~ 0,

a=1

with constants ¢, not depending on &, imply
cr=c=---=c¢, =0.

Definition 11.11 A basis of an approximate Lie algebra LL is a set of linearly inde-
pendent approximate operators spanning the vector space L. If the basis has a
finite number of approximate operators, then we adopt the usual notation L, for
the r-dimensional approximate Lie algebra.

Let L be an approximate Lie algebra. Fixing the order p of approximation, let
{Eq: 1,...,m;} be a set of linearly independent approximate operators belonging
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to L. Denote with {E; ta=1,..., mz} the set of approximate operators obtained
by multiplying each E, by ¢, €2, ..., &” and dropping the terms of order O (e”*!). If
the set

]

{Ea, ;3: a=1,...,m,B= l,...,mz}
gives a basis of L, then the operators E, are called essential operators of the
approximate Lie algebra L.

Using (11.8) along with (11.9), and the definitions of approximate Lie bracket
and approximate Lie algebra, the following results are easily proved.

Theorem 11.3 The set of approximate Lie generators leaving a function approxi-
mately invariant is an approximate Lie algebra.

Theorem 11.4 The set of approximate Lie generators leaving a manifold approxi-
mately invariant is an approximate Lie algebra.

11.3 Approximate Symmetries of Differential Equations

Here, we use the previous results in order to define and compute the approximate Lie
symmetries of differential equations involving small terms. Within this framework,
we distinguish the independent variables x from the dependent ones u, and limit
ourselves to expand only the dependent variables in powers of €.
Let
AX,u, u®, . u®; e)=0

be a differential equation of order r, where u® k=1,...,r,denotes the set of all
derivatives of the dependent variables u € D,, € R™ with respect to the independent
variables x € D, € R” up to the order r, involving a small parameter ¢.

If one looks for classical Lie point symmetries, in general it is not guaranteed
that the infinitesimal generators depend on the parameter ¢. Nevertheless, the occur-
rence of terms involving & has dramatic effects because one loses some symmetries
admitted by the unperturbed equation

AX, u, u®, . u®; 0)=0,

as the following examples clearly show.

Example 11.4 The second-order ordinary differential equation
d’u n 0
_ u =
dx?

admits an eight-dimensional Lie algebra of point symmetries spanned by the vector
fields



382 11 Approximate Symmetries
B = —, S =uU—, &3 = s1m(x) —, Hg = COS(X) —,
du ou a

a0 ad d ad
sin(x) cos(x) — — sinz(x)u—, B¢ = cos(2x)— — sin(2x)—,
0x du 0x u

O}
w
Il

m
3
Il

ad . , 0 - . 0 ad
cos(x)u— —sin(x)u“—, Eg = sin(x)u— + cos(x)u—.
ox au X au

On the contrary, the equation

d’u S uteld =0
— tu+teu =
dx?

admits only the exact symmetry generated by E;.

Example 11.5 The Korteweg—deVries equation

ou u 33u

at ”ﬁ ax3

admits a four-dimensional Lie algebra of exact point symmetries spanned by the
vector fields

On the contrary, by considering the Korteweg—deVries—Burgers equation

ou ou  du 0%u

—+u—+——e— =0,

ot ax  ox3 0x?
we lose the scaling group, and have only the three exact symmetries generated by
El, Eg and E3.

Example 11.6 The 2 x 2 first-order quasilinear system

ou ou ou
L a (e, un) — 4 anuy, up) — = &by (uy, uy),
ot 0x 0x

8u2 8141 31/!2

— tan(ur, ux)—— + an(uy, uy)— = eby(uy, uz),

at ox ox

where a;; and b; (i, j = 1, 2) are arbitrary functions of the indicated arguments,
does not admit an infinite-dimensional Lie algebra of point symmetries unless it is
¢ = 0. Moreover, also the invariance with respect to a homogeneous scaling of the
independent variables

is lost when ¢ # 0.
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In perturbation theory [30], a differential equation involving small terms is often
studied by looking for solutions in the form

14
ux;e) = Y efug(x) + 0. (11.10)
k=0

Thus, the differential equation can be written as

Ax,u,ul, .. u";e)
P
~ kN (1) (r) (D Y _
~ Zs Ay (x, (), gy, - Uy e e Uy, Uigs ooy u(k)) =0.
k=0

Now, let us consider a Lie generator

- I 3
— = ;Ei(xﬂ u; 8)8_)61 + ;na(X, u; 8) aua’

and assume that the infinitesimals depend on the small parameter ¢.
According to the results of previous section, by using the expansion (11.10) of
the dependent variables only, we have for the infinitesimals,

14

p
~ ks ~ ko~
&~ E e&wi, Mo~ E E Nwas

=0 =0

where
Eoi =E0i = EX W E),gs T = N0 = Na(X, W5 €)oo,
~ 1 ~ 1
i = ——REwil,  Net+ne = ——RNwel,
Sk P [Ewyi] Nctne = 377 [Mk)a]

R being the recursion operator defined by (11.5).
Thence, we have an approximate Lie generator

=
8~

p ~
"B, (11.11)
k=0

where

n m
~ ~ ad ~
B = (X, uy, ..., W) — + X, UqQ,..., U0 .
) ;é(k)z( ) ®) 5%, ; Nie (X, W) ®) "™
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We have to deal with differential equations, and so we need to prolong the Lie
generator to account for the transformation of derivatives. This is done as in classical
Lie group analysis of differential equations, i.e., the derivatives are transformed in
such a way the contact conditions relating differentials are preserved. Of course, in
the expression of prolongations, we need to take into account the expansions of &;,
Ne and u,, and drop the O (e”*!) terms.

Therefore, we have the prolongations

20) _ =
o] - o,

m n

20 — g 1)+ZZ Z”[“” ”]8 , r>0,

Ug,iy...i
a=1i=1 i,=1 Leeetr

where
n

NMasirois] = Di Mayiydy_] — Z Ugir.iy_j Di &,
Jj=1

along with the approximate total derivative now defined as

T 0Xx; K@ ou k)

k=0 a=1

Example 11.7 Let p = 1, and consider the approximate Lie generator

01 0
“NZ §oi T ¢ E(m—i—Z © -
i=1 i
+Z now + ¢ | nay +Z UUTH | (11.12)
au(o)ﬂ aua’

where &);, £(1)i» N©0)e and 11y« depend on (x, u()). The first-order prolongation is
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where

7 I
Neil = Di | Noe +€ | Na + Z ~u

ou 0»3

n
~ 9&0),
— Y Di |0, +e | &0+ Z “umg | | (o) + euag) -
: ©
j=1

Similar reasonings lead to higher order prolongations.

The approximate (at the order p) invariance condition of a differential equation

reads
k

P
ZSkZE(@A(k 0 ~ 0.

k=0 £=0 A0

The Lie generator E(m is always a symmetry of the unperturbed equations (¢ = 0);
. p ~ . .
the correction terms Zk_l gk 8 give the deformation of the symmetry due to the
terms involving ¢.

Remark 11.2 Not all symmetries of the unperturbed equations are admitted as
the zeroth terms of approximate symmetries; the symmetries of the unperturbed
equations that are the zeroth terms of approximate symmetries are called stable
symmetries [1].

Remark 11.3 If E is the generator of a Lie point symmetry of a differential equation,
€ E is a generator of a Lie point symmetry too.

By the same arguments as in classical Lie theory of differential equations it
remains proved the following result.

Theorem 11.5 The approximate Lie point symmetries of a differential equation are
the elements of an approximate Lie algebra.

Let us show some simple examples of first-order approximate Lie symmetries
admitted by differential equations.

Example 11.8 The second-order ordinary differential equation

d*u
d2+”+8” =0



386 11 Approximate Symmetries

admits a nine-dimensional approximate Lie algebra of first-order approximate point
symmetries spanned by the vector fields:

o
|
|

’

0x

ad
8u(0)a—u,

0]
8]
|

[l
w
I

. 0
£ s1n(x)£,

[a]
~
Il

£ cos(x)a—,

&3]
v
|

Rl
sm(2x)— =+ cos(2x)u )

o]
o
| |

d 0
= (cos(Zx)— — sm(2x)u(0)—)
du
0
du

[1]
<

. d
=¢ (u(o) s1n(x)a
d

[1]

0
2 .
g =¢|uo cos(x)a — U sm(x)ﬁ) )

0
e—.
0x

[x]

9

Example 11.9 (Korteweg—deVries—Burgers equations) Let us consider the
Korteweg—deVries—Burgers equation, obtained by adding a small dissipative term
to the Korteweg—deVries equation,

ou du  du 9%u

u o oSy,
or T Yox Tae  faxz

The first-order approximate symmetries are spanned by the following vector
fields:

I 0 _ 3 0
Si=gp B=gn B=igmtan
_ 3 _ 9 _ 3 9
Se=eqn Bs=egn “6=<’a a_>

]
]
I

0 d il
el3t—4+x——-2upy—|).
( at  Toax O 8u>
Analogously, we can consider the Burgers equation perturbed with the addition
of a small dispersive term,

ou ou 3%u 3%u

L LTI
or T Uax T e
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The latter admits the first-order approximate symmetries spanned by the following
vector fields:

= _ 0 - _ 0 g0
ST TP o T ox T ow
_ 3 _ 9 i A
By=e—, Bs=ée—, EBe=elt—+—]),
YT > T T ox 6 ax | ou
5 3 3 (11.13)
S =62 — +x— —ug— ).
7 8( otV ox M(O)8u>
By =¢ t28 +1 9 +(x—t )8
Eg = — +tx— 4+ x —tup)— |-
8 3t ax ©75u

Example 11.10 (Perturbed linear telegraph equation) Let us consider the linear
telegraph equation in (1 4+ 1) dimensions perturbed with the addition of a small
dissipative term,

du  9%u 8%u 0

ar ox2  Taz

The first-order approximate symmetries are spanned by the following vector
fields:

0 ol 0

8= — gy = 3=&—
ox’ ar’

at’ e

—_ d XU(©0) 0 9 xu(l) d d

gy =f— — —— -_— = u

ST T 2w T e u 0 = (uo) +eua) 5o
0

¢ 0 XU(©0) 0 —
elt— — — 1, g
ax 2 ou $ = SO,

20?2 g 22 L t+x2 9
€ —+x—, Eo=¢l|t'—F+tx——|z+— Juo— |,
ar ' ox 10 a1 ax \2 ' 4 ) Q%

0 d
fit,x)—, EBn=cfHlt,x)—,
ou ou

[x]
[x]

4 =8

s

e

1]
<
I

]
©
Il

¢
|

where f;(t,x) (i = 1,2) are functions of the indicated arguments, along with the
constraints

afir,x) 32 fi(t, x)

=0,
ot dx?
hx) X Aftx)
12 dx? ar

Itis well known that the search of Lie symmetries of differential equations involves
alot of lengthy and tedious, though straightforward, calculations. Nevertheless, many
symbolic packages do exist doing often automatically the required work (see [22],
and references therein, [4, 25]). The computation of approximate Lie symmetries
of differential equations requires additional computational costs. The REDUCE [21]
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package RELIE [32], described in Chap. 12, is able to perform much of the work for
computing approximate Lie symmetries as introduced here.

The approximate Lie symmetries can be used to lower the order of ordinary differ-
ential equations or to compute approximate invariant solutions of partial differential
equations.

Definition 11.12 (Approximate invariant solutions) Given a rth-order differential
equation

p
N R 1 - 1
A~ E " A (x,u(o),uEO;,...,ug);,...,u(k),uzk;,...,uEZD:0, (11.14)
k=0

and an approximate Lie generator

p n m
~ 0 0
-~ k ~
Ex ) ¢ <§ Ewi (X, u(), .. -»u(k))_ax' + E Ny (X, Wy, « ., Uggy) ) ,
=0 ! a=1

ou
k i=1 o

the approximate invariant surface conditions are

P n
~ Ju
Q~ Z€k (Z Ewi (X, u), .. ., U(k))a — N X, U@, ..., U(k))) =0,
k=0 i=1 !
(11.15)

where we have to insert the expansion of u; then, by separating (11.15) at the various
order in ¢, and appending them to the Eq. (11.14), approximate invariant solutions
can be determined.

For simplicity, in the following examples we take p = 1, i.e., we consider first-
order approximate symmetries. For higher values of p what is needed is only a larger
amount of computations.

11.4 Order Lowering of an Ordinary Differential Equation

Here we show how a solvable approximate Lie algebra of symmetries can be used
to lower the order of an ordinary differential equation.

Example 11.11 (Perturbed Blasius equation) Let us consider the equation

d3u 1 d%u du
a9 o 11.16
do T2t TR (11.16)
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that for ¢ = 0 is the well-known Blasius equation. For ¢ # 0, Eq. (11.16) admits
only one exact Lie point symmetry, say

=
=

ox’

On the contrary, looking for first-order approximate symmetries, Eq. (11.16)
admits a four-dimensional approximate Lie algebra spanned by the vector fields:

0 d
3=¢& (xa _M(O)E) y
0 0 x? 9 2 d
4= xa _M(O)E +¢ (?a + (8 — 5'4(0))5 —u(1)> £> .

Let us consider the approximate operators ﬁl =&+ §E3 and ﬁz = By; it is
[El, 52] ~ T, that means that they span an approximate (at first order) solvable
two-dimensional Lie subalgebra. Let us introduce the canonical variables for the
operator &1, say

[l
I

69}

- d
1 - D2=€a,

0x

[x]

) =0, Ei@=1,

whereupon
2 x?
v=uqp +e\| zxuo +uywl, ft=x—&—,
3 3
and Eq. (11.16) becomes
d?v n 1 d*v 4 d*v 0
—+ —v— —4e— = 0.
de’3 2 dr? dr?
... dv . .
The standard substitution o = w(v) yields, if w # 0,
d*w n dw 2+ 1 dw 4 dw 0 (11.17)
w R - — — E— = . .
dv? dv 2 dv dv

In terms of the new variables, the first-order prolonged operator Z, assumes the
form

~
—~

( 8e) 0 +2 0
Ey=(—8¢)— w—;
: av ow
by computing the new independent and dependent variables r and s, respectively,
such that ~ ~

Ex(r) =1, Eax(s) =0,
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we have g
v
r =logug +¢ (ﬂ — —),
V(oo Vo
O "o (11.18)
W(0) w1 (vay — 8w
Vo) Vo) Vo)

By inserting (11.18) into (11.17), we obtain

d2s+7ds+ ds 2+1ds+62+ 0
5§ — 5 — —_ - — S S = VU.
dr? dr dr 2dr

d
Finally, by setting d_s = p(s), the following first-order ordinary differential
r
equation

d 1
psd—p+p2+7ps+§p+6s2+s=0
s

is recovered. We notice that the small parameter ¢ does not explicitly appear, but it
is hidden inside the involved variables.

Remark 11.4 The reduction of perturbed Blasius equation to a first-order ordi-
nary differential equation where ¢ does not appear explicitly, as well as the form of
admitted approximate Lie symmetries, suggests us the possibility of transforming
Eq. (11.16) into the standard Blasius equation. Let us introduce the new independent
and dependent variables 7 and v, respectively, such that

Eq(t) ~t,  Ea(v) & —v,

whence

+ 2 8 t X
v=u—+¢e|-xu— s =X —&—,
3 3

and Eq. (11.16) reduces to
d*v N lvdzv _o
ars 2 der 7

i.e., the classical Blasius equation.

11.5 Approximate Invariant Solutions

In this section, we consider some examples of partial differential equations, and
compute first-order approximate invariant solutions.

For first-order approximate Lie symmetries like (11.12), the approximate invariant
surface conditions (11.15) become



11.5 Approximate Invariant Solutions 391

n

U (0)« 35(0), U 0y U (1)a
> T + E + £
2 oy ——— ox, &y B )ﬂ ox, &)y 5%,
1N(0)a
- +e + E u ~0,
N0y N« 314(0)5 B

wherea =1, ..., m.

Example 11.12 Consider the nonlinear wave equation

9%u d ,0u te ou —0 (11.19)
— = — u"— =0. .
ot2  ox ox 3t

The first-order approximate symmetries are generated by the following vector
fields:

g1=5, B=--,

- 2\ a 0) 0

Hi = (t +8€) P <u(0) +eé <u(1) + T)) w

~ a d ~ a ~ d

;m:xa—i-(u(o)—i-eu(l))ﬂ, ;:5:85, QGZSa,
d

[

.3 3
=¢e(t——uopy—|,
! ar D9y

The solutions approximately invariant with respect to the Lie generator E3 are
such that
frel )2 + 2o
e—)—=—up —¢clu — s
6) ot © O3

whereupon, insertion of u = u ) + euy + O (g?) and separation of the coefficients
of different powers of ¢ yields the system

(]

[e<]

I

™
N

D)

ST
N——

X—tuop—
X O Bu

ou 0
814(1) 12 814(0) tu )
— = U —5
Jat 6 0t 3
whose solution is
Up(x) Ui(x)  Up(x)
u)(t, x) = at uny(t, x) = — T e (11.20)

Substitution of (11.20) into Eq. (11.19) gives the following reduced system of
ordinary differential equations:
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(U2U})Y —2U, =0,

WUy — 20, =0, (11.21)

where Uy(x) and U;(x) are functions to be determined, and the prime (') denotes
differentiation with respect to x. A solution to the system (11.21) is

k
Up(x) = +x,  Ui(x) = x—‘3 + k.

providing the following approximately invariant solution of (11.19):
X k] kz X
txie) =+= — =), 11.22
u(t, x; €) t+8<tx3+t:F6> ( )

Remark 11.5 In [23], Eq. (11.19) has been analyzed by means of the Baikov—
Gazizov-Ibragimov approach for approximate symmetries. The solution approx-
imately invariant with respect to the first-order approximate symmetry generated

by
2\ 9 tu\ 9
X =+ S I — ) = 11.23
<+86>8t (“+83>au (11.23)
there obtained was
X X
u(t,x;8)=i<?—88>,

which is less general than (11.22). The approximate Lie generator (11.23) has the
invariants
t2u
Ji=x, Jr=tu+e—,
6
and the approximate invariant solutions are sought by setting J, = ¢(J;), where
the function ¢ is determined by satisfying Eq. (11.19). The solution (11.22) can be
recovered by setting J, = ¢(Jj, €) and then taking into account the expansion of u.

Example 11.13 Consider the Korteweg—deVries—Burgers equation

ou u 9%u 3%u
—+tu———+e—=0,
ot ax  0x? 0x3

and compute the solutions approximately invariant with respect to the Lie generator
E=CE|+cEy+ E7 (see (11.13)), where c is a constant, i.c.,

(1+2r)8”+( + )Bu
El)— C EX) — = —€Uu .
3t ax ©

Therefore, inserting u = u () + euqy + O (&%), we get the system
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314(0) CBM(()) _

0,
ot ax
314(1) Bu(l) 81/!(0) 314(())

2t = —u),
ar o T e T T MO

whose integration gives

u)(t, x) = Uo(wg,

uy(t, x) = <3CTI — tx) Uj(w) — tUp(w) + Uy (),

where w = x — ct, and Up(w), U;(w) satisfy the following reduced system of
ordinary differential equations:

Ul — Uy — ) U) =0,

/ 11.24
(U} + (c = Up) Uy + UY) + wly) =0, (11.24)

the prime (') denoting the differentiation with respect to w; by solving (11.24), we
find the following first-order approximate invariant solution

u(t,x;e) = c — 2kytanh (k;(x — ct) + k»)
. <<4K12t —c(x —ct) +Kk3—1

sinh(2(k; (x — ct) + k3))
4K1

c(Bkft? 4+ 2} (x —ct)? + 1)
8k}

+ di? log(cosh(icy (x — ct) + k2)) —

n (4K121+/c3 —D(x —ct)
2
82t — 1
_ MH),

2
4icy

+ K4> sechz(/q(x —ct) + Kk3)

where ki, k», k3 and k4 are constants.

Remark 11.6 The search of approximate solutions requires a careful analysis about
their range of validity. This problem is not addressed here, as we limited ourselves
to illustrate only the procedure for obtaining approximate invariant solutions.

11.6 Approximate Q-Conditional Symmetries

It is known that many equations of interest in concrete applications possess poor Lie
symmetries [6]. More rich reductions leading to wide classes of exact solutions are
possible by using the conditional symmetries, which are obtained by appending to
the equations at hand some differential constraints. An important class is represented
by Q-conditional symmetries, where the constraints to be added to the differential
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equation at hand are the invariant surface conditions and their differential conse-
quences. Remarkably, Q-conditional symmetries allow for symmetry reductions of
differential equations and give explicit solutions not always obtainable with classical
symmetries.

Now, combining the approximate symmetry theory introduced in [8] with the
approach of conditional symmetries, we can define approximate Q-conditional
symmetries [19].

Definition 11.13 (Approximate Q-conditional symmetries) Given the differential
equation

V4
~ kX (1) (r) 1 Y _

A~ & A(k) (X, u), ll(o), ey u(o), cees Wik ll(k), ey ll(k)) = 0,
k=0

and the approximate invariant surface conditions

P n
~ Ju
~ k ~ _
Q~ ) ¢ ( E Ewi (X, W), - -+, Uy) FP N X, 0, - - -, ll(k))) =0,
=0 i=1 !

k

the approximate Q-conditional symmetries of order p are found by requiring
EV(A)],, = 0@, (11.25)
where M is the manifold of the jet space defined by the system of equations

A = O(EPJFI)’ Q — 0(8p+1)’
Dji(Q =D, (Q = =Dj_j (Q = 0@,

where 1 < jix <n, Dj ., =D} (Dj,.j_), and D; denotes the total derivative
with respect to x;.

For the multiplication of the infinitesimals of a Q-conditional symmetry by an
arbitrary smooth function f(x, u) gives still a Q-conditional symmetry, setting k =
min{i € {1,...,n}: & # 0}, we can look for conditional symmetries such that the
invariant surface conditions are divided by &;.

For simplicity, hereafter we will consider the case p = 1; for higher values of
p things are similar but at the cost of an increased amount of computations. If we
want to determine the first-order approximate Q-conditional symmetries, by impos-
ing (11.25), we obtain a very long invariance condition from which we can extract
the determining equations (that in general are nonlinear); it is easy to recognize that
the use of a computer algebra package may help in order to perform the lengthy and
tedious calculations.
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11.7 Approximate Conditionally Invariant Solutions

Consider the equation

9%u n u 0 ou Ju + Bucl ) =0 (11.26)
t—+———|u— ) —au— u(l —yu) =0, .
a2 " ar  ox \"ox ax Y

where ¢ is a small constant parameter, that represents a hyperbolic version of the
reaction—diffusion—convection equation [29]

fu _ 9 (0 O Bu(l — yu) =0 (11.27)
or ox \ax ) T TRHE T Y= '

a, B and y being real positive constants. Equation (11.27) can model a population
moving to domains with lower density faster than the overpopulation is reached and
contains a logistic reaction term; it also includes another transport phenomenon,
namely convection. The introduction of a term with a second-order time derivative
yields the hyperbolic equation (11.26). Conditional symmetries as well as some exact
solutions of Eq. (11.27) have been considered in [34]. A special class of approximate
conditional symmetries of Eq. (11.26), and some associated approximate solutions
have been obtained in [19].

It can be easily proved that Eq. (11.26) possesses only the exact symmetries
corresponding to space and time translations. Also the admitted approximate sym-
metries of (11.26) reduce to the translation of independent variables. This means that
either exact or approximate invariant solutions are only those depending on just one
independent variable (¢ or x) as well as the ones describing traveling waves. More
complex approximate symmetry reductions can be obtained by looking for approx-
imate Q-conditional symmetries. We observe that the zeroth terms of approximate
Q-conditional symmetries of (11.26) yield particular exact Q-conditional symmetries
of (11.27).

Expanding u(t, x; ¢) at first order in ¢,

u(t, x; &) = ug)(t, x) + eug)(t, x) + 0(e?),

we consider the approximate Q-conditional symmetries of (11.26) corresponding to
the approximate generator [8]

-0 0&0) (1, x, u)) d
R — t,x, t,x, _ —_
o T (S(m( x M(o>)+e(§<1)( X, u@) + . u | o2

oo (t, x, u)) 0
+ <TI(0)(I, X, uq@)) + & (ﬁ(l)(t, X, u@)) + Mu(l) —.
314(0) ou

By using the approach so far described, a set of determining equations is obtained,
and various approximate Q-conditional symmetries can be recovered. Hereafter, we
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limit ourselves to list those leading to representations of the approximate solutions
which can be defined for all . All the required computations have been done with
the help of the REDUCE [21] program ReLie [32].

The representations of the approximate solutions have to satisfy the approximate
invariant surface conditions; by separating terms at each order of e, we have:

ou 0) ou 0)

+ &) — 1o =0,
2! o0 3 &) 9 9 (11.28)
ORI RNPNCLT0 o du 9N u = na
ot © 0x ) 0x au(o) 0x au(o) W N

Then, by inserting the solutions of (11.28) into Eq. (11.26), and solving the
associated reduced systems of ordinary differential equations, some approximate
Q-conditional solutions, for every set of approximate generators, can be explicitly
determined.

In order to classify the approximate Q-conditional symmetries admitted by
Eq. (11.26) and the corresponding approximate solutions, three cases need to be
distinguished:

(i) 8By —o? = —8%
(i) 88y —a? =0;
(iii) 88y — a? = 8.

For each case, because the determining equations are nonlinear, various sets of
approximate Q-conditional symmetries are recovered, as shown below, where the
generators of approximate Q-conditional symmetries we found, the consequent rep-
resentations of the approximate solutions, and the result of the integration of the
reduced ordinary differential equations are listed. Often we are able to give the most
general solution of the reduced equations. In passing, we observe that for ¢ = 0 the
obtained solutions satisfy the unperturbed parabolic reaction—diffusion—convection
Eq. (11.27).

The Case (i): 88y — a® = —§>

In this case, six different sets of approximate Q-conditional symmetries of (11.26)
have been determined.
Using the infinitesimals

§0) =0, no = —Muww §ny = La
k1 exp(Bt) +1 k1 exp(Bt) + 1
_exp(=pt — 3 x) k3 exp(8x) + k4 exp(Bt)
" epBD+ 12w GaexpBD + 12

x (287K log(k; exp(Bt) + 1) + B2k (k) exp(Bt) — Bt) + kik20 — Ks) U(o),
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and integrating the approximate invariant surface conditions (11.28), we get the
following representation of the solution:

u ([ _x) = U()i(x)
O expB) +17
un(t, x) = ! _p (=Bt — “F°x) i3 exp(8x) + 4
W a kpexp(Bt) + 1 B Up(x)
_ B2t (e exp(Bt)(2log(ky exp(Bt) + 1) — Bt) — 1) — kjkra + k5 Vot
Brc1 (k1 exp(Bt) + 1) 0

4 %(log(m exp(Bt) + 1) — BHU,(x) + U <x)) :

where Uy(x) and U, (x) are unknown functions to be determined.
Now, by inserting this solution into the system (11.26), and solving the corre-

sponding reduced system, the associated approximate Q-conditional solution has the
form:

(t,x;e) = il
= 2 282 (kg exp(Br) + 1)

we(— 8 o (= A8 (s expon) + ko)
e Xp 5 ) ez exp(8x) + 4

8exp(B1) (B (2log(ky exp(Br) + 1) — Br + 1) + k1i2a — ks)
a (@2 — 82)(kj exp(Bt) + 1)
L P (= (@ +0)x/2) (crexp (0x) + Cz))

krexp(Br) + 1

a? 4 82

where 6 = , Whereas c| and c; are arbitrary constants.

By integrating the approximate invariant surface conditions (11.28), along with
o =0, 1o =—Puq:
&q) =4 exp(—pBt — 6x) (k1 exp(28x) + k2 exp(dx) + «3)

+ 4 exp (ﬁt +

oa—306

x) (kg exp(6x) + K5)u(20),

a+8 \ keexp(dx) + k7
nay =exp | =361 — X
1)
x (k1 (o0 — 8) exp(28x) + (k20 + kg) exp(8x) + k3(a + 8)) u (o)

— ﬂzu(o) — exp (ﬁt +

— exp(—pt — 6x)

oa—34

x> (ka(or — 8) exp(8x) + ks + 8)) ugy),
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we get

u)(t, x) = exp(=p1)Up(x),

28t — ¥2 )
umn(, x) = _eXp( ﬁﬁ ) K CXII’J(O())CC))+ K7
exp(—2pt)
+ ——— (ki (o — 8) exp(8x) + k3 (a + 8) exp(—5x)

B
+ koat + kg — exp(B1)B°t) Up(x) + exp(—B1)U; (x)
N exp (—2ﬂt + %x)

(ica(@ — 8) exp(8x) + ies(@ + 8)) Ug (x)

p
exp(—2pt — 6x) /
+ 4T (k1 exp(28x) + k2 exp(8x) + «3) Uy (x)
-2 =3
4o (2 ; 5 ey exp(53) + ) URCOTY ),

and the corresponding approximate Q-conditional solution is written as

u(t,x;e) =cpexp (—

3x> Vexp(dx) + ¢

exp(—p1) ( 4
¢} /28/exp(8x) + 2 (¢ —38)(a — &)
(20 028(K1(a —36) — 201K48) + (¢ — 5)(2611638 — K7)

+ cz(2c18(2(/c2 + c1K5)6 — Kk + kg) + Kkg(ot — 38)))

l «—35 a+8 exp(dx) 4
X2 F1 | 3, , ;= —

2 46 45 c o+6
x (c((c2(2ci(caks — ks) + k2) — 2k3)8 — C2ks) + K7)

Il a+6 a+568 exp(éx) exp(x)
X2 Fi , ; —4
2 48 46 2 o+ 58

X (c%((2c%(cz/<4 — Ks5) — K2 + 2c2K1)8 — kg) + K6)

1 a+5 a+95 exp(ﬁx)
x 2 Fy ) ;
2" 48 45 c

exp (—2Bt — “2x)
x (—exp(8x) (c]((2¢i(caks — Ks) + 2cak1 — K2)8 — Kg) + k)
— c1((c2(2ci (caks — ks5) + Kk2) — 2K3)8 — C2K8) — K7)
exp (—Bt — 2x)
C%(S(Oﬂ — §)(exp(6x) + ¢2)

(¢f (e = 8)((ca — c188%1) exp(dx)
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+(c3 — clczﬂ 1)6)/exp(8x) + ¢ + 4exp < 458 >

x (c]((2cT (caks — Ks) + 202K1 — K2)8 — Ks) + Ke) )

dey exp(—Bt) i ((2(ct(caka — Ks) + cak1) — k2)8 — Kkg) + Ks)
exp(8x) + ¢ c38(a — 8) ’

2 F being the hypergeometric function defined as

oo
) (@) () x*
ZF](a,b,C,X)ZZ (C)k Hv
k=0
where k—1
@o=1, (ax=][]i+a.
i=0
Taking
4p
S =0,
§0) 213 n©)
Blo — 78 )
§ny =4 (K1 exp(Bt) + Ky exp ( oy 8x> + K3> ,
(o — 88 — 8%) Bt — a?®bx
Ny =— (e +8)exp o
o’ —§

ad (8Bt + ax) 82(8Bt + 8x)
X | k1 €Xp W + k2 exp W 22008

the integration of the conditions (11.28) gives the following representation of the
solution:

u)(t, x) =Up(w),

8 —34
uay(t,x) =— <% exp(Bt) + /3{2—_{—_338)’(2 exp (%t — 5a)>>
x ((a + 8 Up(w) + 4Uj(w)) — k3t Uj(w) + U (o),

48

with w = —|—8t+x'
o
The associated approximate Q-conditional solution is
8p
u(t,x;e) = m
(35 — )k exp(Br) — (a + 8k exp ( (@ 75)t Sx )
+e|—

(38 — a) (o — &)
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\/_—
+exp(—a+8+ (38 a)(oz+8)( 4B t—i—x))

4 oa+6
\/_—
X<Clexp( EROICED) <a4f8t+x))+cz)).

Using the infinitesimals

Eoy =K1, no =0,

K2 .
§1y = koexp(Bt) + k3,  nay = K—ﬂ exp(Bt)u), (11.29)
1
. 46 4B . . . .
with x| # 0, ————, ——, the integration of the conditions (11.28) yields
a+6 a—946

u)(t, x) = Up(w),

um(t, x) = % exp(Bt)Up(w) — (% exp(Bt) + K3t> Uj() + Uy (o), (11.30)

with w = —«kt + x. The corresponding approximate Q-conditional solution we find
turns out to be

8 8 2—82
u(t,x; €) == f(Sz +¢ <a2 f(Sz % exp(Bt) + exp ((K](afi—ﬂ)

. (k1 (a2 — 82) + 8aB)? 3 a2 =82\ kit —x
642 2 2

82
(=it +x) | +c

(k1(@? = 82) +8ap)? o —
x | c1exp 6477 -

Moreover, along with the choice
4p
=——7, =0,
0 v_5 o
a—+78
§ny =4 (Kl exp(ft) + k2 exp (%t + 8x> + K3> ,
52
nay = — (@ —8)exp (— >

X
oa—30

82 78)t 8
X <K1 exp </3t+ 5x> + k2 exp ('B(a 70 o x)) U0y,

o — oa—306
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we obtain the following representation of the solution:

u)(t, x) = Up(w),

_ o2
u(y(t, x) = (W exp(Bt) — ’;;((:(_’_ ;;) exp (ﬁ(Z j:a)t +8w>) Up(w)

—4 (% exp(Bt) + ;3&7—_}—638)162 exp (%t + Sw) + K3t) Ué(a))
+ Ur(w),
with w = 5 t + x. An approximate Q-conditional solution is given by
o —
Bla+78)
88 (38 + @)y exp(B1) + (& — 8)k2 exp (Wr T 5x)
u(t,x;e) = — 8¢ .
a? — 82 (38 + a)(a +9)

Finally, with the approximate infinitesimals

£0) = Brrexp(=Bt), 1) = —Pu).
£y = (k2 — k1871 exp(—B1) + k1 (k3 — k10B?) exp(—21)

ﬁzdz — 82
8

i} exp(—3p1),

Br? 8% ,

nay = —Bkf exp(=261) + ( T KT exp(=261) — k3 exp(—p1) — 52) u(),

we have the representation of the solution in the form

u)(t, x) = exp(—=pt)Up(w), (11.31a)
ua(t, x) = —w <,82/c12a2 ; " i3 exp(Br) + exp(2,8t)ﬂ3t) Uo(w)
- SR (expCapor g b+ 1)~ )
+ %(maﬂz — k3) exp(Br) + ﬂzfc?“z - 82) Up()
+ B2 exp(—2B1) + exp(—BnU; (w), (11.31b)

with w = k1 exp(—pBt) + x. Such a representation does not allow us to solve in gen-
eral the corresponding reduced system of ordinary differential equations; however,
by choosing k; = 0, we are able to get the following approximate Q-conditional
solution:
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o+48
u(t,x;e)=crexp| —pt — x ) vexp(éx) + c2

4
. ( J/E2 exp(—p1)
4(kr (ot — §) — 2k3) I a—35 a+35 exp(dx)
( a2 — 4as + 383 (E’ 48 0 450 o )
B iy (o + 8) — 4k F <1 oa+8 a+58 _exp(Sx))
(o +96) 27 48 7 48 c
exp(6x)(ky(a — 8) — 4k3) I a+55 a+95  exp(éx)
- 28 (ct + 58) (E’ 4 4 0 o ))
exp (—Zﬁt — O‘TJ”Sx)
-] (exp(8x) (k2 (o — &) — 4k3) + ca(k2(a + 8) — 4k3))
TN e

o (_ﬂt _ awa> 2 2
s exp(dx) + o (exp(ax)(clsﬂ t—cq)+ (10287t — C3)8)
8(a —9)

(ko (@ = 8) — 4K3)> .

The Case (ii): 88y —a®> =0

In this case, we are able to recover five different sets of approximate Q-conditional
symmetries of (11.26).

Using
£0 =0, 10 = — Br1 exp(Br) o
0) ’ ) K1 eXp(ﬂt) +1 0)»
iy
S§y=—77
kpexp(Bt) +1
exp(—B1 — §%) k3x -ty exp(Br)

nay = (ﬂ2K1(2 log(ic exp(B1) + 1)

(k1exp(Bt) + D?  u() (k1 exp(Bt) + 1)?
+ kypexp(Bt) — Bt) + k10 — KS) u),

and integrating the approximate invariant surface conditions (11.28), we get:

wo(tax) = — 20X
O kpexp(Bt) +1°
(%) = 1 _exp (—,3[ — %x) K3X + k4
KO = exp(BD) + 1 B Up(x)
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B Ger exp(B)2log(kt exp(B1) + 1) — Bi) — 1) — kikaa + k5
Brey iy exp(Br) + 1)

+ 4 22 (log(y exp(Bt) + 1) — BOUJ(x) + Uy (x)> .

Up(x)

B

Solving the reduced ordinary differential equations, the approximate Q-
conditional solution has the form:

8p
o2 (i exp(Bt) + 1)
2
+ ¢ (—:—IBZ exp (—,Bt — %x) (k3x + Kg)
_ 8exp(Br) (B*k1(2log(ki exp(Br) +1) — Bt + 1) + kikoor — ks)
o2 (k1 exp(Bt) + 1)?

. exp (_ (1 + g) %> (Cl exp (?ax) + Cz) ,

k1 exp(Br) + 1

u(t,x;e) =

with ¢; and ¢, arbitrary constants.
Taking

§o =0, no =—Buw,

o
&qy = 4exp(—p1) (K1x2 + Kox + K3) + 4exp (ﬁt + 5)6) (reax + Ks)u%o),

+
1) = exXp (—3ﬂ[ — %x) M
O]

— exp(—=Bt) (k1 (ax —2)x + ka(ax — 1) + k30 + Kk3)u (o)

o
_ ,32”(0) —exp (ﬂt + Ex) (kq(ax —2) + IC5Ol)I/t?0),
the integration of the approximate invariant surface conditions (11.28) gives

() (t, x) = exp(—B1)Up(x),
u(t, x) = _oxp (=281 — §x) (KeX +k7)

BUo(x)
+ CXP(;# (ki(ox —2)x +12(ax — 1) + K300 + k3

— exp(B)’t) Up(x) +

exp (—2Bt + %)

3 (ka(oex — 2) + ksa) Ug (x)
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exp(—28t)
p
exp (—28t + %)
p

and the corresponding approximate Q-conditional solution turns out to be

+4 (K1x2 + Kox + K3) Uj(x)

+4 (kg X + ks) UG (x) U} (x) + exp(—Bt) U (x),

u(t,x; &) = cyexp (—ﬁt — %) Jx
(exp (=28t —ax/4)
+ ¢

((C%(Kz + ZC%KS + Kkg) — ke)X + 2C%K3 - /c7>

c1Bv/x
+ exp (_,3, _ %) ((03 - c1§?)x )
+ C%z(;f/& ((ZC%(KZ — k3a + 2¢3ics + Kg) — 2k + kya)ax
+ 433y + 23 ks + Kg) — K3) — 12k + 2K7a) erﬁ(j;?/z))

22 <2c%(/<3a — 3k + 2c%lc5 + k3)) + 6k — K70l)) ,
1

Jox
where erfi (T) is the imaginary error function, defined as

erfi(x) = % /Ox exp (%) dt.

Choosing

4p
= -, = O,
§0) o 1)

§1y = 4 (exp(Bt) (ki + k2B (8Bt + ax — 8)) +k3),
nay = —aexp(Br) (ki + k2 B8Pt + ax — 8))u (),

and integrating the conditions (11.28), we get the following representation of the
solution:

u)(t, x) =Up(w),

uy(t, x) = — exp(Bt) <K1% + k4Bt + aw — 12))

x (aUp(w) + 4Uj(w)) — 43t Uj(w) + Uy (w),
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with w = —'Bt + x. The associated approximate Q-conditional solution is
o

u(t,x;e) = i—f + ¢ <—8 exp(Bt) (Iq +K2§(8,3t + oax — 12))

+ exp (—,Bt - %) <c1 sin (,3t + %) + c; cos (ﬁt + %))) .

Another set of the approximate generators writes as (11.29), and the corresponding
approximate Q-conditional solution is given by

u(t, x; €) —8’3 +e (a—ﬂ—z exp(Bt)

te Kyo? L aZ(kio +88)2  a? | kit —x

X — 4« _—

P11 352 6457 2 2
a?(kja +8B)2  «?

X | crexp \/Tﬂz — 7(—K1t+x) +c

Finally, using

£0) = Brrexp(—Br),  no) = —Bu).
2,32

E1) = (k2 — k1 B71) exp(—B1) + k1 (3 — k10B%) exp(—2p1) — k]

2,82

exp(=3p1),

na1y = —Bk} exp(=261) + (xl exp(—2f1) — k3 exp(—p1) — ﬂ2> u()

we recover a representation of the solution obtainable from (11.31) by setting § = 0,
ie.,

u)(t, x) = exp(—BnUp(w),

_ 222
(1, x) = —eXp(;ﬂ” (xf“f — i3 exp(Br) + exp(2ﬂt)/33t> Us()

exp(—4pB1)

== (e D — )

2
+ —(KIOZ,B — k3) exp(Bt) + &} 2;? )Uo(w)

+ Bict exp(=2p1) + exp(— 1)U (w),

where w = kj exp(—pt) + x.
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Also in this case, we cannot solve in general the corresponding reduced system;
nevertheless, by taking «; = 0, we obtain the following approximate Q-conditional
solution:

u(t,x; &) = cyexp (—,BI - %) Jx

c1 ax\ (4kz — kra)x + 2K,
+ ¢ <E exp (—Zﬂt - T> NG

a*((ca — e1B*)x +c3)

exp (—Br — %)
L — 4 (

+ M (2k3 — kya)ax + 4(3k3 — ko)) erfi <@>>
Va 2

+ SM(IQO[ — K3)> .
o

-

The Case (iii): 88y — o> = &>

In this case, we obtain four different sets of approximate Q-conditional symmetries
of (11.26), but in only two cases we obtain general real valued solutions.
By using

Brc1 exp(Bt)

= 0, = — u .
5o 10 k1exp(Bt) +1 ©

N 4K2
T krexp(Br) + 17

exp(—pt — 5x) k3 sin (%x) + K4 COS (%x)
 (kyexp(Br) 4+ 1)? )

e (o
(k1 exp(Bt) + 1)2 (2/3 K1 log(ky exp(Bt) + 1)

+ B Gy exp(Br) — B) + akact — s ) o,

and integrating the approximate invariant surface conditions (11.28), we get the
following representation of the solution:

up(t,x) = UO—(X)
O rexp(B) + 17
_ 1 exp (—Br — $x) k3 sin (%x) + K4 COS (gx)
uay(t,x) = kiexp(Bt) +1 \ B Us()
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1
B Brci(ky exp(Bt) + 1) ('82K1(K1 exp(Bt)(2log(k; exp(Bt) + 1)

— B — 1) — ki + k5) Up(x)

+4 %(log(/q exp(Br) + 1) — BnUi(x) + U, (x)> .

The associated approximate Q-conditional solution has the form:

8p
(o + 8%) (k1 exp(Bt) + 1)

+ @ +8 e ( Bt a ) sin 5 + K4 cOS 5
E| ——————€X — — =X K3 ST —X K —X
gpr P AP 4081 2

) 8exp(Br)
(a? + 8%) (ke exp(Bt) + 1)?
— ﬂl + 1) + k120 — K5)

. exp(—<a+\/“z72> %‘) (qexp( ﬂx)—i—cz)

k1 exp(Bt) + 1 2

u(t,x; &) =

(B*1(2log(ky exp(Bt) + 1)

Another case of admitted approximate Q-conditional symmetries has the approx-
imate infinitesimals (and, consequently, the representation of the solution) with the

same expression as (11.29) and (11.30). The approximate Q-conditional solution we
find is

88 88 K K1 (a? +82)
u(t, x;e) :a2 gy +¢ <a2 s K—? exp(Bt) + exp ((T
tat (k102 +8%) +8aB)? a2 +82 )\ kit —x
o —
642 2 2

24 52 8aB)2 24 52
X | c1exp \/(/q(a +0) + 8ap) _¢ + (—kit+x) | +c

642 2
Finally, for the approximate infinitesimals

Eo =0, no =—Buw,
&qy =4 exp(—pt) (k1 sin(6x) + k2 cos(8x) + «3)

o . (9 ) 5
+ 4 exp (ﬂt + Ex) K4 Sin Ex + k5 cos zx Uy,



408 11 Approximate Symmetries

oy =exp (—3ps — ) e (3x) ¥ 7 c0s (3)
2 u(())

—exp(—pt) ( (k100 4 K28) sin(6x) — (k16 — ko) cos(Sx)

o
+ K300 — Kg) uq) — ,32u(0) — exp (,31‘ + 5X>

x (ke + 1650) sin(8%) — (kg — e500) cos(8x) ) ey,
and

£0) = Brrexp(=B1), () = —Pu).
(1) = (k2 — K1 B30 exp(—B1) + k1 (k3 — K1) exp(—261)

20(2 +82

i} exp(—3p1),

Bra?+48%) ,

nay = —BkF exp(—261) + ( T KT exP(=2B1) — k3 exp(—f1) — ﬂz) U,

after computing the corresponding representations of the solutions and obtaining
the reduced ordinary differential equations, in general we do not find real valued
solution, so that we omit them.

Remark 11.6 still applies to approximate conditional invariant solutions.

11.8 Approximate Noether Theorem

The approach for approximate Lie symmetries heretofore described of course can
be used in variational problems. This leads to state an approximate Noether theorem
for constructing approximate conservation laws of equations admitting a Lagrangian
function containing small terms.

Definition 11.14 (Approximate conservation law) Given a system of differential
equations,

A (x, w,uD, . u®; s)

p
~ 1 1
= ZEkA(k) (x, “(0)vu$0§v ug); ...,u(k),ugk;, u%) ~ 0, (11.32)
k=0

an approximate conservation law of order r compatible with the system (11.32) is
an approximate divergence expression, say

4 n
k . B (0)) (r=1) 1) (r=1 ~
Ze (Z D; <<I>’(k) (x LIOT ST | i | TTSPR | FA I | b/l ))) A
i=1

k=0
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holding for all solutions of system (11.32), where

P
kXi 1 (=1 (eY] (r—1) s __
Zs <I>’(k) (X,u<0),u(0),u(0) e JUG, Uy ey UGy ), i=1,...,n
k=0
are the expansions at order p of the fluxes @ (x,u,u™, ..., u";¢) of the

approximate conservation law, according to (11.10).

Some properties about exact conservation laws can be formulated in the
approximate context:

e an approximate conservation law is trivial if each of its approximate fluxes is
O(eP*!) on the solutions of the given system of differential equations, or the
approximate conservation law is O (¢”*!) identically;

e two approximate conservation laws are said equivalent if their linear combination
is a trivial approximate conservation law;

e afinite set S of approximate conservation laws is linearly dependent if there exists
a set of constants, not all zero, such that the linear combination of the elements
in 8§ is trivial; in this case, at least one of the approximate conservation laws in S
can be expressed as a linear combination of the remaining ones.

It is well known that for variational problems, i.e., differential equations derived
from a Lagrangian function, the determination of conservation laws is ruled by
Noether theorem [31], establishing a correspondence between symmetries of the
action integral and conservation laws through an explicit formula involving the
infinitesimal generator of the Lie symmetry and the Lagrangian itself.

In what follows, let us limit ourselves to Lagrangian functions involving first-
order derivatives, albeit the procedure can be straightforwardly extended in the case
of higher order Lagrangians (see [18] for details).

Let

L(x,u,u;e) (11.33)

be a first-order Lagrangian function involving a small parameter ¢. After inserting
the expansion (11.10) in (11.33), we have

0. ) T 1
L(x,u,u¥se) ~Lo) (X, U, qu§)

14
e 1 1
+ ZEkL(k) (X, u), HEO;, e Wiy, e, ué,&) ’ (1134)
k=1

where Z(O) =L (x, u(), uE(l);; 0) is the unperturbed Lagrangian and the remaining
terms in (11.34) represent the perturbation up to the order p in €.
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Let us consider the corresponding approximate Lagrangian action

S(xuu /Lxuu e) dx

P
/(Z e La (x U, ... UGy, Ul u§,3))dx, (11.35)
k=0

over a domain 2. By requiring the first variation of the approximate Lagrangian
action (11.35) to be O(e”*') under variations of order O(e”*") at the boundary of
€2, we obtain the approximate Euler—Lagrange equations

p 7 n T
S0 s (0 ) o, a1 m
k=0 It o) i=1 It O)a.i

Approximate variational and divergence symmetries of an approximate
Lagrangian action are defined as in the exact case, and an approximate Noether
theorem can be stated. We limit ourselves to first-order Lagrangians.

Theorem 11.6 (Approximate Noether theorem) Let us consider a variational sys-
tem of differential equations arising from a first-order Lagrangian function. Let
(11.11) be the generator of an approximate variational symmetry of the approximate
Lagrangian action (11.35), say

p k n
S <a§}§L(k,») + L)) ZD,-&,-),) ~ 0. (11.36)

k=0 j=0 i=1

Then, there exists the approximate conservation law

V4 n
> et (ZZ) q>(k)> (11.37)

k=0 i=1
where
k m n k—¢ az
qy(k) = Z Z Nwae — Z EjU©a,j Z EYRN + E@iLi—0)
=0 \ o=l j=1 q=0 (q)a,i

If we consider an approximate divergence symmetry, i.e.,

p n
Zek Z <u(j)1<k h+ Lo ,>Z@g(,),> — ZD,-qs;k) ~0, (11.38)
i=1

k= j=0 i=1
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where ¢>ék) (X, up), .-, u(k)) (i =1,...,n) are functions of their arguments to be
suitably determined, in the approximate conservation law (11.37) it is

k m n k—t 07
~ - ~ Gt ~ ~ .
w=2_1 22| | T = D Ewitwas | o | TEoiLe-o | = b
=0 \a=I1 j=1 q=0 U(g)a,i

In the case of only one independent variable, say the time t, the approximate
Noether theorem yields an approximate first integral.

Proof The proof is immediate and is simply an adaptation of the proof of classical
Noether theorem in the approximate context. O

Remark 11.7 Approximate variational or divergence symmetries leave the
Lagrangian action approximately invariant; consequently, they are admitted as
approximate Lie symmetries of the approximate Euler—Lagrange equations. As in
the exact case, the converse is not true, because not all the approximate Lie symme-
tries of the approximate Euler—Lagrange equations are approximate variational or
divergence symmetries.

11.8.1 Applications

Let us consider some examples of physical interest where the approximate Noether
theorem can be applied. The first two examples have been considered in literature
and analyzed by means of the Baikov—Gazizov—Ibragimov approach to approximate
Lie symmetries, the third one addresses the planar three-body problem where one of
the material points has a mass of order . Moreover, we limit ourselves to first-order
approximate variational symmetries of first-order perturbed Lagrangian functions,
and determine the corresponding first-order approximate conservation laws. The
computation of approximate variational (or divergence) symmetries and approxi-
mate conservation laws has been done by means of the program ReLie [32]. In the
examples, for the independent variable is the time ¢, to light the notation we denote
derivatives with superposed dots.

Example 11.14 (Perturbed harmonic oscillator) Consider the one-dimensional
perturbed harmonic oscillator, say the differential equation

i+u+eF) =0,

derived from the Lagrangian

(L'tz - uz) - S/F(u)du,

N =

L(u,u;¢e) =
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2
where F'(u) is an arbitrary function of u such that —— # 0. This model has been

studied in [2] for the classification of the admitted approximate Lie symmetries, and
in [20], where an analysis of the approximate Noether symmetries and the corre-
sponding approximate conservation laws have been developed. In order to perform
the algorithmic procedure for approximate variational Lie symmetries described in
the previous section, let us expand u(t; ) at first order in ¢, i.e.,

u(t; &) = ug)(t) + euq)(t) + 0(e?),
whereupon, we have the first-order approximate Lagrangian
L =L (u), o) +eLay (w©), way, i), i)

1. ..
=5 (it0))* — ugy)) + & <M<0>”<1) —uoU1) — / F«»(Wm)du(m) )

where the expansion F (1) ~ F(uq)) + €

dF,
wum has been used.

By solving the approximate determining equations, a classification is needed
according to the functional form of F (u):

(1) F(u) arbitrary;
(2) F(u) = (u + 8)%, § constant;
(3) F(u) = —, k constant.

u

For F(u) arbitrary, we determine the following generators of approximate diver-
gence symmetries together with the expansion of the associated function ¢ entering
the invariance condition (11.38):

0
8; = — with = =0;
1= b0 = by

Hy=¢€ sin(t)a— with ¢y =0, ¢q) = —cos(Hu);

E3 = scos(t)a with ¢y = 0, @) = sin(H)u);
ad d

Hy=¢ sin(2t)§ + cos(2t)u(0)8— with o0 = 0, oq) = sin(2t)u(20);

u

0 0
Bs=c¢ cos(2t)§ — sin(2t)u(0)8— with o) =0, ¢y = cos(2t)u%0);
u

[0256‘1’)’[]36 =&k with ¢(0) = ¢(]) = 0;
(11.39)

the application of Theorem 11.6 yields the following approximate conserved
quantities:

1

I, = 3 (ti0) + ufy) + (ﬂw)if(l) +u@ua) + f F(0>(M(0>)du<0>> ,
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I, =¢ (Sin(l)l;l(()) — COS(Z‘)U(O)) s

T3 = & (cos(t)it) + sin(tuy) ,

Iy=c¢ ((sm(t)ﬂ(o) — cos(t)u(g)) (Cos(t)u(o) + sin(t)u(o))) ,
Is =& (sin(t)iio) — cos(t)u(o)) ,

Ie, =cl 1.

For F(u) = (u + 8)2, in addition to (11.39), we have two further approximate
divergence symmetries, namely

B4 =4 sin(z)% + (—3 cos(t) + ¢ (38[ sin(t) + 2 cos(t)u(o))) %,
with ¢y = =3 sin(t)u (g,
(1) = sin()ugg, — 38( cos() + sin(t))ug) — 3sin()uy) — 367 sin(r);
Egy =4 cos(t)% + (3sin(t) + & (381 cos(r) — 2sin(Dup))) 83
with ¢y = —3 cos(H)u (),
by = cos(t)u%o) + 38 (t sin(z) — cos(t))ugy — 3cos(t)u(ry — 382 cos(t).

The associated approximate conserved quantities turn out to be
I7, = COS(I)IZ(O) + sin(t)u(o)

2 2
+ e (f sin(t)u%o) — (§ cos(fu ) + ¢ sin(t)) (o)

sin(t) ,
+ 3 “(O) + (¢ cos(t) + sm(z))u(o) + cos(t)u(l) + sm(z)u(l) +6 sm(t)>

Igq = Sin(t)b't(()) — COS(l‘)u(O)

+ & (—% cos ()it (g) — (% sin(t)u gy — ot COS(t)> 0

cos(t) o

3 ”(0) + &(t sin(t) — cos(1))uo) + sm(t)u(l) —cos(u(yy — 82 cos(t))

Finally, for F(u) = %,
e

generators of approximate divergence symmetries, say

we have, besides generators (11.39), the following

E7p =COS(2I‘)i — sin(2t) (M(()) + 8u(1)) i
at ou
with ¢(0) = COS(2Z‘)M(20>, ¢(1) = 2COS(22‘)M(0)M(1)§
. d 0
Egp = sm(21)5 + cos(2t) (u(o) + au(l)) —,

ou
with ¢(()) = sin(2t)u%0), ¢(1) =2 sin(2t)u(0)u(1).
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Thus, the following approximate conserved quantities are obtained:

(u)1)* — ug .
I, = COS(ZZ‘)% + sm(2t)u(o),1u(0)

+ & <(COS(2[)M(1)’1 + sin(2t)u(1)) U),1

2
2u )

. cos(2t)
—+ (SIH(ZI)I/[(U,] — COS(2Z‘)M(1)) Uy — kK s
(0).1)* — Uy,

T, = sin(2t) >

— COS(ZI)M(())JM(O)

+ & ((sin(2t)u(1),1 — COS(ZI)M([)) U©),1

2u?

. sin(2t
_ (COS(2I)M(1),1 + s1n(2t)u(1)) Uy — K ( )> .
©)

Remark 11.8 The above approximate Noether symmetries are just the expansion
of those determined in [20]; this explains essentially the concept that our approach,
compared with the Baikov—Gazizov—Ibragimov method, is consistent with the prin-
ciples of perturbation analysis; moreover, the corresponding first-order approximate
conserved quantities here obtained are somehow different from those reported in [20]
(maybe some formulae of the latter paper contain some typos). We stress that, albeit
in [20] first-order approximate conserved quantities are considered, the results there
obtained include also higher order terms in ¢).

Example 11.15 (A second-order system of ordinary differential equations) Let
us consider the following perturbed second-order system of ordinary differential
equations investigated in [5],

i o 1 dF (v) 0
i+ —= —e— =
ud ud dv

1 1 d
[0.25cm]i — 4o~ + 2—itd + 26— — (VF (1)) = 0:
ut u u* dv

)

(11.40)

system (11.40) can be derived from the Lagrangian

v F(v
L(u, v, 0,03 8) = vi” + uitd —a— + ¢ ©)
u

u? ’
where u = u(t; ), v = v(t; €), F(v) arbitrary smooth function of its argument, and
« constant.

In [5], system (11.40) was analyzed as an approximate variational problem, and
some approximate conserved quantities for arbitrary F (v) have been determined. As
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our consistent procedure requires, expanding u(¢; €) and v(t; €) at first order in ¢,
we get the first-order perturbed Lagrangian

L= Loy (1), v0)» o), 00)) + L) (1), Vo), Uy, V1), W00y V(0)» Bitys D)

.2 A v(0)
=Vl T UO)U©O)V©) — * g
©

+e <2U(0)ﬁ<0)ﬂ(1> + vyt + 1) (T 0y V1) + 1) D) + Ut Vo)

V() V() Fo)(v0))
_O‘<T_ T”<1)>+T ,
L0 L30) U

d F)(v0))
d V(0)
ing the approximate invariance of the action integral, we are able to obtain the follow-
ing approximate generators together with the expansion of the associated function ¢

entering condition (11.38):

where the expansion F'(v) ~ F)(v()) + & v(1) has been used; by impos-

0
E = —, = = O’
=5 b0 = by
d d
- 2
Hy =t"— +1t(up +cu —,
2 or ( ) (1)) Ju
. 2 .
with ¢y = —uto, vy, ¢y = =1 (o) vay + 2v0u)) ;
a ad .
gy =2r— + (M(Q) + 814(1)) —, with ¢ = ¢y = 0;
ot ou
B4 =€ 8, with ¢(0) = ¢(1) =0;
Es =¢£Ea, with gy =0, ¢y = —ujyv);
Ze¢ = €83, with ¢(0) = d’(l) =0;

these generators give the following approximate conserved quantities:

. .. )
Iy = 1)V + ) Vo) (0) + &l V()

+ ¢ (ft«»U(l) + ) VU + 2601y V)

.. . -3 )
+ ) @) vy + Vo) +aug) (uovay = 2v0um) — g F(O)(Um))) )
2 (. . . )

I, =t (M<0>U(0> + i) Voo + W«»v«»)

— 1 (2d + Doyig)) + U

U4 Vo) T VOl () U ) V(0)

2 (2 . . . .
+ & (17 (g, vy + i) Doy 1y + 220yt (1) V(0

.. . -3 2
+ ) (i) 1y + Doyt + it (v — 200)10)) — g, F«))(U(O))>
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—t (Zb‘t(o) (u(o)v<1) + MmU(O))
+ 10 20y + 21 Vo) + V) F U v + 2w voum)

I3=2t (’1%0)”(0) + it Vou© + W((ﬁvw)) — 2U o)) V0) — Do)l (p)

+ e (Zf (ﬂ«))v(l) + ) Vo)) + 201y Vo) F ) V1), 140) + Vo)l1)U )
+ aug, (uo)va) — 2vum) — M(_o?Fw)(v(m)) - <2ﬂ<0> (t@va) + uayvo)
+

. . . 2
200U )iy + 20 1)) V) + V1)) -
I4:8I1, I5:8I2, .[6:8.[3.

Remark 11.9 In this application, we recovered a set of approximate conserved quan-
tities different from those reported in [5]; furthermore, there is no need to consider
special instances of the arbitrary function F'(v).

Example 11.16 (The three-body problem) Let us now focus on the problem of three
bodies with masses m,, (¢ = 1, 2, 3) moving under their mutual gravitational attrac-
tion. We assume that the mass m3 of the third body is much smaller than m; and m5,
and that the three point masses move in a fixed plane. Therefore, we consider a planar
restricted problem without neglecting the gravitational action of the third body on
the two main bodies. Let r; = (x;, y;,0) (i = 1, 2, 3) be the position vectors of the
three point masses in a fixed frame reference, and r;; =r; —r; (1 <i < j < 3).
Under these hypotheses, the motion equations are:

. rp I3
ry + GM2—3 =+ EGWL3—3 =
r2] v ry3] v
[0.25cm]¥, — Gmi— = + eGmz—— =0, (11.41)
s rs] a3
By — Gm—2 _ Gmy, 22—,
NE |ros)3

where G is the gravitational constant. Equation (11.41) is derived from the
Lagrangian function

Gmlmz

[riz]

L=

(mll"% + mzl"%) +

Gmim Gmom
+s<m3i~§+ 1 2 3)

ry3] [rp3]

N =

Let us expand the dependent variables at first order in ¢, i.e.,

ri =r(); +erq); + 0(e?)
= (w0yi (0 + 1)1 (1) + O3, 30y (1) + vy () + 0, 0), i =1,2.3,
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whereupon

r;j =i + erayj + 0(%) =1 — 1) + & (ra —ra);) + 0,
and

L~ Z(O) + 82(1)
Gmlmz

1
.0 %)
=5 mirgy +margp) + ——-
2( 0 0 ) I oy12|

. 5 . . %)
+eé (mll'(O)ll‘(l)l + mar )2 - T(1y2 + M3F g3

Gm1m2 Gm1m3 Gm2m3
royz - rmiz + ;

Iroy2l? Ir )13 T 0)23]

by searching for the approximate divergence symmetries, we are able to determine
the following approximate generators together with the expansion of the associated
function ¢ entering the invariance condition (11.38):
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0 0
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i=1 !
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2 2
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As far as the nontrivial conservation laws are concerned, the results that we obtain
are as follows:

e from generator E;, we have the first-order approximate conservation of total
energy

1
2

Gm1m2
Il = mlf'zo 1 +I712fzo 2) — T——
( ) (©) ) Iro)12]

o, . . . .
+e& <§m3r(20)3 + mry1 - Ty + My - Ty

Gm|m3 GWsz3 Gm1m2

- royi2 - I‘(1)12> )
Ir )13l Ir(0)23| Ir)sl?

e from generators E,, and E,;, we have the approximate conservation of total linear
momentum

T = mky1 + mat oy + & (mi¥ay + makay + msk)3) 5
e from the generators E3, and E3,, we have

I3 = m(tF )1 — X)) + ma(trep2 — ro)p)
+ & (mi(tkay1 — ray) + ma(thayn — Tayp) + ms(thoys — rop)),

expressing that the approximate (at order ¢) barycenter of the system has a uniform
and rectilinear motion;

e from the generator E4, we have the approximate conservation of total angular
momentum

T4 = mix) AEoy + marop A Fop
+ & (my (ron AFay 4+ ran AFon) +ma (Fo2 A Fa + Fap AFo2)
+ m3r )3 A F)3) .



References 419

Therefore, we recovered the approximate conservation laws we expect. The

remaining generators do not yield new independent conserved quantities. In fact:

the generator E5 produces

I5 = (mlr(())l + m21'(0)2) A (m]l"(o)l + mzf‘(o)z + e (mlf'(l)l + mzf‘(l)z + m3l"(0)3))
+ ¢ (mlr(l)l +mary + m3r(0)3) A (mli‘(())l + m2f'(0)2)

_ (/Izdt) AT

the generator E¢ produces

. . (my +my)ly—1Is
Ig=¢ (I‘(O)1 - I‘(O)z) A (1‘(0)1 - l'(0)2)) =¢& ;
miniy

the generator E- produces 7 ;

the generators Eg, and Eg;, produce €75;

the generators E9, and Eg, produce 73;

the generator & produces £7s;

the generators E;; and E;, produce only trivial conserved quantities.
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Chapter 12 ®)
Computer Algebra Programs e

12.1 Introduction

Though the application of Lie theory and its modern extensions to differential equa-
tions is completely algorithmic, it usually involves a lot of cumbersome and tedious
calculations. Today, many powerful Computer Algebra Systems (either commer-
cial or open source) are available, and the needed algebraic manipulations can be
rapidly done almost automatically. In fact, many specific packages for perform-
ing symmetry analysis of differential equations are currently available in the liter-
ature [4, 9, 10, 12, 13, 17, 19, 20, 22, 23, 39-43, 45]. In this Chapter, two differ-
ent packages will ne discussed. The first one, RELIE [31], written in the Computer
Algebra System REDUCE [ 18], is able to find Lie point symmetries, conditional sym-
metries, contact symmetries, variational or divergence symmetries of differential
equations, both exact and approximate. The second one, SYMBOLIE [1, 2], written
in Wolfram Mathematica™[46], is devoted to compute optimal systems of Lie sub-
algebras. As far as this last problem is concerned, we quote a recently introduced
SageMath algorithm [47].

12.2 The Program RELIE

The package RELIE [31], written in the open source Computer Algebra System
REDUCE [18], and freely available, can help researchers to perform with a little effort
most of the computations described in this book.

REDUCE is a general purpose Computer Algebra System whose development was
started by Anthony Hearn in 1963. It is written in a Lisp dialect (Portable Standard
Lisp); since December 2008 it is an open source program (available for all platforms
at the url http://www.reduce-algebra.com). The source code of RELIE, as well as
the user’s manual, can be found at the url https://mat521.unime.it/oliveri. Therefore,
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RELIE can be freely used by researchers who do not have licenses of commercial
programs like Wolfram Mathematica™[46] or Maple™ [27].

RELIE requires the user to have a minimal experience in working with the alge-
braic mode of REDUCE. The origin of this package dates back to 1994 when the
author developed some routines useful to manage the lengthy expressions needed
to determine the Lie point symmetries of differential equations; this set of routines
constantly grew through the years providing new capabilities, and now constitutes a
package able to perform most part of the tedious work of looking for Lie symmetries
of differential equations. Moreover, the program can be used also in interactive mode
mimicking the steps one has to take with pencil and paper but with the benefits of
using a computer with a dedicated program. This can represent a useful support in a
higher course on symmetry analysis of differential equations, or in all those situations
where the determining equations cannot be automatically solved and some special
assumptions are needed, or a special pre-processing of input, or post-processing
of the results, are needed; in such cases, the standard functions made available by
REDUCE, or some routines written by the users, could be necessary.

What the package RELIE can do is hereafter presented by considering some simple
examples; nevertheless, more complex applications can be efficiently addressed as
well, and some of these cases are discussed. It is worth of being noticed that almost
all the computations shown in this book have been carried out using RELIE.

The package RELIE is a collection of (algebraic) routines that allow the user
to investigate ordinary and partial differential equations within the framework of
Lie symmetry analysis. By using the program, it is possible to compute almost
automatically (only input data of the problem are requested): Lie point symmetries,
conditional symmetries, contact symmetries, variational or divergence symmetries
with their associated conservation laws (all these symmetries may be either exact or
approximate), and equivalence transformations of classes of differential equations
containing arbitrary elements. Furthermore, the program implements functions for
computing Lie brackets, the commutator table of a list of Lie operators, and the
distribution of an algebra of Lie symmetries (useful in the context of inverse Lie
problem [16, 24-26]).

After entering REDUCE, assuming that we are in the directory containing the source
file relie.red, the set of routines implemented in the package RELIE becomes
available after the statement

in "relie.red" $

The loading of RELIE is successful if the output

RelLie, version 3.0

A REduce program for Lie group analysis

of differential equations

(c) Francesco Oliveri (foliveri@unime.it) - 2020
Last update August 9, 2020
https://mat521.unime.it/oliveri/
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is displayed. Alternatively, one may include the package in the REDUCE image by
issuing in a REDUCE session the statements

faslout ’relie $
in "relie.red" $
faslend $

If all works, RELIE is loaded through the command

load_package relie $

According to the task we are interested to, some input data are required. The
minimal required set of data is

e a positive integer value for the global variable jetorder (the maximum order of
prolongation of the Lie infinitesimal group);

o the list xvar of the independent variables;

e the list uvar of the dependent variables.

Example 12.1 The assignments

jetorder:=2 $
xvar:={x1,x2} $
uvar:={u} $

refer to a second-order partial differential equation for the unknown u(xy, x;).

The number of independent as well as dependent variables is not a priori bounded;
moreover, the identifiers of independent and dependent variables are arbitrary pro-
vided that no conflict arises with the reserved words of REDUCE, or identifiers used by
RELIE (see Sect. 12.2.10 for a list of internal global variables used by RELIE). Also
the value of jetorder is not bounded by RELIE. Of course, as jetorder and/or the
number of independent and dependent variables increase, the performance in terms
of memory and/or execution time decreases.

The first function one has to call is relieinit (), that defines and initializes
all the needed objects required to perform Lie group analysis. It checks the input
and possibly displays some warnings. If only jetorder, xvar and uvar have been
assigned, then the call relieinit () produces the output:

The list ’diffeqs’ of differential equation(s) is missing!
The list ’leadders’ of leading derivative(s) is missing!
Check ’diffeqs’ and/or ’leadders’!

You may only call relieprol() or

generatealgebra(k) (k=1,2,3).
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In fact, we did not define the list diffeqs of differential equations and the list
leadders of leading derivatives. Nevertheless, we can compute the jetorder—
prolongation of the vector field generating a Lie group of point transformation. The
infinitesimal generators of the independent and dependent variables are automatically
defined by the program (therefore, the user is not requested to set them), and stored
in the list allinfinitesimals. The infinitesimals of the independent variables are
denoted by xi_ followed by the identifiers in xvar; analogously, the infinitesimals
of the dependent variables are denoted by eta_ followed by the identifiers in uvar.
According to the Example 12.1, the list allinfinitesimals is a list of two ele-
ments, each element being the list {xi_x1, xi_x2, eta_u} (this redundancy is
used in order to have a unified coding for dealing also with other kinds of symme-
tries, see below). The dependencies of the elements in allinfinitesimals upon
the independent and dependent variables (the elements in xvar and uvar, respec-
tively) are automatically set by RELIE.

By calling the RELIE function relieprol(), we get the list prolongation.
This list has two elements: the first one is a list containing the coordinates of the jet
space, the second one the list of the corresponding infinitesimal generators. Thus,
the second element of prolongation contains the components of the jetorder—
prolonged vector field.

RELIE internally represents the derivatives of the dependent variables upon the
independent variables by appending to the identifiers of the dependent variables the
underscore _ followed by the identifiers of the involved independent variables. For
mixed derivatives the order of the independent variables in the internal representation
of derivatives reflects the order in the list xvar. For instance, if xvaris {x1,x2} and
uvar is {u}, the left-hand side of the equation (Benjamin—-Bona—Mahoney equation
(5D

ou ou ou 33u

u__—
dxi  0xa  dxp  xFdx

has to be represented as

u_x1 + u_x2 + wku_x2 - u_x1x2x2

12.2.1 Computing Lie Point Symmetries of Differential
Equations

To compute the Lie point symmetries admitted by differential equations, in addition
to jetorder, xvar and uvar, we have to define:

1. the list diffeqs of the left-hand sides of the differential equations to be studied
which are assumed with zero right-hand sides;
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2. the list 1leadders of some derivatives appearing in the differential equations:
when computing the invariance conditions, the elements in the list leadders are
removed by solving the differential equations with respect to them.

Both lists, diffeqs and leadders, need to have the same length, otherwise a
warning is displayed; moreover, the differential equations must be solvable with
respect to the leading derivatives. The user should be careful in the choice of
leadders, especially in the case of systems of differential equations, in order to
guarantee that the differential equations stored in the list diffeqs can be solved
with respect to the elements in 1eadders.

Example 12.2 Once RELIE has been loaded, the statements

in "relie.red" $
jetorder:=3 $
xvar:={x} $
uvar:={u} $
diffeqs:={u_xxx+u*u_xx/2} $
leadders:={u_xxx} $
relieinit() $
relieinv() $
reliedet() $
reliesolve() $
;end;

allow to compute the Lie point symmetries of Blasius equation [6]

dPu 1 d’u 0

dx3 + 2a T
The call to the function relieinit () initializes the needed objects, then the
call to the function relieinv() gives the invariance condition of the differential
equation defined in diffeqs; in other words, the jetorder—prolongation of the
vector field of the Lie groug is applied to the differential equation and the equation

. . .. u . . .
itself is used to eliminate d_3 Then, the list invcond is obtained:
X

invcond ->

{6*df (eta_u,u,x,2)*u_x + 2*df(eta_u,u,x)*u*u_x

+ 6*df (eta_u,u,x)*u_xx + 2xdf(eta_u,u,3)*u_x"3

+ 6*df (eta_u,u,2,x)*u_x"2 + df(eta_u,u,2)*u*u_x"2

+ 6xdf (eta_u,u,2)*u_x*u_xx + 2*df(eta_u,x,3)

+ df (eta_u,x,2)*u - 6*df (xi_x,u,x2)*u_x"2
2*df (xi_x,u,x)*u*u_x"2 - 18*df(xi_x,u,x)*u_x*u_xx
- 2xdf (xi_x,u,3)*u_x"4 - 6*xdf (xi_x,u,2,x)*u_x"3

- df (xi_x,u,2)*u*u_x"3 - 12*df(xi_x,u,2)*u_x"2%u_xx
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+ df (xi_x,u)*uwku_x*u_xx - 6*df (xi_x,u)*u_xx"2
- 2xdf (xi_x,x,3)*u_x - df(xi_x,x,2)*u*u_x

- 6xdf (xi_x,x,2)*u_xx + df (xi_x,x)*u*u_xx + eta_u*u_xx)}

Since we have a scalar ordinary differential equation, the list invcond contains
just one element, which is a polynomial in the variables u_x and u_xx. Invoking
the function reliedet (), one gets the list deteqs of the coefficients of such (list
of) polynomial(s); thus, we have the determining equations, i.e., a system of linear
partial differential equations for the infinitesimals xi_x and eta_u:

deteqs —>
{2xdf (eta_u,x,3) + df(eta_u,x,2)*u,
6*df (eta_u,u,x) - 6*xdf (xi_x,x,2) + df(xi_x,x)*u + eta_u,
- 6xdf (xi_x,u),
6*df (eta_u,u,x,2) + 2+«df(eta_u,u,x)*u - 2*df(xi_x,x,3)
- df (xi_x,x,2)*u,
6*df (eta_u,u,2) - 18*df(xi_x,u,x) + df(xi_x,u)*u,
6*df (eta_u,u,2,x) + df(eta_u,u,2)*u - 6xdf (xi_x,u,x,2)
- 2*%df (xi_x,u,x)*u,
- 12%df (xi_x,u,2),
2*df (eta_u,u,3) - 6*xdf (xi_x,u,2,x) - df(xi_x,u,2)*u,
- 2xdf(xi_x,u,3)}

We may automatically solve this set of determining equations by calling the func-
tion reliesolve (), and the result turns out to be contained in the list symmetries:

symmetries ->
{
{
{1,
{eta_u= - k_1*u,
xi_x=k_1*x + k_2},
{k_1,k_2},
{3
}
}

The function reliesolve() uses the REDUCE package Crack by Wolf [45],
specifically suitable to solve (overdetermined) systems of linear partial differential
equations.

The list symmetries contains an element (when more than one solution set is
possible for particular choices of the involved parameters this list has one element
for each solution set, see later) which in turn is a list of four elements:
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1. the first one is a list of conditions that are still unsolved (in this case the list is
empty because no condition remains unsolved);

2. the second one is a list giving the solution to the determining equations, i.e., the
expressions of the infinitesimals;

3. the third one is a list containing the parameters involved in the solution (in this
case k_1 and k_2);

4. the fourth one is a list of expressions which cannot vanish (in this case the list is
empty).

The parameters involved in the symmetries of Blasius equation are constant; sym-
metries of partial differential equations may involve arbitrary functions that RELIE
denotes as £_1, £_2, ...; we can check the dependencies of such parameters by
passing the name of the function to the procedure fargs() (described in Crack
[45]).

The infinitesimals are solutions of linear homogeneous differential equations, so
they are linear combinations of fundamental solutions. We can compute these fun-
damental solutions through the use of the function reliegen(). It requires two
arguments: an integer and a list. If reliesolve() returns only one solution this
integer is 1; when more than one solution is available (this may occur in group clas-
sification problems or in the search of conditional symmetries), the integer selects the
solution. The second argument is a list of values. If the length of this list corresponds
to the number of arbitrary (constant) parameters involved in the chosen symmetries,
then a list of vector fields (generators) is returned where the kth parameter is
replaced by the kth element in the list and the other parameters are replaced by 0;
otherwise, the kth parameter is replaced by 1 and the other parameters are replaced
by 0. For instance, invoking reliegen(1,{1,13}) (in this case we can write also
reliegen(1,{1})), we get the list generators:

generators ->
{
{x, -u},
{1,0}
}

We have a list where each element is the list of the components of the vector field
generating a symmetry (the components of the infinitesimals of the independent and
dependent variables); for Blasius equation, the vector fields characterize a scaling
and a translation of the independent variable, respectively:

3 9 N
| =X— —u— Hy = —.

ox du’ ax

[l

In the example above, we detailed all the steps leading to the computation of
the Lie point symmetries of a differential equation. Nevertheless, we have a general
function, called relie (), requiring an integer argument:
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1. relie(1) is equivalent to calling relieinit ();

2. relie(2) is equivalent to calling in sequence relieinit () and relieinv();

3. relie(3) is equivalent to calling in sequence relieinit (), relieinv() and
reliedet();

4. relie(4) is equivalent to calling in sequence relieinit(), relieinv(),
reliedet () and, finally, reliesolve().

Example 12.3 After loading RELIE, the assignments

in "relie.red" $
jetorder:=2 $
xvar:={x1,x2} $
uvar:={u} $
diffeqs:={u_x1-u_x2x2} $§
leadders:={u_x1} $
relie(4) $

;end;

allow one to immediately compute the Lie point symmetries of the linear heat
equation
uip—unyn =0.

The output produced by RELIE is

symmetries ->

{
{

{df(f_1,x1)-df (f_1,x2,2)},

{
eta_u=(-8*f_1+2xk_1*xuxx2+2xk_4xx1xu+k_4*uxx2"2+2%xk_6%*u)/8,
xi_x2=(-k_1*x1-k_2-k_3#*x2-k_4*x1*x2)/2,
xi_x1=(-2xk_3*x1-k_4*x1°2-2%k_5)/2

},

{f_1, k.1, k_2, k_3, k_4, k_5, k_6},

{r

}
}

The infinitesimals of the point symmetries of the heat equation involve 7 parame-
ters. The parameter £ _1 is a function, whereas the other parameters are constant. By
calling fargs (£_1), we have as a result {x1,x2}, denoting that the function f_1
depends on x; and x;; moreover, this function satisfies the heat equation (the first
element of the list symmetries). The symmetry corresponding to this parameter is
responsible for the linear superposition principle of the solutions (property shared
by linear equations).
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Calling the function reliegen(1,{-2,-2,-2,-2,-1,4}), we get as a result
the list generators of vector fields of the finite subalgebra of the Lie algebra of

symmetries of linear heat equation:

generators —>

{

{0,x1, ( - u*x2)/2%},

{0,1,0},

{2%x1,x2,0},

{x172,x1*x2, (ux( - 2%x1 - x2°2))/4},
{1,0,0%},

{0,0,u}
}

We can sort the vector fields in generators by using the function
newordering()

generators:=newordering(generators,{5,2,6,3,1,4}) $

S0 obtaining

generators ->
{
{1,0,0%},
{0,1,0%},
{0,0, u}
{2%x1,x2,0},
{0, x1,-u*x2/2},
{(x172, x1*x2,u*x(-2*x1 - x272)/4},

}
ie.,
H 9 H 9 H B]
g = —, iy = —, By =u—,
! 0xq 2 0x> 3 ou
- ’ 0 0 - ) xou 0
Ey =2 — + X0 —, Bs =X|— — —(— —
4 Yax, o, > dx, 2 ou
3 d  ux;+x3) 9
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spanning a six-dimensional Lie algebra. The symmetry corresponding to the function
£ 1,
il . af o f
Ef=f(x1,x)— with — ——=0,
F= ) ou 0x1 Bxf

renders the algebra of symmetries of linear heat equation infinite-dimensional.

The function reliedet () assumes that the invariance conditions are polynomials
in the derivatives: this is true if all derivatives appear polynomially in the differential
equations at hand. In the case where the differential equations we are investigating
contain some derivatives not in polynomial form, RELIE constructs correctly the
determining equations if we inform the program about the derivatives not appearing in
polynomial form. These derivatives have to be the elements of the list nonpolyders.

Example 12.4 (Some derivatives do not appear polynomially)
The following code allows the user to compute the Lie symmetries of the equation

un+exp(u) —u=0.

in "relie.red" $

jetorder:=2 $

xvar:={x1,x2} $

uvar:={u} $
diffeqs:={u_x1x2+exp(u_x2)-u} $
leadders:={u_x1x2} $
nonpolyders:={u_x2} $

relie(4) $

;end;

Remark 12.1 The use of RELIE is not limited to simple cases. For instance, we can
easily determine the Lie point symmetries of the Navier—Stokes—Fourier equations
of a gas in a rotating (with constant angular velocity o along the vertical axis) frame
reference and subject to gravity (see Example 9.3). In this case, we may use REDUCE
to produce the code to be managed by RELIE, and compute in a few seconds the
twelve-dimensional Lie algebra of symmetries [30]. The code (with comments) we
may use is:
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in "relie.red" $

% Set the dependencies of the field variables:
% the density rho,

% the components of the velocity vi, v2, v3,

% and the temperature th

dependence ({rho,v1,v2,v3,th},{t,x1,x2,x3}) $
v:={vl,v2,v3} $ % list of components of velocity
x:={x1,x2,x3} $ % list of space variables

=

define the continuity equation
eql:=df (rho,t)+df (rho*v1,x1)+df (rho*v2,x2) +df (rhoxv3,x3) $

% define the fluxes in momentum equations
procedure flux(j,k) $
begin
return
rhoxpart (v, j)*part (v,k)
-2xkk/ (alpha*m)*th* ((df (part (v, j) ,part(x,k))
+df (part(v,k) ,part(x,j)))/2-(df (v1,x1)+df (v2,x2)
+df (v3,x3))*kroneckerdelta(j,k)/3)
+rho*kk/m*th*kroneckerdelta(j,k)$
end $

% define the list of the components of forces

forces:={2xomega*v2+omega”2*x1,-2*xomega*vi+omega”2*x2,-g} $

% define the momentum equations

eq2:=df (rho*vl,t)+df (flux(1,1) ,x1)+df (flux(1,2),x2)
+df (flux(1,3),x3)-rho*part (forces,1) $

eq3:=df (rho*v2,t)+df (flux(2,1) ,x1)+df (f1lux(2,2) ,x2)
+df (f1ux(2,3) ,x3) -rho*part (forces,2) $

eqd:=df (rho*v3,t)+df (flux(3,1) ,x1)+df (f1lux(3,2),x2)
+df (f1ux(3,3) ,x3) -rho*part (forces,3) $

% define the flux in energy equation
procedure fluxenergy(k) $
begin
return
rho*th*part (v,k)-5*kk/ (2*alpha*m) *th*df (th,part (x,k)) $
end $

% define the remaining terms in energy equation
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temp:=
for k:=1:3 sum
for j:=1:3 sum
(2*rho*th*kroneckerdelta(j,k)/3
-4/ (3*alpha)*th* ((df (part(v,j) ,part(x,k))
+df (part(v,k) ,part(x,j)))/2-(df (v1,x1)+df (v2,x2)
+df (v3,x3) ) *kroneckerdelta(j,k)/3))
*df (part (v, j) ,part(x,k)) $

% define the energy equation
eqb:=df (rho*th,t)+df (fluxenergy (1) ,x1)
+df (fluxenergy (2) ,x2) +df (fluxenergy(3) ,x3)+temp $

% solve field equations w.r.t. time derivatives
sol:=solve({eql,eq2,eq3,eq4,eq5},
{df (rho,t),df(v1,t),df(v2,t) ,df(v3,t) ,df (th,t)}) $

% input for Relie
jetorder:=2 $
xvar:={t,x1,x2,x3} $
uvar:={rho,v1,v2,v3,th} $

% define the equations to be managed by Relie

diffeqs:={df (rho,t)-sub(part(sol,1),df(rho,t)),
df (v1,t)-sub(part(sol,1),df (vl,t)),
df (v2,t)-sub(part(sol,1),df (v2,t)),
df (v3,t)-sub(part(sol,1),df(v3,t)),
df (th,t)-sub(part(sol,1),df(th,t))} $

% define the list of substitutions for writing derivatives

% according to the internal representation used by Relie

subst:={

df (rho,t)=rho_t,df (vl,t)=vi_t,df (v2,t)=v2_t,

df (v3,t)=v3_t,df (th,t)=th_t,df (rho,x1)=rho_x1,

af (vi,x1)=vi_x1,df (v2,x1)=v2_x1,df (v3,x1)=v3_x1,
df (th,x1)=th_x1,df (rho,x2)=rho_x2,df (vl1,x2)=vl_x2,
daf (v2,x2)=v2_x2,df (v3,x2)=v3_x2,df (th,x2)=th_x2,
df (rho,x3)=rho_x3,df (v1,x3)=v1_x3,df (v2,x3)=v2_x3,
df (v3,x3)=v3_x3,df (th,x3)=th_x3,df (th,x1,x1)=th_x1x1,
df (th,x2,x2)=th_x2x2,df (th,x3,x3)=th_x3x3,

df (vi,x1,x1)=v1_x1x1,df (v1,x1,x2)=vl_x1x2,

daf (v1,x1,x3)=v1_x1x3,df (v1,x2,x2)=vl_x2x2,

df (v1,x2,x3)=v1_x2x3,df (v1,x3,x3)=v1_x3x3,

df (v2,x1,x1)=v2_x1x1,df (v2,x1,x2)=v2_x1x2,
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df (v2,x1,x3)=v2_x1x3,df (v2,x2,x2)=v2_x2x2,
df (v2,x2,x3)=v2_x2x3,df (v2,x3,x3)=v2_x3x3,
df (v3,x1,x1)=v3_x1x1,df (v3,x1,x2)=v3_x1x2,
df (v3,x1,x3)=v3_x1x3,df (v3,x2,x2)=v3_x2x2,
daf (v3,x2,x3)=v3_x2x3,df (v3,x3,x3)=v3_x3x3} $

diffeqs:=sub(subst,diffeqs) $
leadders:={rho_t,vl_t,v2_t,v3_t,th_t} $

% remove the dependencies (they are no more needed)
nodependence ({rho,v1,v2,v3,th},{t,x1,x2,x3}) $

% compute the symmetries
relie(4) $
;end;

The results (and their consequent use) are described in Example 9.3.

12.2.2 An Example of Group Classification

RELIE is able to address the problem of group classification of differential equations.
In fact, in certain cases it may be interesting to check if special instances of arbitrary
constants and/or functions involved in the differential equations lead to different sets
of Lie symmetries. This problem is addressed by including the parameters we want
to check in the list freepars, as illustrated in the following example. Moreover,
we may define the list nonzeropars containing parameters (constants or functions
involved in the differential equations, and listed in freepars), or expressions that
cannot be vanishing.

Example 12.5 Consider the three-dimensional Euler equations of ideal gas dynam-
ics (6.5); we can perform a group classification according to the value of the adiabatic
exponent y.

The following code performs the required task:

jetorder:=1 §

xvar:={t,x1,x2,x3} $

uvar:={rho,v1,v2,v3,p} $
freepars:={gamma} $

nonzeropars:={gamma} $

diffeqs:={
rho_t+vi*rho_x1+v2*rho_x2+v3*rho_x3

+rho* (v1_x1+v2_x2+v3_x3),

rho* (v1_t+vi*vl_x1+v2*vl_x2+v3*vl_x3)+p_x1,
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rhox (v2_t+vi*v2_x1+v2*v2_x2+v3*v2_x3)+p_x2,

rhox* (v3_t+vi*xv3_x1+v2*v3_x2+v3*v3_x3)+p_x3,
p_t+vil*p_x1+v2*p_x2+v3*p_x3+gamma*p* (v1_x1+v2_x2+v3_x3)} $
leadders:={rho_t,vl_t,v2_t,v3_t,p_t} $

relie(4) $

;end;
We get

symmetries ->
{
{
{1,
{
gamma=5/3,
eta_p=5*xk_10*p*t -k_14%*p,
eta_v3=k_10*t*v3-k_10*x3+k_12%v3+k_3*v2-k_b*vl-k_7-k_8%v3,
eta_v2=-k_1+k_10*t*v2-k_10*x2+k_12*v2-k_2*v1-k_3+*v3-k_8%*v2,
eta_vi=k_10*t*vi-k_10*x1-k_11+k_12*vi+k_2+*v2+k_b*v3-k_8%*vl,
eta_rho=3*k_10*rhoxt-2*xk_12*rho-k_14*rho+2*k_8*rho,
xi_x3=-k_10*t*x3+k_3*x2-k_b*x1-k_6-k_7*t-k_8%x3,
xi_x2=-k_1xt-k_10*t*x2-k_2*x1-k_3*x3-k_4-k_8*x2,
xi_x1=-k_10*t*x1-k_11xt+k_2*x2+k_b5*x3-k_8+*x1-k_9,
xi_t=-k_10*t"2-k_12*%t-k_13
},
{
k 1, k_2, k_3, k_4, k.5, k 6, k.7, k 8, k_9, k_10,
k_11, k_12, k_13, k_14
},
{>
},
{
{1,
{
eta_p=-k_14x*p,
eta_v3=k_12*%v3+k_3*v2-k_bxvli-k_7-k_8%*v3,
eta_v2=-k_1+k_12*%v2-k_2*v1-k_3*v3-k_8%*v2,
eta_vil=-k_11+k_12xv1+k_2*v2+k_b*v3-k_8*v1l,
eta_rho=-2*k_12*rho-k_14*rho+2*k_8%rho,
xi_x3=k_3*x2-k_b5*x1-k_6-k_7*t-k_8%x3,
xi_x2=-k_1xt-k_2*x1-k_3*x3-k_4-k_8*x2,
xi_x1=-k_11*xt+k_2*x2+k_b*x3-k_8*x1-k_9,
xi_t=-k_12%t-k_13
},
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gamma, k_1, k_2, k 3, k 4, k. 5, k_ 6, k_7, k. 8, k_9,
k_11, k_12, k_13, k_14

1,

{

gamma, 3*gamma - 5

}

}

}

In this case, symmetries is a list of two elements, as we have different solutions
to the determining equations according to the value of gamma (included in the list
freepars). Looking at the results given by RELIE, the first solution set refers to
y = 5/3, the second one to a value of y different from 0 and 5/3. By calling

reliegen(2,{-1,1,-1,-1,1,-1,-1,-1,-1,-1,-1,-1,-1}) $
generators:=newordering(generators,{12,9,4,6,2,5,3,10,
1,7,11,8,13}) $

we obtain

generators ->
{
{1,0,0,0,0,0,0,0,0},
{0,1,0,0,0,0,0,0,0},
{0,0,1,0,0,0,0,0,0},
{0,0,0,1,0,0,0,0,0},
{0,x2, - x1,0,0,v2, - v1,0,0},
{0,x3,0, - x1,0,v3,0, - v1,0},
{0,0,x3, - x2,0,0,v3, - v2,0},
{0,t,0,0,0,1,0,0,0},
{0,0,t,0,0,0,1,0,0},
{0,0,0,t,0,0,0,1,0},
{t,0,0,0,2*rho,-v1,-v2,-v3,0},
{0,x1,x2,x3,-2*rho,v1,v2,v3,0},
{0,0,0,0,rho,0,0,0,p}
}

so that for y unspecified we have the thirteen-dimensional Lie algebra of point
symmetries spanned by the vector fields in (6.6). Calling

reliegen(1,{-1,1,-1,-1,1,-1,-1,-1,-1,-1,-1,-1,-1,-1}) $
generators:=newordering(generators,{13,9,4,6,2,5,3,11,
1,7,12,8,14,10}) $
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we have that for y = 5/3 there is a fourteenth symmetry generated by the vector
field (6.7).

Remark 12.2 The differential equations can contain arbitrary functions (in this case
we need to declare in REDUCE the variables these functions depend on), and they can
be elements of the list freepars and/or nonzeropars.

For instance, if we want to classify the symmetries admitted by the Korteweg—
deVries equation with variable coefficients [29]

uy+uuy+ur + fx)u =0,

where f(x)) is an unspecified function of time, the input data for RELIE are the
following ones:

in "relie.red" $

jetorder:=3 $

xvar:={x1,x2} $

uvar:={u} $

depend f,x1 $

freepars:={f} $
diffeqs:={u_xl+u*u_x2+u_x2x2x2+f*u} $
leadders:={u_x1} $

relie(4) $

;end;

12.2.3 Commutator Table

RELIE is able to compute the commutator table of a set of infinitesimal operators
spanning a Lie algebra. Let us illustrate how to proceed with an example.

Example 12.6 Consider the Burgers equation
uy+uuy—uxy=0.
To compute its Lie symmetries we give to RELIE the following input:

in "relie.red" $

jetorder:=2 $

xvar:={x1,x2} $

uvar:={u} $
diffeqs:={u_xl+u*u_x2-u_x2x2} $
leadders:={u_x1} $

relie(4) $
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We get quickly the output

symmetries ->

{
{
{3,
{
{0, - k_1*x1, - k_1},
{0, - k_2,0},
{ - k_3*x1,( - k_3*x2)/2,(k_3*u)/2},
{0 - k_4*x172)/2,( - k_4*x1%x2)/2, (k_4*(x1*u - x2))/2},
{ - k_5,0,0}
},
{>
}
}

437

Therefore, we have a five-dimensional Lie algebra of Lie point symmetries. After

extracting and reordering the components of the infinitesimal generators,

reliegen(1,{-1,-1,-2,-2,-1}) $

generators:=newordering(generators,{5,2,1,3,4}) $

we have

generators ->
{
{1, o, 0},
{0, 1,0},
{0, x1, 1},
{2*x1, x2, -u},
{x172, x1*x2, -xl*u + x2)}
}

that is, a five-dimensional Lie algebra spanned by

Dl:axl’ dz:axz’ Q3ZXI8)C2+
. 3 3 3
I P T P

- 3 3

Hs5 = X 8_)51 +.XIX2a—xz + (.XQ — X]M)E.

(12.1)
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The commutator table of the generators (12.1) is obtained by calling

commutatortable(generators) ;

that produces the output

commtable ->

{

{0, 0, -vf_1, -vf_5, 0},

{0, 0, -2xvf_2, -vf_3, -vf_1},
{vf_1, 2xvf_2, 0, -2*vf_4, -vf_5},
{vf_5, vf_3, 2xvf_4, 0, 0},

{0, vf_1, vf_5, 0, O}

}

where the five elements of the list generators have been referred to as v _1, vf_2,
vi_3, vf_4, vf_5, respectively.

12.2.4 Computation of Q—Conditional Symmetries

Q-—conditional symmetries [3, 8, 11, 35] are computed by using the same functions as
above; we only need to assign a nonzero value (in the range between 1 and the number
of independent variables) to the variable nonclassical and define the list qcond
(a list of distinct integers chosen in the range from 1 to the number of dependent
variables). Suppose that xvar:={x1,x2,x3} and uvar:={u,v}. The components
of the vector field of the conditional symmetries are

o {1, xi_x2, xi_x3, eta_u, eta_v}if nonclassical = 1;
e {0, 1, xi_x3, eta_u, eta_v}if nonclassical = 2;
e {0, 0, 1, eta_u, eta_v}if nonclassical = 3.

The list qcond tells the program which invariant surface conditions have to be
used to restrict the solution manifold:

e gcond:={1,2} if the invariant surface conditions relative to both dependent vari-
ables have to be used;

e gcond:={1} if the invariant surface condition relative to the first dependent vari-
able has to be used;

e qcond:={2} if the invariant surface condition relative to the second dependent
variable has to be used.

Looking for conditional symmetries leads to nonlinear determining equations,
whereupon it is not unusual that reliesolve () may fail to recover the solution. In
such cases, it is necessary to make some special assumptions on the infinitesimals
and/or try to solve interactively the determining equations.
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Example 12.7 (Nonclassical symmetries of linear heat equation) The code

in "relie.red" $
jetorder:=2 $
xvar:={x1,x2} $
uvar:={u} $
nonclassical:=1 §
qgcond:={1} $
diffeqs:={u_x1-u_x2x2} $
leadders:={u_x2x2} $
relie(4) $

;end;

immediately computes the conditional symmetries, corresponding to the vector
field

1]

d 0
= + &(x1, x2, M)B_xz + n(xq, x2, M)a,

of the linear heat equation
uip—urxp»n= 0.

So, we get

symmetries ->

{

{

{

df (f_1,x1) - df(£f_1,x2,2) - 2xdf(f_2,x2,2)*f_1,
2*df (f_2,x1,x2,2) + 2+df (f_2,x1,x2)*df (f_2,x2)

- Af(£_2,x1,2) + 2#df (£_2,x1)*df (£_2,%2,2)

- df(£_2,%x2,4) - 2*df(£_2,x2,3)*df (f_2,x2)

- 4Axdf (£_2,x2,2)72 - 2xdf(£_2,x2,2)*df (f_2,x2) "2
},

{

eta_u=(df (f_2,x1)*u-df (f_2,x2,2)*xu-df (f_2,x2) "2*%u-2*f_1)/2,
xi_x2= - df(f_2,x2)

},

{

f_1,£ 2

},

{r

}

}
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Therefore, we have:

2
f- 2 nz_fl+%<a_ﬂ_@_<a_ﬁ>)u

ax2 8X1 8x§ aXQ

where fi(x1, x2) and f>(x;, x») satisfy the differential equations

AR R Y
ax;  9x3 h dx3
3 fa ) 3% f> Ay 3% fa 2% 3% f> _ 3 fa _2% 3 f>
dx10x3 dx10x2 dxp  Ox} dx; 9x3 axy dxy 9x3

1H\ af\? 92
() () 2o
0x; ox2/ 0xj

The assignments

af L {af 3%2f [3fr)\?
A(Xl,X2)=—i, Clxp,x2) =5 o _ ]; (& » D(xp,x2) = - f1,
dxp 2\0x1  9x3 dx)

allow us to write the nonclassical symmetries of linear heat equation in the form
given in [8].

Remark 12.3 When computing conditional symmetries we have to be careful in the
choice of 1eadders, since also the invariant surface conditions and their differential
consequences are solved with respect to some derivatives.

12.2.5 Computation of Contact Symmetries

For computing contact symmetries of a scalar differential equation we need to assign
the value 1 to the internal variable contact. The functions that we have to call do
not change, as the following example shows.

Example 12.8 The contact symmetries of the ordinary differential equation

d*u

dx3
can be computed in RELIE using the following code:

in "relie.red" $
jetorder:=3 $
xvar:={x} $
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uvar:={u} $
contact:=1 §
diffeqs:={u_xxx} $
leadders:={u_xxx} $
relie(4) $

;end;
Then, we obtain:

symmetries ->
{
{
{1,
{omega=(-2xk_1%x"2-4xk_10%u_x-4xk_2%x-4*k_3*u-4*k_4
+4xk_Bxuxu_x -2xk_bxu_x"2¥x-4xk_6%u”2+4xk_6%uku_x*x
—k_6%u_x"2%x"2 -2%k_T*u_x"2-4xk_8%u_x*x+4*xk_9*ukxx
-2%k_9%u_x*x"2)/4},
{k_1,k_2,k_3,k_4,k_5,k_6,k_7,k_8,k_9,k_10},
{>
}
}

X
constants. A basis of the ten-dimensional Lie algebra of contact symmetries is

obtained by invoking

du
i.e., the expression of the generating function <x, u, d_> involves 10 arbitrary

reliegen(1,{-1,-1,-1,-1,-1,-1,1,1,1,1}) $
yielding

generators ->
{
{0, x72/2, x},
{0, x, 1},
{0, u, u_x},
{o, 1, 0%,
{fu - u_x*x, (- u_x"2*x)/2, ( - u_x"2)/2},
{(x*x(2%u - u_x*x))/2, (4*u"2 - u_x"2*x"2)/4,
(u_x*(2%u - u_x*x))/2},
{u_x, u_x"2/2, 0},
{x, 0, - u_x},
{x"2/2, u*x, u},
{1, 0, 0}
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Note that only the fifth, sixth and seventh vector fields correspond to proper
contact transformations, the remaining ones being first-order prolongations of point
symmetries.

12.2.6 Computation of Variational or Divergence Symmetries
and Associated Conservation Laws

For computing variational or divergence symmetries, besides assigning jetorder,
xvar and uvar we need to assign the list lagrangian with only one element; if we
want variational symmetries, we have to set the variable variational to 1; on the
contrary, if we want divergence symmetries we have to set the variable divergence
to 1.

The functions to be used do not change, as the following examples clearly show.

Example 12.9 The code

in "relie.red" $

jetorder:=1 §

variational:=1 $

xvar:={x} $

uvar:={u} $
lagrangian:={x"2*u_x"2/2-x"2*%u"6/6} $
relie(4) $

;end;

allows the user to compute the variational symmetries of the Lagrangian

2 d 2 2.6
=2 (%) -4
2 \dx 6

generating the Emden—Fowler equation

d2u+2du+ 5_0
Ly =
dx?  xdx

We get

symmetries ->

{

{3,

{eta_u=(k_1*u)/2, xi_x= - k_1*x},

{k_1},

{3}

}
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Calling reliegen(1,{}), we obtain the list

generators —>
{
{ - x, u/2}
}

i.e., the (list of) vector fields of the variational symmetries. We have only a Lie
operator.
Finally, calling relieclaw(1), we get

fluxes ->
{

(x"2%(x*u"6 + 3*x*ku_x"2 + 3*u*u_x))/6
}

i.e., the first integral
! 2 643 du’ +3 du constant
— x| xu x| — u— = .
6 dx dx

Example 12.10 (Klein—-Gordon equation [7]) The class of Klein—-Gordon wave
equations for the unknown u(xy, x;),

up+gu)=0

with a general nonlinear interaction term g(u), can be derived from a variational
principle given by the action functional with Lagrangian

L= ‘u’]zu'z’ K () = g(u).

For an arbitrary g(u), the generators of these symmetries are

a a

Elle—— _— Ezz_

2
8)61 3)62 ’

and it is straightforward to verify that they are variational symmetries of the action
functional. Applying Noether Theorem, the following conservation laws are easily
derived:
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u2
D (f) + Dy (h(w)) =0,

u?
D1 (h(w)) + D> <7> =0,

2

XU xluﬂ
Dy 2‘ —xthw) |+ D | —— +x2h(w) | =0.

2

The REDUCE code for this computation is

in "relie.red" $

jetorder:=1 §

xvar:={x1,x2} $

uvar:={u} $

depend h,u $
lagrangian:={-u_x1*u_x2/2+h} $
variational:=1 §

relie(4) $
reliegen(1,{-1,-1,-1}) $

;end;

The fluxes entering the conservation laws associated to the three Lie operators are
obtained by issuing relieclaw(1), relieclaw(2), and relieclaw(3), respec-
tively.

Example 12.11 (Variational Symmetries of Lagrangian for minimal surfaces) The
RELIE code for computing the variational symmetries of the Lagrangian of minimal
surfaces in R? (see Example 7.7) is:

in "relie.red" $

jetorder:=1 §

variational:=1 §

xvar:={x1,x2} $

uvar:={u} $
lagrangian:={sqrt(1+u_x1"2+u_x2"2)} $
relie(4) $

reliegen(1,{}) $

;end;

The fluxes of the associated conservation laws are obtained means of the function
relieclaw(n), with parameter n € {1, 2, 3,4, 5, 6}.
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12.2.7 Computation of Approximate Symmetries

Approximate Lie point symmetries of differential equations containing small terms
are computed according to the approach described in [15]. The small parameter
must be denoted by epsilon. In addition to the input data described before, the
user has to define the integer approxorder for the order of approximation, and a
rule,say let epsilon” (approxorder+1) = 0.The same functions providing the
necessary computations for exact Lie point symmetries work in this case too.

Example 12.12 The following code shows how to compute first-order approximate
symmetries of the Korteweg—deVries—Burgers equation

uy+uuy+ur —euxn=>0 (12.2)

in "relie.red" $

jetorder:=3 $

approxorder:=1 §

let epsilon”2 = 0 $

xvar:={x1,x2} $

uvar:={u} $
diffeqs:={u_x1+u*u_x2+u_x2x2x2-epsilon*u_x2x2} $
leadders:={u_x1} $

relie(4) $

;end;
As aresult, we get:

symmetries ->
{
{
{1,
{etal_u=( - 3*k_4 + 2%k_6*u0)/3,
eta0_u= - k_1,
xil_x2=( - 3xk_4*x1 - 3*k_5 - k_6%*x2)/3,
xil_x1= - k_6*x1 - k_7,
xi0_x2= - k_1*x1 - k_2,
xi0_x1= - k_3},
{k_1,k_2,k_3,k_4,k_5,k_6,k_7},
{>
}
}
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Invoking reliegen(1,{-1,-1,-1,-1,-1,-1,-1}) yields

generators ->
{
{0,x1,1},
{0,1,0%,
{1,0,0},
{0,epsilon*x1,epsilon},
{0,epsilon,0},
{epsilon*x1, (epsilon*x2)/3,( - 2*epsilon*u0)/3},
{epsilon,0,0}

so that a basis of the approximate Lie algebra of symmetries of Eq. (12.2) is (after
a reordering)

. 9 ~ d - 0 0
= —, Ey = — B3 =x1— + —
! Bxl 2 8x2 3 ISXQ au
— 0 X2 0 2 ad — ad 0 —
By =¢€ D — _—— = = — 1, s =&\ X1— — ) =é&u3,
8x1 3 8x2 3 u 3X2 u
- 9 = = d -
B¢ =e— =¢84y, gy =& =¢&u
6 3X1 : 7 axZ ?

Remark 12.4 If the differential equation involves some of the dependent variables
or some of their derivatives not in explicit and definite form, the user needs to expand
these functions in power series of ¢ up to the desired order of approximation. For
instance, to compute the first-order approximate symmetries of the equation

8%u a F) au n ou 0
—_— = u)— E— =0,
3X% 8x2 8x2 8x1

we have to write

depend f,u0 $
diffeqs:={u_x1x1-(f+epsilon*df (f,u0)*ul)*u_x2x2-(df (f,u0)
+epsilon*df (f,u0,2)*ul) *u_x2"2-epsilon*u_x1} $§

Of course, the user may insert a differential equation completely expanded in
power series of ¢, but this is not strictly required.
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To compute approximate conditional, contact or variational symmetries the only
difference with respect to the corresponding exact case consists in setting a positive
value to approxorder and defining the rule

let epsilon” (approxorder+l) = 0 §

12.2.8 Computation of Equivalence Transformations

If we consider a class of differential equations, and want to determine equivalence
transformations some more input data are necessary. In particular, in addition to the
data already discussed for the computation of Lie point symmetries, we need to set:

1. the list arbelem of the arbitrary elements involved in the differential equations;

2. theinteger arborder denoting the highest order of the derivatives of the arbitrary
elements with respect to their arguments;

3. the integer zorder characterizing the variables the arbitrary elements depend
on; for instance, if zorder is 0, then the arbitrary elements depend at most
on the independent and dependent variables; if zorder is 1, then the arbitrary
elements depend at most on the independent, dependent variables and first-order
derivatives, ....

If we want to remove the dependence of some arbitrary elements on some variables,
we need to add auxiliary conditions to the differential equations at hand.

The infinitesimal generators of the arbitrary elements are automatically com-
puted by the program (so the user is not requested to set them), and stored,
together with the infinitesimals of independent and dependent variables in the list
allinfinitesimals. The infinitesimal generator of an arbitrary element is denoted
by mu_ followed by the name of the arbitrary element. Let us illustrate with two dif-
ferent examples how RELIE works in such a situation.

Example 12.13 (System of two balance laws [32]) Consider the class E(p) with
P = (p1, p2, p3) of (2 x 2) systems

aul Buz__
ar  ax
8u2

3u1 3M2
—— (e, foun, up) —— + pa(x, 1, uy, u) — = p3(x, 1, uy, uz),
at ox ax
where p(x,t, uy, un), pa(x,t,uy, uy)and p3(x, t, uy, uy) are arbitrary continuously
differentiable functions of the indicated arguments. The necessary input in RELIE to
compute the equivalence transformations of such a system is:
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in "relie.red" $
jetorder:=1 §
uvar:={ul,u2} $
xvar:={t,x} $
arbelem:={p1,p2,p3} $
arborder:=0 $
zorder:=0 $
diffeqgs:=
{
ul_t-u2_x,
u2_t+plxul_x+p2*u2_x-p3
}s
leadders:={ul_t,u2_t}$

The functions to be called are the same as in the case of Lie point symmetries.
Therefore, with the command

relie(4) $

the program calls in sequence relieinit(), relieinv(), reliedet(), and
reliesolve(). As aresult we have the generators:

symmetries ->
{
{
{1,
{mu_p3= - df(c_12,t,x)*p2 - df(c_12,t,2) - df(c_12,x,2)*pl
- df(c_3,t,x)*p2*ul - df(c_3,t,2)*ul - df(c_3,x,2)*pl*ul
- df(c_4,t,x)*p2*u2 - df(c_4,t,2)*u2 - 2*df(c_4,t)*p3
- df(c_4,x,2)*pl*u2 - df(c_4,x)*p2*p3 + c_11*p3,
mu_p2=2*df (c_3,t) + df(c_3,x)*p2 - df(c_4,t)*p2
+ 2%df (c_4,x)*pl - df(c_4,x)*p2°2,
mu_pl=df(c_3,t)*p2 + 2*df(c_3,x)*pl
- 2xdf (c_4,t)*pl - df(c_4,x)*pl*p2,
eta_u2= - df(c_12,t) - df(c_3,t)*ul
- df(c_4,t)*u2 + c_11*u2,
eta_ul= - df(c_12,x) - df(c_3,x)*ul
- df(c_4,x)*u2 + c_11*ul,
xi_x=c_3,
xi_t=c_4},
{c_8,c_4,c_12,c_11},
{+
}
}
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The dependencies of the parameters involved in the infinitesimals can be deter-
mined calling the function fargs().

Example 12.14 (System of three balance laws [33]) Consider the class &(p) with
P = (p1, P2, P3» P4, D5, Ps) Of systems

3u1 3M2 8u3

— 4+ — =0,
at + ox + dy

Buz ap] apz

SEH o4 ps =0,
at ax ay

dus  dp3;  Opy

S T =0,
o T ax Ty Pe

where ¢, x, and y are the independent variables, u, 15, and u3 the dependent variables,
whereas p; = p;(t, x,y,uy, up,u3) (i =1,...,6) stand for arbitrary continuously
differentiable functions of the indicated arguments (see Sect. 10.9).

RELIE determines the equivalence transformations with the code

in "relie.red" $
jetorder:=1 $
uvar:={ul,u2,u3} $
xvar:={t,x,y} $
arbelem:={p1,p2,p3,p4,p5,p6} $
arborder:=1 §
zorder:=0 $
diffeqs:={ul_t+u2_x+u3_y,
u2_t+pl_x+pl_ul*ul_x+pl_u2*u2_x+pl_u3*u3_x
+p2_y+p2_ul*ul_y+p2_u2+%u2_y+p2_u3*u3_y-p5,
u3_t+p3_x+p3_ul*ul_x+p3_u2*u2_x+p3_u3*u3d_x
+p4_y+p4_ulxul_y+p4d_u2*u2_y+p4_u3*u3_y-p6}; $
leadders:={ul_t,u2_t,u3_t} $
relie(4) $

;end;
As a result we have the infinitesimals:

symmetries ->
{
{
{
df (£f_3,y)+df(£f_6,t)+df(£_7,x)
},
{
eta_u3=-df (f_1,t)*ul-df (f_1,x)*u2+df (f_10,t)*u3
+df (£_2,x)*u3+f_3-k_1%u3,
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eta_u2=df (f_1,y)*u2+df (£_10,t)*u2-df (f_2,t)*ul
-df (f_2,y)*u3+f_7-k_1*u2,
eta_ul=df (f_1,y)*ul+df (£_2,x)*ul+f_6-k_1xul,
xi_y=-f_1,
xi_x=-f_2,
xi_t=-f_10,
mu_p6=-2*df (f_1,t,x)*u2-2+xdf (f_1,t,y)*ud3-df (f_1,t,2)*ul
-df (£_1,x,y)*p2 -df(f_1,x,y)*p3-df (£_1,x,2)*pl
-df (f_1,x)*p5-df (f_1,y,2)*p4+df (£_10,t,2)*u3
+2*df (£_10,t)*p6+df (f_2,x) *p6+df (f_3,t)
+df (£_4,x)-df (£_5,y)-k_1*p6,
mu_p5=df (f_1,y)*p5+df (£_10,t,2)*u2+2*df (£_10,t) *p5
-2xdf (f_2,t,x)*u2-2*%df (f_2,t,y)*ud-df (£_2,t,2)*ul
-df (£_2,x,y)*p2-df (£_2,x,y) *p3-df (f_2,x,2) *pl
-df (£_2,y,2)*p4-df (f_2,y) *p6+df (£_7,t)+df (£_8,y)
+df (f_9,x)-k_1%p5,
mu_p4=-2*df (f_1,t)*u3-df (f_1,x)*p2-df (£_1,x)*p3
-df (£_1,y)*p4+2%df (£_10,t) *p4+df (f_2,x)*pd-f_5-k_1%p4,
mu_p3=-df (f_1,t)*u2-df (f_1,x)*p1+2%df (f_10,t)*p3
-df (f_2,t)%u3-df (f_2,y) *p4+f_4-k_1#p3,
mu_p2=-df (f_1,t)*u2-df (£_1,x)*p1+2%df (£_10,t)*p2
—df (£_2,t)*u3-df (£_2,y) *pA+f_8-k_1%p2,
mu_pl=df (£_1,y)*pl+2%df (£_10,t)*pl-2+df (£_2,t)*u2
-df (£_2,x)*pl-df (£_2,y) *p2-df (£_2,y) *p3+f_9-k_1#pl

},
{
f 1, f.2, £.3, f_4, £.5, f.6, £.7, £.8, £_9, f_10, k_1
},
{3
}
}
where £_1, ..., £_10 are functions of ¢, x, y, along with the constraint

dfe  dfs  df7
at + dx + dy

=0.

Example 12.15 The equivalence transformations of the equation

9%u 7 du\ 0%u Ju 0
—_ x’ —_— —_—— _x’ —_— =
PYE ox ) oz S\ ox



12.2 The Program RELIE 451
are immediately found in RELIE with the following code:

in "relie.red" $

jetorder:=2 $

xvar:={t,x} $

uvar:={u} $

zorder:=1 $§

arborder:=1 §

arbelem:={f,g} $

diffeqs:={u_tt-f*u_xx-g, f_t, g_t, f_u, g_u, f_u_t, g_u_t} $
leadders:={u_tt, f_t, g_t, f_u, gu, f u t, gut}r$
relie(4) $

Notice that we have added in diffeqs the auxiliary conditions; the variable
zorder has been set to 1 since the functions f and g depend on first-order derivatives;
moreover, the variable arborder is set to 1 since in the auxiliary conditions the
derivatives of f and g with respect to some of their arguments occur.

As a result we obtain:

symmetries ->
{
{
{1,
{eta_u=(2%f_1-2%k_1%u-k_6%t"2-2%k_7*t-2%k_8)/2,
xi_x= -k_4*x-k_5,
xi_t=-k_2%t-k_3,
mu_g=-df (f_1,x,2)*f-gxk_1+2*gxk_2-k_6,
mu_f=2*f*k_2-2xfxk_4
1,
{f_1,k_1,k_2,k_3,k_4,k_5,k_6,k_7,k_8},
{3+
}
}

where the function f_1 is arbitrary and depends on x.

Remark 12.5 By default, the infinitesimals for the independent and dependent vari-
ables do not depend on arbitrary elements; if we are interested to general equiva-
lence transformations where also the infinitesimal generators of the independent and
dependent variables depend on the arbitrary elements [28], then we have to add the
statement

generalequiv:=1 $
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12.2.9 Inverse Lie Problem

Here we show with a simple example how RELIE can be used for investigating the
Lie remarkability of differential equations [16, 24-26]. The following code shows
how one can easily verify that the Monge—Ampere equation describing a surface in
R3 with zero Gaussian curvature,

ui —ul, =0,
is strongly Lie remarkable [26]:

in "relie.red" $
jetorder:=2 $
xvar:={x1,x2} $
uvar:={u} $
relieinit() $
generatealgebra(2) $
;end;

After setting the necessary objects (jetorder, xvar and uvar), and calling
relieinit (), we generate the vector fields spanning the affine Lie algebra in R.
Then, calling testrank(generators), we ascertain that the rank of the second-
order distribution is maximal (equal to the dimension of second-order jet space); the
call inverselie(8) computes the list allminors of all minors of order 8 of such
a distribution; all minors vanish by evaluating them on the differential equation, that
can be verified by calling

allminors:=sub(u_x2x2=u_x1x2"2/u_x1x1,allminors) $

As a last check,
rank (sub(u_x2x2=u_x1x2"2/u_x1x1,distribution) ;

returns 7, which is the dimension of the manifold in the second-order jet space
characterized by the Monge—Ampere equation.

12.2.10 Inside RELIE: Global Variables and Routines

RELIE uses some global variables to perform the various tasks: they can be dis-
tinguished among input variables (that the user needs to set before starting com-
putation), output variables (computed by RELIE and of interest to the user), and
intermediate variables (computed by RELIE and in general not of interest to the
common user).
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12.2.10.1 Input Variables

e approxorder: maximum order of approximate symmetries of equations contain-
ing a small parameter; by default it is O, i.e., exact symmetries; the small parameter
involved in the approximate symmetries must be denoted by epsilon; when look-
ing for approximate symmetries the user has to define the rule

let epsilon” (approxorder+1)=0;

e arbelem: list of the arbitrary elements (only for equivalence transformations); by
default it is an empty list;

e arborder: maximum order of derivatives of arbitrary elements (only for equiva-
lence transformations); by default it is —1, i.e., point symmetries;

e contact: set to 1 for contact symmetries; by default it is 0;

e diffeqs: list of the left-hand sides of differential equations (with vanishing right-
hand sides);

e divergence: set to 1 if divergence symmetries of a Lagrangian are needed; by
default it is O;

e freepars: list of arbitrary constants or functions involved in the differential equa-
tions (for group classification problems); by default it is an empty list;

e generalequiv:setto 1 for general equivalence transformations where all infinites-
imals depend on independent and dependent variables and arbitrary elements; the
default value is 0, meaning that the infinitesimals of independent and dependent
variables do not depend upon the arbitrary elements;

e jetorder: maximum order of derivatives in differential equations;

e lagrangian: a list with only one element corresponding to the Lagrangian (it is
necessary to set variational to 1, or divergence to 1);

e leadders: list of the leading derivatives; diffeqs are solved with respect to
them;

e nonclassical: setto a value between 1 and the number of independent variables
(only for conditional symmetries); by default it is 0, i.e., classical symmetries;

e nonpolyders: list of derivatives not occurring in polynomial form in the differ-
ential equations; by default it is an empty list;

e nonzeropars: list of arbitrary constants or functions involved in the differential
equations that cannot vanish; by default it is an empty list;

e gcond: list of indexes of dependent variables whose invariant surface conditions
have to be used for computing conditional symmetries;

e uvar: list of the dependent variables;

e variational: set to 1 if variational symmetries of a Lagrangian are needed; by
default it is O;
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xvar: list of the independent variables;

zorder: maximum order of derivatives of uvar with respect to xvar the elements
in arbelem depend on (only for equivalence transformations); if zorder is set
to 0, the arbitrary elements depend on xvar and uvar; zorder cannot exceed
jetorder.

12.2.10.2 Output Variables

allinfinitesimals: list of two lists; the first sublist is the list of the infinites-
imals, in order, of the independent variables, dependent variables and arbitrary
elements (the latter in the case of equivalence transformations); the second sublist
is the list of various terms (constants and functions) involved in the expression of
infinitesimals;

allminors: list of minors of a given order extracted from a matrix; returned by
the function minors (m, k), where m is a matrix and k a positive integer, or by the
function inverselie (k) that takes the jetorder-th distribution of generators
as the matrix from which the minors of order k are extracted;

e arbconst: list of arbitrary constants involved in the expression of the symmetries;
e arbfun: list of arbitrary functions involved in the symmetries;
e cogenerators: list of the functions entering the definition of divergence symme-

tries and corresponding to the infinitesimal generators (produced by reliegen());

e commtable: table of commutators of a list of vector fields;
e detegs: list of the determining equations (produced by reliedet ());
e distribution: matrix of the jetorder-th distribution of a list of generators

(produced by reliedistrib()), i.e., a matrix where each row is the prolonged
vector field evaluated on one of the obtained infinitesimal generators;

fluxes: list of the fluxes of the conservation law corresponding to a Lie generator
(computed by relieclaw());

generators: list of the infinitesimal generators of the finite Lie algebra admit-
ted by the differential equations at hand (produced by reliegen()); the list
generators may also been obtained by calling generatealgebra(k), where k
can be 1 (algebra of isometries), 2 (algebra of affine transformations) or 3 (algebra
of projective transformations); of course, it is necessary to set jetorder, xvar
and uvar before calling generatealgebra(k);

invcond: list of the invariance conditions of the differential equations at hand
(produced by relieinv());

e nzcomm: list of nonzero commutators of a list of vector fields;
e prolongation: list of two lists: the first one is the list of the coordinates of the

jet space, the second one the list of the corresponding infinitesimals (produced by
relieprol());

symmetries: list of the infinitesimals admitted by the differential equations at
hand (produced by reliesolve()).
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12.2.10.3 Intermediate Variables

e jet: list of three lists: indices for computing the infinitesimals and their prolon-
gations, coordinates of jet space and their internal representation;

e jetapprox:listof two lists: list of independent variables and expansions of depen-
dent variables and their derivatives, and list of their internal representation (only
for approximate symmetries);

e jetequiv: list of three lists: indices for computing the infinitesimals and their
prolongations for arbitrary elements, arbitrary elements, and their internal repre-
sentation (only for equivalence transformations);

e jetsplit: list of two lists: indices for computing the infinitesimals and their
prolongations, list of independent variables, zeroth order dependent variables and
their derivatives (only for approximate symmetries);

e solutiondedv: solution of the differential equations specified in diffeqs with
respect to leadders; for conditional symmetries, the invariant surface conditions
and their needed differential consequences are solved too;

e steprelie: integer that stores the status of the computation; 0: no computa-
tion done; 1: relieinit () has been called; 2: relieinv () has been called; 3:
reliedet () has been called; 4: reliesolve () has been called;

e zvar: list of two lists: the first one is the list of the variables arbelem depend on,
the second one the corresponding infinitesimals (only for equivalence transforma-
tions).

12.2.10.4 Functions

A short description of the main functions the user may call is the following:

e abelian(gens): checks if the generators gens span an Abelian Lie algebra;

e commutatortable(gens): returns the commutator table of the generators gens;

e essentialpars(gens,vars):takesalistof generators gens of a multiparameter
Lie group of transformations for the variables vars, and returns the generators
which are not linearly independent;

e generatealgebra(k): once jetorder, xvar and uvar have been properly
assigned, this function returns a list of generators spanning the algebra of isome-
tries (for k = 1), affine algebra (for k = 2), projective algebra (for k = 3);

e inverselie(k): computes all the minors of order k of the jetorder-th distri-
bution generated by the list of vector fields contained in generators;

e liebracket(genl,gen2): returns the Lie bracket of the generators genl and
gen2;

e newordering(lis,ind): returns a list of the elements in 1is reordered accord-
ing to the permutation ind of the integers {1, ..., n}, where n is the length of list
lis;

e nonzerocommutators(gens): returns nzcomm, a list of nonzero commutators
of generators gens;
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e offprintcrack(): prevents reliesolve () to display the steps needed for solv-
ing determining equations (this is the default configuration);

e onprintcrack(): sets a variable used in Crack package (used in the function
reliesolve())inorder to display the steps needed for solving determining equa-
tions;

e relieclaw(k): returns fluxes, a list of the components of the fluxes of the
conservation law corresponding to the k-th Lie generator (obtained after calling
reliegen());

e reliedet (): splits the invariant conditions providing the list deteqs of deter-
mining equations;

e reliedistrib(): returns the matrix distribution, i.e., a matrix whose rows
are the prolonged vector fields evaluated in the list generators (computed by
the function reliegen(), or by the function generatealgebra(), or suitably
assigned by the user;

e reliegen(k,lis): returns the list generators; k is an integer (less or equal to
the length of symmetries) and 1is a list that can be empty; if 1is is made by
as many values as the number of arbitrary constants occurring in symmetries,
generators consists of a list of vector fields, where each vector field is obtained
replacing the i-th parameter by the i-th element in the list 1is (or 1 if 1is is
empty or its length is different from the number of arbitrary constants entering
symmetries) and the other parameters are replaced by O; if the list 1is is {-1},
then generators is a list with containing the components of the infinitesimals in
their general form, i.e., the linear combinations of all admitted generators;

e relieinit(): if input data have been correctly defined, the function initializes
the objects for doing the computation;

e relieinv(): computes the invariance conditions; returns invcond;

e relieprol(): returns the prolongation of a general vector field;

e reliesolve(): solves the determining equations for the infinitesimals; returns
symmetries; in group classification problems (but also in the case of condi-
tional symmetries), the list symmetries may contain different solutions for the
infinitesimals according to the values of freepars; as a default reliesolve()
does not display the steps made to obtain the solution of determining equations;
the user can see these steps by calling onprintcrack(); this is suggested when
reliesolve() seems to use too much time to complete its execution; the list
symmetries contains a list of the sets of solutions of determining equations; each
element of this list in turn is a list of four elements: the first one is a list of condi-
tions (possibly empty) that remained unsolved; the second one is a list giving the
solution to the determining equations, i.e., the expressions of the infinitesimals;
the third one is a list containing the parameters involved in the solution; the fourth
one is a list of expressions which cannot vanish (this list can be empty);

e solvable(gens): checks if the generators gens span a solvable Lie algebra;

e testrank(gens): returns the rank of the jetorder-th distribution generated by
the generators gens.
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Notice that RELIE contains some companion functions, used by the main proce-
dures. Here we list some of them that can be useful in interactive sessions.

e allcoeffs(lisl,1is2): returns the list of coefficients of 1is1 (list of polyno-
myals) with respect to the variables in list 1is2;

e bincoeff (n,k): returns (Z),

e combnorep (n,k): returns the combinations without repetition of k elements cho-
senin{l1,2,...,n};

e combrep(n,k): returns the combinations with repetition of k elements chosen in
{1,2,...,n}

e delzero(lis): returns a list containing all nonzero elements in the list 1is;

e dependence(lisl,1is2): declares that the elements in the list 1is1 depend on
the variables in the list 1is2;

e dlie(obj,var): returns the usual Lie derivative of obj with respect to var;

e dlieapprox(obj,var): returns the Lie derivative of obj with respect to var in
the context of approximate symmetries;

e dliestar(obj,var): returns the additional Lie derivative used for equivalence
transformations;

e kroneckerdelta(kl,k2): returns 1 if k1 = k2, 0 otherwise;

e letterlist(obj,n): obj is a symbol, n a positive integer;
for instance, letterlist (x,4) builds the list {x1, x2, x3, x4};

e letterlistvar(obj,lis): obj is a symbol, 1is a list;
for instance, letterlistvar(xi_,{x,y}) builds the list {xi_x,xi_y};

e listletter(lis,ch): lisisalist, ch a symbol;
for instance, 1istletter ({u_,v_},x) builds the list {u_x,v_x};

e membership(elem,lis): returns the number of occurrences of the element elem
in the list 1is;

e minors(m,k): mis a matrix and k is a positive integer: returns the list of minors
of order k of the matrix m;

e nodependence(lisl,1is2): removes the dependence of the objects in the list
lis1 upon the variables in the list 1is2;

e removeelement (1lis,elem): removes the element elem from the list 1is;

e removemultiple(lisl,1lis2): removes from the list 1is1 the elements of the
list 1is2;

e scalarmult(obj,lis): returns a list whose k-th element is the product of the
scalar obj and the k-th element of list 1is;

e scalarproduct(lisl,1lis2): returns the sum of the products element by ele-
ment of two lists with the same number of elements;

e sumlist(lis1,1lis2): returns a list summing element by element the two lists
with the same length;

e zerolist(n): returns a list of n zeros, the empty list if n < 0.
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12.3 SymbolLie

As shown in Sect. 6.8, Lie groups of symmetries of differential equations consti-
tute a fundamental tool for constructing group invariant solutions. The number of
subgroups is potentially infinite and so the number of invariant solutions; thus, it is
crucial to obtain a classification of subgroups in order to have an optimal system of
inequivalent solutions from which all other solutions can be derived by the action
of the group itself. Since Lie groups are intimately connected to Lie algebras, a
classification of inequivalent subgroups induces a classification of inequivalent Lie
subalgebras, and vice versa (see also Sect. 3.6). A general method for classifying
the Lie subalgebras of a finite-dimensional Lie algebra uses inner automorphisms
obtained by exponentiating the adjoint groups. In this section, we present an effective
algorithm able to automatically determine optimal systems of families of Lie subal-
gebras of a generic finite-dimensional Lie algebra abstractly assigned by means of
its structure constants, or realized in terms of matrices or vector fields, or defined by
a basis and the set of nonzero Lie brackets. The algorithm [1, 2] is implemented in
the Computer Algebra System Wolfram Mathematica™[46]; some meaningful and
nontrivial examples are also considered.

We introduce some new definitions useful for the algorithmic computation of
optimal systems of Lie subalgebras, and clarify them by means of some examples.
Then, we describe in detail the main algorithms allowing us to automatically deter-
mine optimal systems of an r-dimensional real Lie algebra L,. If not assigned, the
program first computes the structure constants of the Lie algebra.

Let us first analyze the case of one-dimensional Lie subalgebras, and then the one
of Lie subalgebras of higher dimension.

12.3.1 One-Dimensional Lie Subalgebras

As remarked in Sects. 3.6 and 6.8, a one-dimensional Lie subalgebra is completely
defined by the coefficients of the linear combination of the generators of the basis of
L,, say

X=f B+ 8+ -+ fE,

and actions of inner automorphisms can be suitably transferred to the coordinates
(f', f2,..., f") of an r-dimensional vector; the method largely used in the litera-
ture for obtaining optimal systems of one-dimensional Lie subalgebras consists in
using inner automorphisms to obtain from the most general -dimensional vector
the maximum possible number of zero coordinates, also using the invariants of the
inner automorphisms. More in detail, the method takes a tuple {f', f2, ..., '},
and, through judicious applications of inner automorphisms, simplifies as many of
the coefficients f* [34]. Though this approach is straightforward, it may imply tech-
nical difficulties when implemented in a Computer Algebra System, as one needs
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to solve algebraic equations and make suitable choices during the process to dis-
tinguish cases; moreover, it is a relatively easy task only for low-dimensional Lie
algebras, and the simplicity of the results obtained is not always clear. Typically, this
is a top-down approach.

Our aim is to render the process of identifying similar subalgebras automatic; to
achieve this result, we adopt a general algorithm with a bottom—up philosophy, and
reduce to a minimum the need of solving algebraic equations. To this end, let us
introduce some more definitions.

Definition 12.1 For any integer r > 1, let S, be the set of all possible tuples with r
components (not all zero) chosen in {0, 1}, i.e.,

S, =1{1,0,...,0),(0,1,0,...,0),...,(1,1,0,...,0),...,(1,1,..., D}.

Definition 12.2 (p—family of one—-dimensional Lie subalgebras) Let L, be an r-
dimensional Lie algebra generated by { &1, &, ..., E,},andletf = {fl, fz, e f1}
be a tuple of r functions depending on some variables belonging to a set . Then,
the family of one-dimensional subalgebras

X =fl51Bi+ 28,4+ f'5. &),

where s = (sq,...,s,) € S,, is called a p—family of one-dimensional Lie subalge-
bras of I, if the rank of the Jacobian matrix of (f's;, f2sa, ..., f's,) with respect to
the elements of # is equal to p = Y _._, s;. This is equivalent to say that the decom-
position of X in terms of the elements of the basis of the Lie algebra involves p
functionally independent components.

Example 12.16 Let L, be a four-dimensional Lie algebra spanned by {E;, &,, &3,
E4}, and consider the family of one-dimensional subalgebras

X=f'E+ f*Ea,

with f! and f? arbitrary real numbers; in this case, itis # = {f!, f2}, and we have
a 2—family of one-dimensional Lie subalgebras. Also the family

X' = (f'cos(t) — fZsin(t)E; + (f'sin(t) + f%cos(r)) s,

where P = {f!, f2, t}, is a 2—family of one-dimensional Lie subalgebras which has
to be considered indistinguishable from X. On the contrary, the family

Y =f18+ f1(f) 8+ f 8,
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even if the vector (!, f1(f2)2, f! f2, 0) possesses three nonzero components, does
not correspond to a 3—family; in fact, we have P = {f!, f2}, and the rank of the
Jacobian matrix of the components of ¥ with respect to the elements of  is 2.

Remark 12.6 The p—family of one-dimensional Lie subalgebras of L,
X=f's18+ P8+ + 75, E,,

where s = {s1,52,...,8}1 €S, p= ZL] s;, in the following will be represented
by the tuple
(flsl, fls0, ..., f’s,)

p
which in turn can be identified by the integer cy = Z ¢ 251, Moreover, where there

k=1
is no need to specify a value for p, we will write simply family instead of p—family.

Letusintroduce arelation R between families of one-dimensional Lie subalgebras.

Definition 12.3 (Relation between p—families of one—dimensional Lie subalge-
bras) Let L, be an r-dimensional Lie algebra generated by {&;, ..., &,} and
let X = (flsl, o, ffsy) and Y = (f1§1, e, f’i,) two different families of Lie
subalgebras. We write

XRY or (X,Y)eR

if there exists an inner automorphism A € Int(L,) such that Z" = AXT (7 denotes
the transpose operator) is a family of one-dimensional Lie subalgebras such that
Cz = Cy.
If it is also
YRX or (Y,X)eR,

then we say that the two families X and Y are equivalent.

According to Definition 12.3, the relation R is clearly reflexive and transitive,
but, in general, it is not necessarily a symmetric relation, as will be shown in Exam-
ple 12.17. In such a case, R is a so-called preorder, and, it is well known that a
preorder induces an equivalence relation, defined by forcing the symmetric prop-
erty; nevertheless, we do not assume the symmetric property to be a priori satisfied
by the relation R.

Remark 12.7 For an r-dimensional Lie algebra, all 2" — 1 possible families of one-
dimensional subalgebras, according to relation R, can be represented by means of a
suitable directed multigraph G(L,) (this because more than one automorphism can
be such that the two families belong to the relation R), where the vertices corre-
spond to the various families of one-dimensional Lie subalgebras, and the edges to
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the automorphisms connecting couples of subalgebras belonging to R. Indeed, we
represent this multigraph as a graph by means of its adjacency matrix whose (i, j)th
entry is 1 if the ith family is mapped by some automorphism to jth family, and zero
otherwise.

Example 12.17 Let L4 be a four-dimensional Lie algebra,
Ly = (B}, 8y, B3, B4,

with nonzero Lie brackets

[1]
03]
[x]
&3]

[E2, E4] = &y, [E3, E4] = BE».

As the inner automorphism exp(#; adg, ) is the identity morphism, in the following
we write the matrices associated to inner automorphisms A; = exp(#; adg,) (i =
2,3,4):

1001 100 0 1,50
o100 Joto-s lo1ao
A=1loo10 " =loor 0] “=|i010
000 1 000 1 0001

Acting with the automorphism A4 on the 2—family (O, 2, 13, O) yields

(ft +f L i, f3,o>,
which is a 3—family according to Definition 12.2; thus, we can say
(0, £%, £3,0) R (f', 12, £3,0).
Vice versa, it is

f

(1. £2 £2.0) % (f + P+ P P 0)

and the image cannot be reduced to (0, £2, 3, 0) for all choices of f!, f? and f?,
whence

(', 2 £3.0) R (0. £2. £2,0).
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2
Moreover, choosing 4 = —;—3, the 2—family (0, f2, £, 0) is mapped by A4 to

242
—(f—), 0, f 3.0 ), which is a 2-family. Hence, we can write
2f3 y

(0, f2, £,0) R (£, 0, £2,0).

Finally, as
3.2
AL

(£1.0.£7.0) & <f .

, £ 0> :

we have

(f1,0.£2,0) R (f1, £2 £2,0),

but

(f',0,%0) R (0. £%. 17.0).

Definition 12.4 (Ordering of p—families of one—dimensional Lie subalgebras) The
families of one-dimensional Lie subalgebras are sorted according to the short-
lexicographical ordering (slex). In more detail, let L, be an r-dimensional Lie algebra
and let

X = (flsl, f2S2, RN frsr) s
Y = (flfl, f”-'2§2’ ey fr§r>

be two families. It is

Z?:l Si > Z§:1 5i

X >gex Y if { or
r roo~
DU isi=Y:5 and cx > cy.

Remark 12.8 When we represent the graph corresponding to the set of p—families
of one-dimensional Lie subalgebras, the label we append to each vertex X is the
position indy in the list of ordered families.
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12.3.2 Multi-dimensional Lie Subalgebras

As in the case of one-dimensional Lie subalgebras, let us define a p—family of multi-
dimensional Lie subalgebras.

Definition 12.5 (p—family of d—dimensional Lie subalgebras) Let L, be an r-

dimensional Lie algebra spanned by {Ey,..., &}, and let f* (k=1,...,d,a =
1,...,r) be d - r functions depending on some variables belonging to a set . A
tuple of d elements (X1, ..., X4), where

.
X; = ka“sk,aaa, k=1,....d,
a=1

andsy = (sg.1,...,8.,) € Syfork =1, ...,d,iscalleda p—family of d-dimensional
Lie subalgebras of L, if

() X (k=1,...,d) is a py—family of one-dimensional Lie aubalgebras, and
d

P = Z Pk
k=1
(2) the matrix

flsia fisia - fisi,
o [0 -+ fisar

Flsan f1san - fiSar

has rank d;

(3) the rank of the Jacobian matrix of the list of all entries of F with respect to the
elements of P is equal to p;

(4) the conditions

r N
k .o
E fiaS,"afij,ﬂCgﬂ = E )\ijfkysk,yv L, ] = 1, ...,d, Yy = 1, o, F
a,f=1 k=1

are satisfied for suitable constants )Li.‘j whatever the functions f* are, C, 5 being
the structure constants of the Lie algebra.

Remark 12.9 Definition 12.5 (in particular, item 4) implies a deep simplification
of the conditions for the check that the set {X1, ..., X} is closed with respect to the
Lie bracket; in fact, we need to determine the unknowns )‘{Fi whatever the values of
£ are, and this requires only simple elementary linear algebra tools.
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Remark 12.10 We are aware that Definition 12.5 in some cases may leave out some
Lie subalgebras. For instance, consider the six-dimensional Lie algebra spanned by
{E1, B2, B3, B4, Es, B¢} [36] with the following nonzero Lie brackets:

[El, Es] = —82, [E2, E5] = &y, [E3, B5] = —E4,
83, B¢l = —Ey, [E4, Bs5] = E3, [E4, Eg] = —E».

The three-dimensional vector space spanned by
1 b 2 3 £5m
{f1 81+ fI' 84, 582+ f5 83, [ Es}

is not a 5—family of three-dimensional Lie subalgebras because the closure with
respect to the commutator is not guaranteed unless it is fl1 f23 + f22 f14 = 0, so lower-
ing the arbitrary parameters to 4. In our approach, such instances of Lie subalgebras
are not considered, because this would require some more steps that may be cum-
bersome to tackle automatically. This limitation will be removed in a future version
of the program. Nevertheless, we observe that in most cases (for instance, almost
all real three- and four-dimensional Lie algebras [38]) this approach works correctly
without losing anything.

Remark 12.11 Of course, because the basis of a d-dimensional Lie subalgebras
of a Lie algebra L, is not unique, we choose to adopt as the basis of a p—family
of d-dimensional Lie subalgebras the one such that the matrix F is in row reduced
echelon form (RREF); once the basis for I, has been assigned, this matrix represents
the Lie subalgebra.

A relation R linking two different families of d-dimensional Lie subalgebras can
be defined as well.

Definition 12.6 (Relation between p—families of d—dimensional Lie subalgebras)
Let L, be an r-dimensional Lie algebra generated by {E;, ..., E,} and let X =
(X1,...,Xg)and Y = (Y4, ..., Y;) be two different families of d-dimensional Lie
subalgebras. We write
XRY or X, Y)eR

if there exists an inner automorphism A € Int(IL,) such that
7" = (AXT, ..., AXD),

possibly reduced to row echelon form, is a family of d-dimensional Lie subalgebras
such that ¢z = cy, where cx = (cx,, ..., cx,).
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If it is also
Y RX,

then we say that the two families are equivalent.

As in the case of one-dimensional families of Lie subalgebras, relation R is reflex-
ive and transitive but in general not symmetric.

Definition 12.7 (Ordering of p—families of d—dimensional Lie subalgebras) The p—
families of d-dimensional Lie subalgebras are sorted according to the short-lexicogra-
phical ordering. In more detail, let L, be an 7-dimensional Lie algebra and let X =
{X1,..., X4} and Y ={Y},..., Yy} be a p—family and g—family of different d-
dimensional Lie subalgebras, respectively. It is

pP>q
X >gex Y if or
p=¢q and X >qex Yx, where k = min{i : cx, # cy}.

Remark 12.12 A family X = (Xy, ..., X4) where
Xi= ) fEaBan  k=1.....d,
a=1

of d-dimensional Lie subalgebras of an 7-dimensional Lie algebra I, can be repre-
sented as well by the tuple cx.

Moreover, when we represent the graph corresponding to the set of families of
d-dimensional Lie subalgebras, also in this case the label we append to each vertex
is the position, indy, in the list of sorted families.

Now we have all the elements for clarifying the details of the algorithms leading
to the determination of optimal systems of families of Lie subalgebras.

12.3.3 Algorithms for Optimal Systems of Lie Subalgebras

Let L, be an r-dimensional real Lie algebra assigned through its structure constants;
the latter are computed if the Lie algebra is realized in terms of vector fields or
matrices, or if the list of nonzero Lie brackets is obtained. The program SYMBOLIE,
written in Wolfram Mathematica™[46], makes available a set of functions devoted
primarily to the construction of optimal systems of families of Lie subalgebras. If
the Lie algebra is assigned by means of a suitable realization, or if the list of nonzero
Lie brackets is assigned, then the method StructureConstants[] computes the
structure constants that will be used in all the remaining functions.
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Example 12.18 Take the three-dimensional Lie algebra of real 2 x 2 traceless matri-

ces, generated by
|01 -~ _ 100
>~ loo] TTlrof

- _[ro
ST lo-1]

After loading the package SYMBOLIE, the following steps lead to the computation
of the structure constants:

1]

e define the generators gens of the basis:

gens={{{1,0},{0,-1}},{{0,1},{0,0}},{{0,0},{1,0}}};

e compute the structure constants:

cs = StructureConstants[gens];

The structure constants could be used for instance to display the commutator
table:

CommutatorTable[cs] //MatrixForm

1

0 28, -2E&3
-2 Ez (3]
233 — 0

I

1 <@
]

The computation of the structure constants through the list of nonzero Lie brackets
using a set of unassigned symbols is done as follows:

basis = {x1, x2, x3};
bracket = {{{x1, x2}, 2*xx2},
{{x1, x3}, -2*x3},
{{x2, x3}, x1}
};

cs = StructureConstants[bracket, basis];

Example 12.19 Consider the Lie algebra spanned by the vector fields
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generating the Lie point symmetries of Korteweg—deVries equation [34],

u n ou n 33u 0
— +u—+—=0.
ot ax  0x3

The structure constants are computed as follows:
vars = {t,x,u};

gens = {{1,0,0}, {0,1,0}, {0,t,1}, {3t,x,-2u}};
cs = StructureConstants[gens,vars];

The main function devoted to the determination of optimal systems of families of
Lie subalgebras is the method SubAlgebral[] (see Algorithm 1) receiving as input
the structure constants cs of the Lie algebra, a list pars made of two lists specifying
arbitrary parameters and their constraints, respectively (this parameter is {{},{}}
if no arbitrary parameter is involved in the structure constants), and the dimension
dim of the required subalgebras.

Algorithm 1: SubAlgebra(cs,pars,dim)
Returns the dim—dimensional optimal subalgebras of the Lie algebra L., with
structure constants cs (involving parameters pars)

Input: structure constants cs, parameters pars, dimension dim
Output: adjacency matrix, candidates, structure constants cs
begin
if pars is not empty then
‘ cs <« evaluation of cs on an instance of pars;
end
if PrintDebug then
‘ filelog < printout all the algorithm operations;
end
if 1 <dim < r then
‘ return FindAdjacency(cs,dim);
end
end
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Algorithm 2: CheckAlgebra(alg,cs,dim)
Whether alg generate a p—family of subalgebras of LL,.

Input: alg, structure constants cs, dimension dim

Qutput: isSub boolean value

begin

isSub <« frue;

foreach (s, 5,) in 2-element combinations of {1, ..., dim} do
X <« set[s1];

Y <« set[sy];

,
eqnl < agip1 Z csZﬂXaY,g;
a,B,y=1

dim
eqnC < eqnl — Zb[set[i];
i=1
matl < JacobianMatrix(egnl, {agini1});
matC < JacobianMatrix(eqnC, {agint1, bi});
if Rank(matl) # Rank(matC) then
isSub <« false;
break foreach;
end
end
return isSub;
end

Example 12.20 Let L, be a real four-dimensional Lie algebra with the nonzero Lie
brackets [E, B3] = &1, [E;, E3] = a&j, where 0 < |a| < 1 [38]. In this case, the
argument pars of SubAlgebral[] hasto be {{a}, {—1 < a, a < 1, a # 0}}.

If the argument pars is not {{}, {}}, the SubAlgebra[] method evaluates the
structure constants on an instance of the parameters satisfying the assigned con-
straints. Moreover, in the SYMBOLIE package, there are several global variables,
one of which is PrintDebug. By default, it is set to 0. When the user setsitto 1, a
debug file is generated in the same directory as the Mathematica notebook file. The
user can set the global string variable logfile to choose the name (the dimension
of subalgebras is appended) of the text file where the trace of the computation is
recorded; if logfile is not set by the user, then the trace of the computation is saved
on the file Debug-dim. log.

The function FindAdjacency[] is the method doing all the work. Inside this
function, first of all, the list C of possible candidates for families of d-dimensional
Lie subalgebras is computed: ford = 1 wehave 2" — 1 candidates, whereas ford > 1
the cardinality of the set of candidates depends on the structure constants of the Lie
algebra. In other words, for 1 < d < r, we build all the families of d-dimensional
subspaces whose representative matrices are in RREF, and then select those verifying
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condition (4) of Definition 12.5. This is done by the method FindCandidates[],
accepting as input the structure constants as well as the dimension of the subalgebras,
and returning the list of candidates. For d > 1, to check whether a d-dimensional
family of vector subspaces (a candidate) is a p—family of d-dimensional Lie subal-
gebras of L, (Definition 12.5), the Algorithm 2 is used.

Algorithm 3: FindAdjacency(cs,dim)
Computation of the adjacency matrix of the multigraph G(L,).
Input: structure constants cs of £,
Output: adj adjacency matrix of the multigraph
begin
families < FindCandidates(cs,dim);
auto < InnerAutomorphisms(cs);
&/ <« FindAutomorphisms(auto);
adj < identity matrix of order #( families);
foreach X in families do // first scan
foreach A in &7 do
Y «— A X;
if CheckPFamily(Y) then
adjlindy, indy] < 1,
Y < families(indy);
Z < Al.y;
Zy < an evaluation of Z such that ¢z, = cx;
if CheckRelation(Z, X) and CheckPFamily(Z) then
‘ adjlindy, indx] < 1;
end
end
end
end
foreach pair (X, Y) of families do // second scan
foreach A in <7 do
if adj[indyx, indy] = O then
X «—A-X;
Xy < an evaluation of X such that cx, = cy;
if CheckRelation(X, Y) and CheckPFamily(Xy) then
‘ adjlindy, indy] < 1;
end
end
end
end
return adj;
end
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According to Definition 12.5, this algorithm requires to solve only linear equa-
tions.
As a second step, the inner automorphisms

exp (lpadg,), a=1,...,r,

where {E1, ..., E,} denote the generators of a basis of L,, are computed.

Let Ay be the inner automorphism made of the composition of the inner auto-
morphisms represented by matrices in diagonal form; Ag is the r x r identity
matrix [/, if all inner automorphisms are not diagonal matrices. Moreover, let
A= {Ar, k=1,...r" < r}bethe setof inner automorphisms not in diagonal form;
if r' =0, we set A = {I,}.

Then, using the algorithm FindCompositions[], the set made of the composi-
tions of the permutations of all the inner automorphisms belonging to the nonempty
subsets of (A is computed. For the computation of this set, it is possible to use a flag
variable, FastRun, within the package. By default this optional parameter is zero,
and automorphisms are computed as previously described. If the user sets FastRun
to 1, instead of considering permutations, we consider the compositions of all the
inner automorphisms belonging to the nonempty proper subsets of A joined with
the set of the compositions of the permutations of all inner automorphisms. More-
over, if FastRun is set to 2, then we only consider the compositions of the inner
automorphisms belonging to the nonempty subsets of A. The higher is FastRun the
faster is the execution; anyway, we should be aware that there are cases where setting
FastRun to 1 or 2 does not guarantee the completeness of the results.

Now, the process of identifying the pairs of candidates belonging to the relation
R can start: the result is achieved by performing a double scan of the candidates.

Before analyzing the families, the adjacency matrix is set equal to the identity
matrix of dimension equal to the number of candidates (this because every family is
trivially equivalent to itself). In the first scan, we act on every p—family X (starting
from the simplest ones, i.e., those with smallest values of p) with each of the auto-
morphisms previously characterized: let A be one of these automorphisms acting
on X. We need to check if the result is a family Y of subalgebras according to the
definition. This process is quite fast and, when the check is successful, allows us to
link a p—family with a g—family with p < g. Consequently the adjacency matrix is
updated setting its (indy, indy)—th entry to 1. If this occurs, the program checks if,
acting on the family ¥ with the automorphism A~!, there are suitable values of the
parameters involved in the automorphism such that a family that can be represented
by X can be obtained.

This first scan is in general not able to recognize all possible pairs of families
belonging to the relation R. Thus, the program performs a second scan on couples of
families of subalgebras for which the corresponding entries in the adjacency matrix
are zero. The used automorphisms are those belonging to the set of the compositions
of the permutations of all inner automorphisms, and it is exploited the possibility
that suitable values of the parameters involved in the automorphisms allow for rec-
ognizing other couples of Lie subalgebras belonging to the relation R.
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We observe that there are cases where the first scan is sufficient to find all possible
relations between the subalgebras. Furthermore, during the process, the algorithm
repeatedly uses the transitivity property to update the adjacency matrix. The pseu-
docode of this method is shown in the Algorithm 3.

The output returned by SubAlgebra[] is the input for other methods that display
the results:

e PrintGraph[], displaying the graph corresponding to the relation R; each con-
nected component of this graph may be represented by the simplest family whose
indegree is equal to the number of nodes in the component;

e PrintOptimal[], listing the families of Lie subalgebras of the optimal system;
when possible, the optimal system which is returned is simplified by a suitable
rescaling;

e PrintClasses[], listing the families in each connected component of the graph.

Algorithm 4: Adj2Classes(pfam,adj)
Returns the connected components of the p-families in pfam according to
the adjacency matrix adj

Input: list of p—families pfam, adjacency matrix adj

Output: list of connected components

begin

connected < list of singletons of pfam;

foreach (k{, k,) in 2-element combinations of {1, ..., #pfam} do
if adj [k] s kz] ;é 0 then

‘ connectedlk|] <— connected[k;] U {pfam[k;]};

end

end

return Compact(connected);

end

Several methods are employed to characterize the representatives of the optimal
system of Lie subalgebras. The main method is FindClasses[] (Algorithm 5),
where the Adj2Classes [] method (Algorithm 4) is initially invoked. It takes two
arguments as input: the candidates (i.e., the p—families) and the adjacency matrix.
First, a list is created made of lists, each containing one of the candidates. Then, the
adjacency matrix is scanned and the candidates corresponding to the entries of the
i—th row of the adjacency matrix not vanishing are joined to the i—th list. Finally, the
Compact [] method is called, which is responsible for merging classes with common
elements.

This process yields classes whose elements represent families of Lie subalgebras
belonging to the relation R; representing the adjacency matrix as a graph, each
class corresponds to one of its connected component. The final step consists in



472 12 Computer Algebra Programs

determining for each connected component its representative, i.e., if there exists
at least one node whose indegree is equal to n, where n is the number of nodes
in the connected component. The smallest representative with respect to the slex
ordering gives the family able to represent the connected component. In some cases,
it could be necessary to have more than one representative family for some connected
component.

After the optimal system of families of Lie subalgebras has been obtained,
the method PrintOptimal [] displays the result; this process is mediated by the
RescaleAlgebra[] method (Algorithm 6) that rescales and writes the representa-
tives of the optimal systems properly; as a result, the coefficients entering the expres-
sion of the optimal system are labeled with latin letters if they can assume arbitrary
nonvanishing values, with greek letters if they can assume the values &1 only. In par-
ticular, this method uses the InvariantAutomorphisms [] method (Algorithm 7)
which returns a list of inner automorphisms that leave the p—family invariant.

Algorithm 5: FindClasses (pfam,adj)
Returns the classes of the p-families in pfam according to the adjacency
matrix adj

Input: list of p—families pfam, adjacency matrix adj
Output: list of representatives reps, list of classes classes
begin
connected < Adj2Classes(pfam,adj);
foreach component comp in connected do
tmp < {};
foreach p-family X in comp do
Y < the first family in comp with maximum indegree;
indy < index of X in pfam;
indy < index of Y in pfam;
if adjlindy, indy] = 1 then
‘ tmp < tmp U {Y};
end
end
classes < classes U {trmp};
reps < reps U {{ family in tmp with maximum indegree}};
end
return {reps, classes};
end
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Algorithm 6: RescaleAlgebra(X,cs,dim)
Computation of the appropriate constants for a representative

Input: p-family X, structure constants cs, dimension dim
Output: appropriate representative

begin

r < dimension of the Lie algebra;

auto <— InnnerAutomorphisms(cs);

A <« InvariantAutomorphisms (X, auto);

Y < RREF(A - X);

S < scaling parameters involved in Y;

foreach entry Y;; ¢ {0, 1} of Y do

P <« parameters in S involved in the (i, j)-th entry of Y;
if P £ () then

X;; < asuitable greek letter;

S < S\ {P[1]};

else
‘ X;; < asuitable latin letter;
end
end
return [Z;zl X;jBji=1, ...,dim};

end

Algorithm 7: InvariantAutomorphisms (X, auto)
Find A in auto leaving invariant the p—family X, up to RREF

Input: p—family X, list of automorphisms auto
Output: list of automorphisms invauto
begin
foreach A in auto do
Y <« A-X;
if Cy = Cx OI CRReF(y) = CXx then
invauto <« invauto U {A};
end
end
return invauto;
end
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The interested reader can give also a look at the source of the package (available
at the url https://mat521.unime.it/oliveri).

12.3.4 Case Studies with SYMBOLIE

In this subsection, we present some relevant examples of Lie algebras corresponding
to point symmetries of differential equations, and show how the use of the SYMBOLIE
package [1, 2] allows us to determine optimal systems of Lie subalgebras.

Some notebooks illustrating the use of the program can be found at the url https://
mat521.unime.it/oliveri.

To use SYMBOLIE, open a Mathematica notebook and load the package by
issuing

<< "SymboLie.wl"

The following examples show the results we can get with the package.

Example 12.21 In [38], the authors reported the classification of all real three- and
four-dimensional Lie algebras, and listed their complete systems of optimal Lie
subalgebras. In particular, there are eleven non-isomorphic three-dimensional real
Lie algebras. The complete optimal systems of all non-isomorphic three-dimensional
real Lie subalgebas can be computed with SYMBOLIE in less than one minute (the
complete systems of optimal Lie algebras of the thirty four-dimensional Lie algebras
in less than 20 min). We report in Table 12.1 the results relative to three-dimensional
real Lie algebras.

SYMBOLIE gives the classification of the optimal Lie subalgebras in a few seconds,
and the results agree with those reported in [38, Table I] but are slightly different due
to the choice of some representatives of the equivalence classes.

The Lie algebra As g, spanned by {E;, E», 83}, has the following nonzero Lie
brackets:

Let us write the matrices associated to the inner automorphisms exp(t adg,),
exp(t adg,) and exp(f adg,):

1 -1 -1} exp(t,) 0 0 1 00
Air=101 2t |, Ay = 0 1 0 , Az =210,
00 1 0 Oexp(—t) —t32 1

and denote with A the group generated by {A|, Ay, As}.
Patera and Winternitz have obtained the following optimal systems:

0L = ({E1}, (B2}, (B + E3}}, ©2 = {{E), Ea)).
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Table 12.1 Optimal systems of indecomposable real Lie algebras of dimension 3. The constants
ai, az, as, as € R are nonvanishing, and oy = £1

Algebra Nonzero Lie brackets 1D optimal system 2D optimal system
Az [E2, B3] =&y {81}, (B2}, {1, 82}, {81, E3),
{83}, {82 + a1 E3} {E1, B2 + a1 E3}
A3z [E1, B3] = By, {81}, (B2}, (B3} {E1, B2}, {E1, B3}
[Ez, B3] =E1+ &>
A3z [E1, B3] = By, {E1}, {82}, (B3}, {E1. B2}, {E1. B3},
[E2, B3] = &2 {E1 + a1 2} {82, 83},
{81 +a1E2, B3}
A3 g [E1, B3] = By, {81}, {82}, (B3}, {E1, B2}, {E1, B3},
[E2, B3]l =—-E2 {E1 + a1 82} {22, 83}
Ass [E1, B3] = By, {E1}, {82}, (B3}, {E1. B2}, {E1. B3},
[E2, B3] =aky {81 + a1 82} {E2, B3}
O<lal <)
Asze [E1, B3] = -8y, {E1}, {83} {81, B2}
[E2, B3] = E)
Az [E1, B3] =aB| — B2, |{E1},{E3} {E1. B2}
[E2, B3] =E1 +a&2
(a >0)
Asg [E1, B2] = By, {E1}, {E2}, {21, B2}
[E1, B3] = 282, {81 + 183}
[E2, B3] = E3,
A3z [E1, Bo] = &3, {81}
[E1, 3] = —Ea,
[E2, E3] = &)

On the contrary, using SYMBOLIE, we get the following results:

Wy = {({Ei} (Eah (Bl + a1 B3},

vl = {{E, Ea}}.

As far as the two-dimensional optimal system is concerned, both results coincide.
On the other hand, comparing ®, and W!, the only difference lies in the third
representative. Recalling Definition 12.2, the subalgebra { E; + E3} is not considered
in SYMBOLIE because it does not represent a 2—family, so that we must refer to the
corresponding 2—family X = {a; E; + a; E3}. Furthermore, as the coefficients in this
linear combination can be rescaled, then we have X = &; + o1 E,, where oy = +1.

Example 12.22 Consider the four-dimensional Lie algebra of point symmetries (see
Example 12.19). The required Mathematica code is:

vars = {t, x, u};

gens

{{3,{3};

pars

{{1, o, o}, {0, 1, 0}, {0, ¢, 1}, {3 ¢, x, -2 u}};
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cs = StructureConstants[gens,vars];

algl = SubAlgebralcs,pars,1];
alg2 = SubAlgebralcs,pars,2];
alg3 = SubAlgebralcs,pars,3];

Using PrintOptimal [] method it is possible to see the optimal systems of fam-
ilies of Lie subalgebras. Therefore, PrintOptimal [algl] displays the five optimal
families of one-dimensional Lie subalgebras:

{{E1}, {82}, {83}, {Ba}, {E1 + 1 B3}

Similarly, the calls PrintOptimal [alg2] and PrintOptimal [alg3] show the
six optimal families of two-dimensional Lie subalgebras,

{81, B2}, {E1, Ba), {2, B3}, {E2, Ba), {E5, Bab {E1 + 1 B3, En}h
and the three optimal families of three-dimensional Lie subalgebras,
{{81, B2, B3}, {E1, B2, B4}, {E2, B3, B4},

respectively.

Finally, the method PrintGraph[] (with argument algl, alg2 or alg3), dis-
plays the graph representing the relation R between the p—families (see Figs. 12.1
and 12.2, where the gray nodes denote the representatives of each class of equiva-
lent families). The legend showing the correspondence between the labels with the
representatives families is also displayed. In addition, by setting the second optional
argument of the PrintGraph [] method equal to 1, it is possible to display the labels
of all the families of Lie subalgebras analyzed by SYMBOLIE.

Fig. 12.1 Algebra of Lie @ (19)
symmetries of KdV
equation: graph of families
of 1D subalgebras, where

1= {E1},2 = {E2},3 > o
{83},4 — {B4},6 >
(81 + a1 83}
@3 ®
(12
@ ®
@ ®

® ® @
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@ O ®

@ @

® ®
(19 ® O,

Fig. 12.2 Lie algebra of symmetries of KdV equation: graph of families of 2D subalgebras (left),
where 1 — {E1, B2},2 — {E1, B4}, 3 — {E2, E3},4 — {Er, E4},5 — {E3, E4},8 = {E1 +
a1 B3, B3}, and graph of families of 3D subalgebras (right), where {1 — {E, Ej, E3},2 —
{E1, B2, B4}, 3 — {E2, B3, B4}

Example 12.23 Let [Lg be a Lie algebra spanned by the vector fields

- a 0 ; 0 ; - a a 0
Bl =—, &)= —, B3 =[—, &y = , B =y— —X—, Bg= — .

1 2 3 4 5=Y ax dy 6= 7%
The complete optimal system of Lie subalgebras has been studied in [36]. Using
SYMBOLIE, we obtain the following optimal system of families of Lie subalgebras:

i S (e e gy e a1 (= a1 (= -

0, = {{E1}, (B3}, {Es), {B¢}, (B2 + a1 83}, {E3 + a1 Ee}, {E5 + a1 Ee}},

2 m om e o fm e e ey e = = e

0y = {E1, B2}, {E1, 83}, {B1, B4}, {E1, Ee), {E3, Ba}, {Es, Ee),
{81, 82 +a1E3

3
AE1, B3 + a1 84}, {E1, B3 +a1E¢), {E1, E4 + a1 8¢},
{

{82 4+ a1 83, Ba4}, {E1, B3 +a1E4 + a2 B¢},

4+ a2 Eel},
®% = ({E1, Bz, Bs, Ba}, {E1, Ea, E3, Eg), {E), Ba, Bs, Be),
{81, B2, B3 + a1 Es, B4 + a1 Z6}},
@) = {{E1, B2, B3, B4, Es}, {E1, B2, B3, B4, B}, {E1, B2, B3, B4, Bs + a1 Ee}},
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with aj, ay # 0. This result is in agreement with the one given by Ovsiannikov [36],
except for the choice of some representatives of the equivalence classes.

The graphs of the optimal systems computed by SYMBOLIE are shown in
Figs.12.3, 12.4, and 12.5.

As far as the graph of 5D families of optimal Lie subalgebras are concerned, we
observe that it is the trivial graph made of three isolated vertices.

@ _—® @ @ @
B
@ e 2

50 36
e & @ ®
e T
O @@
@GR
@@ ® ®
Q= O &)

@@
R ® ®
@
&0 @

Fig. 12.3 Graph of families of 1D Lie subalgebras of the algebra of Example 12.23, where 1 —
{Ei1} 3 = {83}, 5= {85}, 6 > {E¢}, 9 > {E2 +a1E3}, 19 > {E3 +a1Ee}, 21 > {E5 +
aj Ee}.
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Fig. 12.4 Algebra of Example 12.23: graph of families of 2D Lie subalgebras (top), where
1 - {El, Ez}, 2 — {E], 53}, 3 - {E], 34}, 4 — {El, Eﬁ}, 10 —»> {El, Ez+a1E3}, 12 >
{81, B3 +a184), 14— {1, E3+a18¢}, 15— {E1, B4 + a18¢}, 23 — {E1 +a1E3, B4},
24 — {Er + a1 B3, B4}, 34 > {E1, B3+ a1 B4 + a2 8¢}, 42 - {E| + a1 B4, E2 + a2 E3}, and
of 3D Lie subalgebras (bottom), where 1 — {&;, B}, 2 — {&], B3}, 3 — {E1, E4}, 4 —
{E1, 86}, 10 > {E1, B+ a183}, 12— {E|,E3+4+ a1 B4}, 14 - {E|, E3+a;EB¢}, 15—
{E1, B4 +a18¢}, 23 — {E1 +a1E3, B4}, 24 —> {E2 + a1 83, B4}, 34 > {E1, E3 +a1Es +
a6}, 42 — {E1 + a1 E4, B2 + a2 B3}
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D
O]

Fig. 12.5 Graph of families of 4D Lie subalgebras of the algebra of Example 12.23, where
I — {E1, Er, 83, B4}, 2> {E1, B2, B3, B¢}, 4 — {E1, B2, Bs, B¢}, 11 = {E1, 82, B3+
a1 B¢, B4 + a1 B}

Example 12.24 Let s be the Lie algebra of continuous symmetries of (2 + 1)-
dimensional ZK-BBM equation [44] spanned by the vector fields:

where a, b, and k are real constants.

Recently, Tanwar [44] computed the optimal one-dimensional Lie subalgebras
of the Lie algebra of symmetries of (2 4+ 1)-dimensional ZK-BBM equation with
the aim of determining group-invariant solutions. The use of SymboLie gives the
classification of one-dimensional Lie subalgebras in few seconds, and the results,
though slightly different in the choice of some representatives of the equivalence
classes from those reported in [44], coincide. Moreover, SYMBOLIE is able to
compute the complete system of optimal Lie subalgebras in about two minutes.
The results are listed below:

I et e fm A (e e e -
O, = {E1}, {83}, {4}, {Es) {E1 + a1 B}, {1 + a1 B3},
{E1 + 18y + 0 B3}, {E3 + a1 B4}, {E1 + @1 s},
{

B + a8 +aEs), {84 + a1 Es}},
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@3 = ({21, B2}, (B, 3}, {E1, B4}, {E), Es}, (Bl + o1 By, B3l
{81 + a1 B2, 8s}, {83, B4}, {83, Bs}, {E4, Es}, {E1, Bz + 1 B3},
{E1, B3 + o184}, {E1, B2 + @1 Es}, {81, B4 + a1 Es}, {E3, B4 + a1 8s},
{E1 + 183, B2 + 283}, {E1 + 1 Es, Bz + a1 Es}, {81 + a1 Es, 83},
{81 + a1 B2 + a1 Es, E3}},

@} = {{E1, B2, B3}, {E1, B2, B4}, {E1, B2, Bs}, {E1, B3, B4}, {E1, 3, Es),

Es}, {E1 + a1 8y,

—

3, 85}, {E3, 84, s}, {B1, B2, B3 + a1 B4},

]
]

{21, B4

{21, B2, B4 + a1 Es}, {E1, B3, B4 + a1 85}, {E1, B2 + a1 Bs, B3},

{81 + o185, B2 +a; Es, Bs}},

o4

({81, By, 83, B4}, {E1, B2, B3, Bs}, {81, B, 84, Es}, {E1, 83, B4, s},

{E1, B2, B3, B4 + a1 85},
where a; # 0, and aq, o € {—1, 1}.
Example 12.25 Consider the finite-dimensional Lie algebra of symmetries of u ; —

u 2 = 0 (linear heat equation) spanned by (we use the same basis as the one consid-
ered in [14])

- ad - d _ d ad - d
Bi=g BT, BT 2x1—ax1 +x2_8x2’ B4 =uor,

- d d - d d d
Hs = 2x la_xz - 2ua—u He = 4x1 o +4X1XQ8—2 — (2x +x2)u—

SYMBOLIE recovers a system of 9 optimal 1D families of Lie subalgebras, 13 families
in the 2D case, 8 families in the 3D case, 5 families in the 4D case and only 1 5D
family:

O) = {81} (B2}, {83}, {Ba). (1 + 1 Ba}. {85 + @1 Eu). {B1 + o1 Es),
{81+ 186}, (E1 + o183 + a1 Ee}},

@4 = {{E1, B2}, {E1, B3k {E1, B4}, (B2, B3}, {Ea, Eul, {Es, Ba}, (B3, Es),
{83, B6}, {E1 + @184, B}, {E1, B3 + a1E4}, {82, B3 + a184},
{81 + a1 Es, 84}, {E1 + o1 g, By},

@ = {81, B2, B3k {E1, B2, Eub, (E1, B3, Ea}, {Ea, B3, B4}, {E, B4, s},

(83, 8s, B¢}, {E1, B2, B3 + a1 84}, {E1 + o1 Es, Eg, B4},

4 e o e gm e m m o = e
0, = {{E1, B2, B3, B4}, {E1, B2, B4, Bs}, {E1, B3, B4, B¢},

{82, B3, 84, 85}, {E1 + a1 Eg, B2, B4, Es}},

@
N
Il
o
0]

v
[l
by
[l
&
¢
il

with a; # 0 and oy = £1. The corresponding nontrivial graphs are displayed in
Figs.12.6 and 12.7.
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Fig. 12.6 Algebra of symmetries of heat equation (Example 12.25): graph of families of 1D Lie
subalgebras (top), where | — {E1},2 — {E2},3 — {83}, 4 — {E4}, 10 »> {E| + o1 B4}, 12 —
{B3+ a1 B4}, 13 > {E| + 185}, 17 > {E] + @1 E¢}, 33 — {E| + a1 E3 + a1 Eg}, and of 2D
Lie subalgebras (bottom), where 1 — {E1, B2}, 2 — {E1, E3}, 3 — {E1, B4}, 4 — {E», B3},
5 — {Bj, B4}, 6 > {E3, B4}, 7 — {E3, Es}, 8 > {E3, Eg}, 21 > {E] + a1 &4, Ep}, 14 >
{E1, 834+ a1 B4}, 15 — {Ep, B3+ a1 B4}, 24 — {E1 + a1 Es, B4}, 29 — {E1 + o1 Eg, B4}
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Fig. 12.7 Algebra of symmetries of heat equation (Example 12.25): graph of fam-
ilies of 3D Lie subalgebras (left), where 1 — {E], B2, B3}, 2 — {E, B2, E4}, 3 —
{E1, B3, B4}, 4 > {E7, E3, B4}, 5 > {E», B4, E5}, 8 > {E3, Bs5, B¢}, 10 > {E1, Ep, B3+
a1 B4}, 16 - {E1 + o185, B2, B4}, and of 4D Lie subalgebras (right), where 1 —
{El, Ez, 53, 54}, 2 — {El, Ez, E4, 35}, 3 - {El, 33, 54, 56}, 4 — {Ez, E3, E4, ES}, 11 —
{E1 + o1 8¢, E2, E4, s}

Comparing the results recovered by SYMBOLIE with the ones found in the litera-
ture, some comments are in order:

e in[14, 21, 34, 48], there is exhibited a system of optimal 1D subalgebras with the
same cardinality, but with different representatives;

e in the graphs representing the relation R for families of 1D and 2D subalgebras,
there are unidirectional edges: this occurs because some families cannot be entirely

mapped to others. For example, the 1D 2—family X = (fi, f>, 0,0, 0, 0) (label 7 in
2

the graph) is mapped via A = exp(t adg,) into (fi, 0, 0, f—}], 0, 0), which satisfies

Definition 12.2, so that we identify it with the 2—family ¥ = (f1,0, 0, f4, 0, 0)
(label 10). Vice versa, acting on Y with the inner automorphisms A gives
(f1,2f1t,0, f4 — fltz, 0, 0), that cannot be reduced to the family X for all choices
of fi and fa;

e compared to the two-dimensional optimal system found in [14], SYMBOLIE also
returns the 2-families { 23, Es} and { E3, E¢}. It can be seen that they can be mapped
into a subfamily of {&,, B3 + a; E4} and {E, E3 + a) B4}, respectively, so that it
does not satisfy Definition 12.5;

e the 3D optimal system discussed in [14] includes the Lie subalgebra {E;, E3 —
%84, Eg}. Since SYMBOLIE deals with p—familes of subalgebras, it does not

include {E;, B3 4 a; &4, B¢}, with a; # 0, among the candidates, since for a;

arbitrary the closure with respect to the Lie bracket is not guaranteed. Furthermore,
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the family {E3, Es, B¢} does not appear in the optimal system of [14]. In fact, it
is mapped into a subfamily of {E;, E,, B3 + a; E4}, and so SYMBOLIE does not
consider them belonging to the relation;

e the optimal systems of 4D and 5D subalgebras computed by SYMBOLIE coincide
with those recovered in [14].

12.3.5 Concluding Remarks

The package SYMBOLIE can be extended by introducing additional features. In par-
ticular, it would be desirable to allow the program to suitably use special properties
of the Lie algebra to be analyzed (for instance, especially for high-dimensional Lie
algebras, its decomposition as direct sum of an ideal and a subalgebra), as well as
to implement some routines for constructing the submodels [37] once the optimal
system of Lie subalgebras of a Lie algebra of symmetries of a differential equation
has been obtained [31]. Also, an effort should be devoted to speed up the algorithms.
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commutator table, 438
contact symmetries, 440
equation not polynomial in the deriva-
tives, 430
equivalence transformations, 447, 449,
451
Euler equations of gas dynamics, 433
heat equation, 99, 428
inverse Lie problem, 452
Korteweg-deVries equation with vari-
able coefficients, 436
linear second-order ordinary equation,
99
Navier-Stokes-Fourier equations, 430
nonclassical symmetries of heat equa-
tion, 439
substitution principle in gas dynamics,
338
variational symmetries, 442, 444
variational symmetries of minimal sur-
face equation, 444
contact symmetries, 440
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