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Chapter |

Metric Spaces

The theory of metric spaces is a natural generalisation of the notion of Euclidean
distance. We only keep the basic properties of symmetry of distance and the trian-
gle inequality. Then we can still define open and closed sets the same way as done
in RN, Similarly we can look at properties of sequences, continuity, uniform con-
vergence of functions and more. Euclidean distance is closely tied to the geometry
of RM. This can be lifted to a more abstract level as well and leads to the theory of
inner product spaces and Hilbert spaces, which is the second part of these notes.

1 The Axiom of Choice and Zorn’s Lemma

Suppose that Ais a set, and that for each o € A thereis a set X,. We call (X4 )aca
a family of sets indexed by A. The set A may be finite, countable or uncountable.
We then consider the Cartesian product of the sets X,:

1%

acA

consisting of all “collections” (Xy)aca, Where x, € Xo. More formally, [[,ca Xa is
the set of functions
X: A— U Xa
a€cA
such that x(a) € X, for all a € A. We write x, for x(a) and (xy)aea Or simply
(x,) for a given such function x. Suppose now that A # () and X, # ( for all
a € A. Then there is a fundamental question:

[Is [[oca Xoa nonempty in general?}

Here some brief history about the problem, showing how basic and difficult it is:
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e Zermelo (1904) (see [7]) observed that it is not obvious from the existing
axioms of set theory that there is a procedure to select a single x, from each
X4 In general. As a consequence he introduced what we call the axiom of
choice, asserting that [[,ca Xa # 0 whenever A # 0 and X, # 0 for all
a € A

It remained open whether his axiom of choice could be derived from the
other axioms of set theory. There was an even more fundamental question
on whether the axiom is consistent with the other axioms!

e Godel (1938) (see [5]) proved that the axiom of choice is consistent with the
other axioms of set theory. The open question remaining was whether it is
independent of the other axioms.

e P.J. Cohen (1963/1964) (see [2, 3]) finally showed that the axiom of choice
is in fact independent of the other axioms of set theory, that is, it cannot be
derived from them.

The majority of mathematicians accept the axiom of choice, but there is a minority
which does not. Many very basic and important theorems in functional analysis
cannot be proved without the axiom of choice.

{We accept the axiom of choice. }

There are some non-trivial equivalent formulations of the axiom of choice which
are useful for our purposes. Given two sets X and Y recall that a relation from
X to Y is simply a subset of the Cartesian product X x Y. We now explore some
special relations, namely order relations.

1.1 Definition (partial ordering) A relation < on a set X is called a partial or-
dering of X if

e x < x for all x € X (reflexivity);
e x <yandy < zimply x < z (transitivity);
e x <y andy < x imply x =y (anti-symmetry).
We also write x = y for y < x. We call (X, <) a partially ordered set.

1.2 Examples (a) The usual ordering < on R is a partial ordering on R.

(b) Suppose S is a collection of subsets of a set X. Then inclusion is a partial
ordering. More precisely, if S, T € Sthen S < T ifandonly if SC T. We say S
is partially ordered by inclusion.

(c) Every subset of a partially ordered set is a partially ordered set by the induced
partial order.



There are more expressions appearing in connection with partially ordered sets.

1.3 Definition Suppose that (X, <) is a partially ordered set. Then

(a) me X is called a maximal element in X if for all x € X with x = m we have
X < m;

(b) m e X is called an upper bound for S C X if x < m for all x € S;
(c) A subset C C X is called a chain in X if x <y or y < x for all x,y € C;
(d) If a partially ordered set (X, <) is a chain we call it a totally ordered set.

(e) If (X, <) is partially ordered and xo € X is such that xg < x for all x € X,
then we call xg a first element.

There is a special class of partially ordered sets playing a particularly important role
in relation to the axiom of choice as we will see later.

1.4 Definition (well ordered set) A partially ordered set (X, <) is called a well
ordered set if every subset has a first element.

1.5 Examples (2a) N is a well ordered set, but Z or R are not well ordered with
the usual order.
(b) Z and R are totally ordered with the usual order.

1.6 Remark Well ordered sets are always totally ordered. To see this assume
(X, <) is well ordered. Given x,y € X we consider the subset {x,y} of X. By
definition of a well ordered set we have either x < y or y < x, which shows that
(X, <) is totally ordered. The converse is not true as the example of Z given above
shows.

There is another, highly non-obvious but very useful statement appearing in con-
nection with partially ordered sets:

1.7 Zorn’s Lemma Suppose that (X, <) is a partially ordered set such that each
chain in X has an upper bound. Then X has a maximal element.

There is a non-trivial connection between all the apparently different topics we
discussed so far. We state it without proof (see for instance [4]).

1.8 Theorem The following assertions are equivalent
(i) The axiom of choice;
(i) Zorn's Lemma;

(iii) Every set can be well ordered.



The axiom of choice may seem “obvious” at the first instance. However, the other
two equivalent statements are certainly not. For instance take X = R, which
we know is not well ordered with the usual order. If we accept the axiom of
choice then it follows from the above theorem that there exists a partial ordering
making R into a well ordered set. This is a typical “existence proof” based on the
axiom of choice. It does not give us any hint on how to find a partial ordering
making R into a well ordered set. This reflects Zermelo's observation that it is
not obvious how to choose precisely one element from each set when given an
arbitrary collection of sets. Because of the non-constructive nature of the axiom
of choice and its equivalent counterparts, there are some mathematicians rejecting
the axiom. These mathematicians have the point of view that everything should
be “constructible,” at least in principle, by some means (see for instance [1]).

2 Elementary Properties of Metric Spaces

Metric spaces are sets in which we can measure distances between points. We
expect such a “distance function,” called a metric, to have some obvious properties,
which we postulate in the following definition.

2.1 Definition (Metric Space) Suppose X is a set. A map d: X x X — R is
called a metric on X if the following properties hold:

(i) d(x,y) >0 forall x,y € x;
(i) d(x,y) =0 if and only if x = y;
(i) d(x,y) =d(y,x) for all x,y € X.
(iv) d(x,y) < d(x,z)+d(z y) for all x,y,z € X (triangle inequality).

We call (X, d) a metric space. If it is clear what metric is being used we simply
say X Is a metric space.

2.2 Example The simplest example of a metric space is R with d(x,y) = |x—y]|.
The standard metric used in RV is the Euclidean metric given by

dx,y)=Ix—yla:

for all x,y € RV.

2.3 Remark If (X, d) is a metric space, then every subset Y C X is a metric space
with the metric restricted to Y. We say the metric on Y is induced by the metric
on X.



2.4 Definition (Open and Closed Ball) Let (X, d) be a metric space. For r >0
we call
B(x,r):={ye X:d(x,y)<r}

the open ball about x with radius r. Likewise we call

B(x,r):={ye X:d(x,y) <r}

the closed ball about x with radius r.

Using open balls we now define a “topology” on a metric space.

2.5 Definition (Open and Closed Set) Let (X, d) be a metric space. A subset
U C X is called open if for every x € X there exists r > 0 such that B(x,r) C U.
A set U is called closed if its complement X \ U is open.

2.6 Remark For every x € X and r > 0 the open ball B(x, r) in a metric space is
open. To prove this fix y € B(x, r). We have to show that there exists € > 0 such
that B(y,e) C B(x,r). To do so note that by definition d(x,y) < r. Hence we
can choose € € R such that 0 < € < r—d(x, y). Thus, by property (iv) of a metric,
for z € B(y,€) we have d(x,z) < d(x,y)+d(y,z) <d(x,y)+r—d(xy)=r.
Therefore z € B(x, r), showing that B(y,e) C B(x, r).

Next we collect some fundamental properties of open sets.

2.7 Theorem Open sets in a metric space (X, d) have the following properties.
(i) X, 0 are open sets;
(ii) arbitrary unions of open sets are open,
(iii) finite intersections of open sets are open.

Proof. Property (i) is obvious. To prove (ii) let U,, a € A be an arbitrary family
of open sets in X. If x € [J,ca Ua then x € Ug for some B € A. As Ug is open there
exists r > 0 such that B(x, r) C Ug. Hence also B(x, r) C [J,ea Ua: showing that
Uaea Ua is open. To prove (iii) let U, i =1, ..., n be open sets. If x € L, U;
then x € U, forall i =1,..., n. As the sets U; are open there exist r; > 0 such
that B(x,r;)) C U; foralli=1,..., n. If we set r := min;—; __, r; then obviously
r>0and B(x,r) C N, U, proving (iii). |

2.8 Remark There is a more general concept than that of a metric space, namely
that of a “topological space.” A collection 7 of subsets of a set X is called a
topology if the following conditions are satisfied

(i) X,0eT;



(i) arbitrary unions of sets in T are in T;

(i) finite intersections of sets in 7 are in T.

The elements of T are called open sets, and (X, T) a topological space. Hence
the open sets in a metric space form a topology on X.

2.9 Definition (Neighbourhood) Suppose that (X, d) is a metric space (or more
generally a topological space). We call a set U a neighbourhood of x € X if there
exists an open set V C U with x € V.

Now we define some sets associated with a given subset of a metric space.

2.10 Definition (Interior, Closure, Boundary) Suppose that U is a subset of a
metric space (X, d) (or more generally a topological space). A point x € U is
called an interior point of U if U is a neighbourhood of x. We call

(i) U :=Int(U) := {x € U: x interior point of U} the interior of U;
(i) U:={x€ X: UNV # () for every neighbourhood V of x} the closure of U,
(iii) 8U := U \ Int(U) the boundary of U.

2.11 Remark A set is open if and only if U = U and closed if and only if U = U.
Moreover, 8U = UN X \ U.

Sometimes it is convenient to look at products of a (finite) number of metric
spaces. It is possible to define a metric on such a product as well.

2.12 Proposition Suppose that (X;, d;), i = 1,..., n are metric spaces. Then
X = X1 x Xy X -+ x X, becomes a metric space with the metric d defined by

d(x,y) = Z di(xi, yi)

for all x = (xq, ..., Xy) andy = (v, ..., yn) in X.

Proof. Obviously, d(x,y) > 0 and d(x,y) = d(y, x) for all x,y € X. Moreover,
as d;i(x;, y;) > 0 we have d(x,y) =0 if and only if di(x;,y;) =0foralli=1,..., n.
As d; are metrics we get x; = y; forall 1 = 1,..., n. For the triangle inequality
note that

d(x,y) = Z d(x, y) < Z(d(x,—, z)+ d(z, yi))

= Zd(X/,Z,‘) +Zd(zivyi) = d(va) + d(Z'y)

i=1 i=1

for all x,y,z € X. |



2.13 Definition (Product space) The space and metric introduced in Proposi-
tion 2.12 is called a product space and a product metric, respectively.

3 Limits

Once we have a notion of “closeness” we can discuss the asymptotics of sequences
and continuity of functions.

3.1 Definition (Limit) Suppose (x,).en IS @ sequence in a metric space (X, d),
or more generally a topological space. We say xp is a limit of (x,) if for every
neighbourhood U of Xy there exists ng € N such that x, € U for all n > ng. We
write

X0 = lim x, or X, — X as n — 00.
n—oo

If the sequence has a limit we say it is convergent, otherwise we say it is divergent.

3.2 Remark Let (x,) be a sequence in a metric space (X, d) and xg € X. Then
the following statements are equivalent:

(1) lim x, = xo;
n—oo
(2) for every € > 0 there exists ng € N such that d(x,, xg) < € for all n > nq.

Proof. Clearly (1) implies (2) by choosing neighbourhoods of the form B(x, ¢). If
(2) holds and U is an arbitrary neighbourhood of xy we can choose € > 0 such that
B(xp,€) € U. By assumption there exists ny € N such that d(x,, xo) < € for all
n > ng, thatis, x, € B(xp,€) C U for all n > ng. Therefore, x, — xp as n — co. W

3.3 Proposition A sequence in a metric space (X, d) has at most one limit.

Proof. Suppose that (x,) is a sequence in (X, d) and that x and y are limits of
that sequence. Fix € > 0 arbitrary. Since x is a limit there exists n; € N such
that d(x,, x) < e/2 for all n > n;. Similarly, since y is a limit there exists n, € N
such that d(x,,y) < €/2 for all n > n,. Hence d(x,y) < d(x,x,) + d(x,, y) <
€/2+¢€/2 =€ for all n > max{ny, n,}. Since € > 0 was arbitrary it follows that
d(x,y) = 0, and so by definition of a metric x = y. Thus (x,) has at most one
limit. [

We can characterise the closure of sets by using sequences.

3.4 Theorem Let U be a subset of the metric space (X, d) then x € U if and only
if there exists a sequence (x,) in U such that x, — x as n — oo.

7



Proof. Let U C X and x € U. Hence B(x,e)NU) # 0 foralle > 0. Foralln€N
we can therefore choose x, € U with d(x, x,) < 1/n. By construction x, — x as
n — oo. If (x,) is a sequence in U converging to x then for every € > 0 there exists
no € N such that x, € B(x, €) for all n > ng. In particular, B(x,&) NU # () for all
e > 0, implying that x € U as required. [ |

There is another concept closely related to convergence of sequences.

3.5 Definition (Cauchy Sequence) Suppose (x,) is a sequence in the metric space
(X, d). We call (x,) a Cauchy sequence if for every € > 0 there exists ny € N such
that d(x,, xm) < € for all m, n > ny.

Some sequences may not converge, but they accumulate at certain points.

3.6 Definition (Point of Accumulation) Suppose that (x,) is a sequence in a
metric space (X, d) or more generally in a topological space. We say that x is a
point of accumulation of (x,) if for every neighbourhood U of xq and every ng € N
there exists n > ng such that x, € U.

3.7 Remark Equivalently we may say xp is an accumulation point of (x,) if for
every € > 0 and every ng € N there exists n > ny such that d(x,, x) < €. Note
that it follows from the definition that every neighbourhood of xg contains infinitely
many elements of the sequence (x,).

3.8 Proposition Suppose that (X, d) is a metric space and (x,) a sequence in that
space. Then x € X is a point of accumulation of (x,) if and only if

X € ﬁ {x;j:j > k}. (3.1)

Proof. Suppose that x € (,—; {x;: j > k}. Then x € {x;: j > k} for all k € N.
By Theorem 3.4 we can choose for every k € N an element x,, € {x;: j > k} such
that d(x,,,x) < 1/k. By construction x, — x as k — oo, showing that x is a
point of accumulation of (x,). If x is a point of accumulation of (x,) then for all
k € N there exists ny > k such that d(x,,,x) < 1/k. Clearly x,, = x as k = oo,
so that x € {x,:j > k} forall k € N. As {x,:j > k} C {x;:j > k} forall k € N
we obtain (3.1). [

In the following theorem we establish a connection between Cauchy sequences and
converging sequences.

3.9 Theorem Let (X, d) be a metric space. Then every convergent sequence is a
Cauchy sequence. Moreover, if a Cauchy sequence (x,) has an accumulation point
Xo, then (x,) Is a convergent sequence with limit xg.
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Proof. Suppose that (x,) is a convergent sequence with limit xo. Then for every
€ > 0 there exists ng € N such that d(x,, xo) < €/2 for all n > ny. Now

9

>~ ¢

(0 Xr) < A0 30) + 00, Xm) = A0, 30) + Ao, 30) < 5 +
for all n, m > ng, showing that (x,) is a Cauchy sequence. Now assume that (x,)
is a Cauchy sequence, and that x; € X is an accumulation point of (x,). Fixe >0
arbitrary. Then by definition of a Cauchy sequence there exists ng € N such that
d(x,, Xm) < €/2 for all n,m > ny. Moreover, since xg is an accumulation point
there exists mg > ng such that d(x.,, x) < €/2. Hence

9

€
d(Xn, X0) < d(Xn, Xmy) + d(Ximy, Xo0) < 5 + >

=€
for all n > ng. Hence by Remark 3.2 xp is the limit of (x,). [

In a general metric space not all Cauchy sequences have necessarily a limit, hence
the following definition.

3.10 Definition (Complete Metric Space) A metric space is called complete if
every Cauchy sequence in that space has a limit.

One property of the real numbers is that the intersection of a nested sequence of
closed bounded intervals whose lengths shrinks to zero have a non-empty intersec-
tion. This property is in fact equivalent to the “completeness” of the real number
system. We now prove a counterpart of that fact for metric spaces. There are no
intervals in general metric spaces, so we look at a sequence of nested closed sets
whose diameter goes to zero. The diameter of a set K in a metric space (X, d) is
defined by
diam(K) := sup d(x,y).

x,yeK

3.11 Theorem (Cantor’s Intersection Theorem) Let (X, d) be a metric space.
Then the following two assertions are equivalent:

(i) (X,d) is complete;
(i) For every sequence of closed sets K, C X with K,;1 C K, for all n € N

diam(K,) := sup d(x,y) —0

x,yeEKp

as n — oo we have [,y Kn # 0.



Proof. First assume that X is complete and let K, be as in (ii). For every n € N
we choose x, € K, and show that (x,) is a Cauchy sequence. By assumption
Koi1 € K, for all n € N, implying that x,, € K,, € K, for all m > n. Since
Xm, Xn € K, we have

d(Xm, X») < sup d(x,y) = diam(K,)

x,yeEKp

for all m > n. Since diam(K,) — 0 as n — oo, given € > 0O there exists nyp € N
such that diam(K,,) < €. Hence, since K, C K, C K,,, we have

d(Xm, Xn) < diam(K,) < diam(K,,) < €

for all m > n > ng, showing that (x,) is a Cauchy sequence. By completenes of S,
the sequence (x,) converges to some x € X. We know from above that x,, € K,
for all m > n. As K, is closed x € K,. Since this is true for all n € N we conclude
that x € [,y Kn. S0 the intersection is non-empty as claimed.

Assume now that (ii) is true and let (x,) be a Cauchy sequence in (X, d). Hence
there exists ng € X such that d(x,,, x,) < 1/2 for all n > ng. Similarly, there exists
m > no such that d(x,,x,) < 1/22 for all n > n;. Continuing that way we
construct a sequence (nk) in N such that for every k € N we have ng; > ny and
d (X, Xa) < 1/25FL for all n > ng. We now set Kx := B(xx,27K)). If x € Ky1,
then since ngy1 > ng

1 1 1

k1 T =

d(Xnk' X) < d(Xnk’ X”k+1) + d(Xnk+1' X) < W ?

Hence x € K, showing that K1 C K for all k € N. By assumption (ii) we
have Nyen Kk # 0, so choose x € ey Kk # 0. Then x € K, for all k € N, so
d(Xn,, x) < 1/2% for all k € N. Hence x, — x as k — oo. By Theorem 3.9 the
Cauchy sequence (x,) converges, proing (i). [

We finally look at product spaces defined in Definition 2.13. The rather simple
proof of the following proposition is left to the reader.

3.12 Proposition Suppose that (X;, d;), i =1,...,n are complete metric spaces.

Then the corresponding product space is complete with respect to the product
metric.

4 Compactness

We start by introducing some additional concepts, and show that they are all
equivalent in a metric space. They are all generalisations of “finiteness” of a set.
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4.1 Definition (Open Cover, Compactness) Let (X, d) be a metric space. We
call a collection of open sets (Uy)aca an open cover of X if X C (J,caUx. The
space X is called compact if for every open cover (Uy)qca there exist finitely many
aj€ A i =1,...,msuch that (Uy,)i=1, m is an open cover of X. We talk about
a finite sub-cover of X.

4.2 Definition (Sequential Compactness) \We call a metric space (X, d) sequen-
tially compact if every sequence in X has an point of accumulation.

4.3 Definition (Total Boundedness) \We call a metric space X totally bounded
if for every € > 0 there exist finitely many points x; € X, i1 =1, ..., m, such that
(B(x;,€))i=1...m Is an open cover of X.

It turns out that all the above definitions are equivalent, at least in metric spaces
(but not in general topological spaces).

4.4 Theorem For a metric space (X, d) the following statements are equivalent:
(i) X is compact;

(i) X is sequentially compact;

(iif) X is complete and totally bounded.

Proof. To prove that (i) implies (i) assume that X is compact and that (x,) is
a sequence in X. We set C, := {x;: j > n} and U, := X\ C,,. Then U, is open
for all n € N as C, is closed. By Proposition 3.8 the sequence (x,) has a point of

accumulation if
() Cn#0,

neN

which is equivalent to

Uu.=JX\C=X\(C#X

neN neN neN

Clearly Co D C; D --- D C, # 0 for all n € N. Hence every finite intersection of
sets C, is nonempty. Equivalently, every finite union of sets U, is strictly smaller
than X, so that X cannot be covered by finitely many of the sets U,. As X is
compact it is impossible that UneN U, = X as otherwise a finite number would
cover X already, contradicting what we just proved. Hence (x,) must have a point
of accumulation.

Now assume that (ii) holds. If (x,) is a Cauchy sequence it follows from (ii) that
it has a point of accumulation. By Theorem 3.9 we conclude that it has a limit,
showing that X is complete. Suppose now that X is not totally bounded. Then,
there exists € > 0 such that X cannot be covered by finitely many balls of radius
. If we let xo be arbitrary we can therefore choose x; € X such that d(xg, x;) > €.

11



By induction we may construct a sequence (x,) such that d(x;, x,) > € for all

j=1 ..., n — 1. Indeed, suppose we have X, ..., x, € X with d(x;, x,) > € for
all j =1,...,n—1. Assuming that X is not totally bounded J_; B(x;,€) # X,
so we can choose x,1; not in that union. Hence d(xj, x,11) > € for j =1,...,n.

By construction it follows that d(x,, x,,) > €/2 for all n, m € N, showing that (x,)
does not contain a Cauchy subsequence, and thus has no point of accumulation.
As this contradicts (ii), the space X must be totally bounded.

Suppose now that (iii) holds, but X is not compact. Then there exists an open
cover (Uy)aea not having a finite sub-cover. As X is totally bounded, for every
n € N there exist finite sets F,, C X such that

X =] B(x2™. (4.1)

xeF,

Assuming that (U, )aca does not have a finite sub-cover, there exists x; € F; such
that B(xy,271) and thus K; := B(x;,3-21) cannot be covered by finitely many
Uy. By (4.1) it follows that there exists x, € F, such that B(xy,271) N B(x2,272)
and therefore K, ‘= B(x2,3-272) is not finitely covered by (Uy)aca. We can
continue this way and choose x,11 € Fny1 such that B(x,, 27") N B(xny1, 2~ D)
and therefore K, 1 := B(xz, 3 -2-(nt1) is not finitely covered by (Uy)aca. Note
that B(x,, 27") N B(x,41, 2~ ") £ () since otherwise the intersection is finitely
covered by (Uy)aeca. Hence if x € K1, then

1 3 6 3

1
d(XI'I!X) S d(XI'IiXFH‘].) + d(XFH‘].!X) S % + 2n+1 + 2n+1 = 2n+1 = 5'

implying that x € K,. Also diamK, < 3-2"! — 0. Since X is complete,
by Cantor's intersection Theorem 3.11 there exists x € [,y Kn. As (Uy) is a
cover of X we have x € Uy, for some oy € A. Since U,, is open there exists
e > 0 such that B(x,e) C U,,. Choose now n such that 6/2" < € and fix
y € K. Since x € K, we have d(x,y) < d(x,x,) + d(x,,¥) < 6/2" < €. Hence
K, C B(x, €) C Uy, showing that K, is covered by U,,. However, by construction
K, cannot be covered by finitely many U,, so we have a contradiction. Hence X
is compact, completing the proof of the theorem. [ |

The last part of the proof is modelled on the usual proof of the Heine-Borel the-
orem asserting that bounded and closed sets are the compact sets in RV. Hence
it is not a surprise that the Heine-Borel theorem easily follows from the above
characterisations of compactness.

4.5 Theorem (Heine-Borel) A subset of RV is compact if and only if it is closed
and bounded.

Proof. Suppose A C RV is compact. By Theorem 4.4 the set A is totally bounded,
and thus may be covered by finitely many balls of radius one. A finite union of

12



such balls is clearly bounded, so A is bounded. Again by Theorem 4.4, the set A
is complete, so in particular it is closed. Now assume A is closed and bounded.
As RN is complete it follows that A is complete. Next we show that A is totally
bounded. We let M be such that A is contained in the cube [-M, M]N. Given
€ > 0 the interval [—M, M] can be covered by m := [2M/e] + 1 closed intervals
of length £/2 (here [2M/€] is the integer part of 2M/e). Hence [—M, M]N can be
covered by m" cubes with edges £/2 long. Such cubes are contained in open balls
of radius €, so we can cover [-M, M]N and thus A by a finite number of balls of
radius €. Hence A is complete and totally bounded. By Theorem 4.4 the set A is
compact. |

We can also look at subsets of metric spaces. As they are metric spaces with the
metric induced on them we can talk about compact subsets of a metric space. It
follows from the above theorem that compact subsets of a metric space are always
closed (as they are complete). Often in applications one has sets that are not
compact, but their closure is compact.

4.6 Definition (Relatively Compact Sets) We call a subset of a metric space
relatively compact if its closure is compact.

4.7 Proposition Closed subsets of compact metric spaces are compact.

Proof. Suppose C C X is closed and X is compact. If (Uy)aea IS an open cover
of C then we get an open cover of X if we add the open set X \ C to the U,. As
X is compact there exists a finite sub-cover of X, and as X\ CNC = () also a
finite sub-cover of C. Hence C is compact. [ |

Next we show that finite products of compact metric spaces are compact.

4.8 Proposition Let (X;,d;), i =1,...,n, be compact metric spaces. Then the
product X := X1 X---xX, Is compact with respect to the product metric introduced
in Proposition 2.12.

Proof. By Proposition 3.12 it follows that the product space X is complete.
By Theorem 4.4 is is therefore sufficient to show that X is totally bounded. Fix
e > 0. Since X; is totally bounded there exist x;x € X;, kK = 1,...m; such that
X; is covered by the balls B, of radius €/n and centre x;,. Then X is covered
by the balls of radius € with centres (x4, ..., Xikis - - - Xnk,), Where kj = 1,...m.
Indeed, suppose that x = (xq, X2, . . ., X,) € X is arbitrary. By assumption, for every
i =1,...n there exist 1 < k; < m; such that d(x;, xix,) < €/n. By definition of
the product metric the distance between (Xix,, ..., Xn,) and x is no larger than
d(x1, X1k ) + -+ d(Xn, Xnk,) < ne/n =e€. Hence X is totally bounded and thus X
is compact. |
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5 Continuous Functions

We give a brief overview on continuous functions between metric spaces. Through-
out, let X = (X, d) denote a metric space. We start with some basic definitions.

5.1 Definition (Continuous Function) A function f: X — Y between two metric
spaces is called continuous at a point x € X if for every neighbourhood V C Y
of f(x) there exists a neighbourhood U C X of x such that f(U) C V. The map
f: X — Y is called continuous if it is continuous at all x € X. Finally we set

C(X,Y):={f: X =Y | fis continuous}.
The above is equivalent to the usual e-6 definition.

5.2 Theorem Let X,Y be metric spaces and f: X — Y a function. Then the
following assertions are equivalent:

(i) f is continuous at x € X;

(ii) For every € > 0 there exists & > 0 such that dy (f(x), f(y)) <€ forally € X
with dx(x,y) < 0,

(iii) For every sequence (x,) in X with x, — x we have f(x,) — f(x) as n — oo.

Proof.  Taking special neighbourhoods V' = B(f(x),€) and U := B(x,d) then
(i) is clearly necessary for f to be continuous. To show the (ii) is sufficient let
V' be an arbitrary neighbourhood of f(x). Then there exists € > 0 such that
B(f(x),e) C V. By assumption there exists § > 0 such that dy (f(x), f(y)) <€
for all y € X with dx(x,y) < 0, thatis, f(U) C V if we let U := B(x,0). As U
is a neighbourhood of x it follows that f is continuous. Let now f be continuous
and (x,) a sequence in X converging to x. If € > 0 is given then there exists § > 0
such that dy(f(x), f(y)) < € for all y € X with dx(x,y) < 0. As x, — x there
exists ng € N such that dx(x, x,) < d for all n > ng. Hence dy(f(x), f(x,)) < €
for all n > ng. As € > 0 was arbitrary f(x,) — f(x) as n — oo. Assume now that
(ii) does not hold. Then there exists € > 0 such that for each n € N there exists
X, € X with dx(x, x,) < 1/n but dy(f(x), f(x,)) > € for all n € N. Hence x, — x
in X but f(x,) # f(x) inY, so (iii) does not hold. By contrapositive (iii) implies
(ii), completing the proof of the theorem. [

Next we want to give various equivalent characterisations of continuous maps (with-
out proof).

5.3 Theorem (Characterisation of Continuity) Let X,Y be metric spaces. Then
the following statements are equivalent:

14



(i) f e C(X)Y),
(ii) O] :={x € X: f(x) € O} is open for every open set O C Y,
(iii) f1[C] is closed for every closed set C C Y,

(iv) For every x € X and every neighbourhood V' C Y of f(x) there exists a
neighbourhood U C X of x such that f(U) C V;

(v) Foreveryx € X and every e > 0 there exists § > 0 such that dy(f(x), f(y)) <
e for ally € X with dx(x,y) < 6.

5.4 Definition (Distance to a Set) Let A be a nonempty subset of X. We define
the distance between x € X and A by

dist(x, A) ;= inf d(x, a)

acA

5.5 Proposition For every nonempty set A C X the map X — R, x — dist(x, A),
Is continuous.

Proof. By the properties of a metric d(x,a) < d(x,y) + d(y,a). By first
taking an infimum on the left hand side and then on the right hand side we get
dist(x, A) < d(x, y) + dist(y, A) and thus

dist(x, A) — dist(y, A) < d(x, y)

for all x, y € X. Interchanging the roles of x and y we get dist(y, A) —dist(x, A) <
d(x,y), and thus
| dist(x, A) — dist(y, A)| < d(x, y),

implying the continuity of dist(-, A). |
We continue to discuss properties of continuous functions on compact sets.

5.6 Theorem /f f € C(X,Y) and X is compact then the image f(X) is compact
iny.

Proof.  Suppose that (Uy) is an open cover of £(X) then by continuity f~[Uy]
are open sets, and so (f1[U,]) is an open cover of X. By the compactness of
X it has a finite sub-cover. Clearly the image of that finite sub-cover is a finite
sub-cover of f(X) by (Uy). Hence f(X) is compact. [

Continuous functions on compact sets have other nice properties.

5.7 Definition (Uniform Continuity) We say a function f: X — Y is uniformly
continuous if for all € > 0 there exists § > 0 such that dy (f(x), f(y)) < € for all
x,y € X satisfying dx(x,y) < 9.
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The difference to continuity is that 6 does not depend on the point x, but can be
chosen to be the same for all x € X, that is uniformly with respect to x € X.

5.8 Theorem If X is compact, then every function f € C(X,Y') is uniformly con-
tinuous.

Proof. Suppose that X is compact and f not uniformly continuous. Then there
exists € > 0 such that for all n € N there exist x,, y, € X with d(x,, y,) < 1/n and

d(f(xn)v f()’n)) > E. (5.1)

As X is compact and thus sequentially compact there exists a subsequence x,,
converging to some x € X as k — oo (see Theorem 4.4). Now

1 k—o00

d(X'ynk) < d(X’ X”k) + d(Xnk’ynk) < d(X, Xnk) + n_k — 0,
so that y, — x as well. By the continuity of f and the triangle inequality

k—00
d(F (), F(¥n,)) < d(F(xa,), F(x)) + d(F(yn,). F(x)) =0,
contradicting our assumption (5.1). Hence f must be uniformly continuous. |

One could give an alternative proof of the above theorem using the covering prop-
erty of compact sets. We complete this section by an important property of real
valued continuous functions.

5.9 Theorem Suppose that X is a compact metric space and f € C(X,R). Then
f attains its maximum and minimum, that is, there exist x;,x» € X such that
f(x1) =inf{f(x): x € X} and f(xx) = sup{f(x): x € X}.

Proof. By Theorem 5.6 the image of f is compact, and so by the Heine-Borel
theorem (Theorem 4.5) closed and bounded. Hence the image f(X) = {f(x): x €
X} contain its infimum and supremum, that is, x; and x, as required exist. [ |
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Chapter Il

Hilbert Spaces

Preliminary Remarks

Hilbert spaces are in some sense a direct generalisation of finite dimensional Eu-
clidean spaces, where the norm has some geometric meaning and angles can be
defined by means of the dot product. The dot product can be used to define the
norm and prove many of its properties. Hilbert space theory is doing this in a similar
fashion, where an inner product is a map with properties similar to the dot product
in Euclidean space. We will emphasise the analogies and see how useful they are
to find proofs in the general context of inner product spaces.

6 Inner Product Spaces

Throughout we let E denote a vector space over K, where K denotes either R or
C.

6.1 Definition (Inner product, inner product space) A function (- |-): EXE —
K is called an inner product or scalar product if

() (u]v)=(v]|u)foruveeE,

(i) (u|lu)>0forallueE and (u| u)=0if and only if u = 0.

(i) (au+Pv|w)=a(u|w)+B(v|w)forall u,v,w € E and a,3 € K,
We say that E equipped with (- | -) is an inner product space.

6.2 Remark As an immediate consequence of the above definition, inner products
have the following properties:

(a) By property (i) we have (u | u) = (u | u) and therefore (u | u) € R for all
u € E. Hence property (ii) makes sense.
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(b) Using (i) and (iii) we have
(u]av+pBw)=a(u|v)+B(u|w)
for all u,v,w € E and o, B € K. In particular we have
(u|Av) =Xu|v)
forall u,v € E and XA € K.

Next we give some examples of Hilbert spaces.

6.3 Examples (a) The space CN equipped with the Euclidean scalar product given
by

N
(x1y) ZZX‘)/:ZX/J_//
i=1

for all x == (x1,..., xn), Y = (yi, ..., yn) € CVis an inner product space. More
generally, if we take a positive definite Hermitian matrix A € CV*N, then

(x|y)a:= TAy

defines an inner product on CV.
(b) An infinite dimensional version is £,. An inner product is defined by

(x|y):= ZX/)_/,'
i=1

for all (x;), (y;) € €. The series converges absolutely by the Cauchy Schwarz
inequality.
(c) If (a,b) C R we let

Lo((a, b)) :={f:(a,b) = C| / [F(t)]? dt < oo}

For u,v € Ly((a, b)) we let

(ulv):= /b u(t)v(t) dx.

The Euclidean norm on C" is defined by means of the dot product, namely by
x|l = v/x-x for x € CN. We make a similar definition in the context of general
inner product spaces.

6.4 Definition (induced norm) If E is an inner product space with inner product

(- | ) we define
[ull := v/ (u | u) (6.1)

for all u € E.
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Figure 6.1: Triangle formed by u, v and v — u.

Note that from Remark 6.2 we always have (x | x) > 0, so ||x]| is well defined. We
call ||-|| a "norm,” but at the moment we do not know whether it really is a norm.
We now want to work towards a proof that ||| is a norm on E. On the way we look
at some geometric properties of inner products and establish the Cauchy-Schwarz
inequality.

By the algebraic properties of the inner products in a space over R and the
definition of the norm we get

lv = ull® = 1lull® + VI = 2(u | v).
On the other hand, by the law of cosines we know that for vectors u, v € R?
lv = ull® = llull® + [Iv]I* = 2]l ullllv]| cos 6.
if we form a triangle from v, v and v — u as shown in Figure 6.1. Therefore
u-v=|lullllv]cosé
and thus
- v < [[ull[[v]].

The latter inequality has a counterpart in general inner product spaces. We give
a proof inspired by (but not relying on) the geometry in the plane. All arguments
used purely depend on the algebraic properties of an inner product and the definition
of the induced norm.

6.5 Theorem (Cauchy-Schwarz inequality) Let E be an inner product space with
inner product (- | -). Then
[(u [ )< [lullllv] (6.2)

for all u,v € E with equality if and only if u and v are linearly dependent.

Proof. If u = 0 or v = 0 the inequality is obvious and u and v are linearly
dependent. Hence assume that v # 0 and v # 0. We can then define

(u]v)

n=v-—
[ull?

u.
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Note that the vector

is the projection of v in the direction of u, and n is the projection of v orthogonal
to u as shown in Figure 6.2. Using the algebraic rules for the inner product and

_ (wlv)

— lul?
Figure 6.2: Geometric interpretation of n.

the definition of the norm we get

(ulv)(vlu) (u]v)(u]v)
S T T C
:||VH2_2‘(U| V)‘ ‘(U| V)‘ ||U||2:||VH2— ‘(UI V)‘

+ e
lull? lull* [ull?

o< |nP=v-v—

Therefore |(u | v)|? < |Ju||?||v]|?, and by taking square roots we find (6.2). Clearly
equality holds if and only if ||n]| =0, that is, if

_wly,

E

Hence we have equality in (6.2) if and only if v and v are linearly dependent. This
completes the proof of the theorem. |

As a consequence we get a different characterisation of the induced norm.

6.6 Corollary If E is an inner product space and ||| the induced norm, then

lull = sup [(u|v)[= sup |(u]v)|

Ivii<1 Ivi=1
for all u € E.

Proof. If u = 0 the assertion is obvious, so assume that u # 0. If ||v|| < 1, then
[(u | V)| < |lullllv]l = ||u]] by the Cauchy-Schwarz inequality. Hence

lull < sup [(u ] Vv)].
VIt
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Choosing v := u/||ul| we have |(u | v)| = ||ul|?/||lull < ||ul|, so equality holds in the
above inequality. Since the supremum over ||v|| = 1 is larger or equal to that over
||v|| < 1, the assertion of the corollary follows. [

Using the Cauchy-Schwarz inequality we can now prove that ||-|| is in fact a norm.

6.7 Theorem If E is an inner product space, then (6.1) defines a norm on E.

Proof. By property (ii) of an inner product (see Definition 6.1 we have ||u|| =
V(u | u) > 0 with equality if and only if u=0. If u € E and X € K, then

IAull = v/ O [ ) = A/ AX(u | u) = VIAR[ull? = [A[]u]

as required. To prove the triangle inequality let u, v € E. By the algebraic proper-
ties of an inner product and the Cauchy-Schwarz inequality we have
lu+v]?=(u+v]ut+v)=ull®+u|v)+(v]u)+|v]
2
< lull® +2[(u | V)P VI < Jlull® +20[alPlIvIP + [IvI® = (ull +[v])™

Taking square roots the triangle inequality follows. Hence ||| defines a norm. W

As a matter of convention we always consider inner product spaces as normed
spaces.

6.8 Convention Since every inner product induces a norm we will always assume
that an inner product space is a normed space with the norm induced by the inner
product.

Once we have a norm we can talk about convergence and completeness. Note that
not every inner product space is complete, but those which are play a special role.

6.9 Definition (Hilbert space) An inner product space which is complete with
respect to the induced norm is called a Hilbert space.

The inner product is a map on £ x E. We show that this map is continuous with
respect to the induced norm.

6.10 Proposition (Continuity of inner product) Let E be an inner product space.
Then the inner product (- | -): Ex E — K is continuous with respect to the induced
norm.

Proof. If x, = x and y, — y in E (with respect to the induced norm), then using
the Cauchy-Schwarz inequality

|(Xn |yn) - (X ‘ )/)’ = |(Xn_X|Yn)+(X ‘ Yn_y)’
< [xa = x [yl H 10 [y = )| < lxa = x[[llyall + [[x[Ilvs = ¥l = 0
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as n — oo. Note that we also use the continuity of the norm in the above argument
to conclude that ||y,|| — ||y||. Hence the inner product is continuous. [

The lengths of the diagonals and edges of a parallelogram in the plane satisfy a
relationship. The norm in an inner product space satisfies a similar relationship,
called the parallelogram identity. The identity will play an essential role in the next
section.

6.11 Proposition (Parallelogram identity) Let E be an inner product space and
I-|| the induced norm. Then

lu+ v + [l = vI* = 2||ul® + 2||v|]® (6.3)
for all u,v € E.
Proof. By definition of the induced norm and the properties of an inner product
lu+ v+ llu = v = Jull®+ (u | v) + (v ] u)+llvi?
Hull? = (ulv) = (v [ u)+ VI[P = 2[ul? +2]]v]?
for all u, v € E as required. |

It turns out that the converse is true as well. More precisely, if a norm satisfies
(6.3) for all u,v € E, then there is an inner product inducing that norm (see [0,
Section 1.5] for a proof).

7 Projections and Orthogonal Complements

In this section we discuss the existence and properties of “nearest point projections”
from a point onto a set, that is, the points that minimise the distance from a closed
set to a given point. If (X, d) is a metric space and M C X we define the distance
of a point x € X to M by dist(x, M) :=inf{d(x,y): y € M}.

7.1 Definition (Projection) Let £ be a normed space and M a non-empty closed
subset. We define the set of projections of x onto M by

Pu(x) :={me M: ||x — m| = dist(x, M)}.

The meaning of Py (x) is illustrated in Figure 7.1 for the Euclidean norm in the
plane. If the set is not convex, Py (x) can consist of several points, if it is convex,
it is precisely one.

We now look at some example. First we look at subsets of RN, and show that
then Py (x) is never empty.
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Figure 7.1: The set of nearest point projections Py (x).

7.2 Example Suppose that M C RV is non-empty and closed. If we fix a >
dist(x, M) and x € RV, then the set K := M N B(x, a) is a closed and bounded,
and dist(x, M) = dist(x, K). We know that the distance function x — dist(x, K)
is continuous. Since K is compact by the Heine-Borel theorem, the continuous
map y — d(x,y) attains a minimum on K. Hence there exists y € K such that
d(x,y) = infex d(y, z) = dist(x, K) = dist(x, M), which means that y € Py(x).
Hence Py (x) is non-empty if M C RV, The same applies to any finite dimensional
space.

The argument to prove that Py (x) is non-empty used above very much depends on
the set K to be compact. Since bounded and closed sets in an infinite dimensional
space are not necessarily compact we have to use a different argument for the
existence of a nearest point. The main idea is to use the parallelogram identity
from Proposition 6.11.

7.3 Theorem (Existence and uniqueness of projections) Let H be a Hilbert space
and M C H non-empty, closed and convex. Then Py (x) contains precisely one
element which we also denote by Py (x).

Proof. Let M C H be non-empty, closed and convex. If x € M, then Py(x) = x,
so there is existence and also uniqueness of an element of Py (x). Hence we assume
that x € M and set
a =dist(x, M) = inf ||x — m|.
meM

Since M is closed and x ¢ M we have a > 0. From the parallelogram identity
Proposition 6.11 we get

lmy = my | = [|(my = x) = (my = x)|”
= 2|lmy = x|I* + 2[lmy — x||* = [[(my = x) + (m2 = x)||*.

If my, my € M, then ||m; — x|| > o for i = 1,2 and by the convexity of M we have
(my+ my)/2 € M. Hence

‘ml—l—mg
2

Iy = x) + (ma = )| = s+ my = 2x]] = 2| x| > 200
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and by using the above
lmy — ms|? < 2||my — x||? + 2||my — x||* — 4a?. (7.1)

for all my, my € M. We can now prove uniqueness. Given my, m, € Py(x) we have
by definition ||m; — x|| = a (i = 1,2), and so by (7.1)

|my — mo|]? < 4a® — 4a® = 0.

Hence ||m; — m,|| = 0, that is, m; = m, proving uniqueness. As a second step
we prove the existence of an element in Py(x). By definition of an infimum there
exists a sequence (x,) in M such that

X, — x|| = o = dist(x, M).

This obviously implies that (x,) a bounded sequence in H, but since H is not
necessarily finite dimensional, we cannot conclude it is converging without further
investigation. We show that (x,) is a Cauchy sequence and therefore converges
by the completeness of H. Fix now € > 0. Since a < ||x, — x|| — a there exists
no € N such that

a<|x,—x||<a+e

for all n > ng. Hence using (7.1)
X + x0l|? < 2lIxk — X|I7 + 2||x0 — x||” — 40 < 4(a +€)° — 4a® = 4(2a + €)e
for all n, k > ng. Hence (x,) is a Cauchy sequence as claimed. [

We next derive a geometric characterisation of the projection onto a convex set. If
we look at a convex set M in the plane and the nearest point projection m, from a
point x onto M, then we expect the angle between x — m, and my, — m to be larger
or equal than 7/2. This means that the inner product (x — m, | my — m) < 0.
We also expect the converse, that is, if the angle is larger or equal to /2 for all
m € M, then m, is the projection. Look at Figure 7.2 for an illustration. A similar
fact remains true in an arbitrary Hilbert space, except that we have to be careful
in a complex Hilbert space because (x — m, | my — m) does not need to be real.

7.4 Theorem Suppose H is a Hilbert space and M C H a non-empty closed and
convex subset. Then for a point m, € M the following assertions are equivalent:

(i) me= Pu(x);
(i) Re(m—my | x—my) <0 forallme M.

Proof. By a translation we can assume that my, = 0. Assuming that m, =0 =
Py (x) we prove that Re(m | x) < 0 for all m € M. By definition of Py (x) we have
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Figure 7.2: Projection onto a convex set

x|l = ||x = O] = infpmem ||Ix — ml|, so ||x]| < |[x —m]|| forall me M. As0,me M
and M is convex we have

IX[I* < [lx = tml|* = [Ix[|* + 2| m]|* — 2t Re(m | x)

for all me M and t € (0, 1]. Hence
t
Re(m | x) < 5[lm|”

for all m € M and t € (0,1]. If we fix m € M and let t go to zero, then
Re(m | x) < 0 as claimed. Now assume that Re(m | x) < 0 for all m € M and
that 0 € M. We want to show that 0 = Py(x). If m € M we then have

I = ml|> = lIx|I* + [m]|* = 2Re(x | m) > |Ix]|?
since Re(m | x) < 0 by assumption. As 0 € M we conclude that

Ix[[ = inf |Ix —ml|,
meM
so 0 = Py(x) as claimed. [

Every vector subspace M of a Hilbert space is obviously convex. If it is closed,
then the above characterisation of the projection can be applied. Due to the
linear structure of M it simplifies and the projection turns out to be linear. From
Figure 7.3 we expect that (x — m, | m) = 0 for all m € M if m, is the projection
of x onto M and vice versa. The corollary also explains why Py, is called the
orthogonal projection onto M.

7.5 Corollary Let M be a closed subspace of the Hilbert space H. Then m, =
Pu(x) if and only if my € M and (x — my | m) = 0 for all m € M. Moreover,
Py: H— M is linear.

Proof. By the above theorem m, = Py(x) if and only if Re(my—x | m—m,) <0
for all m € M. Since M is a subspace m+ m, € M for all m € M, so using m-+ m,
instead of m we get that

Re(my — x| (m+ my) —my) = Re(my—x| m) <0
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Figure 7.3: Projection onto a convex set

for all m € M. Replacing m by —m we get —Re(my, — x | m) = Re(m, — x |
—m) < 0, so we must have Re(m, —x | m) = 0 for all m € M. Similarly, replacing
m = +im if His a complex Hilbert space we have

+Im(my —x | im) = Re(my — x| £m) <0,

so also Im(my — x | m) =0 for all me M. Hence (my —x | m)=0forallme M
as claimed. It remains to show that Py, is linear. If x,y € H and A\, u € R, then
by what we just proved

0= A(x = Pu(x) [ m)+pu(x = Puy) [ m) = Ox+uy = (APu(x) +uPuly)) | m)

for all m € M. Hence again by what we proved Py (Ax+ wy) = APy(x) + 1Pu(y),
showing that Py, is linear. |

We next connect the projections discussed above with the notion of orthogonal
complements.

7.6 Definition (Orthogonal complement) For an arbitrary non-empty subset M
of an inner product space H we set

M*:={x € H: (x| m)=0 forall me M}.
We call M+ the orthogonal complement of M in H.

We now establish some elementary but very useful properties of orthogonal com-
plements.

7.7 Lemma Suppose M is a non-empty subset of the inner product space H. Then
M is a closed subspace of H and M+ = M = (span M)+ = (span M),

Proof. If x,y € M+ and A\, u € K, then
(Ax +py | m)=Xx|m)+puly|[m)=0,

for all m € M, so M+ is a subspace of H. If x is from the closure of M+, then
there exist x, € M+ with x, — x. By the continuity of the inner product

(x| m)=lim(x, | m)=1m0=0
n—o0 n—oo
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for all m € M. Hence x € M*, showing that M* is closed. We next show
that MY = M. Since M C M we have M C M' by definition the orthogonal
complement. Fix x € M+ and m € M. Then there exist m, € M with m, — m.
By the continuity of the inner product

(x| m)=lim(x|m,)= lim0=0.
n— oo n—oo

Hence x € M~ and thus M~ > ML, showing that M = M. Next we show that
M+ = (span M)+, Clearly (span M)+ C M+ since M C span M. Suppose now
that x € M+ and m € span M. Then there exist m; € Mand A\, €K, i=1,..., n,
such that m =", A\;m;. Hence

(x| m) :X/Z(X | mi) =0,

and thus x € (span M)+. Therefore (span M)+ D M+ and so (span M)+ = M+ as
claimed. The last assertion of the lemma follows by what we have proved above.
Indeed we know that M- = M and that M~ = (span M)". |

We are now ready to prove the main result on orthogonal projections. It is one of
the most important and useful facts on Hilbert spaces.

7.8 Theorem (orthogonal complements) Suppose that M is a closed subspace
of the Hilbert space H. Then

(i) H=Mea M*;
(ii) Pu is the projection of H onto M parallel to M+ (that is, Py(M*) = {0})
(iii) Py € L(H, M) with [|Pumllcimy < 1.

Proof. (i) By Corollary 7.5 we have (x — Py(x) | m) = 0 for all x € H and
m € M. Hence x — Py(x) € M+ for all x € H and therefore

x = Py(x)+ (I = Py)(x) € M + M*,

and thus H = M + ML, If x € MN M+, then (x | x) =0, so x = 0, showing that
H=Ma& Mt is a direct sum.

(ii) By Corollary 7.5 the map Py is linear. Since Py (x) = x for x € M we have
P2 = Py and Py(M~+) ={0}. Hence Py is a projection.

(iii) By (i) we have (Py(x) | x — Py(x)) = 0 and so

111 = 11Pn(x) + (I = Pu) ()17
= [PuCI + llx = PuG)lI? + 2 Re(Pu(x) | x = Pu(x)) = [[Pu(x)]?
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for all x € H. Hence Py € L(H, M) with ||Py||z(Hmy < 1 as claimed. [

The above theorem can be used to prove some properties of orthogonal comple-
ments. The first is a very convenient criterion for a subspace of a Hilbert space to
be dense.

7.9 Corollary A subspace M of a Hilbert space H is dense in H if and only if
M+ = {0}.

Proof. Since M+ = M by Lemma 7.7 it follows from Theorem 7.8 that
H=Mao M*

for every subspace M of H. Hence if M is dense in H, then M = H and so
M+ = {0}. Conversely, if M+ = {0}, then M = H, thatis, M is dense in H. W

We finally use Theorem 7.8 to get a characterisation of the second orthogonal
complement of a set.

7.10 Corollary Suppose M is a non-empty subset of the Hilbert space H. Then
M= (M)t = span M.

Proof. By Lemma 7.7 we have M+ = (span M)t = (span M)*. Hence by
replacing M by span M we can assume without loss of generality that M is a closed
subspace of H. We have to show that M = M1+, Since (x | m) = 0 for all
x € M and m € M+ we have M c M*++. Set now N := M+ N M*++. Since M is
a closed subspace it follows from Theorem 7.8 that M+t = M @ N. By definition
N Cc M+ n M+ ={0}, so N = {0}, showing that M = M+, |

8 Orthogonal Systems

In RN, the standard basis or any other basis of mutually orthogonal vectors of
length one play a special role. We look at generalisations of such bases. Recall
that two u, v of an inner product space are called orthogonal if (u]| v) = 0.

8.1 Definition (orthogonal systems) Let H be an inner product space with inner
product (- | -) and induced norm ||-||. Let M C H be a non-empty subset.

(i) M is called an orthogonal system if (u | v) =0 for all u,v € M with u # v.

(i) M is called an orthonormal system if it is an orthogonal system and |ju]| = 1
for all u e M.
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(iii) M is called a complete orthonormal system or orthonormal basis of H if it is
an orthogonal system and span M = H.

Note that the notion of orthogonal system depends on the particular inner product,
so we always have to say with respect to which inner product it is orthogonal.

8.2 Example (a) The standard basis in KV is a complete orthonormal system in
K" with respect to the usual dot product.
(b) The set
M = {(2m) 2™ n € 7}

forms an orthonormal system in Ly((—m, 7), C). Indeed,
|(2m)~1/2e™™|12 = i/7r e e ™ dx = * /7T ldx=1
2 o | 21T

U —T

for all n € N. Moreover, if n # m, then

( 1 e/nx 1 eimx) o 1 /'N einxefimx dX
V2 V2T 21 )
g
_ i ei(nfm)x dx = i : 1 i(n—m)x 4 =0
21w ) . 2mi(n—m) —r

since the exponential function is 27i-periodic. Using the Weierstrass approximation
theorem one can show that this system forms a complete orthonormal system.
(c) The set of real valued functions

1 1 1
——— ——cosnx, —sinnx, neN)\{0}

Vo' VT VT

forms an orthonormal system on Lo((—m, ), R). Again it turns out that this sys-
tem is complete. The proof of the orthogonality is a consequence of the trigono-

metric identities
sin mx sin nx = = (cos(m — n)x — cos(m + n)x)

cos mx cos nx = = (cos(m — n)x + cos(m + n)x)

Sin Mx cos nx =

NI N RN -

(sin(m — n)x + sin(m + n)x)

which easily follow from using the standard addition theorems for sin(m + n)x and
cos(m =+ n)x

We next show that orthogonal systems are linearly independent if we remove the
zero element. Recall that by definition an infinite set is linearly independent if every
finite subset is linearly independent. We also prove a generalisation of Pythagoras’
theorem.
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8.3 Lemma (Pythagoras theorem) Suppose that H is an inner product space and
M an orthogonal system in H. Then the following assertions are true:

(i) M\ {0} is linearly independent.

(ii) If (x,) Is a sequence in M with x, # x, for n # m and H is complete, then
> oo Xk converges if and only if Y .o [[xk||* converges. In that case

(o9} 2 o
IS =3 Il (8.1)
k=0 k=0

Proof. (i) We have to show that every finite subset of M\ {0} is linearly indepen-
dent. Hence let x, € M\ {0}, k =1, ..., n be a finite number of distinct elements.
Assume that A, € K are such that

i >\ka =0.
k=0

If we fix x,,, me{0,..., n}, then by the orthogonality

0= (32 2wk ) = D2 At L) = Aol
k=0 k=0

Since x,, # 0 it follows that \,, = 0 for all m € {0, ..., n}, showing that M \ {0}
Is linearly independent.

(ii) Let (x,) be a sequence in M with x, # xn. (We only look at the case
of an infinite set because otherwise there are no issues on convergence). We
set s, 1= > ,_;x and t, ;= >.7_, |[x|* the partial sums of the series under
consideration. If 1 < m < n, then by the orthogonality

2 & 2
Hsn - sm“ = H Z XkH = < Xk‘ Z XJ>
k=m+1

k=m+1 J=m+1
n
Z Z O 1) = D P = [0 — tal.
k=m+1j=m+1 k=m+1

Hence (s,) is a Cauchy sequence in H if and only if t, is a Cauchy sequence in R,
and by the completeness they either both converge or diverge. The identity (8.1)
now follows by setting m = 0 in the above calculation and then letting n — cc. B

In the case of H = K" and the standard basis ¢;, i = 1,..., N, we call x; = (x | )
the components of x € KN. The Euclidean norm is given by

Ix|I* = ZIX/ ZI x| el

k=1
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If we do not sum over the full standard basis we may only get an inequality, namely

dolxle) <Y Ix el < lixI.
k=1

k=1

if m < n. We now prove a similar inequality replacing the standard basis by an
arbitrary orthonormal system M in an inner product space H. From the above
reasoning we expect that

oI mP < ix]

meM

for all x € M. The definition of an orthonormal system M does not make any
assumption on the cardinality of M, so it may be uncountable. However, if M is
uncountable, it is not clear what the series above means. To make sense of the
above series we define

Do Im)P = , sup oI ImP (8.2)

meM CMfm'temeN

We now prove the expected inequality.

8.4 Theorem (Bessel’s inequality) Let H be an inner product space and M an
orthonormal system in H. Then

oI mP < lixl? (8.3)

meM

for all x € H. Moreover, the set {m € M: (x | m) # 0} is at most countable for
every x € H.

Proof. Let N ={my: k =1,...n} be a finite subset of the orthonormal set M
in H. Then, geometrically,

n

>0 mi)my

k=1

is the projection of x onto the span of N. By Pythagoras theorem (Lemma 8.3)
and since ||mg|| = 1 we have

[S=tet o = 5 s i = s
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We expect the norm of the projection to be smaller than the norm of ||x||. To see
that we use the properties of the inner product and the above identity to get

0% [pe= S0 T mam = I+ S0 moyme |
=S GTmI ] m) - S mm 1)
=+ D10 moP — 23 0x | moP

n
= [xII> = > 10 | mi) .
k=1

Hence we have shown that
Z [(x | m)PP < lIx]I?
meN

for every finite set N C M. Taking the supremum over all such finite sets (8.3)
follows. To prove the second assertion note that for every given x € H the sets
M, :={m e M: |(x | m)| > 1/n} is finite for every n € N as otherwise (8.3) could
not be true. Since countable unions of finite sets are countable, the set

{meM: (x| m)#0} =] M,

is countable as claimed. [ |

8.5 Remark Since for every x the set {m € M: (x | m) # 0} is countable we
can choose an arbitrary enumeration and write M, .= {m € M: (x| m) # 0} =
{my: k € N}. Since the series > ;= |(x | mk)|? has non-negative terms and every
such sequence is unconditionally convergent we have

Do ImP =) 10| m)l?

meM

no matter which enumeration we take. Recall that unconditionally convergent
means that a series converges, and every rearrangement also converges to the
same limit. We make this more precise in the next section.

O Abstract Fourier Series

If x is a vector in KV and e; the standard basis, then we know that

n

D (x| ees

k=1

32



is the orthogonal projection of x onto the subspace spanned by ey, .. ., e, ifn<N,

and that
N

X = Z(x | ex)ex.
k=1
We might therefore expect that the analogous expression

> (x| mym (9.1)

meM

is the orthogonal projection onto span M if M is an orthonormal system in a Hilbert
space H. However, there are some difficulties. First of all, M does not need to be
countable, so the sum does not necessarily make sense. Since we are not working
in R, we cannot use a definition like (8.2). On the other hand, we know from
Theorem 8.4 that the set

My, ={me M: (x| M) # 0} (9.2)

is at most countable. Hence M, is finite or its elements can be enumerated. If M,
is finite (9.1) makes perfectly good sense. Hence let us assume that my, k € N is
an enumeration of M,. Hence, rather than (9.1), we could write

oo

Z(X | my) my.

k=0

This does still not solve all our problems, because the limit of the series may depend
on the particular enumeration chosen. The good news is that this is not the case,
and that the series is unconditionally convergent, that is, the series converges and
for every bijection o: N — N we have

D I mme =Y (x | Mogiy) Mogi-
k=0 k=0

Recall that the series on the right hand side is called a rearrangement of the series
on the left. We now show that (9.1) is actually a projection, not onto span M, but
onto its closure.

9.1 Theorem Suppose that M is an orthonormal system in a Hilbert space H and
set N .= spanM. Let x € H and my, k € N an enumeration of M. Then
Y reo(x | mk)my is unconditionally convergent, and

Prn(x) = Z(X | M) m, (9.3)

where Py(x) is the orthogonal projection onto N as defined in Section 7.
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Proof. Fix x € H. By Theorem 8.4 the set M, is either finite or countable. We
let my, kK € N an enumeration of M,, setting for convenience my := 0 for k larger
than the cardinality of M, if M, is finite. Again by Theorem 8.4

o0
oI mP < lix],
k=0

so by Lemma 8.3 the series

o0

=Sl mam,

k=0

converges in H since H is complete. We now use the characterisation of projections
from Corollary 7.5 to show that y = Py(x). For m € M we consider

s,(m) = <Z(X | m)my — X‘m> = Z(X | m)(me | m) — (x| m).

Since the series is convergent, the continuity of the inner product shows that

(v = x| m) = lim s,(m) = 3 (| m)(me | m) — (x| m)

exists for all m € M. If m € M, that is, m = m; for some j € N, then by the
orthogonality
(y=x[m)=(x]m)—(x[m)=0.

If me M\ M,, then (x | m) = (mx | m) = 0 for all k € N by definition of M,
and the orthogonality. Hence again (y — x | m) = 0, showing that y — x € M*.
By Lemma 7.7 it follows that y — x € span M. Now Corollary 7.5 implies that
y = Py(x) as claimed. Since we have worked with an arbitrary enumeration of
M, and Py(x) is independent of that enumeration, it follows that the series is
unconditionally convergent. |

We have just shown that (9.3) is unconditionally convergent. For this reason we
can make the following definition, giving sense to (9.1).

9.2 Definition (Fourier series) Let M be an orthonormal system in the Hilbert
space H. If x € H we call (x | m), m € M, the Fourier coefficients of x with
respect to M. Given an enumeration my, k € N of M, as defined in (9.2) we set

S0 [ mym —Z<x\mk

meM

and call it the Fourier series of x with respect to M. (For convenience here we let
my = 0 for k larger than the cardinality of M, if it is finite.)
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With the above definition, Theorem 9.1 shows that

S x| mym = Pu(x)

meM

for all x € H if N :=span M. As a consequence of the above theorem we get the
following characterisation of complete orthonormal systems.

9.3 Theorem (orthonormal bases) Suppose that M is an orthonormal system in
the Hilbert space H. Then the following assertions are equivalent:

(i) M is complete;

(i) x= Z (x | m)m for all x € H (Fourier series expansion),
meM

(i) ||Ix|I> = Z |(x | m)|? for all x € H (Parseval’s identity).
meM
Proof. (i)=(ii): If M is complete, then by definition N := span M = H and so by
Theorem 9.1
x=Py(x) =Y (x| mm

meM

for all x € H, proving (ii).
(i)=(iii): By Lemma 8.3 and since M, is countable we have

Il = |32 6 L mym|[ " = 37 1 | m)P

if (ii) holds, so (iii) follows.
(ii)=(i): Let N := spanM and fix x € Nt. By assumption, Theorem 7.8
and 9.1 as well as Lemma 8.3 we have

0= PGP = | X Gx I mym|” = 37 16 | m)P? = I
meM meM

Hence x = 0, showing that span M = {0}. By Corollary 7.9 span M = H, that
is, M is complete, proving (i). [

We next provide the connection of the above “abstract Fourier series” to the “classi-
cal” Fourier series you may have seen elsewhere. To do so we look at the expansions
with respect to the orthonormal systems considered in Example 8.2.

9.4 Example (a) Let e be the standard basis in KV. The Fourier “series” of
x € KN with respect to ¢ is

N

X = Z(X | e)e;.

i=1
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Of course we do not usually call this a “Fourier series” but say x; := (x | &) are
the components of the vector x and the above sum the representation of x with
respect to the basis ;. The example should just illustrate once more the parallels
of Hilbert space theory to various properties of Euclidean spaces.

(b) The Fourier coefficients of u € Ly((—m, ), C) with respect to the orthonor-

mal system
1

V2m

1 o
Cp = — e "™ u(x) dx.
N7 IR

Hence the Fourier series of u with respect to the above system is

u= Z c,e Z \/ﬁ/ e "™ u(x) dxe™

nez neZ

—— nez,

are given by

This is precisely the complex form of the classical Fourier series of u. Our the-
ory tells us that the series converges in Ly((—m,m),C), but we do not get any
information on pointwise or uniform convergence.

(c) We now look at u € Ly((—m, ), R) and its expansion with respect to the
orthonormal system given by

1 1 1
COS nx, sinnx, né&N\{0}.
Ton' T \ {0}

\/_
The Fourier coefficients are

ap = \/_/ u(x) dx

an = u(x) cos nx dx

«/_77r
1 s
VT

Hence the Fourier series with respect to the above system is

b, = u(x)sin nx dx

oo
u=ag+ E (a, cos nx + b, sin nx),
n=0

which is the classical cosine-sine Fourier series. Again convergence Is guaranteed
in Lo((—m, ), R), but not pointwise or uniform.

Orthonormal bases in linear algebra come from diagonalising symmetric matrices
associated with a particular problem from applications or otherwise. Similarly,
orthogonal systems of functions come by solving partial differential equations by
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separation of variables. There are many such systems like Legendre and Laguerre
polynomials, spherical Harmonics, Hermite functions, Bessel functions and so on.
They all fit into the framework discussed in this section if we choose the right
Hilbert space of functions with the appropriate inner product.

9.5 Remark One can also get orthonormal systems from any finite or countable
set of linearly independent elements of an inner product space by means of the
Gram-Schmidt orghogonalisation process as seen in second year algebra.

We have mentioned the possibility of uncountable orthonormal systems or bases.
They can occur, but in practice all orthogonal bases arising from applications (like
partial differential equations) are countable. Recall that a metric space is separable
if it has a countable dense subset.

9.6 Theorem A Hilbert space is separable if and only if it has a countable or-
thonormal basis.

Proof. If the space H is finite dimensional and ¢;, i =1, ... N, is an orthonormal
basis of H, then the set

N
spangfer, ..., ey} = {Z A€kt A € @(+/@)}
k=1

is dense in H since Q is dense in R, so every finite dimensional Hilbert space is
separable. Now assume that H is infinite dimensional and that H has a complete
countable orthonormal system M = {e: k € N}. For every N € N we let Hy =
span{ey, ..., en}. Then dim Hy = N and by what we just proved, Hy is separable.
Since countable unions of countable sets are countable it follows that countable
unions of separable sets are separable. Hence

span M = U Hn

NeN

is separable. Since M is complete span M is dense. Hence any dense subset of
span M is dense in H as well, proving that H is separable. Assume now that H is a
separable Hilbert space and let D := {xx: k € N} be a dense subset of H. We set
H,:=span{xc: k=1,..., n}. Then H, is a nested sequence of finite dimensional
subspaces of H whose union contains D and therefore is dense in H. We have
dim H, < dim H,,.1, possibly with equality. We inductively construct a basis for
span D by first choosing a basis of H;. Given a basis for H, we extend it to a
basis of H,,1 if dm H,,1 > dim H,,, otherwise we keep the basis we had. Doing
that inductively from n = 1 will give a basis for H, for each n € N. The union of
all these bases is a countable linearly independent set spanning span D. Applying
the Gram-Schmidt orthonormalisation process we can get a countable orthonormal
system spanning span D. Since span D is dense, it follows that H has a complete
countable orthonormal system. |
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Using the above theorem we show that there is, up to an isometric isomorphism,
there is only one separable Hilbert space, namely 4,. Hence £, plays the same role
as K" is isomorphic to an arbitrary N-dimensional space.

9.7 Corollary Every separable infinite dimensional Hilbert space is isometrically
iIsomorphic to 4.

Proof. Let H be a separable Hilbert space. Then by Theorem 9.6 H has a
countable orthonormal basis {ex: kK € N}. We define a linear map T: H — 4, by
setting

(Tx)i=(x]e)

for x € H and / € N. (This corresponds to the components of x in case H = KV.)
By Parseval’s identity from Theorem 9.3 we have

oo
IxI? =D I(x [ el = ITxl3
i=1
Hence T is an isometry. Hence it remains to show that T is surjective. Let (§;) € £,

and set
[oe)
X = ZEkGI
i=1

Since (&) € £, we have

o0 oo
Yo IEPlel =Y 1€ < oo
i=1 i=1

By Lemma 8.3 the series defining x converges in H. Also, by orthogonality, (x |
e) =&, s0 Tx = (). Hence T is surjective and thus an isometric isomorphism
between H and 4. ]
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