MATH3968 — Lecture &8

The tangent plane

Dr. Emma Carberry
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Example 1 (Height function on a torus).
How would you prove that these critical points are of the types claimed?
FExample 2. Local coordinates are diffeomorphisms.
By definition, a local coordinate ¢ : U — ¥ is smooth and invertible.

For each p € ¢(U), if ©» : V — X is another local coordinate about p then ¢! o
Yly-1(uv)ne(y) Is smooth.

This is the definition of what it means for ¢~! to be smooth at p.

Active Learning

Question 3. Let X be the paraboloid z = 22 + y2.

1. Show that X is a regular surface.

2. Show that ¥ is diffeomorphic to a plane (that is, there is a diffeomorphism between

¥ and a plane).



Surfaces of Revolution

A number of interesting surfaces can be obtained as surfaces of revolution.

Let ¥ be the surface in R? obtained by rotating the regular plane curve

about the z-axis, where we assume that the curve does not intersect the z-axis.

¢(u,v) = (f(v) cosu, f(v)sinu, g(v))

defines local coordinates. By changing the range of angles (u,v) for which the map ¢ is

defined we can cover the entire surface of revolution.

Example 5 (Torus). Let x = a + bcosv, z = bsinv, b < a.
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Example 5 (continued).

#1 :(0,27m) x (0,27)—R?
(u,v) — ((a + bcosv) cos u,

(a+ bcosv)sinu, bsinv)

is one local coordinate; together with

T 37 T 37 3
P2 -(—§, 7) X (—577)—%

¢3 :(—m, ) x (—m,7)  —R3

both using the same formula as above for their respective local coordinates, we have an

atlas for the torus.

Tangent Plane

Definition 6. Let ¥ C R? be a regular surface, and take p € X. A tangent vector to ¥

at p is the velocity vector o/(0) of some smooth parametrised curve « : (—¢, €) — ¥ with
a(0) =p.



Definition 7. The set of all tangent vectors to X at p is called the tangent plane to ¥ at
p, and is denoted by T},%.

Proposition 8. Let X be a reqular surface, and take p € ¥. The tangent plane T,X is a
2-dimensional linear subspace of R*, and is equal to dg, .2(R?), for any local parameter-

isation ¢ : U C R? — X with ¢(u',u?) = p.

Proof: The first statement follows from the second one, so we show that given a local

parameteristion ¢ of the specified form, we have d¢,1 ,2(R?) = T,%.
d¢u1,u2 (RQ) C sz

e Take v € R?, and choose a : (—¢,€) — R? such that o(0) = (u',u?) and o/(0) = v.

e By definition, dg(,1.2)(v) = (¢ 0 @)'(0), s0 dp(,1 2 (V) € T,X.

<_€7 6)

TpE C d¢u17u2 (Rz)

e Take X € T),%, and choose 3 : (—¢,€) = X so that 3(0) = p, 5/(0) = X.

e The local coordinate charts ¢ are diffeomorphisms, so ¢! o 8 : (—¢,¢) — U are

smooth curves.

o ddgru) (9710 8)(0)) = (¢0 ¢~ 0 B)(0) = B(0), s0 X € douruz)(R?).



Definition 9. Given a local parameterisation ¢ : U — ¥ with ¢(u', u?) = p, write e1, es
for the standard basis of R?. Then

¢

Gur(u',0?) = o5 (', 0”) = dogur e (€r),
0

dua(u,u?) = o (u! ) = diur ua)(e2)

is called the basis of T),X associated to ¢, and if X € T,X is given by
X = apyi (u', u?) + b2 (ut, u?)

we call (a,b) the coordinates of X with respect to ¢.

Take X € T,%, and let (a,b) be the coordinates of X with respect to ¢, ¢(up, u2) = p.

X = aqﬁul(ué, ug) + b2 (u(l), ug)

Let a: (—€,€) — X be a smooth curve with a(0) = p, o/(0) = X.



Then writing ¢! o at) = (Ul(t), UQ(t))a

adyr (ug, ug) + boyz (ug, ug) = o (0)
= (¢po (¢! o)) (0)
= d, .2 (1" (0)er +u”(0)e2)
= u"(0)dur (uf, ug) + u”(0)du2 (ug, up)
SO
(a,b) = (u"'(0),u*(0)),

1.e.
X = 6! (0)yr (ud, ud) + v (0) P2 (ud, u2).

Active Learning

Question 10. Let ¢ : U C R? — X C R3 be a local parameterisation of a regular surface

¥, and for (u},ud) € U, consider
. T2
Dbty - R = Toupap) >
What is the matrix of d¢,; ,z2) with respect to

e the standard basis e, e5 on R?;

o the basis ¢, (ug, ug), duz(ug, ug) of Ty .u2)2?

Differential of a smooth map

Definition 12. Let f : ¥ — 3 be a smooth map with f(p) = p. The differential df,, of
f at pis a linear map
df, - T, — T55;

to define df,(X), take a smooth curve a : (—¢,€) — X with a(0) = p and o/(0) = X and

set




Proposition 13. Let f: ¥ — S be a smooth map and take p € 3.

1. The differential df, defined above is a well-defined linear map.

2. Let gzﬁ,gg be local parameterisations of 3, Y about p, f(p). Writing ' = (ul,u?) ,

ot = (@, W2) and o' o f = (f1, f2), the matriz of df, with respect to the bases

(@)t and (P)z is

oft oft
aur ' gy2?
oF 2~

51 @) 520

where ¢ = ¢ (p).

Proof: The first statement follows from the second. Take X € 7,3, and write
X = (ul),¢u1(q) + (u2>,¢u2 (q)-

Let a : (—e€,€) — 3 be a smooth curve with «(0) = p and o/(0) = X.

Then a = f o «v is a smooth curve in X.



a . 51 )
Y U
By the chain rule
_ ((2_5@(1_;(0) + Z_?]:<q)dd_lf(o)> z

af? dul af?  du? ~
+ (G050 e o)a

Hence

(foa)( (8f1 1 8f1 &

0+ 0% ) 3

+@Lm 0+ 0% 0)

so the matrix of df, is as claimed.

Observe the coordinates of (f o «)’(0) with respect to 5 depend only on the coordinates

of o/(0) with respect to ¢, and hence only on X = ¢/(0), not on the choice of a.



