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Preface

Differential geometry is the study of curves, surfaces, and higher-dimensional objects
by using techniques from linear algebra and calculus. But still, average knowledge of
linear algebra and (multivariable) calculus is sufficient so that readers can follow the
results of this book.

Once we decided to write this book, we wanted to organize it in a different format
from the many books that already exist in the literature on differential geometry. In
view of the fact that a mathematical subject can only be learned through much practice
rather than reading directly, we based the book on examples, exercises, and problems.
In this sense, we give around 300 advanced practical problems, which are placed at the
end of each chapter. Although complete solutions to these problems are provided in the
book, we encourage the reader to solve them with his or her own efforts. Just in case
they require to check the solutions, readers should consult our solutions. Furthermore,
the book contains over 45 illustrations that provide the opportunity to better visualize
the theoretical concepts.

The book, however, addresses many notable classical results such as Lancret, Shell,
Joachimsthal, and Meusnier theorems, as well as the fundamental theorems of plane
curves, space curves, surfaces, and manifolds.

We hope that the format of the present book will contribute to the reader’s knowl-
edge of differential geometry.

https://doi.org/10.1515/9783111501857-201

https://doi.org/10.1515/9783111501857-201
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1 Curves inℝn

In this chapter we first consider the concept of Frenet curve and then define its tangent
line, normal (hyper)plane and osculating plane. After introducing the famous Frenet for-
mulas, curvature, curvature vector, and torsion are introduced as applications. In terms
of these basic invariants, the local behavior of a parameterized curve around biregular
points is observed. The well-known Lancret theorem for general helices and Shell the-
orem for Bertrand curves are revisited. A rigid motion of a Euclidean space is given so
that the existence and uniqueness theorems can be stated.

1.1 Frenet curves inℝn

Let a, b ∈ ℝ, a < b.

Definition 1.1. Acurve inℝn is a continuous function f : [a, b] → ℝn. The function f that
defines the curve is called a parameterization of the curve and the curve is a parametric
curve.

Example 1.1. Suppose that f : [1, 2] → ℝ3 is given by

f (t) = (t − 1, t, t2 − 5), t ∈ [1, 2].

Then f : [1, 2] → ℝ3 is a curve. Its graph is shown in Fig. 1.1.

Figure 1.1: A parametric curve inℝ3 given by f (t) = (t − 1, t, t2 − 5), t ∈ [1, 2].

https://doi.org/10.1515/9783111501857-001
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2 � 1 Curves inℝn

Definition 1.2. A regular parameterized curve is a function f : [a, b] → ℝn such that
f ∈ 𝒞1([a, b]) and

f ′(t) ̸= (0, 0, . . . , 0) for every t ∈ [a, b].

Definition 1.3. Let f : [a, b] → ℝn be a parameterized curve such that f ∈ 𝒞1([a, b]).
Then the vector f ′(t0) is called the tangent vector to f at t0 and the line spanned by this
vector and passing through f (t0) is called the tangent line to f at this point.

Example 1.2. Let [a, b] = [0, 1] and f : [0, 1] → ℝ2 be given by

f (t) = (t, t3 + t2), t ∈ [0, 1].

Here

f1(t) = t,

f2(t) = t
3 + t2, t ∈ [0, 1].

Hence,

f ′1 (t) = 1,

f ′2 (t) = 3t
2 + 2t, t ∈ [0, 1].

Thus,

f ′(t) = (f ′1 (t), f
′
2 (t))

= (1, 3t2 + 2t)
̸= (0, 0) for every t ∈ [0, 1].

Thus, the considered curve is a regular curve; see Fig. 1.2. In addition, the tangent line
parallel to the tangent vector f ′(t0) and passing through f (t0), t0 ∈ [0, 1], is

(t0, t
3
0 + t

2
0) + λ(1, 3t

2
0 + 2t0),

where λ is a parameter.

Example 1.3. Let f : [0, π] → ℝ2 be given by

f (t) = 1
2
(cos(2t), sin(2t)), t ∈ [0, π].

This curve is a circle of radius 1
2 centered at (0, 0). Here

f1(t) =
1
2
cos(2t),
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Figure 1.2: A regular parameterized curve inℝ2 given by f (t) = (t, t3 + t2), t ∈ [0, 1].

f2(t) =
1
2
sin(2t), t ∈ [0, π].

Then

f ′1 (t) = − sin(2t),
f ′2 (t) = cos(2t), t ∈ [0, π].

Hence,

f ′(t) = (f ′1 (t), f
′
2 (t))

= (− sin(2t), cos(2t))
̸= (0, 0) for every t ∈ [0, π].

Thus, the considered curve is a regular curve (see Fig. 1.3). In addition, the tangent line
parallel to the tangent vector f ′(t0) and passing through f (t0), t0 ∈ [0, π], is

1
2
(cos(2t0), sin(2t0)) + λ(− sin(2t0), cos(2t0)),

where λ is a parameter.

Example 1.4. Let f : [0, 4π] → ℝ3 be given by

f (t) = (cos t, sin t, t), t ∈ [0, 4π].

This curve is called a (circular) helix. Here
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Figure 1.3: A circle inℝ2 of radius 1/2 centered at (0, 0). A regular parameterization is
f (t) = (cos(2t)/2, sin(2t)/2), t ∈ [0, π].

f1(t) = cos t,

f2(t) = sin t,

f3(t) = t, t ∈ [0, 4π].

Then

f ′1 (t) = − sin t,

f ′2 (t) = cos t,

f ′3 (t) = 1, t ∈ [0, 4π].

Hence,

f ′(t) = (f ′1 (t), f
′
2 (t), f

′
3 (t))

= (− sin t, cos t, 1)
̸= (0, 0, 0) for every t ∈ [0, 4π].

Thus, the considered curve is a regular curve and drawn in Fig. 1.4. In addition, the tan-
gent line parallel to the tangent vector f ′(t0) and passing through f (t0), t0 ∈ [0, 4π], is

(cos t0, sin t0, t0) + λ(− sin t0, cos t0, 1),

where λ is a parameter.

Exercise 1.1. Prove that the following curves are regular:
1. For n = 2, [a, b] = [−10, 10],
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Figure 1.4: A circular helix inℝ3 parameterized by f (t) = (cos t, sin t, t), t ∈ [0, 4π].

f (t) = (2t, −4t), t ∈ [−10, 20].

2. For n = 3, [a, b] = [0, 2π],

f (t) = (2 cos(3t), 3 sin(4t), 5t), t ∈ [0, 2π].

3. For n = 2, t ∈ [1, 10],

f (t) = (t2, t3), t ∈ [1, 10].

Exercise 1.2. Let u2(t), . . . , un(t) ∈ 𝒞
1([a, b]). Prove that

f (t) = (t, u2(t), . . . , un(t)), t ∈ [a, b],

is always a regular parameterized curve in ℝn.

Definition 1.4. Let [α, β] ⊂ ℝ. Suppose ϕ : [α, β] → [a, b] is such that ϕ ∈ 𝒞1([α, β]) and
ϕ′(t) > 0, for every t ∈ [α, β]. Let also f : [a, b] → ℝn be a regular parameterized curve.
Then the curves f and f ∘ ϕ are said to be equivalent.

Example 1.5. Let f : [0, 23 ] → ℝ
2 be given by

f (t) = (1 + t, t2), t ∈ [0, 2
3
].

Here

f1(t) = 1 + t,

f2(t) = t
2, t ∈ [0, 2

3
].

Then
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f ′1 (t) = 1,

f ′2 (t) = 2t, t ∈ [0, 2
3
],

and

f ′(t) = (f ′1 (t), f
′
2 (t))

= (1, 2t), t ∈ [0, 2
3
],

i. e., f : [0, 23 ] → ℝ
2 is a regular curve. Let also ϕ : [0, 2] → [0, 23 ] be given by

ϕ(s) = s
s + 1
, s ∈ [0, 2].

Then ϕ : [0, 2] → [0, 23 ] and

ϕ′(s) = s + 1 − s
(s + 1)2

=
1
(s + 1)2

> 0 for every s ∈ [0, 2].

Furthermore,

f ∘ ϕ(s) = (1 + s
1 + s
,

s2

(1 + s)2
)

= (
2s + 1
s + 1
,

s2

(s + 1)2
), s ∈ [0, 2].

Therefore, f and f ∘ ϕ are equivalent; see Fig. 1.5.

Figure 1.5: A parabola inℝ2 of the form y = (x − 1)2. The equivalent parameterizations are f (t) = (t + 1, t2),
t ∈ [0, 2/3], and f ∘ ϕ(s) = ((2s + 1)/(s + 1), s2/(s + 1)2), s ∈ [0, 2].
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Example 1.6. Consider the Diocles cissoid

f (t) = ( a
t2 + 1
,

a
t(t2 + 1)

), t ∈ [ 1
2
, 1],

where a > 0 is a given parameter. Here

f1(t) =
a

t2 + 1
,

f2(t) =
a

t(t2 + 1)
, t ∈ [ 1

2
, 1].

Then

f ′1 (t) = −
2at
(t2 + 1)2

,

f ′2 (t) = −
a(3t2 + 1)
t2(t2 + 1)2

, t ∈ [ 1
2
, 1].

Hence,

f ′(t) = (f ′1 (t), f
′
2 (t))

̸= (0, 0) for every t ∈ [ 1
2
, 1],

i. e., f : [ 12 , 1] → ℝ
2 is a regular curve. Let

ϕ(s) = − 1
s
, s ∈ [−2, −1].

Then ϕ : [−2, −1] → [ 12 , 1] and

ϕ′(s) = 1
s2
> 0 for every s ∈ [−2, −1].

Also

f ∘ ϕ(s) = f (ϕ(s))

= (
a

(−1/s)2 + 1
,

a
(−1/s)((−1/s)2 + 1)

)

= (
as2

s2 + 1
,
−as3

s2 + 1
), s ∈ [−2, −1].

We have that f and f ∘ ϕ are equivalent curves. For the value a = 1, see Fig. 1.6.
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Figure 1.6: Diocles cissoid inℝ2 of the form x3 + xy2 − y2 = 0. The equivalent parameterizations are
f (t) = (1/(t2 + 1), 1/(t3 + t)), t ∈ [1/2, 1], and f ∘ ϕ(s) = (s2/(s2 + 1), −s3/(s2 + 1)), s ∈ [−2, −1].

Example 1.7. Consider the witch of Maria Agnesi

f (t) = (a cot t, a(sin t)2), t ∈ [π
4
,
π
2
],

where a > 0 is given parameter. Here

f1(t) = a cot t,

f2(t) = a(sin t)
2, t ∈ [π

4
,
π
2
].

Then

f ′1 (t) = −a(1 + cot
2 t),

f ′2 (t) = a sin(2t), t ∈ [π
4
,
π
2
],
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and

f ′(t) = (f ′1 (t), f
′
2 (t))

= (−a(1 + cot2 t), a sin(2t))

̸= (0, 0), t ∈ [π
4
,
π
2
],

i. e., f : [ π4 ,
π
2 ] → ℝ

2 is a regular curve. Let

ϕ(s) = s − π
2
, s ∈ [3π

4
, π].

Then ϕ : [ 3π4 , π] → [
π
4 ,

π
2 ] and

ϕ′(s) = 1 > 0 for every s ∈ [3π
4
, π],

and

f ∘ ϕ(s) = f (ϕ(s))

= (a cot(s − π
2
), a(sin(s − π

2
))

2

)

= (a tan s, a(cos s)2), s ∈ [3π
4
, π].

We have that f and f ∘ ϕ are equivalent curves. For the value a = 1, see Fig. 1.7.

Figure 1.7:Witch of Maria Agnesi inℝ2. The equivalent parameterizations are f (t) = (cot t, (sin t)2), t ∈
[π/4, π/2], and f ∘ ϕ(s) = (tan s, (cos s)2), s ∈ [3π/4, π].

Exercise 1.3. Prove that the following curves are equivalent:
1. (strophoid)

f (t) = ( 2at
2

1 + t2
,
a + (t2 − 1)
1 + t2

), t ∈ [ 1
16
,
1
4
],
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and

g(s) = ( 2as
4

1 + s4
,
a + (s4 − 1)
1 + s4

), s ∈ [ 1
4
,
1
2
];

2. (astroid)

f (t) = (a(cos t)3, a(sin t)3), t ∈ [π
4
,
π
2
],

and

g(s) = (a(1 − s2)
3
2 , as3), s ∈ [

√2
2
, 1];

3. (cycloid)

f (t) = (a(t − sin t), a(1 − cos t)), t ∈ [π
4
,
π
2
],

and

g(s) = (a(arcsin s − s), a(1 − √1 − s2)), s ∈ [
√2
2
, 1].

Hint 1.1. Use the following functions:
1. ϕ(s) = s2, s ∈ [ 14 ,

1
2 ];

2. ϕ(s) = arcsin s, s ∈ [√22 , 1];
3. ϕ(s) = arcsin s, s ∈ [√22 , 1].

Definition 1.5. Let f : [a, b] → ℝn be a regular parameterized curve and

f (t) = (f1(t), f2(t), . . . , fn(t)), t ∈ [a, b].

The arc length parameter Lf (t, a), t ∈ [a, b], is defined as follows:

Lf (t, a) =
t

∫
a

󵄨󵄨󵄨󵄨f
′(s)󵄨󵄨󵄨󵄨ds.

Example 1.8. Consider the circle given in Example 1.3. Using the computations there,
we get

󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨 = √(f ′1 (t))

2
+ (f ′2 (t))

2

= √(− sin(2t))2 + (cos(2t))2

= 1, t ∈ [0, π].
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Hence,

Lf (t, 0) =
t

∫
0

󵄨󵄨󵄨󵄨f
′(s)󵄨󵄨󵄨󵄨ds

=
t

∫
0

ds

= t, t ∈ [0, π].

Example 1.9. Consider the circular helix given in Example 1.4. Using the computations
there, we find

󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨 = √(f ′1 (t))

2
+ (f ′2 (t))

2
+ (f ′3 (t))

2

= √(− sin t)2 + (cos t)2 + 1

= √2, t ∈ [0, 4π].

Then

Lf (t, 0) =
t

∫
0

󵄨󵄨󵄨󵄨f
′(s)󵄨󵄨󵄨󵄨ds

=
t

∫
0

√2ds

= √2t, t ∈ [0, 4π].

Example 1.10. Consider the parabola given in Example 1.5. Using the computations
there, we find

󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨 = √(f ′1 (t))

2
+ (f ′2 (t))

2

= √1 + 4t2, t ∈ [0, 2
3
].

Hence,

Lf (t, 0) =
t

∫
0

󵄨󵄨󵄨󵄨f
′(s)󵄨󵄨󵄨󵄨ds

=
t

∫
0

√1 + 4s2ds, t ∈ [0, 2
3
].
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Note that

∫√1 + 4y2dy = 1
2
y√1 + 4y2 + 1

4
log(2y + √1 + 4y2) + c, y ∈ ℝ,

where c is a constant. Hence,

Lf (t, 0) = (
1
2
y√1 + 4y2

󵄨󵄨󵄨󵄨󵄨󵄨

y=t

y=0
+
1
4
log(2y + √1 + 4y2)

󵄨󵄨󵄨󵄨󵄨󵄨

y=t

y=0
)

= (
1
2
t√1 + 4t2 + 1

4
log(2t + √1 + 4t2)), t ∈ [0, 2

3
].

Exercise 1.4. Find the arc length of the following curves:
1.

f (t) = (t, t
3
2 ), t ∈ [a, b];

2. f (t) = (t, t2), t ∈ [a, b];

3. f (t) = (t, log t), t ∈ [a, b];

4.
f (t) = (t, c cosh( t

c
)), t ∈ [a, b],

where c > 0 is a given constant;
5.

f (t) = (t, et), t ∈ [a, b].

Answer 1.2. 1.
Lf (t, a) =

1
27
((4 + 9t)

3
2 − (4 + 9a)

3
2 ), t ∈ [a, b].

2.
Lf (t, a) =

1
2
(t√1 + t2 − a√1 + a2) + 1

4
log 2t + √1 + 4t2

2a + √1 + 4a2
, t ∈ [a, b].

3. Lf (t, a) = √1 + t2 − √1 + a2

−
1
2
(log 1 +

√1 + t2

1 − √1 + t2
− log 1 +

√1 + a2

1 − √1 + a2
), t ∈ [a, b].

4.
Lf (t, a) = c(sinh(

t
c
) − sinh(a

c
)), t ∈ [a, b].

5. Lf (t, a) = √1 + e2t − √1 + e2a

−
1
2
(log 1 + e2t

1 − √1 + e2t
− log 1 +

√1 + e2a

1 − √1 + e2a
), t ∈ [a, b].
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Definition 1.6. We will say that a regular parameterized curve is naturally parameter-
ized if

󵄨󵄨󵄨󵄨f
′(s)󵄨󵄨󵄨󵄨 = 1, s ∈ [a, b].

Usually, the natural parameter is denoted by s.

Exercise 1.5. Prove that the arc lengths of any two equivalent curves are equal.

Solution. Let f : [a, b] → ℝn be a regular curve, ϕ : [α, β] → [a, b], ϕ(α) = a, ϕ(β) = b,
ϕ ∈ 𝒞1([α, β]), ϕ′ > 0 on [α, β]. Then f and f ∘ ϕ are equivalent. Set

g = f ∘ ϕ.

Then

Lg(β, α) =
β

∫
α

󵄨󵄨󵄨󵄨g
′(τ)󵄨󵄨󵄨󵄨dτ

=

β

∫
α

󵄨󵄨󵄨󵄨f
′(ϕ(τ))ϕ′(τ)󵄨󵄨󵄨󵄨dτ

=

β

∫
α

󵄨󵄨󵄨󵄨f
′(ϕ(τ))󵄨󵄨󵄨󵄨ϕ

′(τ)dτ

=

β

∫
α

󵄨󵄨󵄨󵄨f
′(ϕ(τ))󵄨󵄨󵄨󵄨dϕ(τ)

=
b

∫
a

󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨dt

= Lf (b, a).

This completes the proof.

Exercise 1.6. Prove that for any regular parameterized curve there is a naturally pa-
rameterized curve that is equivalent to it.

Solution. Let f : [a, b] → ℝn be a regular parameterized curve. Define

ϕ(t) =
t

∫
a

󵄨󵄨󵄨󵄨f
′(τ)󵄨󵄨󵄨󵄨dτ, t ∈ [a, b].

We have that ϕ ∈ 𝒞1([a, b]) and
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ϕ′(t) = 󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨 > 0, t ∈ [a, b].

Hence, ϕ′ > 0 on [a, b] and ϕ : [a, b] → [α, β] is a diffeomorphism for some interval
[α, β] ⊂ ℝ. Note that

(ϕ−1)′(s) = 1
ϕ′(ϕ−1(s))

=
1

|f ′(ϕ−1(s))|
, s ∈ [α, β].

Let

g(s) = f (ϕ−1(s)), s ∈ [α, β].

Then

g′(s) = f ′(ϕ−1(s))(ϕ−1)′(s)

=
f ′(ϕ−1(s))
|f ′(ϕ−1(s))|

, s ∈ [α, β],

and

󵄨󵄨󵄨󵄨g
′(s)󵄨󵄨󵄨󵄨 = 1, s ∈ [α, β].

This completes the proof.

Remark 1.1. Note that we have

f (t) = g(s(t)), t ∈ [a, b],

and

f ′(t) = g′(s(t))s′(t)
= g′(s(t))󵄨󵄨󵄨󵄨f

′(t)󵄨󵄨󵄨󵄨, t ∈ [a, b].

Example 1.11. Consider the curve

f (t) = (at3, bt3), t ∈ [2, 10],

where a, b ∈ ℝ are such that a2 + b2 ̸= 0. Here

f1(t) = at
3,

f2(t) = bt
3, t ∈ [2, 10].

Then
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f ′1 (t) = 3at
2,

f ′2 (t) = 3bt
2, t ∈ [2, 10],

and

󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨 = √(f ′1 (t))

2
+ (f ′2 (t))

2

= √(3at2) + (3bt2)2

= √9a2t4 + 9b2t4

= 3t2√a2 + b2, t ∈ [2, 10].

Thus, f : [2, 10] → ℝ2 is a regular curve that is not naturally parameterized. For its arc
length, we have

Lf (t, 2) = −
t

∫
2

󵄨󵄨󵄨󵄨f
′(s)󵄨󵄨󵄨󵄨ds

= 3√a2 + b2
t

∫
2

s2ds

= 3√a2 + b2 s
3

3

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

s=t

s=2

= √a2 + b2(t3 − 8), t ∈ [2, 10].

Now set Lf (t, 2) = ϕ(t) and s = ϕ(t) where s ∈ [0, 992√a2 + b2]. Hence

1
√a2 + b2

s = t3 − 8, s ∈ [0, 992√a2 + b2],

t3 = 1
√a2 + b2

s + 8, s ∈ [0, 992√a2 + b2],

and

t = 3√
1
√a2 + b2

s + 8, s ∈ [0, 992√a2 + b2].

Therefore,

ϕ−1(s) = 3√
1
√a2 + b2

s + 8, s ∈ [0, 992√a2 + b2].

Consider the curve
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g(s) = f ∘ ϕ−1(s), s ∈ [0, 992√a2 + b2].

Then

g(s) = (a(ϕ−1(s))3, b(ϕ−1(s))3)

= (a( 1
√a2 + b2

s + 8), b( 1
√a2 + b2

s + 8)), s ∈ [0, 992√a2 + b2].

Note that

g1(s) = a(
1
√a2 + b2

s + 8),

g2(s) = b(
1
√a2 + b2

s + 8), t ∈ [0, 992√a2 + b2],

and

g′1(s) =
a
√a2 + b2

,

g′2(s) =
b
√a2 + b2

, t ∈ [0, 992√a2 + b2].

Then

󵄨󵄨󵄨󵄨g
′(s)󵄨󵄨󵄨󵄨 = √(g′1(s))

2
+ (g′2(s))

2

= √
a2

a2 + b2
+

b2

a2 + b2

= 1, s ∈ [0, 992√a2 + b2].

Thus, g : [0, 992√a2 + b2 ] → ℝ2 is a naturally parameterized curve that is equivalent to
the curve f .

Example 1.12. Consider the circle

f (t) = ( 1
a
cos(at), 1

a
sin(at)), t ∈ [0, 2π].

Here

f1(t) =
1
a
cos(at),

f2(t) =
1
a
sin(at), t ∈ [0, 2π].

Then
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f ′1 (t) = − sin(at),
f ′2 (t) = cos(at), t ∈ [0, 2π],

and

󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨 = √(f ′1 (t))

2
+ (f ′2 (t))

2

= √(sin(at))2 + (cos(at))2

= 1, t ∈ [0, 2π].

Thus, f : [0, 2π] → ℝ2 is a naturally parameterized curve.

Example 1.13. Consider the circular helix

f (t) = (c cos(αt), c sin(αt), βt), t ∈ [a, b],

where α, β, c ∈ ℝ are such that α2c2 + β2 ̸= 0. Here

f1(t) = c cos(αt),
f2(t) = c sin(αt),
f3(t) = βt, t ∈ [a, b].

Then

f ′1 (t) = −cα sin(αt),
f ′2 (t) = cα sin(αt),
f ′3 (t) = β, t ∈ [a, b],

and

󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨 = √(f ′1 (t))

2
+ (f ′2 (t))

2
+ (f ′3 (t))

2

= √(−cα sin(αt))2 + (cα cos(αt))2 + β2

= √c2α2(sin(αt))2 + c2α2(cos(αt))2 + β2

= √c2α2 + β2, t ∈ [a, b].

Thus, f : [a, b] → ℝ3 is a regular curve that is not naturally parameterized. For its arc
length, we have

Lf (t, a) =
t

∫
a

󵄨󵄨󵄨󵄨f
′(s)󵄨󵄨󵄨󵄨ds
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=
t

∫
a

√c2α2 + β2ds

= √c2α2 + β2(t − a), t ∈ [a, b],

whereupon

t − a = 1

√c2α2 + β2
Lf (t, a), t ∈ [a, b].

Now set Lf (t, 2) = ϕ(t) and s = ϕ(t) where s ∈ [0, (b − a)√c2α2 + β2 ]. Hence,

ϕ−1(s) = a + 1

√c2α2 + β2
s, s ∈ [0, (b − a)√c2α2 + β2 ].

Consider the curve

g(s) = f ∘ ϕ−1(s), s ∈ [0, (b − a)√c2α2 + β2 ].

We have

g(s) = (c cos(α(a + 1

√c2α2 + β2
s)), c sin(α(a + 1

√c2α2 + β2
s)),

β(a + 1

√c2α2 + β2
s)), s ∈ [0, (b − a)√c2α2 + β2 ].

Here

g1(s) = c cos(α(a +
1

√c2α2 + β2
s)),

g2(s) = c sin(α(a +
1

√c2α2 + β2
s)),

g3(s) = β(a +
1

√c2α2 + β2
s), s ∈ [0, (b − a)√c2α2 + β2 ].

Then

g′1(s) = −
cα

√c2α2 + β2
sin(α(a + 1

√c2α2 + β2
s)),

g′2(s) =
cα

√c2α2 + β2
cos(α(a + 1

√c2α2 + β2
s)),
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g3(s) =
β

√c2α2 + β2
, s ∈ [0, (b − a)√c2α2 + β2 ],

and

󵄨󵄨󵄨󵄨g
′(s)󵄨󵄨󵄨󵄨 = ((−

cα

√c2α2 + β2
cos(α(a + 1

√c2α2 + β2
s)))

2

+ (
cα

√c2α2 + β2
sin(α(a + 1

√c2α2 + β2
s)))

2

+ (
β

√c2α2 + β2
)
2

)

1
2

= √
c2α2

c2α2 + β2
+

β2

c2α2 + β2

= 1, s ∈ [0, (b − a)√c2α2 + β2 ].

Thus, g : [0, (b − a)√c2α2 + β2] → ℝ3 is a naturally parameterized curve and the curves
f and g are equivalent.

Exercise 1.7. Prove that the curves in Exercise 1.4 are not naturally parameterized.

1.2 Analytical representations of curves

Let I ⊂ ℝ.

Definition 1.7. A subset M ⊂ ℝn is called a regular curve or a 1-dimensional smooth
manifold ofℝn if for each point t0 ∈ M there is a regular parameterized curve f : I → ℝn

whose support f (I) is an open neighborhood in M of the point t0, i. e., is a set of the
form M ∩ U , where U is an neighborhood of t0 in ℝ

n, while the map f : I → f (I) is
a homeomorphism with respect to the topology of subspace of f (I). A parameterized
curve with these properties is called a local parametrization of the curveM around the
point t0. If for a curveM there is a local parametrization which is global, i. e., f (I) = M ,
the curve is called a simple curve.

1.2.1 Plane curves

Definition 1.8. A regular curve M ⊂ ℝ3 is called a plane curve if it is contained in a
plane Π. We shall usually assume that the plane Π coincides with the coordinate plane
xOy. Here O = (0, 0).

1.2.1.1 Parametric representation
We choose an arbitrary local parametrization f (t) = (f1(t), f2(t)) of a curve. Then the
support f (I) of this local parametrization is an open subset of the curve. For a global
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parametrization of a simple curve, f (I) describes the entire curve. Thus, any point t0 of
the curve has an open neighborhood which is the support of the parameterized curve

x = f1(t),
y = f2(t).

(1.1)

Definition 1.9. The equations (1.1) are called the parametric equations of a curve in a
neighborhood of a point t0. Usually, unless the curve is simple, we cannot use the same
set of equations to describe the points of an entire curve.

Example 1.14. Let I = [0, π]. Then

f1(t) = t
2 + t + 1,

f2(t) = 10 + sin t + cos t +
1 − t + t2

1 + t2 + t4
, t ∈ I ,

is a parametric representation of a plane curve drawn in Fig. 1.8.

Figure 1.8: A parametric curve given by f (t) = (t2 + t + 1, 10+ sin t + cos t +(1− t + t2)/(1+ t2 + t4)), t ∈ [0, π].

Example 1.15. Let I = [0, 2π]. Then

f1(t) = a(cos t)
3,

f2(t) = a(sin t)
3, t ∈ [0, 2π],

where a is a positive constant, is a parametric representation of the astroid. See Fig. 1.9
for the value a = 1.

Example 1.16. Let I = [1, 2π]. Then

f1(t) =
a
2
(t + 1

t
),

f2(t) =
b
2
(t − 1

t
), t ∈ I ,

where a and b are positive constants, is a parametric representation of a hyperbola. See
Fig. 1.10 for the values of a = b = 1.
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Figure 1.9: An astroid parametrically given by f (t) = ((cos t)3, (sin t)3), t ∈ [0, 2π].

Figure 1.10: A hyperbola parametrically given by f (t) = (t + 1/t, t − 1/t), t ∈ [0, 2π].

1.2.1.2 Explicit representation
Suppose that I is an open interval inℝ and f : I → ℝ is a smooth function, i. e., f ∈ 𝒞1(I).
Then its graph

C = {(t, f (t)) : t ∈ I} (1.2)

is a simple curve, which has the global representation
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x = t,
y = f (t), t ∈ I .

Definition 1.10. The equation

y = f (x)

is called an explicit equation of the curve (1.2). Sometimes for the explicit representation
of a plane curve one also uses the term nonparametric form.

Example 1.17. Let I = (0, π). Then

y = x + 1
1 + x + x2

, x ∈ I ,

is an explicit representation of a plane curve, see Fig. 1.11.

Figure 1.11: A curve with the explicit form y = x+1
1+x+x2

, x ∈ [0, π].

Example 1.18. Let I = (0, 15). Then

y = x2, x ∈ I ,

is an explicit representation of a parabola.

Example 1.19. Let I = (1, 24). Then

y = 1
1 + x
, x ∈ I ,

is an explicit equation of a hyperbola.

1.2.1.3 Implicit representation
Let D ⊂ ℝ2. Let F : D→ ℝ be a smooth function and suppose

C = {(x, y) ∈ D : F(x, y) = 0}

is the 0-level set of the function F . In the general case, C is not a regular curve. Never-
theless, if at the point (x0, y0) ∈ C the gradient vector
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grad F(x0, y0) = (F
′
x(x0, y0), F

′
y(x0, y0))

is not vanishing, then there exists an open neighborhood U of the point (x0, y0) and a
smooth function y = f (x) defined on an open neighborhood I ⊂ ℝ of the point x0 such
that

C ∩ U = {(x, f (x)) : x ∈ I}.

If grad F ̸= 0 at all points of C, then C is a regular curve.

Example 1.20. The equation

(x2 + y2)2 − 2b2(x2 − y2) = a4 − b4,

where a and b are positive constants, is the equation of the Cassini oval. For the values
a = √2 and b = 1, see Fig. 1.12.

Figure 1.12: The Cassini oval where a = √2 and b = 1.

Example 1.21. The equation

(x2 + y2)3 − 4a2x2y2 = 0

is the equation of the four petal rosette. See Fig. 1.13 for a = 1.

Example 1.22. The equation

(x2 + y2 − 2ax)2 = 4b2(x2 + y2)

is the equation of the cardioid; see Fig. 1.14.
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Figure 1.13: The four petal rosette where a = 1.

Figure 1.14: The cardioid where a = 1/2 and b = 1/2.

Remark 1.2. Note that the condition for nonsingularity of the grad F is only a sufficient
condition for the equation F(x, y) = 0 to represent a curve. If grad F(x0, y0) = 0 for some
(x0, y0) ∈ D, then we cannot claim that the equation represents a curve in a neighbor-
hood of that point or the converse.

1.2.2 Space curves

1.2.2.1 Parametric representation
As in the case of plane curves, with local parametrization
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x = f1(t),

y = f2(t),

z = f3(t), t ∈ I ,

we can represent either the entire curve, or only a neighborhood of one of its points.

Example 1.23. Let I = [0, π]. Then

x = t + 1,

y = t2 + 1,

z = 1
1 + t + t2

, t ∈ ℝ,

is a parametric representation of a space curve; see Fig. 1.15.

Figure 1.15: A parametrized space curve f (t) = (t + 1, t2 + t + 1, 1/(t2 + t + 1)), t ∈ [0, 1].

Example 1.24. Let I = [0, π]. The equations

x = at cos t,

y = at sin t,

z = a
2t2

2p
, t ∈ I ,

where a and p are positive constants, are a parametric representation of the Archimedes
spiral. See Fig. 1.16 where a = 1 and p = 2.

Example 1.25. Let I = ℝ. The equations

x = cos(3t),

y = sin(3t),
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Figure 1.16: The Archimedes spiral parametrically given by f (t) = (t cos t, t sin t, t
2

2 ), t ∈ [0, π].

z = 2t, t ∈ I ,

are a parametric representation of a circular helix.

1.2.2.2 Explicit representation
Let f , g : I → ℝ be two smooth functions on an open interval I ⊂ ℝ. Then the set

C = {(x, f (x), g(x)) ⊂ ℝ3 : x ∈ I}

is a simple curve with a global representation given by

x = t,
y = f (t),
z = g(t), t ∈ I .

Definition 1.11. The equations

y = f (x),
z = g(x), x ∈ I ,

are called the explicit equations of a space curve.

Example 1.26. Let I = [1, 20]. Then
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y = x + 1

z = x2 + x + 1, x ∈ I ,

is an explicit representation of a space curve.

Example 1.27. Let I = [0, 2π]. Then

x = cos(4z),
y = sin(4z),
z = z, z ∈ I ,

is an explicit representation of a circular helix.

1.2.2.3 Implicit representation
Let D ⊂ ℝ3 and F ,G : D→ ℝ be smooth functions. Consider the set

C = {(x, y, z) ∈ D : F(x, y, z) = 0, G(x, y, z) = 0},

i. e., the set of solutions of the system

F(x, y, z) = 0,
G(x, y, z) = 0.

In the general case, the set C is not a regular curve. Nevertheless, if, for some a =
(x0, y0, z0) ∈ C,

rank(
F′x(a) F′y(a) F′z(a)
G′x(a) G′y(a) G′z(a)

) = 2,

then there is an open neighborhood U ⊂ D of the point a such that C ∩ U is a curve. If
the rank of the matrix

(
F′x F′y F′z
G′x G′y G′z

)

is equal to two, then C is a regular curve.

Example 1.28. The equations

x2 + y2 + z2 = 4b2,

(x − b)2 + y2 = b2,

where b is a positive constant, are the equations of the temple of Viviani.
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1.3 The tangent and the normal plane

Suppose that I ⊆ ℝ, t0 ∈ I , and f : I → ℝ
n is a curve so that f ′(t0) ̸= 0.

Definition 1.12. The line passing through f (t0) and having direction of the vector f
′(t0)

is called the tangent of the curve at the point f (t0) (or at the point t0).

The equations of the tangent line read as follows:

F(λ) = f (t0) + λf
′(t0)

= (f1(t0), f2(t0), . . . , fn(t0)) + λ(f
′
1 (t0), f

′
2 (t0), . . . , f

′
n (t0))

= (f1(t0), f2(t0), . . . , fn(t0)) + (λf
′
1 (t0), λf

′
2 (t0), . . . , λf

′
n (t0))

= (f1(t0) + λf
′
1 (t0), f2(t0) + λf

′
2 (t0), . . . , fn(t0) + λf

′
n (t0)),

with λ ∈ ℝ.

Example 1.29. Let

f (t) = (t2, t3 + t, t), t ∈ ℝ;

see Fig. 1.17. Here

f1(t) = t
2,

f2(t) = t
3 + t,

f3(t) = t, t ∈ ℝ.

Hence,

Figure 1.17: A parametric curve given by f (t) = (t2, t3 + t, t), t ∈ [−2, 2].
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f ′1 (t) = 2t,

f ′2 (t) = 3t
2 + 1,

f ′3 (t) = 1, t ∈ ℝ,

and therefore the equation of the tangent line to f at an arbitrary point is given by

F(λ) = (t2 + 2λt, t3 + t + λ(3t2 + 1), t + λ), λ, t ∈ ℝ,

or

(3t2 + 1)F1(λ) + 2tF2(λ) − 24(3t
3 + t)F3(λ) + 7t

4 − 3t2 = 0.

Example 1.30. Consider the curve

f (t) = (a cosh t, a sinh t, ct), t ∈ ℝ,

where a, c ∈ ℝ, c ̸= 0. In the case a = c = 1, see Fig. 1.18. Here

f1(t) = a cosh t,
f2(t) = a sinh t,
f3(t) = ct, t ∈ I .

Hence,

Figure 1.18: A parametric curve given by f (t) = (cosh t, sinh t, t), t ∈ [−2, 2].
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f ′1 (t) = a sinh t,
f ′2 (t) = a cosh t,
f ′3 (t) = c, t ∈ ℝ.

Then the equation of the tangent line at an arbitrary point is as follows:

(F1(λ), F2(λ), F3(λ)) = (a cosh t + λa sinh t, a sinh t + λa cosh t, ct + cλ), t, λ ∈ ℝ,

or

F1(λ) − a cosh t
a sinh t

=
F2(λ) − a sinh t

a cosh t
=
F3(λ) − ct

c
, λ, t ∈ ℝ.

Exercise 1.8. Find the equations of the tangent line at the corresponding points of the
following curves:
1.

f (t) = (t, t2 + 4t + 3), t ∈ ℝ, (−1, 0), (0, 3), (1, 8).

2. f (t) = (t, t3), t ∈ ℝ, (0, 0), (1, 1).

3.
f (t) = (t, sin t), t ∈ ℝ, (0, 0), (π

2
, 1), (π, 0).

4.
f (t) = (t, tan t), t ∈ ℝ, (0, 0), (π

4
, 1).

5.
f (t) = (et , e−t , t2), t ∈ ℝ, (e, e−1, 1).

Answer 1.3. 1.
2F1(λ) − F2(λ) + 2 = 0,
4F1(λ) − F2(λ) + 3 = 0,
6F1(λ) − F2(λ) + 2 = 0, λ ∈ ℝ.

2. F2(λ) = 0,
3F1(λ) − F2(λ) − 2 = 0, λ ∈ ℝ.

3. F1(λ) = F2(λ),
F2(λ) = 1,

F1(λ) + F2(λ) = π, λ ∈ ℝ.
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4.

F1(λ) = F2(λ),

2F1(λ) − F2(λ) =
π
2
− 1, λ ∈ ℝ.

5. F1(λ) − e
e
=
F2(λ) − e

−1

−e−1
=
F3(λ) − 1

2
, λ ∈ ℝ.

Exercise 1.9. Prove that the tangent vectors of two equivalent curves are collinear at
corresponding points and the tangent lines coincide.

Solution. Let (I , f ) and (J , g) be two curves that are equivalent. Let s : I → J be the
parameter change. Then

f (t) = g(s(t)), t ∈ I .

Hence,

f ′(t) = g′(s(t))s′(t), t ∈ I .

This completes the proof.

Now, suppose that f : I → ℝn is a regular curve. For h, close enough to 0, or h → 0,
by the Taylor formula, we have

f (t0 + h) = f (t0) + hf
′(t0) + hε,

where ε → 0 as h → 0. Let l be an arbitrary line passing through f (t0) and having unit
direction vectorm. Set

d(h) = d(f (t0 + h), l),

where d(f (t0 + h), l) is the distance between f (t0 + h) and l.

Exercise 1.10. Prove that the line l is the tangent line to the regular parameterized curve
f at the point t0 if and only if

lim
h→0

d(h)
|h|
= 0.

Solution. We have

d(h) = 󵄨󵄨󵄨󵄨(f (t0 + h) − f (t0)) ×m
󵄨󵄨󵄨󵄨

= 󵄨󵄨󵄨󵄨(hf
′(t0) + hε) ×m

󵄨󵄨󵄨󵄨
= 󵄨󵄨󵄨󵄨h(f

′(t0) ×m) + h(ε ×m)
󵄨󵄨󵄨󵄨

= |h|󵄨󵄨󵄨󵄨(f
′(t0) ×m) + (ε ×m)

󵄨󵄨󵄨󵄨
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and

d(h)
|h|
= 󵄨󵄨󵄨󵄨(f
′(t0) ×m) + (ε ×m)

󵄨󵄨󵄨󵄨.

Hence, using that ε → 0 as h→ 0, we find

lim
h→0

d(h)
|h|
= lim

h→0
󵄨󵄨󵄨󵄨(f
′(t0) ×m) + (ε ×m)

󵄨󵄨󵄨󵄨

= 󵄨󵄨󵄨󵄨f
′(t0) ×m

󵄨󵄨󵄨󵄨.

1. Let l be the tangent line to f at t0. Then f
′(t0) andm are collinear and

󵄨󵄨󵄨󵄨f
′(t0) ×m

󵄨󵄨󵄨󵄨 = 0.

Hence,

lim
h→0

d(h)
|h|
= 0. (1.3)

2. Now, suppose that (1.3) holds. Then

󵄨󵄨󵄨󵄨f
′(t0) ×m

󵄨󵄨󵄨󵄨 = 0

and f ′(t0) andm are collinear. Thus, l is a tangent line to f at t0. This completes the
proof.

Definition 1.13. Let (I , f ) be a parametric curve inℝn (n ≥ 3) and t0 ∈ I . The normal (hy-
per)plane at f (t0) is the (hyper)plane through f (t0) that is perpendicular to the tangent
line to the curve at the point f (t0).

The equation for the normal (hyper)plane is as follows:

(X − f (t0)) ⋅ f
′(t0) = 0, t0 ∈ I ,

where X = (x1, . . . , xn) is an arbitrary point on the (hyper)plane and ⋅ denotes the inner
product. We have

0 = ((x1, . . . , xn) − (f1(t0), . . . , fn(t0))) ⋅ (f
′
1 (t0), . . . , f

′
n (t0))

= (x1 − f1(t0), . . . , xn − fn(t0)) ⋅ (f
′
1 (t0), . . . , f

′
n (t0))

= (x1 − f1(t0))f
′
1 (t0) + ⋅ ⋅ ⋅ + (xn − fn(t0))f

′
n (t0).

Example 1.31. Let f : ℝ → ℝ3 be defined by

f (t) = (t2, e−t
2+1, e−t+2), t ∈ ℝ.
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Here

f1(t) = t
2,

f2(t) = e
−t2+1,

f3(t) = e
−t+2, t ∈ ℝ.

Hence,

f ′1 (t) = 2t,

f ′2 (t) = −2te
−t2+1,

f ′3 (t) = −e
−t+2, t ∈ ℝ.

Then the equation of the normal plane at an arbitrary point t0 ∈ ℝ is as follows:

2t0(x1 − t
2
0) − 2t0e

−t20+1(x2 − e
−t20+1) − et0+2(x3 − e

−t0+2) = 0.

Example 1.32. Let f : ℝ → ℝ4 be defined by

f (t) = (t, e−t , e−t
2
, e−t

3
), t ∈ ℝ.

Here

f1(t) = t,
f2(t) = e

−t ,

f3(t) = e
−t2 ,

f4(t) = e
−t3 , t ∈ ℝ.

Hence,

f ′1 (t) = 1,
f ′2 (t) = −e

−t ,

f ′3 (t) = −2te
−t2 ,

f ′4 (t) = −3t
2e−t

3
, t ∈ ℝ,

and the equation of the normal hyperplane at an arbitrary point t0 ∈ ℝ is as follows:

(x1 − t0) − e
−t0(x2 − e

−t0) − 2t0e
−t20(x3 − e

−t20) − 3t20e
−t30(x4 − e

−t30) = 0.

Exercise 1.11. Find the equation of the normal plane at t = 0 for the following curve:

f (t) = (2 cos t, 2 sin t, 4t), t ∈ ℝ.
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Answer 1.4.
x2 + x3 = 0.

1.4 Osculating plane

Definition 1.14. A parameterized curve f = f (t), t ∈ I , is said to be biregular at the point
t0 if the vectors f

′(t0) and f
′′(t0) are not collinear, i. e., if

f ′(t0) × f
′′(t0) ̸= 0.

Example 1.33. Let f : ℝ → ℝ3 be given by

f (t) = (t2, et , e2t), t ∈ ℝ;

see Fig. 1.19. Here

f1(t) = t
2,

f2(t) = e
t ,

f3(t) = e
2t , t ∈ ℝ.

Hence,

f ′1 (t) = 2t,

Figure 1.19: A parametric curve given by f (t) = (t2, et , e2t), t ∈ [0, 1/2].
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f ′2 (t) = e
t ,

f ′3 (t) = 2e
2t , t ∈ ℝ,

and

f ′′1 (t) = 2,

f ′′2 (t) = e
t ,

f ′′3 (t) = 4e
2t , t ∈ ℝ.

Therefore

f ′(t) = (2t, et , 2e2t),

f ′′(t) = (2, et , 4e2t), t ∈ ℝ,

and

f ′(t) × f ′′(t) = (2t, et , 2e2t) × (2, et , 4e2t)

= (4e3t − 2e3t , 4e2t − 8te2t , 2tet − 2et)

= (2e3t , (4 − 8t)e2t , 2(t − 1)et)
̸= 0, t ∈ ℝ.

Thus, the considered curve is a biregular curve.

Example 1.34. Consider the curve

f (t) = (t, t2), t ∈ [2, 4].

We have

f1(t) = t,

f2(t) = t
2, t ∈ [2, 4].

Then

f ′1 (t) = 1,

f ′2 (t) = 2t, t ∈ [2, 4],

and

f ′′1 (t) = 0,

f ′′2 (t) = 2, t ∈ [2, 4].
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Thus,

f ′(t) = (f ′1 (t), f
′
2 (t))

= (1, 2t), t ∈ [2, 4],

and

f ′′(t) = (f ′′1 (t), f
′′
2 (t))

= (0, 2), t ∈ [2, 4].

Note that f ′(t) and f ′′(t) are not collinear for any t ∈ [2, 4] and thus the considered curve
is biregular.

Exercise 1.12. Prove that the curve

f (t) = (t + 1, t2 + t + 1, t3), t ∈ [2, 4],

is a biregular curve.

Definition 1.15. Let (I , f ) be a parameterized curve in ℝ3 and t0 ∈ I . The osculating
plane through f (t0) that is parallel to f

′(t0) and f
′′(t0) is defined by

0 = ((x, y, z) − f (t0)) ⋅ (f
′(t0) × f

′′(t0)), t0 ∈ I .

Here we have that

0 =

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

x − f1(t0) y − f2(t0) z − f3(t0)
f ′1 (t0) f ′2 (t0) f ′3 (t0)
f ′′1 (t0) f ′′2 (t0) f ′′3 (t0)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

, t0 ∈ I ,

is the equation of the osculating plane.

Example 1.35. Let f : ℝ → ℝ3 be given by

f (t) = (t, t2, t + t2), t ∈ ℝ;

see Fig. 1.20. Here

f1(t) = t,

f2(t) = t
2,

f3(t) = t + t
2, t ∈ ℝ.

Then

f ′1 (t) = 1,
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Figure 1.20: A parametric curve given by f (t) = (t, t2, t + t2), t ∈ [0, 1/2].

f ′2 (t) = 2t,
f ′3 (t) = 1 + 2t, t ∈ ℝ,

and

f ′′1 (t) = 0,
f ′′2 (t) = 2,
f ′′3 (t) = 2, t ∈ ℝ.

Therefore,

f ′(t) = (f ′1 (t), f
′
2 (t), f

′
3 (t))

= (1, 2t, 1 + 2t),
f ′′(t) = (f ′′1 (t), f

′′
2 (t), f

′′
3 (t))

= (0, 2, 2), t ∈ ℝ,

and the equation of the osculating plane is

0 =

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

x − t0 y − t20 z − t0 − t
2
0

1 2t0 1 + 2t0
0 2 2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

= −2(x − t0) − 2(y − t
2
0) + 2(z − t0 − t

2
0)

= −2x − 2y + 2z + 4t20, t0 ∈ ℝ,
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or

x + y − z − 4t20 = 0, t0 ∈ ℝ.

Example 1.36. Let f : ℝ → ℝ3 be given by

f (t) = (et , et
2
, et

3
), t ∈ ℝ;

see Fig. 1.21. Here

f1(t) = e
t ,

f2(t) = e
t2 ,

f3(t) = e
t3 , t ∈ ℝ.

Figure 1.21: A parametric curve given by f (t) = (et , et
2
, et

3
), t ∈ [0, 1/2].

Hence,

f ′1 (t) = e
t ,

f ′2 (t) = 2te
t2 ,

f ′3 (t) = 3t
2et

3
, t ∈ ℝ,

and

f ′′1 (t) = e
t ,

f ′′2 (t) = 2e
t2 + 4t2et

2
,

f ′′3 (t) = 6te
t3 + 9t4et

3
, t ∈ ℝ.

Therefore the equation of the osculating plane at t0 = 0 is
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0 =

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

x − 1 y − 1 z − 1
1 0 0
1 1 0

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

= z − 1,

or

z = 1.

Exercise 1.13. Find the osculating plane at an arbitrary point t0 ∈ ℝ for the following
curve:

f (t) = (cos t, sin t, t), t ∈ ℝ.

Answer 1.5.
sin t0x − cos t0y + z − t0 = 0, t0 ∈ ℝ.

Exercise 1.14. Prove that the osculating planes of two equivalent curves coincide at the
biregular points.

Solution. Let (I , f ) and (J , g) be two equivalent curves. Let also s : I → J be the param-
eter change. Then

f (t) = g(s(t)),
f ′(t) = g′(s(t)) ⋅ s′(t),

f ′′(t) = f ′′(t) ⋅ (s′(t))2 + g′(s(t)) ⋅ s′′(t), t ∈ I .

Thus, the sets {f ′(t), f ′′(t)} and {g′(s(t)), g′′(s(t))} are linearly dependent, namely these
two sets of vectors describe a unique plane. This completes the proof.

Let (I , f ) be a parameterized curve inℝ3, t0 ∈ I , and f (t0) be biregular. Suppose that
α is a plane with a unit normal vector e and α passes through f (t0). Denote

d(h) = d(f (t0 + h), α).

Exercise 1.15. Prove that the plane α is an osculating plane to the curve f = f (t) at the
biregular point f (t0) if and only if

lim
h→0

d(h)/|h|2 = 0. (1.4)

Solution. By the Taylor formula, we have

f (t0 + h) = f (t0) + hf
′(t0) +

1
2
h2 ⋅ f ′′(t0) + h

2ε,
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where ε → 0 as h→ 0. From here,

d(h) = 󵄨󵄨󵄨󵄨e ⋅ (f (t0 + h) − f (t0))
󵄨󵄨󵄨󵄨

=
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
e ⋅ (hf ′(t0) +

1
2
h2f ′′(t0) + h

2ε)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

=
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
e ⋅ (hf ′(t0)) + e ⋅ (

1
2
h2f ′′(t0)) + e ⋅ (h

2ε)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
,

thus

d(h)
h2
=
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1
h
(e ⋅ f ′(t0)) +

1
2
(e ⋅ f ′′(t0)) + e ⋅ ε

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

and

lim
h→0

d(h)
h2
= lim

h→0

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1
h
(e ⋅ f ′(t0)) +

1
2
(e ⋅ f ′′(t0)) + e ⋅ ε

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
. (1.5)

1. Let (1.4) hold. Then

e ⋅ f ′(t0) = 0,
e ⋅ f ′′(t0) = 0.

(1.6)

Thus,

e ‖ f ′(t0) × f
′′(t0)

and α is an osculating plane.
2. Assume α is an osculating plane. Then, we have (1.6) and, using (1.5), we get (1.4).

This completes the proof.

1.5 Curvature of a curve

Let (I , f ) and (J , g) be two curves inℝn that are equivalent with the parameter change s.
Then

f (t) = g(s(t)), t ∈ I .

We have s : I → J , s′ > 0 on I , and

󵄨󵄨󵄨󵄨g
′(s)󵄨󵄨󵄨󵄨 = 1.

Exercise 1.16. Prove that the vector g′′(s) in ℝn does not depend on the parameter
change.
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Solution. Let (J1, g1) be another naturally parameterized curve with the parameter
change s1, i. e.,

g(s) = g1(s1(s)), s ∈ J ,

where s1 : J → J1. Then

g′(s) = g′1(s1(s))s
′
1(s), s ∈ J .

Hence,

󵄨󵄨󵄨󵄨s
′
1(s)
󵄨󵄨󵄨󵄨 = 1

and

s′1(s) = ±1, s ∈ J .

Therefore

s1(s) = ±s + s0,

for some constant s0 ∈ ℝ. Then

s′′1 (s) = 0, s ∈ J ,

and

g′′(s) = g′′1 (s1(s))(s
′
1(s))

2
+ g′(s1(s))s

′′
1 (s)

= g′′1 (s1(s))(s
′
1(s))

2

= g′′1 (s1(s)), s ∈ J .

This completes the proof.

Definition 1.16. The vector

k(t) = g′′(s(t))

is called the curvature vector of the curve f = f (t) in ℝn at the point t and

κ(t) = 󵄨󵄨󵄨󵄨g
′′(s(t))󵄨󵄨󵄨󵄨

is called the curvature of f at the point t.

Assume that n = 3. We have

f ′(t) = g′(s(t))s′(t), t ∈ I ,
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and

s′(t) = 󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨, t ∈ I .

Therefore,

g′(s(t)) = 1
s′(t)

f ′(t)

=
1
|f ′(t)|

f ′(t), t ∈ I .

Furthermore,

s′′(t) = 󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨
′
(t)

=
d((f ′(t) ⋅ f ′(t))

1
2 )

dt

=
f ′(t) ⋅ f ′′(t)
|f ′(t)|

, t ∈ I .

Therefore,

f ′′(t) = g′′(s(t))(s′(t))2 + g′(s(t))s′′(t), t ∈ I ,

from where

g′′(s(t))(s′(t))2 = f ′′(t) − (f
′(t) ⋅ f ′′(t))
|f ′(t)|2

f ′(t), t ∈ I ,

or

g′′(s(t))󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨

2
= f ′′(t) − (f

′(t) ⋅ f ′′(t))
|f ′(t)|2

f ′(t), t ∈ I ,

or

g′′(s(t)) = f ′′(t)
|f ′(t)|2
−
(f ′(t) ⋅ f ′′(t))f ′(t)
|f ′(t)|4

, t ∈ I .

Consequently,

k(t) = f ′′(t)
|f ′(t)|2
−
(f ′(t) ⋅ f ′′(t))f ′(t)
|f ′(t)|4

, t ∈ I ,

and
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κ(t) = 󵄨󵄨󵄨󵄨k(t)
󵄨󵄨󵄨󵄨

=
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

f ′′(t)
|f ′(t)|2
−
(f ′(t) ⋅ f ′′(t))f ′(t)
|f ′(t)|4

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

=
1
|f ′(t)|4
󵄨󵄨󵄨󵄨f
′′(t)󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨

2
− (f ′(t) ⋅ f ′′(t))f ′(t)󵄨󵄨󵄨󵄨

=
1
|f ′(t)|3
√(f ′′(t) ⋅ f ′′(t))(f ′(t) ⋅ f ′(t)) − (f ′(t) ⋅ f ′′(t))2

=
|f ′(t) × f ′′(t)|
|f ′(t)|3

, t ∈ I .

This formula is also valid for n = 2.

Example 1.37. Consider the curve

f (t) = (t, sin t), t ∈ ℝ.

We will find its curvature. Here

f1(t) = t,
f2(t) = sin t, t ∈ ℝ.

Then

f ′1 (t) = 1,
f ′2 (t) = cos t, t ∈ ℝ,

and

f ′′1 (t) = 0,
f ′′2 (t) = − sin t, t ∈ ℝ.

Hence,

f ′(t) = (f ′1 (t), f
′
2 (t))

= (1, cos t), t ∈ ℝ,

and

f ′′(t) = (f ′′1 (t), f
′′
2 (t))

= (0, − sin t), t ∈ ℝ.

Then
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󵄨󵄨󵄨󵄨f
′(t) × f ′′(t)󵄨󵄨󵄨󵄨 = | sin t|,
󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨 = ((f

′
1 (t))

2
+ (f ′2 (t))

2
)
1
2

= (1 + (cos t)2)
1
2 , t ∈ ℝ.

Thus

κ(t) = | sin t|
(1 + (cos t)2)

3
2

, t ∈ ℝ.

Example 1.38. We will find the curvature of the following curve:

f (t) = (a cosh t, a sinh t, at), t ∈ ℝ,

where a ∈ ℝ is a parameter, a ̸= 0. Here

f1(t) = a cosh t,

f2(t) = a sinh t,

f3(t) = at, t ∈ ℝ.

Then

f ′1 (t) = a sinh t,

f ′2 (t) = a cosh t,

f ′3 (t) = a, t ∈ ℝ,

and

f ′′1 (t) = a cosh t,

f ′′2 (t) = a sinh t,

f ′′3 (t) = 0, t ∈ ℝ.

Hence,

f ′(t) = (f ′1 (t), f
′
2 (t), f

′
3 (t))

= (a sinh t, a cosh t, a),

f ′′(t) = (f ′′1 (t), f
′′
2 (t), f

′′
3 (t))

= (a cosh t, a sinh t, 0), t ∈ ℝ,

f ′(t) × f ′′(t) = (−a2 sinh t, a2 cosh t, −a2), t ∈ ℝ,

and
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󵄨󵄨󵄨󵄨f
′(t) × f ′′(t)󵄨󵄨󵄨󵄨 = √(−a2 sinh t)

2
+ (a2 cosh t)2 + (−a2)2

= a2√1 + (sinh t)2 + (cosh t)2

= a2√1 + cosh(2t),
󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨 = √(a sinh t)2 + (a cosh t)2 + a2

= |a|√1 + (sinh t)2 + (cosh t)2

= |a|√1 + cosh(2t), t ∈ ℝ.

Therefore

κ(t) = |f
′(t) × f ′′(t)|
|f ′(t)|3

=
a2√1 + cosh(2t)
|a|3(1 + cosh(2t))

3
2

=
1

|a|(1 + cosh(2t))
, t ∈ ℝ.

Exercise 1.17. Find the curvature of the following curves:
1.

f (t) = (t2, t3), t ∈ ℝ.

2. f (t) = (a cos t, b sin t), t ∈ ℝ,

where a, b ∈ ℝ such that a2 + b2 ̸= 0.
3.

f (t) = (a cosh t, b sinh t), t ∈ ℝ,

where a, b ∈ ℝ such that a2 + b2 ̸= 0.
4.

f (t) = (a cos t, a sin t, bt), t ∈ ℝ,

where a, b ∈ ℝ such that a2 + b2 ̸= 0.
5.

f (t) = (t cos t, t sin t, at), t ∈ ℝ,

where a ∈ ℝ is a parameter, a ̸= 0.

Answer 1.6. 1.
κ(t) = 6

t(4 + 9t2)
3
2

, t ∈ ℝ.

2. κ(t) = ab
(a2(sin t)2 + b2(cos t)2)

3
2

, t ∈ ℝ.
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3. κ(t) = ab
(a2(sinh t)2 + b2(cosh t)2)

3
2

, t ∈ ℝ.

4. κ(t) = |a|
a2 + b2
, t ∈ ℝ.

5.
κ(t) =

√2 + t2

2 + a2 + t2
, t ∈ ℝ.

1.6 The Frenet frame, Frenet formulae, and the torsion

Suppose that (I , f ), f : ℝ → ℝ3 is a biregular curve.

Definition 1.17. The Frenet frame or themoving frame at the point t0 is an orthonormal
frame inℝ3with the origin at the point f (t0) and the coordinate vectors {t(t0),n(t0),b(t0)},
where
1.

t(t0) =
1
|f ′(t0)|

f ′(t0),

which is called the unit tangent at t0;
2.

n(t0) =
1
|k(t0)|

k(t0),

which is called the unit principal normal at t0;
3.

b(t0) = t(t0) × n(t0),

which is called the binormal at t0.

For a naturally parameterized curve (J , g), we have

t(s0) = g
′(s0),

n(s0) =
1
|g′′(s0)|

g′′(s0),

b(s0) =
1
|g′′(s0)|

g′(s0) × g
′′(s0).

We have

t(t) = 1
|f ′(t)|

f ′(t), t ∈ I ,

k(t) = 1
|f ′(t)|2

f ′′(t) − f
′(t) ⋅ f ′′(t)
|f ′(t)|4

f ′(t), t ∈ I ,
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and

k(t) = |f
′(t) × f ′′(t)|
|f ′(t)|3

, t ∈ I .

Hence,

n(t) = 1
k(t)

k(t)

=
|f ′(t)|
|f ′ × f ′′(t)|

f ′′(t) − f ′(t) ⋅ f ′′(t)
|f ′(t) × f ′′(t)||f ′(t)|

f ′(t), t ∈ I ,

and

b(t) = t(t) × n(t)

=
1

|f ′(t) × f ′′(t)|
f ′(t) × f ′′(t), t ∈ I

Next,

b(t) × t(t) = (t(t) × n(t)) × t(t)
= (t(t) ⋅ t(t))n(t) − (n(t) ⋅ t(t))t(t)
= n(t), t ∈ I .

Example 1.39. Consider the curve given in Example 1.38. Using the computations there,
we get

t(t) = 1
|a|√1 + cosh(2t)

(a sinh t, a cosh t, a)

=
sign(a)
√1 + cosh(2t)

(sinh t, cosh t, 1), t ∈ ℝ,

and

f ′(t) ⋅ f ′′(t) = a2 sinh t cosh t + a2 sinh t cosh t

= 2a2 sinh t cosh t

= a2 sinh(2t), t ∈ ℝ.

Then

k(t) = 1
a2(1 + cosh(2t))

(a cosh t, a sinh t, 0)

−
a2 sinh(2t)

a4(1 + cosh(2t))2
(a sinh t, a cosh t, a)

=
1

a(1 + cosh(2t))
(cosh t, sinh t, 0) − sinh(2t)

a(1 + cosh(2t))2
(sinh t, cosh t, 1)
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=
1

a(1 + cosh(2t))2
((1 + cosh(2t)) cosh t − sinh(2t) sinh t,

(1 + cosh(2t)) sinh t − sinh(2t) cosh t, − sinh(2t))

=
1

a(1 + cosh(2t))2
(cosh t + cosh t, sinh t − sinh t, − sinh(2t))

=
1

a(1 + cosh(2t))2
(2 cosh t, 0, − sinh(2t)), t ∈ ℝ,

n(t) = |a|(1 + cosh(2t)) ⋅ 1
a(1 + cosh(2t))2

(2 cosh t, 0, − sinh(2t))

=
sign(a)

1 + cosh(2t)
(2 cosh t, 0, − sinh(2t)), t ∈ ℝ,

and

b(t) = 1
(1 + cosh(2t))

3
2

(− cosh t sinh(2t), 2 cosh t + sinh t sinh(2t), −2(cosh t)2)

=
1

(1 + cosh(2t))
3
2

(− cosh t sinh(2t), 2 cosh t(1 + (sinh t)2), −2(cosh t)2)

= −
cosh t

(1 + cosh(2t))
3
2

(sinh(2t), 2(cosh t)2, −2 cosh t), t ∈ ℝ.

Definition 1.18. An orientation of a regular curve C ⊂ ℝ3 is a family of local parameter-
izations {(Iα, fα)}α∈A such that
1. C = ⋃α∈A fα(Iα),
2. for any connected component Cbαβ of

Cαβ = fα(Iα) ∩ fβ(Iβ), α, β ∈ A,

the parameterized curves (Ibα , f
b
α ) and (I

b
β , f

b
β ), with

Ibα = f
−1
α (C

b
αβ),

f bα = fα|Ibα ,

Ibβ = f
−1
β (C

b
αβ),

f bβ = fβ|Ibβ ,

are positively equivalent.

Definition 1.19. A regular curveC ⊂ ℝ3with an orientation is called an oriented regular
curve.

Definition 1.20. A local parameterization (I , f ) of an oriented regular curve C is called
compatible with the orientation defined by the family {(Iα, fα)}α∈A if on the intersections
f (I) ∩ fα(Iα) the parameterized curves (I , f ) and (Iα, fα) are positively oriented.
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Definition 1.21. The Frenet frame of an oriented biregular curve C at a point x ∈ C is the
Frenet frame of a biregular parameterized curve f = f (t) at t0, where f = f (t) is a local
parameterization of the curve C, compatible with the orientation such that f (t0) = x.

Let (I , f ) be a biregular curve. Let also {t,n,b} be the Frenet frame. Then

t(t) = f ′(t)
|f ′(t)|
, t ∈ I ,

and

t′(t) =
f ′′(t)|f ′(t)| − f ′(t)( f

′(t)⋅f ′′(t)
|f ′(t)| )

|f ′(t)|2

=
f ′′(t)|f ′(t)|2 − f ′(t)(f ′(t) ⋅ f ′′(t))

|f ′(t)|3

= 󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨(
|f ′(t) × f ′′(t)|
|f ′(t)|3

)(
|f ′(t)|
|f ′(t) × f ′′(t)|

f ′′(t) − f ′(t) ⋅ f ′′(t)
|f ′(t)||f ′(t) × f ′′(t)|

f ′(t))

= 󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨k(t)n(t), t ∈ I .

Furthermore,

b(t) = t(t) × n(t), t ∈ I ,

whereupon

b′(t) = t′(t) × n(t) + t(t) × n′(t)
= 󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨k(t)(n(t) × n(t)) + t(t) × n

′(t)
= t(t) × n′(t), t ∈ I .

Therefore

b′(t) ⊥ t(t), t ∈ I ,

and from the equality

󵄨󵄨󵄨󵄨b(t)
󵄨󵄨󵄨󵄨
2
= 1, t ∈ I ,

we get

b′(t) ⋅ b(t) = 0, t ∈ I ,

and then

b′(t) ⊥ b(t), t ∈ I .
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Therefore, b′(t), t ∈ I , is collinear with

b(t) × t(t), t ∈ I ,

or b′(t), t ∈ I , is collinear with n(t), t ∈ I . We can write

b′(t) = −󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨τ(t)n(t), t ∈ I .

From the equation

n(t) = b(t) × t(t), t ∈ I ,

we find

n′(t) = b′(t) × t(t) + b(t) × t′(t)
= (−󵄨󵄨󵄨󵄨f

′(t)󵄨󵄨󵄨󵄨τ(t)n(t)) × t(t) + b(t) × (
󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨κ(t)n(t))

= −󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨τ(t)(n(t) × t(t)) +

󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨κ(t)(b(t) × n(t))

= 󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨τ(t)b(t) −

󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨τ(t)t(t)

= 󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨(−κ(t)t(t) + τ(t)b(t)), t ∈ I .

Therefore

t′(t) = 󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨κ(t)n(t),

b′(t) = −󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨τ(t)n(t),

n′(t) = 󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨(−κ(t)t(t) + τ(t)b(t)), t ∈ I .

(1.7)

Definition 1.22. The formulae (1.7) is called Frenet formulae.

Definition 1.23. The quantity τ(t), t ∈ I , is called torsion or the second curvature.

Now, we will deal with a naturally parameterized curve (J , g = g(s)). Then the
Frenet formulae take the form

t′(s) = κ(s)n(s),
b′(s) = −τ(s)n(s),
n′(s) = −κ(s)t(s) + τ(s)b(s), s ∈ J .

The Frenet frame is as follows:

t = g′,
n = (1/κ)g′′,
b = (1/κ)(g′ × g′′).

(1.8)

Then
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b′(s) ⋅ n(s) = (−τ(s)n(s)) ⋅ n(s)
= −τ(s)(n(s) ⋅ n(s))
= −τ(s), s ∈ J .

Using the third equation of (1.8), we find

b′(s) = ( 1
κ(s)
)
′

(g′(s) × g′′(s)) + 1
κ(s)
(g′′(s) × g′′(s)) + 1

κ(s)
(g′(s) × g′′′(s))

= (
1

κ(s)
)
′

(g′(s) × g′′(s)) + 1
κ(s)
(g′(s) × g′′′(s)), s ∈ J .

Hence,

−τ(s) = b′(s) ⋅ n(s)

= (
1

κ(s)
)
′

(g′(s) × g′′(s) ⋅ n(s))

+ (
1

κ(s)
)(g′(s) × g′′′(s) ⋅ n(s))

= (
1

κ(s)
)(g′(s) × g′′′(s) ⋅ n(s))

= (
1

κ(s)
)
2

((g′(s) × g′′′(s)) ⋅ g′′(s))

= −(
1

κ(s)
)
2

((g′′′(s) × g′(s)) ⋅ g′′(s))

= −(
1

κ(s)
)
2

(g′′′(s) ⋅ (g′(s) × g′′(s)))

= −(
1

κ(s)
)
2

((g′(s) × g′′(s)) ⋅ g′′(s)), s ∈ J .

Therefore,

τ(s) = ( 1
κ(s)
)
2

((g′(s) × g′′(s)) ⋅ g′′′(s)), s ∈ J .

Exercise 1.18. Let (I , f = f (t)) and (J , g = g(s)) be two positively oriented equivalent
parametric curves with the parameter change s : I → J , s′ > 0 on I . Prove that they
have the same torsion at the corresponding points t and s(t).

Solution. Let {t,n,b} and {t1,n1,b1} be the Frenet frames for (I , f ) and (J , g), respec-
tively. Then

b1(s(t)) = b(t),
n1(s(t)) = n(t),
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f ′(t) = g′(s(t))s′(t), t ∈ I .

From the second equation of the Frenet formulae, we find

b′(t) ⋅ n(t) = −󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨τ(t), t ∈ I .

Hence,

τ(t) = −( 1
|f ′(t)|
)(b′(t) ⋅ n(t))

= −
1

|g′(s(t))|s′(t)
((b′1(s(t))s

′(t)) ⋅ n(t))

= −(
1
|g′(s(t))|

)(b′1(s(t)) ⋅ n1(s(t)))

= −(b′1(s(t)) ⋅ n1(s(t)))
= τ1(s(t)), t ∈ I .

This completes the proof.

Now, suppose that (I , f ) and (J , g) are equivalent with the parameter change s : I →
J , s′ > 0 on I . Then

f (t) = g(s(t)),

f ′(t) = g′(s(t))s′(t),

f ′′(t) = g′′(s(t))(s′(t))2 + g′(s(t))s′′(t),

f ′′′(t) = g′′′(s(t))(s′(t))3 + 2g′′(s(t))s′(t)s′′(t)

+ g′′(s(t))s′(t)s′′(t) + g′(s(t))s′′′(t)

= g′′′(s(t))(s′(t))3 + 3g′′(s(t))s′(t)s′′(t) + g′(s(t))s′′′(t), t ∈ I .

Hence,

(f ′(t) × f ′′(t)) ⋅ f ′′′(t)

= (((g′(s(t))s′(t)) × (g′′(s(t))(s′(t))2 + g′(s(t))s′′(t)))

⋅ (g′′′(s(t))(s′(t))3 + 3g′′(s(t))s′(t)s′′(t) + g′(s(t))s′′′(t)))

= (s′(t))3((g′(s(t)) × g′′(s(t)))

⋅ (g′′′(s(t))(s′(t))3 + 3g′′(s(t))s′(t)s′′(t) + g′(s(t))s′′′(t)))

= (s′(t))6((g′(s(t)) × g′′(s(t))) ⋅ g′′′(s(t)))

= (s′(t))6(κ(s(t)))2τ(s(t))
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= (s′(t))6 |f
′(t) × f ′′(t)|2

|f ′(t)|6
τ(t)

= 󵄨󵄨󵄨󵄨f
′(t) × f ′′(t)󵄨󵄨󵄨󵄨

2τ(t), t ∈ I ,

whereupon

τ(t) = (f
′(t) × f ′′(t)) ⋅ f ′′′(t)
|f ′(t) × f ′′(t)|2

, t ∈ I .

Example 1.40. Consider the curve in Example 1.38. Using the computations in Exam-
ples 1.38 and 1.39, we get

f ′′′(t) = (a sinh t, a cosh t, 0), t ∈ ℝ,

and

(f ′(t) × f ′′(t)) ⋅ f ′′′(t) = −a3(sinh t)2 + a3(cosh t)2

= a3((cosh t)3 − (sinh t)3)

= a3, t ∈ ℝ.

Then

τ(t) = a3

(a2√1 + cosh(2t))2

=
1

a(1 + cosh(2t))
, t ∈ ℝ.

Exercise 1.19. Let

d = 󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨(τt + κb).

Prove that the Frenet formulae can be written in the form:

t′ = d × t,
n′ = d × n,
b′ = d × b.

Solution. We have

d × t = 󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨(τt + κb) × t
= 󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨(κ(b × t))
= 󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨(κn)
= t′,
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d × n = (󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨(τt + κb)) × n

= 󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨τ(t × n) +

󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨κ(b × n)

= 󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨τb −
󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨κt

= n′,

and

d × b = (󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨(τt + κb)) × b

= (󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨τ)(t × b) + (

󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨κ)(b × b)

= −(󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨τ)n

= b′.

This completes the proof.

Definition 1.24. The vector d is called Darboux vector.

Exercise 1.20. Prove that the support of a biregular curve lies in a plane if and only if
its torsion vanishes identically.

Solution. Let (I , f ) be a biregular curve.
1. Suppose that (I , f ) lies in a plane Π, i. e., f (I) ⊂ Π. Then f ′ and f ′′ are parallel to this

plane. Thus, Π is the osculating plane and then

b(t) = const, t ∈ I .

Hence,

0 = b′(t)
= −󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨 ⋅ τ(t) ⋅ n(t), t ∈ I .

Therefore,

τ(t) = 0, t ∈ I .

2. Let

τ(t) = 0, t ∈ I .

Then, by the Frenet formulae, it follows that b(t) = const = b0, t ∈ I . On the other
hand,

b(t) = t(t) × n(t), t ∈ I .

Hence, f ′(t) ⊥ b0, t ∈ I , and then
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0 = f ′(t) ⋅ b0, t ∈ I .

Therefore,

(f (t) ⋅ b0)
′
(t) = 0

and

(f (t) − f (t0)) ⋅ b0 = 0.

Thus, the support of (I , f = f (t)) is contained in a plane that is perpendicular to b0.
This completes the proof.

Exercise 1.21. Let (I , f = f (s)) be a naturally parameterized curve with constant curva-
ture κ0 > 0 and let its torsion be 0. Prove that the support of f lies on a circle of radius
1/κ0.

Solution. Since the torsion of the curve f is 0, we have that the curve f is a plane curve.
Introduce

f1 = f +
1
κ0
n.

Hence,

f ′1 = f
′ +

1
κ0
n′

= t + 1
κ0
(−κ0t)

= t − t
= 0 on I .

Thus, f1 is a constant vector c and

f − c = − 1
κ0
t,

so that

|f − c| = 1
κ0
|t|

=
1
κ0
.

This completes the proof.
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Exercise 1.22. Let the support of the naturally parameterized curve (I , f = f (s)) lie on a
sphere with center (0, 0, 0) and radius a > 0. Prove that

κ ≥ 1
a
.

Solution. We have

|f |2 = a2,

whereupon

f ⋅ f ′ = 0,

or

f ⋅ t = 0.

We differentiate the latter equation and find

0 = f ′ ⋅ t + f ⋅ t′

= t ⋅ t + f ⋅ t′

= 1 + f ⋅ (κn)

whereupon

−1 = κ(f ⋅ n).

Note that

|f ⋅ n| ≤ |f ||n| = a.

Therefore,

κ = 1
|f ⋅ n|
≥
1
a
.

This completes the proof.

1.7 Advanced practical problems

Problem 1.1. Prove that the following curves are regular:
1. for n = 3, [a, b] = [0, 10],

f (t) = (1 + t + t2, t3, t), t ∈ [0, 10];
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2. (catenary) n = 2, [a, b] = ℝ,

f (t) = (t, cosh t), t ∈ ℝ;

3. for n = 4, [a, b] = [−1, 1],

f (t) = ( 1
2 + t
, t2, t3, 1 + t + t2), t ∈ [−1, 1];

4. for n = 5, [a, b] = [−2, 4],

f (t) = (et , cos t, sin t, t2 + t, 1 − t), t ∈ [−2, 4];

5. for n = 2, [a, b] = [0, 1],

f (t) = (t2, 1 + t + t2 + t3 + t4), t ∈ [0, 1].

Problem 1.2. Prove that the following curves are equivalent:
1. (shortened cycloid)

f (t) = (at − d sin t, a − d cos t), t ∈ [π
4
,
π
2
],

and

g(s) = (a arcsin s − ds, a − d√1 − s2), s ∈ [
√2
2
, 1].

2. (lengthened cycloid)

f (t) = (at − d sin t, a − d cos t), t ∈ [π
4
,
π
2
],

and

g(t) = (as3 + a − d sin(s3 + 1), a − d cos(s3 + 1)), s ∈ [ 3√1 − π
4
, 3√1 − π

2
].

3. (epicycloid)

f (t) = ((R + r) cos( r
R
t) − r cos(R + r

r
t),

(R + r) sin( r
R
t) − r sin(R + r

r
t)), t ∈ [π

4
,
π
2
],

and
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g(s) = ((R + s) cos( r
R
s2) − r cos(R + r

r
s2),

(R + r) sin( r
R
s2) − r sin(R + r

r
s2)), s ∈ [

√π
2
, √

π
2
].

Hint 1.7. Use the following functions:
1. t = ϕ(s) = arcsin s, s ∈ [√22 , 1];
2. t = ϕ(s) = s3 + 1, s ∈ [ 3√1 − π

4 ,
3√1 − π

2 ];

3. t = ϕ(s) = s2, s ∈ [√π2 , √
π
2 ].

Problem 1.3. Let c > 0 be a constant. Find the arc length functions of the following
curves:
1.

f (t) = (t, c cosh( t
c
)), t ∈ [a, b];

2. f (t) = (c(cos t + t sin t), c(sin t − t cos t)), t ∈ [a, b];

3.
f (t) = (c(log(tan( t

2
)) + cos t), c sin t), t ∈ [a, b];

Answer 1.8. 1.
Lf (t, a) =

et/c − e−t/c − ea/c + e−a/c

2
, t ∈ [a, b];

2. Lf (t, a) =
c
2
(t2 − a2), t ∈ [a, b];

3. Lf (t, a) = c(log(sin t) − log(sin a)), t ∈ [a, b].

Problem 1.4. Find Lf (b, a), where
1.

f (t) = (t, log(cos t)), t ∈ [0, π
3
];

2.
f (t) = (t, 1

4
t2 − 1

2
log t), t ∈ [1, 4];

3.
f (t) = (t − 1

2
sinh(2t), 2 cosh t), t ∈ [0, 2];

4. f (t) = (8ct3, 3c(2t2 − t4)), t ∈ [0, √2],

where c > 0 is a given constant.

Answer 1.9. 1. log(2 + √3);
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2. 15
4 +

1
2 log 2;

3. 1
2 (cosh 4 − 1);

4. 24c.

Problem 1.5. Prove that the curves in Problem 1.3 are not naturally parameterized.

Problem 1.6. Find the equation of the tangent line at the corresponding points of the
following curves:
1.

f (t) = (t3 − 2t, t2 + 1), t ∈ ℝ, t = 1.

2. f (t) = (a(cos t)3, a(sin t)3), t ∈ ℝ;

3. f (t) = (a(t − sin t), a(t − cos t)), t ∈ ℝ;

4.
f (t) = (t + 1

2
t2 − 1

4
t4, 1

2
t2 + 1

3
t3), t ∈ ℝ, t = 0;

5. f (t) = (a cos t, b sin t), t ∈ ℝ;

6.
f (t) = (a

2
(t + 1

t
),
b
2
(t − 1

t
)), t ̸= 0, t ∈ ℝ;

7. f (t) = (et cos t, et sin t, et), t ∈ ℝ, t = 0;

Answer 1.10. 1.
2F1(λ) − F2(λ) + 4 = 0, λ ∈ ℝ;

2. 2F1(λ) sin t + 2F2(λ) cos t − a sin(2t) = 0, λ, t ∈ ℝ;

3. F2(λ) = 2a, t = (2k + 1)π, k ∈ ℤ, λ ∈ ℝ,

and

F1(λ) − F2(λ) tan(
t
2
) + a(2 tan( t

2
) − t) = 0, λ ∈ ℝ,

t ̸= (2k + 1)π, k ∈ ℤ;
4.

F2(λ) = 0, λ ∈ ℝ;

5. b cos tF1(λ) + a sin tF2(λ) − ab = 0, t, λ ∈ ℝ;
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6. b
2
(1 + 1

t2
)F1(λ) −

a
2
(1 − 1

t2
)F2(λ) −

ab
t
= 0, t, λ ∈ ℝ;

7. F1(λ) + F3(λ) − 2F2(λ) − 2 = 0, λ ∈ ℝ.

Problem 1.7. Find the equation of the normal plane at t = 1 for the following curve:

f (t) = (t, t2, t3), t ∈ ℝ.

Answer 1.11.
x + 2y + 3z − 6 = 0.

Problem 1.8. Prove that following curves are biregular:
1. f (t) = (et , e2t , e3t), t ∈ [2, 4];
2. f (t) = (e−t , e−2t , e−7t), t ∈ [1, 3];
3. f (t) = (t + 7, 2t, t2), t ∈ [1, 8].

Problem 1.9. Find the osculating plane at an arbitrary point for the following curve
t0 ∈ ℝ:

f (t) = (t, t2, t3), t ∈ ℝ.

Answer 1.12.
3t20x − 3t0y + z − t

3
0 = 0, t0 ∈ ℝ.

Problem 1.10. Find the curvature of the following curves:
1.

f (t) = (a(t − sin t), a(1 − cos t)), t ∈ ℝ,

where a ∈ ℝ is a parameter, a ̸= 0;
2.

f (t) = (2 cos t − cos(2t), 2 sin t − sin(2t)), t ∈ ℝ;

3. f (t) = (a(cos t)3, a(sin t)3), t ∈ ℝ,

where a ∈ ℝ is a parameter, a ̸= 0;
4.

f (t) = (a(cos t + t sin t), a(sin t − t cos t)), t ∈ ℝ,

where a ∈ ℝ is a real parameter, a ̸= 0;
5.

f (t) = (et , e−t , t√2), t ∈ ℝ;

6. f (t) = (2t, log t, t2), t ∈ ℝ, t > 0;
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7. f (t) = ((cos t)3, (sin t)3, cos(2t)), t ∈ ℝ.

Answer 1.13. 1.
κ(t) = 1

4a| sin( t2 )|
, t ∈ ℝ;

2. κ(t) = 3
16| sin( t2 )|

, t ∈ ℝ;

3. κ(t) = 2
3|a sin(2t)|

, t ∈ ℝ;

4. κ(t) = 1
|at|
, t ∈ ℝ;

5.
κ(t) =

√2
(et + e−t)2

, t ∈ ℝ;

6. κ(t) = 2t
(1 + 2t2)3

, t ∈ ℝ, t > 0;

7. κ(t) = 3
25 sin t cos t

, t ∈ ℝ.

Problem 1.11. Find the torsion of the curves 5, 6, and 7 in Problem 1.10.

Answer 1.14. 1.
τ(t) = −

√2
(et + e−t)2

, t ∈ ℝ;

2. τ(t) = − 2t
(1 + 2t2)2

, t ∈ ℝ;

3. τ(t) = 4
25 sin t cos t

, t ∈ ℝ.

Problem 1.12. Prove that for the following curves the curvature and torsion are equal:
1.

f (t) = (a cosh t, a sinh t, at), t ∈ ℝ;

2. f (t) = (3t − t3, 3t2, 3t + t3), t ∈ ℝ.

Problem 1.13. Find the values of the parameters a and b so that for the curve

f (t) = (a cosh t, a sinh t, bt), t ∈ ℝ,

the curvature and torsion are equal.
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Answer 1.15. a = b.

Problem 1.14. Find the points on the curve

f (t) = ((cos t)3, (sin t)3, cos(2t)), t ∈ ℝ,

at which the curvature and torsion are equal.

Answer 1.16.

t = π
4
+ kπ, k ∈ ℤ.

Definition 1.25. A parameterized curve (I , f ) is said to be a general helix if its tangents
make a constant angle with a fixed vector in ℝ3.

Problem 1.15 (Lancret theorem). Prove that a space curve (I , f )with the curvature κ > 0
is a general helix if and only if the ratio of its torsion and curvature is a constant.

Solution. Without loss of generality, suppose that (I , f ) is a naturally parameterized
curve.
1. Let (I , f ) be a general helix and v⃗ be a fixed direction that makes a constant angle

with its tangents. Then

t ⋅ v⃗ = cos α0 = const.

Hence, differentiating we arrive at

t′ ⋅ v⃗ = 0,

whereupon

κ(n ⋅ v⃗) = 0.

Since κ > 0, we find

n ⋅ v⃗ = 0. (1.9)

Thus, v⃗ ⊥ n and

b ⋅ v⃗ = sin α0.

Now, we differentiate equation (1.9) and obtain

0 = n′ ⋅ v⃗
= (−κt + τb) ⋅ v⃗
= −κ(t ⋅ v⃗) + τ(b ⋅ v⃗)
= −κ cos α0 + τ sin α0,
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from where

τ
κ
=
cos α0
sin α0
= cot α0
= const.

2. Let

τ
κ
= c0,

where c0 is a constant. Then

τ = c0κ,

or

c0κ − τ = 0.

Hence,

0 = (c0κ − τ)n
= c0(κn) − τn
= c0t
′ + b′,

whereupon, after integrating,

c0t + b = w⃗, 0 ̸= w⃗ ∈ ℝ3.

Let

v⃗ = 1
|w⃗|

w⃗.

Then

v⃗ = 1
|c0t + b|

(c0t + b)

=
1
(1 + c20)

1
2

(c0t + b).

Hence,

v⃗ ⋅ t = c0
(1 + c20)

1
2

.
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Thus, v⃗ and t make a constant angle. Therefore (I , f ) is a general helix. This com-
pletes the proof.

Definition 1.26. The curves that have the same principal normals are said to be Ber-
trand curves. Usually, for a Bertrand curve there is only one curve having the same
principal normals. The two curves are said to be Bertrandmates, or associated Bertrand
curves, or conjugated Bertrand curves. If a Bertrand curve hasmore than onemate, then
it has infinitely many, and the curve and its Bertrand mates are said to be a circular
cylindrical helix.

Let f1 and f2 be Bertrand mates and f1 be naturally parameterized with the param-
eter change s. Then f2 depends on s and we assume that f2(s) and f1(s) have the same
principal normals. Both points will be called corresponding points.

Exercise 1.23 (Shell theorem). Suppose that f1 and f2 are two associated Bertrand curves
and f1 is naturally parameterized with the parameter change s. Prove that the angle of
the tangents at the corresponding points is a constant.

Solution. Let I ⊆ ℝ be the range of s. Let also {t1,n1,b1} and {t2,n2,b2} be the Frenet
frames of f1 and f2, respectively. Then

f2(s) = f1(s) + a(s)n1(s), s ∈ I , (1.10)

for some a ∈ 𝒞1(I). For the principal normals n1 and n2, we have the relations

n2(s) = ±n1(s), s ∈ I . (1.11)

We differentiate equation (1.10) with respect to s and find

df2
ds
(s) = df1

ds
(s)da

ds
(s)n1(s) + a(s)

dn1
ds
(s)

= t1(s) +
da
ds
(s)n1(s) + a(s)(−κ1(s)t1(s) + τ1(s)b1(s))

= (1 − a(s)κ1(s))t1(s) +
da
ds
(s)n1(s) + a(s)τ1(s)b1(s), s ∈ I .

Since

df2
ds
(s), s ∈ I ,

is a tangent vector to f2 and s ∈ I , it is perpendicular to n1(s) and n2(s), s ∈ I . Hence
using the latter equation, we find

0 = df2
ds
(s) ⋅ n1(s)

=
da
ds
(s), s ∈ I .
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Therefore, a is a constant on I and (1.10) can be written in the form

f2(s) = f1(s) + an1(s), s ∈ I , (1.12)

and

df2
ds
(s) = (1 − aκ1(s))t1(s) + aτ1(s)b1(s), s ∈ I . (1.13)

Let now s2 be the arc length parameter of f2. Then

t2(s) =
df2
ds2
(s)

=
df2
ds
(s) ds

ds2
(s)

= (1 − aκ1(s))t1(s)
ds
ds2
(s) + aτ1(s)b1(s)

ds
ds2
(s), s ∈ I .

(1.14)

Let

w(s) = ∠(t1(s), t2(s)), s ∈ I .

Then

t1(s) ⋅ t2(s) = cosw(s), s ∈ I .

Hence,

t2(s) = cosw(s)t1(s) + sinw(s)b1(s), s ∈ I , (1.15)

and

b2(s) = ε(− sinw(s)t1(s) + cosw(s)b1(s)), s ∈ I ,

where ε = ±1. We differentiate with respect to s equation (1.15) and find

dt2
ds
(s) = − sinw(s)dw

ds
(s)t1(s) + cosw(s)

dt1
ds

+ cosw(s)dw
ds
(s)b1(s) + sinw(s)

db1
ds
(s)

= − sinw(s)dw
ds
(s)t1(s) + cosw(s)κ1(s)n1(s)

+ cosw(s)dw
ds
(s)b1(s) − sinw(s)τ1(s)n1(s), s ∈ I .

Since
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dt2
ds
(s) = dt2

ds2
(s2)

ds2
ds
(s),

= κ2n2
ds2
ds
(s), s ∈ I ,

we have that

dt2
ds
(s), s ∈ I ,

is collinear with n2(s), s ∈ I . Therefore

0 = dt2
ds
(s) ⋅ t1(s),

0 = dt2
ds
(s) ⋅ b1(s), s ∈ I ,

and then

dw
ds
(s) = 0, s ∈ I .

Thus, w is a constant on I . This completes the solution.

Problem 1.16 (Bertrand theorem). Let f1 be a naturally parameterized curve on I with
parameter change s. Prove that f1 is a Bertrand curve if and only if its torsion and cur-
vature satisfy

aκ1(s) + bτ1(s) = 1, s ∈ I , (1.16)

where a and b are constants.

Solution. We will use the notations used in the solution of Exercise 1.23.
1. Let f1 and f2 be Bertrand mates. Thus, from (1.14) and (1.15), we find

cosw = (1 − aκ1(s))
ds
ds2
(s),

sinw = aτ1(s)
ds
ds2
(s), s ∈ I ,

whereupon

cotw = 1 − aκ1(s)
aτ1(s)

, s ∈ I ,

or

(aτ1(s)) cotw = 1 − aκ1(s), s ∈ I .

Let
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b = a cotw.

Hence,

aκ1(s) + bτ1(s) = 1, s ∈ I ,

i. e., we get (1.16).
2. Suppose that (1.16) holds. Then

df2
ds
(s) = (1 − aκ1(s))t1(s) + aτ1(s)b1(s), s ∈ I .

Therefore,

df2
ds
(s) ⋅ df2

ds
(s) = (τ1(s))

2
(a2 + b2), s ∈ I .

Note that

df2
ds
(s) ⋅ df2

ds
(s) = ( df2

ds2
(s)ds2

ds
(s)) ⋅ (df2

ds
(s)ds2

ds
(s))

= (
ds2
ds
(s))

2

=
1
( dsds2 (s))

2
, s ∈ I .

Consequently,

1 = (τ1(s))
2
(
ds
ds2
(s))

2

(a2 + b2), s ∈ I .

From here, we conclude that

τ1(s)
ds
ds2
(s) = const, s ∈ I .

As above,

(1 − aκ1(s))
ds
ds2
(s) = const, s ∈ I .

Now, we differentiate equation (1.14) with respect to the parameter change s and
find

κ2(s)n2(s) =
dt2
ds
(s)

= (1 − aκ1(s))
ds
ds2
(s)dt1

ds
(s) + aτ1(s)

ds
ds2
(s)db1

ds
(s)
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= (1 − aκ1(s))
ds
ds2
(s)κ1(s)n1(s) − aτ1(s)

ds
ds2
(s)τ1(s)n1(s)

= ((1 − aκ1(s))κ1(s) − a(τ1(s))
2
)
ds
ds2
(s)n1(s), s ∈ I .

Thus, n1 and n2 are collinear on I . Hence, we conclude that f1 and f2 are Bertrand
mates. This completes the proof.

Suppose that I ⊆ ℝ.

Definition 1.27. A rigid motion of ℝ3 is a map D : ℝ3 → ℝ3,

Dx = Ax + b,

where A ∈ℳ3×3, A
TA = I , detA = 1, and b ∈ ℝ3. The map

x → Ax, x ∈ ℝ3,

is said to be the homogeneous part of the motion.

Problem 1.17. Let (I , f = f (t)) be a biregular curve and {t(t),n(t),b(t)} be its Frenet
frame at t ∈ I . Let also D : ℝ3 → ℝ3 be a rigid motion with homogeneous part A. Prove
that

{At(t),An(t),Ab(t)}

is the Frenet frame of (I , f1 = Df ) at t, and f and f1 have the same curvature and torsion.

Solution. We have

f1(t) = Af (t) + b.

Then

f ′1 (t) = Af
′(t),

f ′′1 (t) = Af
′′(t),

f ′′′1 (t) = Af
′′′(t).

Therefore,

t1(t) =
f ′1 (t)
|f ′1 (t)|

=
Af ′(t)
|Af ′(t)|

=
Af ′(t)
|f ′(t)|
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= A f ′(t)
|f ′(t)|

= At(t), t ∈ I ,

κ1(t) =
|f ′1 (t) × f

′′
1 (t)|

|f ′1 (t)|3

=
|Af ′(t) × Af ′′(t)|
|Af ′(t)|3

=
|f ′(t) × f ′′(t)|
|f ′(t)|3

= κ(t), t ∈ I ,

and

k1(t) =
f ′′1 (t)
|f ′1 (t)|3
−
(f ′1 (t) ⋅ f

′′
1 (t))f

′
1 (t)

|f ′1 |4

=
Af ′′(t)
|Af ′(t)|2

−
(Af ′(t) ⋅ Af ′′(t))Af ′(t)
|Af ′(t)|4

= A f ′′(t)
|f ′(t)|2
− A (f

′(t) ⋅ f ′′(t))f ′(t)
|f ′(t)|4

= A( f
′′(t)
|f ′(t)|2
−
(f ′(t) ⋅ f ′′(t))f ′(t)
|f ′(t)|4

)

= Ak(t), t ∈ I ,

as well as

n1(t) =
k1(t)
κ1(t)

= Ak(t)
κ(t)

= An(t), t ∈ I ,

b1(t) =
f ′1 (t) × f

′′
1 (t)

|f ′1 (t) × f
′′
1 (t)|

=
(Af ′(t)) × (Af ′′(t))
|(Af ′(t)) × (Af ′′(t))|

=
A(f ′(t) × f ′′(t))
|f ′(t) × f ′′(t)|

= A f ′(t) × f ′′(t)
|f ′(t) × f ′′(t)|

= Ab(t), t ∈ I ,

and
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τ1(t) =
(f ′1 (t) × f

′′
1 (t)) ⋅ f

′′′
1 (t)

|f ′1 (t) × f
′′
1 (t)|2

=
((Af ′(t)) × (Af ′′(t))) ⋅ (A × f ′′′(t))
|(Af ′(t)) × (Af ′′(t))|2

=
(f ′(t) × f ′′(t)) ⋅ f ′′′(t)
|f ′(t) × f ′′(t)|2

= τ(t), t ∈ I .

This completes the proof.

Problem 1.18. Let m, n ∈ 𝒞1(I), m > 0 on I . Prove that there is a unique parameterized
curve (I , f = f (s)) for which

κ(s) = m(s) and τ(s) = n(s), s ∈ I .

Solution. Let {e1, e2, e3} be a frame in ℝ
3 at t0 ∈ ℝ. Consider the system

x′1 = m(s)x2,

x′2 = −m(s)x1 + n(s)x3,

x′3 = −n(s)x2, s ∈ I .

Define the matrix

A(s) = (
0 m(s) 0
−m(s) 0 n(s)
0 −n(s) 0

), s ∈ I .

Then we get the Cauchy problem

x′ = A(s)x, s ∈ I ,

x(s0) = (e1, e2, e3).

The last Cauchy problem has a unique solution x. For it, we have

(xTx)′ = (xT )′x + xTx′

= xTATx + xTAx

= xT (AT + A)x

= 0.

Thus,

(xTx) = const.
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Since

xT (s0)x(s0) = I ,

we get

xTx = I .

Define

f (s) = m0 +
s

∫
s0

x1(t)dt, s ∈ I .

We have

f ′(s) = x1(s),
󵄨󵄨󵄨󵄨f
′(s)󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨x1(s)
󵄨󵄨󵄨󵄨 = 1,

f ′′(s) = x′1(s) = m(s)x2(s), s ∈ I .

Hence,

f ′(s) × f ′′(s) = m(s)(x1(s) × x2(s)) ̸= 0, s ∈ I .

Therefore,

f ′′′(s) = m′(s)x2(s) +m(s)x
′
2(s)

= m′(s)x2(s) +m(s)(−m(s)x1(s) + n(s)x3(s))

= −(m(s))2x1(s) +m
′(s)x2(s) + (m(s)n(s))x3(s), s ∈ I .

From here,

((f ′(s) × f ′′(s)) ⋅ f ′′′(s)) = ((m(s)(x1(s) × x2(s)))

⋅ (−(m(s))2x1(s) +m
′(s)x2(s) + (m(s)n(s))x3(s)))

= (m(s))2n(s)((x1(s) × x2(s)) ⋅ x3(s))

= (m(s))2n(s), s ∈ I .

Therefore

κ(s) = |f
′(s) × f ′′(s)|
|f ′(s)|3

= m(s), s ∈ I ,
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and

τ(s) = (f
′(s) × f ′′(s)) ⋅ f ′′′(s)
|f ′(s) × f ′′(s)|2

=
(m(s))2n(s)
(m(s))2

= n(s), s ∈ I .

This completes the solution.

Problem 1.19. Let (I , f ) and (I , g) be two biregular parameterized curves and let

κ(t) = κ1(t), τ(t) = τ1(t),
󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨g
′(t)󵄨󵄨󵄨󵄨, t ∈ I .

Prove that there is a rigid motion D : ℝ3 → ℝ3 such that

g = Df .

Solution. Let t0 ∈ I and {t,n,b}, {t1,n1,b1} be the Frenet frames of f and g, respectively
at t ∈ I . Let also D : ℝ3 → ℝ3 be the rigid motion such that

D{t,n,b} = {t1,n1,b1}.

Let f2 = Df and {t2,n2,b2} be the Frenet frame of f2. We have

κ2(t) = κ(t) = κ1(t),
τ2(t) = τ(t) = τ1(t),
󵄨󵄨󵄨󵄨f
′
2 (t)
󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨g
′(t)󵄨󵄨󵄨󵄨, t ∈ I .

Thus, {t2,n2,b2} and {t1,n1,b1} satisfy the system

t′ = 󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨κn,

n′ = −󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨κt +
󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨τb,

b′ = −󵄨󵄨󵄨󵄨f
′󵄨󵄨󵄨󵄨τn.

Since for f = f0, these solutions coincide, i. e.,

t2 = t1,
n2 = n1,
b2 = b1 on I .

Hence,



1.7 Advanced practical problems � 73

f ′2 (t)
|f ′2 (t)|
=

g′(t)
|g′(t)|
, t ∈ I ,

whereupon

f ′2 (t) = g
′(t), t ∈ I ,

f2(t) − g(t) = const, t ∈ I ,

and

f2(t) − g(t) = f2(t0) − g(t0) = 0, t ∈ I .

This completes the proof.



2 Plane curves

In this chapter, we are interested in a particular class of curves, the plane curves. We
first introduce envelopes of families of such curves in ℝ2 which depend on a single pa-
rameter. Then, the evolutes of plane curves are defined as envelopes of their normals. A
key notion in ℝ2 is the complex structure J for studying the curvature of plane curves.
The notions of rotation angle and signed curvature are also explored.

2.1 Envelopes of plane curves

Suppose that I , J ,A ⊆ ℝ and

f = f (t, λ), t ∈ I , λ ∈ A. (2.1)

Definition 2.1. The envelope of the family (2.1) is a parameterized curve tangent to a
member of the family at each point.

Exercise 2.1. Prove that the envelope of the family (2.1) is subject to the equations

f = f (t, λ)

and

ft × fλ = 0.

Solution. Let (J , g) be the envelope of the family (2.1) and P ∈ g. Then P is a tangency
point between g and a member of the family (2.1). Thus, its equation depends on λ, i. e.,

g = g(λ), λ ∈ A.

Since P lies on a curve of the family (2.1),

g = f (t(λ), λ).

The tangency condition between g and f (t, λ) is as follows:

gλ ‖ ft ,

whereupon

gλ × ft = 0.

Hence, using that

https://doi.org/10.1515/9783111501857-002
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gλ = ftt
′ + fλ,

we get

0 = (ftt
′ + fλ) × ft

= fλ × ft .

Let f = (f1, f2). In fact, we have

ft × fλ = (0, 0, f1λf2t − f1tf2λ).

Hence,

0 = fλ × ft

is equivalent to the condition

f1λf2t − f1tf2λ = 0,

which is the equation of the classical envelope of the family (2.1). This completes the
proof.

Example 2.1. Let f : ℝ2 → ℝ2 be given by

f (t, λ) = (t2 + λt + λ2, t2 − λt + λ2), (t, λ) ∈ ℝ2.

We have

f1(t, λ) = t
2 + λt + λ2,

f2(t, λ) = t
2 − λt + λ2, (t, λ) ∈ ℝ2.

Then

f1λ(t, λ) = t + 2λ,
f2λ(t, λ) = −t + 2λ,
f1t(t, λ) = 2t + λ,

f2t(t, λ) = 2t − λ, (t, λ) ∈ ℝ
2.

Hence,

ft(t, λ) = (f1t(t, λ), f2t(t, λ))
= (2t + λ, 2t − λ),

fλ(t, λ) = (f1λ(t, λ), f2λ(t, λ))

= (t + 2λ, −t + 2λ), (t, λ) ∈ ℝ2,
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and the equation of the envelope for the considered family is (see Fig. 2.1)

0 = (t + 2λ)(2t − λ) − (2t + λ)(−t + 2λ)

= 2t2 − tλ + 4λt − 2λ2 − (−2t2 + 4λt − λt + 2λ2)

= 2t2 + 3λt − 2λ2 + 2t2 − 3λt − 2λ2

= 4t2 − 4λ2

= 4(t − λ)(t + λ), (t, λ) ∈ ℝ2,

or

t = ±λ, (t, λ) ∈ ℝ2.

Figure 2.1: The members of the family f (t, λ) = (t2 + λt + λ2, t2 − λt + λ2), t ∈ [−2, 2], and its envelope: (blue)
λ = 0; (orange) λ = 1; (green) λ = 2; and (red) λ = t.
Example 2.2. Let f : ℝ2 → ℝ2 be given by

f (t, λ) = (t + λ, t − λ), (t, λ) ∈ ℝ2;

see Fig 2.2. We have

f1(t, λ) = t + λ,

f2(t, λ) = t − λ, (t, λ) ∈ ℝ
2.

Hence,

f1t(t, λ) = 1,
f2t(t, λ) = 1,
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Figure 2.2: The members of the family f (t, λ) = (t + λt, t − λ), t ∈ [−2, 2]: (blue) λ = 0; (orange) λ = 1; (green)
λ = 2.

f1λ(t, λ) = 1,

f2λ(t, λ) = −1, (t, λ) ∈ ℝ
2,

and

ft(t, λ) = (f1t(t, λ), f2t(t, λ))
= (1, 1),

fλ(t, λ) = (f1λ(t, λ), f2λ(t, λ))

= (1, −1), (t, λ) ∈ ℝ2,

so the equation of the envelope is

0 = f1t(t, λ)f2λ(t, λ) − f1λ(t, λ)f2t(t, λ)
= 1 ⋅ 1 − 1 ⋅ (−1)
= 1 + 1
= 2,

which is impossible. Thus, the considered family of curves has no envelope.

Exercise 2.2. Let f : ℝ2 → ℝ2 be given by

f (t, λ) = (λ + a cos t, λ + a sin t), (t, λ) ∈ ℝ2,

where a > 0 is a given constant. Find the equation of the envelope of the considered
family.



78 � 2 Plane curves

Answer 2.1.

(λ ± a
√2
, λ ∓ a
√2
), λ ∈ ℝ.

Now, suppose that the family of curves is given by the equation

F(x, y, λ) = 0, (2.2)

where F is a 𝒞1-function with respect to its arguments.

Exercise 2.3. Prove that the envelope for the family (2.2) satisfies the system

F(x, y, λ) = 0,
Fλ(x, y, λ) = 0.

(2.3)

Solution. Locally, a curve of the family around some point can be represented in the
form

x = x(t, λ),
y = y(t, λ),

and equation (2.2) can be written as follows:

F(x(t, λ), y(t, λ), λ) = 0. (2.4)

Let

f (t, λ) = (x(t, λ), y(t, λ)).

We have

ft(t, λ) = (xt(t, λ), yt(t, λ)),
fλ(t, λ) = (xλ(t, λ), yλ(t, λ)).

From the equation

ft × fλ = 0,

we get

xt(t, λ)yλ(t, λ) − xλ(t, λ)yt(t, λ) = 0,

and then there is a constant K ∈ ℝ such that

xλ(t, λ) = Kxt(t, λ),
yλ(t, λ) = Kyt(t, λ).
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Now, we differentiate equation (2.4) with respect to t and λ and find

Fxxt + Fyyt = 0,

Fxxλ + Fyyλ + Fλ = 0,

whereupon

0 = FxKxt + FyKyt + Fλ
= K(Fxxt + Fyyt) + Fλ
= Fλ.

This completes the solution.

Example 2.3. Consider the following family of curves:

F(x, y, λ) = (x − λ)2 + (y − λ)2 − a2 = 0, (x, y) ∈ ℝ2, λ ∈ ℝ,

where a > 0 is a given parameter. See Fig. 2.3 for the value of a = 1. We have

Fλ(x, y, λ) = −2(x − λ) − 2(y − λ), (x, y) ∈ ℝ
2, λ ∈ ℝ.

Hence, we get the system

(x − λ)2 + (y − λ)2 − a2 = 0,

−2(x − λ) − 2(y − λ) = 0, (x, y) ∈ ℝ2, λ ∈ ℝ,

Figure 2.3: The members of the family F(x, y, λ) = (x − λ)2 + (y − λ)2 − a2 = 0, where a = 1 and t ∈ [−π, π]:
(blue) λ = 0; (orange) λ = 1; (green) λ = 2; and (red) λ = (x + y)/2.



80 � 2 Plane curves

or

(x − λ)2 + (y − λ)2 − a2 = 0,

x + y − 2λ = 0, (x, y) ∈ ℝ2, λ ∈ ℝ,

or

λ = x + y
2
,

(x − x + y
2
)
2

+ (y − x + y
2
)
2

= a2, (x, y) ∈ ℝ2, λ ∈ ℝ,

whereupon

(x − y)2

4
+
(x − y)2

4
= a2, (x, y) ∈ ℝ2

or

(x − y)2 = 2a2, (x, y) ∈ ℝ2.

Thus, the envelopes of the considered family of curves are

x − y = ±√2a, (x, y) ∈ ℝ2.

Example 2.4. Consider the family of curves

F(x, y, λ) = (x + y − λ)2 − 2λ2 = 0, (x, y) ∈ ℝ2, λ ∈ ℝ.

We have

Fλ(x, y, λ) = 2(x + y + λ) − 4λ

= 2(x + y − λ), (x, y) ∈ ℝ2, λ ∈ ℝ.

Hence, we get the system

(x + y + λ)2 − 2λ2 = 0,

2(x + y − λ) = 0, (x, y) ∈ ℝ2, λ ∈ ℝ,

whereupon

λ = x + y,

4(x + y)2 − 2(x + y)2 = 0, (x, y) ∈ ℝ2, λ ∈ ℝ.

Thus, the envelope of the considered family is
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y = −x, (x, y) ∈ ℝ2.

Exercise 2.4. Find the envelopes of the following families of curves:
1.

F(x, y, λ) = (x − λ)2 + (y − λ)2 − λ2 = 0, (x, y) ∈ ℝ2, λ ∈ ℝ;

2. F(x, y, λ) = x cos λ + y sin λ − p = 0, (x, y) ∈ ℝ2, λ ∈ ℝ,

where p > 0 is a given constant;
3.

F(x, y, λ) = y − (x − λ)2 = 0, (x, y) ∈ ℝ2, λ ∈ ℝ;

4. F(x, y, λ) = y2 − (x − λ)2 = 0, (x, y) ∈ ℝ2, λ ∈ ℝ.

Answer 2.2. 1.
y = 0, (x, y) ∈ ℝ2;

2. x2 + y2 = p2, (x, y) ∈ ℝ2;

3. y = 0, (x, y) ∈ ℝ2;

4. y = 0, (x, y) ∈ ℝ2.

2.2 The evolute

Suppose that I ⊆ ℝ.

Definition 2.2. Let (I , f = f (t)) be a parameterized curve. The envelope of the family of
the normals to f is said to be evolute of f .

Let

f (t) = (f1(t), f2(t)), t ∈ I .

Suppose that f ∈ 𝒞2(I). The equation of the normals to f is as follows:

(X − f1(t))f
′
1 (t) + (Y − f2(t))f

′
2 (t) = 0, t ∈ I ,

or

f ′1 (t)X + f ′2 (t)Y = f1(t)f ′1 (t) + f2(t)f ′2 (t), t ∈ I .

We differentiate it with respect to t and find
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f ′′1 (t)X + f ′′2 (t)Y = f1(t)f ′′1 (t) + f2(t)f ′′2 (t) + (f ′1 (t))2 + (f ′2 (t))2.
Therefore the evolute of f satisfies the system

f ′1 (t)X + f ′2 (t)Y = f1(t)f ′1 (t) + f2(t)f ′2 (t),
f ′′1 (t)X + f ′′2 (t)Y = f1(t)f ′′1 (t) + f2(t)f ′′2 (t) + (f ′1 (t))2 + (f ′2 (t))2, t ∈ I .

Example 2.5. We will find the evolute of the ellipse

f (t) = (a cos t, b sin t), t ∈ [0, 2π].

Here

f1(t) = a cos t,
f2(t) = a sin t, t ∈ [0, 2π].

Then

f ′1 (t) = −a sin t,
f ′2 (t) = a cos t,
f ′′1 (t) = −a cos t,
f ′′2 (t) = −b sin t, t ∈ [0, 2π].

Hence, the equations of the evolute of the ellipse are as follows:

−a sin tX + b cos tY = a cos t(−a sin t) + b sin t(b cos t),
−a cos tX − b sin tY = a cos t(−a cos t) + b sin t(−b sin t)

+ (a sin t)2 + (b cos t)2, t ∈ [0, 2π],

or

−a sin tX + b cos tY = (b2 − a2) sin t cos t,

−a cos tX − b sin tY = (b2 − a2)((cos t)2 − (sin t)2), t ∈ [0, 2π],

or

−a sin tX + b cos tY = b
2 − a2

2
sin(2t),

−a cos tX − b sin tY = (b2 − a2) cos(2t), t ∈ [0, 2π].
(2.5)

Multiplying the first equation of the latter system by sin t and the second by cos t, we
get
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−aX = (b2 − a2)((sin t)2 cos t + (cos t)3 − (sin t)2 cos t)

= (b2 − a2)(cos t)3, t ∈ [0, 2π],

whereupon

X = a
2 − b2

a
(cos t)3, t ∈ [0, 2π].

Now, we multiply the first equation of the system (2.5) by cos t and the second by − sin t
and find

bY = (b2 − a2)(sin t(cos t)2 − sin t(cos t)2 + (sin t)3)

= (b2 − a2)(sin t)3, t ∈ [0, 2π],

or

Y = b
2 − a2

b
(sin t)3, t ∈ [0, 2π].

Thus, the evolute of the ellipse is

(
a2 − b2

a
(cos t)3, b

2 − a2

b
(sin t)3), t ∈ [0, 2π].

Exercise 2.5. Find the evolutes of the following curves:
1.

f (t) = (t − sin t, 1 − cos t), t ∈ [0, 2π];

2. y2 = 2px, (x, y) ∈ ℝ2,

where p > 0 is a given parameter;
3.

f (t) = (a cosh t, b sinh t), t ∈ ℝ,

where a, b ∈ ℝ, (a, b) ̸= (0, 0);
4.

f (t) = (a(cos t)3, a(sin t)3), t ∈ [0, 2π],

where a ∈ ℝ;
5.

y = x2k , k ∈ ℕ, (x, y) ∈ ℝ2.

Answer 2.3. 1.
(t + sin t, −1 + cos t), t ∈ [0, 2π];

2. 27py2 = 8(x − p)3, (x, y) ∈ ℝ2;



84 � 2 Plane curves

3. (ax)
2
3 + (by)

2
3 = (a2 − b2)

2
3 , (x, y) ∈ ℝ2;

4. (x + y)
2
3 + (x − y)

2
3 = 2a

2
3 , (x, y) ∈ ℝ2;

5.
(

1
2k − 1
((2k − 2)t − 4k2t4k−1), 1 + 2k(4k − 1)t4k−2

2k(2k − 1)t2k−2 ), t ∈ ℝ.

2.3 The complex structure onℝ2

Definition 2.3. The complex structure on ℝ2 is the map J : ℝ2 → ℝ2 defined by

Ju = (−u2, u1), u = (u1, u2) ∈ ℝ
2.

Suppose that {e1, e2, e3} is an orthonormal basis in ℝ
3 and

u = (u1, u2), v = (v1, v2) ∈ ℝ
2.

Exercise 2.6. Prove that

Ju ⋅ Jv = u ⋅ v.

Solution. We have

Ju = (−u2, u1),

Jv = (−v2, v1).

Then

Ju ⋅ Jv = (−u2)(−v2) + u1v1
= u ⋅ v.

This completes the solution.

Exercise 2.7. Prove that

Ju ⋅ u = 0.

Solution. We have

Ju = (−u2, u1)

and
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Ju ⋅ u = (−u2)(u1) + u1u2 = 0.

This completes the solution.

Exercise 2.8. Prove that

v ⋅ Ju = (u × v) ⋅ e3.

Solution. We have

u × v =

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

e1 e2 e3
u1 u2 0
v1 v2 0

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

=
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

u1 u2
v1 v2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
e3

= (u1v2 − u2v1)e3

and

Ju = (−u2, u1),
(u × v) ⋅ e3 = u1v2 − u2v1,

as well as

v ⋅ Ju = (−u2)v1 + u1v2
= u1v2 − u2v1.

Thus, we get the desired result. This completes the proof.

Exercise 2.9. Show that

J(Ju) = −u.

Solution. We have

Ju = (−u2, u1)

and

J(Ju) = (−u1, −u2)
= (−u1, −u2)
= −(u1, u2)
= −u.

This completes the solution.
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2.4 Curvature of plane curves

Suppose that (I , f = f (t)) is a parameterized plane curve.

Definition 2.4. The signed curvature of f is defined by

κ± = f ′′ ⋅ Jf ′|f ′|3 .
Let

f = (f1, f2).

Then

f ′ = (f ′1 , f ′2 ),
f ′′ = (f ′′1 , f ′′2 ),
Jf ′ = (−f ′2 , f ′1 ).

Example 2.6. Let f : ℝ → ℝ2 be defined by

f (t) = (t2, t + t2), t ∈ ℝ.

Here

f1(t) = t
2,

f2(t) = t + t
2, t ∈ ℝ.

Then

f ′1 (t) = 2t,
f ′2 (t) = 1 + 2t, t ∈ ℝ,

and

f ′′1 (t) = 2,
f ′′2 (t) = 2, t ∈ ℝ.

Then

f ′(t) = (f ′1 (t), f ′2 (t))
= (2t, 1 + 2t),

Jf ′(t) = (−1 − 2t, 2t),
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f ′′(t) = (f ′′1 (t), f ′′2 (t))
= (2, 2), t ∈ ℝ,

and

f ′′(t) ⋅ Jf ′(t) = 2 ⋅ (−1 − 2t) + 2 ⋅ 2t
= −2 − 4t + 4t
= −2, t ∈ ℝ,

as well as

󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨3 = ((f ′1 (t))2 + (f ′2 (t))2) 32
= ((2t)2 + (1 + 2t)2)

3
2

= (4t2 + 1 + 4t + 4t2)
3
2

= (8t2 + 4t + 1)
3
2 , t ∈ ℝ.

Therefore the signed curvature of the considered curve is

κ±(t) = − 2
(8t2 + 4t + 1)

3
2

, t ∈ ℝ.

Example 2.7. We will find the signed curvature of the following curve:

y = sin x, x ∈ [0, 2π].

Here

f (x) = (x, sin x),
f1(x) = x,
f2(x) = sin x, x ∈ [0, 2π].

Then

f ′1 (x) = 1,
f ′2 (x) = cos x,
f ′′1 (x) = 0,
f ′′2 (x) = − sin x, x ∈ [0, 2π],

and
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f ′(x) = (f ′1 (x), f ′2 (x))
= (1, cos x),

Jf ′(x) = (− cos x, 1),
f ′′(x) = (f ′′1 (x), f ′′2 (x))
= (0, − sin x), x ∈ [0, 2π].

Hence,

f ′′(x) ⋅ Jf ′(x) = − sin x,
󵄨󵄨󵄨󵄨f
′(x)󵄨󵄨󵄨󵄨3 = ((f ′(x))2 + (f ′2 (x))2) 32
= (1 + (cos x)2)

3
2 , x ∈ [0, 2π].

Therefore the curvature of the considered curve is

κ± = − sin x
(1 + (cos x)2)

3
2

, x ∈ [0, 2π].

Exercise 2.10. Find the signed curvature of the following curves:
1.

y = a cosh(x
a
), x ∈ ℝ;

2. y2 = 2px, x ∈ ℝ,

where p ∈ ℝ, p > 0, is a parameter;
3.

f (t) = (t2, t3), t ∈ ℝ;

4. f (t) = (a cos t, b sin t), t ∈ [0, 2π],

where a, b ∈ ℝ are parameters;
5.

f (t) = (a cosh t, b sinh t), t ∈ ℝ,

where a, b ∈ ℝ are parameters.

Answer 2.4. 1. 1
ay2
, (x, y) ∈ ℝ2;

2. −√p

(p + 2x)
3
2

,
−p2

(y2 + p2)
3
2

, (x, y) ∈ ℝ2;
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3. 6
t(4 + 9t2)

3
2

, t ∈ ℝ;

4. ab
(a2(sin t)2 + b2(cos t)2)

3
2

, t ∈ [0, 2π];

5. −ab
(a2(sinh t)2 + b2(cosh t)2)

3
2

, t ∈ [0, 2π];

Note that

κ± = f ′ × f ′′|f ′|3 .
Thus,

|κ±| = κ.
Exercise 2.11. Let (I , f = f (t)) be a parameterized curve and (J , g = g(s(t))) be a natu-
rally parameterized curve which is equivalent to f . Prove that

κg±(s(t)) = κf±(t), t ∈ I .

Solution. We have

f (t) = g(s(t)), t ∈ I ,

and

f ′(t) = g′(s(t))s′(t),
f ′′(t) = g′′(s(t))(s′(t))2 + g′(s(t))s′′(t), t ∈ I .

Hence,

(f ′′(t)) ⋅ (Jf ′(t)) = (g′′(s(t))(s′(t))2 + g′(s(t))s′′(t)) ⋅ (Jg′(s(t))s′(t))
= (g′′(s(t))(s′(t))2) ⋅ (s′(t)Jg′(s(t)))
+ (g′(s(t))s′′(t)) ⋅ (s′(t)Jg′(s(t)))
= (s′(t))3(g′′(s(t)) ⋅ Jg′(s(t))) + (s′′(t)s′(t))(g′(s(t)) ⋅ Jg′(s(t)))
= (s′(t))3(g′′(s(t)) ⋅ Jg′(s(t)))
= (s′(t))3κg±(s(t))
= 󵄨󵄨󵄨󵄨f
′(t)󵄨󵄨󵄨󵄨3κg±(s(t)), t ∈ I ,
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whereupon

κg±(s(t)) = f ′′(t) ⋅ Jf ′(t)|f ′(t)|3
= κf±(t), t ∈ I .

This completes the solution.

Exercise 2.12. Let (I , f = f (s)) be a naturally parameterized curve. Prove that

f ′′(s) = κ±(s)Jf ′(s), s ∈ I .

Solution. We have

f ′(s) ⋅ f ′(s) = 1, s ∈ I .

Then

f ′(s) ⋅ f ′′(s) = 0, s ∈ I ,

and

f ′ ⊥ f ′′ on I .

Since

f ′ ⊥ Jf ′ on I ,

we get

f ′′ ‖ Jf ′ on I ,

and there is a function a on I such that

f ′′(s) = α(s)Jf ′(s), s ∈ I .

Hence,

κ±(s) = f ′′(s) ⋅ Jf ′(s)
= α(s)(Jf ′(s) ⋅ Jf ′(s))
= α(s)(f ′(s) ⋅ f ′(s))
= α(s), s ∈ I .

Consequently,
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f ′′(s) = κ±(s)Jf ′(s), s ∈ I .

This completes the proof.

2.5 Rotation angle of plane curves

Let (I , f = f (t)) be a parameterized plane curve.

Definition 2.5. The rotation angle of f is the function θ : I → ℝ defined by

t(t) = (cos θ(t), sin θ(t)), t ∈ I .

Here t is the unit tangent vector to f .

Exercise 2.13. Prove that

θ′(t) = κ±(t)󵄨󵄨󵄨󵄨f ′(t)󵄨󵄨󵄨󵄨, t ∈ I .

Solution. We have

t(t) = f ′(t)
|f ′(t)| , t ∈ I .

Then

t′(t) = 1
|f ′(t)| f ′′(t) + ( 1

|f ′(t)|)′f ′(t), t ∈ I ,

and

t′(t) = (− sin θ(t)θ′(t), cos θ(t)θ′(t))
= θ′(t)Jt(t)
= θ′(t)J( f ′(t)

|f ′(t)|)
= θ′(t)J( f ′(t)

|Jf ′(t)|), t ∈ I .

Thus,

1
|f ′(t)| f ′′(t) + ( 1

|f ′(t)|)′f ′(t) = θ′(t)J( f ′(t)
|Jf ′(t)|), t ∈ I .

Hence,
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(f ′′(t)(1/󵄨󵄨󵄨󵄨f ′(t)󵄨󵄨󵄨󵄨)) ⋅ Jf ′(t) + (f ′(t)( 1
|f ′(t)|)′) ⋅ Jf ′(t)

= θ′(t) 1
|Jf ′(t)| (Jf ′(t) ⋅ Jf ′(t)), t ∈ I ,

or

(
1
|f ′(t)|)(f ′′(t) ⋅ Jf ′(t)) = θ′(t)󵄨󵄨󵄨󵄨Jf ′(t)󵄨󵄨󵄨󵄨

= θ′(t)󵄨󵄨󵄨󵄨f ′(t)󵄨󵄨󵄨󵄨, t ∈ I ,

whereupon

θ′(t) = (f ′′(t) ⋅ Jf ′(t))(󵄨󵄨󵄨󵄨f ′(t)󵄨󵄨󵄨󵄨2)
= κ±(t)󵄨󵄨󵄨󵄨f ′(t)󵄨󵄨󵄨󵄨, t ∈ I .

This completes the proof.

Example 2.8. Consider the curve in Example 2.6. Using the computations in Example 2.6,
we find

θ(t) = − arctan(4t + 1) + a, t ∈ ℝ,

for some constant a.

Example 2.9. Consider the curve in Example 2.7. Using the computations in Example 2.7,
we find

θ(x) = − arctan(cos x) + a, x ∈ ℝ,

for some constant a.

Exercise 2.14. Find derivatives of the rotation angle of the curves in Exercise 2.10.

Answer 2.5. 1. a
y
, (x, y) ∈ ℝ2;

2. 1
p + 2x
,

p
y2 + p2
, (x, y) ∈ ℝ2;

3. 6
4 + 9t2
, t ∈ ℝ;

4. ab
a2(sin t)2 + b2(cos t)2

, t ∈ [0, 2π];

5. ab
a2(sinh t)2 + b2(cosh t)2

, t ∈ [0, 2π].
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2.6 The curvature center

Definition 2.6. Suppose that f : I → ℝ2 is a parameterized plane curve. A point g ∈ ℝ2 is
said to be the curvature center at f0 = f (t0), t0 ∈ I , of the plane curve f if there is a circle
γ, centered at g, which is tangent to the curve f at t0, such that the signed curvatures of
f and γ at t0 coincide. Thus, the position of the point g for arbitrary t ∈ I is given by

g(t) = f (t) + 1
κ±(t) Jf ′(t)|f ′(t)| .

Example 2.10. Let f be the curve as in Example 2.6. Using the computations in Exam-
ple 2.6, we get

g(t) = (t2, t + t2) − (8t
2 + 4t + 1)

3
2

2
1

(8t2 + 4t + 1)
1
2

(−1 − 2t, 2t)

= (t2, t + t2) − 8t
2 + 4t + 1

2
(−1 − 2t, 2t)

= (t2 + 8t
2 + 4t + 1

2
+ t(8t2 + 4t + 1), t + t2 − 8t3 − 4t2 − t)

= (
2t2 + 8t2 + 4t + 1 + 16t3 + 8t2 + 2t

2
, −7t2 − 3t − 1)

= (
16t3 + 18t2 + 6t + 1

2
, −8t3 − 3t2), t ∈ ℝ.

Example 2.11. Let f be the curve as in Example 2.7. Using the computations in Exam-
ple 2.7, we get

g(x) = (x, sin x) − (1 + (cos x)
2)

1
2

sin x
1

(1 + (cos x)2)
1
2

(− cos x, 1)

= (x, sin x) − 1 + (cos x)
2

sin x
(− cos x, 1)

= (x + cos x + (cos x)
3

sin x
, sin x − 1 + (cos x)

2

sin x
)

= (
x sin x + cos x + (cos x)3

sin x
,
(sin x)2 − 1 − (cos x)2

sin x
)

= (
x sin x + cos x + (cos x)3

sin x
,
−1 − cos(2x)

sin x
), x ∈ [0, 2π].

Exercise 2.15. Find the curvature center of the curves in Exercise 2.10.

Answer 2.6. 1.
(x − a sinh(2x

a
), 2a cosh(2x

a
)), x ∈ ℝ;
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2.
(−

y2 + 2p2

2p
, −
y3

p2
), y ∈ ℝ;

3.
(−

2t2 + 9t4

2
,
4t + 12t3

3
), t ∈ ℝ;

4.
(
a2 − b2

a
(cos t)3, b

2 − a2

b
(sin t)3), t ∈ [0, 2π];

5.
(
a2 + b2

a
(cosh t)3, −a

2 + b2

b
(sinh t)3), t ∈ ℝ.

2.7 The involute

Definition 2.7. Let f : I → ℝ2 be a naturally parameterized curve and c ∈ I . The invo-
lute of f with origin at f (c) is the parameterized curve

g(s) = f (s) + (c − s)f ′(s), s ∈ I .

If f : I → ℝ2 is an arbitrary parameterized curve, then we can replace the parameter t
by the arc length

s =
t

∫
0

󵄨󵄨󵄨󵄨f
′(u)󵄨󵄨󵄨󵄨du

and define the involute of f as being the involute of the naturally parameterized curve
equivalent to it. In this case, the involute is given by the equation

g(t) = f (t) + (c − s(t)) f
′(t)
|f ′(t)| , t ∈ I ,

where s = s(t) is the arc length of f .

Example 2.12. Consider the circle

f (t) = (cos t, sin t), t ∈ [0, 2π].

Wehave that f : [0, 2π] → ℝ2 is a naturally parameterized curve and, for any c ∈ [0, 2π],
the equation of the involute of the considered circle is (see Fig. 2.4 for c = 0)

g(t) = f (t) + (c − t)f ′(t)
= (cos t, sin t) + (c − t)(− sin t, cos t)
= (cos t − (c − t) sin t, sin t + (c − t) cos t), t ∈ [0, 2π].
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Figure 2.4: The involute of a unit circle given by (cos t + t sin t, sin t − t cos t), t ∈ [0, 2π]: (blue) the circle;
(orange) the involute.

Exercise 2.16. Find the involute of the curve

y = a cosh x
a
, x ∈ ℝ,

where a > 0 is a given parameter.

Answer 2.7.

(t +
c − sinh( xa )
cosh( xa )

, a cosh(x
a
) + (c − sinh(x

a
)) tanh(x

a
)), t ∈ ℝ.

Exercise 2.17. Let f : I → ℝ2 be a naturally parameterized curve and g be the involute
of f with the origin at c ∈ I . Prove that

κg±(s) = sign(κf±(s))|c − s|
, s ∈ I .

Solution. By the definition of involute, we have

g(s) = f (s) + (c − s)f ′(s), s ∈ I ,

whereupon, after differentiating with respect to s, we get
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g′(s) = f ′(s) − f ′(s) + (c − s)f ′′(s)
= (c − s)f ′′(s), s ∈ I .

By the definition for curvature, we have

f ′′(s) = κf±(s)Jf ′(s), s ∈ I .

Hence,

g′(s) = (c − s)κf±(s)Jf ′(s), s ∈ I ,

and

g′′(s) = −κf±(s)Jf ′(s) + (c − s)(κf±)′(s)Jf ′(s) + (c − s)κf±(s)Jf ′′(s)
= (−κf±(s) + (c − s)(κf±)′(s))Jf ′(s) + (c − s)κf±(s)Jf ′′(s), s ∈ I .

Note that

κf±(s) = f ′′(s) ⋅ Jf ′(s), s ∈ I ,

from where

κf±(s) = −Jf ′′(s) ⋅ f ′(s), s ∈ I ,

and

Jf ′′(s) = −κf±(s)f ′(s), s ∈ I .

Then

g′′(s) = (−κf±(s) + (c − s)(κf±)′(s))Jf ′(s) − (c − s)(κf±(s))2f ′(s), s ∈ I ,

and

Jg′(s) = −(c − s)κf±(s)f ′(s),
󵄨󵄨󵄨󵄨g
′(s)󵄨󵄨󵄨󵄨 = |c − s|󵄨󵄨󵄨󵄨κf±(s)󵄨󵄨󵄨󵄨, s ∈ I .

Therefore

κg±(s) = g′′(s) ⋅ Jg′(s)|g′(s)|3
=

1
|c − s|3|κf±(s)|3 ((−κf±(s) + (c − s)(κf±)′(s))Jf ′(s) − (c − s)(κf±(s))2f ′(s))
⋅ (−(c − s)κf±(s)f ′(s))
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=
1

|c − s|3|κf±(s)|3 |c − s|2(κf±(s))3
=
sign(κf±(s))
|c − s|

, s ∈ I .

This completes the proof.

Exercise 2.18. Let f : I → ℝ2 be a naturally parameterized curve and g be its involute
with the origin at c ∈ I . Prove that the evolute of g is f .

Solution. The evolute of g is given by the equation

g1(s) = g(s) +
1

κg±(s) Jg′(s)|g′(s)|
= f (s) + (c − s)f ′(s) + |c − s|

sign(κf±(s)) −(c − s)κ
f±(s)f ′(s)

|(c − s)κf±(s)Jf ′(s)|
= f (s) + (c − s)f ′(s) + |c − s|

sign(κf±(s)) (c − s)κ
f±(s)J2f ′(s)

|c − s||κf±(s)||Jf ′(s)|
= f (s) + (c − s)f ′(s) + (c − s)J2f ′(s)
= f (s) + (c − s)f ′(s) − (c − s)f ′(s)
= f (s), s ∈ I .

This completes the proof.

2.8 The osculating circle of a curve

Definition 2.8. Let f : I → ℝ2 be a parameterized curve. The osculating circle of f at a
point t ∈ I is the circle centered at the curvature center g(t) with radius equal to 1

κ±(t) .
Exercise 2.19. Let f : I → ℝ2 be a plane parameterized curve and t1 < t2 < t3 ∈ I ,
C(t1, t2, t3) be the circle passing through f (t1), f (t2), and f (t3), and assume there is a t ∈ I
such that κ±(t) ̸= 0. Prove that the osculating circle of f at the point t is the circle

C(t) = lim
t1→t
t2→t
t3→t C(t1, t2, t3).

Solution. Let A(t1, t2, t3) be the center of the circle C(t1, t2, t3) and h : I → ℝ be the
function defined by

h(t) = 󵄨󵄨󵄨󵄨f (t) − A(t1, t2, t3)
󵄨󵄨󵄨󵄨
2
, t ∈ I .

Then h is a smooth function and
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h′(t) = f ′(t) ⋅ (f (t) − A(t1, t2, t3)) + (f (t) − A(t1, t2, t3)) ⋅ f ′(t)
= 2f ′(t) ⋅ (f (t) − A(t1, t2, t3)),

h′′(t) = 2f ′′(t) ⋅ (f (t) − A(t1, t2, t3)) + 2f ′(t) ⋅ f ′(t)
= 2f ′′(t) ⋅ (f (t) − A(t1, t2, t3)) + 2󵄨󵄨󵄨󵄨f ′(t)󵄨󵄨󵄨󵄨2, t ∈ I .

(2.6)

Since h is differentiable and

h(t1) = h(t2) = h(t3),

applying the mean value theorem, we get that there are points u1, u2 so that

t1 < u1 < t2 < u2 < t3

and

h′(u1) = h′(u2) = 0.
Now, we apply again the mean value theorem, and we find that there is a point v1 ∈
(u1, u2) such that

h′′(v1) = 0.
By (2.6), we obtain

h′(u1) = 2f ′(u1) ⋅ (f (u1) − A(t1, t2, t3)),
h′(u2) = 2f ′(u2) ⋅ (f (u2) − A(t1, t2, t3)),
h′′(v1) = 2f ′′(v1) ⋅ (f (u1) − A(t1, t2, t3)) + 2󵄨󵄨󵄨󵄨f ′(v1)󵄨󵄨󵄨󵄨2.

Hence, letting t1, t2, t3 → t, we arrive at

f ′(t) ⋅ (f (t) − A(t)) = 0,
f ′′(t) ⋅ (f (t) − A(t)) = −󵄨󵄨󵄨󵄨f ′(t)󵄨󵄨󵄨󵄨2, (2.7)

where

A(t) = lim
t1→t
t2→t
t3→t A(t1, t2, t3).

By the first equality of (2.7), we conclude

f (t) − A(t) = (f (t) − A(t)) ⋅ Jf
′(t)

|f ′(t)|2 Jf ′(t).
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Considering in the second equality of (2.7), we obtain

(f ′′(t) ⋅ Jf ′(t))((f (t) − A(t)) ⋅ Jf ′(t)) = −󵄨󵄨󵄨󵄨f ′(t)󵄨󵄨󵄨󵄨4.
Here, because |f ′(t)|2 = Jf ′(t) ⋅ Jf ′(t),

(f ′′(t) ⋅ Jf ′(t))(f (t) − A(t)) = −󵄨󵄨󵄨󵄨f ′(t)󵄨󵄨󵄨󵄨2Jf ′(t),
whereupon

f ′′(t) ⋅ Jf ′(t)
|f ′(t)|3 (f (t) − A(t)) = − 1

|f ′(t)| Jf ′(t),
κ±(t)(f (t) − A(t)) = − 1

|f ′(t)| Jf ′(t),
and

f (t) − A(t) = − 1
κ±(t)|f ′(t)| Jf ′(t),

or

f (t) = A(t) − 1
κ±(f )(t)|f ′(t)| Jf ′(t).

This completes the proof.

Exercise 2.20. Letm : I → ℝ be a continuous function.
1. Prove that there is a regular naturally parameterized curve g : I → ℝ2 such that

κ±(g)(s) = m(s), s ∈ I .

2. Prove that g is unique up to a proper motion of ℝ2.

Hint 2.8. Use the solution of Problem 1.18.

Example 2.13. Let α ∈ ℝ, α ̸= 0, andm : ℝ → ℝ be a function defined by

m(t) = α, t ∈ ℝ.

By Exercise 2.20, it follows that there exists a unique curve g : ℝ → ℝ2 such that

κg±(s) = α, s ∈ ℝ.

Let θ be the rotation angle of g. Then

θ′(s) = α, s ∈ ℝ,
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whereupon

θ(s) = αs + θ0, s ∈ ℝ,

where θ0 is a constant. Let now t be the unit tangent vector of g. Then

t(s) = (g′1(s), g′2(s))
= (cos(θ(s)), sin(θ(s)))
= (cos(αs + θ0), sin(αs + θ0)), s ∈ I .

Thus, we get the system

g′1(s) = cos(αs + θ0),
g′2(s) = sin(αs + θ0), s ∈ ℝ.

Hence,

g1(s) =
1
α
sin(αs + θ0) + g10,

g2(s) = −
1
α
cos(αs + θ0) + g20, s ∈ I ,

where g10, g20 are given constants, or

g1(s) =
1
α
sin(αs) cos θ0 +

1
α
cos(αs) sin θ0 + g10,

g2(s) = −
1
α
cos(αs) cos θ0 +

1
α
sin(αs) sin θ0 + g20, s ∈ I ,

or

(
g1(s)
g2(s)
) = (

1
α sin(αs) cos θ0 +

1
α cos(αs) sin θ0

− 1α cos(αs) cos θ0 +
1
α sin(αs) sin θ0

) + (
g10
g20
)

= (
cos( π2 − θ0) sin( π2 − θ0)

− sin( π2 − θ0) cos( π2 − θ0)
)(

1
α cos(αs)
1
α sin(αs)

) + (
g10
g20
) , s ∈ ℝ.

We here conclude that any plane curve of constant signed curvature can be obtained by

g1(s) =
1
α
cos(αs),

g2(s) =
1
α
sin(αs), s ∈ ℝ.

Here a rotation following by a translation, i. e., a rigid motion was applied. Thus, the
only plane curve of constant positive curvature α is the circle of radius 1

α .



2.8 The osculating circle of a curve � 101

Definition 2.9. Natural equations of a curve are equations of the following form:

κ = κ±(s),
F(κ, s) = 0,

{
κ = κ±(t),
s = s(t),

where s is the arc length of the curve.

Example 2.14. Let I = (0,∞) and f : I → ℝ2, f (s) = (f1(s), f2(s)), s ∈ I , be a curve for
which

κ±(s) = 1
as
, s ∈ I ,

where a > 0 is a given parameter. Let θ be the rotation angle of the curve f . Then

θ′(s) = 1
as
, s ∈ I ,

whereupon

θ(s) = 1
a
log s + b

a
, s ∈ I , b ∈ ℝ,

and

s = eaθ(s)−b,
ds = aeaθ(s)−bdθ(s), s ∈ I .

Then, if t is the unit normal vector to f , we get

t(s) = (cos θ(s), sin θ(s))
= (f ′1 (s), f ′2 (s)), s ∈ I .

Thus, we get the following system:

f ′1 (s) = cos θ(s),
f ′2 (s) = sin θ(s), s ∈ I ,

whereupon

f1(s) = ∫ cos θ(s)ds

= a∫ cos θ(s)eaθ(s)−bdθ(s)
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=
aeaθ(s)−b
a2 + 1
(a cos θ(s) + sin θ(s)),

f2(s) = ∫ sin θ(s)ds

= a∫ sin θ(s)eaθ(s)−bdθ(s)
=
aeaθ(s)−b
a2 + 1
(a sin θ(s) − cos θ(s)), s ∈ I .

Thus, the parametric equations of the considered curve are

f1(s) =
aeθ(s)−b
a2 + 1
(a cos θ(s) + sin θ(s)),

f2(s) =
aeaθ(s)−b
a2 + 1
(a sin θ(s) − cos θ(s)), s ∈ I .

Exercise 2.21. Let a > 0 be a given parameter. Find the curves that are determined by
the following natural equations:
1.

κ±(s) = a, s ∈ ℝ;

2. 1
κ±(s) = a(1 + s2), s ∈ ℝ;

3. s2 + 1
(κ±(s))2 = 16a2, s ∈ ℝ;

Answer 2.9. 1.
x2 + y2 = 1

a2
, (x, y) ∈ ℝ2;

2. y = a cosh x
a
, (x, y) ∈ ℝ2;

3. 1
4a
(
1
2
s√16a2 − s2 + arcsin( s

4a
),
s2

2
), t ∈ ℝ.

2.9 Advanced practical problems

Problem 2.1. Find the envelopes of the following families of curves:
1.

F(x, y, λ) = (x − λ)2 + y2 − a2 = 0, (x, y) ∈ ℝ2, λ ∈ ℝ,

where a > 0 is a given constant;
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2.
F(x, y, λ) = y3 − (x − λ)2 = 0, (x, y) ∈ ℝ2, λ ∈ ℝ;

3. F(x, y, λ) = 3(y − λ)2 − 2(x − λ)3 = 0, (x, y) ∈ ℝ2, λ ∈ ℝ;

4. F(x, y, λ) = (1 − λ2)x + 2λy − a = 0, (x, y) ∈ ℝ2, λ ∈ ℝ,

where a > 0 is a given constant;
5.

F(x, y, λ) = λ2(x − a) − λy − a = 0, (x, y) ∈ ℝ2, λ ∈ ℝ,

where a > 0 is a given constant.

Answer 2.10. 1.
y = ±a, (x, y) ∈ ℝ2;

2. y = 0, (x, y) ∈ ℝ2;

3. x − y = 0, (x, y) ∈ ℝ2;

4. x2 + y2 − ax = 0, (x, y) ∈ ℝ2;

5. y2 + 4a(x − a) = 0, (x, y) ∈ ℝ2.

Problem 2.2. Find the evolutes of the following curves:
1.

y = x2k+1, k ∈ ℕ, (x, y) ∈ ℝ2;

2. y = log x, x ∈ ℝ, x > 0;

3. y = sin x, x ∈ ℝ;

4.
y = tan x, x ∈ (−π

2
,
π
2
);

5.
(a(log(tan( t

2
)) + cos t), a sin t), t ∈ ℝ,

where a ∈ ℝ;
6.

r = (1 + cosϕ), ϕ ∈ [0, 2π].
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Answer 2.11. 1.

(t + t
2k
+ (2k + 1)t4k−1 − (2k + 1)t4k + (2k + 1)2

2k
t4k+1,

t + 2k(2k + 1)t4k + (2k + 1)2t4k+1
2k(2k + 1)t2k

), t ∈ ℝ;

2.
(2t + 1

t
, log t − t2 − 1), t ∈ ℝ, t > 0;

3.
(t + cos t 1 + (cos t)

2

sin t
, −
2(cos t)2

sin t
), t ∈ ℝ;

4.
(t − 1 + (cos t)4

(cos t)2 sin(2t)
, tan t + 1 + (cos t)

4

sin(2t)
), t ∈ (−π

2
,
π
2
);

5.
(a log(tan( t

2
)),

a
sin t
), t ∈ ℝ,

or

(t, a cosh( ty
a
)), t ∈ ℝ;

6.
(
a
3
(cosϕ − 2(cosϕ)3 + 2), a

3
sinϕ(1 − cosϕ)), ϕ ∈ [0, 2π].

Problem 2.3. Find the curvature of the following curves:
1.

f (t) = (a(t − sin t), a(− cos t)), t ∈ ℝ,

where a ∈ ℝ is a given positive parameter;
2.

f (t) = (a(1 +m) cos(mt) − am cos((1 +m)t),
a(1 +m) sin(mt) − am sin((1 +m)t)), t ∈ [0, 2π],

where a,m ∈ ℝ are given positive parameters;
3.

f (t) = (a(cos t)3, a(sin t)3), t ∈ [0, 2π],

where a ∈ ℝ is a given positive parameter;
4.

f (t) = (a(cos t + t sin t), a(sin t − t cos t)), t ∈ [0, 2π],

where a ∈ ℝ is a given positive parameter;
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5.
r = aϕ, ϕ ∈ [0, 2π],

where a ∈ ℝ is a given positive parameter;
6.

r = aehϕ, ϕ ∈ [0, 2π],

where a, h ∈ ℝ are given positive parameters;
7.

r = a(1 + cosϕ), ϕ ∈ [0, 2π],

where a ∈ ℝ is a given positive parameter;
8.

r2 = a2 cos(2ϕ), ϕ ∈ [0, 2π],

where a ∈ ℝ is a given positive parameter;
9.

x2

a2
+
y2

b2
= 1, (x, y) ∈ ℝ2,

where a, b ∈ ℝ are given positive parameters;
10.

x2

a2
−
y2

b2
= 1, (x, y) ∈ ℝ2,

where a, b ∈ ℝ are given positive parameters.

Answer 2.12. 1. 1
4a| sin( t2 )|

, t ∈ [0, 2π];

2. 1 + 2m
4am(m + 1)| sin( t2 )|

, t ∈ [0, 2π];

3. 2
3a| sin(2t)|

, t ∈ [0, 2π];

4. 1
at
, t ∈ ℝ;

5. 2 + ϕ2

a(1 + ϕ2)
3
2

, ϕ ∈ [0, 2π];

6. 1
r√1 + h2

, ϕ ∈ [0, 2π];

7. 3
4a| cos(ϕ2 )|

, ϕ ∈ [0, 2π];
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8. 3r
a2
, ϕ ∈ [0, 2π];

9. a4b4

(b4x2 + a4y2)
3
2

, (x, y) ∈ ℝ2;

10. a4b4

(b4x2 + a4y2)
3
2

, (x, y) ∈ ℝ2.

Problem 2.4. Find the derivatives of rotation angle of the curves in Problem 2.3.

Answer 2.13. 1. 1
2
, t ∈ [0, 2π];

2. 1 + 2m
2
, t ∈ [0, 2π];

3. 1, t ∈ [0, 2π];

4. 1, t ∈ ℝ;

5. 2 + ϕ2

1 + ϕ2
, ϕ ∈ [0, 2π];

6. 1, ϕ ∈ [0, 2π];

7. 3
2
, ϕ ∈ [0, 2π];

8. 3, ϕ ∈ [0, 2π];

9. a3b3

b4x2 + a4y2
, (x, y) ∈ ℝ2;

10. a3b3

b4x2 + a4y2
, (x, y) ∈ ℝ2.

Problem 2.5. Find the curvature center of the curves in Problem 2.3.

Answer 2.14. 1.
(a(t − 3 sin t), a(1 − 3 cos t)), t ∈ [0, 2π];

2.
(
a(1 +m)
1 + 2m

cos(mt) + am
1 + 2m

cos((1 +m)t),

a(1 +m)
1 + 2m

sin(mt) + am
1 + 2m

sin((1 +m)t)), t ∈ [0, 2π];
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3. (a((cos t)2 − 3(sin t)2) cos t, a((sin t)2 − 3(cos t)2) sin t), t ∈ [0, 2π];

4. (a cos t, a sin t), t ∈ [0, 2π];

5.
(−a 1 + ϕ

2

2 + ϕ2
sinϕ + aϕ

2 + ϕ2
cosϕ,

a(1 + ϕ2)
2 + ϕ2

cosϕ + aϕ
2 + ϕ2

sinϕ), ϕ ∈ [0, 2π];

6. (−ahehϕ sinϕ, ahehϕ cosϕ), ϕ ∈ [0, 2π];

7.
(a(cosϕ + (cosϕ)2 − 2

3
sinϕ − 2

3
sin(2ϕ)),

a(sinϕ + 1
2
sin(2ϕ) + 2

3
cosϕ + 1

3
cos(2ϕ))), ϕ ∈ [0, 2π];

8.
(
2
3
r cosϕ + a

2 sin(2ϕ) sinϕ
3r

,
4
3
r sinϕ − a

2 sin(2ϕ) cosϕ
3r

), ϕ ∈ [0, 2π];

9.
(
(a2 − b2)(cosϕ)3

a
,
(b2 − a2)(sinϕ)3

b
), ϕ ∈ [0, 2π];

10.
(
(a4b2 − a4y2 − b4x2)x

a4b2
,
(a2b4 + b4x2 + a4y2)y

a2b4
), (x, y) ∈ ℝ2.

Problem 2.6. Prove that the evolute of a plane curve is the geometrical locus of the cur-
vature centers of the curve.

Hint 2.15. Use the definition of the evolute.

Problem 2.7. Find the involute of the following curve:

(t, 1
4
t2), t ∈ ℝ.

Answer 2.16.
(
t
2
+

2
√t2 + 4
(c − log(t + √t2 + 4)),

t
√t2 + 4
(c − log(t + √t2 + 4))), t ∈ ℝ.

Problem 2.8. Find the curves that are determined by the following natural equations:
1.

s2

a2
+

1
b2(κ±(s))2 = 1, s ∈ ℝ,
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where a, b > 0 are given parameters;
2.

1
(κ±(s))2 = 2as, s ∈ ℝ,

where a > 0 is a given parameter;
3.

1
(κ±(s))2 + a2 = a2e− 2sa , s ∈ ℝ,

where a > 0 is a given parameter.

Answer 2.17. 1.
s = a sin t,

R = b cos t,

θ(t) = at
b
, t ∈ ℝ;

2. (a(cos t + t sin t), a(sin t − t cos t)), t ∈ ℝ;

3.
(a cos t, a(log( 1 + sin t

cos t
) − sin t)), t ∈ ℝ.

Problem 2.9. Find the natural equations of the following curves:
1.

y = x
3
2 , x > 0;

2. (a(cos t + t sin t), a(sin t − t cos t)), t ∈ ℝ;

3.
(a(log(tan t

2
) + cos t), a sin t), t ∈ ℝ;

4. r = a(1 + cosϕ), ϕ ∈ ℝ.

Answer 2.18. 1.

(27s + 8)2 = (4 + 324
(κ±(s))2(27s + 8)2)3, s ∈ ℝ;

2.
(

1
κ±(s))2 = 2as, s ∈ ℝ;

3.
(

1
κ±(s))2 + a2 = a2e− 2sa , s ∈ ℝ;
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4. x2 + 9
(κ±(s))2 = 16a2, s ∈ ℝ.

Problem 2.10. Let a > 0 be a given parameter. Find the parametric equations of the
curves for which:
1. 1

(κ±(s))2 (sin θ(s))3 = a, s ∈ ℝ;

2. s = a tan θ(s), s ∈ ℝ;

3. s = a cos θ(s), s ∈ ℝ.

Answer 2.19. 1.
(−

a
2(sin θ(s))2

, −a cot θ(s)), s ∈ ℝ;

2.
(a log(tan(π

4
+
θ(s)
2
)),

a
cos θ(s)

), s ∈ ℝ;

3.
(−

a
4
(1 − cos(2θ(s))), −a

4
(2θ(s) − sin(2θ(s)))), s ∈ ℝ.



3 General theory of surfaces

In this chapter we first define parametrized surfaces and their equivalence under dif-
feomorphisms. Regular surfaces are also given and studied with examples. We revisit
curves by means of parametrized surfaces. The equations of the tangent plane and the
normal to a surface are derived in different forms: parametric, nonparametric, and im-
plicit. Considering the notion of differentiability of a map between two surfaces, we
introduce the shape operator of a surface and investigate its properties. In addition, we
deal with intrinsic invariants of a surface (the first fundamental form and the Gauss
curvature) and extrinsic invariants (the second fundamental form, the principal cur-
vatures and the mean curvature). Finally, the well-known Joachimsthal and Meusnier
theorems are proved.

3.1 Parameterized surfaces

Suppose that U ⊆ ℝ2.

Definition 3.1. A regular parameterized surface in ℝ3 is a smooth map f : U → ℝ3,
(t1, t2) 󳨃→ f (t1, t2), and

ft1 × ft2 ̸= 0 on U . (3.1)

Definition 3.2. The requirement (3.1) is called the regularity condition.

Example 3.1. Let f : ℝ2 → ℝ3 be given by

f (t1, t2) = (t1 + t2, e
t21+t2 , et1+t

2
2 ), (t1, t2) ∈ ℝ

2.

Here

f1(t1, t2) = t1 + t2,

f2(t1, t2) = e
t21+t2 ,

f3(t1, t2) = e
t1+t

2
2 , (t1, t2) ∈ ℝ

2.

Then

f1t1 (t1, t2) = 1,
f1t2 (t1, t2) = 1,

f2t1 (t1, t2) = 2t1e
t21+t2 ,

f2t2 (t1, t2) = e
t21+t2 ,

f3t1 (t1, t2) = e
t1+t

2
2 ,

https://doi.org/10.1515/9783111501857-003

https://doi.org/10.1515/9783111501857-003
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f3t2 (t1, t2) = 2t2e
t1+t

2
2 , (t1, t2) ∈ ℝ

2.

Hence,

ft1 (t1, t2) = (f1t1 (t1, t2), f2t1 (t1, t2), f3t1 (t1, t2))

= (1, 2t1e
t21+t2 , et1+t

2
2 ),

ft2 (t1, t2) = (f1t2 (t1, t2), f2t2 (t1, t2), f3t2 (t1, t2))

= (1, et
2
1+t2 , 2t2e

t1+t
2
2 ), (t1, t2) ∈ ℝ

2,

and

ft1 (t1, t2) × ft2 (t1, t2) = ((4t1t2 − 1)e
t1+t

2
1+t2+t

2
2 ,

(1 − 2t2)e
t1+t

2
2 , (1 − 2t1)e

t21+t2), (t1, t2) ∈ ℝ
2.

Then

ft1 (t1, t2) × ft2 (t1, t2) ̸= 0

if and only if t1 ̸=
1
2 or t2 ̸=

1
2 . Thus, the considered surface is regular for those (t1, t2) ∈ ℝ

2

with t1 ̸=
1
2 or t2 ̸=

1
2 ; see Fig. 3.1.

Figure 3.1: A regular parameterized surface f (t1, t2) = (t1 + t2, e
t21 +t2 , et1+t

2
2 ), (t1, t2) ∈ [0, 2/5].

Example 3.2. Consider the unit sphere (see Fig. 3.2)

f (t1, t2) = (cos t1 cos t2, sin t1 cos t2, sin t2), t1 ∈ (0, 2π), t2 ∈ (−
π
2
,
π
2
).

Here
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Figure 3.2: The unit sphere f (t1, t2) = (cos t1 cos t2, sin t1 cos t2, sin t2), t1 ∈ (1/10, 6), t2 ∈ (−17/10, 17/10).

f1(t1, t2) = cos t1 cos t2,
f2(t1, t2) = sin t1 cos t2,

f3(t1, t2) = sin t2, t1 ∈ (0, 2π), t2 ∈ (−
π
2
,
π
2
).

Then

f1t1 (t1, t2) = − sin t1 cos t2,
f1t2 (t1, t2) = − cos t1 sin t2,
f2t1 (t1, t2) = cos t1 cos t2,
f2t2 (t1, t2) = − sin t1 sin t2,
f3t1 (t1, t2) = 0,

f3t2 (t1, t2) = cos t2, t1 ∈ (0, 2π), t2 ∈ (−
π
2
,
π
2
),

and

ft1 (t1, t2) = (f1t1 (t1, t2), f2t1 (t1, t2), f3t1 (t1, t2))
= (− sin t1 cos t2, cos t1 cos t2, 0),

ft2 (t1, t2) = (f1t2 (t1, t2), f2t2 (t1, t2), f3t2 (t1, t2))

= (− cos t1 sin t2, − sin t1 sin t2, cos t2), t1 ∈ (0, 2π), t2 ∈ (−
π
2
,
π
2
).

Hence,
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ft1 (t1, t2) × ft2 (t1, t2)

= (cos t1(cos t2)
2, sin t1(cos t2)

2, (sin t1)
2 sin t2 cos t2 + (cos t1)

2 sin t2 cos t2)

= (cos t1(cos t2)
2, sin t1(cos t2)

2, sin t2 cos t2)

̸= 0, t1 ∈ (0, 2π), t2 ∈ (−
π
2
,
π
2
).

Thus, the unit sphere is a regular surface in (0, 2π) × (− π2 ,
π
2 ).

Example 3.3. Consider the torus

f (t1, t2) = ((a + b cos t1) cos t2, (a + b cos t1) sin t2, b sin t1), (t1, t2) ∈ [0, 2π] × [0, 2π],

where a, b ∈ ℝ, a > 2, b ∈ (0, 1). Here

f1(t1, t2) = (a + b cos t1) cos t2,
f2(t1, t2) = (a + b cos t1) sin t2,
f3(t1, t2) = b sin t1, (t1, t2) ∈ [0, 2π] × [0, 2π].

Then

f1t1 (t1, t2) = −b sin t1 cos t2,
f1t2 (t1, t2) = −(a + b cos t1) sin t2,
f2t1 (t1, t2) = −b sin t1 sin t2,
f2t2 (t1, t2) = (a + b cos t1) cos t2,
f3t1 (t1, t2) = b cos t1,
f3t2 (t1, t2) = 0, (t1, t2) ∈ [0, 2π] × [0, 2π],

and

ft1 (t1, t2) = (f1t1 (t1, t2), f2t1 (t1, t2), f3t1 (t1, t2))
= (−b sin t1 cos t2, −b sin t1 sin t2, b cos t1),

ft2 (t1, t2) = (f2t1 (t1, t2), f2t2 (t1, t2), f3t2 (t1, t2))
= (−(a + b cos t1) sin t2, (a + b cos t1) cos t2, 0), (t1, t2) ∈ [0, 2π] × [0, 2π].

Hence,

ft1 (t1, t2) × ft2 (t1, t2) = (−b(a + b cos t1) cos t2 cos t1, −b(a + b cos t1) sin t2 cos t1,

− b(a + b cos t1) sin t1(cos t2)
2 − b(a + b cos t1) sin t1(sin t2)

2)

= (−b(a + b cos t1) cos t1 cos t2, −b(a + b cos t1) cos t1 sin t2,
− b(a + b cos t1) sin t1)
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or

ft1 (t1, t2) × ft2 (t1, t2) ̸= (0, 0, 0), (t1, t2) ∈ [0, 2π] × [0, 2π].

Thus, the considered torus is a regular surface; see Fig. 3.3, for the values a = 3, b = 1/2.

Figure 3.3: The torus f (t1, t2) = ((3 +
1
2 cos t1) cos t2, (3 +

1
2 cos t1) sin t2,

1
2 sin t1), (t1, t2) ∈ [0, 2π] × [0, 2π].

Exercise 3.1. Prove that the elliptic cylinder (see Fig. 3.4)

f (t1, t2) = (a cos t1, b sin t1, t2), t1 ∈ [0, 2π], t2 ∈ [0, 2],

where a, b ∈ ℝ, a, b > 0, is a regular surface.

Figure 3.4: The elliptic cylinder f (t1, t2) = (3 cos t1, 4 sin t1, t2), t1 ∈ [0, 2π], t2 ∈ [0, 2].

Definition 3.3. The set f (U) ⊆ ℝ3 is said to be the support of the parameterized surface
(U , f ).

Example 3.4. Let U = ℝ2 and

f (t1, t2) = (t2 + 2, 3t1 + 4t2 + 5, 6t1 + 7t2 + 8), (t1, t2) ∈ ℝ
2

(see Fig. 3.5). We will find the support of f . Here

f1(t1, t2) = t2 + 2,
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f2(t1, t2) = 3t1 + 4t2 + 5,

f3(t1, t2) = 6t1 + 7t2 + 8, (t1, t2) ∈ ℝ
2.

Then

t2 = f1 − 2,

f2 = 3t1 + 4(f1 − 2) + 5,

f3 = 6t1 + 7(f1 − 2) + 8,

or

t2 = f1 − 2,

f2 = 3t1 + 4f1 − 3,

f3 = 6t1 + 7f1 − 6,

whereupon

t2 = f1 − 1,

t1 =
f2 − 4f1 + 3

3
,

t1 =
f3 − 7f1 + 6

6
.

Hence,

f2 − 4f1 + 3
3
=
f3 − 7f1 + 6

6

and

2(f2 − 4f1 + 3) = f3 − 7f1 + 6,

or

2f2 − 8f1 − 6 = f3 − 7f1 − 6,

i. e., the support of the considered surface is the plane

f1 − 2f2 + f3 = 0.

Example 3.5. Let U = ℝ2 and

f (t1, t2) = (cos t1 cos t2, cos t1 sin t2, sin t1), (t1, t2) ∈ ℝ
2.
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Figure 3.5: The line f (t1, t2) = (t2 + 2, 3t1 + 4t2 + 5, 6t1 + 7t2 + 8), (t1, t2) ∈ (0, 1/10).

Here

f1(t1, t2) = cos t1 cos t2,
f2(t1, t2) = cos t1 sin t2,

f3(t1, t2) = sin t1, (t1, t2) ∈ ℝ
2.

Observe that

f 21 + f
2
2 + f

2
3 = (cos t1)

2(cos t2)
2 + (cos t1)

2(sin t2)
2 + (sin t1)

2

= (cos t1)
2 + (sin t1)

2

= 1,

i. e., the support of the considered surface is the sphere

f 21 + f
2
2 + f

2
3 = 1.

Exercise 3.2. Find the support of the surface

f (t1, t2) = (t1 cos t2, t1 sin t2, t2), (t1, t2) ∈ ℝ
2.

Answer 3.1. The helicoid

tan f3 =
f2
f1
.

Definition 3.4. Letm, n ∈ ℕ,M ⊆ ℝm, N ⊆ ℝn. A map f : M → N is called a homeomor-
phism if it is bijection, f ∈ 𝒞(M), and its inverse f −1 : N → M is also continuous.

Definition 3.5. Let m, n ∈ ℕ, M ⊆ ℝm, N ⊆ ℝn. A differentiable map f : M → N is
called a diffeomorphism if it is bijection and its inverse f −1 : N → M is differentiable. If
f ∈ 𝒞r(M) and f −1 ∈ 𝒞r(N), then f is said to be 𝒞r-diffeomorphism.

Example 3.6. Consider the map f : ℝ2 → ℝ2 given by

f (t1, t2) = (t
2
1 + t

3
2 , t

2
1 − t

3
2), (t1, t2) ∈ ℝ

2, t1t2 ̸= 0.

Here
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f1(t1, t2) = t
2
1 + t

3
2 ,

f2(t1, t2) = t
2
1 − t

3
2 , (t1, t2) ∈ ℝ

2, t1t2 ̸= 0.

Then

f1t1 (t1, t2) = 2t1,

f1t2 (t1, t2) = 3t
2
2 ,

f2t1 (t1, t2) = 2t1,

f2t2 (t1, t2) = −3t
2
2 , (t1, t2) ∈ ℝ

2, t1t2 ̸= 0.

In the considered case, the Jacobian matrix is

Jf (t1, t2) = (
f1t1 (t1, t2) f1t2 (t1, t2)
f2t1 (t1, t2) f2t2 (t1, t2)

)

= (
2t1 3t22
2t1 −3t

2
2
) , (t1, t2) ∈ ℝ

2, t1t2 ̸= 0,

and for its determinant we have

det Jf (t1, t2) = −6t1t
2
2 − 6t1t

2
2

= −12t1t
2
2 , (t1, t2) ∈ ℝ

2, t1t2 ̸= 0.

From here, we conclude that the considered map is a diffeomorphism away from the t1-
and t2-axis.

Example 3.7. Consider the map f : ℝ2 → ℝ2 given by

f (t1, t2) = (sin(t
2
1 + t

2
2), cos(t

2
1 + t

2
2)), (t1, t2) ∈ ℝ

2.

Here

f1(t1, t2) = sin(t
2
1 + t

2
2),

f2(t1, t2) = cos(t
2
1 + t

2
2), (t1, t2) ∈ ℝ

2.

Then

f1t1 (t1, t2) = 2t1 cos(t
2
1 + t

2
2),

f1t2 (t1, t2) = 2t2 cos(t
2
1 + t

2
2),

f2t1 (t1, t2) = −2t1 sin(t
2
1 + t

2
2),

f2t2 (t1, t2) = −2t2 sin(t
2
1 + t

2
2), (t1, t2) ∈ ℝ

2.
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The Jacobian matrix is

Jf (t1, t2) = (
f1t1 (t1, t2) f1t2 (t1, t2)
f2t1 (t1, t2) f2t2 (t1, t2)

)

= (
2t1 cos(t

2
1 + t

2
2) 2t2 cos(t

2
1 + t

2
2)

−2t1 sin(t
2
1 + t

2
2) −2t2 sin(t

2
1 + t

2
2)
) , (t1, t2) ∈ ℝ

2,

and its determinant is

det Jf (t1, t2) = −4t1t2 sin(t
2
1 + t

2
2) cos(t

2
1 + t

2
2) + 4t1t2 sin(t

2
1 + t

2
2) cos(t

2
1 + t

2
2)

= 0, (t1, t2) ∈ ℝ
2.

Thus, the considered map is not a diffeomorphism.

Exercise 3.3. Prove that the map f : [1, 2] × [1, 2] → ℝ2 given by

f (t1, t2) = (t1 cos t2, t1 sin t2), (t1, t2) ∈ [1, 2] × [1, 2],

is a diffeomorphism.

Definition 3.6. The two parameterized surfaces (U , f ) and (V , g) are said to be equiva-
lent if there is a diffeomorphism ϕ : U → V such that

f = g(ϕ).

Definition 3.7. A subset S ofℝ3 is called a regular surface if for each point a ∈ S there is
a neighborhoodW in S and a homeomorphism f : U → W so that f (U) = W and (U , f )
is a parameterized surface. The pair (U , f ) is said to be a local parameterization of the
surface S. The support f (U) is called the domain of the parameterization. If f (U) = S,
then the surface S is said to be a simple surface.

We have the following representations of the surfaces:
1. If (U , f ) is a parametrized surface and

f (t1, t2) = (f1(t1, t2), f2(t1, t2), f3(t1, t2)), (t1, t2) ∈ U ,

then the equations

f1 = f1(t1, t2),
f2 = f2(t1, t2),
f3 = f3(t1, t2), (t1, t2) ∈ U ,

are said to be parametric equations of the parameterized surface (U , f ).
2. If g : U → ℝ, g ∈ 𝒞1(U) and
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f (t1, t2) = (t1, t2, g(t1, t2)),

then this representation of the parameterized surface (U , f ) is said to be an explicit
representation.

3. LetW ⊆ ℝ3 and F ∈ 𝒞1(ℝ3).

Definition 3.8. The set

S = {(t1, t2, t3) ∈ ℝ
3 : F(t1, t2, t3) = 0}

is said to be 0-level set of F .

Definition 3.9. The vector

grad F(t1, t2, t3) = (Ft1 (t1, t2, t3), Ft2 (t1, t2, t3), Ft3 (t1, t2, t3)), (t1, t2, t3) ∈ W ,

is said to be gradient vector of F .

Exercise 3.4. Let

grad F(t1, t2, t3) ̸= (0, 0, 0), (t1, t2, t3) ∈ W .

Prove that S is a regular surface.

Solution. Let (t01 , t
0
2 , t

0
3 ) ∈ W . Without loss of generality, suppose that

Ft3(t
0
1 , t

0
2 , t

0
3 ) ̸= 0.

Then, by the implicit function theorem, there is a neighborhoodM of (t01 , t
0
2 , t

0
3 ) and

f ∈ 𝒞1 such that

t3 = f (t1, t2), (t1, t2, t3) ∈ M .

This completes the proof.

We call

F(t1, t2, t3) = 0

the implicit representation of the parameterized surface

t3 = f (t1, t2), (t1, t2, t3) ∈ M .

Example 3.8. We will find the parametric equations of the ellipsoid

x2

a2
+
y2

b2
+
z2

c2
= 1,
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where a, b, c ∈ ℝ, (a, b, c) ̸= (0, 0, 0). Let

x = a cos t1 cos t2,
y = b sin t1 cos t2,
z = c sin t2, t1 ∈ [0, 2π], t2 ∈ [0, π].

We have

x2

a2
+
y2

b2
+
z2

c2
=

1
a2
(a cos t1 cos t2)

2 +
1
b2
(b sin t1 cos t2)

2 +
1
c2
(c sin t2)

2

= (cos t1)
2(cos t2)

2 + (sin t1)
2(cos t2)

2 + (sin t2)
2

= ((cos t1)
2 + (sin t1)

2)(cos t2)
2 + (sin t2)

2

= (cos t2)
2 + (sin t2)

2

= 1, t1 ∈ [0, 2π], v ∈ [0, π].

Thus, the parametric equation of the ellipsoid is

f (t1, t2) = (a cos t1 cos t2, b sin t1 cos t2, c sin t2), t1 ∈ [0, 2π], t2 ∈ [0, π].

See Fig. 3.6 for the values a = 1, b = 2, and c = 3.

Figure 3.6: The ellipsoid f (t1, t2) = (cos t1 cos t2, 2 sin t1 cos t2, 3 sin t2), t1 ∈ [0, 2π], t2 ∈ [0, π].
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Example 3.9. Consider the hyperboloid of one sheet

x2

a2
+
y2

b2
−
z2

c2
= 1,

where a, b, c ∈ ℝ, (a, b, c) ̸= (0, 0, 0). Let

x = a cosh t1 cos t2,

y = b cosh t1 sin t2,

z = c sinh t1, t1 ∈ ℝ, t2 ∈ [0, 2π].

Then

x2

a2
+
y2

b2
−
z2

c2
=

1
a2
(a cosh t1 cos t2)

2 +
1
b2
(b cosh t1 sin t2)

2 −
1
c2
(c sinh t1)

2

= (cosh t1)
2(cos t2)

2 + (cosh t1)
2(sin t2)

2 − (sinh t1)
2

= (cosh t1)
2((cos t2)

2 + (sin t2)
2) − (sinh t1)

2

= (cosh t1)
2 − (sinh t1)

2

= 1.

Thus, the parametric equation of the hyperboloid of one sheet is

f (t1, t2) = (a cosh t1 cos t2, b cosh t1 sin t2, c sinh t1), t1 ∈ ℝ, t2 ∈ [0, 2π].

See Fig. 3.7 for the values a = 1, b = 2, and c = 3.

Example 3.10. Consider the two-sheeted hyperboloid

x2

a2
+
y2

b2
−
z2

c2
= −1,

where a, b, c ∈ ℝ, (a, b, c) ̸= (0, 0, 0). Let

x = a sinh t1 cos t2,

y = b sinh t1 sin t2,

z = c cosh t1, t1 ∈ ℝ, t2 ∈ [0, 2π].

Then

x2

a2
+
y2

b2
−
z2

c2
=

1
a2
(a sinh t1 cos t2)

2 +
1
b2
(sinh t1 sin t2)

2 −
1
c2
(c cosh t1)

2

= (sinh t1)
2(cos t2)

2 + (sinh t1)
2(sin t2)

2 − (cosh t1)
2

= (sinh t1)
2((cos t2)

2 + (sin t2)
2) − (cosh t1)

2
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Figure 3.7: The hyperboloid of one sheet f (t1, t2) = (cosh t1 cos t2, 2 cosh t1 sin t2, 3 sinh t1), t1 ∈ [−1, 1],
t2 ∈ [0, 2π].

= (sinh t1)
2 − (cosh t1)

2

= −1.

Thus, the parametric equation of the two-sheeted hyperboloid is

f (t1, t2) = (a sinh t1 cos t2, b sinh t1 sin t2, c cosh t1), t1 ∈ ℝ, t2 ∈ [0, 2π].

See Fig. 3.8 for the values a = 1, b = 2, and c = 3.

Example 3.11. Consider the elliptic paraboloid

x2

a2
+
y2

b2
= z,

where a, b ∈ ℝ, (a, b) ̸= (0, 0). Let

x = at1 cos t2,
y = bt1 sin t2,

z = t21 , t1 ∈ ℝ, t2 ∈ [0, 2π].
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Figure 3.8: The two-sheeted hyperboloid f (t1, t2) = (cosh t1 cos t2, 2 cosh t1 sin t2, 3 sinh t1), t1 ∈ [−1, 1],
t2 ∈ [0, 2π].

Then

x2

a2
+
y2

b2
=

1
a2
(at1 cos t2)

2 +
1
b2
(bt1 sin t2)

2

= t21 (cos t2)
2 + t21 (sin t2)

2

= t21((cos t2)
2 + (sin t2)

2)

= t21
= z, t1 ∈ ℝ, t2 ∈ [0, 2π].

Thus, the parametric equation of the elliptic paraboloid is

f (t1, t2) = (at1 cos t2, bt1 sin t2, t
2
1), t1 ∈ ℝ, t2 ∈ [0, 2π].

See Fig. 3.9 for the values a = 1 and b = 2.



124 � 3 General theory of surfaces

Figure 3.9: The elliptic paraboloid f (t1, t2) = (t1 cos t2, 2t1 sin t2, t
2
1 ), t1 ∈ [−1, 1], t2 ∈ [0, 2π].

Example 3.12. Consider the elliptic cylinder

x2

a2
+
y2

b2
= 1,

where a, b ∈ ℝ, (a, b) ̸= (0, 0). Let

x = a cos t1,
y = a sin t1,
z = v, t1 ∈ [0, 2π], t2 ∈ ℝ.

Then

x2

a2
+
y2

b2
=

1
a2
(a cos t1)

2 +
1
b2
(b sin t1)

2

= (cos t1)
2 + (sin t1)

2

= 1, t1 ∈ [0, 2π], t2 ∈ ℝ.

Thus, the parametric equation of the elliptic cylinder is

f (t1, t1) = (a cos t1, b sin t1, t2), t1 ∈ [0, 2π], t2 ∈ ℝ.

See Fig. 3.10 for the values a = 1 and b = 2.

Example 3.13. Consider the cone

x2

a2
+
y2

b2
=
z2

c2
,

where a, b, c ∈ ℝ, (a, b, c) ̸= (0, 0, 0). Let

x = at1 cos t2,
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Figure 3.10: The elliptic cylinder f (t1, t2) = (a cos t1, 2 sin t1, t2), t1 ∈ [−1, 1], t2 ∈ [0, 2π].

y = bt1 sin t2,
z = ct1, t1 ∈ ℝ, t2 ∈ [0, 2π].

Then

x2

a2
+
y2

b2
=

1
a2
(at1 cos v)

2 +
1
b2
(bt1 sin t2)

2

= t21 (cos t2)
2 + t21 (sin t2)

2

= t21((cos t2)
2 + (sin t2)

2)

= t21

=
z2

c2
.

Thus, the parametric equation of the cone is

f (t1, t2) = (at1 cos t2, bt1 sin t2, ct1), u ∈ ℝ, t2 ∈ [0, 2π].

See Fig. 3.11 for the values a = 1, b = 1, and c = 2.

Example 3.14. Consider the hyperbolic paraboloid

x2

a2
−
y2

b2
= 2z,

where a, b ∈ ℝ, (a, b) ̸= (0, 0). Let

x = a(t1 + t2),
y = b(t2 − t1),

z = 2t1t2, (t1, t2) ∈ ℝ
2.
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Figure 3.11: The cone f (t1, t2) = (t1 cos t2, 2t1 sin t2, 3t1), t1 ∈ [−1, 1], t2 ∈ [0, 2π].

We have

x2

a2
−
y2

b2
=

1
a2
(a(t1 + t2))

2
−

1
b2
(b(t2 − t1))

2

= (t1 + t2)
2 − (t2 − t1)

2

= t21 + 2t1t2 + t
2
2 − (t

2
2 − 2t1t2 + t

2
1)

= 4t1t2
= 2z, (u, v) ∈ ℝ2.

Thus, the parametric equation of the hyperbolic paraboloid is

f (t1, t2) = (a(t1 + t2), b(t2 − t1), 2t1t2), (t1, t2) ∈ ℝ
2.

See Fig. 3.12 for the values a = 1 and b = 2.

Exercise 3.5. Prove that the equations

f (u, v) = ( u
u2 + v2
,

v
u2 + v2
,

1
u2 + v2
), (u, v) ∈ ℝ2,
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Figure 3.12: The cone f (t1, t2) = (t1 + t2, 2(t2 − t1), 2t1t2), t1 ∈ [−1, 1], t2 ∈ [−1, 1].

and

g(t1, t2) = (t1 cos t2, t1 sin t2, t
2
1), t1 ∈ ℝ, t2 ∈ [0, 2π],

determine the same surface.

3.2 The equivalence of local representations

Definition 3.10. Let S be a surface, (U , f ) be its local parameterization, andW = f (U).
Then the map f −1 : W → U is a bijection and is called a curvilinear coordinate system
on S, or a chart on S.

Exercise 3.6. Let (U , f ) be a local parameterization of the surface S, f (U) = W , and
f −1 : W → U . Then for each point a ∈ W , there is an open set B in the topology of ℝ3

and a smooth map G : B→ V such that a ∈ B, V ⊂ U is an open subset, and

f −1|W∩B = G|W∩B .

Solution. Let

f (t1, t2) = (f1(t1, t2), f2(t1, t2), f3(t1, t2)), (t1, t2) ∈ U ,
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and

a = f (t01 , t
0
2 ).

Note that

rank(
f1t1 f1t2
f2t1 f2t2
f3t1 f3t2

) = 2.

Without loss of generality, suppose that

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

f1t1 f1t2
f2t1 f2t2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
̸= 0.

Then, by the inverse function theorem, it follows that there is an open neighborhood V
of the point (t01 , t

0
2 ) in U and an open neighborhood V1 of the point (f1(t

0
1 , t

0
2 ), f2(t

0
1 , t

0
2 ))

such that f : V → V1 is a diffeomorphism. Because f : U → W is a homeomorphism, we
have that f (V ) is an open neighborhood in S of the point a. Therefore there is an open
neighborhood of the point a such that

f (V ) = B ∩ S = B ∩W .

Now, define the map ϕ : ℝ3 → ℝ2 as follows:

ϕ(t1, t2, t3) = (t1, t2), (t1, t2) ∈ ℝ
2.

Let

G = (f −1(ϕ))|B : B→ U .

Note that G is a smooth map. Next, to each point (s1, s2, s3) ∈ B∩W corresponds a single
point

(t1, t2) = f
−1(s1, s2, s3) ∈ V .

Also, to each point (s1, s2) ∈ V1 corresponds the point

(t1, t2) = f
−1(s1, s2) ∈ V .

Thus, if (s1, s2, s3) ∈ B ∩W , then

f −1(s1, s2, s3) = (t1, t2)

= f −1(s1, s2)
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= f −1(ϕ(s1, s2, s3))
= G(s1, s2, s3).

This completes the solution.

Exercise 3.7. Let (U , f ) and (U1, f1) be two local parameterizations of a surface S and
f (U) = f1(U1). Then there is a diffeomorphism ϕ : U → U1 such that

f = f1(ϕ).

Solution. LetW = f (U) = f1(U1) and

ϕ = f −11 ∘ f .

Then ϕ : U → U1. Since f1 : U1 → W is a homeomorphism, we have that f −11 : W → U1
is a homeomorphism. Therefore ϕ : U → U1 is a homeomorphism. Now, we will prove
that each point (t01 , t

0
2 ) ∈ U has an open neighborhood V ⊂ U such that the map ϕ|V is

smooth. Let

a = f1(ϕ(t
0
1 , t

0
2 )).

By Exercise 3.6, it follows that there is an open set B of ℝ3 such that G : B → U1 is a
smooth map so that

f −11 |B∩W = G|B∩W

and

V = f −1(B ∩W ).

Then

ϕ|V = f
−1
1 ⋅ f|V = G ∘ f|V

and ϕ|V is a smooth map. As above, ϕ
−1 is a smooth map. This completes the solution.

Exercise 3.8. Let (U , f ) be a regular parametrized surface. Then each point (t01 , t
0
2 ) ∈ U

has an open neighborhood V ⊂ U such that f (V ) is a simple surface in ℝ3 for which
(V , f|V ) is a global representation.

Solution. Let

f (t1, t2) = (f1(t1, t2), f2(t1, t2), f3(t1, t2)), (t1, t2) ∈ U ,

and
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󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

f1t1 (t
0
1 , t

0
2 ) f1t2 (t

0
1 , t

0
2 )

f2t1 (t
0
1 , t

0
2 ) f2t2 (t

0
1 , t

0
2 )

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
̸= 0.

Then, by the inverse function theorem, there is an open neighborhood V ⊂ U of the
point (t01 , t

0
2 ) and an open neighborhood V1 of the point (s10, s20, s30) = f (t

0
1 , t

0
2 ) such that

f : V → V1 is a diffeomorphism. Let now (t1, t2), (y1, y2) ∈ V be such that

f1(t1, t2) = f1(y1, y2),
f2(t1, t2) = f2(y1, y2).

Since f : V → V1 is a diffeomorphism, it is an injective map and then

(t1, t2) = (y1, y2).

Since f : U → ℝ3 is continuous, we have that f|V : V → f (V ) is continuous. Note that

(x, y, z) ∈ f (V ) → (u, v,w) ∈ V1 → (t1, t2) = f
−1(u, v,w).

Thus, the inverse map of f|V : V → f (V ) is continuous. This completes the solution.

3.3 Curves on surfaces

Exercise 3.9. Let (U , f ) be a parameterization of the surface S and (I , g = g(t)) be a
smooth parameterized curve whose support is included in f (U). Then there is a unique
smooth parameterized curve (I , g1) on U such that

g(t) = f (g1(t)), t ∈ I . (3.2)

Conversely, any smooth parametrized curve g1 on U defines, through (3.2), a smooth
curve on f (U). The regularity of g at t is equivalent to the regularity of g1 at t.

Solution. Since f : U → f (U) is a homeomorphism and g(I) ⊂ f (U), we get

g1 = f
−1 ∘ g.

We have that g1 is continuous because it is a composition of two continuous maps. Let
t ∈ I . Then g(t) ∈ f (U). By Exercise 3.6, it follows that there is an open neighborhood B
of the point g(t) and a smooth map G : B→ U such that

f −1|B∩f (U) = G|B∩f (U) .

Therefore, the map g1 can be represented in a neighborhood of the point t as a compo-
sition of g and G. Since G and g are smooth, we have that g1 is smooth. For the converse
assertion, by (3.2) and the smoothness of f and g1, it follows that g is smooth. Let
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g1(t) = (u(t), v(t)), t ∈ I .

Then, by (3.2), we find

g(t) = f (u(t), v(t)), t ∈ I .

Now, we differentiate the latter equation with respect to t and find

g′(t) = ft1(u(t), v(t))u
′(t) + ft2(u(t), v(t))v

′(t), t ∈ I .

Since

ft1 × ft2 ̸= 0 on U ,

we have that ft1 and ft2 are not collinear. Therefore

g′(t) = 0, t ∈ I ,

if and only if

g′1(t) = 0, t ∈ I .

This completes the solution.

Definition 3.11. LetU , f , g, g1, and I be as in Exercise 3.9. Then the parameterized curve
g1 on U is called a local parameterization of g in (U , f ). The equations

u = u(t),
v = v(t), t ∈ I ,

are called local equations of g.

3.4 The tangent vector space, tangent plane, and normal to a
surface

Let a ∈ ℝ3. Denote by ℝ3a the space of all vectors with the origin a.

Definition 3.12. A vector w ∈ ℝ3 is called a tangent vector to the surface S if there is a
parameterized curve (I , g = g(t)) on S and t0 ∈ I such that g(t0) = a and

w = g′(t0).

Thus, a tangent vector to a surface is a tangent vector to a parameterized curve on the
surface S.
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By TaS we will denote the set of all tangent vectors to S at a. If

g(t) = f (u(t), v(t)), t ∈ I ,

then

g′(t) = fu(u(t), v(t))u
′(t) + fv(u(t), v(t))v

′(t), t ∈ I .

Exercise 3.10. The set TaS is a two-dimensional vector subspace ofℝ
3. If (U , f ) is a local

parameterization of S, a = f (u0, v0), then fu(u0, v0) and fv(u0, v0) become a basis to TaS.

Solution. Let (I , g = g(t)) be a parameterized curve on S and g(t0) = a for some t0 ∈ I .
Assume that g(I) ⊂ f (U) and

g(t) = f (u(t), v(t)), t ∈ I .

Then

g′(t) = fu(u(t), v(t))u
′(t) + fv(u(t), v(t))v

′(t), t ∈ I .

Note that any vector in the form

w = αfu(u0, v0) + βfv(u0, v0),

for some α, β ∈ ℝ, is a tangent vector to the curve with equations

u = u0 + αt,
v = v0 + βt,

which is a curve on S passing through thepointa for t = t0. Thus,w ∈ TaS. This completes
the solution.

Definition 3.13. The vector space TaS is called the tangent space to S at a. The plane
passing through a and having TaS as a directing plane is called the tangent plane of S
at a.

If

a = (f1(t
0
1 , t

0
2 ), f2(t

0
1 , t

0
2 ), f3(t

0
1 , t

0
2 )),

then the equation of the tangent plane is given by

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

X − f1(t
0
1 , t

0
2 ) Y − f2(t

0
1 , t

0
2 ) Z − f3(t

0
1 , t

0
2 )

f1t1 (t
0
1 , t

0
2 ) f2t1 (t

0
1 , t

0
2 ) f3t1 (t

0
1 , t

0
2 )

f1t2 (t
0
1 , t

0
2 ) f2t2 (t

0
1 , t

0
2 ) f3t2 (t

0
1 , t

0
2 )

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

= 0
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or, equivalently,

(X − f1(t
0
1 , t

0
2 ), Y − f2(t

0
1 , t

0
2 ), Z − f3(t

0
1 , t

0
2 )) ⋅ (ft1(t

0
1 , t

0
2 ) × ft2(t

0
1 , t

0
2 )) = 0.

If the surface S is given by

z = f (x, y), (x, y) ∈ U ,

where U ⊂ ℝ2 and f ∈ 𝒞1(U), then the equation of the tangent plane at (x0, y0, z0),
(x0, y0) ∈ U , z0 = f (x0, y0), is given by

z − z0 = fx(x0, y0)(x − x0) + fy(x0, y0)(y − y0).

If the surface S is given by

F(x, y, z) = 0, (x, y, z) ∈ V ,

where V ⊂ ℝ3, F ∈ 𝒞1(V ), then the equation of the tangent plane at (x0, y0, z0) ∈ V is

Fx(x0, y0, z0)(x − x0) + Fy(x0, y0, z0)(y − y0) + Fz(x0, y0, z0)(z − z0) = 0.

Example 3.15. We will find the equation of the tangent plane to the surface

z = xy, (x, y) ∈ ℝ2,

at the point (2, 1, 2). We have

zx(x, y) = y,

zy(x, y) = x, (x, y) ∈ ℝ
2,

zx(2, 1) = 1,
zy(2, 1) = 2.

Then the equation of the tangent plane is

z − 2 = (x − 2) + 2(y − 1)

or

x + 2y − z = 2;

see Fig. 3.13.

Example 3.16. We will find the equation of the tangent plane to the surface

x2 + y2 + z2 = 169, (x, y, z) ∈ ℝ3,
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Figure 3.13: The surface z = xy (left) and its tangent plane x + 2y − z = 2 (right) at (2, 1, 2), x, y ∈ [−2, 2].

at the point (3, 4, −12). Let

F(x, y, z) = x2 + y2 + z2 − 169, (x, y, z) ∈ ℝ3.

Then

Fx(x, y, z) = 2x,

Fy(x, y, z) = 2y,

Fz(x, y, z) = 2z, (x, y, z) ∈ ℝ
3,

and

Fx(3, 4, −12) = 6,

Fy(3, 4, −12) = 8,

Fz(3, 4, −12) = −24.

Thus, the equation of the tangent plane is

6(x − 3) + 8(y − 4) − 24(z + 12) = 0

or
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3x + 4y − 12z = 169;

see Fig. 3.14.

Figure 3.14: The sphere x2+y2+z2 = 169 (left) and its tangent plane 3x+4y−12z = 169 (right) at (3, 4, −12).

Example 3.17. We will find the equation of the tangent plane to the surface

f (t1, t2) = (t1 + t2, t
2
1 + t

2
2 , t

3
1 + t

3
2), (t1, t2) ∈ ℝ

2,

at the point (3, 5, 9). Here

f1(t1, t2) = t1 + t2,

f2(t1, t2) = t
2
1 + t

2
2 ,

f3(t1, t2) = t
3
1 + t

3
2 , (t1, t2) ∈ ℝ

2.

Then

f1t1 (t1, t2) = 1,
f1t2 (t1, t2) = 1,
f2t1 (t1, t2) = 2t1,
f2t2 (t1, t2) = 2t2,

f3t1 (t1, t2) = 3t
2
1 ,

f3t2 (t1, t2) = 3t
2
2 , (t1, t2) ∈ ℝ

2.

Next, we have
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t1 + t2 = 3,

t21 + t
2
2 = 5,

t31 + t
3
2 = 9

or

t2 = 3 − t1,

t21 + (3 − t1)
2 = 5,

t31 + (3 − t1)
3 = 9.

From the second equation of the latter system, we find

5 = t21 + (3 − t1)
2

= t21 + 9 − 6t1 + t
2
1

= 2t21 − 6t1 + 9,

whereupon

2t21 − 6t1 + 4 = 0,

or

t21 − 3t1 + 2 = 0.

Thus,

(t11 , t
1
2) = (1, 2), (t

2
1 , t

2
2) = (2, 1).

From here, we get

f1t1(t
1
1 , t

1
2) = 1,

f1t2(t
1
1 , t

1
2) = 1,

f2t1(t
1
1 , t

1
2) = 2,

f2t2(t
1
1 , t

1
2) = 4,

f3t1(t
1
1 , t

1
2) = 3,

f3t2(t
1
1 , t

1
2) = 12

and

f1t1(t
2
1 , t

2
2) = 1,

f1t2(t
2
1 , t

2
2) = 1,
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f2t1(t
2
1 , t

2
2) = 4,

f2t2(t
2
1 , t

2
2) = 2,

f3t1(t
2
1 , t

2
2) = 12,

f3t2(t
2
1 , t

2
2) = 3.

The equation of the tangent plane is

0 =

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

x − 3 y − 5 z − 9
1 2 3
1 4 12

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

= 24(x − 3) + 3(y − 5) + 4(z − 9) − 2(z − 9) − 12(x − 3) − 12(y − 5),

or

12x − 9y + 2z = 9;

see Fig. 3.15.

Figure 3.15: The surface f (t1, t2) = (t1 + t2, t
2
1 + t

2
2 , t

3
1 + t

3
2 ) (left) and its tangent plane 12x − 9y + 2z = 9 (right)

at (3, 5, 9), t1, t2 ∈ [0, 2].
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Exercise 3.11. Find the equation of the tangent plane to the following surfaces at the
given points:
1.

z = x2 + y2, (1, 1, 2);

2. z = 2x2 − 4y2, (−2, 1, 4);

3. z = (x − y)2 − x + 2y, (1, 1, 1);

4. z = x3 − 3xy + y3, (1, 1, −1);

5. z = √x2 + y2 − xy, (−3, 4, 17);

6. xy2 + z3 = 12, (1, 2, 2);

7. x3 + y3 + z3 + xyz = 6, (1, 2, −1);

8. xyz(z2 − x2) = 6 + y5, (1, 2, −1);

9. √x2 + y2 + z2 = x + y + z − 4, (2, 3, 6);

10. ez − z + xy = 3, (2, 1, 0);

11. (t1, t
2
1 − 2t1t2, t

3
1 − 3t

2
1 t2), (1, 3, 4).

Answer 3.2. 1.
2x + 2y − z = 2;

2. 8x + 8y + z + 4 = 0;

3. x − 2y + z = 0;

4. z = −1;

5. 23x − 19y + 5z = −60;

6. x + y + 3z = 9;

7. x + 11y + 5z = 18;
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8. x − 20y + z = −40;

9. 5x + 4y + z = 28;

10. x + 2y = 4;

11. 6x + 3y − 2z = −11.

Let now (U , f = f (t1, t2)) be a parameterized surface and (t
0
1 , t

0
2 ) ∈ U . Then

f (t01 + αh, t
0
2 + βh) = f (t

0
1 , t

0
2 ) + h(αft1(t

0
1 , t

0
2 ) + βft2(t

0
1 , t

0
2 )) + hε,

where α, β ∈ ℝ and

lim
h→0

ε = 0.

Let Π be a plane inℝ3 passing through the point p0 = f (t
0
1 , t

0
2 ) and d be the distance from

the point

p = f (t01 + αh, t
0
2 + βh)

to the plane Π and δ be the distance between p0 and p.

Exercise 3.12. Prove that the plane Π is the tangent plane to S at p0 if and only if for any
α, β ∈ ℝ, α2 + β2 ̸= 0, we have

lim
h→0

d
δ
= 0. (3.3)

Solution. Let n be the normal vector to Π and ⟨, ⟩ the inner product. Then

d = ⟨f (t01 + αh, t
0
2 + βh) − f (t

0
1 , t

0
2 ), n⟩,

δ = 󵄨󵄨󵄨󵄨f (t
0
1 + αh, t

0
2 + βh) − f (t

0
1 , t

0
2 )
󵄨󵄨󵄨󵄨.

Then

lim
h→0

d
δ
= lim

h→0

⟨f (t01 + αh, t
0
2 + βh) − f (t

0
1 , t

0
2 ), n⟩

|f (t01 + αh, v0 + βh) − f (t
0
1 , v0)|

= lim
h→0

⟨h(αft1 (t
0
1 , t

0
2 ) + βft2 (t

0
1 , t

0
2 )) + hε, n⟩

|h(αft1 (t
0
1 , t

0
2 ) + βft2 (t

0
1 , t

0
2 )) + hε|

= ±
⟨αft1 (t

0
1 , t

0
2 ) + βft2 (t

0
1 , t

0
2 ), n⟩

|αft1 (t
0
1 , t

0
2 ) + βft2 (t

0
1 , t

0
2 )|
.
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Thus, (3.3) holds if and only if

⟨αft1(t
0
1 , t

0
2 ) + βft2(t

0
1 , t

0
2 ), n⟩ = 0. (3.4)

1. Let Π be the tangent plane to S at f (t01 , t
0
2 ). Then

n ⊥ ft1(t
0
1 , t

0
2 ), n ⊥ ft2(t

0
1 , t

0
2 )

and (3.4) holds. Hence, (3.3) holds.
2. Let (3.3) hold. Then (3.4) holds. For α = 1, β = 0, we get

⟨ft1(t
0
1 , t

0
2 ), n⟩ = 0.

For α = 0, β = 1, we find

⟨ft2(t
0
1 , t

0
2 ), n⟩ = 0.

Thus,

n ⊥ ft1(t
0
1 , t

0
2 ), n ⊥ ft2(t

0
1 , t

0
2 )

and Π is the tangent plane to S at f (t01 , t
0
2 ). This completes the proof.

Definition 3.14. Let p ∈ S. The straight line passing through p and perpendicular to TpS
is called the normal to the surface S at p.

Let (U , f = f (t1, t2)) be a surface S, p = f (t
0
1 , t

0
2 ) ∈ S, and

f (t1, t2) = (f1(t1, t2), f2(t1, t2), f3(t1, t2)), (t1, t2) ∈ U .

Then the equations of the normal to S at p are given by

X − f1(t
0
1 , t

0
2 )

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

f2t1 (t
0
1 , t

0
2 ) f3t1 (t

0
1 , t

0
2 )

f2t2 (t
0
1 , t

0
2 ) f3t2 (t

0
1 , t

0
2 )

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

=
Y − f2(t

0
1 , t

0
2 )

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

f3t1 (t
0
1 , t

0
2 ) f1t1 (t

0
1 , t

0
2 )

f3t2 (t
0
1 , t

0
2 ) f1t2 (t

0
1 , t

0
2 )

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

=
Z − f3(t

0
1 , t

0
2 )

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

f1t1 (t
0
1 , t

0
2 ) f2t1 (u0, v0)

f1t2 (t
0
1 , t

0
2 ) f2t2 (t

0
1 , t

0
2 )

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

.

If the surface S is given by

z = f (x, y), (x, y) ∈ U ,

where U ⊂ ℝ2, then the equation of the normal to S at (x0, y0, z0), (x0, y0) ∈ U , z0 =
f (x0, y0), is given by

x − x0
fx(x0, y0)

=
y − y0

fy(x0, y0)
=
z − z0
−1
.
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If the surface S is given by

F(x, y, z) = 0, (x, y, z) ∈ V ,

where V ⊂ ℝ3, then the equation of the normal at (x0, y0, z0) ∈ V is given by

x − x0
Fx(x0, y0, z0)

=
y − y0

Fy(x0, y0, z0)
=

z − z0
Fz(x0, y0, z0)

.

Example 3.18. Consider the surface in Example 3.15. Then the equation of the normal
at the point (1, 1, 2) is

x − 1
1
=
y − 1
1
=
z − 2
−1
.

Example 3.19. Consider the surface in Example 3.16. Then the equation of the normal
at the point (3, 4, −12) is

x − 3
6
=
y − 4
8
=
z + 12
−24

or

x − 3
3
=
y − 4
4
=
z + 12
−12
.

Example 3.20. Consider the surface in Example 3.17. Then the equation of the normal
at the point (3, 5, 9) is

x − 3
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2 3
4 12

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

=
y − 5
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

3 1
12 1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

=
z − 9
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1 2
1 4

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

or

x − 3
12
=
y − 5
−9
=
z − 9
2
.

Exercise 3.13. Find the equation of the normal to the surfaces in Exercise 3.11.

Answer 3.3. 1. x − 1
2
=
y − 1
2
=
z − 2
−1
;

2. x + 2
8
=
y − 1
8
= z − 4;

3. x − 1 = y − 1
−2
= z − 1;
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4.
{
x = 1,
y = 1;

5. x + 3
23
=
y − 4
−19
=
z − 17
5
;

6. x − 1 = y − 2 = z − 2
3
;

7. x − 1 = y − 2
11
=
z + 1
5
;

8. x − 1 = y − 2
−80
= z + 1;

9. x − 2
5
=
y − 3
4
= z − 6;

10. x − 2 = y − 1
2
=
z
0
;

11. x − 1
6
=
y − 3
3
=
z − 4
−2
.

Exercise 3.14. Let (x0, y0, z0) be a given point of the surface given by the equation

F(x, y, z) = 0.

Prove that the gradient vector

grad F(x0, y0, z0) = (Fx(x0, y0, z0), Fy(x0, y0, z0), Fz(x0, y0, z0))

is perpendicular to the tangent plane of the surface at this point.

Solution. Let

f (t1, t2) = (x(t1, t2), y(t1, t2), z(t1, t2))

be a local parameterization of the considered surface. Then

ft1 = (xt1 , yt1 , zt1 ),

ft2 = (xt2 , yt2 , zt2 ),

and

0 = Fxxt1 + Fyyt1 + Fzzt1
= ⟨grad F , ft1⟩
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and

0 = Fxxt2 + Fyyt2 + Fzzt2
= ⟨grad F , ft2⟩.

Thus,

grad F ⊥ ft1 , grad F ⊥ ft2 .

This completes the solution.

Definition 3.15. An orientation of a surface S is a choice of a normal vector n to TpS.

Definition 3.16. Let S be an oriented surface with orientation n(p). A local parameteri-
zation (U , f ) of S is said to be compatible if

n =
ft1 × ft2
|ft1 × ft2 |

.

3.5 Differentiable maps on a surface

Let U ⊆ ℝ2, V ⊆ ℝ3.

Definition 3.17. Suppose that S is a surface in ℝ3. A map g : S → V is said to be differ-
entiable if for any local parameterization (U , f ) of S the map g ∘ f : U → V is smooth.
The map g ∘ f is said to be a local representation of g with respect to the local parame-
terization (U , f ) of the surface S.

Example 3.21. Let S ⊆ V be a surface. The inclusion i : S → V is defined by

i(p) = p, p ∈ S.

Note that the inclusion i is a smooth map for any local parameterization (U , f ) of S. The
parameterization of i is given by

if = i ∘ f = f .

Now, suppose that S is a surface with a local parameterization (U , f ). Let g : S → V
be a smooth map. We have

f (t1, t2) = (f1(t1, t2), f2(t1, t2), f3(t1, t2)), (t1, t2) ∈ U ,

and

g(f )(t1, t2) = (g1(f )(t1, t2), g2(f )(t1, t2), g3(f )(t1, t2)), (t1, t2) ∈ U .



144 � 3 General theory of surfaces

Moreover,

gltj (f )(t1, t2) = glf1 (f )(t1, t2)f1tj (t1, t2) + glf2 (f )(t1, t2)f2tj (t1, t2)

+ glf3 (f )(t1, t2)f3tj (t1, t2), (t1, t2) ∈ U ,

with l ∈ {1, 2, 3}, j ∈ {1, 2}.

Definition 3.18. Let S1, S2 ⊆ ℝ
3 be two surfaces. A map F : S1 → S2 is called smooth if

the map

i ∘ F : S1 → ℝ
3

is smooth.

Definition 3.19. Let S1, S2 ⊆ ℝ
3 be two surfaces. A map F : S1 → S2 is said to be a

diffeomorphism if F is bijective and F , F−1 are smooth maps.

3.6 The differential of a smooth map between two surfaces

Let I ⊆ ℝ, V ⊆ ℝ3, and G : V → ℝ3 be a smooth map,

G(x, y, z) = (g1(x, y, z), g2(x, y, z), g3(x, y, z)), (x, y, z) ∈ V .

Definition 3.20. For any p = (x0, y0, z0) ∈ V , the differential of G at p,

dpG : ℝ
3
p → ℝ

3
G(p),

is a linear map with the matrix

𝒢(x0, y0, z0) = (
g1x(x0, y0, z0) g2x(x0, y0, z0) g3x(x0, y0, z0)
g1y(x0, y0, z0) g2y(x0, y0, z0) g3y(x0, y0, z0)
g1z(x0, y0, z0) g2x(x0, y0, z0) g3z(x0, y0, z0)

) .

Let now

f (t) = (f1(t), f2(t), f3(t)), t ∈ I ,

be a parameterized curve. Then

G ∘ f (t) = (g1(f1(t), f2(t), f3(t)), g2(f1(t), f2(t), f3(t)), g3(f1(t), f2(t), f3(t))), t ∈ I .

Hence,

(G ∘ f )′(t) = (g1f1(f1(t), f2(t), f3(t))f
′
1 (t) + g1f2(f1(t), f2(t), f3(t))f

′
2 (t)

+ g1f3(f1(t), f2(t), f3(t))f
′
3 (t), g2f1(f1(t), f2(t), f3(t))f

′
1 (t)
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+ g2f2(f1(t), f2(t), f3(t))f
′
2 (t) + g2f3(f1(t), f2(t), f3(t))f

′
3 (t),

g3f1(f1(t), f2(t), f3(t))f
′
1 (t) + g3f2(f1(t), f2(t), f3(t))f

′
2 (t)

+ g3f3(f1(t), f2(t), f3(t))f
′
3 (t)), t ∈ I .

Thus, dpG assigns to any tangent vector to f (t) at t = t0 a tangent vector to G(f )(t) at
G(f )(t0).

Definition 3.21. Let S1 and S2 be two surfaces, F : S1 → S2 be a smooth map between
S1 and S2, and p ∈ S1. Then the smooth curve (I , F ∘ f ) on S2 corresponds to any smooth
curve (I , f ) on S1. If p = f (t0), t0 ∈ I , then F ∘ f (t) passes through F(p) at t = t0. The map
TpS1 → TF(p)S2 assigning to each tangent vector f (t0) to a parameterized curve f (t) on
S, with f (t0) = p, the tangent vector (F ∘ f )(t0) to the parameterized curve F ∘ f at t = t0
is said to be the differential of the smooth map F : S1 → S2 at the point p.

3.7 The spherical map. The shape operator

Let S ⊆ ℝ3 be an oriented surface and 𝕊2 be the unit sphere inℝ3 centered at the origin
(0, 0, 0). Let p ∈ S and the orientation of S be the unit normal n to S.

Definition 3.22. The map Γ : S → 𝕊2,

Γ(p) = n(p), p ∈ S,

is said to be the spherical map of the surface S.

Exercise 3.15. Prove that the spherical map Γ : S → 𝕊2 is a smooth map.

Solution. Let (U , f ) be a local parameterization of S that is compatible with the orien-
tation of S. Then

n(t1, t2) =
ft1 × ft2
|ft1 × ft2 |

.

Hence,

Γ ∘ f (t1, t2) = Γ(f (t1, t2))
= n(t1, t2), (t1, t2) ∈ U .

Therefore Γ ∘ f is a smooth map. This completes the solution.

Definition 3.23. The linear operator

dpΓ : TpS → TpS

is called the shape operator of S at p. It will be denoted by A or Ap.
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Below, suppose that (U , f ) is a local parameterization of S that is compatible with
the orientation of S, and the orientation of S is given by n(t1, t2). Then

n(t1, t2) =
ft1 × ft2
|ft1 × ft2 |

.

Let v ∈ Tf (t1 ,t2)S, v = (v1, v2) with respect to the orthonormal basis {ft1 , ft2 }. Then

A(v) = v1nt1 + v2nt2 .

In particular, we have

A(ft1 ) = nt1 ,
A(ft2 ) = nt2 .

Exercise 3.16. Prove that the shape operator A is a self-adjoint, i. e.,

A(v) ⋅ w = w ⋅ A(v),

for any v,w ∈ TpS.

Solution. Consider the equations

n ⋅ ft1 = 0,
n ⋅ ft2 = 0,

where we differentiate with respect to t2 and t1, respectively, and get

0 = nt2 ⋅ ft1 + n ⋅ ft1t2 ,
0 = nt1 ⋅ ft2 + n ⋅ ft1t2 .

Using the latter two equations, we conclude that

nt2 ⋅ ft1 = nt1 ⋅ ft2 .

Let v = (v1, v2), w = (w1,w2) ∈ TpS with respect to the basis {ft1 , ft2 }. Then

v = v1ft1 + v2ft2 ,
w = w1ft1 + w2ft2 ,

A(v) = v1nt1 + v2nt2 ,

A(w) = w1nt1 + w2nt2 .

Hence,



3.7 The spherical map. The shape operator � 147

A(v) ⋅ w = (v1nt1 + v2nt2 ) ⋅ (w1ft1 + w2ft1 )
= (v1nt1 ) ⋅ (w1ft1 ) + (v1nt1 ) ⋅ (w2ft1 ) + (v2nt2 ) ⋅ (w1ft1 ) + (v2nt2 ) ⋅ (w1ft2 )
= (v1w1)(nt1 ⋅ ft1 ) + (v1w2)(nt1 ⋅ ft2 ) + (v2w1)(nt2 ⋅ ft1 ) + (v2w2)(nt2 ⋅ ft2 )
= (v1w1)(ft1 ⋅ nt1 ) + (v1w2)(ft1 ⋅ nt2 ) + (v2w1)(ft2 ⋅ nt1 ) + (v2w2)(ft1 ⋅ nt1 )
= (v1ft1 ) ⋅ (w1nt1 ) + (v1ft1 ) ⋅ (w2nt2 ) + (v2ft2 ) ⋅ (w1nt1 ) + (w2ft2 ) ⋅ (w2nt2 )
= (v1ft1 ) ⋅ A(w) + (v2ft2 ) ⋅ A(w)
= v ⋅ A(w).

This completes the solution.

Exercise 3.17. Prove that for each tangent space TpS there is an orthonormal basis of
the eigenvectors of the shape operator A.

Solution. Let λ1, λ2 ∈ ℝ, λ1 ̸= λ2, be eigenvalues of the operator A that correspond to
eigenvectors v and w, respectively. Then

A(v) = λ1v,
A(w) = λ2w.

Hence,

A(v) ⋅ w = (λ1v) ⋅ w = λ1(v ⋅ w)

and

v ⋅ A(w) = v ⋅ (λ2w) = λ2(v ⋅ w).

Now, by Exercise 3.16, we have that

A(v) ⋅ w = v ⋅ A(w).

From here, we find

λ1(v ⋅ w) = λ2(v ⋅ w),

hence

(λ1 − λ2)(v ⋅ w) = 0

and

v ⋅ w = 0.

Let
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ṽ = v
|v|
,

w̃ = w
|w|
.

Then

|ṽ| = 1, |w̃| = 1

and

ṽ ⋅ w̃ = 0.

This completes the solution.

3.8 The first fundamental form of a surface

Suppose that S is an oriented surface.

Definition 3.24. For any p ∈ S and v,w ∈ TpS, the first fundamental form of S at p is
defined by

ϕ1(v,w) = v ⋅ w.

Let (U , f ) be a local parameterization of S that is compatible with the orientation
of S. Let also v = (v1, v2), w = (w1,w2) ∈ TpS with respect to the basis {ft1 , ft2 }. Then

v = v1ft1 + v2ft2 ,

w = w1ft1 + w2ft2 .

Thus

ϕ1(v,w) = v ⋅ w
= (v1ft1 + v2ft2 ) ⋅ (w1ft1 + w2ft2 )
= (v1w1)(ft1 ⋅ ft1 ) + (v1w2)(ft1 ⋅ ft2 ) + (v2w1)(ft1 ⋅ ft2 ) + (v2w2)(ft2 ⋅ ft2 ).

Define

E(t1, t2) = ft1 ⋅ ft1 ,

F(t1, t2) = ft1 ⋅ ft2 ,

G(t1, t2) = ft1 ⋅ ft2 , (t1, t2) ∈ U ,

and the matrix
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𝒢(t1, t2) = (
E(t1, t2) F(t1, t2)
F(t1, t2) G(t1, t2)

) , (t1, t2) ∈ U .

Then

ϕ1(v,w) = (v1w1)E(t1, t2) + (v1w2)F(t1, t2) + (v2w1)F(t1, t2) + (v2w2)G(t1, t2)
= v1(E(t1, t2)w1 + F(t1, t2)w2) + v2(F(t1, t2)w1 + G(t1, t2)w2)

= v𝒢(t1, t2)w.

Definition 3.25. Thematrix𝒢 is said to be thematrix of the first fundamental form for S.

Example 3.22. We will find the matrix of the first fundamental form for the surface

f (t1, t2) = (cos t1 cos t2, cos t1 sin t2, sin t1), (t1, t2) ∈ [0, 2π] × [0, 2π].

Here

f1(t1, t2) = cos t1 cos t2,
f2(t1, t2) = cos t1 sin t2,
f3(t1, t2) = sin t1, (t1, t2) ∈ [0, 2π] × [0, 2π].

Then

f1t1 (t1, t2) = − sin t1 cos t2,
f2t1 (t1, t2) = − sin t1 sin t2,
f3t1 (t1, t2) = cos t1,
f1t2 (t1, t2) = − cos t1 sin t2,
f2t2 (t1, t2) = cos t1 cos t2,
f3t2 (t1, t2) = 0, (t1, t2) ∈ [0, 2π] × [0, 2π],

and

ft1 (t1, t2) = (f1t1 (t1, t2), f2t1 (t1, t2), f3t1 (t1, t2))
= (− sin t1 cos t2, − sin t1 sin t2, cos t1),

ft2 (t1, t2) = (f1t2 (u, t2), f2t2 (u, t2), f3t2 (u, t2))
= (− cos t1 sin t2, cos t1 cos t2, 0), (t1, t2) ∈ [0, 2π] × [0, 2π].

Hence,

ft1 (t1, t2) ⋅ ft1 (t1, t2) = (− sin t1 cos t2)
2 + (− sin t1 sin t2)

2 + (cos t1)
2

= (sin t1)
2(cos t2)

2 + (sin t1)
2(sin t2)

2 + (cos t1)
2

= (sin t1)
2 + (cos t2)

2
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= 1,
ft1 (t1, t2) ⋅ ft2 (t1, t2) = sin t1 cos t1 sin t2 cos t2 − sin t1 cos t1 sin t2 cos t2

= 0,

ft2 (t1, t2) ⋅ ft2 (t1, t2) = (− cos t1 sin t2)
2 + (cos t1 cos t2)

2

= (cos t1)
2(sin t2)

2 + (cos t1)
2(cos t2)

2

= (cos t1)
2, (t1, t2) ∈ [0, 2π] × [0, 2π].

Therefore

𝒢(t1, t2) = (
ft1 (t1, t2) ⋅ ft1 (t1, t2) ft1 (t1, t2) ⋅ fv(t1, t2)
ft1 (t1, t2) ⋅ ft2 (t1, t2) ft2 (t1, t2) ⋅ ft2 (t1, t2)

)

= (
1 0
0 (cos t1)

2) , (t1, t2) ∈ [0, 2π] × [0, 2π].

Exercise 3.18. Let a, c ∈ ℝ. Find the matrix of the first fundamental form for the follow-
ing surfaces:
1.

(a cos t1 cos t2, a cos t1 sin t2, c sin t1), (t1, t2) ∈ [0, 2π] × [0, 2π];

2. (a cosh t1 cos t2, a cosh t1 sin t2, c sinh t1), (t1, t2) ∈ ℝ
2;

3. (a sinh t1 cos t2, a sinh t1 sin t2, c cosh t1), (t1, t2) ∈ ℝ
2;

4. (t1 cos t2, t1 sin t2, t
2
1), t1 ∈ ℝ, t2 ∈ [0, 2π];

5. (R cos t2,R sin t2, t1), t1 ∈ ℝ, t2 ∈ [0, 2π],

where R ∈ ℝ.

Answer 3.4. 1.

(
a2(sin t1)

2 + c2(cos t1)
2 0

0 a2(cos t1)
2) , (t1, t2) ∈ [0, 2π] × [0, 2π];

2.
(
a2(sinh t1)

2 + c2(cosh t1)
2 0

0 a2(cosh t1)
2) , (t1, t2) ∈ ℝ

2;

3.
(
a2(cosh t1)

2 + c2(sinh t1)
2 0

0 a2(sinh t1)
2) , (t1, t2) ∈ ℝ

2;

4.
(
1 + 4t21 0
0 t21

) , (t1, t2) ∈ ℝ
2;
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5.
(
1 0
0 R2
) , t1 ∈ ℝ, t1 ∈ [0, 2π].

3.9 Applications of the first fundamental form

Let S be an oriented surface with a local parameterization (U , f ) that is compatible with
the orientation of S.

3.9.1 The length of a segment of a curve on a surface

Let (I , g = g(s)) be a parameterized curve on S, g(s) ⊂ f (U). Let also

g(s) = (t1(s), t2(s)), t ∈ I .

Then

g′(s) = (t′1(s), t
′
2(s)), t ∈ I ,

and

g′(s) ⋅ g′(s) = g′(s)𝒢(t1(s), t2(s))g
′(s)

= (t′1(s), t
′
2(s)) (

E(t1(s), t2(s)) F(t1(s), t2(s))
F(t1(s), t2(s)) G(t1(s), t2(s))

) (
t1(s)
t2(s)
)

= (t′1(s), t
′
2(s)) (

E(t1(s), t2(s))t
′
1(s) + F(t1(s), t2(s))t

′
2(s)

F(t1(s), t2(s))t
′
1(s) + G(t1(s), t2(s))t

′
2(s)
)

= (t′1(s))
2E(t1(s), t2(s)) + 2F(t1(s), t2(s))t

′
1(s)t
′
2(s)

+ (t′2(s))
2G(t1(s), t2(s)), t ∈ I .

Definition 3.26. The length of the segment of the curve g(s) between s1 and s2 on the
surface S is defined by

l(s1, s2) =
s2

∫
s1

󵄨󵄨󵄨󵄨g
′(s)󵄨󵄨󵄨󵄨

1
2 ds.

We have

l(s1, s2) =
s2

∫
s1

((t′1(s))
2E(t1(s), t2(s)) + 2F(t1(s), t2(s))t

′
1(s)t
′
2(s)

+ (t′2(s))
2G(t1(s), t2(s)))

1
2 ds.
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Example 3.23. Consider the sphere in Example 3.22 and the curve given by the local
equations

t1 = 0,
t2 = s, s ∈ [0, 2π].

Using the computations in Example 3.22, we find

𝒢(t1(s), t2(s)) = (
1 0
0 (cos t1)

2) = (
1 0
0 1
) .

Next,

t′1(s) = 0,
t′2(s) = 1, s ∈ [0, 2π].

Then

l(π
2
, π) =

π

∫
π
2

√1 ⋅ 02 + 2 ⋅ 0 ⋅ 0 ⋅ 1 + 1 ⋅ 12dt

=
π

∫
π
2

dt

=
π
2
.

Exercise 3.19. Consider the surface (see Fig. 3.16)

(t21 + t
2
2 , t

2
1 − t

2
2 , t1t2), (t1, t2) ∈ ℝ

2.

Figure 3.16: The surface (t21 + t
2
2 , t

2
1 − t

2
2 , t1t2), t1, t2 ∈ [0, 2].
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1. Find the matrix of the first fundamental form.
2. Find the length of the segment of the curve between s1 and s2

t1 = 1.

3. Find the length of the segment of the curve between s1 and s2

t2 = 1.

4. Find the length of the segment of the curve between s1 and s2

t2 = at1,

where a ∈ ℝ.

Answer 3.5. 1.

(
8t21 + t

2
2 t1t2

t1t2 8t22 + t
2
1
) ;

2. 1
24
((8t22(s2) + 1)

3/2
− (8t22(s1) + 1)

3/2
);

3. 1
24
((8t22(s2) + 1)

3/2
− (8t22(s1) + 1)

3/2
);

4. √2a4 + a2 + 2(t21 (s2) − t
2
1 (s1)).

3.9.2 The angle between two curves on a surface

Let (I , g1 = g1(t)) and (J , g2 = g2(s)) be two parameterized curves on S such that

g1(t0) = g2(s0) = f (u0, v0).

Let also

g1(t) = (u1(t), v1(t)), t ∈ I ,
g2(s) = (u2(s), v2(s)), s ∈ J .

Then

g′1(t) = (u
′
1(t), v
′
1(t)), t ∈ I ,

g′2(s) = (u
′
2(s), v
′
2(s)), s ∈ J .
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Definition 3.27. The angle θ between the curves g1 and g2 at the point f (u0, v0) is defined
as follows:

cos θ =
g′1(t0) ⋅ g

′
2(s0)

|g′1(t0)||g
′
2(s0)|
.

We have

g′1(t0) ⋅ g
′
2(s0) = (u

′
1(t0), v

′
1(t0)) (

E(u0, v0) F(u0, v0)
F(u0, v0) G(u0, v0)

)(
u′2(s0)
v′2(s0)
)

= (u′1(t0), v
′
1(t0)) (

E(u0, v0)u
′
2(s0) + F(u0, v0)v

′
2(s0)

F(u0, v0)u
′
2(s0) + G(u0, v0)v

′
2(s0)
)

= (u′1(t0)u
′
2(s0))E(u0, v0)

+ (u′1(t0)v
′
2(s0) + v

′
1(t0)u
′
2(s0))F(u0, v0)

+ (v′1(t0)v
′
2(s0))G(u0, v0)

and

g′1(t0) ⋅ g
′
1(t0) = (u

′
1(t0), v

′
1(t0)) (

E(u0, v0) F(u0, v0)
F(u0, v0) G(u0, v0)

)(
u′1(t0)
v′1(t0)
)

= (u′1(t0), v
′
1(t0)) (

E(u0, v0)u
′
1(t0) + F(u0, v0)v

′
1(t0)

F(u0, v0)u
′
1(t0) + G(u0, v0)v

′
1(t0)
)

= (u′1(t0))
2E(u0, v0) + 2(u

′
1(t0)v
′
1(t0))F(u0, v0)

+ (v′1(t0))
2G(u0, v0),

and

g′2(s0) ⋅ g
′
2(s0) = (u

′
2(s0), v

′
2(s0)) (

E(u0, v0) F(u0, v0)
F(u0, v0) G(u0, v0)

)(
u′2(s0)
v′2(s0)
)

= (u′2(s0), v
′
2(s0)) (

E(u0, v0)u2(s0) + F(u0, v0)v2(s0)
F(u0, v0)u2(s0) + G(u0, v0)v2(s0)

)

= (u′2(s0))
2E(u0, v0) + 2(u

′
2(s0)v

′
2(s0))F(u0, v0)

+ (v′2(s0))
2G(u0, v0).

Example 3.24. We will find the angle between the lines

u + v = 0 and u − v = 0

on the helicoid (see Fig. 3.17)

f (u, v) = (u cos v, u sin v, av), u ∈ ℝ, v ∈ [0, 2π],
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Figure 3.17: The helicoid (u cos v, u sin v, v), u ∈ [−2, 2], v ∈ [0, 2π].

where a ∈ ℝ is a given parameter. We have

fu(u, v) = (cos v, sin v, 0),

fv(u, v) = (−u sin v, u cos v, a), u ∈ ℝ, v ∈ [0, 2π].

Then

fu(u, v) ⋅ fu(u, v) = (cos v)
2 + (sin v)2 = 1,

fu(u, v) ⋅ fv(u, v) = −u sin v cos v + u sin v cos v = 0,

fv(u, v) ⋅ fv(u, v) = (−u sin v)
2 + (u cos v)2 + a2

= u2(sin v)2 + u2(cos v)2 + a2

= u2 + a2, u ∈ ℝ, v ∈ [0, 2π],

and the matrix of the first fundamental form of the considered helicoid is as follows:

𝒢(u, v) = (1 0
0 u2 + a2

) , u ∈ ℝ, v ∈ [0, 2π].

Note that

t0 = s0 = u0 = v0 = 0
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and

g1(t) = (t, −t), t ∈ ℝ,

g2(s) = (s, s), s ∈ ℝ.

Hence,

g′1(t) = (1, −1), t ∈ ℝ,

g′2(s) = (1, 1), s ∈ ℝ,

and

g′1(t) ⋅ g
′
2(s) = (1, −1) (

1 0
0 u2 + a2

)(
1
−1
)

= (1, −1) ( 1
−u2 − a2

)

= 1 + u2 + a2,

g′1(t) ⋅ g
′
2(s) = (1, −1) (

1 0
0 u2 + a2

)(
1
1
)

= (1, −1) ( 1
u2 + a2
)

= 1 − u2 − a2,

g′2(s) ⋅ g
′
2(s) = (1, 1) (

1 0
1 u2 + a2

)(
1
1
)

= (1, 1) ( 1
u2 + a2
)

= 1 + u2 + a2, t, s, u ∈ ℝ, v ∈ [0, 2π].

Consequently,

cos θ =
g′1(0) ⋅ g

′
2(0)

|g′1(0)||g
′
2(0)|

=
1 − a2

√1 + a2√1 + a2

=
1 − a2

1 + a2
.

Exercise 3.20. Find the angle between the curves

v = 2u and v = −2u
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on the surface with a matrix of its first fundamental form given by

(
1 0
0 1
) .

Answer 3.6.
cos θ = −3

5
.

3.9.3 The area of a parameterized surface

Definition 3.28. The area of a surface S is defined as follows:

A = ∬
U

(E(t1, t2)G(t1, t2) − (F(t1, t2))
2
)
1
2 dt1dt2.

Example 3.25. We will find the area of the surface in Example 3.22. We have

A =
2π

∫
0

√(cos t1)2dt1

=
2π

∫
0

| cos t1|dt1

=

π
2

∫
0

cos t1dt1 −
π

∫
π
2

cos t1dt1 −

3π
2

∫
π

cos t1dt1 +
π

∫
3π
2

cos t1dt1

= sin t1
󵄨󵄨󵄨󵄨
t1=

π
2

t1=0
− sin t1
󵄨󵄨󵄨󵄨
t1=π
t1=

π
2
− sin t1
󵄨󵄨󵄨󵄨
t1=

3π
2

t1=π
+ sin t1
󵄨󵄨󵄨󵄨
t1=2π
t1=

3π
2

= 1 + 1 + 1 + 1
= 4.

Exercise 3.21. Find the area of the rectangle bounded by the helicoid

f (t1, t2) = (t1 cos t2, t1 sin t2, at2), (t1, t2) ∈ ℝ
2,

and the lines

t1 = 0, t1 = a, t2 = 0, t2 = 1.

Here a ∈ ℝ is a given parameter.

Answer 3.7.
a
2
(√2 + log(1 + √2)).
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3.10 The matrix of the shape operator

Let (U , f ) be a local parameterization of S. Let also {ft1 , ft2 } be the basis. By 𝒜 we will
denote the matrix of the shape operator A. We have

A(ft1 ) = nt1 ,

A(ft2 ) = nt2 .

Then

(nt1 , nt2 ) = (ft1 , ft2 )𝒜. (3.5)

Note that

(
ft1
ft2
) (nt1 , nt2 ) = (

ft1 ⋅ nt1 ft1 ⋅ nt2
ft2 ⋅ nt1 ft2 ⋅ nt2

) .

Let

L = −ft1 ⋅ nt1 ,

M = −ft1 ⋅ nt2 = −ft2 ⋅ nt1 ,

N = −ft2 ⋅ nt2 .

Set

ℋ = (
L M
M N
) .

Therefore

(
ft1
ft2
) (nt1 , nt2 ) = −ℋ.

Hence using (3.5), we get

ℋ = (
L M
M N
)

= −(
ft1 ⋅ nt1 ft1 ⋅ nt2
ft2 ⋅ nt1 ft2 ⋅ nt2

)

= −(
ft1
ft2
) (nt1 , nt2 )

= −(
ft1
ft2
) (ft1 , ft2 )𝒜
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= −(
ft1 ⋅ ft1 ft1 ⋅ ft2
ft1 ⋅ ft2 ft2 ⋅ ft2

)𝒜

= −(
E F
F G
)𝒜

= −𝒢𝒜,

whereupon

𝒜 = −𝒢−1ℋ.

Note that

𝒢−1 =
1

EG − F2
(
G −F
−F E

) .

Thus,

𝒜 = −
1

EG − F2
(
G −F
−F E

)(
L M
M N
)

= −
1

EG − F2
(
GL − FM GM − FN
EM − FL EM − FN

) .

Now, we differentiate the following equation:

ft1 ⋅ n = 0 (3.6)

with respect to t1 and obtain

0 = ft1t1 ⋅ n + ft1 ⋅ nt1 ,

whereupon

L = n ⋅ ft1t1 .

We differentiate equation (3.6) with respect to t2 and arrive at

0 = ft1t2 ⋅ n + ft1 ⋅ nt2 ,

from where

M = ft1t2 ⋅ n.

We differentiate the following equation:

ft2 ⋅ n = 0
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with respect to t2 and find

0 = ft2t2 ⋅ n + ft2 ⋅ nt2 ,

whereupon

N = n ⋅ ft2t2 .

Note that

(ft1 × ft2 ) ⋅ (ft1 × ft2 ) = (ft1 ⋅ ft1 )(ft2 ⋅ ft2 ) − (ft1 ⋅ ft2 )(ft1 ⋅ ft2 )

= EG − F2

and

|ft1 × ft2 | = (EG − F
2)

1
2 .

Let

W = (EG − F2)
1
2 .

Then

|ft1 × ft2 | = W

and

L = 1
W
((ft1 × ft2 ) ⋅ ft1t1),

M = 1
W
((ft1 × ft2 ) ⋅ ft1t2),

N = 1
W
((ft1 × ft2 ) ⋅ ft2t2).

Example 3.26. Consider the surface (see Fig. 3.18)

f (t1, t2) = (t1 + t2, t
2
1 + t

2
2 , t1t2), (t1, t2) ∈ ℝ

2.

Then

ft1 (t1, t2) = (1, 2t1, t2),
ft2 (t1, t2) = (1, 2t2, t1),
ft1t1 (t1, t2) = (0, 2, 0),
ft1t2 (t1, t2) = (0, 0, 1),

ft2t2 (t1, t2) = (0, 2, 0), (t1, t2) ∈ ℝ
2,
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Figure 3.18: The surface f (t1, t2) = (t1 + t2, t
2
1 + t

2
2 , t1t2), (t1, t2) ∈ [0, 2].

and

E(t1, t2) = ft1 (t1, t2) ⋅ ft1 (t1, t2)

= 1 + 4t21 + t
2
2 ,

F(t1, t2) = ft1 (t1, t2) ⋅ ft2 (t1, t2)
= 1 + 4t1t2 + t1t2
= 1 + 5t1t2,

G(t1, t2) = ft2 (t1, t2) ⋅ ft2 (t1, t2)

= 1 + t21 + 4t
2
2 , (t1, t2) ∈ ℝ

2,

and

W (t1, t2) = (E(t1, t2)G(t1, t2) − (F(t1, t2))
2
)
1
2

= ((1 + 4t21 + t
2
2)(1 + t

2
1 + 4t

2
2) − (1 + 5t1t2)

2)
1
2

= (1 + t21 + 4t
2
2 + 4t

2
1 + 4t

4
1 + 16t

2
1 t
2
2 + t

2
2 + t

2
1 t
2
2 + 4t

4
2

− 1 − 10t1t2 − 25t
2
1 t
2
2)

1
2

= (5t21 + 5t
2
2 + 4t

4
1 + 4t

4
2 − 10t1t2 − 25t

2
1 t
2
2)

1
2 ,

= |t1 − t2|(4(t1 + t2)
2 + 5)1/2 (t1, t2) ∈ ℝ

2,

and

ft1 (t1, t2) × ft2 (t1, t2) = (2(t
2
1 − t

2
2), t2 − t1, 2(t2 − t1)),

W (t1, t2)L(t1, t2) = (ft1 (t1, t2) × ft2 (t1, t2)) ⋅ ft1t1 (t1, t2)
= 2(t2 − t1),

W (t1, t2)M(t1, t2) = (ft1 (t1, t2) × ft2 (t1, t2)) ⋅ ft1t2 (t1, t2)
= 2(t2 − t1),

W (t1, t2)N(t1, t2) = (ft1 (t1, t2) × ft2 (t1, t2)) ⋅ ft2t2 (t1, t2)

= 2(t2 − t1), (t1, t2) ∈ ℝ
2,
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and

W (t1, t2)(G(t1, t2)L(t1, t2) − F(t1, t2)M(t1, t2)) = 2(1 + t
2
1 + 4t

2
2)(t2 − t1) − 2(1 + 5t1t2)(t2 − t1)

= 2(t2 − t1)(4t
2
2 + t

2
1 − 5t1t2),

W (t1, t2)(G(t1, t2)M(t1, t2) − F(t1, t2)N(t1, t2)) = 2(1 + 4t
2
2 + t

2
1)(t2 − t1) − 2(1 + 5t1t2)(t2 − t1)

= 2(t2 − t1)(4t
2
2 + t

2
1 − 5t1t2),

W (t1, t2)(E(t1, t2)M(t1, t2) − F(t1, t2)L(t1, t2)) = 2(1 + 4t
2
1 + t

2
2)(t2 − t1) − 2(1 + 5t1t2)(t2 − t1)

= 2(t2 − t1)(4t
2
1 + t

2
2 − 5t1t2),

W (t1, t2)(E(t1, t2)M(t1, t2) − F(t1, t2)N(t1, t2)) = 2(1 + 4t
2
1 + t

2
2)(t2 − t1) − 2(1 + 5t1t2)(t2 − t1)

= 2(t2 − t1)(4t
2
1 + t

2
2 − 5t1t2), (t1, t2) ∈ ℝ

2.

Therefore

𝒢(t1, t2) = (
1 + 4t21 + t

2
2 1 + 5t1t2

1 + 5t1t2 1 + t21 + 4t
2
2
) ,

ℋ(t1, t2) =
2(t2 − t1)

|t1 − t2|(4(t1 + t2)2 + 5)1/2
(
1 1
1 1
) ,

𝒜(t1, t2) =
2(t2 − t1)

|t1 − t2|3(4(t1 + t2)2 + 5)3/2

× (
t21 + 4t

2
2 − 5t1t2 t21 + 4t

2
2 − 5t1t2

4t21 + t
2
2 − 5t1t2 4t21 + t

2
2 − 5t1t2

) , (t1, t2) ∈ ℝ
2.

Exercise 3.22. For the surface in Example 3.17 find
1. 𝒢(t1, t2), (t1, t2) ∈ ℝ

2;
2. ℋ(t1, t2), (t1, t2) ∈ ℝ

2;
3. 𝒜(t1, t2), (t1, t2) ∈ ℝ

2.

Answer 3.8. 1.

𝒢(t1, t2) = (
1 + 4t21 + 9t

4
1 1 + 4t1t2 + 9t

2
1 t
2
2

1 + 4t1t2 + 9t
2
1 t
2
2 1 + 4t22 + 9t

4
2
) , (t1, t2) ∈ ℝ

2;

2.
ℋ(t1, t2) =

1
|t2 − t1|(36t21 t2 + 9(t1 + t2)2 + 4)1/2

× (
6(t1 − t2)(t2 − 11t1) 0

0 6(t1 − t2)(t2 − 11t1)
) , (t1, t2) ∈ ℝ

2;
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3.
𝒜(t1, t2) =

6(t1 − t2)(t2 − 11t1)
|t2 − t1|3(36t21 t2 + 9(t1 + t2)2 + 4)3/2

× (
1 + 4t22 + 9t

4
2 1 + 4t1t2 + 9t

2
1 t
2
2

1 + 4t1t2 + 9t
2
1 t
2
2 1 + 4t1t2 + 9t

2
1 t
2
2
) , (t1, t2) ∈ ℝ

2.

3.11 The second fundamental form of a surface

Let S be an oriented surface.

Definition 3.29. For any p ∈ S, the second fundamental form is defined by

ϕ2(v,w) = −ϕ1(A(v),w), v,w ∈ TpS.

Exercise 3.23. For each p ∈ S, prove that the second fundamental form is a symmetric
bilinear form.

Solution. Let v,w ∈ TpS. Then

ϕ2(v,w) = −ϕ1(A(v),w)
= −ϕ1(v,A(w))
= −ϕ1(A(w), v)
= ϕ2(w, v).

Let now v, ṽ,w, w̃ ∈ TpS, α1, α2, β1, β2 ∈ ℝ. Then

ϕ2(α1v + α2ṽ,w) = −ϕ1(A(α1v + α2ṽ),w)
= −ϕ1(α1A(v) + α2A(ṽ),w)
= −α1ϕ1(A(v),w) − α2ϕ1(A(ṽ),w)
= α1ϕ2(v,w) + α2ϕ2(ṽ,w)

and

ϕ2(v, β1w + β2w̃) = −ϕ1(A(v), β1w + β2w̃)
= −β1ϕ1(A(v),w) − β2ϕ1(A(v), w̃)
= β1ϕ2(v,w) + β2ϕ2(v, w̃).

This completes the solution.

Let (U , f ) be a local representation of S that is compatible with the orientation of S.
Then
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ϕ2(ft1 , ft1 ) = −ϕ1(A(ft1 ), ft1)
= −ϕ1(nt1 , ft1 )
= −nt1 ⋅ ft1
= L.

As above,

ϕ2(ft1 , ft2 ) = −nt1 ⋅ ft2 = M ,
ϕ2(ft2 , ft1 ) = −nt2 ⋅ ft1 = M ,
ϕ2(ft2 , ft2 ) = −nt2 ⋅ ft2 = N .

Consequently,

[ϕ2] = (
ϕ2(ft1 , ft1 ) ϕ2(ft1 , ft2 )
ϕ2(ft1 , ft2 ) ϕ2(ft2 , ft2 )

)

= −(
nt1 ⋅ ft1 nt1 ⋅ ft2
nt1 ⋅ ft2 nt2 ⋅ ft2

)

= (
L M
M N
)

is the matrix of the second fundamental form ϕ2. Recall here that

L = n ⋅ ft1t1 ,
M = n ⋅ ft1t2 ,
N = n ⋅ ft2t2 .

Example 3.27. Consider the surface in Example 3.26. Then the matrix of its second fun-
damental form is

[ϕ2](t1, t2) =
2(t2 − t1)

|t1 − t2|(4(t1 + t2)2 + 5)1/2
(
1 1
1 1
) , (t1, t2) ∈ ℝ

2.

Exercise 3.24. Find the matrix of the second fundamental form of the following sur-
faces:
1.

f (t1, t2) = (R cos t1 cos t2,R cos t1 sin t2,R sin t1), (t1, t2) ∈ [0, 2π] × [0, 2π],

where R > 0;
2.

f (t1, t2) = (a cos t1 cos t2, a cos t1 sin t2, c sin t2), (t1, t2) ∈ [0, 2π] × [0, 2π],

where a, c ∈ ℝ;
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3.
f (t1, t2) = (a cosh t1 cos t2, a cosh t1 sin t2, c sinh t1), t1 ∈ ℝ, t2 ∈ [0, 2π],

where a, c ∈ ℝ;
4.

f (t1, t2) = (a sinh t1 cos t2, a sinh t1 sin t2, c cosh t1), t1 ∈ ℝ, t2 ∈ [0, 2π],

where a, c ∈ ℝ;
5.

f (t1, t2) = (t1 cos t2, t1 sin t2, t
2
1), t1 ∈ ℝ, t2 ∈ [0, 2π].

Answer 3.9. 1.

[ϕ2](t1, t2) =
R
| cos t1|
(
cos t1 0
0 (cos t1)

3) , (t1, t2) ∈ [0, 2π] × [0, 2π];

2.
[ϕ2](t1, t2) =

a2c sin t1
|a sin t1|√a2(cos t1)2 + c2(cos t2)2

× (
0 − sin t1 cos t2

− sin t1 cos t2 − cos t1 sin t2
) , (t1, t2) ∈ [0, 2π] × [0, 2π];

3.
[ϕ2](t1, t2) =

a2c

|a|√a2(sinh t1)2 + c2(cosh t1)2
(
− cosh 2t1 0

0 (cosh t1)
2) , (t1, t2) ∈ ℝ

2;

4.
[ϕ2](t1, t2) =

a2c sinh t1
|a sinh t1|√a2(cosh t1)2 + c2(sinh t1)2

× (
1 0
0 (sinh t1)

2) , t1 ∈ ℝ, t2 ∈ [0, 2π];

5.
[ϕ2](t1, t2) =

2t1
|t1|√1 + 4t21

(
1 0
0 2t21
) , t1 ∈ ℝ, t2 ∈ [0, 2π].

3.12 The normal curvature. Meusnier theorem

Let S be a surface and (U , f ) be a local parameterization that is compatible with the
orientation of S. Suppose that (I , g = g(t)) be a parameterized curve lying on S and
n(g(t)), t ∈ I , be the normal vector of S at g(t). Set

θ(t) = ∠(n(t), n(g(t))), t ∈ I ,

where n is the principal normal vector field of g.
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Definition 3.30. The normal curvature of g is defined as follows:

κn(t) = κ(t) cos θ(t), t ∈ I ,

where κ(t) is the curvature of g.

Example 3.28. Consider a plane curve. Then θ(t) = π
2 and cos θ(t) = 0. Hence, κn(t) = 0.

Example 3.29. Suppose that the support of a parameterized curve is a straight line. Then
its normal curvature is zero, independently of the surface which includes the curve.

Exercise 3.25 (Meusnier theorem). Prove that

κn(t) = ϕ2(g
′(t), g′(t))/ϕ1(g

′(t), g′(t)), t ∈ I .

Solution. Let g1 be the naturally parameterized curve that is equivalent to g with arc
length parameter s. Let also

g1(s) = f (u(s), v(s)).

Then

g′1 = fuu
′ + fvv

′,

g′′1 = fuu(u
′)
2
+ fuvu

′v′ + fuvu
′v′ + fvv(v

′)
2

= fuu(u
′)
2
+ 2fuvu

′v′ + fvv(v
′)
2
.

Hence,

κn(s) = g
′′
1 (s) ⋅ n(g1(s))

= (u′)2(fuu ⋅ n) + 2u
′v′(fuv ⋅ n) + (v

′)
2
(fvv ⋅ n)

= L(u′)2 − 2Mu′v′ − N(v′)2

= ϕ2(g
′
1(s), g

′
1(s)).

Now, using that

g′1(s) =
g′(t)
|g′(t)|
,

we get

κn(t) = ϕ2(
g′(t)
|g′(t)|
,
g′(t)
|g′(t)|
)

= ϕ2(g
′(t), g′(t)

g′(t) ⋅ g′(t)
)
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=
ϕ2(g
′(t), g′(t))

ϕ1(g′(t), g′(t))
, t ∈ I .

This completes proof.

Exercise 3.26. If two curves on S have a common point and they have the same tangent
lines at the common point, prove that they have the same normal curvature.

Solution. Let v and w be the tangent vectors to both curves. Then

w = αv, α ∈ ℝ.

Hence,

ϕ2(w,w)
ϕ1(w,w)

=
ϕ2(αv, αv)
ϕ1(αv, αv)

=
α2ϕ2(v, v)
α2ϕ1(v, v)

=
ϕ2(v, v)
ϕ1(v, v)
.

This completes the proof.

3.13 Asymptotic directions and lines

Let S be an oriented surface and (U , f ) be its local representation that is compatible with
the orientation of S.

Definition 3.31. For any p ∈ S, a direction v ∈ TpS is said to be asymptotic if

ϕ2(v, v) = 0.

Exercise 3.27. For any p ∈ S, a direction v ∈ TaS is asymptotic direction if and only if

LN −M2 ≤ 0. (3.7)

Solution. Let v ̸= 0 and v = (v1, v2) ∈ TpS.Without loss of generality, suppose that v2 ̸= 0.
We have

0 = ϕ2(v, v)

= (v1v2) (
L M
M N
)(

v1
v2
)

= (v1v2) (
Lv1 +Mv2
Mv1 + Nv2

)

= Lv21 + 2Mv1v2 + Nv
2
2
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if and only if

L(v1/v2)
2 + 2M(v1/v2) + N = 0

if and only if (3.7) holds. This completes the solution.

Definition 3.32. A point p ∈ S is said to be
1. elliptic if the second fundamental form is positive definite at p.
2. hyperbolic if the second fundamental form is negative definite at p.
3. parabolic if the determinant of the second fundamental form is 0 and at least one

of its coefficients is different from 0 at p.
4. planar if the coefficients of the second fundamental form are 0 at p.

3.14 Principal directions and curvatures. Gauss and mean
curvatures

Suppose that S is an oriented surface and (U , f ) is a local parameterization of S that is
compatible with the orientation of S.

Definition 3.33. The directions on the tangent plane to S at a point p ∈ S that are eigen-
vectors of the shape operator of S are called the principal directions of S.

Definition 3.34. A curve on S is called a principal line if its tangent directions at each
point are principal directions.

Definition 3.35. A principal curvature of S is the normal curvature of S in a principal
direction.

Exercise 3.28. Prove that the normal curvatures of S are the eigenvalues of the shape
operator with opposite sign.

Solution. Let e be an eigenvector of A. Then there is a constant λ ∈ ℝ such that

A(e) = λe.

Hence,

κn(e) =
ϕ2(e, e)
ϕ1(e, e)

=
A(e) ⋅ e
e ⋅ e

= λe ⋅ e
e ⋅ e
= λ.

This completes the proof.
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Inwhat follows, suppose that k1 and k2 are the principal curvatures of S and k1 ≥ k2.
Let {e1, e2} be an orthonormal basis of the principal directions. Then

A(ej) = −kjej , j ∈ {1, 2}.

Let |e| = 1. Then

e = e1 cos θ + e2 sin θ,

and

ϕ2(e, e) = −(A(e1 cos θ + e2 sin θ) ⋅ (e1 cos θ + e2 sin θ))
= −((−k1e1 cos θ − k2e2 sin θ) ⋅ (e1 cos θ + e2 sin θ))

= k1(cos θ)
2 + k2(sin θ)

2,

as well as

ϕ1(e, e) = 1.

Hence,

κn(e) = k1(cos θ)
2 + k2(sin θ)

2. (3.8)

Definition 3.36. Equation (3.8) is called the Euler formula.

Definition 3.37. The quantity

K = k1k2

is called the Gaussian curvature of S.

Definition 3.38. The quantity

H = k1 + k2
2

is called the mean curvature of S.

We have that

K = det𝒜

and

H = 1
2
Tr𝒜.
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Exercise 3.29 (Joachimsthal theorem). Let S1 and S2 be two oriented surfaces and γ be a
parameterized curve that lies on the intersection of S1 and S2. Let also S1 and S2 inter-
sect under a constant angle. Prove that γ is a curvature line on S1 if and only if γ2 is a
curvature line on S2.

Solution. Let (I , f = f (t)) be a local parameterization of γ. Let also n1 and n2 be normal
directions to S1 and S2, respectively. Then

n1 ⋅ n2 = const.

Hence,

0 = n′1 ⋅ n2 + n1 ⋅ n
′
2.

Suppose that γ is a curvature line on S1. Then

n′1 = −lf
′,

where l is one of the principal curvatures of S1. Since γ lies on S2, we have that

f ′ ⋅ n2 = 0.

Thus,

0 = (−lf ′) ⋅ n2 + n1 ⋅ n
′
2

= n1 ⋅ n
′
2.

Hence,

n1 ⋅ n
′
2 = 0.

Since n2 ⊥ n
′
2 and f

′ ⊥ n2, we conclude that n2 ‖ f
′ and there is anm ∈ ℝ such that

n2 = −mf
′,

i. e., γ is a curvature line on S2. This completes the proof.

Let S be an oriented surface and (U , f ) be a local representation of S that is compat-
ible with the orientation of S.

Exercise 3.30. Prove that

K = LN −M
2

W 2 ,

H = GL − 2FM + EN
2W 2 .
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Solution. We have

𝒜 =
1
W 2 (

GL − FM GM − FN
EM − FL EN − FM

) .

Then

det𝒜 = 1
W4 (GELN − GFLM − FEMN + F

2M2 − EGM2

+ EFMN − F2LN + FGLM)

=
1
W4 (EG(LN −M

2) − (LN −M2)F2)

=
1
W4 ((EG − F

2)(LN −M2))

=
1
W 2 (LN −M

2).

Next,

H = 1
2
Tr𝒜

=
GL − 2FM + EN

2W 2 .

This completes the solution.

3.15 Advanced practical problems

Problem 3.1. Prove that the hyperbolic paraboloid

f (t1, t2) = (a(t1 + t2), b(t2 − t1), 2t1t2), (t1, t2) ∈ ℝ
2,

where a, b ∈ ℝ, a > 0, b > 0, is a regular surface. See Fig. 3.19 for the values of a = b = 1.

Problem 3.2. Find the support of the surface

f (t1, t2) = (
t1

t21 + t
2
2 + 1
,

t2
t21 + t

2
2 + 1
,

t21 + t
2
2

t21 + t
2
2 + 1
), (t1, t2) ∈ ℝ

2.

Answer 3.10. The sphere

f 21 + f
2
2 + f

2
3 = f3

or

f 21 + f
2
2 + (f3 −

1
2
)
2

=
1
4
.
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Figure 3.19: The surface f (t1, t2) = (t1 + t2, t2 − t1, 2t1t2), (t1, t2) ∈ [−2, 2].

Problem 3.3. Find the implicit equation of the surface

(x0 + a cos t1 cos t2, y0 + b sin t1 cos t2, z0 + c sin t2), t1 ∈ [0, 2π], t2 ∈ [0, π],

where x0, y0, z0, a, b, c ∈ ℝ, (a, b, c) ̸= (0, 0, 0).

Answer 3.11.
(x − x0)

2

a2
+
(y − y0)

2

b2
+
(z − z0)

2

c2
= 1.

Problem 3.4. Find the equation of the tangent plane to the following surfaces at the
given points:
1.

z = √x2 + y4, (0, 0, 0);

2. z = x − y + √|xy|, (0, 0, 0);

3. z = log√x2 + y2, (0, 1, 0);
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4.
z = sin(x

y
), (π, 1, 0);

5. z = ex cos y, (1, 0, e);

6.
z = arctan( y

x
), (1, 1, π

4
);

7.
z = y + log(x

z
), (1, 1, 1);

8. 2
x
z + 2

y
z = 8, (2, 2, 1);

9. (t1 + log t2, t2 − log t1, 2t1 + t2), (1, 1, 3);

10.
(cos t1 cosh t2, sin t1 cosh t2, sinh t2), (cosh(

1
√2
), 0, sinh( 1

√2
));

11. (t1 + t2, t1 − t2, t1t2), (2, 1);

12. (t1, t
2
1 − 2t2, t

3
1 − 3t1t2), (1, 3, 4);

13.
(t1 cos t2, t1 sin t2, t1), (2,

π
4
);

14. x2

a2
+
y2

b2
+
z2

c2
= 1, (x0, y0, z0);

15. (t01 cos t
0
2 , t

0
1 sin t

0
2 , at

0
2 ), (t

0
1 , t

0
2 ).

Answer 3.12. 1. Not exist;
2. Not exist;
3.

y − z = 1;

4. x − πy + z = 0;

5. ex − z = 0;

6. x − y + 2z = π
2
;

7. x + y − 2z = 0;
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8. x + y − 4z = 0;

9. 3x − y − 2z + 4 = 0;

10.
cosh( 1
√2
)x − sinh( 1

√2
)z = 1;

11. 3x − y − 2z = 4;

12. 6x + 3y − 2z = 7;

13. x + y − √2z = 0;

14. xx0
a2
+
yy0
b2
+
zz0
c2
= 1;

15. (a sin t02 )x − a(cos t
0
2 )y + (t

0
2 )z − at

0
1 t
0
2 = 0.

Problem 3.5. Find the equation of the normal line to the surfaces in Problem 3.4 at the
given points.

Answer 3.13. 1. Does not exist;
2. Does not exist;
3. x

0
= y − 1 = −z;

4. x − π = y − 1
−π
= z;

5. x − 1
e
=
y
0
=
z − e
−1
;

6.
x − 1 = y − 1

−1
=
z − π

4
2
;

7. x − 1 = y − 1 = z − 1
−2
;

8. x − 2 = y − 2 = z − 1
−4
;

9. x − 1
−3
= y − 1 = z − 3

2
;

10. x − cosh( 1√2 )

cosh2( 1√2 )
=
y
0
=
−z + sinh( 1√2 )

cosh( 1√2 ) sinh(
1
√2
)
;
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11. x − 2
3
= −y + 1 = z − 2

−2
;

12. x − 1
−18
=
y − 3
3
=
z − 4
2
;

13. x − √2
−√2
=
y − √2
−√2
=
z − 2
2
;

14. x − x0
2x0
a2
=
y − y0
2y0
b2
=
z − z0
2z0
c2
;

15. x − t01 cos t
0
2

a sin t02
=
y − t01 sin t

0
2

−a cos t02
=
z − at02
t01
.

Problem 3.6. Find the matrix of the first fundamental form for the following surfaces:
1.

(t1 cos t2, t1 sin t2, kt1), t1 ∈ ℝ, v ∈ [0, 2π],

where k ∈ ℝ;
2.

((a + b cos t1) cos t2, (a + b cos t1) sin t2, b sin t1), t1, t2 ∈ [0, 2π],

where a, b ∈ ℝ;
3.

(a cosh t1
a
cos t2, a cosh

t1
a
sin t2, t1), t1 ∈ ℝ, t2 ∈ [0, 2π],

where a ∈ ℝ, a ̸= 0;
4.

(a sin t1 cos t2, a sin t1 sin t2, a(log(tan
t1
2
) + cos t1)),

t1, t2 ∈ [0, 2π], where a ∈ ℝ;
5.

(t1 cos t2, t1 sin t2, at2), t1 ∈ ℝ, v ∈ [0, 2π],

where a ∈ ℝ;
6.

(t1 cos t2, t1 sin t2, h(t1) + at2), (t1, t2) ∈ ℝ
2,

where h ∈ 𝒞1(ℝ) and a ∈ ℝ.

Answer 3.14. 1.
(
1 + k2 0
0 t21

) , t1 ∈ ℝ, t2 ∈ [0, 2π];
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2.
(
b2 0
0 (a + b cos t1)

2) , t1, t2 ∈ [0, 2π];

3.
(
(cosh t1

a )
2 0

0 (a cosh t1
a )

2) , t1 ∈ ℝ, t2 ∈ [0, 2π];

4.
(
a2(cot t1)

2 0
0 a2(sin t1)

2) , t1, t2 ∈ [0, 2π];

5.
(
1 0
0 a2 + t21

) , t1 ∈ ℝ, t2 ∈ [0, 2π];

6.
(
1 + (h′(t1))

2 ah′(t1)
ah′(t1) a2 + t21

) , (t1, t2) ∈ ℝ
2.

Problem 3.7. Let S be a surface and the matrix of its first fundamental form be

(
1 0
0 (sinh t1)

2) , (t1, t2) ∈ ℝ
2.

Find the length of the segment of the curve

t1 = t2

between the points (t01 , t
0
2 ) and (t

1
1 , t

1
2).

Answer 3.15.
󵄨󵄨󵄨󵄨sinh t

1
1 − sinh t

0
1
󵄨󵄨󵄨󵄨.

Problem 3.8. On the helicoid

(t1 cos t2, t1 sin t2, at2), t1 ∈ ℝ, t2 ∈ [0, 2π],

where a ∈ ℝ, consider the following curves:

t2 = log(t1 ± √t21 + a2) + c,

where a, c ∈ ℝ. Find the lengths of the segments of the curve between the points (t01 , t
0
2 )

and (t11 , t
1
2).

Answer 3.16.
√2󵄨󵄨󵄨󵄨t

1
1 − t

0
1
󵄨󵄨󵄨󵄨.
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Problem 3.9. On the pseudosphere

(a sin t1 cos t2, a sin t1 sin t2, a(log(tan
t1
2
) + cos t1)), t1, t2 ∈ [0, 2π],

where a ∈ ℝ, consider the curves

t2 = ±a log(tan
t1
2
) + c,

where c ∈ ℝ. Find the lengths of the segments of the curves between the points (t01 , t
0
2 )

and (t11 , t
1
2).

Answer 3.17.
|c2 − c1|

2
,

where

t02 =
c1 + c
2
,

t12 =
c2 + c
2
.

Problem 3.10. Find the angle between the curves

t2 = t1 + 1 and t2 = 3 − t1

on the surface

f (t1, t2) = (t1 cos t2, t1 sin t2, t
2
1), t1 ∈ ℝ, t2 ∈ [0, 2π].

Answer 3.18.
cos θ = 2

3
.

Problem 3.11. Find the area of the curvilinear triangle

t1 = ±at2, t2 = 1

on the surface with a matrix of its first fundamental form given by

(
1 0
0 t21 + a

2) , (t1, t2) ∈ ℝ
2.

Here a ∈ ℝ is a given parameter.

Answer 3.19.

a2(2
3
−
√2
3
+ log(1 + √2)).
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Problem 3.12. Consider the helicoid

f (t1, t2) = (t1 cos t2, t1 sin t2, at1), (t1, t2) ∈ ℝ
2,

where a > 0. Find:
1. 𝒢(t1, t2), (t1, t2) ∈ ℝ

2;
2. ℋ(t1, t2), (t1, t2) ∈ ℝ

2;
3. 𝒜(t1, t2), (t1, t2) ∈ ℝ

2.

Answer 3.20. 1.
𝒢(t1, t2) = (

1 0
0 t21 + a

2) , (t1, t2) ∈ ℝ
2;

2.
ℋ(t1, t2) = (

0 0
0 sign(u)
√a2+u2
(au)) , (t1, t2) ∈ ℝ

2;

3.

𝒜(t1, t2) =
−1

u2 + a2
(
0 sign(t1)
√a2+t21
(at1)

0 sign(t1)
√a2+t21
(at1)
) , (t1, t2) ∈ ℝ

2.

Problem 3.13. Find the matrix of the second fundamental form of the following sur-
faces:
1.

f (t1, t2) = (R cos t2,R sin t2, t1), t1, t2 ∈ [0, 2π],

where R > 0;
2.

f (t1, t2) = (t1 cos t2, t1 sin t2, kt1), t1, t2 ∈ [0, 2π];

3. f (t1, t2) = ((a + b cos t1) cos t2, (a + b cos t1) sin t2, b sin t1), t1, t2 ∈ [0, 2π],

where a, b ∈ ℝ, (a, b) ̸= (0, 0);
4.

f (t1, t2) = (a cosh
t1
a
cos t2, a cosh

t1
a
sin t2, t1), t1 ∈ ℝ, t2 ∈ [0, 2π];

5.
f (t1, t2) = (a sin t1 cos t2, a sin t1 sin t2, a(log(tan

t1
2
) + cos t1)), t1, t2 ∈ [0, 2π].

Answer 3.21. 1.
[ϕ2](t1, t2) = (

0 0
0 R
) , t1 ∈ ℝ, t2 ∈ [0, 2π];
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2.
[ϕ2](t1, t2) = (

0 0
0 sign(t1)
√1+k2
(ku)) , t1 ∈ ℝ, t2 ∈ [0, 2π];

3.
[ϕ2](t1, t2) = sign(b(a + b cos t1)) (

b 0
0 cos t1(a + b cos t1)

) , t1, t2 ∈ [0, 2π];

4.
[ϕ2](t1, t2) = sign(a) cosh

t1
a
(
1
a 0
0 a
) , t1 ∈ ℝ, t2 ∈ [0, 2π];

5.
[ϕ2](t1, t2) = (

−asign(a) cot t1 0
0 asign(a) sin t1 cos t1

) , t1, t2 ∈ [0, 2π].

Problem 3.14. Find the principal curvatures of the following surfaces at the given
points:
1.

z = xy, (1, 1, 1);

2. x2

p
+
y2

q
= 2z, (0, 0, 0);

3. (t21 + t
2
2 , t

2
1 − t

2
2 , t1t2), (1, 1).

Answer 3.22. 1.
k1 = −
√3
9
,

k2 =
√3
3
.

2. k1 = 2p,
k2 = 2q.

3. k1 =
1

2√5
,

k2 = 0.

Problem 3.15. Find the Gauss and mean curvatures of the following surfaces:
1.

z = f (x, y), (x, y) ∈ ℝ2;

2. z = f (√x2 + y2), (x, y) ∈ ℝ2.
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Answer 3.23. 1.

K =
zxxzyy − (zxy)

2

(1 + z2x + z2y)2
,

H =
(1 + z2x)zyy + (1 + z

2
y)zxx − 2zxzyzxy

(1 + z2x + z2y)
3
2

;

2.
K = f ′f ′′

√x2 + y2(1 + (f ′)2)3
,

H = f ′′

4(1 + (f ′)2)
3
2

+
f ′

4√x2 + y2√1 + (f ′)2
.

Problem 3.16. Let S be a surface with a matrix of its first fundamental form being

(
1 cosω

cosω 1
) .

Prove that

K =
ωt1t2
sinω
.

Problem 3.17. Let S be a surface with a matrix of its first fundamental form being

(
1

(x2+y2+c2)2 0
0 1

(x2+y2+c2)2
) .

Prove that K is a constant.

Problem 3.18. Classify the points of the following surfaces:
1. ellipsoid;
2. elliptic paraboloid;
3. hyperbolic paraboloid;
4. elliptic cylinder;
5. parabolic cylinder;
6. hyperbolic cylinder;
7. cone;
8.

z = f (√x2 − y2), (x, y) ∈ ℝ2;

9. x + y = z3, (x, y) ∈ ℝ2.

Answer 3.24. 1. elliptic;
2. elliptic;



3.15 Advanced practical problems � 181

3. hyperbolic;
4. parabolic;
5. parabolic;
6. parabolic;
7. parabolic;
8. if f ′f ′′ < 0, then elliptic; if f ′f ′′ > 0, then hyperbolic; if f ′f ′′ = 0, then parabolic;
9. parabolic.



4 Fundamental equations of a surface. Special
classes of surfaces

In this chapter introducing the Christoffel symbols, the fundamental equations of a sur-
face, Gauss and Codazzi–Mainardi equations, are established, which are important due
to their role as existence and uniqueness theorems for surfaces. Geodesics playing the
role of a line on a surface are introduced as a notable class of curves on surfaces. Some
special surfaces such as Liouville, ruled, and minimal surfaces are also given.

4.1 Some relations

Suppose that (U , f ) is a regular parameterized surface. Then {ft1 , ft2 , n} is a basis in
ℝ3f (t1 ,t2). We have

E = ft1 ⋅ ft1 ,
F = ft1 ⋅ ft2 ,
G = ft2 ⋅ ft2 .

Then

Et1 = ft1t1 ⋅ ft1 + ft1 ⋅ ft1t1
= 2(ft1t1 ⋅ ft1 ),

whereupon

ft1t1 ⋅ ft1 =
1
2
Et1 .

Also,

Et2 = fuv ⋅ ft1 + ft1 ⋅ ft1t2
= 2(ft1 ⋅ ft1t2 )

and

ft1 ⋅ ft1t2 =
1
2
Et2 .

Consider the component G. We have

Gt1 = ft1t2 ⋅ ft2 + ft2 ⋅ ft1t2
= 2(ft1t2 ⋅ ft2 ),

https://doi.org/10.1515/9783111501857-004
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whereupon

ft1t2 ⋅ ft2 =
1
2
Gt1 ,

and

Gt2 = ft2t2 ⋅ ft2 + ft2 ⋅ ft2t2
= 2(ft2t2 ⋅ ft2 ),

from where

ft2t2 ⋅ ft2 =
1
2
Gt2 .

Moreover,

Ft1 = ft1t1 ⋅ ft2 + ft1 ⋅ ft1t2

= ft1t1 ⋅ ft2 +
1
2
Et2 ,

whereupon

ft1t1 ⋅ ft2 = Ft1 −
1
2
Et2 ,

and

Ft2 = ft1t2 ⋅ ft2 + ft1 ⋅ ft2t2

=
1
2
Gt1 + (ft1 ⋅ ft2t2 ),

from where

ft1 ⋅ ft2t2 = Ft2 −
1
2
Gt1 .

4.2 The Christoffel symbols

In this section, we will represent ft1t1 , ft1t2 , and ft2t2 in terms of the basis {ft1 , ft2 , n} in the
following way:

ft1t1 = Γ
1
11ft1 + Γ

2
11ft2 + Ln,

ft1t2 = Γ
1
12ft1 + Γ

2
12ft2 +Mn,

ft2t2 = Γ
1
22ft1 + Γ

2
22ft2 + Nn,

(4.1)

where L,M , N are the components of the second fundamental form.
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Definition 4.1. The coefficients Γkij , i, j, k ∈ {1, 2}, are called the Christoffel symbols.

From the first equation of the system (4.1), we find

ft1t1 ⋅ ft1 = Γ
1
11(ft1 ⋅ ft1 ) + Γ

2
11(ft1 ⋅ ft2 ),

ft1t1 ⋅ ft2 = Γ
1
11(ft1 ⋅ ft2 ) + Γ

2
11(ft2 ⋅ ft2 ),

or

Γ111E + Γ
2
11F =

1
2
Et1 ,

Γ111F + Γ
2
11G = Ft1 −

1
2
Et2 .

SinceW 2 = EG − F2 ̸= 0, the above system has a unique solution, namely

Γ111 =
1
2Et1G − Ft1F +

1
2Et2F

W 2 ,

Γ211 =
− 12Et1F + EFt1 −

1
2EEt2

W 2 .

Analogously, using the second equation of the system (4.1), we obtain

ft1t2 ⋅ ft1 = Γ
1
12(ft1 ⋅ ft1 ) + Γ

2
12(ft1 ⋅ ft2 ),

ft1t2 ⋅ ft2 = Γ
1
12(ft1 ⋅ ft2 ) + Γ

2
12(ft2 ⋅ ft2 ),

or

Γ112E + Γ
2
12F =

1
2
Et2 ,

Γ112F + Γ
2
12G =

1
2
Gt1 .

The solutions are

Γ112 =
Et2G − Gt1F

2W 2 ,

Γ212 =
−Et2F + EGt1

2W 2 .

Finally, from the third equation of the system (4.1), we obtain

ft2t2 ⋅ ft1 = Γ
1
22(ft1 ⋅ ft1 ) + Γ

2
22(ft1 ⋅ ft2 ),

ft2t2 ⋅ ft2 = Γ
1
22(ft1 ⋅ ft2 ) + Γ

2
22(ft2 ⋅ ft2 ),

or



4.2 The Christoffel symbols � 185

Γ122E + Γ
2
22F = Ft2 −

1
2
Gt1 ,

Γ122F + Γ
2
22G =

1
2
Gt2 .

The solutions are

Γ122 =
Ft2G −

1
2Gt1G −

1
2Gt2F

W 2 ,

Γ222 =
−FFt2 +

1
2FGt1 +

1
2EGt2

W 2 .

Example 4.1. Let f , g ∈ 𝒞2(I), (f ′(t), g′(t)) ̸= (0, 0), t ∈ I , I ⊂ ℝ. Assume that S is a surface
obtained by rotating the following curve:

x = u(t),
z = v(t), t ∈ I ,

around the z-axis. Then S can be represented parametrically as follows:

f (t, θ) = (u(t) cos θ, u(t) sin θ, v(t)), t ∈ I , θ ∈ [0, 2π].

We have

ft(t, θ) = (u
′(t) cos θ, u′(t) sin θ, v′(t)),

fθ(t, θ) = (−u(t) sin θ, u(t) cos θ, 0), t ∈ I , θ ∈ [0, 2π],

and

E(t, θ) = ft(t, θ) ⋅ ft(t, θ)

= (u′(t) cos θ)2 + (u′(t) sin θ)2 + (v′(t))2

= (u′(t))2(cos θ)2 + (u′(t))2(sin θ)2 + (v′(t))2

= (u′(t))2 + (v′(t))2,
F(t, θ) = ft(t, θ) ⋅ fθ(t, θ)
= −u(t)u′(t) sin θ cos θ + u(t)u′(t) sin θ cos θ
= 0,

G(t, θ) = fθ(t, θ) ⋅ fθ(t, θ)

= (−u(t) sin θ)2 + (u(t) cos θ)2

= (u(t))2(cos θ)2 + (u(t))2(sin θ)2

= (u(t))2, t ∈ I , θ ∈ [0, 2π],
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and

Et(t, θ) = 2u
′(t)u′′(t) + 2v′(t)v′′(t),

Eθ(t, θ) = 0,

Ft(t, θ) = 0,

Fθ(t, θ) = 0,

Gt(t, θ) = 2u(t)u
′(t),

Gθ(t, θ) = 0, t ∈ I , θ ∈ [0, 2π],

as well as

W (t, θ) = E(t, θ)G(t, θ) − (F(t, θ))2

= (u(t))2((u′(t))2 + (v′(t))2), t ∈ I , θ ∈ [0, 2π].

Hence,

Γ111(t, θ) =
1
2Et(t, θ)G(t, θ) − Ft(t, θ)F(t, θ) +

1
2Eθ(t, θ)F(t, θ)

(W (t, θ))2

=
1
2 (u(t))

2(2u′(t)u′′(t) + 2v′(t)v′′(t))
(u(t))2((u′(t))2 + (v′(t))2)

=
u′(t)u′′(t) + v′(t)v′′(t)
(u′(t))2 + (v′(t))2

,

Γ211(t, θ) =
− 12Et(t, θ)F(t, θ) + E(t, θ)Ft(t, θ) −

1
2E(t, θ)Eθ(t, θ)

(W (t, θ))2
= 0,

Γ112(t, θ) =
Eθ(t, θ)G(t, θ) − Gt(t, θ)F(t, θ)

2(W (t, θ))2
= 0,

Γ212(θ, t) =
−Eθ(t, θ)F(t, θ) + E(t, θ)Gt(t, θ)

2(W (t, θ))2

=
((u′(t))2 + (v′(t))2)2u(t)u′(t)
(u(t))2((u′(t))2 + (v′(t))2)

=
u′(t)
u(t)
,

Γ122(t, θ) =
Fθ(t, θ)G(t, θ) −

1
2Gt(t, θ)G(t, θ) −

1
2Gθ(t, θ)F(t, θ)

(W (t, θ))2

=
− 12 (u(t))

22u(t)u′(t)
(u(t))2((u′(t))2 + (v′(t))2)

=
u(t)u′(t)

(u′(t))2 + (v′(t))2
,
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Γ222(t, θ) =
−F(t, θ)Fθ(t, θ) +

1
2F(t, θ)Gt(t, θ) +

1
2E(t, θ)Gθ(t, θ)

(W (t, θ))2

= 0, t ∈ I , θ ∈ [0, 2π].

Exercise 4.1. Prove that

Γ111 + Γ
2
12 = (log(√EG − F2))t1 ,

Γ112 + Γ
2
22 = (log(√EG − F2))t2 .

Solution. For the first equality, we have

(log(√EG − F2))t1 =
(√EG − F2)t1
√EG − F2

=
Et1G + EGt1 − 2FFt1

2(EG − F2)
.

On the other hand,

Γ111 + Γ
2
12 =

1
2Et1G − Ft1F +

1
2Et2F

W 2 +
−Et2F + EGt1

2W 2

=
Et1G + EGt1 − 2FFt1

2(EG − F2)
,

proving the first equality. The second equality can be proved in a similar way.

Exercise 4.2. Let F = 0. Find the Christoffel coefficients.

Answer 4.1.

Γ111 =
Et1
2E
,

Γ211 = −
Et2
2G
,

Γ112 =
Et2
2E
,

Γ212 =
Gt1
2G
,

Γ122 = −
Gt1
2E
,

Γ222 =
Gt2
2G
.

Exercise 4.3. Find aij , i, j ∈ {1, 2}, such that

nt1 = a11ft1 + a12ft2 ,
nt2 = a21ft1 + a22ft2 .

(4.2)
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Definition 4.2. The coefficients aij , i, j ∈ {1, 2}, are called the Weingarten coefficients.

Solution. By the first equation of the system (4.2), we find

nt1 ⋅ ft1 = a11(ft1 ⋅ ft1 ) + a12(ft1 ⋅ ft2 ),
nt1 ⋅ ft2 = a11(ft1 ⋅ ft2 ) + a12(ft2 ⋅ ft2 ),

or

a11E + a12F = −L,
a11F + a12G = −M .

Therefore

a11 =
FM − GL
W 2 ,

a12 =
FL − EM
W 2 .

Using the second equation of the system (4.2), we arrive at

nt2 ⋅ ft1 = a21(ft1 ⋅ ft1 ) + a22(ft1 ⋅ ft2 ),
nt2 ⋅ ft2 = a21(ft1 ⋅ ft2 ) + a22(ft2 ⋅ ft2 ),

or

a21E + a22F = −M ,
a21F + a22G = −N .

Consequently,

a21 =
−GM + FN

W 2 ,

a22 =
FM − EN

W 2 .

Exercise 4.4. Prove that

(Γ111)t2 − (Γ
1
12)t1 + Γ

2
11Γ

1
22 − Γ

2
12Γ

1
12 = −a21L + a11M ,

(Γ211)t2 − (Γ
2
12)t1 + Γ

1
11Γ

2
12 + Γ

2
11Γ

2
22 − Γ

1
12Γ

2
11 − (Γ

2
12)

2
= Ma12 − La22,

(Γ112)t2 − (Γ
1
22)t1 + (Γ

1
12)

2
+ Γ212Γ

2
22 − Γ

1
22Γ

1
11 − Γ

2
22Γ

1
12 = a11N −Ma21,

(Γ212)t2 − (Γ
2
22)t1 + Γ

1
12Γ

2
12 + Γ

2
12Γ

1
22 − Γ

1
22Γ

2
11 − Γ

2
22Γ

2
12 = a12N − a22M ,

(4.3)

and
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Lt2 −Mt1 = −Γ
1
11M − Γ

2
11N + Γ

1
12L + Γ

2
12M ,

Mt2 − Nt1 = −Γ
1
12M − Γ

2
12N + Γ

1
22L + Γ

2
22M .

(4.4)

Definition 4.3. The equations (4.3) are called the Gauss equations.

Definition 4.4. The equations (4.4) are called Codazzi–Mainardi equations.

Solution. To deduce the Gauss and Codazzi–Mainardi equations, we will use the rela-
tions

ft21 t2 = ft1t2t1 (4.5)

and

ft1t22 = ft22 t1 . (4.6)

We have

ft21 = Γ
1
11ft1 + Γ

2
11ft2 + Ln

and then

ft21 t2 = (Γ
1
11)t2 ft1 + Γ

1
11ft1t2 + (Γ

2
11)t2 ft2 + Γ

2
11ft2t2 + Lt2n + Lnt2

= (Γ111)t2 ft1 + (Γ
2
11)t2 ft2 + Lt2n + Γ

1
11(Γ

1
12ft1 + Γ

2
12ft2 +Mn)

+ Γ211(Γ
1
22ft1 + Γ

2
22ft2 + Nn) + L(a21ft1 + a22ft2 )

= ((Γ111)t2 + Γ
1
11Γ

1
12 + Γ

2
11Γ

1
22 + La21)ft1

+ ((Γ211)t2 + Γ
1
11Γ

2
12 + Γ

2
11Γ

2
22 + La22)ft2 + (Lt2 + Γ

1
11M + Γ

2
11N)n,

i. e.,

ft21 t2 = ((Γ
1
11)t2 + Γ

1
11Γ

1
12 + Γ

2
11Γ

1
22 + La21)ft1

+ ((Γ211)t2 + Γ
1
11Γ

2
12 + Γ

2
11Γ

2
22 + La22)ft2 + (Lt2 + Γ

1
11M + Γ

2
11N)n.

(4.7)

Now, using that

ft1t2 = Γ
1
12ft1 + Γ

2
12ft2 +Mn,

we obtain

ft1t2t1 = (Γ
1
12)t1 ft1 + Γ

1
12ft21 + (Γ

2
12)t1 ft2 + Γ

2
12ft1t2 +Mt1n +Mnt1

= (Γ112)t1 ft1 + (Γ
2
12)t1 ft2 +Mt1n + Γ

1
12(Γ

1
11ft1 + Γ

2
11ft2 + Ln)

+ Γ212(Γ
1
12ft1 + Γ

2
12ft2 +Mn) +M(a11ft1 + a12ft2 )



190 � 4 Fundamental equations of a surface. Special classes of surfaces

= ((Γ112)t1 + Γ
1
12Γ

1
11 + Γ

2
12Γ

1
12 + a11M)ft1

+ ((Γ212)t1 + Γ
1
12Γ

2
11 + (Γ

2
12)

2
+ a12M)ft2 + (Mt1 + Γ

1
12L + Γ

2
12M)n,

i. e.,

ft1t2t1 = ((Γ
1
12)t1 + Γ

1
12Γ

1
11 + Γ

2
12Γ

1
12 + a11M)ft1

+ ((Γ212)t1 + Γ
1
12Γ

2
11 + (Γ

2
12)

2
+ a12M)ft2 + (Mt1 + Γ

1
12L + Γ

2
12M)n.

Using the latter equation with (4.5) and (4.7), we find the first two of Gauss equations
and the first of the Codazzi–Mainardi equations. Next,

ft1t22 = (Γ
1
12)t2 ft1 + Γ

1
12ft1t2 + (Γ

2
12)t2 ft2 + Γ

2
12ft2t2 +Mt2n +Mnt2

= (Γ112)t2 ft1 + (Γ
2
12)t2 ft2 +Mt2n + Γ

1
12(Γ

1
12ft1 + Γ

2
12ft2 +Mn)

+ Γ212(Γ
1
22ft1 + Γ

2
22ft2 + Nn) +M(a21ft1 + a22ft2 )

= ((Γ112)t2 + Γ
1
12Γ

2
12 + (Γ

1
12)

2
+ Γ212Γ

1
22 +Ma21)ft1

+ ((Γ212)t2 + Γ
1
12Γ

2
12 + Γ

2
12Γ

2
22 +Ma22)ft2 + (Mt2 + Γ

1
12M + Γ

2
12N)n,

i. e.,

ft1t22 = ((Γ
1
12)t2 + Γ

1
12Γ

2
12 + (Γ

1
12)

2
+ Γ212Γ

1
22 +Ma21)ft1

+ ((Γ212)t2 + Γ
1
12Γ

2
12 + Γ

2
12Γ

2
22 +Ma22)ft2 + (Mt2 + Γ

1
12M + Γ

2
12N)n.

(4.8)

Now, using that

ft2t2 = Γ
1
22ft1 + Γ

2
22ft2 + Nn,

we arrive at

ft22 t1 = (Γ
1
22)t1 ft1 + Γ

1
22ft21 + (Γ

2
22)t1 ft2 + Γ

2
22ft1t2 + Nt1n + Nnt1

= (Γ122)t1 ft1 + (Γ
2
22)t1 ft2 + Nt1n + Γ

1
22(Γ

1
11ft1 + Γ

2
11ft2 + Ln)

+ Γ222(Γ
1
12ft1 + Γ

2
12ft2 +Mn) + N(a11ft1 + a12ft2 )

= ((Γ122)t1 + Γ
1
22Γ

1
11 + Γ

2
22Γ

1
12 + Na11)ft1

+ ((Γ222)t1 + Γ
1
22Γ

2
11 + Γ

2
22Γ

2
12 + a12N)ft2 + (Nt2 + Γ

1
22L + Γ

2
22M)n,

i. e.,

ft22 t1 = ((Γ
1
22)t1 + Γ

1
22Γ

1
11 + Γ

2
22Γ

1
12 + Na11)ft1

+ ((Γ222)t1 + Γ
1
22Γ

2
11 + Γ

2
22Γ

2
12 + a12N)ft2 + (Nt1 + Γ

1
22L + Γ

2
22M)n.
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Now, applying (4.6), (4.8), and the latter expression, we find the third and fourth of Gauss
equations and the second of Codazzi–Mainardi equations. This completes the proof.

4.3 The fundamental theorem in the theory of surfaces

Suppose that U ⊂ ℝn is an open set. There are two symmetric matrices on U given by

(
g11 g12
g12 g22

) and (h11 h12
h12 h22

)

of classes 𝒞2 and 𝒞1, respectively. Here, for any (t1, t2) ∈ U , the quadratic for an associated
bilinear form whose matrix is (gij), i, j ∈ {1, 2}, is positive definite and, moreover, its
components verify the Gauss and Codazzi–Mainardi compatibility conditions. Choose
q0 = (t

0
1 , t

0
2 ) ∈ U , f (q0) = p0 ∈ ℝ

3 and the vectors

ft1 (q0), ft2 (q0), n(q0) ∈ Tp0ℝ
3

such that

ft1 (q0) ⋅ ft1 (q0) = g11(q0),
ft1 (q0) ⋅ ft2 (q0) = g12(q0),
ft2 (q0) ⋅ ft2 (q0) = g22(q0),
n(q0) ⋅ ft1 (q0) = 0,
n(q0) ⋅ ft2 (q0) = 0,
n(q0) ⋅ n(q0) = 1

and {ft1 (q0), ft2 (q0), n(q0)} is a right-handed basis of the vector space Tp0ℝ
3. Set

Γ111 =
(g11)t1g22 − 2(g12)t1g12 + (g11)t2g12

2(g11g22 − g212)
,

Γ211 =
−(g11)t1g12 + 2g11(g12)t1 − g11(g11)t2

2(g11g22 − g212)
,

Γ112 =
(g11)t2g22 − (g22)t1g12

2(g11g22 − g212)
,

Γ212 =
−(g11)t2g12 + g11(g22)t1

2(g11g22 − g212)
,

Γ121 = Γ
1
12,

Γ221 = Γ
2
12,

Γ122 =
2(g12)t2g22 − (g22)t1g22 − (g22)t2g12

2(g11g22 − g212)
,



192 � 4 Fundamental equations of a surface. Special classes of surfaces

Γ222 =
−2g12(g12)t2 + g12(g22)t1 + g11(g2)t2

2(g11g22 − g212)
.

Consider the Cauchy problem

𝜕ft1
𝜕t1
= Γ111rt1 + Γ

2
11ft2 + h11n,

𝜕ft1
𝜕t2
= Γ112rt1 + Γ

2
12ft2 + h12n,

𝜕ft2
𝜕t1
= Γ121rt1 + Γ

2
21ft2 + h21n,

𝜕n
𝜕t1
=

1
W 2 ((g12h12 − g22h11)ft1 + (g12h11 − g11h12)ft2),

𝜕n
𝜕t2
=

1
W 2 ((g21h22 − g22h21)ft1 − (g12h21 − g11h22)ft2),

rt1 (q0) = f
0
t1 ,

rt2 (q0) = f
0
t2 ,

n(q0) = n0.

(4.9)

Here

W 2 = g11g22 − g
2
12.

Exercise 4.5. Prove that:
1.

𝜕2ft1
𝜕t1𝜕t2
=
𝜕2ft1
𝜕t2𝜕t1
;

2. 𝜕2ft2
𝜕t1𝜕t2
=
𝜕2ft2
𝜕t2𝜕t1
;

3. 𝜕2n
𝜕t1𝜕t2
=
𝜕2n
𝜕t2𝜕t1
.

Solution. 1. We have

𝜕2ft1
𝜕t2𝜕t1
=
𝜕ft1t1
𝜕t2
=
𝜕
𝜕t2
(Γ111ft1 + Γ

2
11ft2 + h11n)

=
𝜕Γ111
𝜕t2

ft1 + Γ
1
11
𝜕ft1
𝜕t2
+
𝜕Γ211
𝜕t2

ft2 + Γ
2
11
𝜕ft2
𝜕t2
+
𝜕h11
𝜕t2

n + h11
𝜕n
𝜕t2

=
𝜕Γ111
𝜕t2

ft1 + Γ
1
11(Γ

1
12ft1 + Γ

2
12ft2 + h12n)
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+
𝜕Γ211
𝜕t2

ft2 + Γ
2
11(Γ

1
22ft1 + Γ

2
22ft2 + h22n)

+
𝜕h11
𝜕t2

n + 1
W 2 h11((g21h22 − g22h11)ft1 + (g12h11 − g11h12)ft2)

= (
𝜕Γ111
𝜕t2
+ Γ111Γ

1
12 + Γ

2
11Γ

1
22 +

h11
W 2 (g21h22 − g22h12))ft1

+ (
𝜕Γ211
𝜕t2
+ Γ111Γ

2
12 + Γ

2
11Γ

2
22 +

h11
W 2 (g12h12 − g11h22))ft2

+ (Γ111h12 + Γ
2
11h22 +
𝜕h11
𝜕t2
)n

= A1ft1 + A2ft2 + A3n

and

𝜕2ft1
𝜕t1𝜕t2
=
𝜕ft1t2
𝜕t1
=
𝜕
𝜕t1
(Γ112ft1 + Γ

2
12ft2 + h12n)

=
Γ112
𝜕t1

ft1 + Γ
1
12
𝜕ft1
𝜕t1
+
𝜕Γ212
𝜕t1

ft2 + Γ
2
12
𝜕ft2
𝜕t1
+
𝜕h12
𝜕t1

n + h12
𝜕n
𝜕t1

=
𝜕Γ112
𝜕t1

ft1 + Γ
1
12(Γ

1
11ft1 + Γ

2
11ft2 + h11n)

+
𝜕Γ212
𝜕t1

ft2 + Γ
2
12(Γ

1
21ft1 + Γ

2
21ft2 + h21n) +

𝜕h12
𝜕t1

n

+
h12
W 2 ((g12h12 − g22h11)ft1 + (g12h11 − g11h12)ft2)

= (
Γ112
𝜕t1
+ Γ112Γ

1
11 + Γ

2
12Γ

1
21 +

h12
W 2 (g12h12 − g22h11))ft1

+ (
𝜕Γ212
𝜕t1
+ Γ112Γ

2
11 + Γ

2
12Γ

2
21 +

h12
W 2 (g12h11 − g11h12))ft2

+ (Γ112h11 +
𝜕h12
𝜕t1
+ Γ212h21)n

= B1ft1 + B2ft2 + B3n.

Now, applying the Gauss equations, we find

A1 − B1 =
𝜕Γ111
𝜕t2
+ Γ111Γ

1
12 + Γ

2
11Γ

1
22 +

h11
W 2 (g21h22 − g22h21)

−
𝜕Γ112
𝜕t1
− Γ112Γ

1
11 − Γ

2
12Γ

1
21 −

h12
W 2 (g12h12 − g22h11)

=
𝜕Γ111
𝜕t2
−
𝜕Γ112
𝜕t1
+ Γ211Γ

1
22 − Γ

2
12Γ

1
21 + g21

1
W 2 (h11h22 − h

2
12)
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= −
h11
W 2 (−g22h12 + g12h22) +

h12
W 2 (g12h12 − g22h11)

+ g21
1
W 2 (h11h22 − h

2
12)

= −g12
1
W 2 (h11h22 − h

2
12) + g21

1
W 2 (h11h22 − h

2
12)

= 0

and

A2 − B2 =
𝜕Γ211
𝜕t2
+ Γ111Γ

2
12 + Γ

2
11Γ

2
22 +

h11
W 2 (g12h12 − g11h22)

−
𝜕Γ212
𝜕t1
− Γ112Γ

2
11 − Γ

2
12Γ

2
21 −

h12
W 2 (g12h11 − g11h12)

=
𝜕Γ211
𝜕t2
−
𝜕Γ212
𝜕t1
+ Γ111Γ

2
12 + Γ

2
11Γ

2
22 − Γ

1
12Γ

2
11 − Γ

2
12Γ

2
21

+ g11
1
W 2 (h11h22 − h

2
12)

= h12
1
W 2 (g12h11 − g11h12) − h11

1
W 2 (g12h12 − g11h22)

+ g11
1
W 2 (h11h22 − h

2
12)

= −g11
1
W 2 (h11h22 − h

2
12) + g11

1
W 2 (h11h22 − h

2
12)

= 0.

Now, we apply the Codazzi–Mainardi equations and find

A3 − B3 = Γ
1
11h12 + Γ

2
11h22 +
𝜕h11
𝜕t2
− Γ112h11 −

𝜕h12
𝜕t1
− Γ212h21

=
𝜕h11
𝜕t2
−
𝜕h12
𝜕t1
+ Γ111h12 + Γ

2
11h22 − Γ

1
12h11 − Γ

2
12h21

= 0.

Therefore

𝜕2ft1
𝜕t1𝜕t2
=
𝜕2ft1
𝜕t2𝜕t1
.

2.
Hint 4.2. Use the solution of part 1.

3.
Hint 4.3. Use the solution of part 1.
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Exercise 4.6. Prove that there exists an open neighborhood Q ⊂ U of the point q0 and
a set of 𝒞2 vector functions ft1 , ft2 , n : W → ℝ

3 which are solutions to the initial value
problem (IVP) (4.9).

Solution. By Exercise 4.5, it follows that the IVP is completely integrable. Hence, the
desired result follows.

Exercise 4.7. Prove that the vectors

ft1 (q0) = (√g11(q0), 0, 0),

ft2 (q0) = (
g12((q0))
√g11((q0))

,
√g11(q0)g22(q0) − (g12(q0))2

√g11(q0)
, 0),

n(q0) = (0, 0, 1)

satisfy all the hypotheses.

Hint 4.4. Use that the matrix

(
g11(q0) g12(q0)
g12(q0) g22(q0)

)

is positive definite.

Exercise 4.8. Consider the IVP

𝜕f
𝜕t1
= rt1 ,

𝜕f
𝜕t2
= rt2 ,

f (q0) = p0.

(4.10)

Prove that there exist an open neighborhood V ⊂ W ⊂ U of u0 and a single 𝒞3 function
f : V → ℝ3 that is a solution to the IVP (4.10).

Solution. By the second and third equations of (3.2), we find

𝜕2f
𝜕t2𝜕t1
=
𝜕ft1
𝜕t2
= Γ112ft1 + Γ

2
12ft2 + h12n

= Γ121ft1 + Γ
2
21ft2 + h21n

=
𝜕2f
𝜕t1𝜕t2
.

Thus, (4.10) is completely integrable and the desired result follows.
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Exercise 4.9. Prove that the surface f in Exercise 4.8 satisfies the following relations:
1.

𝜕(ft1 ⋅ ft1 )
𝜕t1
= 2(Γ111(rt1 ⋅ rt1 ) + Γ

2
11(rt1 ⋅ rt2 ) + h11(rt1 ⋅ n));

2. 𝜕(ft1 ⋅ ft1 )
𝜕t2
= 2(Γ112(ft1 ⋅ ft1 ) + Γ

2
12(ft1 ⋅ ft2 ) + h12(ft1 ⋅ n));

3. 𝜕(ft1 ⋅ ft2 )
𝜕t1
= Γ112(ft1 ⋅ ft1 ) + (Γ

1
11 + Γ

2
12)(ft1 ⋅ ft2 ) + Γ

2
11(ft2 ⋅ ft2 )

+ h12(n ⋅ ft1 ) + h11(n ⋅ ft2 );

4. 𝜕(ft1 ⋅ ft2 )
𝜕t2
= Γ122(ft1 ⋅ ft1 ) + (Γ

1
12 + Γ

2
22)(ft1 ⋅ ft2 ) + Γ

2
12(ft2 ⋅ ft2 )

+ h22(n ⋅ ft1 ) + h12(n ⋅ ft2 );

5. 𝜕(ft2 ⋅ ft2 )
𝜕t1
= 2(Γ112(ft1 ⋅ ft2 ) + Γ

2
12(ft2 ⋅ ft2 ) + h12(n ⋅ ft2 ));

6. 𝜕(ft2 ⋅ ft2 )
𝜕t2
= 2(Γ122(ft1 ⋅ ft2 ) + Γ

2
22(ft2 ⋅ ft2 ) + h22(n ⋅ ft2 ));

7. 𝜕(ft1 ⋅ n)
𝜕t1
= Γ111(ft1 ⋅ n) + Γ

2
11(ft2 ⋅ n) + h11(n ⋅ n)

−
1
W 2 (h11g11 + h12g12)(ft1 ⋅ ft1 ) −

1
W 2 (h11g12 + h12g22)(ft1 ⋅ ft2 );

8. 𝜕(ft1 ⋅ n)
𝜕t2
= Γ112(ft1 ⋅ n) + Γ

2
12(ft2 ⋅ n) + h12(n ⋅ n)

−
1
W 2 (h21g11 + h22g12)(ft1 ⋅ ft1 ) −

1
W 2 (h21g12 + h22g22)(ft1 ⋅ ft2 );

9. 𝜕(ft2 ⋅ n)
𝜕t1
= Γ112(ft1 ⋅ n) + Γ

2
12(ft2 ⋅ n) + h12(n ⋅ n)

−
1
W 2 (h11g11 + h12g12)(ft1 ⋅ ft1 ) −

1
W 2 (h11g12 + h12g22)(ft1 ⋅ ft2 );

10. 𝜕(ft2 ⋅ n)
𝜕t2
= Γ122(ft1 ⋅ n) + Γ

2
22(ft2 ⋅ n) + h22(n ⋅ n)

−
1
W 2 (h21g11 + h22g12)(ft1 ⋅ ft1 ) −

1
W 2 (h21g12 + h22g22)(ft1 ⋅ ft2 );

11. 𝜕(n ⋅ n)
𝜕t1
=

2
W 2 (−(h11g11 + h12g12)(ft1 ⋅ n) − (h11g12 + h12g22)(ft2 ⋅ n));
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12. 𝜕(n ⋅ n)
𝜕t2
=

2
W 2 (−(h21g11 + h22g12)(ft1 ⋅ n) − (h21g12 + h22g22)(ft2 ⋅ n)).

1.
Solution. Using the Gauss–Weingarten equations, we have

ft1t1 = Γ
1
11ft1 + Γ

2
11ft2 + h11n.

Then

𝜕(ft1 ⋅ ft1 )
𝜕t1
= (ft1t1 ⋅ ft1 ) + (ft1 ⋅ ft1t1 )

= 2(ft1t1 ⋅ ft1 )

= 2(Γ111ft1 + Γ
2
11ft2 + h11n) ⋅ ft1

= 2(Γ111(ft1 ⋅ ft1 ) + Γ
2
11(ft1 ⋅ ft2 ) + h11(n ⋅ rt1 )).

Hint 4.5. For parts 2–12, use the solution of part 1.

Exercise 4.10. Prove that

ft1 ⋅ ft1 = g11,
ft1 ⋅ ft2 = g12,
ft1 ⋅ ft2 = g22,
ft1 ⋅ n = 0,
ft2 ⋅ n = 0,
n ⋅ n = 1

satisfy all the relations in Exercise 4.9.

Hint 4.6. Use the definition of Γkij , i, j, k ∈ {1, 2}.

Exercise 4.11. Let f be the surface in Exercise 4.8. Prove that the matrix

(
g11 g12
g12 g22

)

is the matrix of its first fundamental form.

Hint 4.7. Use Exercise 4.10.

Exercise 4.12. Let f be the surface in Exercise 4.8. Prove that the matrix

(
h11 h12
h12 h22

)

is the matrix of its second fundamental form.
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Hint 4.8. Use Exercise 4.11.

Exercise 4.13 (Bonnet theorem). Prove that there exists a single regular surface of class
𝒞3, f : V → ℝ3, with V ⊂ U an open set such that the following conditions hold:
1. f (q0) = p0.
2. ft1 (q0) = f

0
t1 , ft2 (q0) = f

0
t2 .

3. n(q0) = n
0.

4. gij and hij , i, j ∈ {1, 2}, are the elements of the matrices of the first and second funda-
mental forms of f , respectively.

Hint 4.9. Use Exercises 4.5–4.12.

4.4 The Darboux frame

Let S be an oriented surface and (U , f ) be a local representation of S that is compatible
with the orientation of S, and (I , g) be a parameterized curve whose support lies on S.
Let also t be the unit tangent vector of g, and n be the unit normal of S. Take

N = n × t.

Definition 4.5. The frame {t, n,N} is called the Darboux frame of S along the curve g.

Exercise 4.14. Express the vectors n andN in the terms of the Frenet frame {t,n,b} of g.

Solution. Let

θ = ∠(n, n).

We have that

n = cos(N ,n)N + sin(N ,n)n,
b = cos(N ,b)N + sin(N ,b)n.

Since

∠(N ,n) = π
2
− θ,

∠(N ,b) = π − θ,

we find

n = sin θN + cos θn,
b = − cos θN + sin θn,
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and

N = sin θn − cos θb,
n = cos θn + sin θb.

Exercise 4.15. Prove that:
1. t′ ⋅ n = −t ⋅ n′;
2. t′ ⋅ N = −t ⋅ N ′;
3. n ⋅ N ′ = −n′ ⋅ N .

Here the differentiation is with respect to the arc length parameter s of the curve.

Solution. 1. We have

t ⋅ n = 0.

Differentiating with respect to s, we find

0 = t′ ⋅ n + t ⋅ n′,

whereupon we get the desired result.
2.

Hint 4.10. Use the solution of part 1.

3.
Hint 4.11. Use the solution of part 1.

Exercise 4.16. Find representations of t′, N ′, and n′ in the terms of the Darboux frame
{t, n,N} with respect to the arc length of the curve.

Solution. It is obvious that the derivative of a vector of the Darboux frame is perpen-
dicular to itself. Then

t′ = a(s)N + b(s)n,
N ′ = c(s)t + d(s)n,
n′ = e(s)t + f (s)N ,

(4.11)

where a, b, c, d, e, f are smooth functions of the arc length parameter s. Using the first
and second equations of (4.11), we find

t′ ⋅ N = (a(s)N + b(s)n) ⋅ N
= a(s)
= −t ⋅ N ′

= −t ⋅ (c(s)t + d(s)n)
= −c(s),
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i. e.,

a(s) = −c(s).

From the first and third equations of (4.11), we obtain

t′ ⋅ n = (a(s)N + b(s)n) ⋅ n
= b(s)
= −t ⋅ n′

= −t ⋅ (e(s)τ + f (s)n)
= −e(s),

i. e.,

b(s) = −e(s).

From the second and third equations of (4.11), we obtain

N ′ ⋅ n = (c(s)t + d(s)n) ⋅ n
= d(s)
= −N ⋅ n′

= −N ⋅ (e(s)t + f (s)N)
= −f (s),

i. e.,

d(s) = −f (s).

Thus, the system (4.11) can rewritten in the form

τ′ = a(s)N + b(s)n,
N ′ = −a(s)τ + d(s)n,
n′ = −b(s)τ − d(s)N .

We have, using the Frenet formulae,

t′ = κn
= κ sin θN + κ cos θn.

Therefore

a(s) = κ sin θ,
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b(s) = κ cos θ.

Now, we differentiate the equation

N = sin θn − cos θb

with respect to the arc length parameter and, using the Frenet formula, arrive at

N ′ = θ′ cos θn + sin θn′ + θ′ sin θb − cos θb
= θ′ cos θn + sin θ(−κt + τb) + θ′ sin θb + τ cos θn
= −κ sin θt + (θ′ + τ)(cos θn + sin θb)
= −κ sin θt + (θ′ + τ)n.

Therefore,

d(s) = θ′ + τ.

So, we find

t′ = κ sin θN + κ cos θn,

N ′ = −κ sin θt + (θ′ + τ)n,

n′ = −κ cos θt − (θ′ + τ)N .

Definition 4.6. The quantity κg = κ sin θ is called the geodesic curvature or tangent
curvature of the line g.

Definition 4.7. The quantity τg = θ
′ + τ is called the geodesic torsion.

4.5 The geodesic curvature. Geodesic lines

In this section, we will deduct some expressions for the geodesic curvature. We will use
the notations in the previous section.

Exercise 4.17. Suppose that g is naturally parameterized. Prove that:
1. κg = t

′ ⋅ N = −(t ⋅ N ′);
2. κg = t

′ ⋅ (n × t) = (t × t′) ⋅ n.

Hint 4.12. Use the definition for κg and the representations of t
′ and N ′.

Exercise 4.18. Let g = g(u(t), v(t)) and s be the arc length parameter. Prove that

κg =
1
(s′)3
(g′ × g′′) ⋅ n.
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Solution. We have

t = dg
ds

=
dg
dt

dt
ds

=
g′

s′
.

Hence,

t′ = dt
ds

=
dt
dt

dt
ds

=
1
s′
g′′s′ − g′s′′

(s′)2

=
g′′s′ − g′s′′

(s′)3
.

Now, using Exercise 4.17, we get

κg = (
g′

s′
× (

g′′s′ − g′s′′

(s′)3
)) ⋅ n

=
1
(s′)4
(g′ × (g′′s′ − g′s′′)) ⋅ n

=
1
(s′)4
(g′ × (g′′s′)) ⋅ n

=
1
(s′)3
(g′ × g′′) ⋅ n.

Exercise 4.19. Let g = g(u(t), v(t)) and s be the arc length parameter. Prove that:
1.

g′′ = (Γ111(u
′)
2
+ 2Γ112u

′v′ + Γ122(v
′)
2
)gu

+ (Γ211(u
′)
2
+ 2Γ212u

′v′ + Γ222(v
′)
2
)gv + ϕ2(g

′, g′) ⋅ n + u′′gu + v
′′gv,

where ϕ2 is the second fundamental form of the surface.
2.

κg =
‖gu × gv‖
(s′)3
(Γ211(u

′)
3
+ (2Γ212 − Γ

1
11)(u
′)
2v′ + (Γ222 − 2Γ

1
12)u
′(v′)2

− Γ122(v
′)
3
+ u′v′′ − v′u′′);

3.
κg =
‖gu × gv‖
(s′)3

det(
u′ u′′ + (u′)2Γ111 + 2u

′v′Γ112 + (v
′)2Γ122

v′ v′′ + (u′)2Γ211 + 2u
′v′Γ212 + (v

′)2Γ222
) .

Definition 4.8. The curve g is called a geodesic line if κg = 0.
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Exercise 4.20. Let g be a geodesic line. Prove that

0 = Γ211(u
′)
3
+ (2Γ212 − Γ

1
11)(u
′)
2v′ + (Γ222 − 2Γ

1
12)u
′(v′)2 − Γ122(v

′)
3
+ u′v′′ − v′u′′.

Hint 4.13. Use Exercise 4.19.

Exercise 4.21. Let g be a geodesic line. Prove that

u′′ + (u′)2Γ111 + 2u
′v′Γ112 + (v

′)
2Γ122 = 0,

v′′ + (u′)2Γ211 + 2u
′v′Γ212 + (v

′)
2Γ222 = 0.

4.6 Geodesics of Liouville surfaces

Definition 4.9. A surface S is called a Liouville surface if its first fundamental form is
given by

(
U(u) + V (v) 0

0 U(u) + V (v)
) ,

where U(u) and V (v) are smooth functions.
Let S be a Liouville surface. Then

E(u, v) = U(u) + V (v),
F(u, v) = 0,
G(u, v) = U(u) + V (v).

Exercise 4.22. Find the Christoffel coefficients of a Liouville surface.

Answer 4.14.

Γ111 =
U ′(u)

2(U(u) + V (v))
,

Γ211 = −
V ′(v)

2(U(u) + V (v))
,

Γ112 =
V ′(v)

2(U(u) + V (v))
,

Γ212 =
U ′(u)

2(U(u) + V (v))
,

Γ122 = −
U ′(u)

2(U(u) + V (v))
,

Γ222 =
V ′(v)

2(U(u) + V (v))
,

where the prime denotes the derivative with respect to the related variable.
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Exercise 4.23. Let S be a Liouville surface. Find the equations of the geodesics.

Answer 4.15.

2u′′(U(u) + V (v)) + (u′)2U ′(u) − 2u′v′V ′(v) − (v′)2U ′(u) = 0,

2v′′(U(u) + V (v)) − (u′)2V ′(v) + 2u′v′U ′(u) − (v′)2U ′(u) = 0.

4.7 Ruled surfaces

Let I ⊆ ℝ, and let S be an oriented surface with a local parameterization (I × ℝ, f ) that
is compatible with the orientation of S.

Definition 4.10. The surface S is called a ruled surface if its local parameterization has
the form

f (u, v) = g(u) + vb(u), (u, v) ∈ I × ℝ,

where g, b ∈ 𝒞2(I) and |b(u)| = 1, u ∈ I .

Exercise 4.24. Let S be a ruled surface. Find the matrix of its first fundamental form.

Solution. We have

fu(u, v) = g
′(u) + vb′(u),

fv(u, v) = b(u).

The components of the first fundamental form are:

E = g11 = g
′ ⋅ g′ + (2v)g′ ⋅ b′ + (v2)b′ ⋅ b′,

F = g12 = g
′ ⋅ b,

G = g22 = 1.

Hence, the sought matrix is

(
g′ ⋅ g′ + (2v)g′ ⋅ b′ + (v2)b′ ⋅ b′ g′ ⋅ b

g′ ⋅ b 1
) .

Exercise 4.25. Let S be a ruled surface. Find the equation of its tangent plane at an ar-
bitrary point.

Solution. Using the calculations of the previous solution, we have

fu(u, v) × fv(u, v) = g
′(u) × b(u) + vb′(u) × b(u).

Let R be some point in the tangent plane of S at an arbitrary point. Then, its equation is
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(R − g − vb) ⋅ (g′ × b + vb′ × b) = 0,

or

(R − g) ⋅ (g′ × b + vb′ × b) = 0.

Exercise 4.26. Let S be a ruled surface. Find the coefficients L,M , N of the second fun-
damental form.

Answer 4.16.

L = 1
W
((g′ + vb′) × b) ⋅ (g′′ + vb′′),

M = 1
W
((g′ × b) ⋅ b′),

N = 0,

whereW = √EG − F2.

Exercise 4.27. Let S be a ruled surface. Find its Gauss curvature.

Answer 4.17.

K = −((g
′ × b) ⋅ b′)2

W4 .

4.8 Minimal surfaces

Let S be an oriented surface with a local parameterization (U , f ) that is compatible with
the orientation of S.

Definition 4.11. The surface S is said to be minimal if its mean curvature H = 0.

In other words, the surface S is minimal if and only if

GL − 2FM + EN = 0.

Definition 4.12. A local parameterization (U , f ) of S is said to be isothermic if

E = G, F = 0.

Note that the expression F = 0 describes that the coordinate lines are orthogonal.

Exercise 4.28. Prove that a surface S is minimal if and only if its asymptotic directions
are orthogonal.

Solution. We choose an isothermic representation of S. Then

E = G = λ2, F = 0.
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Hence, the minimality condition is equivalent to the condition

E(L + N) = 0,

whereupon

L + N = 0.

The equation of the asymptotic directions is

Lt2 + 2Nt +M = 0

and the condition that they are orthogonal is

t1t2 = −1,

whereupon

L = −N ,

or

L + N = 0.

This completes the solution.

4.9 Advanced practical problems

Problem 4.1. Find the Christoffel coefficients of the following surfaces:
1.

f (t1, t2) = (a cos t1 cos t2, a cos t1 sin t2, c sin t1), (t1, t2) ∈ [0, 2π] × [0, 2π],

where a, c ∈ ℝ;
2.

f (t1, t2) = (t1 cos t2, t1 sin t2, t
2
1), t1 ∈ ℝ, t2 ∈ [0, 2π];

3. f (t1, t2) = (R cos t2,R sin t2, t1), t1 ∈ ℝ, t2 ∈ [0, 2π],

where R ∈ ℝ;
4.

f (t1, t2) = (t1 cos t2, t1 sin t2, kt1), t1 ∈ ℝ, t2 ∈ [0, 2π],

where k ∈ ℝ;
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5.
f (t1, t2) = (t1 cos t2, t1 sin t2, at2), t1 ∈ ℝ, v ∈ [0, 2π],

where a ∈ ℝ.

Answer 4.18. 1.
Γ111(t1, t2) =

(a2 − c2) sin(2t1)
2(a2(sin t1)2 + c2(cos t1)2)

,

Γ211(t1, t2) = 0,

Γ112(t1, t2) = 0,

Γ212(t1, t2) = − tan t1,

Γ122(t1, t2) = − tan t1,

Γ222(t1, t2) = 0, (t1, t2) ∈ [0, 2π] × [0, 2π];

2. Γ111(t1, t2) =
4t1

1 + 4t21
,

Γ211(t1, t2) = 0,

Γ112(t1, t2) = 0,

Γ212(t1, t2) =
1
t1
,

Γ122(t1, t2) = −
t1

1 + 4t21
,

Γ222(t1, t2) = 0, t1 ∈ ℝ, t1 ̸= 0, t2 ∈ [0, 2π];

3. Γ111(t1, t2) = 0,

Γ211(t1, t2) = 0,

Γ112(t1, t2) = 0,

Γ212(t1, t2) = 0,

Γ122(t1, t2) = 0,

Γ222(t1, t2) = 0, t1 ∈ ℝ, t2 ∈ [0, 2π];

4. Γ111(t1, t2) = 0,

Γ211(t1, t2) = 0,

Γ112(t1, t2) = 0,

Γ212(t1, t2) =
1
t1
,

Γ122(t1, t2) = −
t1

1 + k2
,
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Γ222(t1, t2) = 0, t1 ∈ ℝ, t2 ∈ [0, 2π];

5. Γ111(t1, t2) = 0,

Γ211(t1, t2) = 0,

Γ112(t1, t2) = 0,

Γ212(t1, t2) =
t1

a2 + t21
Γ122(t1, t2) = −t1,

Γ222(t1, t2) = 0, t1 ∈ ℝ, t2 ∈ [0, 2π].

Problem 4.2. Let U ⊂ ℝ2 and f ∈ 𝒞2(U). Find the Christoffel coefficients for the surface

z = f (x1, x2), (x1, x2) ∈ U .

Answer 4.19.

Γkij(x1, x2) =
fxixj (x1, x2)fxk (x1, x2)

1 + (fx1 (x1, x2))
2 + (fx2 (x1, x2))

2 , (x1, x2) ∈ U ,

with i, j, k ∈ {1, 2}.

Problem 4.3 (Gauss theorem). Prove that Gauss curvature of a surface of class at least 𝒞3

depends only on the coefficients of the first fundamental form of the surface and their
derivatives up to second order.

Hint 4.20. Start with the formula

K = LN −M
2

EG − F2

and rewrite it in the form

K(EG − F2) = LN −M2.

Then, use the representation

K(EG − F2) = ((ft1t1 × ft1 ) ⋅ ft2)((ft2t2 × ft1 ) ⋅ ft2) − ((ft1t2 × ft1 ) ⋅ ft2)
2
.

After this, use the well-known formula

((a × b) ⋅ c)((d × e) ⋅ f ) =

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

a ⋅ d a ⋅ e a ⋅ f
b ⋅ d b ⋅ e b ⋅ f
c ⋅ d c ⋅ e c ⋅ f

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

and the relations
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ft1t1 ⋅ ft1 =
1
2
Et1 ,

ft1t2 ⋅ ft1 =
1
2
Et2 ,

ft2t2 ⋅ ft2 =
1
2
Gt2 ,

ft1t2 ⋅ ft2 =
1
2
Gt1 ,

ft1t1 ⋅ ft2 = Ft1 −
1
2
Et2 ,

ft2t2 ⋅ ft1 = Ft2 −
1
2
Gt1 .

Then, differentiate the fourth and fifth equations of the latter system with respect to t1
and t2, respectively, and get the system

ft1t1t2 ⋅ ft2 + ft1t2 ⋅ ft1t2 =
1
2
Gt1t1 ,

ft1t1t2 ⋅ ft2 + ft1t1 ⋅ ft2t2 = Ft1t2 −
1
2
Et2t2 ,

whereupon

ft1t1 ⋅ ft2t2 − ft1t2 ⋅ ft1t2 = Ft1t2 −
1
2
Et2t2 −

1
2
Gt1t2 .

Combining everything, obtain the representation

K = 1
(EG − F2)2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

− 12Gt1t1 + Ft1t2 −
1
2Et2t2

1
2Et1 Ft1 −

1
2Et2

Ft2 −
1
2Gt1 E F

1
2Gt2 F G

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

−
1

(EG − F2)2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

0 1
2Et2

1
2Gt1

1
2Et2 E F
1
2Gt1 F G

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

.

Problem 4.4 (Frobenius theorem). Prove that Gauss curvature of a surface can be writ-
ten in the form

Kt = −
1

4(EG − F2)2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

E Et1 Et2
F Ft1 Ft2
G Gt1 Gt2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

+
1

2√EG − F2
(
𝜕
𝜕t1
(
Ft2 − Gt1
√EG − F2

) +
𝜕
𝜕t2
(
Ft1 − Ft2
√EG − F2

)).

Hint 4.21. Use Problem 4.3.
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Problem 4.5 (Liouville theorem). Prove that Gauss curvature of a surface can be repre-
sented in the form

K = − 1
2√EG − F2

(
𝜕
𝜕t1
(
Gt1 +

F
GGt2 − 2Et1
√EG − F2

) +
𝜕
𝜕t2
(
Et2 −

F
GGt1

√EG − F2
)).

Hint 4.22. Use Problems 4.3 and 4.4.

Problem 4.6. Find the geodesic curvature of the circle with radius r < R on a sphere
with radius R.

Answer 4.23.
√R2 − r2
R − r
.

Problem 4.7. Find the geodesic curvature of the line t1 = const. on the surface

(t1 cos t2, t1 sin t2, at2), t1 ∈ ℝ, t2 ∈ [0, 2π],

where a > 0.

Answer 4.24.
|t1|

t21 + a2
.



5 Differential forms

In this chapter we first give the differential forms and the operations among them. Exte-
rior differentiation is introduced as the derivations of differential forms. In view of exte-
rior differentiation the exact and closed differential forms are studied. Finally, we con-
centrate on the well-known operators such as gradient, curl, and divergence operators.

5.1 Algebra of differential forms

Wewill be interested inℝ3 for convenience. Let {x, y, z} be canonical coordinates inℝ3.
At the end of this chapter, we will briefly indicate what happens in ℝn.

Definition 5.1. 1. A 0-differential form is a smooth function f : ℝ3 → ℝ.
2. A 1-differential form is

ϕ = fdx + gdy + hdz,

where f , g, h : ℝ3 → ℝ are given smooth functions.
3. A 2-differential form is

ϕ = fdxdy + gdydz + hdxdz,

where f , g, h : ℝ3 → ℝ are given smooth functions.
4. A 3-differential form is

ϕ = fdxdydz,

where f : ℝ3 → ℝ is a given smooth function.

Example 5.1. The form

ϕ = x + y + z

is a 0-differential form.

Example 5.2. The form

ϕ = xdx + ydy + zdz

is a 1-differential form.

Example 5.3. The form

ϕ = dydx + dxdz

is a 2-differential form.

https://doi.org/10.1515/9783111501857-005

https://doi.org/10.1515/9783111501857-005
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Example 5.4. The form

ϕ = sin(x + y + z)dxdydz

is a 3-differential form.

Definition 5.2. Let

ϕ1 = f1dx + g1dy + h1dz,
ϕ2 = f2dx + g2dy + h2dz

be two 1-differential forms. Then we define

ϕ1 + ϕ2 = (f1 + f2)dx + (g1 + g2)dy + (h1 + h2)dz

and

ϕ1 − ϕ2 = (f1 − f2)dx + (g1 − g2)dy + (h1 − h2)dz.

Definition 5.3. Let

ϕ1 = f1dxdy + g1dydz + h1dxdz,
ϕ2 = f2dxdy + g2dydz + h2dxdz

be given 2-differential forms. Then we define

ϕ1 + ϕ2 = (f1 + f2)dxdy + (g1 + g2)dydz + (h1 + h2)dxdz

and

ϕ1 − ϕ2 = (f1 − f2)dxdy + (g1 − g2)dydz + (h1 − h2)dxdz.

Definition 5.4. Let

ϕ1 = f1dxdydz,
ϕ2 = f2dxdydz

be two 3-differential forms. Then we define

ϕ1 + ϕ2 = (f1 + f2)dxdydz

and

ϕ1 − ϕ2 = (f1 − f2)dxdydz.
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Remark 5.1. Note that the addition and subtraction make sense only for k-differential
forms, k ∈ {0, 1, 2, 3}, and not for a k-differential form and for an l-differential form,
k ̸= l, k, l ∈ {0, 1, 2, 3}.

Example 5.5. Let

ϕ = (x2 + 2xy)dx + (xy − 1)dy + x3dz,

ψ = (x2 − 2xy)dx + dy + x3dz.

Then

ϕ + ψ = 2x2dx + xydy + 2x3dz

and

ϕ − ψ = 4xydx + (xy − 2)dy.

Exercise 5.1. Let

ϕ = (x − y + 3y2)dxdy − dxdz,

ψ = (x2 + y − 2y2)dxdy + (x − 3x2y)dydz + 3dxdz.

Find
1. ϕ + ψ;
2. ϕ − ψ.

Answer 5.1. 1.
(x2 + x + y2)dxdy + (x − 3x2y)dydz + 2dxdz;

2. (x − x2 − 2y + 5y2)dxdy + (3x2y − x)dydz − dxdz.

Definition 5.5. Letm, f , g, h : ℝ3 → ℝ and

ϕ = fdx + gdy + hdz.

Then, we definemϕ as follows:

mϕ = mfdx +mgdy +mhdz.

Definition 5.6. Letm, f , g, h : ℝ3 → ℝ and

ϕ = fdxdy + gdydz + hdxdz.

Then, we definemϕ as follows:

mϕ = mfdxdy +mgdydz +mhdxdz.
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Definition 5.7. Letm, f : ℝ3 → ℝ and

ϕ = fdxdydz.

Then, we definemϕ as follows:

mϕ = mfdxdydz.

Example 5.6. Let

ϕ = 2x3dxdy + xdydz + x2y4dxdz.

Then

3ϕ = 6x3dxdy + 3xdydz + 3x2y4dxdz.

Next,

1
x
ϕ = 2x2dxdy + dydz + xy4dxdz.

Exercise 5.2. Let

ϕ1 = 2x
2dx + (x + y)dy,

ϕ2 = −xdx + (x − 2y)dy.

Find
1. 2ϕ1 + ϕ2;
2. ϕ1 − xϕ2.

Answer 5.2. 1.
(4x2 − x)dx + 3xdy;

2. 3x2dx + (−x2 + 2xy + x + y)dy.

For the multiplication of differential forms, we introduce the following rules:

dxdx = 0,
dydy = 0,
dzdz = 0,

and

dxdy = −dydx,
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dxdz = −dzdx,

dydz = −dzdy.

Example 5.7. We have

dxdydx + dxdy + 2dydx = −dxdxdy + dxdy − 2dxdy
= dxdy − 2dxdy
= −dxdy.

Example 5.8. We have

dx(dx + dy + dz) = dxdx + dxdy + dxdz
= dxdy + dxdz
= dxdy − dzdx.

Example 5.9. Let

ϕ = x3ydx + ydy,

ψ = x4dx + xdy + z2dz,

and

ρ = xyzdzdx.

Then

ϕψ = (x3ydx + ydy)(x4dx + xdy + z2dz)

= x7ydxdx + x4ydydx + x4ydxdy + yxdydy + x3yz2dxdz + z2ydydz

= −x4ydxdy + x4ydxdy + x3yz2dxdz + z2ydydz

= x3yz2dxdz + z2ydydz.

Next,

ϕρ = (x3ydx + ydy)xyzdzdx

= x4y2zdxdzdx + xy2zdydzdx

= xy2zdxdydz.

Exercise 5.3. Let

ϕ1 = 2x
2dx + (x + y)dy,

ϕ2 = −xdx + (x − 2y)dy,
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ϕ3 = x
3dx + yzdy − (x2 + y2 + z2)dz,

ϕ4 = y
2zdx − xzdy + (2x + 1)dz.

Find
1. ϕ1ϕ2;
2. ϕ1ϕ3;
3. ϕ1ϕ4;
4. ϕ2ϕ3;
5. ϕ2ϕ4;
6. ϕ3ϕ4.

Answer 5.3. 1.
(2x3 − 4x2y + x2 + xy)dxdy;

2. −(x + y)(x2 + y2 + z2)dydz + 2x2(x2 + y2 + z2)dzdx + (2x2yz − x4 − x3y)dxdy;

3. (x + y)(2x + 1)dydz − 2x2(2x + 1)dzdx − (2x3z + xy2z + y3z)dxdy;

4. −(x − 2y)(x2 + y2 + z2)dydz − x(x2 + y2 + z2)dzdx − (xyz + x4 − 2x3y)dxdy;

5. (x − 2y)(2x + 1)dydz + x(2x + 1)dzdx + (x2z − xy2z + 2y3z)dxdy;

6. (yz(2x + 1) − xz(x2 + y2 + z2))dydz − (y2z(x2 + y2 + z2) + 2x4 + x3)dzdx

− (x4z + y3z2)dxdy.

Example 5.10. Let ϕ be a k-differential form. We will prove that

ϕ2 = 0.

For this, we will consider the following cases:
1. Let

ϕ = fdx + gdy + hdz,

where f , g, h : ℝ3 → ℝ. Then

ϕ2 = (fdx + gdy + hdz)(fdx + gdy + hdz)

= f 2dxdx + fgdxdy + fhdxdz + gfdydx + g2dydy + ghdydz

+ hfdzdx + hgdzdy + h2dzdz
= fgdxdy − fgdxdy + fhdxdz − fhdxdz + ghdydz − ghdydz
= 0.
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2. Let

ϕ = fdxdy + gdydz + hdxdz,

where f , g, h : ℝ3 → ℝ. Then

ϕ2 = (fdxdy + gdydz + hdxdz)(fdxdy + gdydz + hdxdz)

= f 2dxdydxdy + fgdxdydydz + fhdxdzdxdz + gfdydzdxdy

+ g2dydzdydz + ghdxdzdxdz

+ hfdxdzdxdy + hgdxdzdydz + h2dxdzdxdz
= 0.

3. Let

ϕ = fdxdydz,

where f : ℝ3 → ℝ. Then

ϕ2 = ϕϕ
= (fdxdydz)(fdxdydz)

= f 2dxdydzdxdydz
= 0.

This completes the solution.

Example 5.11. Let

ϕ1 = f1dx + g1dy + h1dz,

ϕ2 = f2dx + g2dy + h2dz.

We will show that

ϕ1ϕ2 = (f1g2 − g1f2)dxdy + (f1h2 − h1f2)dxdz + (g1h2 − h1g2)dydz.

Really, we have

ϕ1ϕ2 = (f1dx + g1dy + h1dz)(f2dx + g2dy + h2dz)
= f1f2dxdx + f1g2dxdy + f1h2dxdz + g1f2dydx + g1g2dydy + g1h2dydz
+ h1f2dzdx + h1g2dzdy + h1h2dzdz
= (f1g2 − g1f2)dxdy + (f1h2 − h1f2)dxdz + (g1h2 − h1g2)dzdy.
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Example 5.12. Let

ϕ1 = f1dx + g1dy + h1dz,
ϕ2 = f2dxdy + g2dydz + h2dzdx.

We will prove that

ϕ1ϕ2 = (f1g2 + g1h2 + h1f2)dxdydz.

Really, we have

ϕ1ϕ2 = (f1dx + g1dy + h1dz)(f2dxdy + g2dydz + h2dzdx)
= f1f2dxdxdy + f1g2dxdydz + f1h2dxdzdx
+ g1f2dydxdy + g1g2dydydz + g1h2dydzdx
+ h1f2dzdxdy + h1g2dzdydz + h1h2dzdzdx
= (f1g2 + g1h2 + h1f2)dxdydz.

5.2 Exterior differentiation

In this section, we introduce exterior differentiation of differential forms.

Definition 5.8. Let f be a 0-differential form. Then its exterior derivative is defined by

df = fxdx + fydy + fzdz.

Example 5.13. Let

f (x, y, z) = x
2 + y2

z
, (x, y, z) ∈ ℝ3.

Then

fx(x, y, z) =
2x
z
,

fy(x, y, z) =
2y
z
,

fz(x, y, z) = −
x2 + y2

z2
, (x, y, z) ∈ ℝ3.

Hence,

df = fxdx + fydy + fzdz

=
2x
z
dx + 2y

z
dy − x

2 + y2

z2
dz, (x, y, z) ∈ ℝ3.
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Example 5.14. Let

f (x, y, z) = x + y + z, (x, y, z) ∈ ℝ3.

Then

fx(x, y, z) = 1,
fy(x, y, z) = 1,

fz(x, y, z) = 1, (x, y, z) ∈ ℝ
3.

Therefore,

df (x, y, z) = fx(x, y, z)dx + fy(x, y, z)dy + fz(x, y, z)dz

= dx + dy + dz, (x, y, z) ∈ ℝ3.

Exercise 5.4. Let

f1(x, y, z) = x
2y3z − 2xyz2,

f2(x, y, z) = x
2 + y2 − 3z4,

f3(x, y, z) = x
2y + y2z,

f4(x, y, z) = 2x + 3y − 4z + 5, (x, y, z) ∈ ℝ
3.

Find
1. df1;
2. df2;
3. df3;
4. df4.

Answer 5.4. 1.

(2xy3z − 2yz2)dx + (3x2y2z − 2xz2)dy + (x2y3 − 4xyz)dz, (x, y, z) ∈ ℝ3;

2. 2xdx + 2ydy − 12z3dz, (x, y, z) ∈ ℝ3;

3. 2xydx + (x2 + 2yz)dy + y2dz, (x, y, z) ∈ ℝ3;

4. 2dx + 3dy − 4dz, (x, y, z) ∈ ℝ3.

Definition 5.9. Let ϕ be a k-differential form. Then its exterior derivative dϕ is a
(k + 1)-differential form obtained from ϕ by applying d to each of the functions included
in ϕ.



220 � 5 Differential forms

1. Let

ϕ = fdx + gdy + hdz,

where f , g, h : ℝ3 → ℝ are given functions. Then

dϕ = (df )dx + (dg)dy + (dh)dz
= (fxdx + fydy + fzdz)dx + (gxdx + gydy + gzdz)dy
+ (hxdx + hydy + hzdz)dz
= fydydx + fzdzdx + gxdxdy + gzdzdy + hxdxdz + hydydz
= (gx − fy)dxdy + (hx − fz)dxdz + (hy − gz)dydz.

Example 5.15. Let

ϕ = (y2 + z3)dx + (x + z3)dy + (x + y2)dz, (x, y, z) ∈ ℝ3.

We have

f (x, y, z) = y2 + z3,

g(x, y, z) = x + z3,

h(x, y, z) = x + y2, (x, y, z) ∈ ℝ3.

Hence,

fy(x, y, z) = 2y,

fz(x, y, z) = 3z
2,

gx(x, y, z) = 1,

gz(x, y, z) = 3z
2,

hx(x, y, z) = 1,

hy(x, y, z) = 2y, (x, y, z) ∈ ℝ
3,

and

dϕ = (1 − 2y)dxdy + (1 − 3z2)dxdz + (2y − 3z2)dydz,

for (x, y, z) ∈ ℝ3.

Exercise 5.5. Let

ϕ = (x + y + z)dx + (x2 + y2 + z2)dy + (x + 2y + 3z)dz.

Find dϕ.
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Answer 5.5.

(2x − 1)dxdy + 2(1 − z)dydz, (x, y, z) ∈ ℝ3.

2. Let

ϕ = fdxdy + gdydz + hdzdx,

where f , g, h : ℝ3 → ℝ. Then

dϕ = (fxdx + fydy + fzdz)dxdy
+ (gxdx + gydy + gzdz)dydz
+ (hxdx + hydy + hzdz)dzdx
= fzdxdydz + gxdxdydz + hydxdydz
= (fz + gx + hy)dxdydz.

Example 5.16. Let

ϕ = (x2 − y2 − z2)dxdy + (x + z)dydz + y3dzdx.

Here

f (x, y, z) = x2 − y2 − z2,
g(x, y, z) = x + z,

h(x, y, z) = y3, (x, y, z) ∈ ℝ3,

and

fz(x, y, z) = −2z,
gx(x, y, z) = 1,

hy(x, y, z) = 3y
2, (x, y, z) ∈ ℝ3.

Therefore,

dϕ = (−2z + 1 + 3y2)dxdydz.

Exercise 5.6. Let

ϕ = x + y + z
1 + x2 + y2 + z2

(dxdy + dydz + dzdx), (x, y, z) ∈ ℝ3.

Find dϕ.
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Answer 5.6.

dϕ = 1 + x
2 + y2 + z2 − 4xy − 4xz − 4yz
(1 + x2 + y2 + z2)2

dxdydz, (x, y, z) ∈ ℝ3.

5.3 Properties of the exterior differentiation

In this section, we will deduce some of the properties of the exterior differentiation of
the differential forms:
1. The exterior differentiation is a linear operation.

For the proof, we will consider the following cases.
a. Let ϕ1, ϕ2 be 0-differential forms and a1, a2 ∈ ℝ. Then

dϕ1 = ϕ1xdx + ϕ1ydy + ϕ1zdz,

d(a1ϕ1) = (a1ϕ1x)dx + (a1ϕ1y)dy + (a1ϕ1z)dz

= a1(ϕ1xdx + ϕ1ydy + ϕ1zdz)

= a1dϕ1,

dϕ2 = ϕ2xdx + ϕ2ydy + ϕ2zdz,

d(a2ϕ2) = (a2ϕ2x)dx + (a2ϕ2y)dy + (a2ϕ2z)dz

= a2(ϕ2xdx + ϕ2ydy + ϕ2zdz)

= a2dϕ2

and

d(a1ϕ1 + a2ϕ2) = (a1ϕ1x + a2ϕ2x)dx + (a1ϕ1y + a2ϕ2y)dy
+ (a1ϕ1z + a2ϕ2z)dz
= (a1ϕ1x)dx + (a1ϕ1y)dy + (a1ϕ1z)dz
+ a2(ϕ2xdx + ϕ2ydy + ϕ2zdz)
= a1dϕ1 + a2dϕ2.

b. Let ϕ1 and ϕ2 be two 1-differential forms, i. e.,

ϕ1 = f1dx + g1dy + h1dz,

ϕ2 = f2dx + g2dy + h2dz,

where f1, f2, g1, g2, h1, h2 : ℝ
3→ℝ are given smooth functions. Let also a1, a2 ∈ℝ.

Then

dϕ1 = (g1x − f1y)dxdy + (f1z − h1x)dzdx + (h1y − g1z)dydz,

d(a1ϕ1) = (a1g1x − a1f1y)dxdy + (a1f1z − a1h1x)dzdx + (a1h1y − a1g1z)dydz
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= a1((g1x − f1y)dxdy + (f1z − h1x)dzdx + (h1y − g1z)dydz)

= a1dϕ1,

and

dϕ2 = (g2x − f2y)dxdy + (f2z − h2x)dzdx + (h2y − g2z)dydz,

d(a2ϕ2) = (a2g2x − a2f2y)dxdy + (a2f2z − a2h2x)dzdx

+ (a2h2y − a2g2z)dydz

= a2((g2x − f2y)dxdy + (f2z − h2x)dzdx + (h2y − g2z)dydz)

= a2dϕ2.

Consequently,

a1ϕ1 + a2ϕ2 = (a1f1 + a2f2)dx + (a1g1 + a2g2)dy + (a1h1 + a2h2)dz

and

d(a1ϕ1 + a2ϕ2) = (a1g1x + a2g2x − a1f1y − a2f2y)dxdy
+ (a1f1z + a2f2z − a1h1x − a2h2x)dzdx
+ (a1h1y + a2h2y − a1g1z − a2g2z)dydz
= a1((g1x − f1y)dxdy + (f1z − h1x)dzdx + (h1y − g1z)dydz)
+ a2((g2x − f2y)dxdy + (f2z − h2x)dzdx
+ (h2y − g2z)dydz)
= a1dϕ1 + a2dϕ2.

c. Let ϕ1 and ϕ2 be two 2-differential forms, i. e.,

ϕ1 = f1dxdy + g1dydz + h1dzdy,

ϕ2 = f2dxdy + g2dydz + h2dzdy,

where f1, f2, g1, g2, h1, h2 : ℝ
3 → ℝ are given functions. Let also a1, a2 ∈ ℝ. Then

dϕ1 = (f1z + g1x + h1y)dxdydz,

d(a1ϕ1) = (a1f1z + a1g1x + a1h1y)dxdydz

= a1(f1z + g1x + h1y)dxdydz

= a1dϕ1,

and

dϕ2 = (f2z + g2x + h2y)dxdydz,
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d(a2ϕ2) = (a2f2z + a2g2x + a2h2y)dxdydz
= a2(f2z + g2x + h2y)dxdydz
= a2dϕ2.

Consequently,

a1ϕ1 + a2ϕ2 = a1f1dxdy + a1g1dydz + a1h1dzdx
+ a2f2dxdy + a2g2dydz + a2h2dzdx
= (a1f1 + a2f2)dxdy + (a1g1 + a2g2)dydz
+ (a1h1 + a2h2)dzdx

and

d(a1ϕ1 + a2ϕ2) = (a1f1z + a2f2z + a1g1x + a2g2x + a1h1y + a2h2y)dxdydz
= a1(f1z + g1x + h1y)dxdydz + a2(f2z + g2x + h2y)dxdydz
= a1dϕ1 + a2dϕ2.

This completes the proof.
2. Let ϕ1 and ϕ2 be 0-differential forms. Then

d(ϕ1ϕ2) = ϕ1dϕ2 + ϕ2dϕ1.

For the proof, we have

dϕ1 = ϕ1xdx + ϕ1ydy + ϕ1zdz,
dϕ2 = ϕ2xdx + ϕ2ydy + ϕ2zdz,

and

d(ϕ1ϕ2) = (ϕ1ϕ2)xdx + (ϕ1ϕ2)ydy + (ϕ1ϕ2)zdz
= (ϕ1ϕ2x + ϕ1xϕ2)dx + (ϕ1ϕ2y + ϕ1yϕ2)dy + (ϕ1ϕ2z + ϕ1zϕ2)dz
= ϕ1(ϕ2xdx + ϕ2ydy + ϕ2zdz) + ϕ2(ϕ1xdx + ϕ1ydy + ϕ1zdz)
= ϕ1dϕ2 + ϕ2dϕ1.

This completes the proof.
3. Let ϕ1 be a 0-differential form and ϕ2 be a 1-form,

ϕ2 = fdx + gdy + hdz.

Then

d(ϕ1ϕ2) = ϕ1dϕ2 + ϕ2dϕ1.
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For the proof, we have

dϕ2 = (gx − fy)dxdy + (fz − hx)dzdx + (hy − gz)dydz

and

ϕ1ϕ2 = (ϕ1f )dx + (ϕ1g)dy + (ϕ1h)dz.

Hence,

d(ϕ1ϕ2) = (ϕ1xg + ϕ1gx − ϕ1fy − ϕ1yf )dxdy
+ (ϕ1zf + ϕ1fz − ϕ1xh − ϕ1hx)dzdx
+ (ϕ1yh + ϕ1hy − ϕ1zg − ϕ1gz)dydz
= ϕ1(gx − fy)dxdy + ϕ1(fz − hx)dzdx
+ ϕ1(hy − gz)dydz + (ϕ1zf − ϕ1xh)dzdx
+ (ϕ1xg − ϕ1yf )dxdy + (ϕ1yh − ϕ1zg)dydz
= ϕ1dϕ2 + (ϕ1xg − ϕ1yf )dxdy
+ (ϕ1zf − ϕ1xh)dzdx + (ϕ1yh − ϕ1zg)dydz.

Next,

dϕ1 = ϕ1xdx + ϕ1ydy + ϕ1zdz

and

dϕ1ϕ2 = (ϕ1xdx + ϕ1ydy + ϕ1zdz)(fdx + gdy + hdz)
= ϕ1xfdxdx + ϕ1xgdxdy + ϕ1xhdxdz + ϕ1yfdydx
+ ϕ1ygdydy + ϕ1yhdydz + ϕ1zfdzdx + ϕ1zgdzdy + ϕ1zhdzdz
= (ϕ1zf − ϕ1xh)dzdx + (ϕ1yh − ϕ1zg)dydz + (ϕ1xg − ϕ1yf )dxdy.

Consequently,

d(ϕ1ϕ2) = dϕ1ϕ2 + ϕ1dϕ2.

This completes the proof.
4. Let ϕ1 be a 0-differential form and

ϕ2 = fdxdy + gdydz + hdzdx.

Then

d(ϕ1ϕ2) = dϕ1ϕ2 + ϕ1dϕ2.
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For the proof, we have

dϕ2 = (fz + gx + hy)dxdydz

and

ϕ1ϕ2 = (ϕ1f )dxdy + (ϕ1g)dydz + (ϕ1h)dzdx.

Hence,

d(ϕ1ϕ2) = ((ϕ1f )z + (ϕ1g)x + (ϕ1h)y)dxdydz
= (ϕ1zf + ϕ1fz + ϕ1xg + ϕ1gx + ϕ1yh + ϕ1hy)dxdydz
= ϕ1(fz + gx + hy)dxdydz + (ϕ1zf + ϕ1xg + ϕ1yh)dxdydz
= ϕ1dϕ2 + (ϕ1zf + ϕ1xg + ϕ1yh)dxdydz.

Also,

dϕ1ϕ2 = (ϕ1xdx + ϕ1ydy + ϕ1zdz)(fdxdy + gdydz + hdzdx)
= ϕ1xfdxdxdy + ϕ1xgdxdydz + ϕ1xhdxdzdx
+ ϕ1yfdydxdy + ϕ1ygdydydz + ϕ1yhdydzdx
+ ϕ1zfdzdxdy + ϕ1zgdzdydz + ϕ1zhdzdzdx
= (ϕ1xg + ϕ1yh + ϕ1zf )dxdydz.

Consequently,

d(ϕ1ϕ2) = dϕ1ϕ2 + ϕ1dϕ2.

This completes the proof.
5. Let

ϕ1 = f1dx + g1dy + h1dz,
ϕ2 = f2dx + g2dy + h2dz.

Then

d(ϕ1ϕ2) = dϕ1ϕ2 − ϕ1dϕ2.

For the proof, we have

ϕ1ϕ2 = (f1g2 − g1f2)dxdy + (h1f2 − f1h2)dzdx + (g1h2 − h1g2)dydz.

Hence,



5.3 Properties of the exterior differentiation � 227

d(ϕ1ϕ2) = ((f1g2 − g1f2)z + (h1f2 − f1h2)y − (g1h2 − h1g2)x)dxdydz
= (f1zg2 + f1g2z − g1zf2 − g1f2z + h1yf2 + h1f2y − f1yh2 − f1h2y
+ g1xh2 + g1h2x − h1xg2 − h1g2x)dxdydz

and

dϕ1 = (g1x − f1y)dxdy + (f1z − h1x)dzdx + (h1y − g1z)dydz,

and

dϕ1ϕ2 = ((g1x − f1y)dxdy + (f1z − h1x)dzdx + (h1y − g1z)dydz)
⋅ (f2dx + g2dy + h2dz)
= f2(h1y − g1z)dydzdx + g2(f1z − h1x)dzdxdy + h2(g1x − f1y)dxdydz
= (f2(h1y − g1z) + g2(f1z − h1x) + h2(g1x − f1y))dxdydz.

Moreover,

dϕ2 = (g2x − f2y)dxdy + (f2z − h2x)dzdx + (h2y − g2z)dydz,

and

ϕ1dϕ2 = (f1dx + g1dy + h1dz)
⋅ ((g2x − f2y)dxdy + (f2z − h2x)dzdx + (h2y − g2z)dydz)
= (f1(h2y − g2z) + g1(f2z − h2x) + h1(g2x − f2y))dxdydz.

Therefore,

dϕ1ϕ2 + ϕ1dϕ2 = (f1zg2 + f1g2z − g1zf2 − g1f2z
+ h1yf2 + h1f2y − f1yh2 − f1h2y
+ g1xh2 + g1h2x − h1xg2 − h1g2x)dxdydz
= d(ϕ1ϕ2).

This completes the proof.
6. Let ϕ be a 0-differential form. Then

d(dϕ) = 0.

For the proof, we have

dϕ = ϕxdx + ϕydy + ϕzdz

and
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d(dϕ) = d(ϕxdx + ϕydy + ϕzdz)
= (ϕyx − ϕxy)dxdy + (ϕxz − ϕzx)dzdx + (ϕzy − ϕyz)dydz
= 0.

This completes the proof.
7. Let ϕ be a 1-differential form,

ϕ = fdx + gdy + hdz.

Then

d(dϕ) = 0.

For the proof, we have

dϕ = (gx − fy)dxdy + (fz − hx)dzdx + (hy − gz)dydz.

Then

d(dϕ) = d((gx − fy)dxdy + (fz − hx)dzdx + (hy − gz)dydz)
= ((gx − fy)z + (fz − hx)y + (hy − gz)x)dxdydz
= (gxz − fyz + fzy − hxy + hyx − gzx)dxdydz
= 0.

This completes the proof.

5.4 Closed and exact differential forms

Definition 5.10. A differential form ϕ is said to be closed if dϕ = 0.

Example 5.17. Let

ϕ(x, y, z) = 5x4y2z3dx + 2x5yz3dy + 3x5y2z2dz, (x, y, z) ∈ ℝ3.

Here

f (x, y, z) = 5x4y2z3,

g(x, y, z) = 2x5yz3,

h(x, y, z) = 3x5y2z2, (x, y, z) ∈ ℝ3.

Then

fy(x, y, z) = 10x
4yz3,
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fz(x, y, z) = 15x
4y2z2,

gx(x, y, z) = 10x
4yz3,

gz(x, y, z) = 6x
5yz2,

hx(x, y, z) = 15x
4y2z2,

hy(x, y, z) = 6x
5yz2, (x, y, z) ∈ ℝ3.

Hence,

dϕ(x, y, z) = (gx(x, y, z) − fy(x, y, z))dxdy
+ (fz(x, y, z) − hx(x, y, z))dzdx
+ (hy(x, y, z) − gz(x, y, z))dydz

= (10x4yz3 − 10x4yz3)dxdy + (15x4y2z2 − 15x4y2z2)dzdx

+ (6x5yz2 − 6x5yz2)dydx
= 0.

Thus, ϕ is a closed differential form on ℝ3.

Example 5.18. Let

ϕ(x, y, z) = (x
z
− 2z)dydz + (x2z − y

z
)dzdx, (x, y, z) ∈ ℝ3.

We have

g(x, y, z) = x
z
− 2z,

h(x, y, z) = x2z − y
z
, (x, y, z) ∈ ℝ3,

and

gx(x, y, z) =
1
z
,

hy(x, y, z) = −
1
z
, (x, y, z) ∈ ℝ3.

Therefore,

dϕ(x, y, z) = (gx(x, y, z) + hy(x, y, z))dxdydz

= (
1
z
−
1
z
)dxdydz

= 0.

Thus, ϕ is a closed differential form.
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Exercise 5.7. Prove that

ϕ(x, y, z) = (2xyz3 + y2 + 4z + 2)dx

+ (x2z3 + 2xy + 2z3 − 1)dy

+ (3x2yz2 + 6yz2 + 4x − 4z)dz

is a closed differential form on ℝ3.

Definition 5.11. A differential form ϕ is said to be exact if there is a closed differential
form ψ such that

ϕ = dψ.

Example 5.19. Let ϕ be as in Example 5.17. Let also

ψ(x, y, z) = x5y2z3, (x, y, z) ∈ ℝ3.

Then

ψx(x, y, z) = 5x
4y2z3,

ψy(x, y, z) = 2x
5yz3,

ψz(x, y, z) = 3x
5y2z2, (x, y, z) ∈ ℝ3.

Thus,

ϕ(x, y, z) = dψ(x, y, z), (x, y, z) ∈ ℝ3.

Consequently, ϕ is an exact differential form.

Example 5.20. Let ϕ be as in Example 5.18. Let also

ψ(x, y, z) = x
2z2

2
dx + z2dy + xy

z
dz, (x, y, z) ∈ ℝ3.

Set

f (x, y, z) = x
2z2

2
,

g(x, y, z) = z2,

h(x, y, z) = xy
z
, (x, y, z) ∈ ℝ3.

We have

gx(x, y, z) = 0,
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gz(x, y, z) = 2z,
fy(x, y, z) = 0,

fz(x, y, z) = x
2z,

hx(x, y, z) =
y
z
,

hy(x, y, z) =
x
z
, (x, y, z) ∈ ℝ3.

Therefore,

ϕ = dψ.

Thus, ϕ is an exact differential form.

Exercise 5.8. Prove that any exact differential form is closed.

Solution. Let ϕ be an exact differential form. Then there is a differential form ψ such
that

ϕ = dψ.

Hence,

dϕ = d(dψ) = 0.

Thus, ϕ is a closed differential form. This completes the proof.

Exercise 5.9. Let ϕ be any differential form and ψ be a closed differential form. Prove
that

d(ϕ + ψ) = dϕ.

Solution. Since ψ is a closed differential form, we have

dψ = 0.

Hence,

d(ϕ + ψ) = dϕ + dψ = dϕ.

This completes the proof.

Exercise 5.10. Let ϕ1 and ϕ2 be two differential forms such that

dϕ1 = dϕ2.

Prove that
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ϕ2 = ϕ1 + ψ,

where ψ is a closed differential form.

Solution. Let

ψ = ϕ2 − ϕ1.

Then

dψ = d(ϕ2 − ϕ1)
= dϕ2 − dϕ1
= 0.

Thus, ψ is a closed differential form. This completes the proof.

5.5 Gradient, curl, and divergence

Suppose that

e1 = (1, 0, 0),
e2 = (0, 1, 0),
e3 = (0, 0, 1).

Let also Ω be a region in ℝ3.

Definition 5.12. A vector field on Ω is a vector-valued function

F(x, y, z) = f (x, y, z)e1 + g(x, y, z)e2 + h(x, y, z)e3, (x, y, z) ∈ Ω,

where f , g, h : ℝ3 → ℝ are given functions.

Example 5.21. Let

f (x, y, z) = x2 − sin x,
g(x, y, z) = y + ez,

h(x, y, z) = z − tan(xy), (x, y, z) ∈ ℝ3.

Then

F(x, y, z) = (x2 − sin x)e1 + (y + e
z)e2 + (z − tan(xy))e3, (x, y, z) ∈ ℝ

3,

is a vector field.
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Definition 5.13. Let f ∈ 𝒞1(Ω). Then the gradient of f is defined by

gradf (x, y, z) = fx(x, y, z)e1 + fy(x, y, z)e2 + fz(x, y, z)e3, (x, y, z) ∈ Ω.

Example 5.22. Let Ω = ℝ3 and let

f (x, y, z) = x2 + y2 + z2, (x, y, z) ∈ ℝ3.

Then

fx(x, y, z) = 2x,

fy(x, y, z) = 2y,

fz(x, y, z) = 2z, (x, y, z) ∈ ℝ
3.

Then

gradf (x, y, z) = 2xe1 + 2ye2 + 2ze3, (x, y, z) ∈ ℝ
3.

Example 5.23. Let Ω = ℝ3 − {(x, y, 0) : x, y ∈ ℝ} and let

f (x, y, z) = x
2 + y2

z
, (x, y, z) ∈ Ω.

Then

fx(x, y, z) =
2x
z
,

fy(x, y, z) =
2y
z
,

fz(x, y, z) = −
x2 + y2

z2
, (x, y, z) ∈ Ω.

Therefore,

gradf (x, y, z) = 2x
z
e1 +

2y
z
e2 −

x2 + y2

z2
e3, (x, y, z) ∈ Ω.

Exercise 5.11. Let Ω = ℝ3 − {(x, y, 0) : x, y ∈ ℝ} and let

f (x, y, z) = x
3 − 2y2 + xy

z2
, (x, y, z) ∈ Ω.

Find

gradf (x, y, z), (x, y, z) ∈ Ω.
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Answer 5.7.
gradf (x, y, z) = 3x

2 + y
z2

e1 +
−4y + x
z2

e2 −
2(x3 − 2y2 + xy)

z3
e3, (x, y, z) ∈ Ω.

Definition 5.14. Let

F(x, y, z) = f (x, y, z)e1 + g(x, y, z)e2 + h(x, y, z)e3, (x, y, z) ∈ Ω, (5.1)

where f , g, h ∈ 𝒞1(Ω). We define the curl of F as follows:

curl F = (hy − gz)e1 + (fz − hx)e2 + (gx − fy)e3.

Example 5.24. Let Ω = ℝ3 and let

F(x, y, z) = (x2 + y2z)e1 + (y
2 − 3xz)e2 + (x

4 + y3 − z2)e3, (x, y, z) ∈ ℝ
3.

Here

f (x, y, z) = x2 + y2z,

g(x, y, z) = y2 − 3xz,

h(x, y, z) = x4 + y3 − z2, (x, y, z) ∈ ℝ3.

Then

fy(x, y, z) = 2yz,

fz(x, y, z) = y
2,

gx(x, y, z) = −3z,

gz(x, y, z) = −3x,

hx(x, y, z) = 4x
3,

hy(x, y, z) = 3y
2, (x, y, z) ∈ ℝ3.

Consequently,

curl F(x, y, z) = (3y2 + 3x)e1 + (y
2 − 4x3)e2 + (−3x − 2yz)e3, (x, y, z) ∈ ℝ

3.

Definition 5.15. Let F be given by (5.1). Then its divergence is defined by

div F(x, y, z) = fx(x, y, z) + gy(x, y, z) + hz(x, y, z), (x, y, z) ∈ Ω.

Example 5.25. Let Ω = ℝ3 and

F(x, y, z) = x2e1 + y
2e2 − z

2e3, (x, y, z) ∈ ℝ
3.
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Here

f (x, y, z) = x2,

g(x, y, z) = y2,

h(x, y, z) = −z2, (x, y, z) ∈ ℝ3.

Hence,

fx(x, y, z) = 2x,
gy(x, y, z) = 2y,

hz(x, y, z) = −2z, (x, y, z) ∈ ℝ
3,

and

div F(x, y, z) = 2x + 2y − 2z, (x, y, z) ∈ ℝ3.

Exercise 5.12. Let Ω = ℝ3 and

F(x, y, z) = (x2 + y2z)e1 + xyze2 + (x
2 − y3)e3, (x, y, z) ∈ ℝ

3.

Find
1. curl F(x, y, z), (x, y, z) ∈ ℝ3;
2. div F(x, y, z), (x, y, z) ∈ ℝ3.

Answer 5.8. 1.
(−3y2 − xy)e1 + (y

2 − 2x)e2 + 2(x − yz)e3, (x, y, z) ∈ ℝ
3;

2. 2x + xz, (x, y, z) ∈ ℝ3.

5.6 Differential forms inℝn

Definition 5.16. A 0-differential form ϕ is a function f (x1, . . . , xn), (x1, . . . , xn) ∈ ℝ
n.

Definition 5.17. A k-differential form is a sum of terms of the form

f (x1, . . . , xn)dxj1 ⋅ ⋅ ⋅ dxjk .

Addition of differential forms is defined in the usual way. The multiplication of dif-
ferential forms is subject to the following rules:

dxjdxk = −dxkdxj , j, k ∈ {1, . . . , n},
dxjdxj = 0, j ∈ {1, . . . , n}.
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Definition 5.18. For a 0-differential form ϕ, we define

dϕ = ϕx1dx1 + ⋅ ⋅ ⋅ + ϕxndxn.

Definition 5.19. Let ϕ be a k-differential form. Its exterior derivative dϕ is the (k + 1)-
differential form obtained from ϕ by applying d to each function involved in ϕ.

Let

e1 = (1, 0, . . . , 0),
e2 = (0, 1, . . . , 0),

...
en = (0, 0, . . . , 1).

Definition 5.20. A vector field on ℝn is a vector-valued function of the form

f1e1 + f2e2 + ⋅ ⋅ ⋅ + fnen,

where fj : ℝ
n → ℝ, j ∈ {1, . . . , n}, are given functions.

5.7 Advanced practical problems

Problem 5.1. Let

ϕ1 = x
3dx + yzdy − (x2 + y2 + z2)dz,

ϕ2 = y
2zdx − xzdy + (2x + 1)dz.

Find
1. 3ϕ1 − 4ϕ2;
2. xϕ1 + yϕ2.

Answer 5.9. 1.

(3x3 − 4y2z)dx + (3yz + 4xz)dy − (3x2 + 3y2 + 3z2 + 8x + 4)dz;

2. (x4 + y3z)dx + (−x3 − xy2 − xz2 + 2xy + y)dz.

Problem 5.2. Let

ϕ1 = 2x
2dx + (x + y)dy,

ϕ2 = −xdx + (x − 2y)dy,

ϕ3 = x
3dx + yzdy − (x2 + y2 + z2)dz,
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ϕ4 = y
2zdx − xzdy + (2x + 1)dz,

ϕ5 = xdx + y
2dy + z3dz,

ϕ6 = dx + 2dy + 3dz.

Find
1. ϕ3ϕ5;
2. ϕ3ϕ6;
3. ϕ4ϕ5;
4. ϕ4ϕ6;
5. ϕ5ϕ6.

Answer 5.10. 1.

(x3y2 − xyz)dxdy + (yz4 − y2(x2 + y2 + z2))dydz − (x3 + xy2 + xz2 − x3z3)dxdz;

2. (2x3 − yz)dxdy + (3yz + 2(x2 + y2 + z2))dydz − (x2 + y2 + z2 + 3x3)dzdx;

3. (y4z + x2z)dxdy − (xz4 + 2xy2 + y2)dydz + (2x2 + x − y2z4)dzdx;

4. (2y2z + xz)dxdy − (3xz + 4x + 2)dydz + (2x + 1 − 3y2z)dzdx;

5. (2x − y2)dxdy + (3y2 − 2z3)dydz + (z3 − 3x)dzdx.

Problem 5.3. Let ϕj , j ∈ {1, 2, 3, 4, 5, 6}, be as in Problem 5.2. Let also

ψ1 = (x
2 − y2)dxdy,

ψ2 = (x − y)dxdy,

ψ3 = (x
2 + y2)dydz + (x − y2)dzdx + 3xdxdy,

ψ4 = (x
2 − y2)dydz + (x + y − z2)dzdx − 6xydxdy.

Find
1. yψ1 + x

2ψ2;
2. −ψ1 + (x + y)ψ2;
3. xψ1 + yψ2;
4. 2yψ1 + ψ2;
5. ϕ1ψ1;
6. ϕ1ψ2;
7. ϕ2ψ1;
8. ϕ2ψ2;
9. ϕ3ψ3;
10. ϕ3ψ4;
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11. ϕ4ψ3;
12. ϕ4ψ4;
13. ϕ1ψ3;
14. ϕ1ψ4;
15. ϕ2ψ3;
16. ϕ2ψ4;
17. ϕ3ψ1;
18. ϕ3ψ2;
19. ϕ4ψ1;
20. ϕ4ψ2.

Answer 5.11. 1. (x3 − y3)dxdy;
2. 0;
3. (x − y)(x2 + xy + y)dxdy;
4. (x − y)(2y2 + 2xy + 1)dxdy;
5. 0;
6. 0;
7. 0;
8. 0;
9. (x3(x2 + y2) + yz(x − y2) − 3x(x2 + y2 + z2))dxdydz;
10. (x3(x2 − y2) + yz(x + y − z2) + 6xy(x2 + y2 + z2))dxdydz;
11. (y2z(x2 + y2) − xz(x − y2) + 3x(2x + 1))dxdydz;
12. (y2z(x2 − y2) − xz(x + y − z2) − 6xy(2x + 1))dxdydz;
13. (2x2(x2 + y2) + (x + y)(x2 − y2))dxdydz;
14. (2x2(x2 − y2) + (x + y)(x + y − z2))dxdydz;
15. (−x(x2 + y2) + (x − 2y)(x − y2))dxdydz;
16. (−x(x2 − y2) + (x − 2y)(x + y − z2))dxdydz;
17. −(x2 + y2 + z2)(x2 − y2)dxdydz;
18. −(x2 + y2 + z2)(x − y)dxdydz;
19. (2x + 1)(x2 − y2)dxdydz;
20. (2x + 1)(x − y)dxdydz.

Problem 5.4. Let ϕj , j ∈ {1, . . . , 6}, be as in Problem 5.2 and

ϕ7 = x
2yzdx − 2xy3zdy + xyz4dz,

ϕ8 = yz
2dx + (x + z2)dy + (x2 − y)dz, (x, y, z) ∈ ℝ3.

Find
1. dϕ1;
2. dϕ2;
3. dϕ3;
4. dϕ4;
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5. dϕ5;
6. dϕ6;
7. dϕ7;
8. dϕ8.

Answer 5.12. 1. dxdy;
2. dxdy;
3. −3ydydz + 2xdzdx;
4. −(z + 2yz)dxdy + xdydz + (y2 − 2)dzdx;
5. 0;
6. 0;
7. (2x3 + xz4)dydz + (x2y − yz4)dzdx − (x2z + 2y3z)dxdy;
8. (1 − z2)dxdy − (2z + 1)dydz + (2yz − 2x)dzdx.

Problem 5.5. Let ψj , j ∈ {1, . . . , 4}, be as in Problem 5.3 and

ψ5 = x
2yzdydz + 2xyzdzdx + xyz3dxdy,

ψ6 = (x + 2y − 3z)dydz − (3x + 4yz
2)dzdx + (9xz2 − 4xy)dxdy.

Find
1. dψ1;
2. dψ2;
3. dψ3;
4. dψ4;
5. dψ5;
6. dψ6.

Answer 5.13. 1. 0, (x, y, z) ∈ ℝ3;
2. 0, (x, y, z) ∈ ℝ3;
3. (2x − 2y)dxdydz, (x, y, z) ∈ ℝ3;
4. (2x + 1)dxdydz, (x, y, z) ∈ ℝ3;
5. (2xyz − 2xz + 3xyz2)dxdydz, (x, y, z) ∈ ℝ3;
6. (1 − 4z2 + 18xz)dxdydz, (x, y, z) ∈ ℝ3.

Problem 5.6. Let ϕj , j ∈ {1, . . . , 4}, be as in Problem 5.2. Find
1. d(ϕ1ϕ2);
2. d(ϕ1ϕ3);
3. d(ϕ1ϕ4);
4. d(ϕ2ϕ3);
5. d(ϕ2ϕ4);
6. d(ϕ3ϕ4).

Answer 5.14. 1. 0, (x, y, z) ∈ ℝ3;
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2. (−(x2 + y2 + z2) − 2x(x + y) + 6x2y)dxdydz, (x, y, z) ∈ ℝ3;
3. (4x + 2y + 1 − 2x3 − xy2 − y3)dxdydz, (x, y, z) ∈ ℝ3;
4. −(3x2 + y2 + z2 − xy)dxdydz, (x, y, z) ∈ ℝ3;
5. (4x − 4y + 1 + x2 − xy2 + 2y3)dxdydz, (x, y, z) ∈ ℝ3;
6. (2yz − 3x2z − y2z − z3 − 2x2yz − 6y3z − 2yz3 − x4)dxdydz, (x, y, z) ∈ ℝ3.

Problem 5.7. Let ϕj , j ∈ {1, . . . , 6}, be as in Problem 5.2. Check
1. d(ϕjϕl) = (dϕj)ϕl + ϕjdϕl , j, l ∈ {1, . . . , 6};
2. d2ϕj = 0, j ∈ {1, . . . , 6}.

Problem 5.8. Prove that the differential form

ϕ = − y
x2 + y2

dx + x
x2 + y2

dy, (x, y, z) ∈ ℝ3 − {(0, 0, z) : z ∈ ℝ},

is closed, but not exact.

Problem 5.9. Prove that

ϕ = x
(x2 + y2 + z2)

3
2

dydz + y
(x2 + y2 + z2)

3
2

dzdx + z
(x2 + y2 + z2)

3
2

dxdy,

for (x, y, z) ∈ ℝ3 \ {(0, 0, 0)}, is closed, but not exact.

Problem 5.10. Let

f1(x, y, z) = x
2y3z − 2xyz2,

f2(x, y, z) = x
2 + y2 − 3z4,

f3(x, y, z) = x
2y + y2z − z2x,

f4(x, y, z) = 2x + 3y − 4z + 5, (x, y, z) ∈ ℝ
3.

Find
1. gradf1;
2. gradf2;
3. gradf3;
4. gradf4.

Answer 5.15. 1.

(2xy3z − 2yz2)e1 + (3x
2y2z − 2xz2)e2 + (x

2y3 − 4xyz)e3, (x, y, z) ∈ ℝ
3.

2. 2xe1 + 2ye2 − 12z
3e3, (x, y, z) ∈ ℝ

3;

3. (2xy − z2)e1 + (x
2 + 2yz)e2 + (y

2 − 2xz)e3, (x, y, z) ∈ ℝ
3;
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4. 2e1 + 3e2 − 4e3, (x, y, z) ∈ ℝ
3.

Problem 5.11. Let

F1(x, y, z) = 2x
2e1 + (x + y)e2,

F2(x, y, z) = −xe1 + (x − 2y)e2,

F3(x, y, z) = x
2e1 + yze2 − (x

2 + y2 + z2)e3,

F4(x, y, z) = y
2ze1 − xze2 + (2x + 1)e3,

F5(x, y, z) = xe1 + y
2e2 + z

3e3,

F6(x, y, z) = e1 + 2e2 + 3e3,

F7(x, y, z) = x
2yze1 − 2xy

3ze2 + 3xyz
4e3,

F8(x, y, z) = y
2ze1 + (x + z

2)e2 + (x
2 − y)e3, (x, y, z) ∈ ℝ

3.

Find
1. curl F1;
2. curl F2;
3. curl F3;
4. curl F4;
5. curl F5;
6. curl F6;
7. curl F7;
8. curl F8.

Answer 5.16. 1. e3, (x, y, z) ∈ ℝ
3;

2. e3, (x, y, z) ∈ ℝ
3;

3. −3ye1 + 2xe2, (x, y, z) ∈ ℝ
3;

4. xe1 + (y
2 − 2)e2 + (z − 2yz)e3, (x, y, z) ∈ ℝ

3;
5. 0, (x, y, z) ∈ ℝ3;
6. 0, (x, y, z) ∈ ℝ3;
7. (2xy3 + 3xz4)e1 + (x

2y − 3yz4)e2 − (x
2z + 2y3z)e3, (x, y, z) ∈ ℝ

3;
8. (1 − 2yz)e1 + (y

2 − 2x)e2 + (1 − z
2)e3, (x, y, z) ∈ ℝ

3.

Problem 5.12. Let

G1(x, y, z) = (x
2 − y2)e3,

G2(x, y, z) = (x − y)e3,

G3(x, y, z) = (x
2 + y2)e1 + (x − y

2)e2 + 3xe3,

G4(x, y, z) = (x − y
2)e1 + (x + y − z

2)e2 − 6xye3,

G5(x, y, z) = x
2yze1 − 2xyze2 + xyz

3e3,
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G6(x, y, z) = (x + 2y − 3z)e1 − (3x + 4yz
2)e2 + (9xz

2 − 4xy)e3, (x, y, z) ∈ ℝ
3.

Find
1. divG1;
2. divG2;
3. divG3;
4. divG4;
5. divG5;
6. divG6.

Answer 5.17. 1. 0, (x, y, z) ∈ ℝ3.
2. 0, (x, y, z) ∈ ℝ3;
3. 2x − 2y, (x, y, z) ∈ ℝ3;
4. 2, (x, y, z) ∈ ℝ3;
5. 2xyz − 2xz + 3xyz2, (x, y, z) ∈ ℝ3;
6. 1 − 4z2 + 18xz, (x, y, z) ∈ ℝ3.



6 The nature connection

In this chapter we first define the notions of directional and covariant derivatives acting
on the set of vector fields. Analogously, the Lie brackets are also considered.

6.1 Directional derivatives

Let x0 = (x01 , . . . , x
0
n) ∈ ℝ

n and v be a nonzero vector in ℝn such that

v = v1e1 + ⋅ ⋅ ⋅ + vnen.

Let also θj = ∠(v, ej), j = 1, . . . , n. Then

cos θj =
vj
|v|
=

vj
√v21 + ⋅ ⋅ ⋅ + v2n

, j = 1, . . . , n.

We have that

(cos θ1)
2 + ⋅ ⋅ ⋅ + (cos θn)

2 = 1.

Set v0 =
v
|v| . Then

v0 = cos θ1e1 + ⋅ ⋅ ⋅ + cos θnen.

Let l be a line through the point x0 and parallel to v. Then

l :

x1 = x
0
1 + t cos θ1,

...

xn = x
0
n + t cos θn,

where t > 0 is the distance between the points x = (x1, . . . , xn) ∈ l and x0. We have
indeed

d(x, x0) = √(t cos θ1)2 + ⋅ ⋅ ⋅ + (t cos θn)2

= √t2((cos θ1)2 + ⋅ ⋅ ⋅ + (cos θn)2)

= √t2

= t.

Suppose that the function f is defined in a neighborhood of the point x0.

https://doi.org/10.1515/9783111501857-006
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Definition 6.1. The derivative of f at x0 in the direction v is defined by

𝜕f
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨x0
= lim

x→x0
f (x) − f (x0)
d(x, x0)

.

Let f be differentiable at x0. Then

𝜕f
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨x0
= lim

t→0

f (x01 + t cos θ1, . . . , x
0
n + t cos θn) − f (x

0
1 , . . . , x

0
n)

t

=
d
dt
f (x01 + t cos θ1, . . . , x

0
n + t cos θn)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨t=0
= fx1(x

0) cos θ1 + ⋅ ⋅ ⋅ + fxn(x
0) cos θn

= ⟨gradf (x0), v0⟩.

Example 6.1. We will find 𝜕f𝜕v |p, where

f (x1, x2) = 3x
2
1 + 5x

2
2 , (x1, x2) ∈ ℝ

2,

v = (− 1
√2
,
1
√2
), p(1, 1).

We have

|v| = √(− 1
√2
)
2

+ (
1
√2
)
2

= √
1
2
+
1
2

= 1.

Then,

cos θ1 = −
1
√2
,

cos θ2 =
1
√2
.

Next,

fx1 (x1, x2) = 6x1,

fx2 (x1, x2) = 10x2, (x1, x2) ∈ ℝ
2.

Hence,

fx1 (p) = fx1 (1, 1) = 6,
fx2 (p) = fx2 (1, 1) = 10,
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and

𝜕f
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
= fx1 (p) cos θ1 + fx2 (p) cos θ2

= 6(− 1
√2
) + 10( 1

√2
)

= 6(−
√2
2
) + 10(

√2
2
)

= 2√2.

Example 6.2. We will find 𝜕f𝜕v |p, where

f (x1, x2, x3) = x
3
1 + 2x1x

2
2 + 3x2x

2
3 , (x1, x2, x3) ∈ ℝ

3,

v = (2
3
,
2
3
,
1
3
), p(3, 3, 1).

We have

|v| = √(2
3
)
2

+ (
2
3
)
2

+ (
1
3
)
2

= √
4
9
+
4
9
+
1
9

= 1.

Thus,

cos θ1 =
2
3
,

cos θ2 =
2
3
,

cos θ3 =
1
3
.

Next,

fx1 (x1, x2, x3) = 3x
2
1 + 2x

2
2 ,

fx2 (x1, x2, x3) = 4x1x2 + 3x
2
3 ,

fx3 (x1, x2, x3) = 6x2x3, (x1, x2, x3) ∈ ℝ
3.

Hence,

fx1 (p) = fx1 (3, 3, 1)

= 3 ⋅ 32 + 2 ⋅ 32

= 45,
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fx2 (p) = fx2 (3, 3, 1)
= 4 ⋅ 3 ⋅ 3
= 39,

fx3 (p) = fx3 (3, 3, 1)

= 6 ⋅ 3 ⋅ 1
= 18,

and

𝜕f
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
= fx1 (p) cos θ1 + fx2 (p) cos θ2 + fx3 (p) cos θ3

= 45 ⋅ 2
3
+ 39 ⋅ 2

3
+ 18 ⋅ 1

3
= 30 + 26 + 6
= 62.

Example 6.3. We will find 𝜕f𝜕v |p, where

f (x1, . . . , xn) =
n
∑
j=1

arcsin xj , (x1, . . . , xn) ∈ ℝ
n, 󵄨󵄨󵄨󵄨(x1, . . . , xn)

󵄨󵄨󵄨󵄨 < 1,

v = ( 1
√n
, . . . ,

1
√n
), p( 1

4
, . . . ,

1
4
).

We have

|v| = √( 1
√n
)
2

+ ⋅ ⋅ ⋅ + (
1
√n
)
2

= √
1
n
+ ⋅ ⋅ ⋅ +

1
n

= 1.

Thus,

cos θj =
1
√n
, j = 1, . . . , n.

Next,

fxj (x1, . . . , xn) =
1

√1 − x2j
, (x1, . . . , xn) ∈ ℝ

n, 󵄨󵄨󵄨󵄨(x1, . . . , xn)
󵄨󵄨󵄨󵄨 < 1.

Therefore,
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fxj (p) = fxj(
1
4
, . . . ,

1
4
)

=
1

√1 − 1
16

=
4
√15
, j = 1, . . . , n,

and

𝜕f
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
=

n
∑
j=1

fxj (p) cos θj

=
n
∑
j=1

4
√15
⋅
1
√n

=
4n
√15n

= 4√ n
15
.

Exercise 6.1. Find 𝜕f𝜕v |p, where
1.

f (x1, x2) = x1 sin(x1 + x2), (x1, x2) ∈ ℝ
2,

v = (−1, 0), p(π
4
,
π
4
).

2. f (x1, x2, x3) = log(x
2
1 + x

2
2 + x

2
3), (x1, x2, x3) ∈ ℝ

3, x21 + x
2
2 + x

2
3 ̸= 0,

v = (− 1
3
,
2
3
,
2
3
), p(1, 2, 3).

3. f (x1, x2, x3, x4) = x
2
1 + x

2
2 − x

2
3 + x

2
4, (x1, x2, x3, x4) ∈ ℝ

4,

v = (2
3
,
1
3
, 0, −2

3
), p(1, 3, 2, 1).

Answer 6.1. 1. −1;
2. 3

7 ;
3. 2.

Exercise 6.2. Let f and g be differentiable at x0. Prove that
1.

𝜕(af + bg)
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨x0
= a𝜕f
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨x0
+ b𝜕g
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨x0
,

for any a, b ∈ ℝ;
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2.
𝜕(fg)
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨x0
= g(x0)
𝜕f
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨x0
+ f (x0)
𝜕g
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨x0
.

Exercise 6.3 (Euler identity). Let Ω ⊂ ℝn, f : Ω → ℝ be a homogeneous function with
degree of homogeneity α, and f ∈ 𝒞1(Ω). Then

αf (x1, . . . , xn) = x1fx1 (x1, . . . , xn) + ⋅ ⋅ ⋅ + xnfxn (x1, . . . , xn), (x1, . . . , xn) ∈ Ω. (6.1)

Definition 6.2. The identity (6.1) is said to be the Euler identity.

Solution. Since f is a homogeneous function with degree of homogeneity α on Ω, for
any t ∈ ℝ and (x1, . . . , xn) ∈ Ω we have (tx1, . . . , txn) ∈ Ω such that

f (tx1, . . . , txn) = t
αf (x1, . . . , xn), (x1, . . . , xn) ∈ Ω.

We differentiate with respect to t and find

αtα−1f (x1, . . . , xn) = x1
𝜕f
𝜕(tx1)
(tx1, . . . , txn) + ⋅ ⋅ ⋅ + xn

𝜕f
𝜕(txn)
(tx1, . . . , txn).

Putting t = 1 in the latter equation, we find (6.1). This completes the proof.

6.2 Tangent spaces

Let Tp(ℝ
n) be the tangent space with a point of application p ∈ ℝn and (x1, . . . , xn) be the

canonical coordinates of ℝn.

Definition 6.3. The set

{
𝜕
𝜕x1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
, . . . ,
𝜕
𝜕xn

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
}

is said to be the basis of Tp(ℝ
n).

Any vector field V can be represented as

V =
n
∑
j=1

Vj
𝜕
𝜕xj
.

Definition 6.4. Let

V =
n
∑
j=1

Vj
𝜕
𝜕xj
,

W =
n
∑
j=1

Wj
𝜕
𝜕xj
,
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where Vj ,Wj : ℝ
n → ℝ, j = 1, . . . , n. Let also f : ℝn → ℝ. We define

aV + bW =
n
∑
j=1
(aVj + bWj)

𝜕
𝜕xj
, a, b ∈ ℝ,

and

fV =
n
∑
j=1
(fVj)
𝜕
𝜕xj
.

Example 6.4. Let

V = (3 + x1 + x2)
𝜕
𝜕x1
+ x21
𝜕
𝜕x2
,

W = (x1 − x2)
𝜕
𝜕x1
+
𝜕
𝜕x2
.

Then

V +W = (3 + 2x1)
𝜕
𝜕x1
+ (x21 + 1)

𝜕
𝜕x2

and

x1V = (3x1 + x
2
1 + x1x2)

𝜕
𝜕x1
+ x31
𝜕
𝜕x2
.

Exercise 6.4. Let

V = x1
𝜕
𝜕x1
+ x1
𝜕
𝜕x2
,

W = (x1 − x2)
𝜕
𝜕x1
+ x1
𝜕
𝜕x2
.

Find
1. V +W ;
2. V −W ;
3. (x1 + x2)V ;
4. x2W .

Answer 6.2. 1.
(2x1 − x2)

𝜕
𝜕x1
+ 2x1
𝜕
𝜕x2
;

2. x2
𝜕
𝜕x1
;
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3.
x1(x1 + x2)(

𝜕
𝜕x1
+
𝜕
𝜕x2
);

4. (x1x2 − x
2
2)
𝜕
𝜕x1
+ x1x2
𝜕
𝜕x2
.

6.3 Covariant derivatives

Let p ∈ ℝn, v ∈ Tp(ℝ
n), and

W =
n
∑
j=1

wj
𝜕
𝜕xj
,

where wj is differentiable at p.

Definition 6.5. The covariant derivative ofW with respect to v is defined by

∇vW =
n
∑
j=1

𝜕wj

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
.

Exercise 6.5. Let

W1 =
n
∑
j=1

w1j
𝜕
𝜕xj
,

W2 =
n
∑
j=1

w2j
𝜕
𝜕xj
,

and a, b ∈ ℝ. Prove that

∇v(aW1 + bW2) = a∇vW1 + b∇vW2.

Solution. We have

∇vW1 =
n
∑
j=1

𝜕w1j

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
,

∇vW2 =
n
∑
j=1

𝜕w2j

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
,

and

aW1 + bW2 =
n
∑
j=1
(aw1j + bw2j)

𝜕
𝜕xj
.
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Then

∇v(aW1 + bW2) =
n
∑
j=1

𝜕(aw1j + bw2j)

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

=
n
∑
j=1
(
a𝜕w1j

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
+ b
𝜕w2j

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
)
𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

=
n
∑
j=1
(a
𝜕w1j

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
+ b
𝜕w2j

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
)

=
n
∑
j=1

a
𝜕w1j

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
+

n
∑
j=1

b
𝜕w2j

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

= a
n
∑
j=1

𝜕w1j

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
+ b

n
∑
j=1

𝜕w2j

𝜕v
𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

= a∇vW1 + b∇vW2.

This completes the proof.

Exercise 6.6. Let

W =
n
∑
j=1

wj
𝜕
𝜕xj

and f : ℝn → ℝ, f ∈ 𝒞1(ℝn). Prove that

∇v(fW ) = f∇vW +
𝜕f
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
W .

Solution. We have

∇vW =
n
∑
j=1

𝜕wj

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

and

fW =
n
∑
j=1
(fwj)
𝜕
𝜕xj
.

Then

∇v(fW ) =
n
∑
j=1

𝜕(fwj)

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

=
n
∑
j=1
(f
𝜕wj

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
+ wj(p)
𝜕f
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
)
𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
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=
n
∑
j=1
(f
𝜕wj

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

𝜕
𝜕xj
+ wj(p)
𝜕f
𝜕v
𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
)

=
n
∑
j=1

f
𝜕wj

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
+

n
∑
j=1

𝜕f
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
wj(p)
𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

= f
n
∑
j=1

𝜕wj

𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
+
𝜕f
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

n
∑
j=1

wj(p)
𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

= f∇vW +
𝜕f
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
W (p).

This completes the proof.

Example 6.5. Let n = 2 and

W (x1, x2) = (x
2
1 + x2)

𝜕
𝜕x1
+ 2x1x2

𝜕
𝜕x2
, (x1, x2) ∈ ℝ

2.

Also, let p = (1, 1) and v = (− 1
√2
, 1√2 ) ∈ Tpℝ

2. Here

w1(x1, x2) = x
2
1 + x2,

w2(x1, x2) = 2x1x2, (x1, x2) ∈ ℝ
2.

Then

w1x1 (x1, x2) = 2x1,
w1x2 (x1, x2) = 1,
w2x1 (x1, x2) = 2x2,

w2x2 (x1, x2) = 2x1, (x1, x2) ∈ ℝ
2,

and

𝜕w1
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
= (w1x1v1 + w1x2v2)(p)

= ((−
1
√2
)(2x1) +

1
√2
)(p)

= (−
1
√2
(2x1 − 1))(p),

= −
1
√2
,

as well as
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𝜕w2
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
= (w2x1v1 + w2x2v2)(p)

= ((−
1
√2
)(2x2) +

1
√2
(2x1))(p)

= −√2(x2 − x1)(p),
= 0.

Hence,

∇vW =
𝜕w1
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

𝜕
𝜕x1
+
𝜕w2
𝜕v

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

𝜕
𝜕x2

= −
1
√2
𝜕
𝜕x1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
,

or

∇vW = (−
1
√2
, 0).

Exercise 6.7. Let n = 2 and v = (− 1
√2
, 1√2 ). Find ∇vW , where

1.
W (x1, x2) = (x

3
1 + x

3
2 − 3x1x2)

𝜕
𝜕x1
+
x1(x1 − x2)

x22

𝜕
𝜕x2
, (x1, x2) ∈ ℝ

2;

2.
W (x1, x2) = (sin x1 − x

2
1x2)
𝜕
𝜕x1
+ sin(x1

x2
) cos(x2

x1
)
𝜕
𝜕x2
, (x1, x2) ∈ ℝ

2;

3.
W (x1, x2) = e

x1 (cos x2 + x1 sin x2)
𝜕
𝜕x1
+ log(
√x21 + x

2
2 − x1

√x21 + x
2
2 + x1
)
𝜕
𝜕x2
, (x1, x2) ∈ ℝ

2;

4.
W (x1, x2) = arcsin(√

x21 − x
2
2

x21 + x
2
2
)
𝜕
𝜕x1
+ (1 + (sin x1)

2)
log x2 𝜕
𝜕x2
, (x1, x2) ∈ ℝ

2.

Answer 6.3. 1.

∇vW (x1, x2) =
3
√2
(x22 + x2 − x1 − x

2
1 )
𝜕
𝜕x1
+
x22 − x1x2 − 2x

2
1

√2x32

𝜕
𝜕x2
, (x1, x2) ∈ ℝ

2;

2.
∇vW (x1, x2) =

1
√2

ex1(x1(cos x2 − sin x2) − 2 sin x2 − cos x2)
𝜕
𝜕x1

+ √2 x1 + x2
x2√x21 + x

2
2

𝜕
𝜕x2
, (x1, x2) ∈ ℝ

2;
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3.
∇lW (x1, x2) =

1
√2

x1x2(x1|x1| + x2|x2|)√2x21 − 2x
2
2

|x1||x2|(x42 − x
4
1 )

𝜕
𝜕x1

+
1
√2
(sin(2x1) log x2(4 + (sin x1)

2)
log x2−1

−
1
x2
(1 + (sin x1)

2)
log x2 log(1 + (sin x1)

2))
𝜕
𝜕x2
, (x1, x2) ∈ ℝ

2.

6.4 The Lie brackets

Suppose that

V1 =
n
∑
j=1

V1j
𝜕
𝜕xj
,

V2 =
n
∑
j=1

V2j
𝜕
𝜕xj
,

where Vkj : ℝ
n → ℝ, Vkj ∈ 𝒞

1(ℝn), for k = 1, 2 and j = 1, . . . , n.

Definition 6.6. Let f : ℝn → ℝ be a differentiable function. Define

V1(V2(f )) =
n
∑
j=1

V1j
𝜕
𝜕xj
(

n
∑
k=1

V2k
𝜕f
𝜕xk
).

Example 6.6. Let

V1(x1, x2) = (x
2
1 + x

2
2)
𝜕
𝜕x1
+ x1x2
𝜕
𝜕x2
,

V2(x1, x2) = (x
2
1 − x

2
2)
𝜕
𝜕x1
+ (x1 + x2)

𝜕
𝜕x2
,

f (x1, x2) = (x
3
1 + x

3
2), (x1, x2) ∈ ℝ

2.

Here

V11(x1, x2) = x
2
1 + x

2
2 ,

V12(x1, x2) = x1x2,

V21(x1, x2) = x
2
1 − x

2
2 ,

V22(x1, x2) = x1 + x2, (x1, x2) ∈ ℝ
2.

We have

V11x1 (x1, x2) = 2x1,
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V11x2 (x1, x2) = 2x2,
V12x1 (x1, x2) = x2,
V12x2 (x1, x2) = x1,
V21x1 (x1, x2) = 2x1,
V21x2 (x1, x2) = −2x2,
V22x1 (x1, x2) = 1,
V22x2 (x1, x2) = 1,

fx1 (x1, x2) = 3x
2
1 ,

fx2 (x1, x2) = 3x
2
2 , (x1, x2) ∈ ℝ

2.

Therefore,

2
∑
k=1

V2k(x1, x2)
𝜕f
𝜕xk
(x1, x2) = V21(x1, x2)ft1 (x1, x2) + V22(x1, x2)ft2 (x1, x2)

= 3x21 (x
2
1 − x

2
2) + 3x

2
2(x1 + x2)

= 3x41 − 3x
2
1x

2
2 + 3x1x

2
2 + 3x

3
2 , (x1, x2) ∈ ℝ

2.

Let

h(x1, x2) = 3x
4
1 − 3x

2
1x

2
2 + 3x1x

2
2 + 3x

3
2 , (x1, x2) ∈ ℝ

2.

Then

hx1 (x1, x2) = 12x
3
1 − 6x1x

2
2 + 3x

2
2 ,

hx2 (x1, x2) = −6x
2
1x2 + 6x1x2 + 9x

2
2 , (x1, x2) ∈ ℝ

2.

Hence,

V1(V2(f ))(x1, x2) = V11(x1, x2)hx1 (x1, x2) + V12(x1, x2)hx2 (x1, x2)

= (x21 + x
2
2)(12x

3
1 − 6x1x

2
2 + 3x

2
2) + x1x2(−6x

2
1x2 + 6x1x2 + 9x

2
2)

= 12x51 − 6x
3
1x

2
2 + 3x

2
1x

2
2 + 12x

3
1x

2
2 − 6x1x

4
2

+ 3x42 − 6x
3
1x

2
2 + 6x

2
1x

2
2 + 9x1x

3
2

= 12x51 + 3x
4
2 − 6x1x

4
2 + 9x

2
1x

2
2 + 9x1x

3
2 , (x1, x2) ∈ ℝ

2.

Next,

V11(x1, x2)fx1 (x1, x2) + V12(x1, x2)fx2 (x1, x2) = 3x
2
1 (x

2
1 + x

2
2) + 3x

2
2(x1x2)

= 3x41 + 3x
2
1x

2
2 + 3x1x

3
2 , (x1, x2) ∈ ℝ

2.

Let
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g(x1, x2) = 3x
4
1 + 3x

2
1x

2
2 + 3x1x

3
2 , (x1, x2) ∈ ℝ

2.

Then

gx1 (x1, x2) = 12x
3
1 + 6x1x

2
2 + 3x

3
2 ,

gx2 (x1, x2) = 6x
2
1x2 + 9x1x

2
2 , (x1, x2) ∈ ℝ

2.

Therefore,

V2(V1(f ))(x1, x2) = V21(x1, x2)gx1 (x1, x2) + V22(x1, x2)gx2 (x1, x2)

= (x21 − x
2
2)(12x

3
1 + 6x1x

2
2 + 3x

3
2) + (x1 + x2)(6x

2
1x2 + 9x1x

2
2)

= 12x51 − 6x
3
1x

2
2 + 3x

2
1x

3
2 − 6x1x

4
2 − 3x

5
2 + 6x

3
1x2

+ 9x21x
2
2 + 6x

2
1x

2
2 + 9x1x

3
2 , (x1, x2) ∈ ℝ

2.

Exercise 6.8. Let

V1(x1, x2) = e
x31−x

2
2
𝜕
𝜕x1
+ ex1x

3
2
𝜕
𝜕x2
,

V2(x1, x2) = e
x21x

2
2
𝜕
𝜕x1
+ ex1−3x2+4x

2
1
𝜕
𝜕x2
,

V3(x1, x2) = e
x41+x

5
2
𝜕
𝜕x1
+ ex

6
1−x

3
2
𝜕
𝜕x2
,

V4(x1, x2) = e
x21 𝜕
𝜕x1
+ ex

2
2
𝜕
𝜕x2
,

f (x1, x2) = x1x
4
2 , (x1, x2) ∈ ℝ

2.

Prove that
1. V1(V2(f )) ̸= V2(V1(f ));
2. V1(V3(f )) ̸= V3(V1(f ));
3. V1(V4(f )) ̸= V4(V1(f ));
4. V2(V3(f )) ̸= V3(V2(f ));
5. V2(V4(f )) ̸= V4(V2(f ));
6. V3(V4(f )) ̸= V4(V3(f )).

Exercise 6.9. Let Vk , k = 1, . . . , 4, be vector fields such that

Vk =
n
∑
j=1

Vkj
𝜕
𝜕xk
, k = 1, . . . , 4.

Let also, a, b, c, d ∈ ℝ. Prove that

(aV1 + bV2)(cV3 + dV4) = acV1(V3) + adV1(V4) + bcV2(V3) + bdV2(V4).
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Solution. We have

aV1 = a(
n
∑
j=1

V1j
𝜕
𝜕xj
) =

n
∑
j=1
(aV1j)
𝜕
𝜕xj
,

bV2 = b(
n
∑
j=1

V2j
𝜕
𝜕xj
) =

n
∑
j=1
(bV2j)
𝜕
𝜕xj
,

cV3 = c(
n
∑
j=1

V3j
𝜕
𝜕xj
) =

n
∑
j=1
(cV3j)
𝜕
𝜕xj
,

dV4 = d(
n
∑
j=1

V4j
𝜕
𝜕xj
) =

n
∑
j=1
(dV4j)
𝜕
𝜕xj
,

and

aV1 + bV2 =
n
∑
j=1
(aV1j)
𝜕
𝜕xj
+

n
∑
j=1
(bV2j)
𝜕
𝜕xj

=
n
∑
j=1
(aV1j + bV2j)

𝜕
𝜕xj
,

cV1 + dV2 =
n
∑
j=1
(cV3j)
𝜕
𝜕xj
+

n
∑
k=1
(dV4k)
𝜕
𝜕xj

=
n
∑
j=1
(cV3j + dV4j)

𝜕
𝜕xj
.

Hence,

(aV1 + bV2)(cV3 + dV4) =
n
∑
j=1
(aV1j + bV2j)

𝜕
𝜕xj
(

n
∑
j=1
(cV3j + dV4j)

𝜕
𝜕xj
)

= ac
n
∑
j=1

V1j
𝜕
𝜕xj
(

n
∑
j=1

V3j
𝜕
𝜕xj
)

+ ad
n
∑
j=1

V1j
𝜕
𝜕xj
(

n
∑
j=1

V4j
𝜕
𝜕xj
)

+ bc
n
∑
j=1

V2j
𝜕
𝜕xj
(

n
∑
j=1

V3j
𝜕
𝜕xj
)

+ bd
n
∑
j=1

V2j
𝜕
𝜕xj
(

n
∑
j=1

V4j
𝜕
𝜕xj
)

= acV1(V3) + adV1(V4) + bcV2(V3) + bdV2(V4).

This completes the proof.
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Definition 6.7. Let V1 and V2 be vector fields. The expression

[V1,V2] = V1(V2) − V2(V1)

is called the Lie bracket of V1 and V2.

Example 6.7. Let V1, V2, and f be as in Example 6.6. Then

[V1,V2] = 12x
5
1 + 3x

4
2 − 6x1x

4
2 + 9x

2
1x

2
2 + 9x1x

3
2 − 12x

5
1 + 6x

3
1x

2
2 − 3x

2
1x

3
2 + 6x1x

4
2 + 3x

5
2

− 6x31x2 − 9x
2
1x

2
2 − 6x

2
1x

2
2 − 9x1x

3
2

= 3x42 + 6x
3
1x

2
2 − 3x

2
1x

3
2 + 3x

5
2 − 6x

3
1x2 − 6x

2
1x

2
2 , (x1, x2) ∈ ℝ

2.

Exercise 6.10. Let V1 and V2 be vector fields. Prove that

[V1,V2] = −[V2,V1].

Exercise 6.11. Let V1 and V2 be vector fields. Prove that

[V1,V2] = ∇V1V2 − ∇V2V1.

6.5 Advanced practical problems

Problem 6.1. Find 𝜕f𝜕v |p, where
1.

f (x1, x2) = 5x1 + 10x
2
1x2 + x

5
2 , (x1, x2) ∈ ℝ

2,

v = (4, −3), p(1, 2);

2. f (x1, x2, x3) = x1x
2
2x

3
3 , (x1, x2, x3) ∈ ℝ

3,

v = (4, 3, 0), p(3, 2, 1);

3. f (x1, x2, x3) = arcsin
x3
√x21 + x

2
2

, (x1, x2, x3) ∈ ℝ
3, (x1, x2) ̸= (0, 0),

v = (0, 4, 3), p(1, 1, 1);

4. f (x1, x2, x3, x4) =
x2

x21 + x
2
2 + x

2
3 + x

2
4
, (x1, x2, x3, x4) ∈ ℝ

4 \ (0, 0, 0, 0),

v = (3, 1, 0, 0), p(0, 1, 1, 0).

Answer 6.4. 1. −18;
2. 52

5 ;
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3. 1
5 ;

4. 0.

Problem 6.2. Find max 𝜕f𝜕v |p, where
1.

f (x1, x2) = x1x
2
2 − 3x

4
1 x

5
2 , p(1, 1);

2.
f (x1, x2) =

x1 + √x2
x2
, p(2, 1);

3. f (x1, x2, x3) = log(x1x2x3), p(1, −2, −3);

4.
f (x1, x2, x3) = tan x1 − x1 + 3 sin x2 − (sin x2)

3 + 2x3 + cot x3, p(π
4
,
π
3
,
π
2
).

Answer 6.5. 1. √290;
2. √292 ;
3. 7

6 ;

4. √ 1378 .

Problem 6.3. Find an unit vector v such that 𝜕f𝜕v achieves its maximum at p, where
1.

f (x1, x2) = x
2
1 − x1x2 + x

2
2 , p(−1, 2);

2. f (x1, x2) = x1 − 3x2 + √3x1x2, p(3, 1);

3. f (x1, x2, x3) = arcsin(x1x2) + arcsin(x2x3), p(1, 0, 5, 0);

4. f (x1, x2, x3) = x1x
x2
3 , p(−3, 2, 1);

Answer 6.6. 1. (− 4
√41
, 5
√41
);

2. ( 1√2 , −
1
√2
);

3. ( 2
√23
, 4
√23
, − √3√23 );

4. ( 1
√37
, 0, − 6
√37
).

Problem 6.4. Using the Euler identity, find

x1
𝜕f
𝜕x1
+ x2
𝜕f
𝜕x2
+ x3
𝜕f
𝜕x3
,

where
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1.
f (x1, x2) =

x1
x21 + x

2
2
;

2. f (x1, x2, x3) =
x1 + x3
3√x21 + x

2
3

;

3. f (x1, x2, x3) = (x1 + 2x2 + 3x3)
4;

4. f (x1, x2, x3) = (log x1 − log x2)
x2
x3 ;

5.
f (x1, x2, x3) =

x1x2
x3

log x1 + x1ϕ(
x2
x1
,
x3
x1
),

where ϕ is a differentiable function.

Answer 6.7. 1.
−

x1
x21 + x

2
2
;

2. x1 + x3
3 3√x21 + x

2
3

;

3. 0;

4. x1x2
x3
(1 + log x1) + x1ϕ(

x2
x1
,
x3
x1
).

Problem 6.5. Let

V1 = (x
2
1 + x1x2)

𝜕
𝜕x1
+ (x1 − 2x2)

𝜕
𝜕x2
,

V2 = (x1 + x
3
2)
𝜕
𝜕x1
+ 2x2
𝜕
𝜕x2
.

Find
1. 2V1 + V2;
2. V1 − 3V2;
3. (x21 + x2)V1;
4. x1V2.

Answer 6.8. 1.
(2x21 + 2x1x2 + x1 + x

3
2)
𝜕
𝜕x1
+ 2x1
𝜕
𝜕x2
;
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2. (x21 + x1x2 − 3x1 − 3x
3
2)
𝜕
𝜕x1
+ (x1 − 8x2)

𝜕
𝜕x2
;

3.
(x21 + x2)((x

2
1 + x1x2)

𝜕
𝜕x1
+ (x1 − 2x2)

𝜕
𝜕t2
);

4.
x1((x1 + x

3
2)
𝜕
𝜕x1
+ 2x2
𝜕
𝜕x2
).

Problem 6.6. Let n = 3 and v = ( 1√3 ,
1
√3
, 1√3 ). Find ∇vW , where

1.
W (x1, x2, x3) = (x1x2 + x2x3 + x1x3)

𝜕
𝜕x1
+

1

√x21 + x
2
2 + x

2
3

𝜕
𝜕x2
+ (

x3
x1
+
x1
x3
)
𝜕
𝜕x3
,

for (x1, x2, x3) ∈ ℝ
3;

2.

W (x1, x2, x3) = (
x2
x3
+ arcsin(x3

x1
) + arctan(x1

x3
))
𝜕
𝜕x1
+ xx1x23

𝜕
𝜕x2
+ (

x1
x2
)
x3 𝜕
𝜕x3
,

for (x1, x2, x3) ∈ ℝ
3.

Answer 6.9. 1.
∇vW (x1, x2, x3) =

2
√3
(x1 + x2 + x3)

𝜕
𝜕x1
−

x1 + x2 + x3
√3(t21 + t

2
2 + t

2
3)

𝜕
𝜕t2

+ (
1
x3
−
x3
x21
+

1
x1
−
x1
x23
)
𝜕
𝜕x3
,

for (x1, x2, x3) ∈ ℝ
3;

2.
∇vW (x1, x2, x3) = −

x1
√3x23

𝜕
𝜕x1
+

1
√3
(xx1x23 (x1 + x2) log x3 + x1x2x

x1x2−1
3 )
𝜕
𝜕x2

+
1
√3
(
x3
x1
−
x3
x2
+ log(x1

x2
))(

x1
x2
)
x3 𝜕
𝜕x3
,

for (x1, x2, x3) ∈ ℝ
3.

Problem 6.7. Let

V1(x1, x2) = e
x1+2x

4
2
𝜕
𝜕x1
+ ex

3
1+x

2
2
𝜕
𝜕x2
,

V2(x1, x2) = e
x21+x

2
2+x1x2 𝜕
𝜕x1
+ ex1x2+x

2
1+x

3
2
𝜕
𝜕x2
,

V3(x1, x2) = e
x41+x2+x

2
1
𝜕
𝜕x1
+ ex

2
1+x

4
2
𝜕
𝜕x2
,
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V4(x1, x2) = e
x21+x1x2 𝜕
𝜕x1
+ ex

2
1+x

2
2
𝜕
𝜕x2
,

f (x1, x2) = e
x21+x

2
2 , (x1, x2) ∈ ℝ

2.

Prove that
1. V1(V2(f )) ̸= V2(V1(f ));
2. V1(V3(f )) ̸= V3(V1(f ));
3. V1(V4(f )) ̸= V4(V1(f ));
4. V2(V3(f )) ̸= V3(V2(f ));
5. V2(V4(f )) ̸= V4(V2(f ));
6. V3(V4(f )) ̸= V4(V3(f )).

Problem 6.8. Let

V1(x1, x2) = (x
4
1 + x

3
1 + x2)

𝜕
𝜕x1
+ (e3x1 − e

4x22)
𝜕
𝜕x2
,

V2(x1, x2) = (x1 − x
7
2)
𝜕
𝜕x1
+ e5x1
𝜕
𝜕x2
,

f (x1, x2) = x1 + x
2
2 , (x1, x2) ∈ ℝ

2.

Prove that

[V1,V2](f ) ̸= [V2,V1](f ).

Problem 6.9. Let Vj , j = 1, 2, 3 be vector fields and a, b ∈ ℝ. Prove that

[aV1 + bV2,V3] = a[V1,V3] + b[V2,V3].

Problem 6.10. Let Vj , j = 1, 2, 3, be vector fields. Prove that

[V1, [V2,V3]] + [V2, [V3,V1]] + [V3, [V1,V2]] = 0.



7 Riemannian manifolds

In this chapter introducing the notion of a manifold, we study open sets and differen-
tiable maps on manifolds. Lie brackets and Riemannian connection acting on the set of
tangent vector fields to manifolds are given. Finally, the Koszul formula is proved.

7.1 The notion of a manifold

Definition 7.1. An m-dimensional differentiable manifold is a Hausdorff space M to-
gether with a family {Uj}j∈I of subsets such that
1. M ⊆ ⋃j∈I Uj .
2. For any j ∈ I , there is a homeomorphism ϕj : Uj → ℝ

m such that ϕj(Uj) is open
in ℝm.

3. For Uj ∩ Ul ̸= 0, ϕj(Uj ∩ Ul) is open in ℝ
m and

ϕl ∘ ϕ
−1
j : ϕj(Uj ∩ Ul) → ϕl(Uj ∩ Ul)

is differentiable for any j, l ∈ I .

Each ϕj , j ∈ I , is called a chart and ϕ−1j , j ∈ I , is referred to as a parametrization. In
addition, ϕj(Uj), j ∈ I , is said to be a parameter domain and {(Uj ,ϕj)}j∈I is said to be an
atlas. The maps

ϕl ∘ ϕ
−1
j : ϕj(Uj ∩ Ul) → ϕl(Uj ∩ Ul), j, l ∈ I

are said to be coordinate transformations, or transition functions.

Example 7.1. Every open subset of ℝm is a manifold.

Example 7.2. Let

M = {(x1, . . . , xn) ∈ ℝ
n : F(x1, . . . , xn) = 0},

where F : ℝn → ℝm, F ∈ 𝒞1(ℝn) and

Rank(dF) = n −m.

See Exercise 7.3 for the definition of dF . Then, by the implicit function theorem, there
are xm+1, . . . , xn such that

xm+1 = xm+1(x1, . . . , xm),
...

xn = xn(x1, . . . , xm).

https://doi.org/10.1515/9783111501857-007

https://doi.org/10.1515/9783111501857-007
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The map

(x1, . . . , xm) → (x1, . . . , xm, xm+1, . . . , xn)

is a parametrization and the map

(x1, . . . , xn) → (x1, . . . , xm)

is a chart.

Exercise 7.1. Prove that the hemispheres

{(x1, x2, x3) ∈ 𝕊
2 : xj ̸= 0}, j = 1, 2, 3,

define an atlas.

Hint 7.1. Use the definition for an atlas.

Definition 7.2. If ϕl ∘ ϕ
−1
j ∈ 𝒞(ϕj(Uj ∩ Ul)), for any j, l ∈ I , thenM is called a topological

manifold.

Definition 7.3. If ϕl ∘ ϕ
−1
j ∈ 𝒞k(ϕj(Uj ∩ Ul)), j, l ∈ I , k ∈ ℕ ∪ {∞}, then M is called a

𝒞k -manifold.

Definition 7.4. A subset O ⊆ M is said to be open if ϕj(O), j ∈ I , is open in ℝm. This
defines a topology onM as the set of all open sets.

7.2 Differentiable maps

Suppose thatM is anm-dimensional differentiable manifold and N is an n-dimensional
differentiable manifold. Let also f : M → N be a given map.

Definition 7.5. The map f is said to be differentiable if for all charts ϕ : M → ℝm,
ψ : N → ℝn with f (M) ⊆ N , the map

ψ ∘ f ∘ ϕ−1 : ℝm → ℝn

is also differentiable.

This notion of differentiability is independent on the choice of the charts ϕ and ψ.

Definition 7.6. A diffeomorphism f : M → N is defined to be a bijective map which is
differentiable in both directions. Then the two manifoldsM and N are said to be diffeo-
morphic.

Two diffeomorphic manifolds necessarily have the same dimensions because there
exists no diffeomorphism between ℝm and ℝn,m ̸= n.
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For a chart ϕ, we denote by (u1, . . . , uk) the coordinates ofℝ
k and by (x1, . . . , xk) the

corresponding coordinates inM . Thus, xj(p) is the function given by the jth coordinate
of ϕ(p),

xj(p) = uj(ϕ(p)).

Then, for a function f : M → ℝ, we set

𝜕f
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
=
𝜕
𝜕uj
(f ∘ ϕ−1)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨ϕ(p)
.

7.3 Tangent spaces

LetM be anm-dimensional differentiable manifold and p ∈ M .

Definition 7.7 (Geometric definition). Let α : (−c, c) ⊂ ℝ → M be a differentiable curve
on M and f : M → ℝ be a function of class 𝒞1(M). The map α′(0) is called a tangent
vector at p ∈ M , where

α′(0)[f ] = d(f ∘ α)
dt

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨t=0
.

Definition 7.8 (Algebraic definition). Set

𝒞1(M) = {f : M → ℝ : f continuously has the first derivatives}.

A tangent vector Xp at p ∈ M is a map Xp : 𝒞(M) → ℝwith the following two properties:
1.

Xp[af + bg] = aXp[f ] + bXp[g],

for any a, b ∈ ℝ and for any f , g ∈ 𝒞1(M);
2.

Xp[fg] = fXp[g] + Xp[f ]g,

for any f , g ∈ 𝒞1(M).

The set of all tangent vectors ofM at p is called the tangent space ofM at p, denoted
by TpM .

Example 7.3. Let Xp ∈ TpM and f be a constant map. We will prove that

X[f ] = 0.

In fact, we have
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X[1] = X[1 ⋅ 1]
= 1 ⋅ X[1] + 1 ⋅ X[1]
= 2X[1].

Hence,

X[1] = 0.

Take c ∈ ℝ arbitrarily. Then, using the linearity of Xp, we find

X[c] = X[c ⋅ 1]
= c ⋅ X[1]
= 0.

Exercise 7.2. Prove that for any tangent vector Xp, we have the following representa-
tion:

Xp =
m
∑
j=1

Xp(xj)
𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
.

Solution. Consider a chartϕ : M → U , where, without any loss of generality, we assume
that U is an open ε-ball with ϕ(p) = 0. Hence,

x1(p) = ⋅ ⋅ ⋅ = xm(p) = 0.

Let h : U → ℝ be a differentiable function and

f = h ∘ ϕ.

Introduce

hj(y) =
1

∫
0

𝜕h
𝜕uj
(ty)dt.

Observe that

𝜕h
𝜕t
(ty) =

m
∑
j=1

𝜕h
𝜕uj
(ty)

d(tuj)
dt

=
m
∑
j=1

𝜕h
𝜕(uj)
(ty)uj .

Hence,
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m
∑
j=1

hj(y)uj =
1

∫
0

m
∑
j=1

𝜕h
𝜕uj
(ty)ujdt

=
1

∫
0

𝜕h
𝜕t
(ty)dt

= h(y) − h(0).

Since

f = h ∘ ϕ,
fj = hj ∘ ϕ,
xj = uj ∘ ϕ, j ∈ {1, . . . , n},

we find

f (q) − f (p) =
m
∑
j=1

fj(q)xj(q).

Consequently,

𝜕f
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨q
= fj(q).

Now, using the properties of a tangent vector, we find

X(f ) = X(f (p) +
m
∑
j=1

fjxj)

= X(f (p)) + X(
m
∑
j=1

fjxj)

= 0 +
m
∑
j=1

X(fjxj)

=
m
∑
j=1

X(fj(p))xj(p) +
m
∑
j=1

fj(p)X(xj)

=
m
∑
j=1

fj(p)X(xj)

=
m
∑
j=1

𝜕f
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
X(xj)

=
m
∑
j=1

X(xj)
𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
(f ).
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Note that

𝜕
𝜕xj
(xl) = {

1 if j ̸= l,
0 if j = l.

Thus,

𝜕
𝜕xj
, j ∈ {1, . . . ,m},

are linearly independent. This completes the solution.

Exercise 7.3. Let F : M → N be a differentiable map, p ∈ M , and F(p) = q ∈ N . The
differential of F at p is defined to be the map

dF|p : TpM → TqN ,

where

(dF|p(Xp))[f ] = Xp[f ∘ F],

for any f ∈ 𝒞1(N). For this differential, we have

d(G ∘ F) = dG|F(p) ∘ dF|p,

where F : M → N , G : N → S, or briefly

d(G ∘ F) = dG ∘ dF .

Solution. Let g ∈ 𝒞1(S). We have

d(G ∘ F)󵄨󵄨󵄨󵄨p(Xp)[g] = Xp[g ∘ G ∘ F]

= (dF|p(Xp))(g ∘ G)
= (dG|q(dF|p(Xp)))(g).

This completes the solution.

Definition 7.9. A vector field X on a differentiable manifold is an association p → Xp ∈
TpM , p ∈ M , such that, in any chart ϕ : M → U with coordinates x1, . . . , xm, the coeffi-
cients ξj : M → ℝ in the representation

Xp =
m
∑
j=1

ξj(p)
𝜕
𝜕xj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p

are differentiable functions.
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Exercise 7.4. Let (x1, . . . , xm) and (y1, . . . , ym) be two coordinate systems on a manifold.
Let also F be the identity. Prove that

𝜕
𝜕xj
= ∑

i

𝜕yi

𝜕xj
𝜕
𝜕yi
.

7.4 Riemannian metrics

Let M be an m-dimensional manifold and p ∈ M . Denote by T∗pM the dual space of the
space TpM .

Definition 7.10. The basis of T∗pM is defined by {dxj}
n
j=1, where

dxj|p(
𝜕
𝜕xi

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
) = δij = {

1 if i = j,
0 if i ̸= j.

Definition 7.11. Set

TpM ⊗ TpM = {α : TpM × TpM → ℝ is differentiable}.

Define a basis

dxi|p ⊗ dxj|p, i, j ∈ {1, . . . , n},

where

dxi|p ⊗ dxj|p(
𝜕
𝜕xk

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
,
𝜕
𝜕xl

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
) = dxi|p(

𝜕
𝜕xk

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
)dxj|p(

𝜕
𝜕xl

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨p
) = δikδjl .

For the coefficients of the representation

α = ∑
i,j
αijdxi ⊗ dxj ,

we have the expression

αij = α(
𝜕
𝜕xi
,
𝜕
𝜕xj
).

Definition 7.12 (Riemannian metrics). A Riemannian metric g on M is a bilinear associ-
ation p→ gp ∈ TpM ⊗ TpM , p ∈ M , that satisfies the following conditions:
1. gp(X , Y ) = gp(Y ,X) for any X , Y ∈ TpU ;
2. gp(X ,X) > 0 for any X ∈ TpU , X ̸= 0;
3. The coefficients gij in the representation
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gp = ∑
i,j
gijdxi|p ⊗ dxj|p

are differential functions.

Then the pair (M , g) is called a Riemannian manifold. The Riemannian metric is also
referred to as a metric tensor.

Example 7.4. The pair (M , g) = (ℝn, ⟨⋅, ⋅⟩) is a Riemannian manifold, where

(⟨⋅, ⋅⟩)ij =(

1 0 . . . 0
0 1 . . . 0
...

...
. . .

...
0 0 . . . 1

)

and ⟨⋅, ⋅⟩ is the standard inner product. This space is also referred as a Euclidean space
denoted by 𝔼n.

Example 7.5. The following is an example of a Riemannian metric in matrix form

(gij) = (

1 + x21 0 . . . 0
0 1 + x22 . . . 0
...

...
. . .

...
0 0 . . . 1 + x2n

).

A Riemannian metric g defines an inner product gp in TPM for any p ∈ M and
therefore the notation ⟨X , Y⟩ instead of gp(X , Y ) is also used.

Exercise 7.5. Let 0 < b < a. Prove that on (0, 2π) × (0, 2π),

(gij) = (
b2 0
0 (a + b cos u)2

)

defines a Riemannian metric.

7.5 The Riemann connection

Suppose that (M , g) is a Riemannian manifold.

Definition 7.13 (Lie bracket). Let X and Y be two differentiable vector fields on M and
f : M → ℝ be a differentiable function. The Lie bracket of X and Y is defined by

[X , Y ](f ) = X(Y (f )) − Y(X(f )).

It is also called the Lie derivative ℒXY of Y in the direction X . At p ∈ M , we have
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[X , Y ]p(f ) = Xp(Y (f )) − Yp(X(f )).

Suppose that X , Y , Z are differentiable vector fields onM , f , h,ϕ : U → ℝ are differ-
entiable functions, and α, β ∈ ℝ. In what follows, we will deduce some of the properties
of the Lie brackets:
1. [αX + βY , Z] = α[X , Z] + β[Y , Z].

Proof. We have

[αX + βY , Z](f ) = (αX + βY )(Z(f )) − Z((αX + βY )(f ))
= αX(Z(f )) + βY(Z(f )) − Z(αX(f ) + βY (f ))
= αX(Z(f )) + βY(Z(f )) − αZ(X(f )) − βZ(Y (f ))
= α(X(Z(f )) − Z(X(f ))) + β(Y(Z(f )) − Z(Y (f )))
= α[X , Z](f ) + β[Y , Z](f ).

This completes the proof.

2. [X , Y ] = −[Y ,X].

Proof. We have

[X , Y ](f ) = X(Y (f )) − Y(X(f ))
= −(Y(X(f )) − X(Y (f )))
= −[Y ,X](f ).

This completes the proof.

3. [fX , hY ] = fh[X , Y ] + fX(h)Y − hY (f )X .

Proof. We have

[fX , hY ](ϕ) = (fX)(hY (ϕ)) − (hY )(fX(ϕ))
= fX(hY (ϕ)) − hY(fX(ϕ))
= fhX(Y (ϕ)) + fY (ϕ)X(h) − hfY(X(ϕ)) − hY (f )X(ϕ)
= fh(X(Y (ϕ)) − Y(X(ϕ))) + fX(h)Y (ϕ) − hY (f )X(ϕ)
= fh[X , Y ](ϕ) + fX(h)Y (ϕ) − hY (f )X(ϕ).

This completes the proof.

4. [X , [Y , Z]] + [Y , [Z,X]] + [Z, [X , Y ]] = 0.

Proof. We have

[X , [Y , Z]](ϕ) + [Y , [Z,X]](ϕ) + [Z, [X , Y ]](ϕ)
= X([Y , Z](ϕ)) − ([Y , Z])(X(ϕ))
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+ Y([Z,X](ϕ)) − ([Z,X])(Y (ϕ))
+ Z([X , Y ](ϕ)) − [X , Y ](Z(ϕ))
= X(Y(Z(ϕ))) − X(Z(Y (ϕ))) − Y(Z(X(ϕ))) + Z(Y(X(ϕ)))
+ Y(Z(X(ϕ))) − Y(X(Z(ϕ))) − Z(X(Y (ϕ))) + X(Z(Y (ϕ)))
+ Z(X(Y (ϕ))) − Z(Y(X(ϕ))) − X(Y(Z(ϕ))) + Y(X(Z(ϕ)))
= 0(ϕ).

This completes the proof.

5. [ 𝜕𝜕xj ,
𝜕
𝜕xl
] = 0, j, l ∈ {1, . . . , n}.

Proof. We have

[
𝜕
𝜕xj
,
𝜕
𝜕xl
](ϕ) = ( 𝜕

𝜕xj
)(
𝜕
𝜕xl
(ϕ)) − ( 𝜕

𝜕xl
)(
𝜕
𝜕xj
(ϕ))

= (
𝜕
𝜕xj
)(
𝜕
𝜕xl
(ϕ)) − ( 𝜕

𝜕xj
)(
𝜕
𝜕xl
(ϕ))

= 0(ϕ).

This completes the proof.

6.
[∑

j
ξj
𝜕
𝜕xj
,∑
l
ηl
𝜕
𝜕xl
] = ∑

j,l
(ξj
𝜕ηl
𝜕xj
− ηj
𝜕ξl
𝜕xj
)
𝜕
𝜕xl
.

Proof. We have

[∑
j
ξj
𝜕
𝜕xj
,∑
l
ηl
𝜕
𝜕xl
](ϕ) = ∑

j
ξj(
𝜕
𝜕xj
((∑

l
ηl
𝜕
𝜕xl
)(ϕ)))

−∑
l
ηl(
𝜕
𝜕xl
((∑

j
ξj
𝜕
𝜕xj
)(ϕ)))

= ∑
j
ξj(∑

l

𝜕ηl
𝜕xj
𝜕ϕ
𝜕xl
+∑

l
ηl
𝜕2ϕ
𝜕xj𝜕xl
)

−∑
l
ηl(∑

j

𝜕ξj
𝜕xl
𝜕ϕ
𝜕xj
+∑

j
ξj
𝜕2ϕ
𝜕xj𝜕xl
)

= ∑
j
ξj(∑

l

𝜕ηl
𝜕xj
𝜕ϕ
𝜕xl
) −∑

l
ηl(∑

j

𝜕ξj
𝜕xl
𝜕ϕ
𝜕xj
)

= ∑
j,l
(ξj
𝜕ηl
𝜕xj
− ηj
𝜕ξl
𝜕xj
)
𝜕ϕ
𝜕xl
.

This completes the proof.
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Definition 7.14 (Riemann connection). A Riemann connection ∇ on a Riemannian mani-
fold (M , ⟨, ⟩) is a map

(X , Y ) → ∇XY

that satisfies the following conditions:
1. ∇X1+X2Y = ∇X1Y + ∇X2Y ;
2. ∇fXY = f∇XY ;
3. ∇X (Y1 + Y2) = ∇XY1 + ∇XY2;
4. ∇X (fY ) = f∇XY + X(f )Y ;
5. X⟨Y , Z⟩ = ⟨∇XY , Z⟩ + ⟨Y , ∇XZ⟩;
6. ∇XY − ∇YX − [X , Y ] = 0.

Exercise 7.6 (Koszul formula). Prove that, for any three vector fields X , Y , Z, we have the
following equation:

2⟨Z, ∇XY⟩ = X⟨Y , Z⟩ + Y⟨X , Z⟩ − Z⟨X , Y⟩
− ⟨Y , [X , Z]⟩ − ⟨X , [Y , Z]⟩ − ⟨Z, [Y ,X]⟩.

(7.1)

Solution. By Property 5, we get

X⟨Y , Z⟩ = ⟨∇XY , Z⟩ + ⟨Y , ∇XZ⟩,

Y⟨X , Z⟩ = ⟨∇YX , Z⟩ + ⟨X , ∇YZ⟩,

−Z⟨X , Y⟩ = −⟨∇ZX , Y⟩ − ⟨X , ∇ZY⟩.

Hence,

X⟨Y , Z⟩ + Y⟨X , Z⟩ − Z⟨X , Y⟩
= ⟨Y , ∇XZ − ∇ZX⟩ + ⟨X , ∇YZ − ∇ZY⟩ + ⟨Z, ∇XY + ∇YX⟩
= ⟨Y , [X , Z]⟩ + ⟨X , [Y , Z]⟩ + ⟨Z, [Y ,X] + 2∇XY⟩.

Using the latter equation, we obtain

2⟨Z, ∇XY⟩ = X⟨Y , Z⟩ + Y⟨X , Z⟩ − Z⟨X , Y⟩
− ⟨Y , [X , Z]⟩ − ⟨X , [Y , Z]⟩ − ⟨Z, [Y ,X]⟩.

This completes the proof.

Exercise 7.7. Prove that on any Riemannian manifold (M , ⟨⋅, ⋅⟩) there is a uniquely de-
termined Riemann connection.

Solution. 1. Uniqueness. Note that for a given Z, the right-hand side of (7.1) is uniquely
determined. Hence, ∇XY is uniquely determined.
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2. Existence. We define ∇ by the equality (7.1). We will check that it satisfies all the
requirements of Definition 7.14.
a. We have

2⟨Z, ∇X1Y⟩ = X1⟨Y , Z⟩ + Y⟨X1, Z⟩ − Z⟨X1, Y⟩
− ⟨Y , [X1, Z]⟩ − ⟨X1, [Y , Z]⟩ − ⟨Z, [Y ,X1]⟩,

2⟨Z, ∇X2Y⟩ = X2⟨Y , Z⟩ + Y⟨X2, Z⟩ − Z⟨X2, Y⟩
− ⟨Y , [X2, Z]⟩ − ⟨X2, [Y , Z]⟩ − ⟨Z, [Y ,X2]⟩,

2⟨Z, ∇X1Y⟩ + 2⟨Z, ∇X2Y⟩ = X1⟨Y , Z⟩ + Y⟨X1, Z⟩ − Z⟨X1, Y⟩
− ⟨Y , [X1, Z]⟩ − ⟨X1, [Y , Z]⟩ − ⟨Z, [Y ,X1]⟩
+ X2⟨Y , Z⟩ + Y⟨X2, Z⟩ − Z⟨X2, Y⟩
− ⟨Y , [X2, Z]⟩ − ⟨X2, [Y , Z]⟩ − ⟨Z, [Y ,X2]⟩

and

2⟨Z, ∇X1+X2Y⟩ = (X1 + X2)⟨Y , Z⟩ + Y⟨X1 + X2, Z⟩ − Z⟨X1 + X2, Y⟩
− ⟨Y , [X1 + X2, Z]⟩ − ⟨X1 + X2, [Y , Z]⟩ − ⟨Z, [Y ,X1 + X2]⟩
= X1⟨Y , Z⟩ + X2⟨Y , Z⟩ + Y⟨X1, Z⟩ + Y⟨X2, Z⟩
− Z⟨X1, Y⟩ − Z⟨X2, Y⟩ − ⟨Y , [X1, Z]⟩ − ⟨Y , [X2, Z]⟩
− ⟨X1, [Y , Z]⟩ − ⟨X2, [Y , Z]⟩ − ⟨Z, [Y ,X1]⟩ − ⟨Z, [Y ,X2]⟩.

Consequently,

2⟨Z, ∇X1+X2Y⟩ = 2⟨Z, ∇X1Y⟩ + 2⟨Z, ∇X2Y⟩,

and from here

∇X1+X2Y = ∇X1Y + ∇X2Y .

b. We have

2⟨Z, ∇fXY⟩ = fX⟨Y , Z⟩ + Y⟨fX , Z⟩ − Z⟨fX , Y⟩
− ⟨Y , [fX , Z]⟩ − ⟨fX , [Y , Z]⟩ − ⟨Z, [Y , fX]⟩
= fX⟨Y , Z⟩ + Y (f )⟨X , Z⟩ + fY⟨X , Z⟩
− Z(f )⟨X , Y⟩ − fZ⟨X , Y⟩
− ⟨Y , f [X , Z] − Z(f )X⟩ − f ⟨X , [Y , Z]⟩
− ⟨Z, −Y (f )X + f [X , Y ]⟩
= fX⟨Y , Z⟩ + Y (f )⟨Z,X⟩ + fY⟨X , Z⟩
− Z(f )⟨X , Y⟩ − fZ⟨X , Y⟩
− f ⟨Y , [X , Z]⟩ + Z(f )⟨Y ,X⟩ − f ⟨X , [Y , Z]⟩
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− Y (f )⟨Z,X⟩ − f ⟨Z, [X , Y ]⟩
= f (X⟨Y , Z⟩ + Y⟨X , Z⟩ − Z⟨X , Y⟩
− ⟨Y , [X , Z]⟩ − ⟨X , [Y , Z]⟩ − ⟨Z, [X , Y ]⟩)

and

∇fXY = f∇XY .

c. We have

2⟨Z, ∇X (Y1 + Y2)⟩ = X⟨Y1 + Y2, Z⟩ + (Y1 + Y2)⟨X , Z⟩ − Z⟨X , Y1 + Y2⟩
− ⟨Y1 + Y2, [X , Z]⟩ − ⟨X , [Y1 + Y2, Z]⟩ − ⟨Z, [Y1 + Y2,X]⟩
= X⟨Y1, Z⟩ + Y1⟨X , Z⟩ − Z⟨X , Y1⟩
+ X⟨Y2, Z⟩ + Y2⟨X , Z⟩ − Z⟨X , Y2⟩
− ⟨Y1, [X , Z]⟩ − ⟨X , [Y1, Z]⟩ − ⟨Z, [Y1,X]⟩
− ⟨Y2, [X , Z]⟩ − ⟨X , [Y2, Z]⟩ − ⟨Z, [Y2,X]⟩

and

∇X (Y1 + Y2) = ∇XY1 + ∇XY2.

d. We have

2⟨Z, ∇X fY⟩ = X⟨fY , Z⟩ + fY⟨X , Z⟩ − Z⟨X , fY⟩
− ⟨fY , [X , Z]⟩ − ⟨X , [fY , Z]⟩ − ⟨Z, [fY ,X]⟩
= X(f )⟨Y , Z⟩ + fX⟨Y , Z⟩ + fY⟨X , Z⟩
− Z(f )⟨X , Y⟩ − fZ⟨X , Y⟩
− f ⟨Y , [X , Z]⟩ + Z(f )⟨X , Y⟩ − f ⟨X , [Y , Z]⟩
− f ⟨Z, [Y ,X]⟩ + X(f )⟨Y , Z⟩
= 2X(f )⟨Y , Z⟩ + f (X⟨Y , Z⟩ + Y⟨X , Z⟩
− Z⟨X , Y⟩ − ⟨Y , [X , Z]⟩ − ⟨X , [Y , Z]⟩ − ⟨Z, [Y ,X]⟩)

and

∇X fY = X(f )Y + f∇XY .

e. We have

2⟨Z, ∇XY⟩ + 2⟨Y , ∇XZ⟩ = X⟨Y , Z⟩ + Y⟨X , Z⟩ − Z⟨X , Y⟩ − ⟨Y , [X , Z]⟩
− ⟨X , [Y , Z]⟩ − ⟨Z, [Y ,X]⟩ + X⟨Z, Y⟩ + Z⟨X , Y⟩
− Y⟨X , Z⟩ − ⟨Z, [X , Y ]⟩ − ⟨X , [Z, Y ]⟩ − ⟨Y , [Z,X]⟩
= 2X⟨Y , Z⟩
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and

X⟨Y , Z⟩ = ⟨Z, ∇XY⟩ + ⟨Y , ∇XZ⟩.

f. We have

2⟨Z, ∇XY⟩ − 2⟨Z, ∇YX⟩ = X⟨Y , Z⟩ + Y⟨X , Z⟩ − Z⟨X , Y⟩ − ⟨Y , [X , Z]⟩
− ⟨X , [Y , Z]⟩ − ⟨Z, [Y ,X]⟩ − Y⟨X , Z⟩ − X⟨Y , Z⟩
+ Z⟨Y ,X⟩ + ⟨X , [Y , Z]⟩ + ⟨Y , [X , Z]⟩ + ⟨Z, [X , Y ]⟩
= 2⟨Z, [X , Y ]⟩

and

∇XY − ∇YZ = [X , Y ].

This completes the proof.

7.6 The Christoffel coefficients

Set 𝜕j =
𝜕
𝜕xj
. We will find a representation of

∇𝜕j𝜕l

in the form

∇𝜕j𝜕l = ∑
k
Γkjl𝜕k .

By the Koszul formula, we get

2⟨∇𝜕j𝜕l , 𝜕k⟩ = 𝜕j⟨𝜕l , 𝜕k⟩ + 𝜕l⟨𝜕j , 𝜕k⟩ − 𝜕k⟨𝜕j , 𝜕l⟩

=
𝜕glk
𝜕xj
+
𝜕gjk
𝜕xl
−
𝜕gjl
𝜕xk
.

Therefore,

⟨∇𝜕j𝜕l , 𝜕k⟩ =
1
2
(
𝜕glk
𝜕xj
+
𝜕gjk
𝜕xl
−
𝜕gjl
𝜕xk
).

Let

Γjl,k =
1
2
(
𝜕glk
𝜕xj
+
𝜕gjk
𝜕xl
−
𝜕gjl
𝜕xk
).
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Thus, we have

Γjl,k = ⟨∇𝜕j𝜕l , 𝜕k⟩

= ⟨∑
m
Γmjl 𝜕m, 𝜕k⟩

= ∑
m
Γmjl ⟨𝜕m, 𝜕k⟩

= ∑
m
Γmjl gmk .

Let

gkm = (gkm)
−1.

Then

Γmjl = ∑
k
Γjl,kg

km.

Definition 7.15. The symbols Γij,l and Γ
k
ij are called the Christoffel coefficients.

Let

X = ∑
i
ξi𝜕i,

Y = ∑
j
ηj𝜕j .

Then

∇XY = ∑
i
ξi∇𝜕i(∑

j
ηj𝜕j)

= ∑
i
∑
j
ξi∇𝜕i (ηj𝜕j)

= ∑
i
∑
j
ξiηj∇𝜕i𝜕j +∑

i
∑
j
ξi(
𝜕ηj
𝜕xi
𝜕j)

= ∑
i
∑
j
∑
l
ξiηjΓ

l
ij𝜕l +∑

i
∑
j
ξi
𝜕ηj
𝜕xi
𝜕j

= ∑
i
∑
l
∑
j
ξiηlΓ

j
il𝜕j +∑

i
∑
j
ξi
𝜕ηj
𝜕xi
𝜕j

= ∑
j
(∑

i
ξi
𝜕ηj
𝜕xi
+∑

i,l
ξiηlΓ

j
il)𝜕j .
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Definition 7.16. A vector field Y is said to be parallel if

∇XY = 0

for any X .

Definition 7.17. A vector field Y along a regular curve c is said to be parallel along c if

∇c′Y = 0.

Definition 7.18. A regular curve c is said to be geodesic if

∇c′c
′ = 0.

7.7 Advanced practical problems

Problem 7.1. Prove that the Cartesian productM1 ×M2 of two differentiable manifolds
is a differentiable manifold.

Hint 7.2. Use the definition of a differentiable manifold.

Problem 7.2. Let M be a given differentiable manifold. Prove that the set of all pairs
(p,X),X ∈ TpM , is a differentiablemanifold. It is called the tangent bundle ofM , denoted
by TM .

Hint 7.3. For any chart ϕ inM , consider

Φ(p,M) = (ϕ(p), ξ1(p), . . . , ξn(p)) ∈ ℝn × ℝn,

where ξ1, . . . , ξn are the components of X in the corresponding basis, i. e.,

Xp =
n
∑
j=1

ξ j(p) 𝜕
𝜕xj
.

Problem 7.3. Let

M = {(x1, x2, x3, x3) ∈ ℝ
4 : x21 + x

2
2 = x

2
3 + x

2
4 = 1}.

Prove thatM is a two-dimensional manifold.

Problem 7.4. Prove that the metrics of two Riemannian manifolds (M1, g1) and (M2, g2)
induce a Riemannian metric g1 × g2 onM1 ×M2.

Problem 7.5. In ℝ3, set

∇XY = DXY +
1
2
(X × Y ).
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Check if

∇XY − ∇YX = [X , Y ].

Answer 7.4. No.

Problem 7.6. Prove that the Poincaré upper half-plane

{(x, y) ∈ ℝ2 : y > 0}

with the metric

(gij(x, y)) =
1
y2
(
1 0
0 1
)

is a Riemannian manifold.
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