B Linear algebra

Vector spaces over the real numbers are familiar creatures. But the definition of
a real vector space makes perfect sense when you replace the real numbers R
by an arbitrary field F. The crucial thing is that given a non-zero x € F there
isay € F such that xy = 1.

Definition B.0.9 A vector space V over a field F is an abelian group (V, +)
with neutral element 0 and a (scalar) multiplication F x V — V denoted
(a, v) — av such that

(i) (ab)v = a(bv)

@) lv=v
(iii) (a + b)v = av + bv
iv) alv +w) =av +aw

foreverya,b € F andevery v, w € V.

A subspace of V is a subgroup W C V such that av € W if a € F and
v € W. A group homomorphism ¢ : V — W between vector spaces V and
W over a field F is called a linear map if ¢(av) = ap(v) where a € F and
veV.

Lety : V — Whbealinear map. The subsetKer (¢) = {v e V | p(v) =0} C
V is called the kernel of ¢ and Im(¢) = {¢(v) | v € V} € W iscalled the image
of ¢. Both are subspaces. Let V' C V be a subspace; then the quotient group
V/V' ={v+ V'] v e V}is a vector space through the (well defined) scalar
multiplication given by a(v 4+ V') = av + V’. By Theorem 2.5.1 we have a
group isomorphism

@ = V/Ker(p) — Im(p),

where ¢ : V — W is a linear map. This group isomorphism is also a linear
map.
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A vector space V over a field F is called finitely generated if there exists
a finite set of vectors vy, ..., v, € V such that every v € V can be written as
a linear combination v = a vy + - - - + a,v, for suitable ay, ..., a, € F. Such
a set of vectors is called a (finite) generating set for V. We will assume that
vector spaces are finitely generated.

Example B.0.10 Let F be a field. Then
V=F'=Fx.--xF

is a vector space resembling R”. The multiplication F x V — V is given by

a(vlv‘-'5vl‘1):(av17"'aavn)9
where a € V and (vy,...,v,) € V. The vectors e¢; = (1,0,...,0), e; =
0,1,0,...,0), ..., e,=1(0,0,..., 1) € V form a generating set for V.

B.1 Linear independence

Definition B.1.1 Let V be a vector space over a field F. A set of vectors
V1, ..., U, is called linearly independent if

ajvy + - -+ ayv, =0,

where ay, ..., a, € F implies thata; =--- =a, =0.
We now prove what is known as the Steinitz exchange lemma.

Lemma B.1.2 Ler V be a vector space over a field F, wy, ..., w, a lin-
early independent set of vectors and vy, ..., v, a generating set for V. Then
m<n and wy, ..., Wy, v,’nH, ..., V), gives a generating set for V, where
Uy iqs -0 Uy € (U1, 000, U

Proof. We may assume by rearranging vy, ..., v, that w; = ajv; +--- +
a,v,, with a; # 0. This gives that v; can be written as a linear combination
of wy, vy, ..., v,. Therefore wy, v, ..., v, is a generating set for V. We con-
tinue this procedure with w,. Write w, = ajw; + a,v + - - - + a,v,. Here we
must have a; # 0 for some i > 1, otherwise w; and w, would not be linearly
independent. Assume that a; # 0. In the same way as before w;, wy, v3, ..., U,
is a generating set. Proceeding like this we cannot exceed the nth vector v,,; This
would contradict that wy, . . ., wy, is a linearly independent set of vectors. Thus
m < n and in the process we have also shown that wy, ..., Wy, vy, ..., U,
is a generating set for V, where v;, |, ..., v, € {vi, ..., v,}.

Definition B.1.3 A basis for a vector space V is a linearly independent gene-
rating set for V.
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Proposition B.1.4 A (finitely generated) vector space V over a field F has a
basis. More precisely, a minimal generating set for V is linearly independent.

Proof. Letuvy,...,v, €V be aminimal generating set for V. This means that
if we exclude any of vy, ..., v, we are left with a set of vectors that is not a
generating set. We wish to prove that vy, ..., v, is a linearly independent set.
If not, we would have ay, ..., a, € F, not all zero, such that

ajvy + -+ a,v, =0.

We may assume that a; # 0. This means that

-1 -1
Vi = —a; Uy — - —a; ayvy.

Therefore vy, . .., v, is a generating set, contradicting that vy, . .., v, is a min-

imal generating set. O

Proposition B.1.5 If vy,..., v, and wy, ..., w, are two bases of a vector

space then m = n.

Proof. This follows from Lemma B.1.2. O

B.2 Dimension

Definition B.2.1 Let V be a vector space over a field F. The dimension
dimg V of V over F is the number of elements in a basis of V.

Proposition B.2.2 Let V be a vector space over a field F and W CV a
subspace of V. If dimp W = dimp V then W = V.

Proof. Letn = dimp W = dimy V. Suppose that wy, ..., w, is a basis for W
and vy, ..., v, a basis for V. Then we may use Lemma B.1.2 to conclude that
wi, ..., w, is also a basis for V. Thus W = V. a

Proposition B.2.3 Let V be a vector space over a field F and W C 'V a
subspace of V. Then

(1) dimp V/W =dimp V — dimp W,
(i) dimp V + W =dimp V +dimp W —dimp VN W,
(iii) dimg Ker (¢) + dimp Im(¢p) = dimg V where ¢ : V — W isalinear

map.
Proof. Ifwi, ..., w,isabasisfor W and vy, ..., v, abasis for V then we may
assume that wy, ..., W, Vyy1, ..., U, is a basis for V by Lemma B.1.2. It is

easy to verify that v,y + W, ..., v, + W is a basis for V/W. This proves the
first formula. To prove the second formula recall that V 4 W is the subspace
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definedas{v+ w | v € V, w € W}andthat V and W are subspacesof V 4+ W.
The composed map

Yv:V>V+W-S>VL+W/W

is given by ¥ (v) = v + W. It is linear and surjective and Ker () = VN W,
since Y (v) = v+ W = W if and only if v € W. Therefore

V/IVAW SV + W/ W.

This shows that dimp V/V N W = dimp V 4+ W/ W, and (ii) follows from (i).
Use the isomorphism

V /Ker (¢) = Im(p)
to deduce the formula in (iii). O
If o : V— W is alinear map, vy, ..., v, a basis of V and wy,...,w, a
basis of W then

o(v) = anwy + -+ - + ap w,.

P(Um) = aimwi + -+ + Ay Wy,
Ifv=xv+---+x,v, €V, where x, ..., x, €V, we see that
e() = x19(1) + -+ + X @(Vp).
Thus

Y1 ap ... Qm X1
Yn apl .. Apm Xm
where p(v) = yyw; + - - + Y, W,

Example B.2.4 Let F be a field and f = X" fa 1 X" '+ a X+
ap € F[X] a polynomial of degree n > 1. Then

R =F[X1/(f)
is a vector space over F with basis 1, ¢, .. ., "1, where ¢ = [X] € R. Mul-
tiplication by « is a linear map ¢ : R — R. The matrix of ¢ with respect to the
basis 1, o, ...,a" s
0 0...0 —ao
1 0...0 — a)
0 1...0 —a

0 0...1 —a,

The above facts are consequences of Proposition 4.6.7.
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