
ࡹࡹࢁ ͎ΐЅ̈́ϼ͛Џ͛ ζ̙Џ͛ζ̙Џΐ̈́Ѕ

ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó
�ƨƉʚʯɼƨ ࣘࢍࡹ Eʯțƨɼऒʌ ʚǫƨɄɼƨȭ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹ

 



ϵά̙κ

 Eʯțƨɼऒʌ ɱǫǶ ǑʯȳƉʚǶɄȳ

 Eʯțƨɼऒʌ ʚǫƨɄɼƨȭ

 bƨɼȭŗʚऒʌ țǶʚʚțƨ ʚǫƨɄɼƨȭ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽ



Ѕϊζ͛ κϊЏ̙Џΐϊκ

�ƨʚ Ɛ 2 N+ࣖ

�ƨʚ Z⇤
Ɛ ƕƨȳɄʚƨ ʚǫƨ ǑɄțțɄ˝Ƕȳǖ ɾʋɮʠƅʋʠɮƣࣘ

 ̇ɼʌʚ ɄǑ ŗțțࣗ ŗ ʌƨʚ ɄǑ ȳʯȭſƨɼʌ {˕ 2 N+ | gcd(˕,Ɛ) = ,ࡹ ˕ < Ɛ}
 ʌƨƉɄȳƕ ɄǑ ŗțțࣗ ʚǫƨ ɄɱƨɼŗʚǶɄȳ ɄǑ ȣʠȑʋǮɤȑǮƅŗʋǮȹȩ ȣȹƐ Ɛ

Eǖࣘ Z⇤
ࢍࡽ Ƕʌ ʚǫƨ ʌƨʚࣘ

ɱțʯʌ ȭʯțʚǶɱțǶƉŗʚǶɄȳ ȭɄƕ ࣖࢍࡽ

¥Ʉʚƨ ʚǫŗʚ ƨ˙ƨɼ˦ ƨțƨȭƨȳʚ Ƕȳ ʚǫǶʌ ʌƨʚ ǫŗʌ ŗ ȭʯțʚǶɱțǶƉŗʚǶ˙ƨ Ƕȳ˙ƨɼʌƨ ȭɄƕ
ࣖࢍࡽ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁ

relayD rod

I



Ѕϊζ͛ κϊЏ̙Џΐϊκ

�ƨʚ Ɛ 2 N+ࣖ

�ƨʚ Z⇤
Ɛ ƕƨȳɄʚƨ ʚǫƨ ǑɄțțɄ˝Ƕȳǖ ɾʋɮʠƅʋʠɮƣࣘ

 ̇ɼʌʚ ɄǑ ŗțțࣗ ŗ ʌƨʚ ɄǑ ȳʯȭſƨɼʌ {˕ 2 N+ | gcd(˕,Ɛ) = ,ࡹ ˕ < Ɛ}
 ʌƨƉɄȳƕ ɄǑ ŗțțࣗ ʚǫƨ ɄɱƨɼŗʚǶɄȳ ɄǑ ȣʠȑʋǮɤȑǮƅŗʋǮȹȩ ȣȹƐ Ɛ

Eǖࣘ Z⇤
ࢍࡽ Ƕʌ ʚǫƨ ʌƨʚࣘ

ɱțʯʌ ȭʯțʚǶɱțǶƉŗʚǶɄȳ ȭɄƕ ࣖࢍࡽ

¥Ʉʚƨ ʚǫŗʚ ƨ˙ƨɼ˦ ƨțƨȭƨȳʚ Ƕȳ ʚǫǶʌ ʌƨʚ ǫŗʌ ŗ ȭʯțʚǶɱțǶƉŗʚǶ˙ƨ Ƕȳ˙ƨɼʌƨ ȭɄƕ
ࣖࢍࡽ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅ

1,3 5 7 9 11

15 17 19 21,23 25

Eg 77 49 23

in the f



͛Оά͛ϼऒЅ ϵΐ ͺОκ̈́Џΐϊκ

�ƨʚ ȩ 2 N+ࣖ 6ƨ̇ȳƨ

'(ȩ) = |{˕ 2 N | ࡹ 6 ˕ < ȩ, ǖƉƕ(˕,ȩ) = {ࡹ

ʚɄ ſƨ ʚǫƨ ȳʯȭſƨɼ ɄǑ ȳʯȭſƨɼʌ ſƨʚ˝ƨƨȳ ȩ,ࡱ ˝ǫǶƉǫ ŗɼƨ ɼƨțŗʚǶ˙ƨț˦
ɱɼǶȭƨ ʚɄ ȩࣖ

yȳ Ʉʚǫƨɼ ˝Ʉɼƕʌࣗ '(ȩ) = |Z⇤
ȩ|ࣖ

E˥ࣘ ()' =

E˥ࣘ (࢙)' =

E˥ࣘ (ࢍࡹ)' =

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉ



͛Оά͛ϼऒЅ ϵΐ ͺОκ̈́Џΐϊκ

�ƨʚ ȩ 2 N+ࣖ 6ƨ̇ȳƨ

'(ȩ) = |{˕ 2 N | ࡹ 6 ˕ < ȩ, ǖƉƕ(˕,ȩ) = {ࡹ

ʚɄ ſƨ ʚǫƨ ȳʯȭſƨɼ ɄǑ ȳʯȭſƨɼʌ ſƨʚ˝ƨƨȳ ȩ,ࡱ ˝ǫǶƉǫ ŗɼƨ ɼƨțŗʚǶ˙ƨț˦
ɱɼǶȭƨ ʚɄ ȩࣖ yȳ Ʉʚǫƨɼ ˝Ʉɼƕʌࣗ '(ȩ) = |Z⇤

ȩ|ࣖ

E˥ࣘ ()' =

E˥ࣘ (࢙)' =

E˥ࣘ (ࢍࡹ)' =

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍ

7 1 6

6 2 1 2,45 7,8

8 1 3,5 15

2



͛Оά͛ϼऒЅ ϵΐ ͺОκ̈́Џΐϊκ

�ƨȭȭŗ
tǋ ɤ Ǯɾ ɤɮǮȣƣࣗ ʋǣƣȩ '(ɤ) = ɤ� ࣖࡹ

�ƨȭȭŗ
tǋ ɤ Ǯɾ ɤɮǮȣƣࣗ ʋǣƣȩ '(ɤࡽ) =?ࣖ

ࡹ ࡽ . . . ɤ
ɤ+ ࡹ ɤ+ ࡽ . . . ɤࡽ
+ɤࡽ ࡹ +ɤࡽ ࡽ . . . ɤࢁ

ࣖࣖ
ࣖ (ɤ� ɤ.(ࡹ

(ɤ� +ɤ.(ࡹ ࡹ (ɤࡹ).ɤ+ ࡽ . . . (ɤ� +ɤ.(ࡹ ɤ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó 

1.2 p 13



͛Оά͛ϼऒЅ ϵΐ ͺОκ̈́Џΐϊκ

�ƨȭȭŗ
tǋ ɤ Ǯɾ ɤɮǮȣƣࣗ ʋǣƣȩ '(ɤ) = ɤ� ࣖࡹ

�ƨȭȭŗ
tǋ ɤ Ǯɾ ɤɮǮȣƣࣗ ʋǣƣȩ '(ɤࡽ) =?ࣖ

ࡹ ࡽ . . . ɤ
ɤ+ ࡹ ɤ+ ࡽ . . . ɤࡽ
+ɤࡽ ࡹ +ɤࡽ ࡽ . . . ɤࢁ

ࣖࣖ
ࣖ (ɤ� ɤ.(ࡹ

(ɤ� +ɤ.(ࡹ ࡹ (ɤࡹ).ɤ+ ࡽ . . . (ɤ� +ɤ.(ࡹ ɤ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó 

4191 9 3 6 P P

l 2 3 A

Ipt 2pt22pt3 Bp
4P

p 1 pet a pt R a pep



͛Оά͛ϼऒЅ ϵΐ ͺОκ̈́Џΐϊκ

�ƨȭȭŗ
tǋ ɤ Ǯɾ ɤɮǮȣƣࣗ ʋǣƣȩ '(ɤ) = ɤ� ࣖࡹ

�ƨȭȭŗ
tǋ ɤ Ǯɾ ɤɮǮȣƣࣗ ʋǣƣȩ '(ɤࡽ) =?ࣖ

ࡹ ࡽ . . . ɤ
ɤ+ ࡹ ɤ+ ࡽ . . . ɤࡽ
+ɤࡽ ࡹ +ɤࡽ ࡽ . . . ɤࢁ

ࣖࣖ
ࣖ (ɤ� ɤ.(ࡹ

(ɤ� +ɤ.(ࡹ ࡹ (ɤࡹ).ɤ+ ࡽ . . . (ɤ� +ɤ.(ࡹ ɤ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢙

pi p

4th



ϵΐ ͺОκ̈́Џΐϊκ

İƨ Ɖŗȳ ɱțŗ˦ ŗɼɄʯȳƕ ˝Ƕʚǫ ' ŗȳƕ ȭŗȕƨ ʌɄȭƨ ƉɄȳȍƨƉʚʯɼƨʌࣖ

�ƨȭȭŗ
tǋ ɤ Ǯɾ ɤɮǮȣƣ ŗȩƐ ȩ 2 N+ ʋǣƣȩ '(ɤȩ) =

ࡹ ࡽ . . . ɤ
ɤ+ ࡹ ɤ+ ࡽ . . . ɤࡽ
+ɤࡽ ࡹ +ɤࡽ ࡽ . . . ɤࢁ

ࣖࣖ
ࣖ

(ɤ� +ɤ(ࡹ ࡹ (ɤ� +ɤ(ࡹ ࡽ . . . ɤࡽ

ɤࡽ + ࡹ ɤࡽ + ࡽ . . . ɤࡽ + ɤ
ɤࡽ + ɤ+ ࡹ ɤࡽ + ɤ+ ࡽ . . . ɤࡽ + ɤࡽ

ࣖࣖ
ࣖ

ɤࡽ + (ɤ� +ɤ(ࡹ ࡹ ɤࡽ + (ɤ� +ɤ(ࡹ ࡽ . . . ɤࡽ + ɤࡽ
ࣖࣖ
ࣖ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࡹ



ϵΐ ͺОκ̈́Џΐϊκ

İƨ Ɖŗȳ ɱțŗ˦ ŗɼɄʯȳƕ ˝Ƕʚǫ ' ŗȳƕ ȭŗȕƨ ʌɄȭƨ ƉɄȳȍƨƉʚʯɼƨʌࣖ

�ƨȭȭŗ
tǋ ɤ Ǯɾ ɤɮǮȣƣ ŗȩƐ ȩ 2 N+ ʋǣƣȩ '(ɤȩ) =

ࡹ ࡽ . . . ɤ
ɤ+ ࡹ ɤ+ ࡽ . . . ɤࡽ
+ɤࡽ ࡹ +ɤࡽ ࡽ . . . ɤࢁ

ࣖࣖ
ࣖ

(ɤ� +ɤ(ࡹ ࡹ (ɤ� +ɤ(ࡹ ࡽ . . . ɤࡽ

ɤࡽ + ࡹ ɤࡽ + ࡽ . . . ɤࡽ + ɤ
ɤࡽ + ɤ+ ࡹ ɤࡽ + ɤ+ ࡽ . . . ɤࡽ + ɤࡽ

ࣖࣖ
ࣖ

ɤࡽ + (ɤ� +ɤ(ࡹ ࡹ ɤࡽ + (ɤ� +ɤ(ࡹ ࡽ . . . ɤࡽ + ɤࡽ
ࣖࣖ
ࣖ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹࡹ





ϵΐ ͺОκ̈́Џΐϊκ

�ƨȭȭŗ
tǋ ɤ Ǯɾ ɤɮǮȣƣ ŗȩƐ ȩ 2 N+ ʋǣƣȩ '(ɤȩ) =

ɤȩ � ɤȩࡹ�

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽࡹ



ϵΐ ͺОκ̈́Џΐϊκ

�ƨȭȭŗ
tǋ ɤ Ǯɾ ɤɮǮȣƣ ŗȩƐ ȩ 2 N+ ʋǣƣȩ '(ɤȩ) = ɤȩ � ɤȩࡹ�

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁࡹ



ϵΐ ͺОκ̈́Џΐϊκ

�ƨȭȭŗ
tǋ ŗ,Ż ŗɮƣ ɮƣȑŗʋǮˉƣȑ˖ ɤɮǮȣƣ ʋǣƣȩ '(ŗŻ) = '(ŗ)'(Ż)

âɼɄɄǑࣖ

6ƨ̇ȳƨ ŗ ȭŗɱ ǋ : Z⇤
ŗŻ ! Z⇤

ŗ ⇥ Z⇤
Ż ſ˦ ǋ ([˕]ŗŻ) = ([˕]ŗ, [˕]Ż)ࣖ

İǫŗʚ Ƕʌ ʚǫƨ ʌǶ˲ƨ ɄǑ ƨŗƉǫ ʌƨʚࣞ

¶ȳƨࣽʚɄࣽɄȳƨࣘ ǶǑ ǋ ([˕]ŗŻ) = ǋ ([˖]ŗŻ) ʚǫƨȳ

¶ȳʚɄࣘ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅࡹ



ϵΐ ͺОκ̈́Џΐϊκ

�ƨȭȭŗ
tǋ ŗ,Ż ŗɮƣ ɮƣȑŗʋǮˉƣȑ˖ ɤɮǮȣƣ ʋǣƣȩ '(ŗŻ) = '(ŗ)'(Ż)

âɼɄɄǑࣖ
6ƨ̇ȳƨ ŗ ȭŗɱ ǋ : Z⇤

ŗŻ ! Z⇤
ŗ ⇥ Z⇤

Ż ſ˦ ǋ ([˕]ŗŻ) = ([˕]ŗ, [˕]Ż)ࣖ

İǫŗʚ Ƕʌ ʚǫƨ ʌǶ˲ƨ ɄǑ ƨŗƉǫ ʌƨʚࣞ

¶ȳƨࣽʚɄࣽɄȳƨࣘ ǶǑ ǋ ([˕]ŗŻ) = ǋ ([˖]ŗŻ) ʚǫƨȳ

¶ȳʚɄࣘ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉࡹ

Eg f X 25 21

ab flu I s

f 29 4 5



ϵΐ ͺОκ̈́Џΐϊκ

�ƨȭȭŗ
tǋ ŗ,Ż ŗɮƣ ɮƣȑŗʋǮˉƣȑ˖ ɤɮǮȣƣ ʋǣƣȩ '(ŗŻ) = '(ŗ)'(Ż)

âɼɄɄǑࣖ
6ƨ̇ȳƨ ŗ ȭŗɱ ǋ : Z⇤

ŗŻ ! Z⇤
ŗ ⇥ Z⇤

Ż ſ˦ ǋ ([˕]ŗŻ) = ([˕]ŗ, [˕]Ż)ࣖ

İǫŗʚ Ƕʌ ʚǫƨ ʌǶ˲ƨ ɄǑ ƨŗƉǫ ʌƨʚࣞ

¶ȳƨࣽʚɄࣽɄȳƨࣘ ǶǑ ǋ ([˕]ŗŻ) = ǋ ([˖]ŗŻ) ʚǫƨȳ

¶ȳʚɄࣘ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍࡹ

f Ip yplan Y a 4th
z zit

onetone Exercise

46 415
Onto Exercise

wore 238925 21

if I tell you I



ϵΐ ͺОκ̈́Џΐϊκ

�ƨȭȭŗ
tǋ ŗ,Ż ŗɮƣ ɮƣȑŗʋǮˉƣȑ˖ ɤɮǮȣƣ ʋǣƣȩ '(ŗŻ) = '(ŗ)'(Ż)

âɼɄɄǑࣖ
6ƨ̇ȳƨ ŗ ȭŗɱ ǋ : Z⇤

ŗŻ ! Z⇤
ŗ ⇥ Z⇤

Ż ſ˦ ǋ ([˕]ŗŻ) = ([˕]ŗ, [˕]Ż)ࣖ

İǫŗʚ Ƕʌ ʚǫƨ ʌǶ˲ƨ ɄǑ ƨŗƉǫ ʌƨʚࣞ

¶ȳƨࣽʚɄࣽɄȳƨࣘ ǶǑ ǋ ([˕]ŗŻ) = ǋ ([˖]ŗŻ) ʚǫƨȳ

¶ȳʚɄࣘ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹ

ru



ϵΐ ͺОκ̈́Џΐϊκ

�ƨȭȭŗ
tǋ ŗ,Ż ŗɮƣ ɮƣȑŗʋǮˉƣȑ˖ ɤɮǮȣƣ ʋǣƣȩ '(ŗŻ) = '(ŗ)'(Ż)

âɼɄɄǑࣖ
6ƨ̇ȳƨ ŗ ȭŗɱ ǋ : Z⇤

ŗŻ ! Z⇤
ŗ ⇥ Z⇤

Ż ſ˦ ǋ ([˕]ŗŻ) = ([˕]ŗ, [˕]Ż)ࣖ

İǫŗʚ Ƕʌ ʚǫƨ ʌǶ˲ƨ ɄǑ ƨŗƉǫ ʌƨʚࣞ

¶ȳƨࣽʚɄࣽɄȳƨࣘ ǶǑ ǋ ([˕]ŗŻ) = ǋ ([˖]ŗŻ) ʚǫƨȳ

¶ȳʚɄࣘ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹ

EI Irina
x y Ja

I bijehnEx3 5y



͛Оά͛ϼऒЅ Џ͛ϊϼ͛ζ

ÿǫƨɄɼƨȭ
�ƣʋ ŗ,ȩ 2 N+ Żƣ ɮƣȑŗʋǮˉƣȑ˖ ɤɮǮȣƣࣖ òǣƣȩ ŗ'(ȩ) ⌘ ࡹ ȣȹƐ ȩࣖ

Eǖࣘ ࣯ǑɼɄȭ țƨƉʚʯɼƨ ࣱࢉࡹ ,Ʉȭɱʯʚƨ ࡽࡹࡹࡽࡹ mod ࢁࡹ

âɼɄɄǑࣖ
bǶɼʌʚࣗ țƨʚ Z⇤

ȩ = {˕ | ǖƉƕ(˕,ȩ) = ࣖ{ࡹ İǫŗʚ Ƕʌ ʚǫƨ ʌǶ˲ƨ ɄǑ ʚǫǶʌ ʌƨʚࣞ '(ȩ)

¥Ʉ˝ ƉɄȳʌǶƕƨɼ Z⇤
ȩ ŗʌ ŗ ʌʚɼʯƉʚʯɼƨ ˝Ƕʚǫ ȭʯțʚǶɱțǶƉŗʚǶɄȳ ȭɄƕ ȩࣖ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢙ࡹ

e
g

god 121 137 1

4 1337 12

By Euler's theorem
12112 1 mod13



͛Оά͛ϼऒЅ Џ͛ϊϼ͛ζ

ÿǫƨɄɼƨȭ
�ƣʋ ŗ,ȩ 2 N+ Żƣ ɮƣȑŗʋǮˉƣȑ˖ ɤɮǮȣƣࣖ òǣƣȩ ŗ'(ȩ) ⌘ ࡹ ȣȹƐ ȩࣖ

Eǖࣘ ࣯ǑɼɄȭ țƨƉʚʯɼƨ ࣱࢉࡹ ,Ʉȭɱʯʚƨ ࡽࡹࡹࡽࡹ mod ࢁࡹ

âɼɄɄǑࣖ
bǶɼʌʚࣗ țƨʚ Z⇤

ȩ = {˕ | ǖƉƕ(˕,ȩ) = ࣖ{ࡹ İǫŗʚ Ƕʌ ʚǫƨ ʌǶ˲ƨ ɄǑ ʚǫǶʌ ʌƨʚࣞ

'(ȩ)

¥Ʉ˝ ƉɄȳʌǶƕƨɼ Z⇤
ȩ ŗʌ ŗ ʌʚɼʯƉʚʯɼƨ ˝Ƕʚǫ ȭʯțʚǶɱțǶƉŗʚǶɄȳ ȭɄƕ ȩࣖ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࡽ

Yin
I Exc n



͛Оά͛ϼऒЅ Џ͛ϊϼ͛ζ

ÿǫƨɄɼƨȭ
�ƣʋ ŗ,ȩ 2 N+ Żƣ ɮƣȑŗʋǮˉƣȑ˖ ɤɮǮȣƣࣖ òǣƣȩ ŗ'(ȩ) ⌘ ࡹ ȣȹƐ ȩࣖ

Eǖࣘ ࣯ǑɼɄȭ țƨƉʚʯɼƨ ࣱࢉࡹ ,Ʉȭɱʯʚƨ ࡽࡹࡹࡽࡹ mod ࢁࡹ

âɼɄɄǑࣖ
bǶɼʌʚࣗ țƨʚ Z⇤

ȩ = {˕ | ǖƉƕ(˕,ȩ) = ࣖ{ࡹ İǫŗʚ Ƕʌ ʚǫƨ ʌǶ˲ƨ ɄǑ ʚǫǶʌ ʌƨʚࣞ '(ȩ)

¥Ʉ˝ ƉɄȳʌǶƕƨɼ Z⇤
ȩ ŗʌ ŗ ʌʚɼʯƉʚʯɼƨ ˝Ƕʚǫ ȭʯțʚǶɱțǶƉŗʚǶɄȳ ȭɄƕ ȩࣖ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹࡽ



͛Оά͛ϼऒЅ Џ͛ϊϼ͛ζ

ÿǫƨɄɼƨȭ
�ƣʋ ŗ,ȩ 2 N+ Żƣ ɮƣȑŗʋǮˉƣȑ˖ ɤɮǮȣƣࣖ òǣƣȩ ŗ'(ȩ) ⌘ ࡹ ȣȹƐ ȩࣖ

Eǖࣘ ࣯ǑɼɄȭ țƨƉʚʯɼƨ ࣱࢉࡹ ,Ʉȭɱʯʚƨ ࡽࡹࡹࡽࡹ mod ࢁࡹ

âɼɄɄǑࣖ
bǶɼʌʚࣗ țƨʚ Z⇤

ȩ = {˕ | ǖƉƕ(˕,ȩ) = ࣖ{ࡹ İǫŗʚ Ƕʌ ʚǫƨ ʌǶ˲ƨ ɄǑ ʚǫǶʌ ʌƨʚࣞ '(ȩ)

¥Ʉ˝ ƉɄȳʌǶƕƨɼ Z⇤
ȩ ŗʌ ŗ ʌʚɼʯƉʚʯɼƨ ˝Ƕʚǫ ȭʯțʚǶɱțǶƉŗʚǶɄȳ ȭɄƕ ȩࣖ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽࡽ



͛

Z⇤
ࡱࢁ =

,ࡹ} , ,ࡹࡹ ,ࢁࡹ ,ࡹ ,࢙ࡹ ,ࢁࡽ ࣖ{࢙ࡽ

. =

ࡹࡹ. =

࢙ࡹ. =

�ɄɄȕ ˝ǫŗʚ ǫŗɱɱƨȳʌ ˝ǫƨȳ ˦Ʉʯ ȭʯțʚǶɱț˦ ƨ˙ƨɼ˦ʚǫǶȳǖ ſ˦ Ʉȳƨ ȳʯȭſƨɼࣘ

,ࡹ.} ,. ,ࡹࡹ. ,ࢁࡹ. ,ࡹ. ,࢙ࡹ. ,ࢁࡽ. {࢙ࡽ. =

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁࡽ



͛

Z⇤
ࡱࢁ ,ࡹ}= , ,ࡹࡹ ,ࢁࡹ ,ࡹ ,࢙ࡹ ,ࢁࡽ ࣖ{࢙ࡽ

. =

ࡹࡹ. =

࢙ࡹ. =

�ɄɄȕ ˝ǫŗʚ ǫŗɱɱƨȳʌ ˝ǫƨȳ ˦Ʉʯ ȭʯțʚǶɱț˦ ƨ˙ƨɼ˦ʚǫǶȳǖ ſ˦ Ʉȳƨ ȳʯȭſƨɼࣘ

,ࡹ.} ,. ,ࡹࡹ. ,ࢁࡹ. ,ࡹ. ,࢙ࡹ. ,ࢁࡽ. {࢙ࡽ. =

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅࡽ

41307 8

715 96
pls191319

49 19 021L
77 I 17

13 1
I
muttered number in 2150 by 7



͛

Z⇤
ࡱࢁ ,ࡹ}= , ,ࡹࡹ ,ࢁࡹ ,ࡹ ,࢙ࡹ ,ࢁࡽ ࣖ{࢙ࡽ

. =

ࡹࡹ. =

࢙ࡹ. =

�ɄɄȕ ˝ǫŗʚ ǫŗɱɱƨȳʌ ˝ǫƨȳ ˦Ʉʯ ȭʯțʚǶɱț˦ ƨ˙ƨɼ˦ʚǫǶȳǖ ſ˦ Ʉȳƨ ȳʯȭſƨɼࣘ

,ࡹ.} ,. ,ࡹࡹ. ,ࢁࡹ. ,ࡹ. ,࢙ࡹ. ,ࢁࡽ. {࢙ࡽ. =

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉࡽ



͛

Z⇤
ࡱࢁ ,ࡹ}= , ,ࡹࡹ ,ࢁࡹ ,ࡹ ,࢙ࡹ ,ࢁࡽ ࣖ{࢙ࡽ

. =

ࡹࡹ. =

࢙ࡹ. =

�ɄɄȕ ˝ǫŗʚ ǫŗɱɱƨȳʌ ˝ǫƨȳ ˦Ʉʯ ȭʯțʚǶɱț˦ ƨ˙ƨɼ˦ʚǫǶȳǖ ſ˦ Ʉȳƨ ȳʯȭſƨɼࣘ

,ࡹ.} ,. ,ࡹࡹ. ,ࢁࡹ. ,ࡹ. ,࢙ࡹ. ,ࢁࡽ. {࢙ࡽ. =

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍࡽ



͛Оά͛ϼऒЅ Џ͛ϊϼ͛ζࣘ ϵϼϊϊͺ

�Ƕʌʚ ʚǫƨ ƨțƨȭƨȳʚʌ ɄǑ Z⇤
ȩࣘ ࡱ < ŗࡹ < ŗࡽ < · · · < ŗ'(ȩ) < ȩࣖ

,țŗǶȭࣘ ȭʯțʚǶɱț˦Ƕȳǖ ࣯ŗȳƕ ɼƨƕʯƉǶȳǖ ȭɄƕ ȩࣱ ƨŗƉǫ ƨțƨȭƨȳʚ ſ˦ ʌɄȭƨ
ŗ 2 Z⇤

ȩ ʌǶȭɱț˦ ɤƣɮȣʠʋƣɾ ʚǫƨ ƨțƨȭƨȳʚʌ ŗɼɄʯȳƕࣖ

ÿǫŗʚ Ƕʌࣗ {[ŗŗࡹ]ȩ, [ŗŗࡽ]ȩ, . . . , [ŗŗ'(ȩ)]ȩ} ✓ Z⇤
ȩ Ƕʌ ƨ˥ŗƉʚț˦ ʚǫƨ ʌŗȭƨ ʌƨʚࣖ

âɼɄɄǑࣖ
óʯɱɱɄʌƨ ŗŗǮ ⌘ ŗŗȃࣗ ʚǫƨȳ ŗ(ŗǮ � ŗȃ) ⌘ ࡱ ˝ǫǶƉǫ ȭƨŗȳʌ ȩ | ŗ(ŗǮ � ŗȃ)ࣖ

$ʯʚ ʌǶȳƉƨ ŗ Ƕʌ ɼƨțŗʚǶ˙ƨț˦ ɱɼǶȭƨ ʚɄ ȩࣗ ʚǫǶʌ ȭƨŗȳʌ ȩ ƕǶ˙Ƕƕƨʌ ŗǮ � ŗȃࣗ
ſʯʚ �ȩ < ŗǮ � ŗȃ < ȩ ʌɄ ŗǮ � ŗȃ = ࡱ ʌɄ ŗǮ = ŗȃࣖ

óɄ ʚǫƨ ȭŗɱ ǋ : Z⇤
ȩ ! Z⇤

ȩ ƕƨ̇ȳƨƕ ſ˦ ǋ (ŗǮ) = ŗŗǮ Ƕʌ ɄȳƨࣽʚɄࣽɄȳƨࣖ yʚ Ƕʌ
ɄȳʚɄ ſƨƉŗʯʌƨࣘ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽ



͛Оά͛ϼऒЅ Џ͛ϊϼ͛ζࣘ ϵϼϊϊͺ

�Ƕʌʚ ʚǫƨ ƨțƨȭƨȳʚʌ ɄǑ Z⇤
ȩࣘ ࡱ < ŗࡹ < ŗࡽ < · · · < ŗ'(ȩ) < ȩࣖ

,țŗǶȭࣘ ȭʯțʚǶɱț˦Ƕȳǖ ࣯ŗȳƕ ɼƨƕʯƉǶȳǖ ȭɄƕ ȩࣱ ƨŗƉǫ ƨțƨȭƨȳʚ ſ˦ ʌɄȭƨ
ŗ 2 Z⇤

ȩ ʌǶȭɱț˦ ɤƣɮȣʠʋƣɾ ʚǫƨ ƨțƨȭƨȳʚʌ ŗɼɄʯȳƕࣖ

ÿǫŗʚ Ƕʌࣗ {[ŗŗࡹ]ȩ, [ŗŗࡽ]ȩ, . . . , [ŗŗ'(ȩ)]ȩ} ✓ Z⇤
ȩ Ƕʌ ƨ˥ŗƉʚț˦ ʚǫƨ ʌŗȭƨ ʌƨʚࣖ

âɼɄɄǑࣖ
óʯɱɱɄʌƨ ŗŗǮ ⌘ ŗŗȃࣗ ʚǫƨȳ ŗ(ŗǮ � ŗȃ) ⌘ ࡱ ˝ǫǶƉǫ ȭƨŗȳʌ ȩ | ŗ(ŗǮ � ŗȃ)ࣖ

$ʯʚ ʌǶȳƉƨ ŗ Ƕʌ ɼƨțŗʚǶ˙ƨț˦ ɱɼǶȭƨ ʚɄ ȩࣗ ʚǫǶʌ ȭƨŗȳʌ ȩ ƕǶ˙Ƕƕƨʌ ŗǮ � ŗȃࣗ
ſʯʚ �ȩ < ŗǮ � ŗȃ < ȩ ʌɄ ŗǮ � ŗȃ = ࡱ ʌɄ ŗǮ = ŗȃࣖ

óɄ ʚǫƨ ȭŗɱ ǋ : Z⇤
ȩ ! Z⇤

ȩ ƕƨ̇ȳƨƕ ſ˦ ǋ (ŗǮ) = ŗŗǮ Ƕʌ ɄȳƨࣽʚɄࣽɄȳƨࣖ yʚ Ƕʌ
ɄȳʚɄ ſƨƉŗʯʌƨࣘ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽ

IE IE



͛Оά͛ϼऒЅ Џ͛ϊϼ͛ζࣘ ϵϼϊϊͺ

�Ƕʌʚ ʚǫƨ ƨțƨȭƨȳʚʌ ɄǑ Z⇤
ȩࣘ ࡱ < ŗࡹ < ŗࡽ < · · · < ŗ'(ȩ) < ȩࣖ

,țŗǶȭࣘ ȭʯțʚǶɱț˦Ƕȳǖ ࣯ŗȳƕ ɼƨƕʯƉǶȳǖ ȭɄƕ ȩࣱ ƨŗƉǫ ƨțƨȭƨȳʚ ſ˦ ʌɄȭƨ
ŗ 2 Z⇤

ȩ ʌǶȭɱț˦ ɤƣɮȣʠʋƣɾ ʚǫƨ ƨțƨȭƨȳʚʌ ŗɼɄʯȳƕࣖ

ÿǫŗʚ Ƕʌࣗ {[ŗŗࡹ]ȩ, [ŗŗࡽ]ȩ, . . . , [ŗŗ'(ȩ)]ȩ} ✓ Z⇤
ȩ Ƕʌ ƨ˥ŗƉʚț˦ ʚǫƨ ʌŗȭƨ ʌƨʚࣖ

âɼɄɄǑࣖ
óʯɱɱɄʌƨ ŗŗǮ ⌘ ŗŗȃࣗ ʚǫƨȳ ŗ(ŗǮ � ŗȃ) ⌘ ࡱ ˝ǫǶƉǫ ȭƨŗȳʌ ȩ | ŗ(ŗǮ � ŗȃ)ࣖ

$ʯʚ ʌǶȳƉƨ ŗ Ƕʌ ɼƨțŗʚǶ˙ƨț˦ ɱɼǶȭƨ ʚɄ ȩࣗ ʚǫǶʌ ȭƨŗȳʌ ȩ ƕǶ˙Ƕƕƨʌ ŗǮ � ŗȃࣗ
ſʯʚ �ȩ < ŗǮ � ŗȃ < ȩ ʌɄ ŗǮ � ŗȃ = ࡱ ʌɄ ŗǮ = ŗȃࣖ

óɄ ʚǫƨ ȭŗɱ ǋ : Z⇤
ȩ ! Z⇤

ȩ ƕƨ̇ȳƨƕ ſ˦ ǋ (ŗǮ) = ŗŗǮ Ƕʌ ɄȳƨࣽʚɄࣽɄȳƨࣖ yʚ Ƕʌ
ɄȳʚɄ ſƨƉŗʯʌƨࣘ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢙ࡽ
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͛Оά͛ϼऒЅ Џ͛ϊϼ͛ζࣘ ϵϼϊϊͺ

�Ƕʌʚ ʚǫƨ ƨțƨȭƨȳʚʌ ɄǑ Z⇤
ȩࣘ ࡱ < ŗࡹ < ŗࡽ < · · · < ŗ'(ȩ) < ȩࣖ

,țŗǶȭࣘ ȭʯțʚǶɱț˦Ƕȳǖ ࣯ŗȳƕ ɼƨƕʯƉǶȳǖ ȭɄƕ ȩࣱ ƨŗƉǫ ƨțƨȭƨȳʚ ſ˦ ʌɄȭƨ
ŗ 2 Z⇤

ȩ ʌǶȭɱț˦ ɤƣɮȣʠʋƣɾ ʚǫƨ ƨțƨȭƨȳʚʌ ŗɼɄʯȳƕࣖ

ÿǫŗʚ Ƕʌࣗ {[ŗŗࡹ]ȩ, [ŗŗࡽ]ȩ, . . . , [ŗŗ'(ȩ)]ȩ} ✓ Z⇤
ȩ Ƕʌ ƨ˥ŗƉʚț˦ ʚǫƨ ʌŗȭƨ ʌƨʚࣖ

âɼɄɄǑࣖ
óʯɱɱɄʌƨ ŗŗǮ ⌘ ŗŗȃࣗ ʚǫƨȳ ŗ(ŗǮ � ŗȃ) ⌘ ࡱ ˝ǫǶƉǫ ȭƨŗȳʌ ȩ | ŗ(ŗǮ � ŗȃ)ࣖ

$ʯʚ ʌǶȳƉƨ ŗ Ƕʌ ɼƨțŗʚǶ˙ƨț˦ ɱɼǶȭƨ ʚɄ ȩࣗ ʚǫǶʌ ȭƨŗȳʌ ȩ ƕǶ˙Ƕƕƨʌ ŗǮ � ŗȃࣗ
ſʯʚ �ȩ < ŗǮ � ŗȃ < ȩ ʌɄ ŗǮ � ŗȃ = ࡱ ʌɄ ŗǮ = ŗȃࣖ

óɄ ʚǫƨ ȭŗɱ ǋ : Z⇤
ȩ ! Z⇤

ȩ ƕƨ̇ȳƨƕ ſ˦ ǋ (ŗǮ) = ŗŗǮ Ƕʌ ɄȳƨࣽʚɄࣽɄȳƨࣖ yʚ Ƕʌ
ɄȳʚɄ ſƨƉŗʯʌƨࣘ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࢁ



͛Оά͛ϼऒЅ Џ͛ϊϼ͛ζࣘ ϵϼϊϊͺ

�Ƕʌʚ ʚǫƨ ƨțƨȭƨȳʚʌ ɄǑ Z⇤
ȩࣘ ࡱ < ŗࡹ < ŗࡽ < · · · < ŗ'(ȩ) < ȩࣖ

,țŗǶȭࣘ ȭʯțʚǶɱț˦Ƕȳǖ ࣯ŗȳƕ ɼƨƕʯƉǶȳǖ ȭɄƕ ȩࣱ ƨŗƉǫ ƨțƨȭƨȳʚ ſ˦ ʌɄȭƨ
ŗ 2 Z⇤

ȩ ʌǶȭɱț˦ ɤƣɮȣʠʋƣɾ ʚǫƨ ƨțƨȭƨȳʚʌ ŗɼɄʯȳƕࣖ

ÿǫŗʚ Ƕʌࣗ {[ŗŗࡹ]ȩ, [ŗŗࡽ]ȩ, . . . , [ŗŗ'(ȩ)]ȩ} ✓ Z⇤
ȩ Ƕʌ ƨ˥ŗƉʚț˦ ʚǫƨ ʌŗȭƨ ʌƨʚࣖ

âɼɄɄǑࣖ
óʯɱɱɄʌƨ ŗŗǮ ⌘ ŗŗȃࣗ ʚǫƨȳ ŗ(ŗǮ � ŗȃ) ⌘ ࡱ ˝ǫǶƉǫ ȭƨŗȳʌ ȩ | ŗ(ŗǮ � ŗȃ)ࣖ

$ʯʚ ʌǶȳƉƨ ŗ Ƕʌ ɼƨțŗʚǶ˙ƨț˦ ɱɼǶȭƨ ʚɄ ȩࣗ ʚǫǶʌ ȭƨŗȳʌ ȩ ƕǶ˙Ƕƕƨʌ ŗǮ � ŗȃࣗ
ſʯʚ �ȩ < ŗǮ � ŗȃ < ȩ ʌɄ ŗǮ � ŗȃ = ࡱ ʌɄ ŗǮ = ŗȃࣖ

óɄ ʚǫƨ ȭŗɱ ǋ : Z⇤
ȩ ! Z⇤

ȩ ƕƨ̇ȳƨƕ ſ˦ ǋ (ŗǮ) = ŗŗǮ Ƕʌ ɄȳƨࣽʚɄࣽɄȳƨࣖ yʚ Ƕʌ
ɄȳʚɄ ſƨƉŗʯʌƨࣘ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹࢁ



͛Оά͛ϼऒЅ Џ͛ϊϼ͛ζࣘ ϵϼϊϊͺ

¥Ʉ˝
ŗ'(ȩ) · ŗࡹ · ŗࡽ · . . . · ŗ'(ȩ) = (ŗŗࡹ) · (ŗŗࡽ) · . . . · (ŗŗ'(ȩ))

⌘ ŗࡹ · ŗࡽ · . . . · ŗ'(ȩ) ȭɄƕ ȩ

óɄ ȭʯțʚǶɱț˦ ſɄʚǫ ʌǶƕƨʌ ſ˦ ʚǫƨ Ƕȳ˙ƨɼʌƨʌ ɄǑ ŗǮ Ƕȳ Z⇤
ȩ ŗȳƕ ˦Ʉʯ ǖƨʚ

ŗ'(ȩ) ⌘ ࡹ ȭɄƕ ȩ ⇤

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽࢁ
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͛Оά͛ϼऒЅ Џ͛ϊϼ͛ζࣘ ϵϼϊϊͺ

¥Ʉ˝
ŗ'(ȩ) · ŗࡹ · ŗࡽ · . . . · ŗ'(ȩ) = (ŗŗࡹ) · (ŗŗࡽ) · . . . · (ŗŗ'(ȩ))

⌘ ŗࡹ · ŗࡽ · . . . · ŗ'(ȩ) ȭɄƕ ȩ

óɄ ȭʯțʚǶɱț˦ ſɄʚǫ ʌǶƕƨʌ ſ˦ ʚǫƨ Ƕȳ˙ƨɼʌƨʌ ɄǑ ŗǮ Ƕȳ Z⇤
ȩ ŗȳƕ ˦Ʉʯ ǖƨʚ

ŗ'(ȩ) ⌘ ࡹ ȭɄƕ ȩ

⇤

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁࢁ



͛Оά͛ϼऒЅ Џ͛ϊϼ͛ζࣘ ϵϼϊϊͺ

¥Ʉ˝
ŗ'(ȩ) · ŗࡹ · ŗࡽ · . . . · ŗ'(ȩ) = (ŗŗࡹ) · (ŗŗࡽ) · . . . · (ŗŗ'(ȩ))

⌘ ŗࡹ · ŗࡽ · . . . · ŗ'(ȩ) ȭɄƕ ȩ

óɄ ȭʯțʚǶɱț˦ ſɄʚǫ ʌǶƕƨʌ ſ˦ ʚǫƨ Ƕȳ˙ƨɼʌƨʌ ɄǑ ŗǮ Ƕȳ Z⇤
ȩ ŗȳƕ ˦Ʉʯ ǖƨʚ

ŗ'(ȩ) ⌘ ࡹ ȭɄƕ ȩ ⇤

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅࢁ



͛Оά͛ϼऒЅ Џ͛ϊϼ͛ζ

ĎʌǶȳǖ ŗ'(ȩ) ⌘ ࡹ ȭɄƕ ȩ ˝ƨ Ɖŗȳ ̇ȳƕ Ƕȳ˙ƨɼʌƨʌ ɸʯǶƉȕț˦ࣘ

çʯǶ˲ࣘ ̇ȳƕ Ƕȳ˙ƨɼʌƨ ɄǑ ࡹࡹ ȭɄƕ ࢍࡽ

(ࢍࡽ)' = (ࢁࡹ)'(ࡽ)' = ࣗࡽࡹ ʌɄ ࡽࡹࡹࡹ ⌘ ࡹ ȭɄƕ ࣗࢍࡽ ʌɄ (ࡹࡹࡹࡹ).ࡹࡹ ⌘ ࡹ ʌɄ ࡹࡹࡹࡹ Ƕʌ
ʚǫƨ Ƕȳ˙ƨɼʌƨࣖ

éƨɱƨŗʚƨƕ ʌɸʯŗɼǶȳǖ ʚɄ ̇ȳǶʌǫࣖ pȭȭ Ƕʌ ʚǫŗʚ ɼƨŗțț˦ ɸʯǶƉȕƨɼࣞ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉࢁ
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͛Оά͛ϼऒЅ Џ͛ϊϼ͛ζ

ĎʌǶȳǖ ŗ'(ȩ) ⌘ ࡹ ȭɄƕ ȩ ˝ƨ Ɖŗȳ ̇ȳƕ Ƕȳ˙ƨɼʌƨʌ ɸʯǶƉȕț˦ࣘ

çʯǶ˲ࣘ ̇ȳƕ Ƕȳ˙ƨɼʌƨ ɄǑ ࡹࡹ ȭɄƕ ࢍࡽ

(ࢍࡽ)' = (ࢁࡹ)'(ࡽ)' = ࣗࡽࡹ ʌɄ ࡽࡹࡹࡹ ⌘ ࡹ ȭɄƕ ࣗࢍࡽ ʌɄ (ࡹࡹࡹࡹ).ࡹࡹ ⌘ ࡹ ʌɄ ࡹࡹࡹࡹ Ƕʌ
ʚǫƨ Ƕȳ˙ƨɼʌƨࣖ

éƨɱƨŗʚƨƕ ʌɸʯŗɼǶȳǖ ʚɄ ̇ȳǶʌǫࣖ pȭȭ Ƕʌ ʚǫŗʚ ɼƨŗțț˦ ɸʯǶƉȕƨɼࣞ
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͛Оά͛ϼऒЅ Џ͛ϊϼ͛ζ

ĎʌǶȳǖ ŗ'(ȩ) ⌘ ࡹ ȭɄƕ ȩ ˝ƨ Ɖŗȳ ̇ȳƕ Ƕȳ˙ƨɼʌƨʌ ɸʯǶƉȕț˦ࣘ

çʯǶ˲ࣘ ̇ȳƕ Ƕȳ˙ƨɼʌƨ ɄǑ ࡹࡹ ȭɄƕ ࢍࡽ

(ࢍࡽ)' = (ࢁࡹ)'(ࡽ)' = ࣗࡽࡹ ʌɄ ࡽࡹࡹࡹ ⌘ ࡹ ȭɄƕ ࣗࢍࡽ ʌɄ (ࡹࡹࡹࡹ).ࡹࡹ ⌘ ࡹ ʌɄ ࡹࡹࡹࡹ Ƕʌ
ʚǫƨ Ƕȳ˙ƨɼʌƨࣖ

éƨɱƨŗʚƨƕ ʌɸʯŗɼǶȳǖ ʚɄ ̇ȳǶʌǫࣖ pȭȭ Ƕʌ ʚǫŗʚ ɼƨŗțț˦ ɸʯǶƉȕƨɼࣞ
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̙κϊЏ͛ϼ Џ͛ϊϼ͛ζ

ÿǫƨ Ʉțƕ ˙ƨɼʌǶɄȳ ɄǑ ʚǫǶʌ ƉɄʯɼʌƨ Ʉȳț˦ țɄɄȕƨƕ ŗʚ एbƨɼȭŗʚऒʌ țǶʚʚțƨ
ʚǫƨɄɼƨȭऐ ˝ǫǶƉǫ Ƕʌࣘ

yǑ ɤ Ƕʌ ɱɼǶȭƨ ŗȳƕ ɤ ƕɄƨʌ ȳɄʚ ƕǶ˙Ƕƕƨ ŗ 2 N+ ʚǫƨȳ

ŗɤࡹ� ⌘ ࡹ ȭɄƕ ɤ

âɼɄ˙ƨ Ƕʚࣖ

࣯¥Ʉʚƨࣘ ǑɄɼ éó� ˝ƨ ȳƨƨƕ Eʯțƨɼऒʌ ʚǫƨɄɼƨȭࣗ ȳɄʚ ʚǫǶʌ Ʉȳƨࣱ
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Just use Euler's theorem



ϊо ̙ϼ͎ ΐЅ ΐЏ Џϊ ̈́ϊζϵОЏ͛ ϵΐࣞ

�ƨȭȭŗ
�ƣʋ ɤ,ɪ Żƣ ʋˍȹ ࣯ɾƣƅɮƣʋࣗ ȑŗɮǐƣࣰ ƐǮɾʋǮȩƅʋ ɤɮǮȣƣɾࣖ �ƣʋ ȩ = ɤɪࣖ çʠɤɤȹɾƣ
ƣˉƣɮ˖ŻȹƐ˖ ȋȩȹˍɾ ȩࣖ òǣƣȩࣘ

Īȹʠ ȋȩȹˍ '(ȩ) Ǯǋ ŗȩƐ ȹȩȑ˖ Ǯǋ ˖ȹʠ ȋȩȹˍ ɤ,ɪࣖ

âɼɄɄǑࣖ

,ɄȳʌǶƕƨɼ ʚǫƨ ɸʯŗƕɼŗʚǶƉ ƨɸʯŗʚǶɄȳ

ĩࡽ + ('(ȩ)� ȩ� ĩ(ࡹ + ȩ = .ࡱ

bǶȳƕ ʚǫƨ ɼɄɄʚʌࣖ
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ϊо ̙ϼ͎ ΐЅ ΐЏ Џϊ ̈́ϊζϵОЏ͛ ϵΐࣞ

�ƨȭȭŗ
�ƣʋ ɤ,ɪ Żƣ ʋˍȹ ࣯ɾƣƅɮƣʋࣗ ȑŗɮǐƣࣰ ƐǮɾʋǮȩƅʋ ɤɮǮȣƣɾࣖ �ƣʋ ȩ = ɤɪࣖ çʠɤɤȹɾƣ
ƣˉƣɮ˖ŻȹƐ˖ ȋȩȹˍɾ ȩࣖ òǣƣȩࣘ

Īȹʠ ȋȩȹˍ '(ȩ) Ǯǋ ŗȩƐ ȹȩȑ˖ Ǯǋ ˖ȹʠ ȋȩȹˍ ɤ,ɪࣖ

âɼɄɄǑࣖ
,ɄȳʌǶƕƨɼ ʚǫƨ ɸʯŗƕɼŗʚǶƉ ƨɸʯŗʚǶɄȳ

ĩࡽ + ('(ȩ)� ȩ� ĩ(ࡹ + ȩ = .ࡱ

bǶȳƕ ʚǫƨ ɼɄɄʚʌࣖ

�ƨƉʚʯɼƨ ࣘࢍࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࢅ
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¥ƨ˥ʚ țƨƉʚʯɼƨࣘ

 éó�
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