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�ƨƉʚʯɼƨ ࣘࢅࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹ

 



ϵά̙κ

 ſǶȳɄȭǶŗț ʚǫƨɄɼƨȭ
 ƉɄȭſǶȳŗʚɄɼǶŗț ɱɼɄɄǑʌ
 ʌɄȭƨ ǑŗȭɄʯʌ ƉɄʯȳʚǶȳǖ ʌƨɸʯƨȳƉƨʌ
 ,ŗʚŗțŗȳ ȳʯȭſƨɼʌ
 ȭɄɼƨ ŗɱɱțǶƉŗʚǶɄȳʌ ɄǑ âpâ

�ƨƉʚʯɼƨ ࣘࢅࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽ



̼ΐκϊζΐ̙ά Џ͛ϊϼ͛ζ

�ƨʚ ˕, ˖ 2 R ŗȳƕ ȩ 2 N+ࣖ ÿǫƨȳ

(˕ + ˖)ȩ =
ȩX

Ǯ=ࡱ

✓
ȩ
Ǯ

◆
˕ȩ�Ǯ˖Ǯ

Eǖࣘ (˕ + ࡽ(˖

(˕ + ࢁ(˖

�ƨƉʚʯɼƨ ࣘࢅࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁ
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̼ΐκϊζΐ̙ά Џ͛ϊϼ͛ζࣘ ̈́ϊζ̼ΐκ̙Џϊϼΐ̙ά ϵϼϊϊͺ

�ƨʚ ˕, ˖ 2 R ŗȳƕ ȩ 2 N+ࣖ ÿǫƨȳ

(˕ + ˖)ȩ =
ȩX

Ǯ=ࡱ

✓
ȩ
Ǯ

◆
˕ȩ�Ǯ˖Ǯ

âɼɄɄǑࣘ

�ƨƉʚʯɼƨ ࣘࢅࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅ
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оϊϼΧЅ͛͛Џ ϵϼϊ̼ά͛ζЅ

âɼɄ˙ƨࣘ ✓
ȩ+ ࡹ
ȋ

◆
=

✓
ȩ

ȋ� ࡹ

◆
+

✓
ȩ
ȋ

◆

�ɱɱțǶƉŗʚǶɄȳࣘ âŗʌƉŗțऒʌ ʚɼǶŗȳǖțƨ

�ƨƉʚʯɼƨ ࣘࢅࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉ
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оϊϼΧЅ͛͛Џ ϵϼϊ̼ά͛ζЅ

âɼɄ˙ƨࣘ ✓
ȩ+ ࡹ
ȋ

◆
=

✓
ȩ

ȋ� ࡹ

◆
+

✓
ȩ
ȋ

◆

�ɱɱțǶƉŗʚǶɄȳࣘ âŗʌƉŗțऒʌ ʚɼǶŗȳǖțƨ

�ƨƉʚʯɼƨ ࣘࢅࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍ
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̈́ϊОκЏΐκ ЅЏϼΐκЅ

E˥ ࣘࡹࡹ țƨʚ ǋȩ = ʚǫƨ ȳʯȭſƨɼ ɄǑ ʌʚɼǶȳǖʌ ɄǑ ,ࡹ ࡽ ˝ǫɄʌƨ ƕǶǖǶʚʌ ŗƕƕ ʯɱ ʚɄ
ȩ� ࣖࡹ

ǋࡱ =

ǋࡹ =

ǋࡽ =

ǋࢁ =

�ƨƉʚʯɼƨ ࣘࢅࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó 
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̈́ϊОκЏΐκ ЅЏϼΐκЅ

E˥ ࣘࡹࡹ țƨʚ ǋȩ = ʚǫƨ ȳʯȭſƨɼ ɄǑ ʌʚɼǶȳǖʌ ɄǑ ,ࡹ ࡽ ˝ǫɄʌƨ ƕǶǖǶʚʌ ŗƕƕ ʯɱ ʚɄ
ȩ� ࣖࡹ

eƨȳƨɼŗț ǑɄɼȭʯțŗࣘ ʚǫǶȳȕ ɼƨƉʯɼʌǶ˙ƨț˦

�ƨƉʚʯɼƨ ࣘࢅࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó 
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̈́ϊОκЏΐκ ϵ̙ЏЅ

E˥ ࣘࡽࡹ țƨʚ ƅȩ = ʚǫƨ ȳʯȭſƨɼ ɄǑ ɱŗʚǫʌ Ƕȳ ʚǫƨ ˕˖ࣽɱțŗȳƨ ƉɄȳʌǶʌʚǶȳǖ ɄǑ ȩࡽ
ƕǶŗǖɄȳŗț țǶȳƨʌ ɄǑ țƨȳǖʚǫ

p
ࡽ ŗȳƕ ʌțɄɱƨ ࣗࡹ± ʌʚŗɼʚǶȳǖ ŗʚ ,ࡱ) (ࡱ ŗȳƕ

ƨȳƕǶȳǖ ŗʚ ,ȩࡽ) ࣗ(ࡱ ŗȳƕ ȳƨ˙ƨɼ ǖɄǶȳǖ ſƨțɄ˝ ʚǫƨ ˕ࣽŗ˥Ƕʌࣖ

ƅࡱ =

ƅࡹ =

ƅࡽ =

eƨȳƨɼŗț ǑɄɼȭʯțŗࣘ ʚǫǶȳȕ ɼƨƉʯɼʌǶ˙ƨț˦

�ƨƉʚʯɼƨ ࣘࢅࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢙
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siderostat

I 2 I I 2 1

5

I famous sequence

Catalan numbers

1 1 2 5 14

s Coly C G GG Ge
Cuco

I 14 1 5 22 5 1

14 I
28 4 41 oeis.org



ϵ̙ЏЏ͛ϼκ ̙лϊΐ͎ΐκ ϵ͛ϼζОЏ̙ЏΐϊκЅ

óɄɼʚ ɄʯʚࣽɄǑࣽɄɼƕƨɼ ƕŗʚŗ ࣯ɱƨɼȭʯʚŗʚǶɄȳʌࣱ ˝Ƕʚǫ ŗ ʌʚŗƉȕ ɼǶǖǫʚࣽʚɄࣽțƨǒʚࣖ

ࡹࢉࢅࡽࢁ

ࡽࡹࢁ

ࡹࢁࡽ

İǫǶƉǫ ɱƨɼȭʯʚŗʚǶɄȳʌ Ɖŗȳऒʚ ſƨ ʌɄɼʚƨƕࣞ

�ƨƉʚʯɼƨ ࣘࢅࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࡹ
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ϵ̙ЏЏ͛ϼκ ̙лϊΐ͎ΐκ ϵ͛ϼζОЏ̙ЏΐϊκЅ

ÿǫƨɄɼƨȭ ࣯�ȳʯʚǫ ࣱࢍ࢙ࡹ
� ɤƣɮȣʠʋŗʋǮȹȩ ƅŗȩ Żƣ ɾȹɮʋƣƐ Ż˖ ɤŗɾɾǮȩǐ Ǯʋ ࣽɮǮǐǣʋࣽʋȹࣽȑƣǌʋ ʋǣɮȹʠǐǣ ŗȩ
Ǯȩ̃ȩǮʋƣ ɾʋŗƅȋ Ǯǋ ŗȩƐ ȹȩȑ˖ Ǯǋ Ǯʋ ŗ˙ɄǶƕʌ ࣖࡲࡴࡳ

�ȩƐࣗ ʋǣƣ˖ ŗɮƣ ƣȩʠȣƣɮŗʋƣƐ Ż˖ ʋǣƣ *ŗʋŗȑŗȩ ȩʠȣŻƣɮɾࣖ

âɼɄɄǑࣘ

�ƨƉʚʯɼƨ ࣘࢅࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹࡹ
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ϵϵ

İƨ ʌŗ˦ ŗ ʌƨɸʯƨȳƉƨ ɄǑ ȳʯȭſƨɼʌ ,ࢁ ,࢙ ,ࡽ , ,ࢍ ,ࡹ ,ࢅ ,ࡱࡹ ,ࢉ  ƅȹȩʋŗǮȩɾ ŗ
ɾʠŻɾƣɪʠƣȩƅƣ ǶǑ ˦Ʉʯ Ɖŗȳ ɼƨȭɄ˙ƨ ŗ Ǒƨ˝ ȳʯȭſƨɼʌ ʚɄ ɄſʚŗǶȳ ʚǫƨ
ʌʯſʌƨɸʯƨȳƉƨࣗ ǑɄɼ ƨ˥ŗȭɱțƨ ʚǫƨ ŗſɄ˙ƨ ƉɄȳʚŗǶȳʌ ,ࡽ ,ࢍ ,ࢅ ࣖ yʚ ƉɄȳʚŗǶȳʌ ŗȳ
ǶȳƉɼƨŗʌǶȳǖ ʌƨɸʯƨȳƉƨ ,ࢁ ,ࢍ ࡱࡹ ŗȳƕ ŗ ƕƨƉɼƨŗʌǶȳǖ ʌƨɸʯƨȳƉƨ ,࢙ , ,ࢍ .ࢅ

�ƨȭȭŗ ࣯Eɼƕɟʌ ŗȳƕ ó˲ƨȕƨɼƨʌ ࣱࢉࢁ࢙ࡹ
^ȹɮ ƣŗƅǣ ȩ 2 N+ࣗ ŗȩ˖ ɾƣɪʠƣȩƅƣ ȹǋ ȩࡽ + ࡹ ƐǮɾʋǮȩƅʋ ɮƣŗȑ ȩʠȣŻƣɮɾ
ƅȹȩʋŗǮȩɾ ŗ ƐƣƅɮƣŗɾǮȩǐ ȹɮ ǮȩƅɮƣŗɾǮȩǐ ɾʠŻɾƣɪʠƣȩƅƣ ȹǋ ȑƣȩǐʋǣ ȩ+ ࣖࡹ

�ƨƉʚʯɼƨ ࣘࢅࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽࡹ

distinct



ϵϵ

İƨ ʌŗ˦ ŗ ʌƨɸʯƨȳƉƨ ɄǑ ȳʯȭſƨɼʌ ,ࢁ ,࢙ ,ࡽ , ,ࢍ ,ࡹ ,ࢅ ,ࡱࡹ ,ࢉ  ƅȹȩʋŗǮȩɾ ŗ
ɾʠŻɾƣɪʠƣȩƅƣ ǶǑ ˦Ʉʯ Ɖŗȳ ɼƨȭɄ˙ƨ ŗ Ǒƨ˝ ȳʯȭſƨɼʌ ʚɄ ɄſʚŗǶȳ ʚǫƨ
ʌʯſʌƨɸʯƨȳƉƨࣗ ǑɄɼ ƨ˥ŗȭɱțƨ ʚǫƨ ŗſɄ˙ƨ ƉɄȳʚŗǶȳʌ ,ࡽ ,ࢍ ,ࢅ ࣖ yʚ ƉɄȳʚŗǶȳʌ ŗȳ
ǶȳƉɼƨŗʌǶȳǖ ʌƨɸʯƨȳƉƨ ,ࢁ ,ࢍ ࡱࡹ ŗȳƕ ŗ ƕƨƉɼƨŗʌǶȳǖ ʌƨɸʯƨȳƉƨ ,࢙ , ,ࢍ .ࢅ

�ƨȭȭŗ ࣯Eɼƕɟʌ ŗȳƕ ó˲ƨȕƨɼƨʌ ࣱࢉࢁ࢙ࡹ
^ȹɮ ƣŗƅǣ ȩ 2 N+ࣗ ŗȩ˖ ɾƣɪʠƣȩƅƣ ȹǋ ȩࡽ + ࡹ ƐǮɾʋǮȩƅʋ ɮƣŗȑ ȩʠȣŻƣɮɾ
ƅȹȩʋŗǮȩɾ ŗ ƐƣƅɮƣŗɾǮȩǐ ȹɮ ǮȩƅɮƣŗɾǮȩǐ ɾʠŻɾƣɪʠƣȩƅƣ ȹǋ ȑƣȩǐʋǣ ȩ+ ࣖࡹ

�ƨƉʚʯɼƨ ࣘࢅࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁࡹ

n't 10 341 nay



ϵϵ

İƨ ʌŗ˦ ŗ ʌƨɸʯƨȳƉƨ ɄǑ ȳʯȭſƨɼʌ ,ࢁ ,࢙ ,ࡽ , ,ࢍ ,ࡹ ,ࢅ ,ࡱࡹ ,ࢉ  ƅȹȩʋŗǮȩɾ ŗ
ɾʠŻɾƣɪʠƣȩƅƣ ǶǑ ˦Ʉʯ Ɖŗȳ ɼƨȭɄ˙ƨ ŗ Ǒƨ˝ ȳʯȭſƨɼʌ ʚɄ ɄſʚŗǶȳ ʚǫƨ
ʌʯſʌƨɸʯƨȳƉƨࣗ ǑɄɼ ƨ˥ŗȭɱțƨ ʚǫƨ ŗſɄ˙ƨ ƉɄȳʚŗǶȳʌ ,ࡽ ,ࢍ ,ࢅ ࣖ yʚ ƉɄȳʚŗǶȳʌ ŗȳ
ǶȳƉɼƨŗʌǶȳǖ ʌƨɸʯƨȳƉƨ ,ࢁ ,ࢍ ࡱࡹ ŗȳƕ ŗ ƕƨƉɼƨŗʌǶȳǖ ʌƨɸʯƨȳƉƨ ,࢙ , ,ࢍ .ࢅ

�ƨȭȭŗ ࣯Eɼƕɟʌ ŗȳƕ ó˲ƨȕƨɼƨʌ ࣱࢉࢁ࢙ࡹ
^ȹɮ ƣŗƅǣ ȩ 2 N+ࣗ ŗȩ˖ ɾƣɪʠƣȩƅƣ ȹǋ ȩࡽ + ࡹ ƐǮɾʋǮȩƅʋ ɮƣŗȑ ȩʠȣŻƣɮɾ
ƅȹȩʋŗǮȩɾ ŗ ƐƣƅɮƣŗɾǮȩǐ ȹɮ ǮȩƅɮƣŗɾǮȩǐ ɾʠŻɾƣɪʠƣȩƅƣ ȹǋ ȑƣȩǐʋǣ ȩ+ ࣖࡹ

�ƨƉʚʯɼƨ ࣘࢅࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅࡹ

Is



ϵϵ

�ƨȭȭŗ ࣯Eɼƕɟʌ ŗȳƕ ó˲ƨȕƨɼƨʌ ࣱࢉࢁ࢙ࡹ
^ȹɮ ƣŗƅǣ ȩ 2 N+ࣗ ŗȩ˖ ɾƣɪʠƣȩƅƣ ȹǋ ȩࡽ + ࡹ ƐǮɾʋǮȩƅʋ ɮƣŗȑ ȩʠȣŻƣɮɾ
ƅȹȩʋŗǮȩɾ ŗ ƐƣƅɮƣŗɾǮȩǐ ȹɮ ǮȩƅɮƣŗɾǮȩǐ ɾʠŻɾƣɪʠƣȩƅƣ ȹǋ ȑƣȩǐʋǣ ȩ+ ࣖࡹ

âɼɄɄǑࣘ óƨƨ eɼǶȭŗțƕǶ ँ 6ǶʌƉɼƨʚƨ ¡ŗʚǫࣖ

�ƨƉʚʯɼƨ ࣘࢅࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉࡹ



κ͛хЏ Џΐζ͛

 ¥ʯȭſƨɼ ʚǫƨɄɼ˦

�ƨƉʚʯɼƨ ࣘࢅࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍࡹ
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