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ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó
�ƨƉʚʯɼƨ ࣘࢉࡹ ¥ʯȭſƨɼ ʚǫƨɄɼ˦

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹ

 



ϵά̙κ

࣢ ¥ʯȭſƨɼ ʚǫƨɄɼ˦
࣢ óǶȭɱțƨ ƨȳƉɼ˦ɱʚǶɄȳ
࣢ éƨɱƨŗʚƨƕ ʌɸʯŗɼǶȳǖ
࣢ Eʯțƨɼऒʌ ' ǑʯȳƉʚǶɄȳ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽ

phi G



κОζ̼͛ϼ Џ΋͛ϊϼц

éƨƉŗțțࣗ ˝ƨ ǫŗ˙ƨ ƕƨ̇ȳƨƕ N ࣯ŗȳƕ Zࣱ ˝Ƕʚǫ + ŗȳƕ ⇥ࣖ

İƨ ƕƨ̇ȳƨƕ ŗ | Ż ǶǑ . . .

İƨ ƕƨ̇ȳƨƕ ŗ ⌘ Ż ȭɄƕ Ɛ ǶǑ . . .

6ƨ̇ȳƨ [ŗ]Ɛ ʚɄ ſƨ ʚǫƨ ɼƨȭŗǶȳƕƨɼ ࡱ 6 ɮ < Ɛ ɄǑ ŗ Ʉȳ ƕǶ˙ǶʌǶɄȳ ſ˦ Ɛࣖ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁ
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κОζ̼͛ϼ Џ΋͛ϊϼц

éƨƉŗțțࣗ ˝ƨ ǫŗ˙ƨ ƕƨ̇ȳƨƕ N ࣯ŗȳƕ Zࣱ ˝Ƕʚǫ + ŗȳƕ ⇥ࣖ

İƨ ƕƨ̇ȳƨƕ ŗ | Ż ǶǑ . . .

İƨ ƕƨ̇ȳƨƕ ŗ ⌘ Ż ȭɄƕ Ɛ ǶǑ . . .

6ƨ̇ȳƨ [ŗ]Ɛ ʚɄ ſƨ ʚǫƨ ɼƨȭŗǶȳƕƨɼ ࡱ 6 ɮ < Ɛ ɄǑ ŗ Ʉȳ ƕǶ˙ǶʌǶɄȳ ſ˦ Ɛࣖ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅ

31 1



κОζ̼͛ϼ Џ΋͛ϊϼц

�ƨȭȭŗ
[[ŗ]Ɛ + [Ż]Ɛ]Ɛ = [ŗ+ Ż]Ɛ

âɼɄɄǑࣘ

⇤

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉ
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κОζ̼͛ϼ Џ΋͛ϊϼц

�ƨȭȭŗ
[[ŗ]Ɛ[Ż]Ɛ]Ɛ = [ŗŻ]Ɛ

âɼɄɄǑࣘ

⇤

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍ
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̙ϵϵάΐ̙̈́ЏΐϊκЅ

óʯɱɱɄʌƨ ʌɄȭƨɄȳƨ ʚɼǶƉȕʌ ˦Ʉʯ ǶȳʚɄ ſƨțǶƨ˙Ƕȳǖ ʚǫŗʚ

ࢁࢁࡽ · ࢑࢑ࢉ = ࡹࢅࢅࢉࢁࡹ

Ďʌƨ ƉɄȳǖɼʯƨȳƉƨʌ ࣯Ǯࣖƣࣖ ȭɄƕࣱ ʚɄ ɱɼɄ˙ƨ ʚǫƨȭ ˝ɼɄȳǖࣖ ࡹ

bɼɄȭࡹ �ŗʯɼǶʚ˲ƨȳࣗ ,ɄȳƉɼƨʚƨ �ſʌʚɼŗƉʚ �țǖƨſɼŗࣖ 6Ʉ Ƕʚ ˝ǶʚǫɄʯʚ ŗ ƉŗțƉʯțŗʚɄɼࣖ
�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢑
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̙ϵϵάΐ̙̈́ЏΐϊκЅ

pƨɼƨ Ƕʌ ŗ ʚɼǶƉȕ ʚɄ ƉɄȭɱʯʚƨɼ ࢁ[˕] ɼƨŗțț˦ Ǒŗʌʚࣘ ǶǑ

˕ = ŗȩࡱࡹȩ + ŗȩࡱࡹࡹ�ȩࡹ� + · · ·+ ŗࡱࡹࡹ+ ŗࡱ

࣯ʚǫŗʚ Ƕʌࣗ ŗʌ ŗ ſŗʌƨ ࡱࣽࡹ ȳʯȭſƨɼ ˕ = ŗȩ . . .ŗࣱࡱ

ʚǫƨȳ ʌǶȳƉƨ ࡱࡹ = +࢙ ࡹ ⌘ ࡹ mod ࣗࢁ ˝ƨ Ɖŗȳ ʌǶȭɱț˦ ŗƕƕ ʯɱ ʚǫƨ ƕǶǖǶʚʌ
ʚǫƨȳ ɼƨƕʯƉƨ ȭɄƕ ࣖࢁ

âɼɄɄǑࣘ

⇤

óŗȭƨ ŗɼǖʯȭƨȳʚ ˝Ʉɼȕʌ ǑɄɼ ɼƨƕʯƉǶȳǖ ȭɄƕ ࢙ࣖ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢕
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I
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̙ϵϵάΐ̙̈́ЏΐϊκЅ

pƨɼƨ Ƕʌ ŗ ʚɼǶƉȕ ʚɄ ƉɄȭɱʯʚƨɼ ࢁ[˕] ɼƨŗțț˦ Ǒŗʌʚࣘ ǶǑ

˕ = ŗȩࡱࡹȩ + ŗȩࡱࡹࡹ�ȩࡹ� + · · ·+ ŗࡱࡹࡹ+ ŗࡱ

࣯ʚǫŗʚ Ƕʌࣗ ŗʌ ŗ ſŗʌƨ ࡱࣽࡹ ȳʯȭſƨɼ ˕ = ŗȩ . . .ŗࣱࡱ

ʚǫƨȳ ʌǶȳƉƨ ࡱࡹ = +࢙ ࡹ ⌘ ࡹ mod ࣗࢁ ˝ƨ Ɖŗȳ ʌǶȭɱț˦ ŗƕƕ ʯɱ ʚǫƨ ƕǶǖǶʚʌ
ʚǫƨȳ ɼƨƕʯƉƨ ȭɄƕ ࣖࢁ

âɼɄɄǑࣘ

⇤

óŗȭƨ ŗɼǖʯȭƨȳʚ ˝Ʉɼȕʌ ǑɄɼ ɼƨƕʯƉǶȳǖ ȭɄƕ ࢙ࣖ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢙



̙ϵϵάΐ̙̈́ЏΐϊκЅࣘ ̙ͺͺΐκ͛ ̈́ΐϵ΋͛ϼ ࣯Џϊ Ѕ͛κ͎ Ѕ͛̈́ϼ͛Џ ζ͛ЅЅ̙΀͛Ѕࣱ

�ʌʌǶǖȳ ȳʯȭſƨɼʌ ,ࡱ . . . , ࢉࡽ ʚɄ ʚǫƨ țƨʚʚƨɼʌ �, . . . , Ķࣖ

6ƨ̇ȳƨ ŗ ǑʯȳƉʚǶɄȳ ǋ : Zࢍࡽ ! Zࢍࡽ ſ˦

ǋ (ĩ) = ↵ĩ + � ȭɄƕ ࢍࡽ

yǑ ˦Ʉʯ ƉǫɄɄʌƨ ↵,� ˝Ƕʌƨț˦ ࣯Ǯࣖƣࣖ ʌɄ ʚǫŗʚ ǋ Ƕʌ ŗ ſǶȍƨƉʚǶɄȳࣱࣗ ʚǫƨ ǑʯȳƉʚǶɄȳ ǋ
˝Ƕțț ǫŗ˙ƨ ŗ ƐƣƅȹƐǮȩǐ ǋʠȩƅʋǮȹȩ ࣯Ƕȳ˙ƨɼʌƨࣱ

ǐ(ĩ) = ĩ)ࡹ�↵ � �) ȭɄƕ ࢍࡽ

çʯƨʌʚǶɄȳࣘ ˝ǫŗʚ ƕɄƨʌ ࡹ�↵ ࣯ȭʯțʚǶɱțǶƉŗʚǶ˙ƨ Ƕȳ˙ƨɼʌƨࣱ ȭƨŗȳ ˝ɄɼȕǶȳǖ
ȭɄƕ ࣞࢍࡽ

�ȳʌ˝ƨɼࣘ ŗ ȳʯȭſƨɼ ʌɄ ʚǫŗʚ ˝ǫƨȳ ˦Ʉʯ ȭʯțʚǶɱț˦ ʚǫƨȭࣗ ʚǫƨ˦ ǖǶ˙ƨ ࡹ ࣯ȭɄƕ
ࣱࣖࢍࡽ

Eǖࣘ ࢉࡽ.ࢉࡽ = ࢉࡽࢍ = +ࢅࡽࢍ ࡹ ʌɄ ࢉࡽ Ƕʌ ʚǫƨ Ƕȳ˙ƨɼʌƨ ɄǑ ࣖࢉࡽ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࡹ
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̙ϵϵάΐ̙̈́ЏΐϊκЅࣘ ̙ͺͺΐκ͛ ̈́ΐϵ΋͛ϼ ࣯Џϊ Ѕ͛κ͎ Ѕ͛̈́ϼ͛Џ ζ͛ЅЅ̙΀͛Ѕࣱ

�ʌʌǶǖȳ ȳʯȭſƨɼʌ ,ࡱ . . . , ࢉࡽ ʚɄ ʚǫƨ țƨʚʚƨɼʌ �, . . . , Ķࣖ

6ƨ̇ȳƨ ŗ ǑʯȳƉʚǶɄȳ ǋ : Zࢍࡽ ! Zࢍࡽ ſ˦

ǋ (ĩ) = ↵ĩ + � ȭɄƕ ࢍࡽ

yǑ ˦Ʉʯ ƉǫɄɄʌƨ ↵,� ˝Ƕʌƨț˦ ࣯Ǯࣖƣࣖ ʌɄ ʚǫŗʚ ǋ Ƕʌ ŗ ſǶȍƨƉʚǶɄȳࣱࣗ ʚǫƨ ǑʯȳƉʚǶɄȳ ǋ
˝Ƕțț ǫŗ˙ƨ ŗ ƐƣƅȹƐǮȩǐ ǋʠȩƅʋǮȹȩ ࣯Ƕȳ˙ƨɼʌƨࣱ

ǐ(ĩ) = ĩ)ࡹ�↵ � �) ȭɄƕ ࢍࡽ

çʯƨʌʚǶɄȳࣘ ˝ǫŗʚ ƕɄƨʌ ࡹ�↵ ࣯ȭʯțʚǶɱțǶƉŗʚǶ˙ƨ Ƕȳ˙ƨɼʌƨࣱ ȭƨŗȳ ˝ɄɼȕǶȳǖ
ȭɄƕ ࣞࢍࡽ

�ȳʌ˝ƨɼࣘ ŗ ȳʯȭſƨɼ ʌɄ ʚǫŗʚ ˝ǫƨȳ ˦Ʉʯ ȭʯțʚǶɱț˦ ʚǫƨȭࣗ ʚǫƨ˦ ǖǶ˙ƨ ࡹ ࣯ȭɄƕ
ࣱࣖࢍࡽ

Eǖࣘ ࢉࡽ.ࢉࡽ = ࢉࡽࢍ = +ࢅࡽࢍ ࡹ ʌɄ ࢉࡽ Ƕʌ ʚǫƨ Ƕȳ˙ƨɼʌƨ ɄǑ ࣖࢉࡽ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹࡹ
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̙ϵϵάΐ̙̈́ЏΐϊκЅࣘ ̙ͺͺΐκ͛ ̈́ΐϵ΋͛ϼ ࣯Џϊ Ѕ͛κ͎ Ѕ͛̈́ϼ͛Џ ζ͛ЅЅ̙΀͛Ѕࣱ

�ʌʌǶǖȳ ȳʯȭſƨɼʌ ,ࡱ . . . , ࢉࡽ ʚɄ ʚǫƨ țƨʚʚƨɼʌ �, . . . , Ķࣖ

6ƨ̇ȳƨ ŗ ǑʯȳƉʚǶɄȳ ǋ : Zࢍࡽ ! Zࢍࡽ ſ˦

ǋ (ĩ) = ↵ĩ + � ȭɄƕ ࢍࡽ

yǑ ˦Ʉʯ ƉǫɄɄʌƨ ↵,� ˝Ƕʌƨț˦ ࣯Ǯࣖƣࣖ ʌɄ ʚǫŗʚ ǋ Ƕʌ ŗ ſǶȍƨƉʚǶɄȳࣱࣗ ʚǫƨ ǑʯȳƉʚǶɄȳ ǋ
˝Ƕțț ǫŗ˙ƨ ŗ ƐƣƅȹƐǮȩǐ ǋʠȩƅʋǮȹȩ ࣯Ƕȳ˙ƨɼʌƨࣱ

ǐ(ĩ) = ĩ)ࡹ�↵ � �) ȭɄƕ ࢍࡽ

çʯƨʌʚǶɄȳࣘ ˝ǫŗʚ ƕɄƨʌ ࡹ�↵ ࣯ȭʯțʚǶɱțǶƉŗʚǶ˙ƨ Ƕȳ˙ƨɼʌƨࣱ ȭƨŗȳ ˝ɄɼȕǶȳǖ
ȭɄƕ ࣞࢍࡽ

�ȳʌ˝ƨɼࣘ ŗ ȳʯȭſƨɼ ʌɄ ʚǫŗʚ ˝ǫƨȳ ˦Ʉʯ ȭʯțʚǶɱț˦ ʚǫƨȭࣗ ʚǫƨ˦ ǖǶ˙ƨ ࡹ ࣯ȭɄƕ
ࣱࣖࢍࡽ

Eǖࣘ ࢉࡽ.ࢉࡽ = ࢉࡽࢍ = +ࢅࡽࢍ ࡹ ʌɄ ࢉࡽ Ƕʌ ʚǫƨ Ƕȳ˙ƨɼʌƨ ɄǑ ࣖࢉࡽ
�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽࡹ
if



̙ϵϵάΐ̙̈́ЏΐϊκЅ

éƨƉŗțțࣘ ǖƉƕ(ŗ,Ż) Ƕʌ ʚǫƨ ǖɼƨŗʚƨʌʚ ɱɄʌǶʚǶ˙ƨ Ƕȳʚƨǖƨɼ ʚǫŗʚ ƕǶ˙Ƕƕƨʌ ſɄʚǫ ŗ
ŗȳƕ Żࣖ

bɄɼȭŗțࣘ Ɛ = ǖƉƕ(ŗ,Ż) ǶǑ Ɛ > ࣗࡱ Ɛ | ŗ,Ɛ | Żࣗ ŗȳƕ ǶǑ ƅ | ŗ, ƅ | Ż ʚǫƨȳ ƅ | Ɛࣖ

éƨƉŗțț EʯƉțǶƕƨŗȳ ŗțǖɄɼǶʚǫȭ ʚɄ ƉɄȭɱʯʚƨ Ƕʚࣖ

eǶ˙ƨȳ ˕ࣗ ˝ƨ ˝ŗȳʚ ʚɄ ̇ȳƕ ˖ ʌɄ ʚǫŗʚ ˕.˖ ⌘ ࡹ ȭɄƕ ࣖࢍࡽ óɄ ˝ƨ ɼʯȳ EʯƉțǶƕ
ŗțǖ ſŗƉȕ˝ŗɼƕʌࣖ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁࡹ



̙ϵϵάΐ̙̈́ЏΐϊκЅ

éƨƉŗțțࣘ ǖƉƕ(ŗ,Ż) Ƕʌ ʚǫƨ ǖɼƨŗʚƨʌʚ ɱɄʌǶʚǶ˙ƨ Ƕȳʚƨǖƨɼ ʚǫŗʚ ƕǶ˙Ƕƕƨʌ ſɄʚǫ ŗ
ŗȳƕ Żࣖ

bɄɼȭŗțࣘ Ɛ = ǖƉƕ(ŗ,Ż) ǶǑ Ɛ > ࣗࡱ Ɛ | ŗ,Ɛ | Żࣗ ŗȳƕ ǶǑ ƅ | ŗ, ƅ | Ż ʚǫƨȳ ƅ | Ɛࣖ

éƨƉŗțț EʯƉțǶƕƨŗȳ ŗțǖɄɼǶʚǫȭ ʚɄ ƉɄȭɱʯʚƨ Ƕʚࣖ

eǶ˙ƨȳ ˕ࣗ ˝ƨ ˝ŗȳʚ ʚɄ ̇ȳƕ ˖ ʌɄ ʚǫŗʚ ˕.˖ ⌘ ࡹ ȭɄƕ ࣖࢍࡽ óɄ ˝ƨ ɼʯȳ EʯƉțǶƕ
ŗțǖ ſŗƉȕ˝ŗɼƕʌࣖ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅࡹ



̙ϵϵάΐ̙̈́ЏΐϊκЅ

éƨƉŗțțࣘ ǖƉƕ(ŗ,Ż) Ƕʌ ʚǫƨ ǖɼƨŗʚƨʌʚ ɱɄʌǶʚǶ˙ƨ Ƕȳʚƨǖƨɼ ʚǫŗʚ ƕǶ˙Ƕƕƨʌ ſɄʚǫ ŗ
ŗȳƕ Żࣖ

bɄɼȭŗțࣘ Ɛ = ǖƉƕ(ŗ,Ż) ǶǑ Ɛ > ࣗࡱ Ɛ | ŗ,Ɛ | Żࣗ ŗȳƕ ǶǑ ƅ | ŗ, ƅ | Ż ʚǫƨȳ ƅ | Ɛࣖ

éƨƉŗțț EʯƉțǶƕƨŗȳ ŗțǖɄɼǶʚǫȭ ʚɄ ƉɄȭɱʯʚƨ Ƕʚࣖ

eǶ˙ƨȳ ˕ࣗ ˝ƨ ˝ŗȳʚ ʚɄ ̇ȳƕ ˖ ʌɄ ʚǫŗʚ ˕.˖ ⌘ ࡹ ȭɄƕ ࣖࢍࡽ óɄ ˝ƨ ɼʯȳ EʯƉțǶƕ
ŗțǖ ſŗƉȕ˝ŗɼƕʌࣖ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉࡹ

FEEL C 12125 4.25726 1
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̙ϵϵάΐ̙̈́ЏΐϊκЅ

Eǖࣗ ǶǑ ↵ = ࣗࢁ ̇ȳƕ ࡹ�↵ ࣯ȭɄƕ ࣱࣖࢍࡽ

ࢍࡽ = +ࢁ.࢕ ࡽ
ࢁ = +ࡽ.ࡹ ࣖࡹ
éƨ˝ɼǶʚƨ ࡹ = ...

E˥ࣘ ̇ȳƕ Ƕȳ˙ƨɼʌƨ ȭɄƕ ࢍࡽ ǑɄɼ ↵ = ࡹࡹ ŗȳƕ ↵ = ࢁࡹ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍࡹ

y
26 8 3 2

3 1 21
1 3 2

3
26 8 3

9 3 26



̙ϵϵάΐ̙̈́ЏΐϊκЅ

Eǖࣗ ǶǑ ↵ = ࣗࢁ ̇ȳƕ ࡹ�↵ ࣯ȭɄƕ ࣱࣖࢍࡽ

ࢍࡽ = +ࢁ.࢕ ࡽ
ࢁ = +ࡽ.ࡹ ࣖࡹ
éƨ˝ɼǶʚƨ ࡹ = ...

E˥ࣘ ̇ȳƕ Ƕȳ˙ƨɼʌƨ ȭɄƕ ࢍࡽ ǑɄɼ ↵ = ࡹࡹ ŗȳƕ ↵ = ࢁࡹ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢑ࡹ

1 9 3
26

we
3 2 3 26 8.3

3 26 8 3 9.3 26

26 211 4 9 26
11 2.4 43

4 1 341
1 4 3 4 11 2 4 245.14134 312.6 2117

3 26 6.1111



̙ϵϵάΐ̙̈́ЏΐϊκЅ

ÿǫƨ ǑɄțțɄ˝Ƕȳǖ ȭƨʌʌŗǖƨ ˝ŗʌ ƨȳƉɄƕƨƕ ʯʌǶȳǖ ŗȳ ŗ˾ȳƨ ƉǶɱǫƨɼ
ǋ (ĩ) = ĩࢁ + ࣖࡹ

YPKKTRTCKM
6ƨƉɄƕƨ Ƕʚࣖ

pǶȳʚࣘ ǐ(ĩ) = ĩ)ࡹ�↵ � ࣖ(ࡹ óɄ ̇ȳƕ एࡹ�ࢁ ȭɄƕ ऐࣖࢍࡽ

ÿǫǶʌ ȭǶǖǫʚ ſƨ ʯʌƨǑʯțࣘ
ŗ ſ Ɖ ƕ ƨ Ǒ ǖ ǫ Ƕ ȍ ȕ ț ȭ ȳ Ʉ ɱ ɸ ɼ ʌ
ࡴ ࡻ ࡿ ࢃ ࢇ ࢋ ࢏ ࢓ ࢗ ࢛ ࡴࡻ ࡻࡻ ࡿࡻ ࢃࡻ ࢇࡻ ࢋࡻ ࢏ࡻ ࢓ࡻ ࢗࡻ
ʚ ʯ ˙ ˝ ˥ ˦ ˲
࢛ࡻ ࡴࡿ ࡻࡿ ࡿࡿ ࢃࡿ ࢇࡿ ࢋࡿ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢕ࡹ

3 26
7 11

I 7 11 mod 26 SEE g

9 x



̙ϵϵάΐ̙̈́ЏΐϊκЅ

ÿǫƨ ǑɄțțɄ˝Ƕȳǖ ȭƨʌʌŗǖƨ ˝ŗʌ ƨȳƉɄƕƨƕ ʯʌǶȳǖ ŗȳ ŗ˾ȳƨ ƉǶɱǫƨɼ
ǋ (ĩ) = ĩࢁ + ࣖࡹ

YPKKTRTCKM
6ƨƉɄƕƨ Ƕʚࣖ

pǶȳʚࣘ ǐ(ĩ) = ĩ)ࡹ�↵ � ࣖ(ࡹ óɄ ̇ȳƕ एࡹ�ࢁ ȭɄƕ ऐࣖࢍࡽ

ÿǫǶʌ ȭǶǖǫʚ ſƨ ʯʌƨǑʯțࣘ
ŗ ſ Ɖ ƕ ƨ Ǒ ǖ ǫ Ƕ ȍ ȕ ț ȭ ȳ Ʉ ɱ ɸ ɼ ʌ
ࡴ ࡻ ࡿ ࢃ ࢇ ࢋ ࢏ ࢓ ࢗ ࢛ ࡴࡻ ࡻࡻ ࡿࡻ ࢃࡻ ࢇࡻ ࢋࡻ ࢏ࡻ ࢓ࡻ ࢗࡻ
ʚ ʯ ˙ ˝ ˥ ˦ ˲
࢛ࡻ ࡴࡿ ࡻࡿ ࡿࡿ ࢃࡿ ࢇࡿ ࢋࡿ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢙ࡹ

9 12
108
104

I

qiu i

3 mod 26
9

Feist

sa f
a 7 t

ÉO



ОЅ͛ͺОά ͎͛ͺΐκΐЏΐϊκ

yǑ ǖƉƕ(ŗ,Ż) = ࡹ ˝ƨ ʌŗ˦ ŗ,Ż ŗɼƨ ɮƣȑŗʋǮˉƣȑ˖ ɤɮǮȣƣࣖ

E˥ࣘ ˝ǫǶƉǫ ɱŗǶɼʌ ɄǑ ȳʯȭſƨɼʌ ŗɼƨ ɼƨțŗʚǶ˙ƨț˦ ɱɼǶȭƨ Ʉʯʚ ɄǑࣘ ,࢕ࢉ ,ࡹ࢙ࢅ ࣞࡽࢍ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࡽ

26 2 13 0

god 26,131 13
so 13
doesn't

e

rite

gcd 62,58 IT
491 858427

god 4911,58 I 58 2 27 4

484 52,5 54



4911 7.62 57 62

4

s
57 11.5 42

god 491,62
I

Ex
5 2.2

S 2 57 11 5

5 2 57 22 5

23 5 2.57

23 62 57
2 57

27 62 23.57
25

23 62 25 257
23 62 251491 762

I 23 62 25 491 175 62

Its 198.62 25.491

I verse mod 491 of 62 is



̙ϵϵάΐ̙̈́ЏΐϊκЅ

,ɼƨƕǶʚ Ɖŗɼƕ ȳʯȭſƨɼʌࣗ yó$¥ ȳʯȭſƨɼʌࣗ ſŗɼƉɄƕƨʌ ƉɄȳʚŗǶȳ ŗ ƅǣƣƅȋ ƐǮǐǮʋࣖ

yó$¥ ȳʯȭſƨɼʌ ࣯ŗǒʚƨɼ ࣱ࢑ࡱࡱࡽ ŗɼƨ ࢁࡹ ƕǶǖǶʚʌ țɄȳǖ ŗȳƕ ʚǫƨ ɼʯțƨ Ƕʌࣘ

Xࢍ

ȃ=ࡱ
ŗࡽȃ+ࡹ +

Xࢍ

ȃ=ࡹ
ȃࡽŗࢁ ⌘ ࡱ ȭɄƕ ࡱࡹ

E˥ࣘ ,ǫƨƉȕ ʚǫƨ yó$¥ Ƕʌ ƉɄɼɼƨƉʚ ǑɄɼ �ŗʯɼǶʚ˲ƨȳࣘ �࢕࢑࢙ �ࡱ �ࡹࡽࢉ �ࡱࡹࢅࢁࢉ ࢙ࣖ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹࡽ

Inverse mod 491 of 62,8g



̙ϵϵάΐ̙̈́ЏΐϊκЅ

,ɼƨƕǶʚ Ɖŗɼƕ ȳʯȭſƨɼʌࣗ yó$¥ ȳʯȭſƨɼʌࣗ ſŗɼƉɄƕƨʌ ƉɄȳʚŗǶȳ ŗ ƅǣƣƅȋ ƐǮǐǮʋࣖ

yó$¥ ȳʯȭſƨɼʌ ࣯ŗǒʚƨɼ ࣱ࢑ࡱࡱࡽ ŗɼƨ ࢁࡹ ƕǶǖǶʚʌ țɄȳǖ ŗȳƕ ʚǫƨ ɼʯțƨ Ƕʌࣘ

Xࢍ

ȃ=ࡱ
ŗࡽȃ+ࡹ +

Xࢍ

ȃ=ࡹ
ȃࡽŗࢁ ⌘ ࡱ ȭɄƕ ࡱࡹ

E˥ࣘ ,ǫƨƉȕ ʚǫƨ yó$¥ Ƕʌ ƉɄɼɼƨƉʚ ǑɄɼ �ŗʯɼǶʚ˲ƨȳࣘ �࢕࢑࢙ �ࡱ �ࡹࡽࢉ �ࡱࡹࢅࢁࢉ ࢙ࣖ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽࡽ

agatagay A is

O D in

9 8 5 1 3 111
7 0 2

35,444024 0 0



̙ϵϵάΐ̙̈́ЏΐϊκЅ

,ɼƨƕǶʚ Ɖŗɼƕʌ ʯʌƨ ŗ ƕǶ˽ƨɼƨȳʚ ǑɄɼȭʯțŗࣘ ʌƨƨ
JVVRU���GP�YKMKRGFKC�QTI�YKMK�.WJPACNIQTKVJO ŗȳƕ ʚǫƨ
˝Ʉɼȕʌǫƨƨʚࣖ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁࡽ

18 24 I

02

Tati

https://en.wikipedia.org/wiki/Luhn_algorithm


ϼ͛ϵ̙͛Џ͎͛ ЅϺО̙ϼΐκ΀

óʯɱɱɄʌƨ ˦Ʉʯ ȳƨƨƕ ʚɄ ȕȳɄ˝ ࡱࡱ࢙ࢁ ȭɄƕ ࣖࢅࢁ

,ŗțƉʯțŗʚɄɼࣞ

pȭȭࣖ pƨɼƨ Ƕʌ ŗ ƉɄɄț ʚɼǶƉȕࣖ

࣢ ˝ɼǶʚƨ ࡱࡱ࢙ ſŗʌƨ ࡽ ࣯Ƕȳ ſǶȳŗɼ˦ࣱ ŗʌ
P
ŻǮࡽǮ ˝Ƕʚǫ ŻǮ 2 ,ࡱ} ࣖ{ࡹ

࣢ ,Ʉȭɱʯʚƨ
ࡹࢁ =
ࡽࢁ =
ࢅࢁ = ࡽࢁ.ࡽࢁ =
࢕ࢁ = ࢅࢁ.ࢅࢁ =
ࢍࡹࢁ = . . .
ŗȳƕ ƨŗƉǫ ʚǶȭƨࣗ ɼƨƕʯƉƨ ȭɄƕ ࣖࢅࢁ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅࡽ

t

3 334

3 3



ϼ͛ϵ̙͛Џ͎͛ ЅϺО̙ϼΐκ΀

óʯɱɱɄʌƨ ˦Ʉʯ ȳƨƨƕ ʚɄ ȕȳɄ˝ ࡱࡱ࢙ࢁ ȭɄƕ ࣖࢅࢁ

,ŗțƉʯțŗʚɄɼࣞ pȭȭࣖ pƨɼƨ Ƕʌ ŗ ƉɄɄț ʚɼǶƉȕࣖ

࣢ ˝ɼǶʚƨ ࡱࡱ࢙ ſŗʌƨ ࡽ ࣯Ƕȳ ſǶȳŗɼ˦ࣱ ŗʌ
P
ŻǮࡽǮ ˝Ƕʚǫ ŻǮ 2 ,ࡱ} ࣖ{ࡹ

࣢ ,Ʉȭɱʯʚƨ
ࡹࢁ =
ࡽࢁ =
ࢅࢁ = ࡽࢁ.ࡽࢁ =
࢕ࢁ = ࢅࢁ.ࢅࢁ =
ࢍࡹࢁ = . . .
ŗȳƕ ƨŗƉǫ ʚǶȭƨࣗ ɼƨƕʯƉƨ ȭɄƕ ࣖࢅࢁ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉࡽ

O

write 900inbinary



ϼ͛ϵ̙͛Џ͎͛ ЅϺО̙ϼΐκ΀

óʯɱɱɄʌƨ ˦Ʉʯ ȳƨƨƕ ʚɄ ȕȳɄ˝ ࡱࡱ࢙ࢁ ȭɄƕ ࣖࢅࢁ

,ŗțƉʯțŗʚɄɼࣞ pȭȭࣖ pƨɼƨ Ƕʌ ŗ ƉɄɄț ʚɼǶƉȕࣖ

࣢ ˝ɼǶʚƨ ࡱࡱ࢙ ſŗʌƨ ࡽ ࣯Ƕȳ ſǶȳŗɼ˦ࣱ ŗʌ
P
ŻǮࡽǮ ˝Ƕʚǫ ŻǮ 2 ,ࡱ} ࣖ{ࡹ

࣢ ,Ʉȭɱʯʚƨ
ࡹࢁ =
ࡽࢁ =
ࢅࢁ = ࡽࢁ.ࡽࢁ =
࢕ࢁ = ࢅࢁ.ࢅࢁ =
ࢍࡹࢁ = . . .
ŗȳƕ ƨŗƉǫ ʚǶȭƨࣗ ɼƨƕʯƉƨ ȭɄƕ ࣖࢅࢁ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍࡽ

390 256
512

f

64,1111
99 81213
13.13 169 I I mod 34

6 L I

81 13 34

9 qt 90 26 24 28 21 É
in binary 191.1010



332 3 316 1 I L

304.3 38 3

I l l 1 9

9

II



̙ϵϵάΐ̙̈́ЏΐϊκЅ

E˥ࣘ ,Ʉȭɱʯʚƨ ࡽࡹࡹࡽࡹ ȭɄƕ ࢁࡹ

E˥ࣘ ,Ʉȭɱʯʚƨ ࡱࡱࡱࡹࡽ ȭɄƕ ࢑

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢑ࡽ

12 4
110

l
121 E 9 4 mod 13

121 E 4 4 16 3

121
29 4 mod13

1218 121 211 1
416 4

E's

12 En 1218
4 1218.121

3 C 4
12

I I mod 13



͛Оά͛ϼऒЅ ϵ΋ΐ ͺОκ̈́Џΐϊκ

�ƨʚ ȩ 2 N+ࣖ 6ƨ̇ȳƨ

'(ȩ) = |{˕ 2 N | ࡹ 6 ˕ < ȩ, ǖƉƕ(˕,ȩ) = {ࡹ

ʚɄ ſƨ ʚǫƨ ȳʯȭſƨɼ ɄǑ ȳʯȭſƨɼʌ ſƨʚ˝ƨƨȳ ȩ,ࡱ ˝ǫǶƉǫ ŗɼƨ ɼƨțŗʚǶ˙ƨț˦
ɱɼǶȭƨ ʚɄ ȩࣖ

E˥ࣘ (ࢁࡹ)' =

E˥ࣘ (ࡱࡽ)' =

E˥ࣘ (ࢍࢁ)' =

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢕ࡽ

p IN IN size of set

a

lateen

I i8

12 34
75567 8910

12 U 151607181900



͛Оά͛ϼऒЅ ϵ΋ΐ ͺОκ̈́Џΐϊκ

�ƨȭȭŗ
tǋ ɤ Ǯɾ ɤɮǮȣƣࣗ ʋǣƣȩ '(ɤ) = ɤ� ࣖࡹ

âɼɄɄǑࣖ
yǑ ࡹ 6 Ǯ < ɤ ʚǫƨȳ gcd(Ǯ,ɤ) = ࡹ ࣯ǶǑ ȳɄʚࣗ 9Ɛ 2 Zࣗ ࡹ < Ɛ 6 Ǯ ˝Ƕʚǫ Ɛ | Ǯ ŗȳƕ
Ɛ | ɤ ſʯʚ Ʉȳț˦ ɤ,ࡹ ƕǶ˙Ƕƕƨ ɤࣱࣖ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢙ࡽ

0 It



͛Оά͛ϼऒЅ ϵ΋ΐ ͺОκ̈́Џΐϊκ

�ƨȭȭŗ
tǋ ɤ Ǯɾ ɤɮǮȣƣࣗ ʋǣƣȩ '(ɤ) = ɤ� ࣖࡹ

âɼɄɄǑࣖ
yǑ ࡹ 6 Ǯ < ɤ ʚǫƨȳ gcd(Ǯ,ɤ) = ࡹ ࣯ǶǑ ȳɄʚࣗ 9Ɛ 2 Zࣗ ࡹ < Ɛ 6 Ǯ ˝Ƕʚǫ Ɛ | Ǯ ŗȳƕ
Ɛ | ɤ ſʯʚ Ʉȳț˦ ɤ,ࡹ ƕǶ˙Ƕƕƨ ɤࣱࣖ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࢁ



͛Оά͛ϼऒЅ ϵ΋ΐ ͺОκ̈́Џΐϊκ

�ƨȭȭŗ
tǋ ɤ Ǯɾ ɤɮǮȣƣࣗ ʋǣƣȩ '(ɤࡽ) =?ࣖ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹࢁ



κ͛хЏ

¥ƨ˥ʚ țƨƉʚʯɼƨࣘ

࣢ ȭɄɼƨ Ʉȳ Eʯțƨɼऒʌ ɱǫǶ ǑʯȳƉʚǶɄȳ

࣢ Eʯțƨɼऒʌ ʚǫƨɄɼƨȭ

࣢ bƨɼȭŗʚऒʌ țǶʚʚțƨ ʚǫƨɄɼƨȭ

�ƨƉʚʯɼƨ ࣘࢉࡹ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽࢁ

a


