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ϼ̙ϵ Џ͛ϊϼц
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ϼ̙ϵ Џ͛ϊϼц
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ϼ̙ϵ Џ͛ϊϼц

6ƨ̇ȳǶʚǶɄȳ ࣯eɼŗɱǫࣱ
� ǐɮŗɤǣ a = (Ğ, B) Ǯɾ ŗ ɤŗǮɮ ȹǋ ɾƣʋɾ Ğ ࣗ B ɾʠƅǣ ʋǣŗʋ ƨŗƉǫ ƣ 2 B Ƕʌ
ŗʌʌɄƉǶŗʚƨƕ ʚɄ ʌɄȭƨ ʌʯſʌƨʚ ,ࡹˉ} {ࡽˉ ✓ Ğ ɄǑ ʌǶ˲ƨ ࡹ Ʉɼ ࣖࡽ

ÿǫƨ ƨțƨȭƨȳʚʌ ɄǑ Ğ ŗɼƨ Ɖŗțțƨƕ ࣷɱțʯɼŗțࣘ ˉƣɮʋǮƅƣɾࣗ ʌǶȳǖʯțŗɼࣘ ˉƣɮʋƣ˕ࣹ Ʉɼ
ȩȹƐƣɾࣗ ŗȳƕ ʚǫƨ ƨțƨȭƨȳʚʌ ɄǑ B ŗɼƨ Ɖŗțțƨƕ ƣƐǐƣɾ Ʉɼ ŗɮƅɾࣖ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍ
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ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

Eǖࣘ yǑ Ğ = ,ࡹ} ,ࡽ ,{ࢁ B = {ƣࡹࡹ, ƣࡽࡹ, ƣࢁࡹ, ƣࢁࡽ, ƣࡽࢁ} ˝ǫƨɼƨ ƣǮȃ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ
{Ǯ, ȃ} ✓ Ğ ʚǫƨȳ a = (Ğ, B) Ƕʌ ŗ ǖɼŗɱǫࣖ İƨ Ɖŗȳ ˉǮɾʠŗȑǮɾƣ a ŗʌ ŗ ɱǶƉʚʯɼƨࣗ
˝Ƕʚǫ ŗ ƕɄʚ ǑɄɼ ƨŗƉǫ ƨțƨȭƨȳʚ ɄǑ Ğ ŗȳƕ ŗ țǶȳƨ ſƨʚ˝ƨƨȳ ࡹˉ ŗȳƕ ࡽˉ ǶǑ
,ࡹˉ} {ࡽˉ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ʌɄȭƨ ƣ 2 Bࣗ ʌɄ Ƕȳ ʚǫǶʌ Ɖŗʌƨ ˝ƨ ǖƨʚ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó 
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ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

Eǖࣘ yǑ Ğ = ,ࡹ} ,ࡽ ,{ࢁ B = {ƣࡹࡹ, ƣࡽࡹ, ƣࢁࡹ, ƣࢁࡽ, ƣࡽࢁ} ˝ǫƨɼƨ ƣǮȃ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ
{Ǯ, ȃ} ✓ Ğ ʚǫƨȳ a = (Ğ, B) Ƕʌ ŗ ǖɼŗɱǫࣖ İƨ Ɖŗȳ ˉǮɾʠŗȑǮɾƣ a ŗʌ ŗ ɱǶƉʚʯɼƨࣗ
˝Ƕʚǫ ŗ ƕɄʚ ǑɄɼ ƨŗƉǫ ƨțƨȭƨȳʚ ɄǑ Ğ ŗȳƕ ŗ țǶȳƨ ſƨʚ˝ƨƨȳ ࡹˉ ŗȳƕ ࡽˉ ǶǑ
,ࡹˉ} {ࡽˉ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ʌɄȭƨ ƣ 2 Bࣗ ʌɄ Ƕȳ ʚǫǶʌ Ɖŗʌƨ ˝ƨ ǖƨʚ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó 
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ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

yǑ ,ࡹˉ} {ࡽˉ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ȭɄɼƨ ʚǫŗȳ Ʉȳƨ ƨƕǖƨ Ƕȳ ʌɄȭƨ ǖɼŗɱǫ aࣗ
ʚǫƨʌƨ ƨƕǖƨʌ ŗɼƨ Ɖŗțțƨƕ ȣʠȑʋǮɤȑƣ ƣƐǐƣɾ Ʉɼ ȣʠȑʋǮࣽƣƐǐƣɾ ŗȳƕ a Ƕʌ
ʌɄȭƨʚǶȭƨʌ Ɖŗțțƨƕ ŗ ȣʠȑʋǮࣽǐɮŗɤǣࣖ

İǫƨȳ ƨŗƉǫ ʌʯſʌƨʚ ,ࡹˉ} {ࡽˉ ✓ Ğ ɄǑ ʌǶ˲ƨ ࡹ Ʉɼ ࡽ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ŗʚ ȭɄʌʚ
Ʉȳƨ ƨțƨȭƨȳʚ ɄǑ Bࣗ ˝ƨ Ɖŗȳ ƉǫɄɄʌƨ ʚɄ țŗſƨț ƨŗƉǫ ƨƕǖƨ ſ˦ ŗ ʌʯſʌƨʚ ɄǑ Ğ
ɄǑ ʌǶ˲ƨ ࡹ Ʉɼ ࣗࡽ ŗȳƕ ˝ɼǶʚƨ B ✓ P(Ğ)ࣖ

E˥ࣘ ƕɼŗ˝ ʚǫƨ ǖɼŗɱǫ ˝Ƕʚǫ ƨƕǖƨ ʌƨʚ ,ࡹ}} ,{ࡽ ,ࡹ} ,{ࡹ ,ࡽ} ,{ࢁ ,ࡹ} ࣖ{{ࢁ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢙



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

yǑ ,ࡹˉ} {ࡽˉ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ȭɄɼƨ ʚǫŗȳ Ʉȳƨ ƨƕǖƨ Ƕȳ ʌɄȭƨ ǖɼŗɱǫ aࣗ
ʚǫƨʌƨ ƨƕǖƨʌ ŗɼƨ Ɖŗțțƨƕ ȣʠȑʋǮɤȑƣ ƣƐǐƣɾ Ʉɼ ȣʠȑʋǮࣽƣƐǐƣɾ ŗȳƕ a Ƕʌ
ʌɄȭƨʚǶȭƨʌ Ɖŗțțƨƕ ŗ ȣʠȑʋǮࣽǐɮŗɤǣࣖ

İǫƨȳ ƨŗƉǫ ʌʯſʌƨʚ ,ࡹˉ} {ࡽˉ ✓ Ğ ɄǑ ʌǶ˲ƨ ࡹ Ʉɼ ࡽ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ŗʚ ȭɄʌʚ
Ʉȳƨ ƨțƨȭƨȳʚ ɄǑ Bࣗ ˝ƨ Ɖŗȳ ƉǫɄɄʌƨ ʚɄ țŗſƨț ƨŗƉǫ ƨƕǖƨ ſ˦ ŗ ʌʯſʌƨʚ ɄǑ Ğ
ɄǑ ʌǶ˲ƨ ࡹ Ʉɼ ࣗࡽ ŗȳƕ ˝ɼǶʚƨ B ✓ P(Ğ)ࣖ

E˥ࣘ ƕɼŗ˝ ʚǫƨ ǖɼŗɱǫ ˝Ƕʚǫ ƨƕǖƨ ʌƨʚ ,ࡹ}} ,{ࡽ ,ࡹ} ,{ࡹ ,ࡽ} ,{ࢁ ,ࡹ} ࣖ{{ࢁ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࡹ
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ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

6ƨ̇ȳǶʚǶɄȳ ࣯6ǶɼƨƉʚƨƕ ǖɼŗɱǫࣱ
� ƐǮɮƣƅʋƣƐ ǖɼŗɱǫ a = (Ğ, B) Ƕʌ ŗ ɱŗǶɼ ɄǑ ʌƨʚʌ Ğ ࣗ B ʌʯƉǫ ʚǫŗʚ ƨŗƉǫ ƣ 2 B
Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ʌɄȭƨ Ʉɼƕƨɼƨƕ ɱŗǶɼ ,ࡹˉ) (ࡽˉ 2 Ğ ⇥ Ğ ࣖ yǑ (ʠ, ˉ) 2 B ˝ƨ
Ɖŗțț ʠ 2 Ğ ʚǫƨ ɾȹʠɮƅƣ ˙ƨɼʚƨ˥ ŗȳƕ ˉ ʚǫƨ ʋƣɮȣǮȩŗȑ ˙ƨɼʚƨ˥ࣖ

yȳ ʚǫǶʌ Ɖŗʌƨ ˝ǫƨȳ ˝ƨ ˙ǶʌʯŗțǶʌƨ a ŗʌ ŗ ɱǶƉʚʯɼƨࣗ ˝ƨ ƕɼŗ˝ ŗɼɼɄ˝ʌ Ʉȳ
ʚǫƨ ƨƕǖƨʌ ʚɄ ǶȳƕǶƉŗʚƨ ʚǫƨǶɼ ƐǮɮƣƅʋǮȹȩࣗ ǑɼɄȭ ʌɄʯɼƉƨ ʚɄ ʚƨɼȭǶȳŗțࣖ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹࡹ
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ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

E˥ࣘ ƕɼŗ˝ ʚǫƨ ƕǶɼƨƉʚƨƕ ǖɼŗɱǫ ˝Ƕʚǫ
Ğ = ,ࡹ} ,ࡽ ,{ࢁ B = {ƣࡹࡹ, ƣࡽࡹ, ƣࡹࢁ, ƣࢁࡽ, ƣࡽࢁ} ˝ǫƨɼƨ ƣǮȃ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ
(Ǯ, ȃ) 2 Ğࣖࡽ

�ǖŗǶȳ ǶǑ ȭɄɼƨ ʚǫŗȳ Ʉȳƨ ƨƕǖƨ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ʚǫƨ ʌŗȭƨ Ʉɼƕƨɼƨƕ ɱŗǶɼࣗ
˝ƨ Ɖŗțț ʚǫƨȭ ȣʠȑʋǮࣽƣƐǐƣɾࣖ yǑ a Ƕʌ ƕǶɼƨƉʚƨƕ ˝Ƕʚǫ ȳɄ ȭʯțʚǶࣽƨƕǖƨʌ ˝ƨ Ɖŗȳ
ƉǫɄɄʌƨ ʚɄ țŗſƨț B ſ˦ Ʉɼƕƨɼƨƕ ɱŗǶɼʌ Ğ ⇥ Ğ = Ğࣗࡽ ŗȳƕ ˝ƨ ˝ɼǶʚƨ B ✓ Ğࣖࡽ
yȳ Ʉʯɼ ƨ˥ŗȭɱțƨ ʚǫƨɼƨ ŗɼƨ ȳɄ ȭʯțʚǶࣽƨƕǖƨʌࣗ ʌǶȳƉƨ ,ࡽ) (ࢁ ŗȳƕ ,ࢁ) (ࡽ ŗɼƨ
ƕǶ˽ƨɼƨȳʚ ƨțƨȭƨȳʚʌ ɄǑ Ğࣖࡽ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽࡹ
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ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

E˥ࣘ ƕɼŗ˝ ʚǫƨ ƕǶɼƨƉʚƨƕ ǖɼŗɱǫ ˝Ƕʚǫ
Ğ = ,ࡹ} ,ࡽ ,{ࢁ B = {ƣࡹࡹ, ƣࡽࡹ, ƣࡹࢁ, ƣࢁࡽ, ƣࡽࢁ} ˝ǫƨɼƨ ƣǮȃ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ
(Ǯ, ȃ) 2 Ğࣖࡽ

�ǖŗǶȳ ǶǑ ȭɄɼƨ ʚǫŗȳ Ʉȳƨ ƨƕǖƨ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ʚǫƨ ʌŗȭƨ Ʉɼƕƨɼƨƕ ɱŗǶɼࣗ
˝ƨ Ɖŗțț ʚǫƨȭ ȣʠȑʋǮࣽƣƐǐƣɾࣖ yǑ a Ƕʌ ƕǶɼƨƉʚƨƕ ˝Ƕʚǫ ȳɄ ȭʯțʚǶࣽƨƕǖƨʌ ˝ƨ Ɖŗȳ
ƉǫɄɄʌƨ ʚɄ țŗſƨț B ſ˦ Ʉɼƕƨɼƨƕ ɱŗǶɼʌ Ğ ⇥ Ğ = Ğࣗࡽ ŗȳƕ ˝ƨ ˝ɼǶʚƨ B ✓ Ğࣖࡽ
yȳ Ʉʯɼ ƨ˥ŗȭɱțƨ ʚǫƨɼƨ ŗɼƨ ȳɄ ȭʯțʚǶࣽƨƕǖƨʌࣗ ʌǶȳƉƨ ,ࡽ) (ࢁ ŗȳƕ ,ࢁ) (ࡽ ŗɼƨ
ƕǶ˽ƨɼƨȳʚ ƨțƨȭƨȳʚʌ ɄǑ Ğࣖࡽ
�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁࡹ
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ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ࣖࡹ țɄɄɱ

ࣘ ŗȳ ƨƕǖƨ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ŗ ʌǶȳǖțƨʚɄȳ ʌƨʚ {˕}

ࣖࡽ ȭʯțʚǶɱțƨ ƨƕǖƨࣩȭʯțʚǶࣽƨƕǖƨࣘ ˝ǫƨȳ ȭɄɼƨ ʚǫŗȳ Ʉȳƨ ƨƕǖƨ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ
ʚǫƨ ʌŗȭƨ ʌƨʚ {˕, ˖}

ࣖࢁ ʌǶȭɱțƨ ǖɼŗɱǫࣘ ŗ ǖɼŗɱǫ ˝Ƕʚǫ ȳɄ țɄɄɱʌ ŗȳƕ ȳɄ ȭʯțʚǶࣽƨƕǖƨʌ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅࡹ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ࣖࡹ țɄɄɱࣘ ŗȳ ƨƕǖƨ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ŗ ʌǶȳǖțƨʚɄȳ ʌƨʚ {˕}

ࣖࡽ ȭʯțʚǶɱțƨ ƨƕǖƨࣩȭʯțʚǶࣽƨƕǖƨ

ࣘ ˝ǫƨȳ ȭɄɼƨ ʚǫŗȳ Ʉȳƨ ƨƕǖƨ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ
ʚǫƨ ʌŗȭƨ ʌƨʚ {˕, ˖}

ࣖࢁ ʌǶȭɱțƨ ǖɼŗɱǫࣘ ŗ ǖɼŗɱǫ ˝Ƕʚǫ ȳɄ țɄɄɱʌ ŗȳƕ ȳɄ ȭʯțʚǶࣽƨƕǖƨʌ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉࡹ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ࣖࡹ țɄɄɱࣘ ŗȳ ƨƕǖƨ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ŗ ʌǶȳǖțƨʚɄȳ ʌƨʚ {˕}

ࣖࡽ ȭʯțʚǶɱțƨ ƨƕǖƨࣩȭʯțʚǶࣽƨƕǖƨࣘ ˝ǫƨȳ ȭɄɼƨ ʚǫŗȳ Ʉȳƨ ƨƕǖƨ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ
ʚǫƨ ʌŗȭƨ ʌƨʚ {˕, ˖}

ࣖࢁ ʌǶȭɱțƨ ǖɼŗɱǫ

ࣘ ŗ ǖɼŗɱǫ ˝Ƕʚǫ ȳɄ țɄɄɱʌ ŗȳƕ ȳɄ ȭʯțʚǶࣽƨƕǖƨʌ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍࡹ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ࣖࡹ țɄɄɱࣘ ŗȳ ƨƕǖƨ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ŗ ʌǶȳǖțƨʚɄȳ ʌƨʚ {˕}

ࣖࡽ ȭʯțʚǶɱțƨ ƨƕǖƨࣩȭʯțʚǶࣽƨƕǖƨࣘ ˝ǫƨȳ ȭɄɼƨ ʚǫŗȳ Ʉȳƨ ƨƕǖƨ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ
ʚǫƨ ʌŗȭƨ ʌƨʚ {˕, ˖}

ࣖࢁ ʌǶȭɱțƨ ǖɼŗɱǫࣘ ŗ ǖɼŗɱǫ ˝Ƕʚǫ ȳɄ țɄɄɱʌ ŗȳƕ ȳɄ ȭʯțʚǶࣽƨƕǖƨʌ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹ

undirectedgraph
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ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ࣖࢅ ɱŗʚǫ

ࣘ ŗ ʌƨɸʯƨȳƉƨ ɄǑ ƨƕǖƨʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ʌƨʚʌ {˕, ,{ࡹˉ ,ࡹˉ} ,{ࡽˉ . . . , {ˉȩ, ˖}

ࣖࢉ țƨȳǖʚǫ ɄǑ ŗ ɱŗʚǫ ࣘ ʚǫƨ ȳʯȭſƨɼ ɄǑ ƨƕǖƨʌ Ƕȳ ʚǫƨ ɱŗʚǫ

ࣖࢍ ƉǶɼƉʯǶʚ ࣘ ŗ ɱŗʚǫ ˝ǫƨɼƨ ˕ = ˖

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ࣖࢅ ɱŗʚǫ ࣘ ŗ ʌƨɸʯƨȳƉƨ ɄǑ ƨƕǖƨʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ʌƨʚʌ {˕, ,{ࡹˉ ,ࡹˉ} ,{ࡽˉ . . . , {ˉȩ, ˖}

ࣖࢉ țƨȳǖʚǫ ɄǑ ŗ ɱŗʚǫ

ࣘ ʚǫƨ ȳʯȭſƨɼ ɄǑ ƨƕǖƨʌ Ƕȳ ʚǫƨ ɱŗʚǫ

ࣖࢍ ƉǶɼƉʯǶʚ ࣘ ŗ ɱŗʚǫ ˝ǫƨɼƨ ˕ = ˖

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢙ࡹ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ࣖࢅ ɱŗʚǫ ࣘ ŗ ʌƨɸʯƨȳƉƨ ɄǑ ƨƕǖƨʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ʌƨʚʌ {˕, ,{ࡹˉ ,ࡹˉ} ,{ࡽˉ . . . , {ˉȩ, ˖}

ࣖࢉ țƨȳǖʚǫ ɄǑ ŗ ɱŗʚǫ ࣘ ʚǫƨ ȳʯȭſƨɼ ɄǑ ƨƕǖƨʌ Ƕȳ ʚǫƨ ɱŗʚǫ

ࣖࢍ ƉǶɼƉʯǶʚ

ࣘ ŗ ɱŗʚǫ ˝ǫƨɼƨ ˕ = ˖

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࡽ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ࣖࢅ ɱŗʚǫ ࣘ ŗ ʌƨɸʯƨȳƉƨ ɄǑ ƨƕǖƨʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ʌƨʚʌ {˕, ,{ࡹˉ ,ࡹˉ} ,{ࡽˉ . . . , {ˉȩ, ˖}

ࣖࢉ țƨȳǖʚǫ ɄǑ ŗ ɱŗʚǫ ࣘ ʚǫƨ ȳʯȭſƨɼ ɄǑ ƨƕǖƨʌ Ƕȳ ʚǫƨ ɱŗʚǫ

ࣖࢍ ƉǶɼƉʯǶʚ ࣘ ŗ ɱŗʚǫ ˝ǫƨɼƨ ˕ = ˖

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹࡽ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ࣖ ƉɄȳȳƨƉʚƨƕ

ࣘ ǶǑ ƨ˙ƨɼ˦ ʚ˝Ʉ ˙ƨɼʚǶƉƨʌ ˕, ˖ ŗɼƨ ȍɄǶȳƨƕ ſ˦ ŗ ɱŗʚǫ

ࣖ ƕǶʌƉɄȳȳƨƉʚƨƕ ࣘ ȳɄʚ ƉɄȳȳƨƉʚƨƕ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽࡽ

Fix y
V

f pam

Ma



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ࣖ ƉɄȳȳƨƉʚƨƕ ࣘ ǶǑ ƨ˙ƨɼ˦ ʚ˝Ʉ ˙ƨɼʚǶƉƨʌ ˕, ˖ ŗɼƨ ȍɄǶȳƨƕ ſ˦ ŗ ɱŗʚǫ

ࣖ ƕǶʌƉɄȳȳƨƉʚƨƕ

ࣘ ȳɄʚ ƉɄȳȳƨƉʚƨƕ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁࡽ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ࣖ ƉɄȳȳƨƉʚƨƕ ࣘ ǶǑ ƨ˙ƨɼ˦ ʚ˝Ʉ ˙ƨɼʚǶƉƨʌ ˕, ˖ ŗɼƨ ȍɄǶȳƨƕ ſ˦ ŗ ɱŗʚǫ

ࣖ ƕǶʌƉɄȳȳƨƉʚƨƕ ࣘ ȳɄʚ ƉɄȳȳƨƉʚƨƕ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅࡽ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

࢙ࣖ ʌǶȭɱțƨ ɱŗʚǫ

ࣘ ŗ ɱŗʚǫ {˕, ,{ࡹˉ ,ࡹˉ} ,{ࡽˉ . . . , {ˉȩ, ˖} ˝ǫƨɼƨ ƨŗƉǫ ˉǮ Ƕʌ ƕǶ˽ƨɼƨȳʚ
ǑɼɄȭ ŗțț Ʉʚǫƨɼ ˉȃ ࣯ȳɄʚƨ ˕, ˖ ŗɼƨ ŗțțɄ˝ƨƕ ʚɄ ſƨ ʚǫƨ ʌŗȭƨ ˙ƨɼʚƨ˥ࣱࣖ

ࣖࡱࡹ ƨȳƕɱɄǶȳʚ࣯ʌࣱ ɄǑ ŗȳ ƨƕǖƨ ࣘ ǶǑ ƣ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ˝Ƕʚǫ {˕, ˖} ʚǫƨȳ ˕, ˖ ŗɼƨ Ɖŗțțƨƕ
ʚǫƨ ƨȳƕɱɄǶȳʚʌ

ࣖࡹࡹ ƨƕǖƨ ǶȳƉǶƕƨȳʚ ʚɄ ŗ ˙ƨɼʚƨ˥ ࣘ ƣ Ƕʌ ǶȳƉǶƕƨȳʚ ʚɄ ˉ ǶǑ ƣ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ {ˉ, ˉ0}

ࣖࡽࡹ ŗƕȍŗƉƨȳʚ ˙ƨɼʚǶƉƨʌ ࣘ ˉ, ˉ0 ŗɼƨ ŗƕȍŗƉƨȳʚ ǶǑ {ˉ, ˉ0} Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ŗȳ ƨƕǖƨ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉࡽ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

࢙ࣖ ʌǶȭɱțƨ ɱŗʚǫ ࣘ ŗ ɱŗʚǫ {˕, ,{ࡹˉ ,ࡹˉ} ,{ࡽˉ . . . , {ˉȩ, ˖} ˝ǫƨɼƨ ƨŗƉǫ ˉǮ Ƕʌ ƕǶ˽ƨɼƨȳʚ
ǑɼɄȭ ŗțț Ʉʚǫƨɼ ˉȃ ࣯ȳɄʚƨ ˕, ˖ ŗɼƨ ŗțțɄ˝ƨƕ ʚɄ ſƨ ʚǫƨ ʌŗȭƨ ˙ƨɼʚƨ˥ࣱࣖ

ࣖࡱࡹ ƨȳƕɱɄǶȳʚ࣯ʌࣱ ɄǑ ŗȳ ƨƕǖƨ

ࣘ ǶǑ ƣ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ˝Ƕʚǫ {˕, ˖} ʚǫƨȳ ˕, ˖ ŗɼƨ Ɖŗțțƨƕ
ʚǫƨ ƨȳƕɱɄǶȳʚʌ

ࣖࡹࡹ ƨƕǖƨ ǶȳƉǶƕƨȳʚ ʚɄ ŗ ˙ƨɼʚƨ˥ ࣘ ƣ Ƕʌ ǶȳƉǶƕƨȳʚ ʚɄ ˉ ǶǑ ƣ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ {ˉ, ˉ0}

ࣖࡽࡹ ŗƕȍŗƉƨȳʚ ˙ƨɼʚǶƉƨʌ ࣘ ˉ, ˉ0 ŗɼƨ ŗƕȍŗƉƨȳʚ ǶǑ {ˉ, ˉ0} Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ŗȳ ƨƕǖƨ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍࡽ
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ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

࢙ࣖ ʌǶȭɱțƨ ɱŗʚǫ ࣘ ŗ ɱŗʚǫ {˕, ,{ࡹˉ ,ࡹˉ} ,{ࡽˉ . . . , {ˉȩ, ˖} ˝ǫƨɼƨ ƨŗƉǫ ˉǮ Ƕʌ ƕǶ˽ƨɼƨȳʚ
ǑɼɄȭ ŗțț Ʉʚǫƨɼ ˉȃ ࣯ȳɄʚƨ ˕, ˖ ŗɼƨ ŗțțɄ˝ƨƕ ʚɄ ſƨ ʚǫƨ ʌŗȭƨ ˙ƨɼʚƨ˥ࣱࣖ

ࣖࡱࡹ ƨȳƕɱɄǶȳʚ࣯ʌࣱ ɄǑ ŗȳ ƨƕǖƨ ࣘ ǶǑ ƣ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ˝Ƕʚǫ {˕, ˖} ʚǫƨȳ ˕, ˖ ŗɼƨ Ɖŗțțƨƕ
ʚǫƨ ƨȳƕɱɄǶȳʚʌ

ࣖࡹࡹ ƨƕǖƨ ǶȳƉǶƕƨȳʚ ʚɄ ŗ ˙ƨɼʚƨ˥

ࣘ ƣ Ƕʌ ǶȳƉǶƕƨȳʚ ʚɄ ˉ ǶǑ ƣ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ {ˉ, ˉ0}

ࣖࡽࡹ ŗƕȍŗƉƨȳʚ ˙ƨɼʚǶƉƨʌ ࣘ ˉ, ˉ0 ŗɼƨ ŗƕȍŗƉƨȳʚ ǶǑ {ˉ, ˉ0} Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ŗȳ ƨƕǖƨ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

࢙ࣖ ʌǶȭɱțƨ ɱŗʚǫ ࣘ ŗ ɱŗʚǫ {˕, ,{ࡹˉ ,ࡹˉ} ,{ࡽˉ . . . , {ˉȩ, ˖} ˝ǫƨɼƨ ƨŗƉǫ ˉǮ Ƕʌ ƕǶ˽ƨɼƨȳʚ
ǑɼɄȭ ŗțț Ʉʚǫƨɼ ˉȃ ࣯ȳɄʚƨ ˕, ˖ ŗɼƨ ŗțțɄ˝ƨƕ ʚɄ ſƨ ʚǫƨ ʌŗȭƨ ˙ƨɼʚƨ˥ࣱࣖ

ࣖࡱࡹ ƨȳƕɱɄǶȳʚ࣯ʌࣱ ɄǑ ŗȳ ƨƕǖƨ ࣘ ǶǑ ƣ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ˝Ƕʚǫ {˕, ˖} ʚǫƨȳ ˕, ˖ ŗɼƨ Ɖŗțțƨƕ
ʚǫƨ ƨȳƕɱɄǶȳʚʌ

ࣖࡹࡹ ƨƕǖƨ ǶȳƉǶƕƨȳʚ ʚɄ ŗ ˙ƨɼʚƨ˥ ࣘ ƣ Ƕʌ ǶȳƉǶƕƨȳʚ ʚɄ ˉ ǶǑ ƣ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ {ˉ, ˉ0}

ࣖࡽࡹ ŗƕȍŗƉƨȳʚ ˙ƨɼʚǶƉƨʌ

ࣘ ˉ, ˉ0 ŗɼƨ ŗƕȍŗƉƨȳʚ ǶǑ {ˉ, ˉ0} Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ŗȳ ƨƕǖƨ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

࢙ࣖ ʌǶȭɱțƨ ɱŗʚǫ ࣘ ŗ ɱŗʚǫ {˕, ,{ࡹˉ ,ࡹˉ} ,{ࡽˉ . . . , {ˉȩ, ˖} ˝ǫƨɼƨ ƨŗƉǫ ˉǮ Ƕʌ ƕǶ˽ƨɼƨȳʚ
ǑɼɄȭ ŗțț Ʉʚǫƨɼ ˉȃ ࣯ȳɄʚƨ ˕, ˖ ŗɼƨ ŗțțɄ˝ƨƕ ʚɄ ſƨ ʚǫƨ ʌŗȭƨ ˙ƨɼʚƨ˥ࣱࣖ

ࣖࡱࡹ ƨȳƕɱɄǶȳʚ࣯ʌࣱ ɄǑ ŗȳ ƨƕǖƨ ࣘ ǶǑ ƣ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ˝Ƕʚǫ {˕, ˖} ʚǫƨȳ ˕, ˖ ŗɼƨ Ɖŗțțƨƕ
ʚǫƨ ƨȳƕɱɄǶȳʚʌ

ࣖࡹࡹ ƨƕǖƨ ǶȳƉǶƕƨȳʚ ʚɄ ŗ ˙ƨɼʚƨ˥ ࣘ ƣ Ƕʌ ǶȳƉǶƕƨȳʚ ʚɄ ˉ ǶǑ ƣ Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ {ˉ, ˉ0}

ࣖࡽࡹ ŗƕȍŗƉƨȳʚ ˙ƨɼʚǶƉƨʌ ࣘ ˉ, ˉ0 ŗɼƨ ŗƕȍŗƉƨȳʚ ǶǑ {ˉ, ˉ0} Ƕʌ ŗʌʌɄƉǶŗʚƨƕ ʚɄ ŗȳ ƨƕǖƨ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢙ࡽ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ࣖࢁࡹ ƕƨǖɼƨƨ ɄǑ ŗ ˙ƨɼʚƨ˥ ࣯ǑɄɼ ʯȳƕǶɼƨƉʚƨƕ ǖɼŗɱǫʌࣱࣗ ȳɄʚŗʚǶɄȳ deg(ˉ)

ࣘ

deg(ˉ) =
X

ƣ2B
ɤ(ƣ) ˝ǫƨɼƨ ɤ(ƣ) =

8
><

>:

ࡽ ƣ ⇠ {ˉ}
ࡹ ƣ ⇠ {ˉ,ˍ},ˍ 6= ˉ
ࡱ ƣ ⇠ {ʠ,ˍ}, ʠ,ˍ 6= ˉ

ࣖࢅࡹ Ƕȳࣽƕƨǖɼƨƨ ŗȳƕ Ʉʯʚࣽƕƨǖɼƨƨ ࣯ǑɄɼ ƕǶɼƨƉʚƨƕ ǖɼŗɱǫʌࣱ ࣘ

ࣖࢉࡹ ƉɄȭɱțƨʚƨ ǖɼŗɱǫ �ȩ Ʉȳ ȩ ˙ƨɼʚǶƉƨʌ ࣘ

ࣖࢍࡹ ƉɄȭɱțƨʚƨ ſǶɱŗɼʚǶʚƨ ǖɼŗɱǫ Ʉȳ ȣ+ ȩ ˙ƨɼʚǶƉƨʌ ࣘ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࢁ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ࣖࢁࡹ ƕƨǖɼƨƨ ɄǑ ŗ ˙ƨɼʚƨ˥ ࣯ǑɄɼ ʯȳƕǶɼƨƉʚƨƕ ǖɼŗɱǫʌࣱࣗ ȳɄʚŗʚǶɄȳ deg(ˉ) ࣘ

deg(ˉ) =
X

ƣ2B
ɤ(ƣ) ˝ǫƨɼƨ ɤ(ƣ) =

8
><

>:

ࡽ ƣ ⇠ {ˉ}
ࡹ ƣ ⇠ {ˉ,ˍ},ˍ 6= ˉ
ࡱ ƣ ⇠ {ʠ,ˍ}, ʠ,ˍ 6= ˉ

ࣖࢅࡹ Ƕȳࣽƕƨǖɼƨƨ ŗȳƕ Ʉʯʚࣽƕƨǖɼƨƨ ࣯ǑɄɼ ƕǶɼƨƉʚƨƕ ǖɼŗɱǫʌࣱ

ࣘ

ࣖࢉࡹ ƉɄȭɱțƨʚƨ ǖɼŗɱǫ �ȩ Ʉȳ ȩ ˙ƨɼʚǶƉƨʌ ࣘ

ࣖࢍࡹ ƉɄȭɱțƨʚƨ ſǶɱŗɼʚǶʚƨ ǖɼŗɱǫ Ʉȳ ȣ+ ȩ ˙ƨɼʚǶƉƨʌ ࣘ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹࢁ
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ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ࣖࢁࡹ ƕƨǖɼƨƨ ɄǑ ŗ ˙ƨɼʚƨ˥ ࣯ǑɄɼ ʯȳƕǶɼƨƉʚƨƕ ǖɼŗɱǫʌࣱࣗ ȳɄʚŗʚǶɄȳ deg(ˉ) ࣘ

deg(ˉ) =
X

ƣ2B
ɤ(ƣ) ˝ǫƨɼƨ ɤ(ƣ) =

8
><

>:

ࡽ ƣ ⇠ {ˉ}
ࡹ ƣ ⇠ {ˉ,ˍ},ˍ 6= ˉ
ࡱ ƣ ⇠ {ʠ,ˍ}, ʠ,ˍ 6= ˉ

ࣖࢅࡹ Ƕȳࣽƕƨǖɼƨƨ ŗȳƕ Ʉʯʚࣽƕƨǖɼƨƨ ࣯ǑɄɼ ƕǶɼƨƉʚƨƕ ǖɼŗɱǫʌࣱ ࣘ

ࣖࢉࡹ ƉɄȭɱțƨʚƨ ǖɼŗɱǫ �ȩ Ʉȳ ȩ ˙ƨɼʚǶƉƨʌ

ࣘ

ࣖࢍࡹ ƉɄȭɱțƨʚƨ ſǶɱŗɼʚǶʚƨ ǖɼŗɱǫ Ʉȳ ȣ+ ȩ ˙ƨɼʚǶƉƨʌ ࣘ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽࢁ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ࣖࢁࡹ ƕƨǖɼƨƨ ɄǑ ŗ ˙ƨɼʚƨ˥ ࣯ǑɄɼ ʯȳƕǶɼƨƉʚƨƕ ǖɼŗɱǫʌࣱࣗ ȳɄʚŗʚǶɄȳ deg(ˉ) ࣘ

deg(ˉ) =
X

ƣ2B
ɤ(ƣ) ˝ǫƨɼƨ ɤ(ƣ) =

8
><

>:

ࡽ ƣ ⇠ {ˉ}
ࡹ ƣ ⇠ {ˉ,ˍ},ˍ 6= ˉ
ࡱ ƣ ⇠ {ʠ,ˍ}, ʠ,ˍ 6= ˉ

ࣖࢅࡹ Ƕȳࣽƕƨǖɼƨƨ ŗȳƕ Ʉʯʚࣽƕƨǖɼƨƨ ࣯ǑɄɼ ƕǶɼƨƉʚƨƕ ǖɼŗɱǫʌࣱ ࣘ

ࣖࢉࡹ ƉɄȭɱțƨʚƨ ǖɼŗɱǫ �ȩ Ʉȳ ȩ ˙ƨɼʚǶƉƨʌ ࣘ

ࣖࢍࡹ ƉɄȭɱțƨʚƨ ſǶɱŗɼʚǶʚƨ ǖɼŗɱǫ Ʉȳ ȣ+ ȩ ˙ƨɼʚǶƉƨʌ

ࣘ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁࢁ
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ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ࣖࢁࡹ ƕƨǖɼƨƨ ɄǑ ŗ ˙ƨɼʚƨ˥ ࣯ǑɄɼ ʯȳƕǶɼƨƉʚƨƕ ǖɼŗɱǫʌࣱࣗ ȳɄʚŗʚǶɄȳ deg(ˉ) ࣘ

deg(ˉ) =
X

ƣ2B
ɤ(ƣ) ˝ǫƨɼƨ ɤ(ƣ) =

8
><

>:

ࡽ ƣ ⇠ {ˉ}
ࡹ ƣ ⇠ {ˉ,ˍ},ˍ 6= ˉ
ࡱ ƣ ⇠ {ʠ,ˍ}, ʠ,ˍ 6= ˉ

ࣖࢅࡹ Ƕȳࣽƕƨǖɼƨƨ ŗȳƕ Ʉʯʚࣽƕƨǖɼƨƨ ࣯ǑɄɼ ƕǶɼƨƉʚƨƕ ǖɼŗɱǫʌࣱ ࣘ

ࣖࢉࡹ ƉɄȭɱțƨʚƨ ǖɼŗɱǫ �ȩ Ʉȳ ȩ ˙ƨɼʚǶƉƨʌ ࣘ

ࣖࢍࡹ ƉɄȭɱțƨʚƨ ſǶɱŗɼʚǶʚƨ ǖɼŗɱǫ Ʉȳ ȣ+ ȩ ˙ƨɼʚǶƉƨʌ ࣘ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅࢁ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

¥Ʉʚƨ ʚǫŗʚ ŗțț Ʉʯɼ ƕƨ̇ȳǶʚǶɄȳʌ ŗɼƨ ǖǶ˙ƨȳ ࣯ɱɼƨƉǶʌƨț˦ࣱ Ƕȳ ʚƨɼȭʌ ɄǑ ʌƨʚ
ʚǫƨɄɼ ࣗ˦ ɼŗʚǫƨɼ ʚǫŗȳ ʌɄȭƨ ɱǶƉʚʯɼƨࣽƕƨʌƉɼǶɱʚǶɄȳࣖ

ĸɄʯ ʌǫɄʯțƕ ȕȳɄ˝ ȳɄ˝ ʚǫŗʚ ʚǫǶʌ Ƕʌ ǶȭɱɄɼʚŗȳʚ ǑɄɼ ˝ǫƨȳ Ƕʚ ƉɄȭƨʌ ʚǶȭƨ
ʚɄ ɤɮȹˉǮȩǐ ǑŗƉʚʌ ŗſɄʯʚ ǖɼŗɱǫʌࣖ yǑ ˝ƨ ǫŗ˙ƨ ǶȭɱɼƨƉǶʌƨ ƕƨ̇ȳǶʚǶɄȳʌࣗ ˝ƨ
˝Ƕțț ǫŗ˙ƨ ʚɼɄʯſțƨ Ƕȳ Ʉʯɼ ɱɼɄɄǑʌࣖ

y Ʉǒʚƨȳ ʯʌƨ ʚǫƨ ˝Ʉɼƕ ȩȹƐƣ Ƕȳʌʚƨŗƕ ɄǑ ˉƣɮʋƣ˕ ʚɄ ȭŗȕƨ ʚǫƨ EȳǖțǶʌǫ
ʌǶȭɱțƨɼࣖ éƨȭƨȭſƨɼ ɱțʯɼŗțࣘ ˉƣɮʋǮƅƣɾࣗ ʌǶȳǖʯțŗɼࣘ ˉƣɮʋƣ˕ࣖ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉࢁ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

6ƨ̇ȳǶʚǶɄȳ ࣯�ƕȍŗƉƨȳƉ˦ ȭŗʚɼǶ˥ࣱ
�ƨʚ a = (Ğ, B) ſƨ ŗ ǖɼŗɱǫ ࣯ƕǶɼƨƉʚƨƕ Ʉɼ ʯȳƕǶɼƨƉʚƨƕࣱࣖ �ʌʌʯȭƨ |Ğ| = ȩ
ŗȳƕ Ğ = ,ࡹ} ,ࡽ . . . ,ȩ}ࣖ

ÿǫƨ ŗƐȃŗƅƣȩƅ˖ ȣŗʋɮǮ˕ ǑɄɼ a Ƕʌ ŗ ȩ⇥ ȩ ȭŗʚɼǶ˥ � = (ŗǮȃ) ˝ǫƨɼƨ ŗǮȃ Ƕʌ
ʚǫƨ ȳʯȭſƨɼ ɄǑ ƨƕǖƨʌ ǑɼɄȭ ˙ƨɼʚƨ˥ Ǯ ʚɄ ˙ƨɼʚƨ˥ ȃࣖ

Eǖࣘ 2

64
ࡹ ࡹ ࡹ
ࡹ ࡱ ࡽ
ࡹ ࡽ ࡱ

3

75

2

64
ࡹ ࡹ ࡱ
ࡱ ࡱ ࡹ
ࡹ ࡹ ࡱ

3

75

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍࢁ
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ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

6ƨ̇ȳǶʚǶɄȳ ࣯�ƕȍŗƉƨȳƉ˦ ȭŗʚɼǶ˥ࣱ
�ƨʚ a = (Ğ, B) ſƨ ŗ ǖɼŗɱǫ ࣯ƕǶɼƨƉʚƨƕ Ʉɼ ʯȳƕǶɼƨƉʚƨƕࣱࣖ �ʌʌʯȭƨ |Ğ| = ȩ
ŗȳƕ Ğ = ,ࡹ} ,ࡽ . . . ,ȩ}ࣖ

ÿǫƨ ŗƐȃŗƅƣȩƅ˖ ȣŗʋɮǮ˕ ǑɄɼ a Ƕʌ ŗ ȩ⇥ ȩ ȭŗʚɼǶ˥ � = (ŗǮȃ) ˝ǫƨɼƨ ŗǮȃ Ƕʌ
ʚǫƨ ȳʯȭſƨɼ ɄǑ ƨƕǖƨʌ ǑɼɄȭ ˙ƨɼʚƨ˥ Ǯ ʚɄ ˙ƨɼʚƨ˥ ȃࣖ

Eǖࣘ 2

64
ࡹ ࡹ ࡹ
ࡹ ࡱ ࡽ
ࡹ ࡽ ࡱ

3

75

2

64
ࡹ ࡹ ࡱ
ࡱ ࡱ ࡹ
ࡹ ࡹ ࡱ

3

75

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁ

directedvegan
AH

undirected Ig



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

E˥ࣘ eǶ˙ƨ ʚǫƨ ŗƕȍŗƉƨȳƉ˦ ȭŗʚɼǶƉƨʌ ǑɄɼ ʚǫƨʌƨ ǖɼŗɱǫʌࣖ

࣯yȳ ʌƨʚ ȳɄʚŗʚǶɄȳࣘ Ğࡹ = ,ࡹ} ,ࡽ ,ࢁ ,ࢅ ,{ࢉ Bࡹ = ,ࡹ}} ,{ࢁ ,ࢁ} ,{ࢉ ,ࢉ} ,{ࡽ ,ࡽ} ,{ࢅ ,ࢅ} {{ࡹ ŗȳƕ
Ğࡽ = ,ࡹ} ,ࡽ ,ࢁ ,ࢅ ,{ࢉ Bࡽ = ,ࡹ}} ,{ࡽ ,ࡽ} ,{ࢁ ,ࢁ} ,{ࢅ ,ࢅ} ,{ࢉ ,ࢉ} ࣱࣖ{{ࡹ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁ

3
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ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

¥Ʉ˝ ʚǫŗʚ ˝ƨ ǫŗ˙ƨ ŗțț ʚǫƨʌƨ ƕƨ̇ȳǶʚǶɄȳʌࣗ ˝ƨ Ɖŗȳ ɱɼɄ˙ƨ ʌɄȭƨ ʚǫƨɄɼƨȭʌࣖ

ÿǫƨɄɼƨȭ
tǋ a = (Ğ, B) Ǯɾ ŗ ǐɮŗɤǣ ࣯ʠȩƐǮɮƣƅʋƣƐࣰ ŗȩƐ |B| = ȩ ʋǣƣȩ

X

ˉ2Ğ
deg(ˉ) = .ȩࡽ

6Ʉ ˝ƨ ǫŗ˙ƨ Ʉʯɼ ƕƨ̇ȳǶʚǶɄȳʌ ƉɄɼɼƨƉʚࣞ pɄ˝ ƕɄƨʌ ƕƨǖɼƨƨ ˝Ʉɼȕ ˝Ƕʚǫ
țɄɄɱʌ ँ ƕɄƨʌ ŗ țɄɄɱ ƉɄʯȳʚ ࡹ Ʉɼ ࡽ ʚɄ˝ŗɼƕʌ ʚǫƨ ƕƨǖɼƨƨࣞ

âɼɄɄǑࣖ
yȭŗǖǶȳƨ ƕɼŗ˝Ƕȳǖ ŗ ȭŗɼȕ Ʉȳ ˦Ʉʯɼ ɱǶƉʚʯɼƨ ɄǑ a ǑɄɼ ƨŗƉǫ ɱŗǶɼ (ˉ, ƣ)
˝ǫƨɼƨ ˉ Ƕʌ ŗȳ ƨȳƕɱɄǶȳʚ ɄǑ ƣ ࣯ŗȳƕ ƕɼŗ˝ Ƕʚ ƉțɄʌƨ ʚɄ ˉࣱࣖ ÿǫƨȳ ʚǫƨ
ȳʯȭſƨɼ ɄǑ ȭŗɼȕʌ ˦Ʉʯ ǫŗ˙ƨ ƕɼŗ˝ȳ Ƕʌ

P
ˉ2Ğ deg(ˉ)ࣖ ¥Ʉ˝ ǶǑ ƨŗƉǫ ƨƕǖƨ

ǫŗʌ ƨ˥ŗƉʚț˦ ʚ˝Ʉ ȭŗɼȕʌ ƕɼŗ˝ȳ Ʉȳ Ƕʚࣗ ˝ƨ ǫŗ˙ƨ Ʉʯɼ ʚǫƨɄɼƨȭࣖ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢙ࢁ

I
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ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

¥Ʉ˝ ʚǫŗʚ ˝ƨ ǫŗ˙ƨ ŗțț ʚǫƨʌƨ ƕƨ̇ȳǶʚǶɄȳʌࣗ ˝ƨ Ɖŗȳ ɱɼɄ˙ƨ ʌɄȭƨ ʚǫƨɄɼƨȭʌࣖ

ÿǫƨɄɼƨȭ
tǋ a = (Ğ, B) Ǯɾ ŗ ǐɮŗɤǣ ࣯ʠȩƐǮɮƣƅʋƣƐࣰ ŗȩƐ |B| = ȩ ʋǣƣȩ

X

ˉ2Ğ
deg(ˉ) = .ȩࡽ

6Ʉ ˝ƨ ǫŗ˙ƨ Ʉʯɼ ƕƨ̇ȳǶʚǶɄȳʌ ƉɄɼɼƨƉʚࣞ pɄ˝ ƕɄƨʌ ƕƨǖɼƨƨ ˝Ʉɼȕ ˝Ƕʚǫ
țɄɄɱʌ ँ ƕɄƨʌ ŗ țɄɄɱ ƉɄʯȳʚ ࡹ Ʉɼ ࡽ ʚɄ˝ŗɼƕʌ ʚǫƨ ƕƨǖɼƨƨࣞ

âɼɄɄǑࣖ
yȭŗǖǶȳƨ ƕɼŗ˝Ƕȳǖ ŗ ȭŗɼȕ Ʉȳ ˦Ʉʯɼ ɱǶƉʚʯɼƨ ɄǑ a ǑɄɼ ƨŗƉǫ ɱŗǶɼ (ˉ, ƣ)
˝ǫƨɼƨ ˉ Ƕʌ ŗȳ ƨȳƕɱɄǶȳʚ ɄǑ ƣ ࣯ŗȳƕ ƕɼŗ˝ Ƕʚ ƉțɄʌƨ ʚɄ ˉࣱࣖ ÿǫƨȳ ʚǫƨ
ȳʯȭſƨɼ ɄǑ ȭŗɼȕʌ ˦Ʉʯ ǫŗ˙ƨ ƕɼŗ˝ȳ Ƕʌ

P
ˉ2Ğ deg(ˉ)ࣖ ¥Ʉ˝ ǶǑ ƨŗƉǫ ƨƕǖƨ

ǫŗʌ ƨ˥ŗƉʚț˦ ʚ˝Ʉ ȭŗɼȕʌ ƕɼŗ˝ȳ Ʉȳ Ƕʚࣗ ˝ƨ ǫŗ˙ƨ Ʉʯɼ ʚǫƨɄɼƨȭࣖ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࢅ



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

¥Ʉ˝ ʚǫŗʚ ˝ƨ ǫŗ˙ƨ ŗțț ʚǫƨʌƨ ƕƨ̇ȳǶʚǶɄȳʌࣗ ˝ƨ Ɖŗȳ ɱɼɄ˙ƨ ʌɄȭƨ ʚǫƨɄɼƨȭʌࣖ

ÿǫƨɄɼƨȭ
tǋ a = (Ğ, B) Ǯɾ ŗ ǐɮŗɤǣ ࣯ʠȩƐǮɮƣƅʋƣƐࣰ ŗȩƐ |B| = ȩ ʋǣƣȩ

X

ˉ2Ğ
deg(ˉ) = .ȩࡽ

6Ʉ ˝ƨ ǫŗ˙ƨ Ʉʯɼ ƕƨ̇ȳǶʚǶɄȳʌ ƉɄɼɼƨƉʚࣞ pɄ˝ ƕɄƨʌ ƕƨǖɼƨƨ ˝Ʉɼȕ ˝Ƕʚǫ
țɄɄɱʌ ँ ƕɄƨʌ ŗ țɄɄɱ ƉɄʯȳʚ ࡹ Ʉɼ ࡽ ʚɄ˝ŗɼƕʌ ʚǫƨ ƕƨǖɼƨƨࣞ

âɼɄɄǑࣖ
yȭŗǖǶȳƨ ƕɼŗ˝Ƕȳǖ ŗ ȭŗɼȕ Ʉȳ ˦Ʉʯɼ ɱǶƉʚʯɼƨ ɄǑ a ǑɄɼ ƨŗƉǫ ɱŗǶɼ (ˉ, ƣ)
˝ǫƨɼƨ ˉ Ƕʌ ŗȳ ƨȳƕɱɄǶȳʚ ɄǑ ƣ ࣯ŗȳƕ ƕɼŗ˝ Ƕʚ ƉțɄʌƨ ʚɄ ˉࣱࣖ ÿǫƨȳ ʚǫƨ
ȳʯȭſƨɼ ɄǑ ȭŗɼȕʌ ˦Ʉʯ ǫŗ˙ƨ ƕɼŗ˝ȳ Ƕʌ

P
ˉ2Ğ deg(ˉ)ࣖ ¥Ʉ˝ ǶǑ ƨŗƉǫ ƨƕǖƨ

ǫŗʌ ƨ˥ŗƉʚț˦ ʚ˝Ʉ ȭŗɼȕʌ ƕɼŗ˝ȳ Ʉȳ Ƕʚࣗ ˝ƨ ǫŗ˙ƨ Ʉʯɼ ʚǫƨɄɼƨȭࣖ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹࢅ

e



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

ÿǫƨɄɼƨȭ
tǋ a = (Ğ, B) Ǯɾ ŗ ǐɮŗɤǣ ࣯ʠȩƐǮɮƣƅʋƣƐࣰ ŗȩƐ |B| = ȩ ʋǣƣȩ

X

ˉ2Ğ
deg(ˉ) = .ȩࡽ

E˥ࣘ İǫŗʚ ˝Ʉʯțƕ ſƨ ʚǫƨ ƉɄɼɼƨʌɱɄȳƕǶȳǖ ʌʚŗʚƨȭƨȳʚ ǑɄɼ ƕǶɼƨƉʚƨƕ ǖɼŗɱǫʌࣞ
,ŗȳ ˦Ʉʯ ɱɼɄ˙ƨ Ƕʚࣞ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽࢅ

M

in deg out degree

E



ϼ̙ϵ Џ͛ϊϼц ँ ̼̙Ѕΐ̈́ ͎͛ͺΐκΐЏΐϊκЅ

E˥ࣘ pɄ˝ ȭŗȳ˦ ƨƕǖƨʌ ƕɄƨʌ ʚǫƨ ƉɄȭɱțƨʚƨ ǖɼŗɱǫ Ʉȳ ȩ ˙ƨɼʚǶƉƨʌ ǫŗ˙ƨࣞ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁࢅ

graph win degree

É

kn



ϼ̙͛̈́άάࣘ ζ̙Џϼΐх ζОάЏΐϵάΐ̙̈́Џΐϊκ

2

64
ࡹ ࡹ ࡹ
ࡹ ࡱ ࡽ
ࡹ ࡽ ࡱ

3

75 .

2

64
ࡹ ࡹ ࡱ
ࡱ ࡱ ࡹ
ࡹ ࡹ ࡱ

3

75 =

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅࢅ

- Ldf

-

It



̈́ϊОκЏΐκ ϵ̙ЏЅ ΐκ ̙ ϼ̙ϵ

ÿǫƨɄɼƨȭ
tǋ a = (Ğ, B) Ǯɾ ŗ ǐɮŗɤǣ ˍǮʋǣ Ğ = ,ࡹ} ,ࡽ . . . , ɾ} ŗȩƐ ɾ⇥ ɾ ŗƐȃŗƅƣȩƅ˖
ȣŗʋɮǮ˕ �ࣗ ʋǣƣȩ ʋǣƣ ȩʠȣŻƣɮ ȹǋ ɤŗʋǣɾ ɾʋŗɮʋǮȩǐ ŗʋ Ǯ ŗȩƐ ƣȩƐǮȩǐ ŗʋ ȃ ȹǋ
ȑƣȩǐʋǣ ȩ > ࡹ Ǯɾ ʋǣƣ Ǯȃࣽʋǣ ƣȩʋɮ˖ Ǯȩ �ȩࣖ

bǶɼʌʚ ɄǑ ŗțțࣗ ƉǫƨƉȕ Ƕʚʌ ʚɼʯƨ ࣯ƕɄ ˝ƨ ǫŗ˙ƨ Ʉʯɼ ƕƨ̇ȳǶʚǶɄȳʌ ɄǑ ɱŗʚǫʌࣗ ŗȳƕ
țƨȳǖʚǫ ɄǑ ɱŗʚǫࣗ ƉɄɼɼƨƉʚࣱࣞ

İǫŗʚ ʚƨƉǫȳǶɸʯƨ ʚɄ ɱɼɄ˙ƨ ʚǫǶʌࣞ

ÿǫǶʌ Ƕʌ ŗ ʌʚŗʚƨȭƨȳʚ ŗſɄʯʚ ɱŗʚǫʌ ɄǑ țƨȳǖʚǫ ȩ 2 N+ ʌɄ ȭŗ˦ſƨ ǮȩƐʠƅʋǮȹȩ
Ƕʌ ŗɱɱɼɄɱɼǶŗʚƨࣖ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉࢅ

undirected

1 i

JB ti
A

t pathsof leash I

912 True for
y

2
n 1

As is by definition orfor na k Akt adjacencymatrix



̈́ϊОκЏΐκ ϵ̙ЏЅ ΐκ ̙ ϼ̙ϵ

ÿǫƨɄɼƨȭ
tǋ a = (Ğ, B) Ǯɾ ŗ ǐɮŗɤǣ ˍǮʋǣ Ğ = ,ࡹ} ,ࡽ . . . , ɾ} ŗȩƐ ɾ⇥ ɾ ŗƐȃŗƅƣȩƅ˖
ȣŗʋɮǮ˕ �ࣗ ʋǣƣȩ ʋǣƣ ȩʠȣŻƣɮ ȹǋ ɤŗʋǣɾ ɾʋŗɮʋǮȩǐ ŗʋ Ǯ ŗȩƐ ƣȩƐǮȩǐ ŗʋ ȃ ȹǋ
ȑƣȩǐʋǣ ȩ > ࡹ Ǯɾ ʋǣƣ Ǯȃࣽʋǣ ƣȩʋɮ˖ Ǯȩ �ȩࣖ

bǶɼʌʚ ɄǑ ŗțțࣗ ƉǫƨƉȕ Ƕʚʌ ʚɼʯƨ ࣯ƕɄ ˝ƨ ǫŗ˙ƨ Ʉʯɼ ƕƨ̇ȳǶʚǶɄȳʌ ɄǑ ɱŗʚǫʌࣗ ŗȳƕ
țƨȳǖʚǫ ɄǑ ɱŗʚǫࣗ ƉɄɼɼƨƉʚࣱࣞ

İǫŗʚ ʚƨƉǫȳǶɸʯƨ ʚɄ ɱɼɄ˙ƨ ʚǫǶʌࣞ

ÿǫǶʌ Ƕʌ ŗ ʌʚŗʚƨȭƨȳʚ ŗſɄʯʚ ɱŗʚǫʌ ɄǑ țƨȳǖʚǫ ȩ 2 N+ ʌɄ ȭŗ˦ſƨ ǮȩƐʠƅʋǮȹȩ
Ƕʌ ŗɱɱɼɄɱɼǶŗʚƨࣖ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍࢅ

A A Ii Try of



̈́ϊОκЏΐκ ϵ̙ЏЅ ΐκ ̙ ϼ̙ϵ

ÿǫƨɄɼƨȭ
tǋ a = (Ğ, B) Ǯɾ ŗ ǐɮŗɤǣ ˍǮʋǣ Ğ = ,ࡹ} ,ࡽ . . . , ɾ} ŗȩƐ ɾ⇥ ɾ ŗƐȃŗƅƣȩƅ˖
ȣŗʋɮǮ˕ �ࣗ ʋǣƣȩ ʋǣƣ ȩʠȣŻƣɮ ȹǋ ɤŗʋǣɾ ɾʋŗɮʋǮȩǐ ŗʋ Ǯ ŗȩƐ ƣȩƐǮȩǐ ŗʋ ȃ ȹǋ
ȑƣȩǐʋǣ ȩ > ࡹ Ǯɾ ʋǣƣ Ǯȃࣽʋǣ ƣȩʋɮ˖ Ǯȩ �ȩࣖ

bǶɼʌʚ ɄǑ ŗțțࣗ ƉǫƨƉȕ Ƕʚʌ ʚɼʯƨ ࣯ƕɄ ˝ƨ ǫŗ˙ƨ Ʉʯɼ ƕƨ̇ȳǶʚǶɄȳʌ ɄǑ ɱŗʚǫʌࣗ ŗȳƕ
țƨȳǖʚǫ ɄǑ ɱŗʚǫࣗ ƉɄɼɼƨƉʚࣱࣞ

İǫŗʚ ʚƨƉǫȳǶɸʯƨ ʚɄ ɱɼɄ˙ƨ ʚǫǶʌࣞ

ÿǫǶʌ Ƕʌ ŗ ʌʚŗʚƨȭƨȳʚ ŗſɄʯʚ ɱŗʚǫʌ ɄǑ țƨȳǖʚǫ ȩ 2 N+ ʌɄ ȭŗ˦ſƨ ǮȩƐʠƅʋǮȹȩ
Ƕʌ ŗɱɱɼɄɱɼǶŗʚƨࣖ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅ



̈́ϊОκЏΐκ ϵ̙ЏЅ ΐκ ̙ ϼ̙ϵ

ÿǫƨɄɼƨȭ
tǋ a = (Ğ, B) Ǯɾ ŗ ǐɮŗɤǣ ˍǮʋǣ Ğ = ,ࡹ} ,ࡽ . . . , ɾ} ŗȩƐ ɾ⇥ ɾ ŗƐȃŗƅƣȩƅ˖
ȣŗʋɮǮ˕ �ࣗ ʋǣƣȩ ʋǣƣ ȩʠȣŻƣɮ ȹǋ ɤŗʋǣɾ ɾʋŗɮʋǮȩǐ ŗʋ Ǯ ŗȩƐ ƣȩƐǮȩǐ ŗʋ ȃ ȹǋ
ȑƣȩǐʋǣ ȩ > ࡹ Ǯɾ ʋǣƣ Ǯȃࣽʋǣ ƣȩʋɮ˖ Ǯȩ �ȩࣖ

bǶɼʌʚ ɄǑ ŗțțࣗ ƉǫƨƉȕ Ƕʚʌ ʚɼʯƨ ࣯ƕɄ ˝ƨ ǫŗ˙ƨ Ʉʯɼ ƕƨ̇ȳǶʚǶɄȳʌ ɄǑ ɱŗʚǫʌࣗ ŗȳƕ
țƨȳǖʚǫ ɄǑ ɱŗʚǫࣗ ƉɄɼɼƨƉʚࣱࣞ

İǫŗʚ ʚƨƉǫȳǶɸʯƨ ʚɄ ɱɼɄ˙ƨ ʚǫǶʌࣞ

ÿǫǶʌ Ƕʌ ŗ ʌʚŗʚƨȭƨȳʚ ŗſɄʯʚ ɱŗʚǫʌ ɄǑ țƨȳǖʚǫ ȩ 2 N+ ʌɄ ȭŗ˦ſƨ ǮȩƐʠƅʋǮȹȩ
Ƕʌ ŗɱɱɼɄɱɼǶŗʚƨࣖ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅ



̈́ϊОκЏΐκ ϵ̙ЏЅ ΐκ ̙ ϼ̙ϵ

âɼɄɄǑࣖ �ƨʚ ×(ȩ) ſƨ ʚǫƨ ʌʚŗʚƨȭƨȳʚ ʚǫŗʚ ʚǫƨ ȳʯȭſƨɼ ɄǑ ɱŗʚǫʌ ʌʚŗɼʚǶȳǖ ŗʚ
Ǯ ŗȳƕ ƨȳƕǶȳǖ ŗʚ ȃ ɄǑ țƨȳǖʚǫ ȩ > ࡹ Ƕʌ ʚǫƨ Ǯȃࣽʚǫ ƨȳʚɼ˦ Ƕȳ �ȩࣖ

ÿǫƨȳ (ࡹ)× Ƕʌ ƨ˥ŗƉʚț˦ ʚǫƨ ƕƨ̇ȳǶʚǶɄȳ ɄǑ ŗƕȍŗƉƨȳƉ˦ ȭŗʚɼǶ˥ࣘ ʚǫƨ ȳʯȭſƨɼ ɄǑ
ɱŗʚǫʌ ɄǑ țƨȳǖʚǫ ࡹ ǑɼɄȭ Ǯ ʚɄ ȃ Ƕʌ ǖǶ˙ƨȳ ſ˦ ŗǮȃࣖ

�ʌʌʯȭƨ ×(ȋ) Ƕʌ ʚɼʯƨ ŗȳƕ ƉɄȳʌǶƕƨɼ �ȋ+ࡹ = ��ȋࣖ yǑ ˝ƨ ˝ɼǶʚƨ
�ȋ = (ŻǮȃ)6ࡹǮ,ȃ6ɾ ʚǫƨȳ ſ˦ ŗʌʌʯȭɱʚǶɄȳ ŻǮȃ Ƕʌ ʚǫƨ ȳʯȭſƨɼ ɄǑ ɱŗʚǫʌ ǑɼɄȭ Ǯ
ʚɄ ȃ ɄǑ țƨȳǖʚǫ ȋࣖ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢙ࢅ



̈́ϊОκЏΐκ ϵ̙ЏЅ ΐκ ̙ ϼ̙ϵ

âɼɄɄǑࣖ �ƨʚ ×(ȩ) ſƨ ʚǫƨ ʌʚŗʚƨȭƨȳʚ ʚǫŗʚ ʚǫƨ ȳʯȭſƨɼ ɄǑ ɱŗʚǫʌ ʌʚŗɼʚǶȳǖ ŗʚ
Ǯ ŗȳƕ ƨȳƕǶȳǖ ŗʚ ȃ ɄǑ țƨȳǖʚǫ ȩ > ࡹ Ƕʌ ʚǫƨ Ǯȃࣽʚǫ ƨȳʚɼ˦ Ƕȳ �ȩࣖ

ÿǫƨȳ (ࡹ)× Ƕʌ ƨ˥ŗƉʚț˦ ʚǫƨ ƕƨ̇ȳǶʚǶɄȳ ɄǑ ŗƕȍŗƉƨȳƉ˦ ȭŗʚɼǶ˥ࣘ ʚǫƨ ȳʯȭſƨɼ ɄǑ
ɱŗʚǫʌ ɄǑ țƨȳǖʚǫ ࡹ ǑɼɄȭ Ǯ ʚɄ ȃ Ƕʌ ǖǶ˙ƨȳ ſ˦ ŗǮȃࣖ

�ʌʌʯȭƨ ×(ȋ) Ƕʌ ʚɼʯƨ ŗȳƕ ƉɄȳʌǶƕƨɼ �ȋ+ࡹ = ��ȋࣖ yǑ ˝ƨ ˝ɼǶʚƨ
�ȋ = (ŻǮȃ)6ࡹǮ,ȃ6ɾ ʚǫƨȳ ſ˦ ŗʌʌʯȭɱʚǶɄȳ ŻǮȃ Ƕʌ ʚǫƨ ȳʯȭſƨɼ ɄǑ ɱŗʚǫʌ ǑɼɄȭ Ǯ
ʚɄ ȃ ɄǑ țƨȳǖʚǫ ȋࣖ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࢉ



̈́ϊОκЏΐκ ϵ̙ЏЅ ΐκ ̙ ϼ̙ϵ

âɼɄɄǑࣖ �ƨʚ ×(ȩ) ſƨ ʚǫƨ ʌʚŗʚƨȭƨȳʚ ʚǫŗʚ ʚǫƨ ȳʯȭſƨɼ ɄǑ ɱŗʚǫʌ ʌʚŗɼʚǶȳǖ ŗʚ
Ǯ ŗȳƕ ƨȳƕǶȳǖ ŗʚ ȃ ɄǑ țƨȳǖʚǫ ȩ > ࡹ Ƕʌ ʚǫƨ Ǯȃࣽʚǫ ƨȳʚɼ˦ Ƕȳ �ȩࣖ

ÿǫƨȳ (ࡹ)× Ƕʌ ƨ˥ŗƉʚț˦ ʚǫƨ ƕƨ̇ȳǶʚǶɄȳ ɄǑ ŗƕȍŗƉƨȳƉ˦ ȭŗʚɼǶ˥ࣘ ʚǫƨ ȳʯȭſƨɼ ɄǑ
ɱŗʚǫʌ ɄǑ țƨȳǖʚǫ ࡹ ǑɼɄȭ Ǯ ʚɄ ȃ Ƕʌ ǖǶ˙ƨȳ ſ˦ ŗǮȃࣖ

�ʌʌʯȭƨ ×(ȋ) Ƕʌ ʚɼʯƨ ŗȳƕ ƉɄȳʌǶƕƨɼ �ȋ+ࡹ = ��ȋࣖ yǑ ˝ƨ ˝ɼǶʚƨ
�ȋ = (ŻǮȃ)6ࡹǮ,ȃ6ɾ ʚǫƨȳ ſ˦ ŗʌʌʯȭɱʚǶɄȳ ŻǮȃ Ƕʌ ʚǫƨ ȳʯȭſƨɼ ɄǑ ɱŗʚǫʌ ǑɼɄȭ Ǯ
ʚɄ ȃ ɄǑ țƨȳǖʚǫ ȋࣖ

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹࢉ

A

1



̈́ϊОκЏΐκ ϵ̙ЏЅ ΐκ ̙ ϼ̙ϵ

�ʌʌʯȭƨ ×(ȋ) Ƕʌ ʚɼʯƨ ŗȳƕ ƉɄȳʌǶƕƨɼ �ȋ+ࡹ = ��ȋࣖ yǑ ˝ƨ ˝ɼǶʚƨ
�ȋ = (ŻǮȃ)6ࡹǮ,ȃ6ɾ ʚǫƨȳ ſ˦ ŗʌʌʯȭɱʚǶɄȳ ŻǮȃ Ƕʌ ʚǫƨ ȳʯȭſƨɼ ɄǑ ɱŗʚǫʌ ǑɼɄȭ Ǯ
ʚɄ ȃ ɄǑ țƨȳǖʚǫ ȋࣖ

$˦ ʚǫƨ ƕƨ̇ȳǶʚǶɄȳ ɄǑ ȭŗʚɼǶ˥ ȭʯțʚǶɱțǶƉŗʚǶɄȳ ʚǫƨ Ǯȃࣽʚǫ ƨȳʚɼ˦ ɄǑ �ȋ+ࡹ = ��ȋ
Ƕʌ

ŗǮࡹŻࡹȃ + ŗǮࡽŻࡽȃ + · · ·+ ŗǮȩŻȩȃ =
ȩX

ʋ=ࡹ
ŗǮʋŻʋȃ

˝ǫǶƉǫ ƉɄʯȳʚʌ ɱŗʚǫʌ ˝ǫɄʌƨ ̇ɼʌʚ ʌʚƨɱ ǖɄƨʌ ˙Ƕŗ ʌɄȭƨ ˙ƨɼʚƨ˥ ʋࣗ ʌɄ ƉɄʯȳʚʌ
ŗțț ʚǫƨ ɱŗʚǫʌ ʚǫŗʚ ʌʚŗɼʚ ŗʚ Ǯ ŗȳƕ ȭŗȕƨ Ʉȳƨ ʌʚƨɱ ʚɄ ſƨ ŗʚ ˙ƨɼʚƨ˥ ʋ ŗȳƕ
ʚǫƨȳ ǑɄțțɄ˝ ŗ ɱŗʚǫ ǑɼɄȭ ʋ ʚɄ ȃࣖ

óǶȳƉƨ ŗțț ɄǑ ʚǫƨʌƨ ɱŗʚǫʌ ŗɼƨ ƕǶ˽ƨɼƨȳʚࣗ ˝ƨ ǖƨʚ ʚǫƨ ƉɄɼɼƨƉʚ ƉɄʯȳʚࣖ ⇤

�ƨƉʚʯɼƨ ࣘࡹ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽࢉ



̈́ϊОκЏΐκ ϵ̙ЏЅ ΐκ ̙ ϼ̙ϵ

�ʌʌʯȭƨ ×(ȋ) Ƕʌ ʚɼʯƨ ŗȳƕ ƉɄȳʌǶƕƨɼ �ȋ+ࡹ = ��ȋࣖ yǑ ˝ƨ ˝ɼǶʚƨ
�ȋ = (ŻǮȃ)6ࡹǮ,ȃ6ɾ ʚǫƨȳ ſ˦ ŗʌʌʯȭɱʚǶɄȳ ŻǮȃ Ƕʌ ʚǫƨ ȳʯȭſƨɼ ɄǑ ɱŗʚǫʌ ǑɼɄȭ Ǯ
ʚɄ ȃ ɄǑ țƨȳǖʚǫ ȋࣖ

$˦ ʚǫƨ ƕƨ̇ȳǶʚǶɄȳ ɄǑ ȭŗʚɼǶ˥ ȭʯțʚǶɱțǶƉŗʚǶɄȳ ʚǫƨ Ǯȃࣽʚǫ ƨȳʚɼ˦ ɄǑ �ȋ+ࡹ = ��ȋ
Ƕʌ

ŗǮࡹŻࡹȃ + ŗǮࡽŻࡽȃ + · · ·+ ŗǮȩŻȩȃ =
ȩX

ʋ=ࡹ
ŗǮʋŻʋȃ

˝ǫǶƉǫ ƉɄʯȳʚʌ ɱŗʚǫʌ ˝ǫɄʌƨ ̇ɼʌʚ ʌʚƨɱ ǖɄƨʌ ˙Ƕŗ ʌɄȭƨ ˙ƨɼʚƨ˥ ʋࣗ ʌɄ ƉɄʯȳʚʌ
ŗțț ʚǫƨ ɱŗʚǫʌ ʚǫŗʚ ʌʚŗɼʚ ŗʚ Ǯ ŗȳƕ ȭŗȕƨ Ʉȳƨ ʌʚƨɱ ʚɄ ſƨ ŗʚ ˙ƨɼʚƨ˥ ʋ ŗȳƕ
ʚǫƨȳ ǑɄțțɄ˝ ŗ ɱŗʚǫ ǑɼɄȭ ʋ ʚɄ ȃࣖ

óǶȳƉƨ ŗțț ɄǑ ʚǫƨʌƨ ɱŗʚǫʌ ŗɼƨ ƕǶ˽ƨɼƨȳʚࣗ ˝ƨ ǖƨʚ ʚǫƨ ƉɄɼɼƨƉʚ ƉɄʯȳʚࣖ ⇤
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�ʌʌʯȭƨ ×(ȋ) Ƕʌ ʚɼʯƨ ŗȳƕ ƉɄȳʌǶƕƨɼ �ȋ+ࡹ = ��ȋࣖ yǑ ˝ƨ ˝ɼǶʚƨ
�ȋ = (ŻǮȃ)6ࡹǮ,ȃ6ɾ ʚǫƨȳ ſ˦ ŗʌʌʯȭɱʚǶɄȳ ŻǮȃ Ƕʌ ʚǫƨ ȳʯȭſƨɼ ɄǑ ɱŗʚǫʌ ǑɼɄȭ Ǯ
ʚɄ ȃ ɄǑ țƨȳǖʚǫ ȋࣖ

$˦ ʚǫƨ ƕƨ̇ȳǶʚǶɄȳ ɄǑ ȭŗʚɼǶ˥ ȭʯțʚǶɱțǶƉŗʚǶɄȳ ʚǫƨ Ǯȃࣽʚǫ ƨȳʚɼ˦ ɄǑ �ȋ+ࡹ = ��ȋ
Ƕʌ

ŗǮࡹŻࡹȃ + ŗǮࡽŻࡽȃ + · · ·+ ŗǮȩŻȩȃ =
ȩX

ʋ=ࡹ
ŗǮʋŻʋȃ

˝ǫǶƉǫ ƉɄʯȳʚʌ ɱŗʚǫʌ ˝ǫɄʌƨ ̇ɼʌʚ ʌʚƨɱ ǖɄƨʌ ˙Ƕŗ ʌɄȭƨ ˙ƨɼʚƨ˥ ʋࣗ ʌɄ ƉɄʯȳʚʌ
ŗțț ʚǫƨ ɱŗʚǫʌ ʚǫŗʚ ʌʚŗɼʚ ŗʚ Ǯ ŗȳƕ ȭŗȕƨ Ʉȳƨ ʌʚƨɱ ʚɄ ſƨ ŗʚ ˙ƨɼʚƨ˥ ʋ ŗȳƕ
ʚǫƨȳ ǑɄțțɄ˝ ŗ ɱŗʚǫ ǑɼɄȭ ʋ ʚɄ ȃࣖ
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�ɱɱțǶƉŗʚǶɄȳࣘ JVVRU���OCVJ�UVCEMGZEJCPIG�EQO�SWGUVKQPU�
������EQWPVKPI�VJG�PWODGT�QH�RCVJU�QP�C�ITCRJ
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κ͛хЏ Џΐζ͛

 ǖɼŗɱǫ ǶʌɄȭɄɼɱǫǶʌȭ

 Eʯțŗɼ ɱŗʚǫʌ

 pŗȭǶțʚɄȳǶŗȳ ƉǶɼƉʯǶʚʌ
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