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�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹ

 



ϵά̙κ

࣢ 6Ƕ˙ǶʌǶɄȳ ŗȳƕ ɼƨȭŗǶȳƕƨɼ țƨȭȭŗ

࣢ EʯƉțǶƕƨŗȳ ŗțǖɄɼǶʚǫȭ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽ



ϼ̙͛̈́άά

N = ,ࡱ} ,ࡹ ,ࡽ ,ࢁ . . . } Ƕʌ ʚǫƨ ʌƨʚ ɄǑ ŗțț ȩŗʋʠɮŗȑ ȩʠȣŻƣɮɾࣖ bɄɼ ʚǫǶʌ ʌʯſȍƨƉʚࣗ
Ƕʚ ˝Ƕțț ŗț˝ŗ˦ʌ ƉɄȳʚŗǶȳ ࣖࡱ

�ȳ ƨțƨȭƨȳʚ ɾ Ƕȳ ŗ ʌʯſʌƨʚ ç ✓ N Ƕʌ Ɖŗțțƨƕ ŗ ̃ɮɾʋ ƣȑƣȣƣȩʋ Ƕȳ ç ǶǑ ɾ 6 ˕
ǑɄɼ ƨ˙ƨɼ˦ ˕ 2 çࣖ

Eǖࣘ ,ࢉ} ,ࢅ ,ࢍ {࢑ ǫŗʌ ŗ ̇ɼʌʚ ƨțƨȭƨȳʚࣗ ࣖࢅ

�ƨȭȭŗ
^Ǯɮɾʋ ƣȑƣȣƣȩʋɾ ŗɮƣ ʯȳǶɸʯƨࣖ ࣯çȹ ˍƣ ƅŗȩ ɾŗ˖ एʋǣƣऐ ̃ɮɾʋ ƣȑƣȣƣȩʋࣰࣖ

�˥ǶɄȭ ࣯İƨțț ɄɼƕƨɼǶȳǖ ɱɼǶȳƉǶɱțƨࣱ
E˙ƨɼ˦ ȳɄȳࣽƨȭɱʚ˦ ʌʯſʌƨʚ ɄǑ N ǫŗʌ ŗ ̇ɼʌʚ ƨțƨȭƨȳʚࣖ

ŗ˕Ǯȹȣ ঋ ǑŗƉʚ ˝ǫǶƉǫ ƕɄƨʌ ȳɄʚ ǑɄțțɄ˝ ǑɼɄȭ Ʉʚǫƨɼ ǑŗƉʚʌࣖ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁ
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ϼ̙͛̈́άά

N = ,ࡱ} ,ࡹ ,ࡽ ,ࢁ . . . } Ƕʌ ʚǫƨ ʌƨʚ ɄǑ ŗțț ȩŗʋʠɮŗȑ ȩʠȣŻƣɮɾࣖ bɄɼ ʚǫǶʌ ʌʯſȍƨƉʚࣗ
Ƕʚ ˝Ƕțț ŗț˝ŗ˦ʌ ƉɄȳʚŗǶȳ ࣖࡱ

�ȳ ƨțƨȭƨȳʚ ɾ Ƕȳ ŗ ʌʯſʌƨʚ ç ✓ N Ƕʌ Ɖŗțțƨƕ ŗ ̃ɮɾʋ ƣȑƣȣƣȩʋ Ƕȳ ç ǶǑ ɾ 6 ˕
ǑɄɼ ƨ˙ƨɼ˦ ˕ 2 çࣖ

Eǖࣘ ,ࢉ} ,ࢅ ,ࢍ {࢑ ǫŗʌ ŗ ̇ɼʌʚ ƨțƨȭƨȳʚࣗ ࣖࢅ

�ƨȭȭŗ
^Ǯɮɾʋ ƣȑƣȣƣȩʋɾ ŗɮƣ ʯȳǶɸʯƨࣖ

࣯çȹ ˍƣ ƅŗȩ ɾŗ˖ एʋǣƣऐ ̃ɮɾʋ ƣȑƣȣƣȩʋࣰࣖ

�˥ǶɄȭ ࣯İƨțț ɄɼƕƨɼǶȳǖ ɱɼǶȳƉǶɱțƨࣱ
E˙ƨɼ˦ ȳɄȳࣽƨȭɱʚ˦ ʌʯſʌƨʚ ɄǑ N ǫŗʌ ŗ ̇ɼʌʚ ƨțƨȭƨȳʚࣖ

ŗ˕Ǯȹȣ ঋ ǑŗƉʚ ˝ǫǶƉǫ ƕɄƨʌ ȳɄʚ ǑɄțțɄ˝ ǑɼɄȭ Ʉʚǫƨɼ ǑŗƉʚʌࣖ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅ
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ϼ̙͛̈́άά

N = ,ࡱ} ,ࡹ ,ࡽ ,ࢁ . . . } Ƕʌ ʚǫƨ ʌƨʚ ɄǑ ŗțț ȩŗʋʠɮŗȑ ȩʠȣŻƣɮɾࣖ bɄɼ ʚǫǶʌ ʌʯſȍƨƉʚࣗ
Ƕʚ ˝Ƕțț ŗț˝ŗ˦ʌ ƉɄȳʚŗǶȳ ࣖࡱ

�ȳ ƨțƨȭƨȳʚ ɾ Ƕȳ ŗ ʌʯſʌƨʚ ç ✓ N Ƕʌ Ɖŗțțƨƕ ŗ ̃ɮɾʋ ƣȑƣȣƣȩʋ Ƕȳ ç ǶǑ ɾ 6 ˕
ǑɄɼ ƨ˙ƨɼ˦ ˕ 2 çࣖ

Eǖࣘ ,ࢉ} ,ࢅ ,ࢍ {࢑ ǫŗʌ ŗ ̇ɼʌʚ ƨțƨȭƨȳʚࣗ ࣖࢅ

�ƨȭȭŗ
^Ǯɮɾʋ ƣȑƣȣƣȩʋɾ ŗɮƣ ʯȳǶɸʯƨࣖ ࣯çȹ ˍƣ ƅŗȩ ɾŗ˖ एʋǣƣऐ ̃ɮɾʋ ƣȑƣȣƣȩʋࣰࣖ

�˥ǶɄȭ ࣯İƨțț ɄɼƕƨɼǶȳǖ ɱɼǶȳƉǶɱțƨࣱ
E˙ƨɼ˦ ȳɄȳࣽƨȭɱʚ˦ ʌʯſʌƨʚ ɄǑ N ǫŗʌ ŗ ̇ɼʌʚ ƨțƨȭƨȳʚࣖ

ŗ˕Ǯȹȣ ঋ ǑŗƉʚ ˝ǫǶƉǫ ƕɄƨʌ ȳɄʚ ǑɄțțɄ˝ ǑɼɄȭ Ʉʚǫƨɼ ǑŗƉʚʌࣖ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉ
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ϼ̙͛̈́άά

N = ,ࡱ} ,ࡹ ,ࡽ ,ࢁ . . . } Ƕʌ ʚǫƨ ʌƨʚ ɄǑ ŗțț ȩŗʋʠɮŗȑ ȩʠȣŻƣɮɾࣖ bɄɼ ʚǫǶʌ ʌʯſȍƨƉʚࣗ
Ƕʚ ˝Ƕțț ŗț˝ŗ˦ʌ ƉɄȳʚŗǶȳ ࣖࡱ

�ȳ ƨțƨȭƨȳʚ ɾ Ƕȳ ŗ ʌʯſʌƨʚ ç ✓ N Ƕʌ Ɖŗțțƨƕ ŗ ̃ɮɾʋ ƣȑƣȣƣȩʋ Ƕȳ ç ǶǑ ɾ 6 ˕
ǑɄɼ ƨ˙ƨɼ˦ ˕ 2 çࣖ

Eǖࣘ ,ࢉ} ,ࢅ ,ࢍ {࢑ ǫŗʌ ŗ ̇ɼʌʚ ƨțƨȭƨȳʚࣗ ࣖࢅ

�ƨȭȭŗ
^Ǯɮɾʋ ƣȑƣȣƣȩʋɾ ŗɮƣ ʯȳǶɸʯƨࣖ ࣯çȹ ˍƣ ƅŗȩ ɾŗ˖ एʋǣƣऐ ̃ɮɾʋ ƣȑƣȣƣȩʋࣰࣖ

�˥ǶɄȭ ࣯İƨțț ɄɼƕƨɼǶȳǖ ɱɼǶȳƉǶɱțƨࣱ
E˙ƨɼ˦ ȳɄȳࣽƨȭɱʚ˦ ʌʯſʌƨʚ ɄǑ N ǫŗʌ ŗ ̇ɼʌʚ ƨțƨȭƨȳʚࣖ

ŗ˕Ǯȹȣ ঋ ǑŗƉʚ ˝ǫǶƉǫ ƕɄƨʌ ȳɄʚ ǑɄțțɄ˝ ǑɼɄȭ Ʉʚǫƨɼ ǑŗƉʚʌࣖ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍ



̙ϵϵάΐ̙̈́Џΐϊκࣘ ͎ΐлΐЅΐϊκ ̙κ͎ ϼ͛ζ̙ΐκ͎͛ϼ

�ƨȭȭŗ

�ƣʋ ȩ,Ɛ 2 Z ˍǮʋǣ Ɛ > ࣖࡱ òǣƣȩ ʋǣƣɮƣ ƣ˕Ǯɾʋ ɪ, ɮ 2 Z ˍǮʋǣ ࡱ 6 ɮ < Ɛ ɾʠƅǣ
ʋǣŗʋ ȩ = ɪƐ+ ɮࣖ

âɼɄɄǑࣘ

6ƨ̇ȳƨ � = {ȩ� ɪƐ | ɪ 2 Z}ࣖ ÿǫƨȳ � \ N Ƕʌ ŗ ʌʯſʌƨʚ ɄǑ Nࣖ

yʚ Ƕʌ ȳɄȳࣽƨȭɱʚ˦ ſƨƉŗʯʌƨ ǶǑ ȩ > ࡱ ˦Ʉʯ Ɖŗȳ ʚŗȕƨ ɪ = ࡱ ŗȳƕ ǶǑ ȩ < ࡱ ʚŗȕƨ
ɪ = ȩࡱࡱࡹ ࣯˝ǫǶƉǫ Ƕʌ ŗ ȳƨǖŗʚǶ˙ƨ ȳʯȭſƨɼࣗ ʌɄ �ɪƐ Ƕʌ ŗ ſǶǖ ɱɄʌǶʚǶ˙ƨ
ȳʯȭſƨɼࣱࣖ

ÿǫƨɼƨǑɄɼƨ ſ˦ ʚǫƨ ˝ƨțț ɄɼƕƨɼǶȳǖ ɱɼǶȳƉǶɱțƨ � \ N ǫŗʌ ŗ ̇ɼʌʚ ƨțƨȭƨȳʚࣗ
Ɖŗțț Ƕʚ ɮࣖ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢑
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̙ϵϵάΐ̙̈́Џΐϊκࣘ ͎ΐлΐЅΐϊκ ̙κ͎ ϼ͛ζ̙ΐκ͎͛ϼ

�ƨȭȭŗ

�ƣʋ ȩ,Ɛ 2 Z ˍǮʋǣ Ɛ > ࣖࡱ òǣƣȩ ʋǣƣɮƣ ƣ˕Ǯɾʋ ɪ, ɮ 2 Z ˍǮʋǣ ࡱ 6 ɮ < Ɛ ɾʠƅǣ
ʋǣŗʋ ȩ = ɪƐ+ ɮࣖ

âɼɄɄǑࣘ 6ƨ̇ȳƨ � = {ȩ� ɪƐ | ɪ 2 Z}ࣖ

ÿǫƨȳ � \ N Ƕʌ ŗ ʌʯſʌƨʚ ɄǑ Nࣖ

yʚ Ƕʌ ȳɄȳࣽƨȭɱʚ˦ ſƨƉŗʯʌƨ ǶǑ ȩ > ࡱ ˦Ʉʯ Ɖŗȳ ʚŗȕƨ ɪ = ࡱ ŗȳƕ ǶǑ ȩ < ࡱ ʚŗȕƨ
ɪ = ȩࡱࡱࡹ ࣯˝ǫǶƉǫ Ƕʌ ŗ ȳƨǖŗʚǶ˙ƨ ȳʯȭſƨɼࣗ ʌɄ �ɪƐ Ƕʌ ŗ ſǶǖ ɱɄʌǶʚǶ˙ƨ
ȳʯȭſƨɼࣱࣖ

ÿǫƨɼƨǑɄɼƨ ſ˦ ʚǫƨ ˝ƨțț ɄɼƕƨɼǶȳǖ ɱɼǶȳƉǶɱțƨ � \ N ǫŗʌ ŗ ̇ɼʌʚ ƨțƨȭƨȳʚࣗ
Ɖŗțț Ƕʚ ɮࣖ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢕

n d fixed given toUS
0 50 17 M

go 5

1 33

3



̙ϵϵάΐ̙̈́Џΐϊκࣘ ͎ΐлΐЅΐϊκ ̙κ͎ ϼ͛ζ̙ΐκ͎͛ϼ

�ƨȭȭŗ

�ƣʋ ȩ,Ɛ 2 Z ˍǮʋǣ Ɛ > ࣖࡱ òǣƣȩ ʋǣƣɮƣ ƣ˕Ǯɾʋ ɪ, ɮ 2 Z ˍǮʋǣ ࡱ 6 ɮ < Ɛ ɾʠƅǣ
ʋǣŗʋ ȩ = ɪƐ+ ɮࣖ

âɼɄɄǑࣘ 6ƨ̇ȳƨ � = {ȩ� ɪƐ | ɪ 2 Z}ࣖ ÿǫƨȳ � \ N Ƕʌ ŗ ʌʯſʌƨʚ ɄǑ Nࣖ

yʚ Ƕʌ ȳɄȳࣽƨȭɱʚ˦ ſƨƉŗʯʌƨ ǶǑ ȩ > ࡱ ˦Ʉʯ Ɖŗȳ ʚŗȕƨ ɪ = ࡱ ŗȳƕ ǶǑ ȩ < ࡱ ʚŗȕƨ
ɪ = ȩࡱࡱࡹ ࣯˝ǫǶƉǫ Ƕʌ ŗ ȳƨǖŗʚǶ˙ƨ ȳʯȭſƨɼࣗ ʌɄ �ɪƐ Ƕʌ ŗ ſǶǖ ɱɄʌǶʚǶ˙ƨ
ȳʯȭſƨɼࣱࣖ

ÿǫƨɼƨǑɄɼƨ ſ˦ ʚǫƨ ˝ƨțț ɄɼƕƨɼǶȳǖ ɱɼǶȳƉǶɱțƨ � \ N ǫŗʌ ŗ ̇ɼʌʚ ƨțƨȭƨȳʚࣗ
Ɖŗțț Ƕʚ ɮࣖ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢙
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̙ϵϵάΐ̙̈́Џΐϊκࣘ ͎ΐлΐЅΐϊκ ̙κ͎ ϼ͛ζ̙ΐκ͎͛ϼ

�ƨȭȭŗ

�ƣʋ ȩ,Ɛ 2 Z ˍǮʋǣ Ɛ > ࣖࡱ òǣƣȩ ʋǣƣɮƣ ƣ˕Ǯɾʋ ɪ, ɮ 2 Z ˍǮʋǣ ࡱ 6 ɮ < Ɛ ɾʠƅǣ
ʋǣŗʋ ȩ = ɪƐ+ ɮࣖ

âɼɄɄǑࣘ 6ƨ̇ȳƨ � = {ȩ� ɪƐ | ɪ 2 Z}ࣖ ÿǫƨȳ � \ N Ƕʌ ŗ ʌʯſʌƨʚ ɄǑ Nࣖ

yʚ Ƕʌ ȳɄȳࣽƨȭɱʚ˦ ſƨƉŗʯʌƨ ǶǑ ȩ > ࡱ ˦Ʉʯ Ɖŗȳ ʚŗȕƨ ɪ = ࡱ ŗȳƕ ǶǑ ȩ < ࡱ ʚŗȕƨ
ɪ = ȩࡱࡱࡹ ࣯˝ǫǶƉǫ Ƕʌ ŗ ȳƨǖŗʚǶ˙ƨ ȳʯȭſƨɼࣗ ʌɄ �ɪƐ Ƕʌ ŗ ſǶǖ ɱɄʌǶʚǶ˙ƨ
ȳʯȭſƨɼࣱࣖ

ÿǫƨɼƨǑɄɼƨ ſ˦ ʚǫƨ ˝ƨțț ɄɼƕƨɼǶȳǖ ɱɼǶȳƉǶɱțƨ � \ N ǫŗʌ ŗ ̇ɼʌʚ ƨțƨȭƨȳʚࣗ
Ɖŗțț Ƕʚ ɮࣖ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࡹ
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̙ϵϵάΐ̙̈́Џΐϊκࣘ ͎ΐлΐЅΐϊκ ̙κ͎ ϼ͛ζ̙ΐκ͎͛ϼ

�ƨȭȭŗ

�ƣʋ ȩ,Ɛ 2 Z ˍǮʋǣ Ɛ > ࣖࡱ òǣƣȩ ʋǣƣɮƣ ƣ˕Ǯɾʋ ɪ, ɮ 2 Z ˍǮʋǣ ࡱ 6 ɮ < Ɛ ɾʠƅǣ
ʋǣŗʋ ȩ = ɪƐ+ ɮࣖ

âɼɄɄǑࣘ 6ƨ̇ȳƨ � = {ȩ� ɪƐ | ɪ 2 Z}ࣖ ÿǫƨȳ � \ N Ƕʌ ŗ ʌʯſʌƨʚ ɄǑ Nࣖ

yʚ Ƕʌ ȳɄȳࣽƨȭɱʚ˦ ſƨƉŗʯʌƨ ǶǑ ȩ > ࡱ ˦Ʉʯ Ɖŗȳ ʚŗȕƨ ɪ = ࡱ ŗȳƕ ǶǑ ȩ < ࡱ ʚŗȕƨ
ɪ = ȩࡱࡱࡹ ࣯˝ǫǶƉǫ Ƕʌ ŗ ȳƨǖŗʚǶ˙ƨ ȳʯȭſƨɼࣗ ʌɄ �ɪƐ Ƕʌ ŗ ſǶǖ ɱɄʌǶʚǶ˙ƨ
ȳʯȭſƨɼࣱࣖ

ÿǫƨɼƨǑɄɼƨ ſ˦ ʚǫƨ ˝ƨțț ɄɼƕƨɼǶȳǖ ɱɼǶȳƉǶɱțƨ � \ N ǫŗʌ ŗ ̇ɼʌʚ ƨțƨȭƨȳʚࣗ
Ɖŗțț Ƕʚ ɮࣖ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹࡹ
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̙ϵϵάΐ̙̈́Џΐϊκࣘ ͎ΐлΐЅΐϊκ ̙κ͎ ϼ͛ζ̙ΐκ͎͛ϼ

óǶȳƉƨ ɮ 2 � \ N ˝ƨ ǫŗ˙ƨ ɮ > ࡱ ŗȳƕ ɮ = ȩ� ɪƐ ǑɄɼ ʌɄȭƨ ɪ 2 Zࣖ

yǑ ɮ > Ɛ ࣯ǑɄɼ ƉɄȳʚɼŗƕǶƉʚǶɄȳࣱ ʚǫƨȳ ɮ � Ɛ > ࡱ ŗȳƕ ɮ � Ɛ = ȩ� (ɪ+ Ɛ(ࡹ ʌɄ
ſƨțɄȳǖʌ ʚɄ � \ Nࣗ ŗȳƕ Ƕʌ ʌȭŗțțƨɼ ʚǫŗȳ ɮࣗ ƉɄȳʚɼŗƕǶƉʚǶȳǖ Ʉʯɼ ƉǫɄǶƉƨ ɄǑ ɮ
ŗʌ ̇ɼʌʚ ƨțƨȭƨȳʚࣖ ⇤

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽࡹ

EE



̙ϵϵάΐ̙̈́Џΐϊκࣘ ͎ΐлΐЅΐϊκ ̙κ͎ ϼ͛ζ̙ΐκ͎͛ϼ

óǶȳƉƨ ɮ 2 � \ N ˝ƨ ǫŗ˙ƨ ɮ > ࡱ ŗȳƕ ɮ = ȩ� ɪƐ ǑɄɼ ʌɄȭƨ ɪ 2 Zࣖ

yǑ ɮ > Ɛ ࣯ǑɄɼ ƉɄȳʚɼŗƕǶƉʚǶɄȳࣱ ʚǫƨȳ ɮ � Ɛ > ࡱ ŗȳƕ ɮ � Ɛ = ȩ� (ɪ+ Ɛ(ࡹ ʌɄ
ſƨțɄȳǖʌ ʚɄ � \ Nࣗ ŗȳƕ Ƕʌ ʌȭŗțțƨɼ ʚǫŗȳ ɮࣗ ƉɄȳʚɼŗƕǶƉʚǶȳǖ Ʉʯɼ ƉǫɄǶƉƨ ɄǑ ɮ
ŗʌ ̇ɼʌʚ ƨțƨȭƨȳʚࣖ ⇤

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁࡹ
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̙ϵϵάΐ̙̈́Џΐϊκ ϊͺ ͎ΐлΐЅΐϊκ ά͛ζζ̙

6ƨ̇ȳǶʚǶɄȳ
�ƨʚ ŗ,Ż 2 Zࣖ ÿǫƨȳ Ɛ 2 N Ƕʌ Ɖŗțțƨƕ ʚǫƨ ǐɮƣŗʋƣɾʋ ƅȹȣȣȹȩ ƐǮˉǮɾȹɮ ɄǑ ŗ
ŗȳƕ Ż ǶǑ Ɛ | ŗࣗ Ɛ | Żࣗ ŗȳƕ ǶǑ ƅ | ŗ, ƅ | Ż ʚǫƨȳ ƅ | Ɛࣖ

Eǖࣘ ƉɄȭɱʯʚƨ

࣢ gcd(ࢁ, (࢙

࣢ gcd(ࢍ, (࢕

ÿǫƨ ǑɄțțɄ˝Ƕȳǖ ŗțǖɄɼǶʚǫȭ ƉțŗǶȭʌ ʚɄ ƉɄȭɱʯʚƨ gcdࣖ yʚ Ƕʌ Ɖŗțțƨƕ ʚǫƨ
BʠƅȑǮƐƣŗȩ ŗȑǐȹɮǮʋǣȣࣖ İƨ ʌǫɄʯțƕ ȳɄʚ ſƨțǶƨ˙ƨ ʚǫǶʌ ƉțŗǶȭࣗ ʯȳʚǶț ˝ƨ ȕȳɄ˝
ǫɄ˝ ʚɄ ɱɼɄ˙ƨ ŗțǖɄɼǶʚǫȭʌ ŗɼƨ ƉɄɼɼƨƉʚ ࣯țƨƉʚʯɼƨ ࣱࣘ࢕

ࣖࡹ ʌʚɄɱʌ ࣖࡽ ǖǶ˙ƨʌ ʚǫƨ ƉɄɼɼƨƉʚ Ʉʯʚɱʯʚ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅࡹ

do

I
1 3 19

IF 118

216 218



̙ϵϵάΐ̙̈́Џΐϊκ ϊͺ ͎ΐлΐЅΐϊκ ά͛ζζ̙

6ƨ̇ȳǶʚǶɄȳ
�ƨʚ ŗ,Ż 2 Zࣖ ÿǫƨȳ Ɛ 2 N Ƕʌ Ɖŗțțƨƕ ʚǫƨ ǐɮƣŗʋƣɾʋ ƅȹȣȣȹȩ ƐǮˉǮɾȹɮ ɄǑ ŗ
ŗȳƕ Ż ǶǑ Ɛ | ŗࣗ Ɛ | Żࣗ ŗȳƕ ǶǑ ƅ | ŗ, ƅ | Ż ʚǫƨȳ ƅ | Ɛࣖ

Eǖࣘ ƉɄȭɱʯʚƨ

࣢ gcd(ࢁ, (࢙

࣢ gcd(ࢍ, (࢕

ÿǫƨ ǑɄțțɄ˝Ƕȳǖ ŗțǖɄɼǶʚǫȭ ƉțŗǶȭʌ ʚɄ ƉɄȭɱʯʚƨ gcdࣖ yʚ Ƕʌ Ɖŗțțƨƕ ʚǫƨ
BʠƅȑǮƐƣŗȩ ŗȑǐȹɮǮʋǣȣࣖ İƨ ʌǫɄʯțƕ ȳɄʚ ſƨțǶƨ˙ƨ ʚǫǶʌ ƉțŗǶȭࣗ ʯȳʚǶț ˝ƨ ȕȳɄ˝
ǫɄ˝ ʚɄ ɱɼɄ˙ƨ ŗțǖɄɼǶʚǫȭʌ ŗɼƨ ƉɄɼɼƨƉʚ ࣯țƨƉʚʯɼƨ ࣱࣘ࢕

ࣖࡹ ʌʚɄɱʌ ࣖࡽ ǖǶ˙ƨʌ ʚǫƨ ƉɄɼɼƨƉʚ Ʉʯʚɱʯʚ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉࡹ

I



͛Ӧ́άΐ͎̙͛κ ̙ά΀ϊϼΐЏ΋ζ

yȳɱʯʚ ,ࢅࢉ ࣖࢍ࢕ࡹ

Ďʌƨ ʚǫƨ țƨȭȭŗ ʚɄ ˝ɼǶʚƨ ࢍ࢕ࡹ = ɪࡹ · +ࢅࢉ ɮࣗࡹ ࡱ 6 ɮࡹ < ࢅࢉ

Ďʌƨ ʚǫƨ țƨȭȭŗ ʚɄ ˝ɼǶʚƨ ࢅࢉ = ɪࡽ · ɮࡹ + ɮࣗࡽ ࡱ 6 ɮࡽ < ɮࡹ
éƨɱƨŗʚ ʯȳʚǶț ˦Ʉʯ ǖƨʚ ɮǮ = ࣖࡱ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍࡹ
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͛Ӧ́άΐ͎̙͛κ ̙ά΀ϊϼΐЏ΋ζ

yȳɱʯʚ ,ࢅࢉ ࣖࢍ࢕ࡹ

Ďʌƨ ʚǫƨ țƨȭȭŗ ʚɄ ˝ɼǶʚƨ ࢍ࢕ࡹ = ɪࡹ · +ࢅࢉ ɮࣗࡹ ࡱ 6 ɮࡹ < ࢅࢉ

Ďʌƨ ʚǫƨ țƨȭȭŗ ʚɄ ˝ɼǶʚƨ ࢅࢉ = ɪࡽ · ɮࡹ + ɮࣗࡽ ࡱ 6 ɮࡽ < ɮࡹ
éƨɱƨŗʚ ʯȳʚǶț ˦Ʉʯ ǖƨʚ ɮǮ = ࣖࡱ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢑ࡹ



цϊОϼ ЏОϼκ

yȳɱʯʚ ,ࢅࢉࡹ ࣖ࢑࢕ࡽ

Ďʌƨ ʚǫƨ țƨȭȭŗ ʚɄ ˝ɼǶʚƨ ࢑࢕ࡽ = ɪ · +ࢅࢉࡹ ɮࣖ

éƨɱƨŗʚ ʯȳʚǶț ˦Ʉʯ ǖƨʚ ɮ = ࣖࡱ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢕ࡹ

287 1.154 133

154 1 133 21

133 6 21 7

21 3Eth to
1
Stop



ϊκ͛ ζϊϼ͛ ϵϼϊϊͺ

�ƨȭȭŗ

�ƣʋ ȩ,Ɛ 2 Z ˍǮʋǣ Ɛ > ࣖࡱ òǣƣȩ ʋǣƣɮƣ ƣ˕Ǯɾʋ ʯȳǶɸʯƨ Ǯȩʋƣǐƣɮɾ ɪ, ɮ ˍǮʋǣ
ࡱ 6 ɮ < Ɛ ɾʠƅǣ ʋǣŗʋ ȩ = ɪƐ+ ɮࣖ

âɼɄɄǑࣖ

İƨ ŗțɼƨŗƕ˦ ɱɼɄ˙ƨƕ ʌɄȭƨ ɪ, ɮ ˙ŗțʯƨʌ ƨ˥Ƕʌʚࣖ óʯɱɱɄʌƨ ʚǫƨ˦ ŗɼƨ ȳɄʚ
ʯȳǶɸʯƨࣖ

ÿǫƨȳ ˝ƨ ǫŗ˙ƨ ɪࡹ,ɪࡽ, ɮࡹ, ɮࡽ ŗȳƕ ȩ = ɪࡹƐ+ ɮࡹ = ɪࡽƐ+ ɮࡽ ʌɄ
ɮࡹ � ɮࡽ = Ɛ(ɪࡽ � ɪࡹ)ࣖ

ÿǫǶʌ ȭƨŗȳʌ Ɛ ƕǶ˙Ƕƕƨʌ ɮࡹ � ɮࣗࡽ ſʯʚ ʌǶȳƉƨ ʚǫƨ˦ ŗɼƨ ſɄʚǫ ſƨʚ˝ƨƨȳ ࡱ ŗȳƕ
Ɛ� ࡹ ˝ƨ ȭʯʌʚ ǫŗ˙ƨ ɮࡹ � ɮࡽ = ࣗࡱ ʌɄ ɮࡹ = ɮࡽ ŗȳƕ ʚǫƨȳ ɪࡹ � ɪࡽ = ࡱ ʌɄ
ɪࡹ = ɪࣖࡽ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢙ࡹ
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ϊκ͛ ζϊϼ͛ ϵϼϊϊͺ

�ƨȭȭŗ

�ƣʋ ȩ,Ɛ 2 Z ˍǮʋǣ Ɛ > ࣖࡱ òǣƣȩ ʋǣƣɮƣ ƣ˕Ǯɾʋ ʯȳǶɸʯƨ Ǯȩʋƣǐƣɮɾ ɪ, ɮ ˍǮʋǣ
ࡱ 6 ɮ < Ɛ ɾʠƅǣ ʋǣŗʋ ȩ = ɪƐ+ ɮࣖ

âɼɄɄǑࣖ
İƨ ŗțɼƨŗƕ˦ ɱɼɄ˙ƨƕ ʌɄȭƨ ɪ, ɮ ˙ŗțʯƨʌ ƨ˥Ƕʌʚࣖ óʯɱɱɄʌƨ ʚǫƨ˦ ŗɼƨ ȳɄʚ
ʯȳǶɸʯƨࣖ

ÿǫƨȳ ˝ƨ ǫŗ˙ƨ ɪࡹ,ɪࡽ, ɮࡹ, ɮࡽ ŗȳƕ ȩ = ɪࡹƐ+ ɮࡹ = ɪࡽƐ+ ɮࡽ ʌɄ
ɮࡹ � ɮࡽ = Ɛ(ɪࡽ � ɪࡹ)ࣖ

ÿǫǶʌ ȭƨŗȳʌ Ɛ ƕǶ˙Ƕƕƨʌ ɮࡹ � ɮࣗࡽ ſʯʚ ʌǶȳƉƨ ʚǫƨ˦ ŗɼƨ ſɄʚǫ ſƨʚ˝ƨƨȳ ࡱ ŗȳƕ
Ɛ� ࡹ ˝ƨ ȭʯʌʚ ǫŗ˙ƨ ɮࡹ � ɮࡽ = ࣗࡱ ʌɄ ɮࡹ = ɮࡽ ŗȳƕ ʚǫƨȳ ɪࡹ � ɪࡽ = ࡱ ʌɄ
ɪࡹ = ɪࣖࡽ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࡽ



ϊκ͛ ζϊϼ͛ ϵϼϊϊͺ

�ƨȭȭŗ

�ƣʋ ȩ,Ɛ 2 Z ˍǮʋǣ Ɛ > ࣖࡱ òǣƣȩ ʋǣƣɮƣ ƣ˕Ǯɾʋ ʯȳǶɸʯƨ Ǯȩʋƣǐƣɮɾ ɪ, ɮ ˍǮʋǣ
ࡱ 6 ɮ < Ɛ ɾʠƅǣ ʋǣŗʋ ȩ = ɪƐ+ ɮࣖ

âɼɄɄǑࣖ
İƨ ŗțɼƨŗƕ˦ ɱɼɄ˙ƨƕ ʌɄȭƨ ɪ, ɮ ˙ŗțʯƨʌ ƨ˥Ƕʌʚࣖ óʯɱɱɄʌƨ ʚǫƨ˦ ŗɼƨ ȳɄʚ
ʯȳǶɸʯƨࣖ

ÿǫƨȳ ˝ƨ ǫŗ˙ƨ ɪࡹ,ɪࡽ, ɮࡹ, ɮࡽ ŗȳƕ ȩ = ɪࡹƐ+ ɮࡹ = ɪࡽƐ+ ɮࡽ ʌɄ

ɮࡹ � ɮࡽ = Ɛ(ɪࡽ � ɪࡹ)ࣖ

ÿǫǶʌ ȭƨŗȳʌ Ɛ ƕǶ˙Ƕƕƨʌ ɮࡹ � ɮࣗࡽ ſʯʚ ʌǶȳƉƨ ʚǫƨ˦ ŗɼƨ ſɄʚǫ ſƨʚ˝ƨƨȳ ࡱ ŗȳƕ
Ɛ� ࡹ ˝ƨ ȭʯʌʚ ǫŗ˙ƨ ɮࡹ � ɮࡽ = ࣗࡱ ʌɄ ɮࡹ = ɮࡽ ŗȳƕ ʚǫƨȳ ɪࡹ � ɪࡽ = ࡱ ʌɄ
ɪࡹ = ɪࣖࡽ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹࡽ



ϊκ͛ ζϊϼ͛ ϵϼϊϊͺ

�ƨȭȭŗ

�ƣʋ ȩ,Ɛ 2 Z ˍǮʋǣ Ɛ > ࣖࡱ òǣƣȩ ʋǣƣɮƣ ƣ˕Ǯɾʋ ʯȳǶɸʯƨ Ǯȩʋƣǐƣɮɾ ɪ, ɮ ˍǮʋǣ
ࡱ 6 ɮ < Ɛ ɾʠƅǣ ʋǣŗʋ ȩ = ɪƐ+ ɮࣖ

âɼɄɄǑࣖ
İƨ ŗțɼƨŗƕ˦ ɱɼɄ˙ƨƕ ʌɄȭƨ ɪ, ɮ ˙ŗțʯƨʌ ƨ˥Ƕʌʚࣖ óʯɱɱɄʌƨ ʚǫƨ˦ ŗɼƨ ȳɄʚ
ʯȳǶɸʯƨࣖ

ÿǫƨȳ ˝ƨ ǫŗ˙ƨ ɪࡹ,ɪࡽ, ɮࡹ, ɮࡽ ŗȳƕ ȩ = ɪࡹƐ+ ɮࡹ = ɪࡽƐ+ ɮࡽ ʌɄ
ɮࡹ � ɮࡽ = Ɛ(ɪࡽ � ɪࡹ)ࣖ

ÿǫǶʌ ȭƨŗȳʌ Ɛ ƕǶ˙Ƕƕƨʌ ɮࡹ � ɮࣗࡽ ſʯʚ ʌǶȳƉƨ ʚǫƨ˦ ŗɼƨ ſɄʚǫ ſƨʚ˝ƨƨȳ ࡱ ŗȳƕ
Ɛ� ࡹ ˝ƨ ȭʯʌʚ ǫŗ˙ƨ ɮࡹ � ɮࡽ = ࣗࡱ ʌɄ ɮࡹ = ɮࡽ ŗȳƕ ʚǫƨȳ ɪࡹ � ɪࡽ = ࡱ ʌɄ
ɪࡹ = ɪࣖࡽ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽࡽ



κ͛хЏ

¥ƨ˥ʚ ˝ƨƨȕࣘ

࣢ ǶȳƕʯƉʚǶɄȳ
࣢ ƉɄɼɼƨƉʚȳƨʌʌ ɄǑ ƉɄȭɱʯʚƨɼ ƉɄƕƨ

�ƨƉʚʯɼƨ ࣘࢍ ࡹ࢕ࡹ࢑ࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁࡽ


