
ࡹࡹࢁ ͎ΐЅ̈́ϼ͛Џ͛ ζ̙Џ͛ζ̙Џΐ̈́Ѕ

ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó
�ƨƉʚʯɼƨ ࣘ ƉɄɼɼƨƉʚȳƨʌʌ ɄǑ ƉɄȭɱʯʚƨɼ ƉɄƕƨࣙ â¡y ŗȳƕ İ¶â

�ƨƉʚʯɼƨ ࣘ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹ

 



ϵά̙κ

 ƉɄɼɼƨƉʚȳƨʌʌ ɄǑ ƉɄȭɱʯʚƨɼ ƉɄƕƨ

 â¡y ŗȳƕ İ¶â

�ƨƉʚʯɼƨ ࣘ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡽ



̈́ϊϼϼ͛̈́Џκ͛ЅЅ ϊͺ ̈́ϊζϵОЏ͛ϼ ̈́ϊ͎͛

İƨ ʌŗ˦ ŗ ɱɼɄƉƨƕʯɼƨࣩƉɄȭɱʯʚƨɼ ɱɼɄǖɼŗȭࣩ࣯ŗțǖɄɼǶʚǫȭࣱ Ƕʌ ƉɄɼɼƨƉʚ ǶǑ

 yʚ ʌʚɄɱʌ ŗǒʚƨɼ ŗ ̇ȳǶʚƨ ȳʯȭſƨɼ ɄǑ ʌʚƨɱʌࣖࣖ

 ÿǫƨ Ʉʯʚɱʯʚ ƉțŗǶȭƨƕ ʚɄ ſƨ ɱɼɄƕʯƉƨƕ ſ˦ ʚǫƨ ŗțǖɄɼǶʚǫȭ Ƕʌ ˝ǫŗʚ Ƕʌ
ɱɼɄȭǶʌƨƕࣖ

İǶȕǶɱƨƕǶŗࣘ yȳ ƉɄȭɱʯʚƨɼ ʌƉǶƨȳƉƨࣗ ŗ ȑȹȹɤ ǮȩˉŗɮǮŗȩʋ Ƕʌ ŗ ɱɼɄɱƨɼʚ˦ ɄǑ ŗ
ɱɼɄǖɼŗȭ țɄɄɱ ʚǫŗʚ Ƕʌ ʚɼʯƨ ſƨǑɄɼƨ ࣯ŗȳƕ ŗǒʚƨɼࣱ ƨŗƉǫ ǶʚƨɼŗʚǶɄȳࣖ

yʚ Ƕʌ ŗ țɄǖǶƉŗț ŗʌʌƨɼʚǶɄȳࣗ ʌɄȭƨʚǶȭƨʌ ƉǫƨƉȕƨƕ ˝ǶʚǫǶȳ ʚǫƨ ƉɄƕƨ ſ˦ ŗȳ
ŗʌʌƨɼʚǶɄȳ Ɖŗțțࣖ �ȳɄ˝Ƕȳǖ Ƕʚʌ Ƕȳ˙ŗɼǶŗȳʚ࣯ʌࣱ Ƕʌ ƨʌʌƨȳʚǶŗț Ƕȳ ʯȳƕƨɼʌʚŗȳƕǶȳǖ
ʚǫƨ ƨ˽ƨƉʚ ɄǑ ŗ țɄɄɱࣖ

�ƨƉʚʯɼƨ ࣘ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁ
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İƨ ʌŗ˦ ŗ ɱɼɄƉƨƕʯɼƨࣩƉɄȭɱʯʚƨɼ ɱɼɄǖɼŗȭࣩ࣯ŗțǖɄɼǶʚǫȭࣱ Ƕʌ ƉɄɼɼƨƉʚ ǶǑ

 yʚ ʌʚɄɱʌ ŗǒʚƨɼ ŗ ̇ȳǶʚƨ ȳʯȭſƨɼ ɄǑ ʌʚƨɱʌࣖࣖ

 ÿǫƨ Ʉʯʚɱʯʚ ƉțŗǶȭƨƕ ʚɄ ſƨ ɱɼɄƕʯƉƨƕ ſ˦ ʚǫƨ ŗțǖɄɼǶʚǫȭ Ƕʌ ˝ǫŗʚ Ƕʌ
ɱɼɄȭǶʌƨƕࣖ

İǶȕǶɱƨƕǶŗࣘ yȳ ƉɄȭɱʯʚƨɼ ʌƉǶƨȳƉƨࣗ ŗ ȑȹȹɤ ǮȩˉŗɮǮŗȩʋ Ƕʌ ŗ ɱɼɄɱƨɼʚ˦ ɄǑ ŗ
ɱɼɄǖɼŗȭ țɄɄɱ ʚǫŗʚ Ƕʌ ʚɼʯƨ ſƨǑɄɼƨ ࣯ŗȳƕ ŗǒʚƨɼࣱ ƨŗƉǫ ǶʚƨɼŗʚǶɄȳࣖ

yʚ Ƕʌ ŗ țɄǖǶƉŗț ŗʌʌƨɼʚǶɄȳࣗ ʌɄȭƨʚǶȭƨʌ ƉǫƨƉȕƨƕ ˝ǶʚǫǶȳ ʚǫƨ ƉɄƕƨ ſ˦ ŗȳ
ŗʌʌƨɼʚǶɄȳ Ɖŗțțࣖ �ȳɄ˝Ƕȳǖ Ƕʚʌ Ƕȳ˙ŗɼǶŗȳʚ࣯ʌࣱ Ƕʌ ƨʌʌƨȳʚǶŗț Ƕȳ ʯȳƕƨɼʌʚŗȳƕǶȳǖ
ʚǫƨ ƨ˽ƨƉʚ ɄǑ ŗ țɄɄɱࣖ
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pƨɼƨ Ƕʌ ŗ Ǒɼŗǖȭƨȳʚ ɄǑ ʌțǶǖǫʚț˦ ʯʌƨțƨʌʌ ƉɄƕƨࣖ

KPV L � ��
HQT
KPV K��� K���� K�

L���

ÿǫƨɼƨ Ƕʌ ȳɄ Ʉʯʚɱʯʚࣗ ſʯʚ ˝ƨ ˝Ƕțț ʯʌƨ ʚǫǶʌ ʚɄ Ƕțțʯʌʚɼŗʚƨ țɄɄɱ Ƕȳ˙ŗɼǶŗȳʚࣖ
óɄȭƨʚǫǶȳǖ ʚǫŗʚ Ƕʌ ʚɼʯƨ ŗʚ ʚǫƨ ʌʚŗɼʚࣗ ŗȳƕ ɼƨȭŗǶȳʌ ʚɼʯƨ ŗǒʚƨɼ ƨŗƉǫ
ǶʚƨɼŗʚǶɄȳࣗ ʌɄ Ƕʌ ʚɼʯƨ ŗʚ ʚǫƨ ƨȳƕ ŗțʌɄࣖ

ÿƨɼȭǶȳŗʚǶɄȳࣘ

�ɄɄɱ Ƕȳ˙ŗɼǶŗȳʚࣘ Ǯ+ ȃ =

�ƨƉʚʯɼƨ ࣘ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢉ
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pƨɼƨ Ƕʌ ŗ Ǒɼŗǖȭƨȳʚ ɄǑ ʌțǶǖǫʚț˦ ʯʌƨțƨʌʌ ƉɄƕƨࣖ
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HQT
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ÿǫƨɼƨ Ƕʌ ȳɄ Ʉʯʚɱʯʚࣗ ſʯʚ ˝ƨ ˝Ƕțț ʯʌƨ ʚǫǶʌ ʚɄ Ƕțțʯʌʚɼŗʚƨ țɄɄɱ Ƕȳ˙ŗɼǶŗȳʚࣖ
óɄȭƨʚǫǶȳǖ ʚǫŗʚ Ƕʌ ʚɼʯƨ ŗʚ ʚǫƨ ʌʚŗɼʚࣗ ŗȳƕ ɼƨȭŗǶȳʌ ʚɼʯƨ ŗǒʚƨɼ ƨŗƉǫ
ǶʚƨɼŗʚǶɄȳࣗ ʌɄ Ƕʌ ʚɼʯƨ ŗʚ ʚǫƨ ƨȳƕ ŗțʌɄࣖ

ÿƨɼȭǶȳŗʚǶɄȳࣘ

�ɄɄɱ Ƕȳ˙ŗɼǶŗȳʚࣘ

Ǯ+ ȃ =
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pƨɼƨ Ƕʌ ŗ Ǒɼŗǖȭƨȳʚ ɄǑ ʌțǶǖǫʚț˦ ʯʌƨțƨʌʌ ƉɄƕƨࣖ
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HQT
KPV K��� K���� K�
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ÿǫƨɼƨ Ƕʌ ȳɄ Ʉʯʚɱʯʚࣗ ſʯʚ ˝ƨ ˝Ƕțț ʯʌƨ ʚǫǶʌ ʚɄ Ƕțțʯʌʚɼŗʚƨ țɄɄɱ Ƕȳ˙ŗɼǶŗȳʚࣖ
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ÿƨɼȭǶȳŗʚǶɄȳࣘ

�ɄɄɱ Ƕȳ˙ŗɼǶŗȳʚࣘ

�ƨƉʚʯɼƨ ࣘ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡱࡹ
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̈́ϊϼϼ͛̈́Џκ͛ЅЅ ϊͺ ̈́ϊζϵОЏ͛ϼ ̈́ϊ͎͛

EʯƉțǶƕƨŗȳ ŗțǖɄɼǶʚǫȭࣘ ŗ,Ż 2 Z+ ࣯ǑɄɼ ʌǶȭɱțǶƉǶʚ˦ࣱ ŗȳƕ ŗ 6= ࡱ _ Ż 6= ࣖࡱ

ÿǫƨ ʌʚƨɱʌ ŗɼƨࣘ

ࣖࡹ óʚŗɼʚ ˝Ƕʚǫ (ŗ,Ż) ʌʯƉǫ ʚǫŗʚ ŗ > Żࣖ ࣯Ƕƨࣖ ɱʯʚ ʚǫƨȭ Ƕȳ Ʉɼƕƨɼࣱࣖ
ࣖࡽ İǫǶțƨ Ż 6= ࣗࡱ

ƉɄȭɱʯʚƨ ʚǫƨ ɼƨȭŗǶȳƕƨɼ ࡱ 6 ɮ < Ż ɄǑ ŗ ƕǶ˙Ƕƕƨƕ ſ˦ Żࣖ
ʌƨʚ ŗ = Ż, Ż = ɮ ࣯ŗȳƕ ʚǫʯʌ ŗ > Ż ŗǖŗǶȳࣱࣖ

ࣖࢁ éƨʚʯɼȳ ŗ

ÿƨɼȭǶȳŗʚǶɄȳࣘ

�ɄɄɱ Ƕȳ˙ŗɼǶŗȳʚࣘ

�ƨƉʚʯɼƨ ࣘ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࡹࡹ
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EʯƉțǶƕƨŗȳ ŗțǖɄɼǶʚǫȭࣘ ŗ,Ż 2 Z+ ࣯ǑɄɼ ʌǶȭɱțǶƉǶʚ˦ࣱ ŗȳƕ ŗ 6= ࡱ _ Ż 6= ࣖࡱ

ÿǫƨ ʌʚƨɱʌ ŗɼƨࣘ

ࣖࡹ óʚŗɼʚ ˝Ƕʚǫ (ŗ,Ż) ʌʯƉǫ ʚǫŗʚ ŗ > Żࣖ ࣯Ƕƨࣖ ɱʯʚ ʚǫƨȭ Ƕȳ Ʉɼƕƨɼࣱࣖ
ࣖࡽ İǫǶțƨ Ż 6= ࣗࡱ

ƉɄȭɱʯʚƨ ʚǫƨ ɼƨȭŗǶȳƕƨɼ ࡱ 6 ɮ < Ż ɄǑ ŗ ƕǶ˙Ƕƕƨƕ ſ˦ Żࣖ
ʌƨʚ ŗ = Ż, Ż = ɮ ࣯ŗȳƕ ʚǫʯʌ ŗ > Ż ŗǖŗǶȳࣱࣖ

ࣖࢁ éƨʚʯɼȳ ŗ

ÿƨɼȭǶȳŗʚǶɄȳࣘ

�ɄɄɱ Ƕȳ˙ŗɼǶŗȳʚࣘ
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оϊϵ ̙κ͎ ϵζΐ

¡Ʉɼƨ ɱɼŗƉʚǶƉƨ Ʉȳ țɄɄɱ Ƕȳ˙ŗɼǶŗȳʚʌ Ƕȳ ʚǫƨ ǫɄȭƨ˝Ʉɼȕ ŗȳƕ ˝Ʉɼȕʌǫƨƨʚࣖ

bǶȳŗțț ࣗ˦ ʌɄ Ǒŗɼ Ƕȳ ʚǫǶʌ ƉɄʯɼʌƨࣗ ˝ƨ ǫŗ˙ƨ ŗʌȕƨƕ ˦Ʉʯ ʚɄ ŗƅƅƣɤʋ ʚ˝Ʉ एǑŗƉʚʌऐ
Ʉɼ ŗ˥ǶɄȭʌࣘ

İ¶âࣘ

â¡yࣘ

�˥ǶɄȭࣘ ʚɼʯƨ ˝ǶʚǫɄʯʚ ǑɄțțɄ˝Ƕȳǖ ǑɼɄȭ ŗȳ˦ Ʉʚǫƨɼ ǑŗƉʚࣖ

�ƨƉʚʯɼƨ ࣘ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢁࡹ

Toffees

Every nonempty subset of IN has a tether
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ÿǫƨɄɼƨȭ
Ģ× ǮȣɤȑǮƣɾ ×�t

âɼɄɄǑࣖ
�ʌʌʯȭƨ (ࡱ)× ŗȳƕ (×(ȋ) ! ×(ȋ+ ((ࡹ ŗɼƨ ſɄʚǫ ʚɼʯƨࣖ 6ƨ̇ȳƨ

ç = {Ǯ 2 N | ×(Ǯ) Ƕʌ Ǒŗțʌƨ}.

�ƨƉʚʯɼƨ ࣘ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢅࡹ

to IIIT
Suppose S is not empty
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ÿǫƨɄɼƨȭ
×�t ǮȣɤȑǮƣɾ Ģ×

âɼɄɄǑࣖ
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I want to use PMI so I define
a statement

Let P n be the statement

0 1,2 n EIN S

P o plot is true because
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¥ƨ˥ʚ țƨƉʚʯɼƨࣘ

 éƨțŗʚǶɄȳʌ

 bʯȳƉʚǶɄȳʌ

 ɄȳƨࣽʚɄࣽɄȳƨ

 ɄȳʚɄ

 ſǶȍƨƉʚǶɄȳ

�ƨƉʚʯɼƨ ࣘ ࡹࡹࢁ ਇ¡ʯɼɼŗ˦ Ețƕƨɼࣗ Ďÿó ࢍࡹ

es


