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Question 1. - Begin a new booklet for this question.

(a) Let a, b and c be the vectors a = (0,3,4), b = (1,0,—-2), and ¢ = (—1,0, 3).
(i) Evaluate a- (b x c)
(i) Find a vector parallel to a with length equal to 7.

(iii) Find a vector perpendicular to both b and ¢ and with the same length as
vector a.

(6 marks)

(b)  Find a scalar number m such that the vector p = (5,1, 3) is perpendicular to the
vector q = (1,2, m). (4 marks)

(¢c) Find the Cartesian equation of the plane passing through the three points (1,0, —1),
(1,2,1) and (1,—-1,0). (5 marks)

(d) A line goes through the point (—1,—2,3) and is parallel to the vector (2,1, —1).
How close to the origin does the line come? [Hint: At the closest point the direction
of the line is perpendicular to the vector from the origin to the line.] (5 marks)
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Question 2. - Begin a new booklet for this question.

(a)

For the complex numbers z; = 2+ 2¢ and zo = 3 — 54, express each of the following
complex numbers in the form a + b, with a and b real:

(0) (2 +1) (22 — 1)

.. 21
(11) m (5 Hlarks>

Express the complex number —2+v/3+2i in exponential polar form (i.e. in the form
re?). Hence or otherwise, express

(—2v/3+2i)'"

in Cartesian form (i.e. in the form a + ib). (5 marks)

Find all fourth roots of 1 + i, and plot the solutions in the complex plane.

(5 marks)
Starting from the complex identities for sine and cosine
sinf = i (eie — e_w)
2
1 . )
cos) = = (e e |
L (e )
prove the trigonometric identity
sin(A + B) = sin Acos B + cos Asin B
(5 marks)

.../Over



Page 3

Question 3. - Begin a new booklet for this question.

(a)

Find the first derivatives of the following functions:

(i) flz)=(5z+3)°

(iv)  f(x) = sin®(e2es?) (4 marks)

To test zero-gravity devices, NASA uses aeroplanes that trace parabolic arcs, given

by the equation

L,
y(:v)—h—aa:

where h = 8000 m is the initial height of the run and a = 2000m? is a measure
of the curvature. At the point z = 100m, it is observed that the aeroplane’s
horizontal velocity is 100 m s~!. Compute the vertical velocity at this point.

(6 marks)

Show that the series
[o@)
Z k2672k
k=0

converges. (5 marks)
Find the first three non-zero terms of the Taylor series of

B 1
14z

f(x)
expanded about x = 0. Using the first three terms of this series, estimate the value

of the integral
|
/ dx .
0 1 +x

Then evaluate this integral directly and obtain a value for the error of your esti-
mate. (5 marks)
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Question 4. - Begin a new booklet for this question.

(a)  Evaluate the following indefinite integrals

1
—d
/(1 + 5z)4 v
L h5zd
2sm xdx
/e2x1dx
/91:36z dz
/ 3x + 2
2 4+ bx + 6
/ sin x
1+ cos? x
/x cos xdx

| s

(vii)

(viii)

(8 marks)

.../Over
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(c) Evaluate the following definite integrals

/Sian’dJ}
0
1
—1
e
0 T4+ 2z 42
/a:sinxQda:
0
2
|
/ Inz
. T

(8 marks)
(d)  Given the definition
1, = / cos” xdzx
then prove that, for n > 1,
1 -1
I, ==cos" tzxsinz + n—]n_g )
n n
Hence evaluate
/ cos* zdx .
(4 marks)

.../Over
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Question 5. - Begin a new booklet for this question.

(a)

Find the general solution to the differential equation

d 1
Sy 2y = a2
dr =z

Hence find the complete solution that satisifies the initial condition y = 2 when
r=1. (8 marks)

Find the general solution to the following differential equations:

Py _dy
S5 6y =0.
dx? dx y

(ii)
d*y  dy
SY 4 gy =0.
dx? dx + oy

(6 marks)

A physical mass-spring system is modelled by the second-order differential equation

d*y dy
MEL Lo L =0
az Ty TR

where k is the spring constant, v is the damping coefficient, and M is the mass.

(i)  Show that, if v* < kM, the general solution to this system is
y(t) = e~ (Acos(Bt) + Bsin(j3t))

and find expressions for a and 8 in terms of v, k, and M.
(i)  Graph the motion of the system for the initial conditions y(0) = 1, ¢’(0) = 0.

(iii)  What is the period of the oscillation? In the limit that v — 0, what happens
to the period if the mass M is doubled?

(6 marks)

.../Over
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Question 6. - Begin a new booklet for this question.

(a)  Given the matrices A = ( 2 1 ) and B = ( b-12 ) determine, where

1 -1 1 0 1
possible:
(i) AB
(i) AB”
(iii) A+B
(iv) A7l . (8 marks)

(b)  Write the system of equations

T +4$2:5

21‘1 — X2 = 2
in matrix form. By finding the inverse, solve for z; and xs. (8 marks)
(¢c) Find the inverse of the matrix
1 3
A= -1 1 —4
02 1

Hence solve the system of equations

X1 + ) + 31‘3 = 1
—r1 + x9 — 4.273 = 1
2332 + I3 = 1 .

(4 marks)
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Table of integrals

= cosh_1E +C
a

= sinh_lg + C1 = log (a: + Va? +x2> + Oy

1+

C
1= + C

d
/ 7 _xxz —tanh 'z + C} = log

/coshxdx =ginhx +C

sinh z dx = coshx + C

/\/ﬁ—sm ——l—C’
a? —x
/ ——ta —+C’

a? + 22



