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Rough work space 

Do not write your answers on this page. 
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********ANSWER IN A SEPARATE BOOK******** 

Question 1. (2 marks+ 3 marks+ 2 marks+ 3 marks+ 10 marks= 20 marks) 

a) Find the determinant of the matrix 

B = G ~ ~) 

b) Find the first partial derivatives of the function 

f(x, y, z) = 6x tan(x + 2 

c) Find the directional derivative of the function at the give 

g(x, y, z) = (x + 2y + 7z)312 

at (4, 7, 9), in the direction of V = 4j- k. 

d) Calculate the integral 

, z) is given by 

T(x, y, z) = x 2yz oc 

ctor v. 

multipliers to find the hottest and coldest points on the surface of the 

sphere 

What are the hottest and coldest temperatures on the surface of the sphere in degrees Celsius? 
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********ANSWER IN A SEPARATE BOOK******** 

Question 2. (6 marks+ 4 marks+ 2 marks+ 3 marks+ 5 marks= 20 marks) 
a) Find all solutions of the system of linear equation Ax = b where:

2 

-3

-2

1

or if there are no solutions, explain why this is so. 

b) Find the inverse of the matrix

(
-13

c) LetA = -12
-24

A=G 

2 
3 

-2

(i) Show that .il1 = 3 is an eige

(ii) Find the eigenvectors
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********ANSWER IN A SEPARATE BOOK******** 
Question 3. (3 marks + 2 marks+ 3 marks+ 4 marks+ 4 marks+ 4 marks = 20 marks) 

a) The average lifetime of a LCD television is 7 years. Suppose that the lifetime follows an exponential 

distribution. 

(i) Find the probability that a particular LCD television lasts for fewer than 4 years. 

(ii) What is the probability that an LCD television lasts between 5 and 10 years? 

(iii) If a consumer immediately replaces an LCD television once it has ceased to work, what is the 

probability that they need to replace the television twice in a period of 5 years? 

(Hint: use the relationship between the Exponential and Poisson dist 

b) An engineer studying whether a downhill section of a highway nee 

speed of motorists travelling along the highway. A sample of 90 c 

km/h and a standard deviation of 6km/h. Minitab 

(i) Find the 95% Confidence interval for the m 

(ii) Suppose that the current width is on eds of less than 112km/h. 

(iii) 

Perform a hypothesis test to 

speed is less than 112km/h). 

made and your conclus· 

Minitab Output 3.2: 

One-Sample T 
Test of mu = 112 vs < 112 

N Mean StDev 
90 110.200 6.000 

ses, the test statistic, a p-value, the decision 

ld mean in the context of the test in Part (ii). 

SE Mean 95% Cl T p 

0.632 (108.943, 111.457) -2.85 0.005 

95% Upper 
SE Mean Bound T p 

0.632 111.251 -2.85 0.003 

................................................................................................................................................................................................................................. 
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.................................................................................................................................................................................................................................... 
********ANSWER IN A SEPARATE BOOK******** 

Question 4. (8 marks+ 3 marks+ 3 marks+ 6 marks= 20 marks) 

a) A company identifies that they were having quality problems in one oftheir manufacturing 

processes, so they implemented a new set of procedures. They would now like to find out 

whether the new procedures have been effective. Before the change, a sample of 150 

products were taken, and they found that 37 were defective. After the new procedures 

were implemented, 24 defective products were found in a sample of 150. Have the new 

b) 

procedures been effective? 

State your hypotheses, a p-value, the decision made and your co 

Minitab Output 4.1: 
Test and Cl for Two Proportions 

Sample X N Sample p 
1 24 150 0.160000 
2 37 150 0.246667 
Difference= p (1)- p (2) 
Estimate for difference: 
95% upper bound for difference: 
Test for difference= 0 (vs < 0 · P-Value = 0.030 

diet the response of jointed concrete 

Aug4 
Aug 16 
Sep 3 
Oct 26 
Nov 3 

-32 
-40 
-83 

s. To check this model, they measured the change in 

asians and compared this to the modelled values. The 

ange in Strain 
Modelled 
Measurement 
-52 
59 
32 
-24 
-39 
-71 

Continued on the next page . 
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Use the Minitab output below to answer the following questions. 

(i) Explain why this data is paired. 

(ii) Test whether there is a significant difference between the modelled measurement 

and the field measurement. State your hypotheses, a test statistic, a p-value, the 

decision made and your conclusion. 

(iii) Test whether the differences between the measurements are normally distributed. 

State your hypotheses, a test statistic, a p-value, the decision made and your 

conclusion. 

Minitab Output 4.2: 
Paired T-Test and Cl: Field, Model 
Paired T for Field - Model 

Field 
Model 
Difference 

N Mean 
6 -18.2 
6 -15.8 
6 -2.33 

95% Cl for mean difference: 
T-Test of mean difference= 0 

Minitab Output 4.3: 
Paired T-Test and Cl: F:" 

SE Mean 
23.7 
20.7 

8.02 3.27 

difference: 4.34 
T-Value = -0.71. 

P-Value = 0.508 

P-Value = 0.254 
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Rough work space 
Do not write your answers on this page . 

................................................................................................................................................................................................................................. 
Page 8 of 15 



33230 Mathematical Modelling 2- Session 1-AUT- Main Exam 

··································································································································································································································· 

Table of Integrals 

d 
dxsecx = secxtanx 

f xn+1 
xn dx = --+ K n =F -1 

n+ 1 ' 

J sin x dx = - cos x + K 

J sinhx dx = coshx + K 

FORMULA SHEET 

J ~ dx = loglxl + K 

J cos x dx = sin x + K 

J coshx dx = sinhx + K 

f -;=;;::1=:::::: dx = sin - 1 :_ + K 
1 X 

tan - 1 - + K 
.Yaz _ xz a a 

f cosn u du = ~cosn- 1 usinu + n - 1 
n n 

J sinn u du =- ~sinn-1 u c 

Formulas for multiple integrals 

1. Cylindrical coordinates: x = r cos e, y = r 

2. Spherical coordinates: x = p sin z = p cos qJ , dV = p 2 sin qJ dp dqJ de 

3. , where p(x, y, z) is the density 

4. 

x, y, z)dV, y = ! JJJ y p(x, y, z)dV, z = ! JJJ z p(x, y, z)dV 

5. Area = JJR dA Volume= JJRf(x,y) dA Volume = fffv dV 

6. The Jacobian of the transformation given by x = x(u, v) andy= y(u, v) is 

ax ax 

j(u v) = a(x,y) = au av 
I a(u, v) ay ay 

au av 

ax ay ax ay 
=-----

au av av au 
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Basic Statistical Results 

i(n + 1) 
(QJ = 4 

Probability distributions 

Discrete Distributions 

Continuous Distributions 

Statistical Formulae 

52 = n ~ 1 (f x;' - nx') 
l=l 

E(X) = np 

Poisson Distribution (Discrete} 

-A. ,:tX 
P(X = x) = _e­

x! 
X= 0,1, ... 

Exponential distribution (Continuous} 

f(x) = ile-.A.x x>O 

Page 10 of 15 

E(X) = il 

E(X) = ~ 

xi -x Z -score=-­
s 

E(X) = L: xf(x) dx 

E(X2 ) = L: x 2 f(x)dx 

Var(X) = np(1- p) 

Var(X) = il 

1 Var(X) = .A.2 
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Linear Combinations of Random Variables 

If Y = a1X1 + a2X2 + ··· + anXn, then 

E(Y) = a 1E(X1) + a 2 E(X2 ) + ··· + anE(Xn), and 

Var(Y) = a1 2 Var(X1 ) + al Var(X 2) + · · · + an 2 Var(Xn) 

Normal Approximation to the Binomial Distribution 

a - 0.5 - np b + 0.5 - np P(a:::; X:::; b) = P( :::; Z:::; ) 
)np(l- p) -Jnp(l- p) 

Inference for a Single Mean 

Population Variance Known 

Population Variance Unknown 

T = X-J.lo 
sj.,fii 

Inference for a Single Proporti 

df = (R- 1) X (C- 1) 

Simple Linear Regression 
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Cumulative Standard Normal Distribution 
z -0.09 -0.08 -0.07 -0.06 -0.05 

-3.9 0.000033 0.000034 0.000036 0.000037 0.000039 
-3.8 0.000050 0.000052 0.000054 0.000057 0.000059 
-3.7 0.000075 0.000078 0.000082 0.000085 0.000088 
-3.6 0.000112 0.000117 0.000121 0.000126 0.000131 
-3.5 0.000165 0.000172 0.000179 0.000185 0.000193 
-3.4 0.000242 0.000251 0.000260 0.000270 0.000280 
-3.3 0.000350 0.000362 0.000376 0.000390 0.000404 
-3.2 0.000501 0.000519 0.000538 0.000557 0.000577 
-3.1 0.000711 0.000736 0.000762 0.000789 0.000816 
-3.0 0.001001 0.001035 0.001070 0.001107 0.001144 
-2.9 0.001395 0.001441 0.001489 0.001538 0.001589 

-0.04 -0.03 

0.000041 0.000042 
0.000062 0.000064 
0.000092 0.000096 
0.000136 0.000142 
0.000200 0.000208 
0.000291 0.000302 
0.000419 0.000434 
0.000598 0.000619 
0.000845 0.000874 
0.001183 0.001223 
0.001641 0.001695 

-2.8 0.001926 0.001988 0.002052 0.002118 0.002186 0.002256 0.002327 
-2.7 0.002635 0.002718 0.002803 0.002890 0.002980 0.003072 0.003167 
-2.6 0.003573 0.003681 0.003793 0.003907 0.004025 0.004145 0.004269 
-2.5 0.004799 0.004940 0.005085 0.005234 0.005386 0.005543 0.005703 
-2.4 0.006387 0.006569 0.006756 0.006947 0.007143 0.007344 
-2.3 0.008424 0.008656 0.008894 0.009137 0.009387 0.009642 

-0.02 -0.01 -0.00 

0.000044 0.000046 0.000048 
0.000067 0.000069 0.000072 
0.000100 0.000104 0.000108 
0.000147 0.000153 0.000159 
0.000216 0.000224 0.000233 
0.000313 0.000325 0.000337 
0.000450 0.000467 0.000483 
0.000641 0.000664 0.000687 
0.000904 0.000935 0.000968 
0.001264 0.001306 0.001350 
0.001750 0.001807 0.001866 

0.002555 
0.003467 
0.004661 
0.006210 

-2.2 0.011011 0.011304 0.011604 0.011911 0.012224 .013903 -2.1 0.014262 0.014629 0.015003 0.015386 0.015778 .017864 -2.0 0.018309 0.018763 0.019226 0.019699 0.020182 
-1.9 0.023295 0.023852 0.024419 0.024998 0.025588 
-1.8 0.029379 0.030054 0.030742 0.031443 0.032157 
-1.7 0.036727 0.037538 0.038364 0.039204 0.040059 
-1.6 0.045514 0.046479 0.047460 0.048457 0.049471 
-1.5 0.055917 0.057053 0.058208 0.059380 

0.028717 
0.035930 
0.044565 
0.054799 
0.066807 -1.4 0.068112 0.069437 0.070781 0.072145 0.077804 0.079270 0.080757 -1.3 0.082264 0.083793 0.085343 0.086915 0.093418 0.095098 0.096801 -1.2 0.098525 0.100273 0.102042 0.103835 0.111233 0.113140 0.115070 -1.1 0.117023 0.119000 0.121001 0.129238 0.131357 0.133500 0.135666 -1.0 0.137857 0.140071 0.142310 0.151505 0.153864 0.156248 0.158655 -0.9 0.161087 0.163543 0.166023 0.176185 0.178786 0.181411 0.184060 -0.8 0.186733 0.189430 0.192150 

-0.7 0.214764 0.217695 
-0.6 0.245097 0.248252 
-0.5 0.277595 
-0.4 0.312067 
-0.3 0.348268 
-0.2 0.385908 
-0.1 
0.0 0.464 

p 

0.440382 

0.294599 
0.329969 
0.366928 
0.405165 
0.444330 

0.203269 
0.232695 
0.264347 
0.298056 
0.333598 
0.370700 
0.409046 
0.448283 

0.206108 
0.235762 
0.267629 
0.301532 
0.337243 
0.374484 
0.412936 
0.452242 

0.208970 
0.238852 
0.270931 
0.305026 
0.340903 
0.378281 
0.416834 
0.456205 

0.211855 
0.241964 
0.274253 
0.308538 
0.344578 
0.382089 
0.420740 
0.460172 

0.480061 0.484047 0.488033 0.492022 0.496011 0.500000 

P(Z < z) = p 

/~\ 
I \ 

I \ 
/ \ 

\ 
\ 

\ ·,, 
-'-'--
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Cumulative Standard Normal Distribution 

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 

0.0 0.500000 0.503989 0.507978 0.511967 0.515953 0.519939 0.523 922 0.527903 0.531881 0.535856 
0.1 0.539828 0.543795 0.547758 0.551717 
0.2 0.579260 0.583166 0.587064 0.590954 
0.3 0.617911 0.621719 0.625516 0.629300 
0.4 0.655422 0.659097 0.662757 0.666402 
0.5 0.691462 0.694974 0.698468 0.701944 
0.6 0.725747 0.729069 0.732371 0.735653 
0.7 0.758036 0.761148 0.764238 0.767305 
0.8 0.788145 0.791030 0.793892 0.796731 
0.9 0.815940 0.818589 0.821214 0.823815 
1.0 0.841345 0.843752 0.846136 0.848495 

0.555760 0.559618 
0.594835 0.598706 
0.633072 0.636831 
0.670031 0.673645 
0.705401 0.708840 
0.738914 0.742154 
0.770350 0.773373 
0.799546 0.802338 
0.826391 0.828944 
0.850830 0.853141 

0.563559 
0.602568 
0.640576 
0.677242 
0.712260 
0.745373 
0.776373 
0.805106 
0.831472 
0.855428 

1.1 0.864334 0.866500 0.868643 0.870762 0.872857 0.874928 0.876976 
1.2 0.884930 0.886860 0.888767 0.890651 0.892512 0.894350 0.896165 
1.3 0.903199 0.904902 0.906582 0.908241 0.909877 0.911492 0.913085 
1.4 0.919243 0.920730 0.922196 0.923641 0.925066 0.926471 0.927855 
1.5 0.933193 0.934478 0.935744 0.936992 0.938220 0.939429 0.940620 
1.6 0.945201 0.946301 0.947384 0.948449 0.949497 0.950529 
1.7 0.955435 0.956367 0.957284 0.958185 0.959071 
1.8 0.964070 0.964852 0.965621 0.966375 0.967116 
1.9 0.971283 0.971933 0.972571 0.973197 0.973810 
2.0 0.977250 0.977784 0.978308 0.978822 0.979325 
2.1 0.982136 0.982571 0.982997 0.983414 0.983823 
2.2 0.986097 0.986447 0.986791 0.987126 0.987455 
2.3 0.989276 0.989556 0.989830 0.990097 
2.4 0.991802 0.992024 0.992240 0.992451 
2.5 0.993790 0.993963 0.994132 0.994297 
2.6 0.995339 0.995473 0.995604 0.995731 
2. 7 0.996533 0.996636 0.996736 0.996833 
2.8 0.997445 0.997523 0.997599 
2.9 0.998134 0.998193 0.998250 
3.0 0.998650 0.998694 0.998736 
3.1 0.999032 0.999065 0.999096 
3.2 0.999313 0.999336 

0.567495 
0.606420 
0.644309 
0.680822 
0.715661 
0.748571 
0.779350 
0.807850 
0.833977 
0.857690 

0.571424 
0.610261 
0.648027 
0.684386 
0.719043 
0.751748 
0.782305 
0.810570 
0.836457 

0.575345 
0.614092 
0.651732 
0.687933 
0.722405 
0.754903 
0.785236 
0.813267 
0.838913 
0.862143 
0.882977 
0.901475 
0.917736 
0.931888 

.963273 

.970621 
0.976705 
0.981691 
0.985738 
0.988989 

0.991344 0.991576 
0.993431 0.993613 

0.994915 0.995060 0.995201 
0.996207 0.996319 0.996427 
0.997197 0.997282 0.997365 
0.997948 0.998012 0.998074 
0.998511 0.998559 0.998605 
0.998930 0.998965 0.998999 
0.999238 0.999264 0.999289 
0.999462 0.999481 0.999499 

3.3 0.999517 0.999533 0.999610 0.999624 0.999638 0.999650 
3.4 0.999663 
3.5 0.999767 
3.6 0.999841 
3.7 0.999892 
3.8 
3.9 0.9999 

0.999720 0.999730 0.999740 0.999749 0.999758 
0.999807 0.999815 0.999821 0.999828 0.999835 
0.999869 0.999874 0.999879 0.999883 0.999888 
0.999912 0.999915 0.999918 0.999922 0.999925 

0.999938 0.999941 0.999943 0.999946 0.999948 0.999950 
0.999959 0.999961 0.999963 0.999964 0.999966 0.999967 

P(Z<z)=p 

.................................................................................................................................................................................................................................. 
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Percentage Points of the N(O,l} Distribution 

a Za 

0.100 1.2816 
0.050 1.6449 
0.025 1.9600 
0.010 2.3263 
0.005 2.5758 
0.001 3.0902 

The tabulated value, za, is such that 

P(Z > za) =a 

.................................................................................................................................................................................................................................. Page 14 of 15 
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Cumulative Student t Distribution 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 

a 

3.078 6.314 12.706 
1.886 2.920 4.303 
1.638 2.353 3.182 
1.533 2.132 2.776 
1.476 2.015 2.571 
1.440 1.943 2.447 
1.415 1.895 2.365 
1.397 1.860 2.306 
1.383 1.833 2.262 
1.372 1.812 2.228 
1.363 1.796 2.201 
1.356 1.782 2.179 
1.350 1.771 2.160 
1.345 
1.341 
1.337 
1.333 
1.330 
1.328 

2.052 
1.701 2.048 
1.699 2.045 
1.697 2.042 
1.684 2.021 

1.296 1.671 2.000 
1.289 1.658 1.980 
1.282 1.645 1.960 

P (T > ta, v ) = a 
i 

\ 
\ 

~~ 

-------+-tt.:':;~~-
A, 

31.821 63.657 
6.965 9.925 
4.541 5.841 
3.747 4.604 
3.365 4.032 
3.143 3.707 
2.998 3.499 
2.896 3.355 
2.821 

2.878 
2.861 
2.845 

2.518 2.831 
2.508 2.819 
2.500 2.807 
2.492 2.797 
2.485 2.787 
2.479 2.779 
2.473 2.771 
2.467 2.763 
2.462 2.756 
2.457 2.750 
2.423 2.704 
2.390 2.660 
2.358 2.617 
2.326 2.576 
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