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detA:|

_3 1|=1—(—1)x(—3):—2

| |:1—(—1)><2=3

4 3
det A = =12k—-12k =0
4k 3k
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Determinants
If detA =|A|=ad —bc =0

ad —bc\—c a

If b=0 and A exist then Ax=0 has only trivial solution x=0

| d -b
Then Ax=b has a unique solution x=A"1b Al = ( j

A 2x2 matrixis invertible if and only if its determinant is nonzero

detAz‘A‘;tO

If the determinant is zero: det A = |A| =(0 then
a) the system Ax=b either does not have a solution or .

b) the system Ax=b has infinitely many solutions



Let consider now 3x3

Determinants

A

(an d,
= dy Ay
Ka31 ds,

\
a;

2%

ds3 )

* Lets do the following row operations

.
a

dy,
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R, > R, —a, xR,
R, > R,—a, xR,

a,
dy

ds,

a13\

3 )

R, = a, xR,
R, —>a, xR,

d,
a|dy,

a,dy,

invertible matrix (it is assumed that a,, #0 )

d; )

a)1dys

a1z




Determinants
Lets eliminates the element at a;, position

N
/an d, a;

0  a,ay,—a,a, a,0y;—a;a,

\ 0 a4, —a,a; a,a;— d3ds,
R, — (a,,ay, — a,,a,, )Ry —(a,,a,, — a,,a,, )R,
/ \
a d a;
0  a,a,—a,a, a,a,;—a;a,,

A= a,,0,,04 + A1,0,,05, + A150,,05, —

A1 Ay3Usy — A Ay Uy — A3y A5
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Determinants

a,
) ayy —dady,

0

a;
) dy; —ax3d,,
a,, A

J

A= a,,0,,04 + 41,005, + A150,,05, —

A1 Ay3Usy — Ay Uyy — A3y A5y

If A is invertible therefore A must be non-zero A #0

A =a,(a,a;; —aya;,)—a,(a, a3, —ayas) +

a,5(a,,a;, —ayds,)

A -is the determinant of a 3 x3 matrix



Determinants
A =a,,(aya;; —aya;,)—a,(ay, a3 —a,a;) +
a;(ay,a;, —aya;,)
Ay, Ay Ay dy dy dy

A=a —dp T4,
dy, dsx; Ay di; dy; Ay

The determinant of 3x3 matrix is written in terms of determinants of
2 %2 matrices




Determinants
a a a a a a
22 23 21 23 21 22
A=a —dp T4,
dy, di Ay di; dy; Ay

A=a, det4,, —a,det 4, +a,det 4,

Here Al.j denote the submatrix formed by deleting the ith row and jth
column of A

4 h
a, d, d;

A=|a, ay, a,

\d3; U3y U3z )
dy, dyp dp

detA =la,, a,, an|=a, detd,, —a,detA4,+a,,det A,

Ay dyp  dsy



Determinants
The (i, j) cofactor of A is the number C; given by Cl.j = (—1)”*" det Al.j

detA=A=a,, detA4d,—a,det 4, +a,det 4,

det 4= q, C, +a,C, +a,;,C;
(a
A=|a, a, a,

ka31 s, dsz )

\
11 4 A




Determinants
The (i, j) cofactor of A is the number C; given by Cl.j = (—1)i+j det Al.j

det4=a,C,, +a,C,, +a,C,,
det 4 = a,,C;, +a,,C,, +a,,C;,

In general determinant of nxn matrix can be computed by a
cofactor expansion across any row or down any column

detA=aqa,C,+a,C,+--+a,C,
det4d=a,C,+a,C,+---+a, C.

detA=aq,C, +a,C, +--+a,C,



Calculate Det A:

Determinants

1 5 0)
A=|2 4 -1
\O -2 0 )
Expansion along the first row
4 -1 2 -1 2
detA =1 -5 +0
-2 0 0 O 0
Expansion along the third row
5 0 1 O
detA = () —(=2) +0
4 -1 2 -1
Expansion along the third column
2 4 1 5
det A =0 — (=1 +0
0 -2 0 -2

=—2-5x0+0=-2
=—(-2)x(-1)=-2
—(—D)x(-2)=-2
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a,
ay,

ds,

Determinants

Expansion along the first row

Det A = ‘A‘ =a,,

a,,C,, +a,C, +a;C,

dy,

ds,

Expansion along the second column

Det A = ‘A‘ =—a,,

a,,C, +a,,Cy, +a;,C,

as

\
a;
s
dss )
2% ay,
—dp
2% s
A d
23 1
a3 a3

ay,

dy,




Determinants
Calculate Det A:

3 -7 8 9 —6 )
0 2 -5 7 3
A=/0 0 1 5 0
0 0 2 4 -1

0 0 0 -2 0 |

Expansion along the first column

2 =5 7 3
o 1 5 0

A:3O 4 _1+O><C21+0><C31+O><C41+O><C51
0O 0 -2 O




Determinants

2 =5 7 3
A:3O b 0 +0xC,, +0xC,, +0xC,, +0x C,

0 2 4 -1

0O 0 -2 0

Expansion along the first column

1 5 0
detA=3x22 4 -1
0 -2 0

Expansion along the last row
1 5 0

1 0
detA =3x22 4 —1:—6><(—2)(2 1j:—lz
0 -2 0




Properties of Determinants

A common factor in any row can be taken out of the determinant

a

ka,,

dy,

A common factor in any column can be taken out of the

determinant

a,
ka,,

dy,

a,
sy,

dy,

a;
ka,,

2%

a,
dy

dy,

k

ka,,
ka,,

ka,,

dy,

dy,

k

Ay

dy,

dy

dy,

2%

2%

sy,

dy,

D%

2%




* Determinant of a matrix with a zero row or column is zero

a,
0

ay,

* Determinant of a matrix with a same row or column is zero

a,

ay,

2378

Properties of Determinants

a,
0

as,

a,
a,

as,

a;
0

2%

a;
a;

2%

=0 detA=

=0 detA=

a,
sy,

ay,

sy

ay,

a,
dy

as,

0
ol =
0

as,




Properties of Determinants

e If any two rows of a matrix A are interchanged then the
determinant swaps its sign

If any two columns of a matrix A are interchanged then the
determinant swaps its sign

d,, dy dj a,; dy dpj
Ay Ay Ay Ay dz i
Ay dyp  dig Ay dy dy

d,, dy, dj d, dy dp
Ay Ay Ay =7|dyy dy Ay
Ay dz i Ay, dy  dig




Properties of Determinants

 Determinant of a matrix in echelon form is given by the product of
its diagonal elements

0  a,, ay|=a,a,a;

* If one of the pivots of a matrix is missing then the determinant of
its matrix iszero a,=0

* Transposing a matrix does not change its determinant

Det A" = Det A



Determinants Properties

Let U be a square matrix in echelon form then:
* det U= product of pivotsin U
 If Aisinvertible and U is in the echelon form of A produced
without row scaling with r row exchanges then
det A= (-1)" product of pivots in U
 Det (AB)=Det A DetB

e Det A'=Det A

1
Det A

 The determinant of an inverse Det A~ =




ay a, a3
ay +by, ay+by ay+by
a3 a3y 33
Therefore
iy 4y Ay dyy
Ay Ay  Ay|=|dy +kay,
a3 Az dsg as
Ay dp 4z |4y 4y
ay Ay Ayl tlka,  ka,
a3 Az dyz| |43 dg

Properties of Determinants
Linear property of determinants

a,, d

= |dy Ay

dy, dy

a,

a,, +ka,

ka,,

Azl (A1 A
ay|+|by, by
dy3| |d3; Ay
a3
a,, +ka,,| =
33




Let A be a square matrix:

Properties of Determinants

* If a multiple of one row of A is added to another row to produce a
matrix B then det A=det B.

det A =

det A =

8§ -9

R, > R, +2R,
R, —> R, +R
-4 2| |1 -4 2
0 -5=0 0 -5
7 0 |0 3 2
-4 2
3 2|=(3)x(-5=15
0 -5




 An Example: Calculate det A

o 1 2 =1 o1 2 -1
2 5 -7 3| 25 -7 3
0 3 6 2| 103 6 2
~2 -5 4 =2/ o 0 -3 1
R, >R, +R,
1 2 -1 1 2 -1
=23 6 2(=-20 0 5|=
0 -3 1 0 -3 1

R, > R,-3R,;; R, <R,
1 2 -1
=(-2)(-D0 -3 1
0 0 5

=2x1x(-3)x5=-30




Cramer‘s Rule

* Determinant of a matrix with a zero row or column is zero

Ax=Db
(au a; alS\ /bl\
A=|a, ay, ay|, b=|b,
3 A3y A3 ) =y
e Then GetA=0
b, a, a; a, b, a;
b, a, a, a, b, a,
X, = b, a;, a ox, = ay, by as
iy dp 4 iy dp dp
dy Uy Uy dy Uy Uy
a3 Az A3 a3 Az A3

( xl\
X =|x,
\ 3/
a, a, b
a, a, b,
X, = ay ay b
iy dp 4
y Uy Ay
a3 Az A3




Cramer‘s Rule

e Use the Cramer’s rule to solve the system

3x,—2x, =6 3 -2\ x) (6)
—5x, +4x, =8 -5 4 \x,) 8

6 —2| |3 6
8 4 -5 8
. Then x = :24+16:20 . = :24+3o:27
3 -2 12-10 3 -2 2
-5 4

-5 "4



Invertible matrix theorem

Let A be a square invertible matrix then
A is row equivalent to an identity matrix (REF~I)

A has n pivots

The equation Ax=b has only the unique solution

The equation Ax=0 has only trivial solution x=0.

The determinant of A is not zero



Inverse of a Matrix
e The inverse of a matrix can be found from the relation

4 A
a,, d, dy

A=|a, a, a,y

\d31 U3 dz3 )
(Cn C12 C13\ '
C21 sz C23
KC31 C32 C33 )

1

A7l =
DetA

* The transpose of a cofactor matrix

C,=(-1)""det 4,

is called the adjoint of matrix A.



Find the inverse of matrix A

-1
0

0

}

-3 4 |2 4 2 -3

-3 4 2 4 |2 -3

2 -3 4
A=|0 -1 5

O 0 3
A= ()

DetA

5 0 5 |0 -1
3 0 3 |0 O
3

0 3 0 O

5 0 5 |0 -1

3 -9 11

=l 0 -6 10
6

0O 0 2
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