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Question 1 (5+2+3 = 10 marks)

(i) From the definition of convergence, prove that the sequence

an =
n2 + 1

2n2 + 4
converges to 1/2.

(ii) Find lim sup an and lim inf an where an = (−1)n(1 + (−1)n).

(iii) If an → l and bn → s, prove that 2an + 3bn → 2l + 3s.
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Question 2 (3+3+4 = 10 marks)

(i) Prove that the alternating series
∞∑
n=1

(−1)n√
n + 3

is convergent.

(ii) Use the ratio test to determine whether the series
∞∑
n=1

5n

n!
con-

verges or diverges.

(iii) If the series
∑∞

n=1 bn is absolutely convergent, prove that
∑∞

n=1
bn
n

is convergent. Hint: Let cn = bn/n and use the most important
convergence test.
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Question 3 (3+3+4 = 10 marks)

(i) Prove that f(x) = x3+3x is continuous on [0, 1] using the ε− δ
definition.

(ii) Calculate

lim
x→0

(1 + x)2 − 1

x
.

(iii) Recall that limx→∞ f(x) = l if given ε > 0 we can find M such
that |f(x)− l| < ε for all x > M. Suppose that f is continuous
and limx→∞ f(x) = l. Prove that limx→∞ f(ex) = l.
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Question 4 (3+4+3 = 10 marks)

(i) From the definition of the derivative prove that
d

dx
xn = nxn−1.

(ii) Determine the Taylor series for f(x) = cos(2x) about the point
a = π

4
.

(iii) Prove that the series

∞∑
n=1

xn

n2 + 1
converges uniformly on [0, 1].
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Question 5 (3+7 = 10 marks)

(i) Calculate

d

dx

∫ x2

a

eudu.

(1) Prove that the sequence fn(x) =
x4 sin(nπx)

x3 + n3
converges uni-

formly on [0, 1]. Hence calculate

lim
n→∞

∫ 1

0

fn(x)dx.


