Real Analysis 35007. Tutorial One.
Manipulations with upper and lower bounds.

Recall that inf(A) is the greatest lower bound of the set of real numbers
A and sup is the least upper bound of A.
(1) Suppose that £ > 0 and S is a non empty set of real numbers
bounded above. Prove that
sup&x = Esupx.
x€S zeSs
(2) Suppose that S is non empty, bounded above and that Sy C S.
(So Sp is contained in S. It might equal S.) Prove that sup Sy <
sup S.

(3) Suppose that S is non empty, bounded above and that £ is any
real number. Prove that sup, g(x + &) = £ + sup,cg 2.

(4) The distance between a point ¢ and a set S is defined to be

d(§,S) = infues |€ — .
(a) If £ € S prove that d(£,S) = 0.

(b) If S is bounded above and £ = sup S, prove that d(&,S) =
0. If S'is bounded below, and ¢ = inf S prove that d(&,S) =
0.

(c) If I is a closed interval, prove that d(&, ) = 0 implies that
¢ € 1. If I is open, prove that we can always find an & ¢ I
such that d(§, 1) = 0.

Limits.
Recall that a sequence {a,}>° ; converges to a limit a as n — oo is for
every € > 0 we can find an N € N such that for alln > N, |a,, —a| < e.

Use the definition of a limit to establish the following.

n 1

5) li ——
()ngilo2n+4 2
2n +1 2

6) 1 ——
(6) hm o =5 =3

= 0.

(7) lim

n—o00 n2—+-1
Use properties of limits to show that

2n3 — 3n 2
8 lim [ ——" ) =2,
(8) lim, <5n3—|—4n2—2> 5

(9) lim (vVn?+4+4—n)=0.

n—oo



Real Analysis 35007. Tutorial Two.

Understanding Limits.
exist?

(1) For what values of x does lim
n—oo | + ™
(2) Suppose that {y,}>°, is a sequence of real numbers and y,, — 0
as n — oo. Let {x,}>2; be another sequence of real numbers.
Suppose that for all n, |z, — | < y,. Prove that z,, — [.

(3) Prove that the sequence {(1 + %)n}zozl

if ay, ..., a, are positive, then (ajas - -~ ay)n < LS ak. (You
will prove this later). Use your calculator to guess what the
limit is.

converges. Note that

(4) (*) Let > 0 and let N be the smallest natural number such

that N > z. Prove that
" SL’N_l

x TL—N-‘rl N
— < — = > N.
n!—(N—1)!(N> =

Conclude that 2™/n! — 0 as n — oo. This result is essential for
proving the convergence of power series.

(5) (*) Let a be any positive rational number and let |z| < 1. Show
that there exists a natural number N such that

(14+1/N)*Hz] < 1.
Deduce that
] < [N,
for n > N. Hence show that n®z"™ — 0 as n — oo. This is also

important in establishing the convergence of certain kinds of
series.

Subsequences.

(6) Find a convergent subsequence of {sin (Z)}°2 .

(7) Suppose that {z,}>2; is a bounded sequence and for any N,

n=1
we can find n > N, such that z,, > b. Show that z, has a

subsequence which converges to a limit [ > .
374 (=2)" }OO

. What can you

(8) Find a convergent subsequence of { e

=1
say about the limit in general? "

(9) It can be shown that n'/" — 1 as n — oo. Suppose that we
know that the limit exists, but we do not know its value. Deter-
mine the limit by considering the behaviour of the subsequence

{2n)7}.



Real Analysis 35007. Tutorial Three.

lim sup and lim inf.

(1) Consider the sequence %, 3,2, 4,2 3 1 23 2 1 Determine
the limsup and liminf for this sequence.

(2) Let {x,}°°, be a bounded sequence with limit superior given
by [. Let the limit inferior be L. Show that for any ¢ > 0 we
can find N > 0 such that for all n > N, x,, < [+ €. Formulate

and prove the corresponding statement for z,, and L.

Cauchy Sequences.

(3) Suppose that |z,41 — x,| < r™ where 0 < r < 1. Prove that
{z,}52, is a Cauchy sequence.

(4) We have a sequence defined by the recursive formula

Tpy2 = (anrlxn)l/Z'

Suppose that 0 < a < 1 < x5 < b. Prove that a < x,, < b for
all n > 0. Hence establish the inequality

[ Tnt2 — Tpya| < | Tni1 — Znl.

a+b
Deduce that {z,}> , is a Cauchy sequence and hence converges.

(5) Let 1 = a, x5 = b. Set x40 = %(xnﬂ +x,) for all n > 0. Prove
that the sequence {z,}°°, converges.

(6) How do calculators determine square roots? Most operations
for determining function values are encoded into the hardware.
Here is one algorithm. We let x,,.; = %(:Un + %), x1 = x0 > 0,
for a > 0. Prove that the sequence is convergent and that its
limit is v/a. Use this to obtain an approximation to the square
root of 2. Hint: Let y, = f/a and determine Y2t There are

. Yn+1
perfect squares involved.

The Bolzano-Weierstrass Theorem.

(7) Show that every point in the interval [0, 1] is the limit of a sub-
sequence of the sequence defined in Question one.

(8) (*) Given a set S of real numbers, let S¢ = {z;x € S,z # £}
We say that £ is a limit point (or cluster point) of S if there is
a sequence of points in S¢ which converges to {. We can state a
variation of the Bolzano-Weierstrass Theorem as follows. Every
bounded set with an infinite number of elements contains at
least one limit point. Prove this.



Real Analysis 35007. Tutorial Four.

Finite Sums.

(1) Evaluate the sum >, k. Prove your result by induction.

(2) Find a formula for the sum chvzl k%. Prove your formula by
induction.

(3) Sums of the form Z]kvzl k™ can be shown to be given by polyno-
mials in N of degree n + 1. Use this to determine a formula for
Zszl k3. You will need to solve a system of equations to find
the coefficients of the fourth degree polynomial.

Infinite Sums.

1
nz+3

o0
(4) Prove that the series Z i is convergent.
n=1

(5) Determine which of the following series converge and which di-
verge.

= () X (! vVn+1-—
0 (o 9 (e, )y S

(iv)inamn,]m‘\<1,a>0 Z—xER

n=1

n=1 n=1
(6) Prove that Z ! _ B Hint: Use partial
(n+1)(n+3)(n+5) 480 P
fractions.
3n —2
7) P that =1
(7) Prove az Y PO gy

(8) (**) The series 1 — 5 4+ 5 — 5 + -+ is conditionally convergent.

Let the sum be s. Let SN = ZNi EU" Now consider the
rearranged series 1 —5 — ¢ + T — % R . Prove
that this series converges to 5. (Hint: Look at the partial sum
Ssy for this new series). The moral is that you cannot rearrange
infinitely many terms in a conditionally convergent series and
expect to get the same result.



Real Analysis 35007. Tutorial Five.

Continuous Functions and their Properties.

(1) Calculate the following limits.
(a) lim, .o 243

(b Nim, oo (V2?2 + 4 — )
(C) hmx—)o siniQac)

rove eorem 2.2 1n the lecture notes.
2) P Th 2.2 in the ]

(3) Prove that the function f(z) = z? is continuous on any interval
an that sinz is uniformly continuous on R.

(4) Prove that every polynomial is continuous everywhere.

(5) A continuous function f is defined on an interval I and for every
rational number r € I, it satisfies f(r) = r%. Prove that for all

vel, f(x) =22
(6) Show that every polynomial of odd degree has at least one real
root.

(7) Let f be a continuous function on an interval [a,b], where
—00 < a < b < oo. Suppose that for every x € I there ex-

1
ists a y € I such that |f(y)| < §|f(x)| Prove that there exists
an ¢ € I such that f(§) = 0.

(8) (*) Let f : [a,b] — [a,b] be continuous. Prove that f has a fized
point. That is, there exists £ € [a, b] such that f(§) = ¢&.

(9) (*) Prove that if I is an interval and f is continuous on I, then
fI)={y € R: f(z) =y,x € I} is also an interval. So contin-
uous functions map intervals to intervals.

(10) Suppose that f is continuous on R and that lim, . f(z) =
lim, ,  f(z) = 0. Show that f attains its maximum and min-
imum values on R.



Real Analysis 35007. Tutorial Six.
The Derivative and its Properties.

(1) Calculate the derivative of f(x) = cosz from first principles.
Then determine it a second way, using the fact that % sinx =
cosx. (Hint: Use a trig identity).

>1
(2) Let f(z) = m,2 v <1 Show that f is continuous every-
MRS

where, differentiable for x # 1, but not differentiable at x = 1.

Y

2z x>1
3) Let = ’ -
(8) Let f(2) { 41, r<1
r=1and f'(1) = 2.

. Show that f is differentiable at

(4) Consider a polynomial P of degree n with the property that
P(&) =0 and P'(§) = 0. Prove that there is a polynomial ) of
degree n — 2 such that P(z) = (x — £)?Q(x).

(5) Use induction to prove that == (fg) = >"7_, (}) dfdrty

k) dzk dam—F
(6) Suppose that f is such that %(f(:x?)) = di;(f(x))Q Prove that
F(1)=0or f(1) = 1.

(7) Use a result from the lectures to give another proof of the fact
that d%e”“" =e".

(8) Let f(x) = z*. Calculate f'(x).

(9) Let f(z) =log,z. Find f'(x). Note that if a = e, then f'(x) =
1/x. What if a # €?



Real Analysis 35007. Tutorial Seven.
Taylor Series.

(1) Prove that the Taylor series expansions about a = 0 for sinz,
cosx and e” converge for all x € R.

(2) Obtain the Taylor series expansions of f(z) = sinz and g(z) =
cosz about the point ¢ = 7. What do you notice about the
powers in the expansion?

(3) Derive a Taylor series expansion for f(z) = (1+x)%, where « is
not necessarily an integer. Prove that the series converges for
lz| < 1.

(4) Use the series in the previous question to obtain an approxima-
tion to 4/3/2.

(5) Find a Taylor series expansion for f(z) = 7.7y and determine

its radius of convergence. Hint: There is an easy way to do this
and a hard way.

(6) Find a Taylor expansion for f(z) = In(1 + z) and determine its
radius of convergence.

n

(7) Determine the interval of convergence for the series > -, f/_ﬁ
and > 7, n;"—;
—1/22 0
(8) () Let f(x) = { S
Y Tr =

ferentiable at 0 and f™(0) = 0 for all n. Hence the Taylor
series expansion of f around a = 0 equals f only at x = 0.

. Prove that f is infinitely dif-

9) Prove that the power series > °° . n2x™ is convergent for all
1% n=0 g
|z| < 1 and calculate the sum. Hint compare with the geomet-
ric series.

(10) Suppose that the power series y = >~ ja,x™ is convergent ev-
erywhere and satisfies y' = y. Prove that it must be the series
for the function y = age”.



Real Analysis 35007. Tutorial Eight.
Limits and the Mean Value Theorem.

(1) Use L’Hopital’s rule to calculate the following limits.

. .. sinx

(i) lim =

v .. 1—cosx
(i) Timy —5—
e . 2+1
(iii) Zlg{ll Sl

t
(iv) lim ane
z—0 x
(v) lim —2T

et 4x? —
(2) Prove that |Inz — Inw| < 3]z — w| for % <z<w<3.

(3) Prove that |sinz — siny| < |z — y| using the Mean Value The-
orem.

(4) Suppose we know that f(z) is continuous and differentiable on
the interval [—7,0], that f(—7) = 3 and that f'(z) < 2. What
is the largest possible value for f(0)?

(5) Let f be continuous on [1, 3] and differentiable on (1,3). Sup-
pose that, for all x € (1,3), 1 < f'(x) < 2. Prove that

2<f(3)—f(1) <4

(6) The velocity of a train is kept between 40 and 50 kilometers per
hour. during a trip of 200 kilometers. What can you say about
the duration of the trip?

(7) Let f be a polynomial. Suppose that f has a double root at a
and at b. Show that f’(z) has at least three roots in [a, b].

(8) Let f : R — R be differentiable for all x € R. Use the Mean
Value Theorem to show that if f'(z) < 0 for all z € R then f
is strictly decreasing.

(9) Let f be twice differentiable on (a,b) and suppose f vanishes
at three distinct points in (a,b). Prove that there is a point
zo € (a,b) at which f”(x¢) = 0.

(10) Lety = Y2, a,2™. Find the values of a,, if the function satisfies
the differential equation y' = zy, y(0) = 1.
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The Riemann Integral.

(1) Determine a formula for Y ;_, k*.

(2) Use a Riemann sum to compute the value of the integral

1
/ (z* + 32% + 27)dx.
0

(3) Prove for any natural number n, that
b

b 1
/ x"dr = { x”“] )
a n+1 u

(4) Use a Riemann sum to show that for any positive rational num-
ber a that

1
14+a

(5) Suppose that f and g are continuous on |a, b]. Prove the Cauchy-
Schwartz inequality

(/abf(x)g(x)dx>2 < /ab(f(x))2dx /ab(g(x))de_

Hint: Consider the integral fab(tf(x) +g(x))%*dx. Note that this
is a quadratic in ¢t and it is nonnegative. When is a quadratic
nonnegative?

lim
n—oo notl

(19 +2%+---4+n%) =

(6) Let g be continuous on the interval [a,b] and suppose that
g(z) > 0 for all z € [a,b]. If fabg(x)dx = 0 prove that g is
identically equal to zero on [a, b].

(7) Suppose that f is twice differentiable on [a,b and that f” is
continuous on |a, b]. Prove the formula

b
/ £ f"(@)de = bf'(b) — F(b) — (af'(a) — F(a)).

(8) (*) Let f be positive and continuous on [1,00). Now suppose
that

/f t)dt < (f(z))?, = > 1.

Prove that f(z) > 5(z — 1) for z € [1,00). Hint: Consider the
integral fﬂﬁ £ dt

Ve

(9) Prove that the improper Riemann integral

o dx
/0 (14 22)(4 + 22)



converges and determine its value.

1
d
(10) Prove that the improper Riemann integral / —\/‘T_ exists and
0 VT

determine its value.



Real Analysis 35007. Tutorial Ten.
The Riemann Integral Continued.

(1) (*) Let f be positive, continuous and decreasing on [1,00).
Prove that the sequence

S (k) - / " f()d

is decreasing and bounded below by zero and so converges.

A,

(2) Use the previous question to prove that if floo f(z)dz < oo, then
the series » °, f(n) is convergent. Conversely if the integral
diverges, so does the infinite series.

(3) Prove that >°° L converges if o > 1 and diverges otherwise.

n=1 n«

(4) If f is continuous and increasing on [0, c0), prove that

/0 " fa)d < §:j f(k) < / "

Show that nlnn—n <lIn(n!) < (n+1)In(n+1) —n. Conclude

that 2 < en < (D™
n: n:

(5) Suppose that h is a positive continuous function on [0, 00). Let

H(z) =1+ / " h(tdt.

If h(z) > H(x) show that for x > 0, h(z) > €”.
Sequences of Functions.

(6) Prove that f,(x) = x+1/n converges uniformly to f(z) = x on
R. Prove that f? — f? pointwise on R, but the convergence is
not uniform.

(7) Let fo(z) = 2®"(1 + 2*")~1. Let f(z) = lim, 00 fu(x). Show
that f(z) =0 for |z| < 1, f(1) = f(—1) = 1/2. and f(z) =1
for |x| > 1. So that each f,, is continuous, but f is not continu-
ous at x =1 and z = —1.

(8) Show that the series >~ % is uniformly convergent on
[0, 00).

(9) Prove that the series > | L3 is uniformly convergent on [0, 1].



(10) Let f be continuously differentiable on [—m,7]. Show that
lim, o0 ["_ f(z)sin(nrz)de = 0. Hint: Integrate by parts.
2 1

(11) Let fu(x) = 1_‘_‘%‘?. Determine nh_}rrgo i fo(z)dz.



Real Analysis 35007. Tutorial Eleven

Evaluating Integrals

(1) Evaluate the integral / e “sin(ax)dz. Use integration by
0
parts.

(2) Calculate the value of the integral [ e’ dz in terms of the
Gamma function.

1
(3) Evaluate the integral / t723(1 — )~
0

(4) Use the substitution x = § — y to evaluate the integral

2 1
]:/Q—dx, m > 0.
o l+tan™x

Trsinzx

————dx by using the substitution
1+ cos?x

(5) Evaluate the integral /
0

rT=m =Y.

"In(1
(6) Determine the value of / M

Tt dx by using the substitu-

: _ 1t
tion x = e

(7) Use differentiation under the integral sign to calculate

0 p—ar _ e—ba:
—dz.
0 X

This is called a Frullani integral.

(8) Use differentiation under the integral sign to evaluate the inte-
gral

/ efaxkz%d:c, a, > 0.
0
Put y = oz first.

dz by differentiating the integral

(9) Calculate /2

o tanx

/72r tan~!(a tan :c)d
.
0

tanx

(10) Find the value of/ In(1 + 2’ dw from / In(1 + ar? d:zc.
o 1+ 1+ 22



1
1
(11) Evaluate the integral / T e by expanding the denom-
o (z+1)

inator in a power series and integrating term by term.

(12) Determine a recurrence formula for the integral
1
1
In:/ idaz:, n > 2.
o (@+1)
Note that

"l+z—x)l
]n:/ (1+z—2) nw
0 (z+1)

and use integration by parts on the integral fol (ﬁ“l;‘”n dx. What
is the value of 13?7

1
(13) Use an infinite series to evaluate the integral / Inzn(x + 1)dx.
0

(14) Use an infinite series to determine the value of

oo [E2
—————dux.
/0 cosh?(x2) ’

You can evaluate the series using Wolfram Alpha or Mathemat-
ica.

1l
1
(15) Show that the double integral/ /
0o Jo 1—my

a geometric series to calculate it. Hence determine the value of
1 1,1
In(1—=z xy)®

/ gda:. Now evaluate / Md:cdy by the same

0 z o Jo 1—ay )
means. Here a > 0. These are examples of Beuker’s integrals
and they arise in number theory. In particular one can ask how
well an irrational number can be approximated by a rational
number and in this problem Beuker’s integrals appear.

dxdy exists and use



Real Analysis 35007. Review and Challenge Problems

(1) Let 29 =1 and define the sequence r1 =1+ 1, 2o = 1 +
T3 = 1 + — 1

1+17

+ 1+1

1
1+1

+1+1

$4:1+

etc. This is an example of a continued fraction. Prove that the
sequence converges and the limit is the so called golden ratio.
(Look up the golden ratio to see that you have the correct an-
swer).

(2) Test the series Y -
test.

ne1 nig7 for convergence using the integral

(3) If f and g are continuous on I, a € I, prove that
lin(f o g)(x) = f(g(a).

(4) Prove that a Lipschitz continuous function on an interval [a, b]
is uniformly continuous on [a, b].

(5) Calculate the Taylor series expansion of f(z) = cos® .

(6) (*) Let ¥/(x) = y(x)* and suppose that y(0) = 1. By repeated
applications of the chain rule, determine the first few terms of
the Taylor series expansion of .

(7) Consider the integral fo x)dz. Find numbers A, B and C such
that

/0 f(x)dz = AF(0) + Bf(1/2) + CF(1)

where f(z) = 1,z,2? in turn. You should have a system of
three linear equations to solve. This is Simpson’s rule. What
happens if you apply this rule to f(z) = 237

(8) Establish the result

1
—d
/a+bsin(2x) Tz /y 211 J2
from the lecture notes.
(9) The Gamma function is defined by T'(z) = [~ t*"te~"dt,z > 0.

Prove that I'(x + 1) = 2I'(z) and I'(n + 1) = n! for n a natural
number.



(10) (i) Show that for s > 1,

1 1 &
— = —/ e dy.
ns L'(s) Jo

(ii) Prove that for s > 1,

=1 1 /°° A 4
— = x.
ns  I'(s) ), e*—1

* Inz
/1 x2+1da:—G,

where G is Catalan’s constant.

n=1

(11) Prove that

(12) Show that

/ In(t + acosz)dr = wln (
0

You will need

/ d = 2 tan™! ((a —b) tan (%)) , a® > b

t++v1—a2
— ) la] < 1.

a+bcosxr /a2 — b2 a2 — b2

(13) Calculate the integral
00 (12
f(a) —/ o (ax)dx, a > 0.

T2

o0
You will need to differentiate under the integral sign, use a
trigonometric identity and then use a simple substitution to
turn f’(a) into the Dirichlet integral.



