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11-1 AC CIRCUIT ANALYSIS STARTUP
Giving 𝑽𝒔 = 𝟏𝟎𝒄𝒐𝒔 𝟐𝟎𝟎𝟎𝒕 , 𝑹 = 𝟓 Ω, 𝑪 = 𝟐 × 𝟏𝟎−𝟒 𝑭, find out the current and voltages.
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This one is actually more complicated than our previous case presented in Lec 7 because 𝑉𝑠(𝑡) is a time-variant

function rather than a constant.

𝑉𝑐 + 𝑉𝑅 = 𝑉𝑠

𝐼 = 𝐶
𝑑𝑉𝑐
𝑑𝑡

𝑉𝑐(𝑡) + 𝑅𝐶
𝑑𝑉𝑐 𝑡

𝑑𝑡
= 𝑉𝑠(𝑡)

First-order differential equation
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Let’s try to solve this problem in time-domain only

Recall how we conducted the transient analysis,
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Using the transformation method (phasor)

1. Convert the circuit from time-domain to frequency-domain

Identify the angular frequency 𝜔 = 2000.

Find the phasor for the sources: 𝑉𝑠 =10⦟0
0

Find the complex impedance:

𝑍𝑅 = 𝑅 = 5

𝑍𝐶 = −𝑗
1

𝜔𝑐
= −𝑗

1

2000 × 2 × 10−4
= −𝑗2.5

2. Redraw the circuit and analysis it as if it is a DC resistive circuit.

𝑍𝑇 = 𝑍𝑅 + 𝑍𝐶 = 5 − 𝑗2.5

𝐼 =
𝑉𝑠
𝑍𝑇

=
10⦟00

5 − 𝑗2.5
Need to convert it to

polar form as well
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2. Redraw the circuit and analysis it as if it is a DC resistive circuit.

𝑍𝑇 = 𝑍𝑅 + 𝑍𝐶 = 5 − 𝑗2.5

𝐼 =
𝑉𝑠
𝑍𝑇

=
10⦟00

5.59⦟ −26.60

convert it to polar form

𝑍𝑇 = 52 + 2.52 = 25 + 6.25 = 31.25 = 5.59

⦟ 𝑍𝑇 = 𝑎𝑟𝑐𝑡𝑎𝑛
−2.5

5
= −26.60 Check whether the phase is correct

in complex plane

It is correct! 𝑍𝑇 = 5 − 𝑗2.5 = 5.59⦟ −26.60

=
10

5.59
⦟(00 + 26.60) = 1.79⦟26.60

𝑉𝑅 = 𝐼𝑍𝑅 = 1.79⦟26.60 × 5 = 8.95⦟26.60

𝑉𝐶 = 𝐼𝑍𝐶 = 1.79⦟26.60 × (−𝑗2.5)= 1.79⦟26.60 × 2.5⦟ −900= 4.48⦟ − 63.40
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3. Convert the phasor to waveform, convert the circuit from

frequency-domain to time-domain.

𝐼 = 1.79⦟26.60

𝑉𝑅 = 8.95⦟26.60

𝑉𝐶 = 4.48⦟ − 63.40

𝐼 = 1.79cos(2000t+26.60)

𝑉𝑅 = 8.95cos(2000𝑡 + 26.60)

𝑉𝐶 = 4.48cos(2000𝑡 − 63.40)

Once could also use voltage division principle to find out VR and VC directly.

𝑉𝑅 = 𝑉𝑠
𝑍𝑅

𝑍𝑅 + 𝑍𝐶
= 𝑉𝑠

𝑍𝑅
𝑍𝑇

𝑉𝐶 = 𝑉𝑠
𝑍𝐶

𝑍𝑅 + 𝑍𝐶
= 𝑉𝑠

𝑍𝐶
𝑍𝑇

𝑍𝑇 = 5 − 𝑗2.5 = 5.59⦟ −26.60

= 10⦟00 ×
5

5.59⦟ −26.60
=

50⦟00

5.59⦟ −26.60
= 8.95⦟26.60

= 10⦟00 ×
−𝑗2.5

5.59⦟ −26.60
=

25⦟ − 900

5.59⦟ −26.60
= 4.48⦟ − 63.40
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1. Convert the circuit from time-domain to frequency-domain

Identify the angular frequency 𝜔 = 5. Find the phasor for the sources: Find the complex impedance:

2. Redraw the circuit and analyse it as if it is a DC resistive circuit.
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2. Redraw the circuit and analysis it as

if it is a DC resistive circuit.

We have 2 nodes, therefore we need 2 equations.

Use node voltage analysis to

solve this circuit

Apply KCL at the left node:

𝑖1

𝑖2
𝑖4

𝑖3
𝑖5

𝑖6

𝑖8 𝑖9

𝑖10𝑖7

Reference node V=0

𝑖1 = 𝑖2 + 𝑖3 = 𝑖2 + 𝑖4 + 𝑖5 + 𝑖6

Current_In = Current_Out

1⦟00 =
𝑉1
5
+

𝑉1
−𝑗10

+
𝑉1 − 𝑉2
−𝑗5

+
𝑉1 − 𝑉2
𝑗10

0.2 + 𝑗0.2 𝑉1 − 𝑗0.1𝑉2 = 1

Apply KVL at the right node:

𝑖8 = 𝑖9 + 𝑖10 = 𝑖5 + 𝑖6 − 𝑖7 0.5⦟ −900 +
𝑉2
10

=
𝑉1 − 𝑉2
−𝑗5

+
𝑉1 − 𝑉2
𝑗10

−
𝑉2
𝑗5

−𝑗0.1𝑉1 + (0.1 − 𝑗0.1)𝑉2 = 𝑗0.5

Use Cramer’s Rule (the matrix method) to solve the

equation set:
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0.2 + 𝑗0.2 𝑽1 − 𝑗0.1𝑽𝟐 = 1

−𝑗0.1𝑽1 + (0.1 − 𝑗0.1)𝑽𝟐 = 𝑗0.5

Use Cramer’s Rule (the matrix method) to solve the equation set:

Convert to polar form Convert to time-domain
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1. Convert the circuit from time-domain to frequency-domain

Identify the angular frequency 𝜔 = 103 .

Find the phasor for the sources:

Find the complex impedance:

2. Redraw the circuit and analyse it as if it is a DC resistive circuit.

Use mesh current analysis to solve this circuit

We have 2 meshes, therefore we need 2 equations.

Apply KVL around the left mesh:

10⦟00 − 3𝑰𝟏 − 𝑗4(𝑰𝟏 − 𝑰𝟐) = 0

Apply KVL around the right mesh:

−𝑗4 𝑰𝟐 − 𝑰𝟏 − −𝑗2𝑰𝟐 − 2𝑰𝟐 = 0

Simplify the two equations we have

Use matrix

method
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11-4 SUPERPOSITION PRINCIPLE (COMPLEX VERSION)
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1. Convert the circuit from time-domain to frequency-domain

We don’t need to make the conversion as this circuit

is already in frequency domain.

2. Redraw the circuit and analysis it as if it is a DC

resistive circuit.

Use superposition to solve this circuit

Only activating the left source:

Total voltage = current * total impedance

Reference point V=0
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Only activating the right source:

Use current division principle

Reference point V=0

𝑖1 𝑖2

𝑖1 = 𝑖𝑇
𝑍3

𝑍3 + 𝑍1 + 𝑍2

𝑍1

𝑍2
𝑍3

𝑉1𝑅 = −𝑖1𝑍1 = −𝑖𝑇
𝑍1𝑍3

𝑍3 + 𝑍1 + 𝑍2

Sum V1L and V1R

Previously we obtained

In similar way, we can get

𝑽𝟐 = −2 + 𝑗4
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1. Convert the circuit from time-domain to frequency-domain

2. Redraw the circuit and analyse it as if it is a DC resistive

circuit.

Finding Vth

𝑉𝑡ℎ = 𝑉𝑜𝑐

Reference node V=0

= 𝑉2 − 0

Total voltage 𝑉𝑡 = current * total impedance

𝑉2 = 𝑉𝑡
𝑍3

𝑍2 + 𝑍3

𝑍1

𝑍2
𝑍3

According to voltage division principle

𝑉𝑡 = 𝐼𝑡𝑍𝑡 = 1⦟00
𝑍1(𝑍2 + 𝑍3)

𝑍1 + (𝑍2 + 𝑍3)
=
(4 − 𝑗2)(−𝑗10 + 2 + 𝑗4)

4 − 𝑗2 − 𝑗10 + 2 + 𝑗4
= 2 − 𝑗2

= 2 − 𝑗2
2 + 𝑗4

−𝑗10 + 2 + 𝑗4
= j2= 𝑉𝑡ℎ

= 2⦟900

𝑉𝑜𝑐
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1. Convert the circuit from time-domain to frequency-domain

2. Redraw the circuit and analyse it as if it is a DC resistive

circuit.

Finding Zt

Reference node V=0

𝑍1
𝑍2

𝑍3

𝑍𝑡 =
𝑍3(𝑍1 + 𝑍2)

𝑍3 + (𝑍1 + 𝑍2)
=
(2 + 𝑗4)(4 − 𝑗2 − 𝑗10)

4 − 𝑗2 − 𝑗10 + 2 + 𝑗4
= 4 + 𝑗4

Open𝑉𝑡ℎ = 𝑗2 = 2⦟900Finding Vth

Norton
𝐼𝑛 =

𝑉𝑡ℎ
𝑍𝑡

=
𝑗2

4 + 𝑗4

= 0.25 + 0.25𝑗

=4 2⦟450

=
2

4
⦟450 𝑉𝑡ℎ = 2⦟900

𝑍𝑡=4 2⦟450

𝐼𝑛=
2

4
⦟450 𝑍𝑡=4 2⦟450

Finding In

Thevenin
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In pure resistive circuit, maximum Power Transfer occurs when the resistive value of the

load is equal in value to that of the voltage source's internal resistance (RL=Rs) allowing

maximum power to be supplied.

The maximum power received by the load is 𝑃𝐿=
𝑉𝑡
2

4𝑅𝑡
, which is half of the total power

generated by the source.

In comple circuit, how to adjust a load impedance ZL to extract the maximum average power from a two-terminal

circuit? (Note Zt is the inner impedance or Thevenin equivalent impedance. ) Zt

ZL

Vs

1) If the load can take on any complex value, maximum power transfer is attained 

for a load impedance equal to the complex conjugate of the Thévenin impedance.

𝑅 + 𝑗𝑋

𝑅 − 𝑗𝑋
𝑍𝑙𝑜𝑎𝑑 = 𝑍𝑡

∗

2) If the load is required to be a pure resistance, maximum power transfer is

attained for a load resistance equal to the magnitude of the Thévenin impedance.

Zt

ZL

Vs

𝑅 + 𝑗𝑋

𝑅2 + 𝑋2
𝑍𝑙𝑜𝑎𝑑 = 𝑍𝑡 = 𝑅2 + 𝑋2
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In comple circuit, how to adjust a load impedance ZL to extract the maximum average power from a two-terminal

circuit? (Note Zt is the inner impedance or Thevenin equivalent impedance. )

Zt

ZL

Vs

1) If the load can take on any complex value, maximum power transfer is attained 

for a load impedance equal to the complex conjugate of the Thévenin impedance.

𝑅 + 𝑗𝑋

𝑍𝑙𝑜𝑎𝑑 = 𝑍𝑡
∗

2) If the load is required to be a pure resistance, maximum power transfer is

attained for a load resistance equal to the magnitude of the Thévenin impedance.

𝑍𝑙𝑜𝑎𝑑 = 𝑍𝑡 = 𝑅2 + 𝑋2

Note that the power should be a pure real number. Only resistance can receive power. Reactance (capacitance and

inductance) does not take power. The average AC power on capacitors and inductors are always 0. With the AC source,

the capacitors and inductors keep charging and discharging, thus the energy comes and goes away but no real energy is

consumed.

The maximum power delivered on the load is only determined by the effective RMS current and the resistance of the

impedance:

𝑃𝑚𝑎𝑥 = 𝐼𝑟𝑚𝑠
2 𝑅𝑙𝑜𝑎𝑑 Where 𝑅𝑙𝑜𝑎𝑑 =

𝑅𝑡 if load is a complex impedance

|Z𝑡| if load is a pure resistive load


