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3-1-1 PLANAR CIRCUIT

A planar circuit is one where it is possible to draw the circuit on a plane surface in such
a way that no branch passes over or under any other branch.

(a) (b)

In the figure above, circuit (a) is planar, circuit (b) is nonplanar and
circuit (c) is planar, but drawn so that it appears nonplanar.
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3-1-1 LOOPS AND MESHES

A loop is any closed path, i.e., the last node visited is the same as the starting node.

NEAR

A mesh is a loop which does not contain any other loops within it. A mesh is a property
of a planar circuit and is not defined for a nonplanar circuit.

A mesh must be a loop,
but a loop is not
necessarily a mesh.

AV




3-1-1 MESH CURRENTS

We define a mesh current as a “mathematical” (or imaginary) current in which charge flows only
around the perimeter of a mesh. A mesh current is indicated by a curved arrow that almost closes on
itself and is drawn inside the appropriate mesh.

Although the direction of mesh currents is arbitrary,
we draw the mesh currents in a clockwise direction

—NMW
so that a symmetry in the equations results when
performing mesh analysis. n
One of the great advantages of mesh currents is (_) I

that KCL is automatically satisfied, and no branch
can appear in more than two meshes. v

We no longer have a current or current arrow
shown on each branch in the circuit. The current i1 — I
through any branch may be determined by
superimposing each mesh current that exists in

C—
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3-1-2 MESH CURRENT ANALYSIS METHODOLOGY

Mesh current analysis is a method that is used to solve planar circuits for the currents (and
indirectly the voltages) at any place in the electrical circuit. It works by arbitrarily assigning mesh

currents in the essential meshes. Note that the currents in essential meshes are independent to each
other.

Solving for mesh currents instead of directly applying KCL and KVL can greatly reduce the amount
of calculation required.

A I =13
: I, =iy — i
AR N I, = iy — i,
_/
Re — Iy =iy

va<+>pa@m§j's®'{§ S
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3-1-2 MESH CURRENT ANALYSIS METHODOLOGY

A recommended procedure to conduct mesh current analysis:

Step 1: Identify the mesh and define the mesh currents
Note: Clockwise direction is recommended

Step 2: Construct equations in each mesh, usually using KVL

Notel: This is because every mesh is a loop. KVL
states that for a closed loop series path the algebraic
sum of all the voltages around any closed loop in a
circuit is equal to zero.

R4

C—



3-1-2 MESH CURRENT ANALYSIS METHODOLOGY

A recommended procedure to conduct mesh current analysis:
Note: Clockwise direction is recommended
R1

Step 1: Identify the mesh and define the mesh currents

Step 2: Construct equations in each mesh, usually using KVL
Note: This is because every mesh is a loop. KVL states that for a
closed loop series path the algebraic sum of all the voltages around

any closed loop in a circuitis equal to zero.

Mesh 1: ) .
Vo = Ry(iy — i3)

R4

Vo — Rp(ip —i3) —R3(i; — i) =0
(Ry + R3)i; — R3i, — Ryi; =1

C—




3-1-2 MESH CURRENT ANALYSIS METHODOLOGY

A recommended procedure to conduct mesh current analysis:
Step 1: Identify the mesh and define the mesh currents  Note: Clockwise direction is recommended
Step 2: Construct equations in each mesh, usually using KVL R1

Note: This is because every mesh is a loop. KVL states that for a
closed loop series path the algebraic sum of all the voltages around
any closed loop in a circuitis equal to zero.
Mesh 1: -Vy;—V,
(Ry + R3)iy — R3ip — Ryiz =1
Mesh 2: . . + [ [
V3 = R3(i; —iy) Ve <‘ Ra
V3 + V4_ + Vb =0 3
Vi = Ryl
R3(i2 - l]_) + R4i2 + Vb - 0

R3i; — (R3 + Ry)i, =V,

C—



3-1-2 MESH CURRENT ANALYSIS METHODOLOGY

A recommended procedure to conduct mesh current analysis:
Step 1: Identify the mesh and define the mesh currents  Note: Clockwise direction is recommended

Step 2: Construct equations in each mesh, usually using KVL TRy V, =V, -V,

Note: This is because every mesh is a loop. KVL states that for a
closed loop series path the algebraic sum of all the voltages around
any closed loop in a circuitis equal to zero.

Mesh 1: V, -V,
(Ry + R3)i; — R3i, — Ryiz =V,

Mesh 2: Va<
R3i; — (R3 + Ry)i, =V,

Mesh 3:
Vi = Rql3

Vo = Ry(i3 —iq)
Vb + RZ(il - l3) - R1i3 = O
Ryi; — (Ry + Ry)iz; = —

C—
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3-1-2 MESH CURRENT ANALYSIS METHODOLOGY

A recommended procedure to conduct mesh current analysis:
Step 1: Identify the mesh and define the mesh currents  Note: Clockwise direction is recommended

Step 2: Construct equations in each mesh, usually using KVL R1

Note: This is because every mesh is a loop. KVL states that for a
closed loop series path the algebraic sum of all the voltages around
any closed loop in a circuitis equal to zero.

MESh 1: (RZ + Rg)il - R3i2 - R2i3 = ]/a
Mesh 2: R3i1 - (R3 + R4)i2 = Vb
Mesh 3: RZil — (Rl + Rz)i3 = _Vb

3 meshes, 3 unknown currents, 3 equations

R4

Step 3: Write the equations in standard form
ri1ly + 1riply + 1y3i3 = V4
Tigly + Tpply + 1p3i3 =
131l + 1320y + 13303

11
S <
w N

i

—

12 T3] [l Uy
. : o |T21 T2z Tas||iz| = | V2

Step 4: Solve the equation set or transform to matrix ]
31 132 133113 U3

B
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3-1-3 SPECIAL CASES

A recommended procedure to conduct mesh current analysis:
Step 1: Identify the mesh and define the mesh currents  Note: Clockwise direction is recommended

Step 2: Construct equations in each mesh, usually using KVL R1
Note that n meshes correspond to n unknown mesh currents, thus

we need n equations.

Step 3: Write the equations in standard form
11l + T2l + 1303 = vy
T2l F Toply + 1303 =V

r31lq + T32ly + 73313

R4

Il
<
w

Step 4: Solve the equation set or transform to matrix
11 Ti2 ?”13
21 7"22 lz vz
31

)




3-1-3 SPECIAL CASES

A recommended procedure to conduct mesh current analysis:
Step 1: Identify the mesh and define the mesh currents  Note: Clockwise direction is recommended

Step 2: Construct equations in each mesh, usually using KVL
Note that n meshes correspond to n unknown mesh currents, thus we need n equations.

Usually we can get the required equations by conducting KVL analysis, however, there are some special cases that
need different considerations.

Special Cases — When current sources are involved, we are not able to conduct KVL because the
voltage across a current source is unknown.

Special case 1: Current source in one mesh only

15 Q S5 Q Equation 1: conduct KVL on mesh 2

®
Equation 2: by comparing the current

_ . 7 source with the mesh current, we can
ZACTD I §IOQ i C_) 10V obtain i;=2A

L

C—




3-1-3 SPECIAL CASES

A recommended procedure to conduct mesh current analysis:
Step 1: Identify the mesh and define the mesh currents  Note: Clockwise direction is recommended

Step 2: Construct equations in each mesh, usually using KVL
Note that n meshes correspond to n unknown mesh currents, thus we need n equations.

Usually we can get the required equation by conducting KVL analysis, however, there are some special cases that
need different considerations.

Special Cases — When current sources are involved, we are not able to conduct KVL because the
voltage across a current source is unknown.

Special case 2: quLent source belongs to two meshes
‘W\v Equation 1: conduct KVL on mesh 3

___________ @ L Equation 2: by comparing the current
e " source with the mesh current, we can

§ | obtaini,-i;=5A
lgg : " <+> b v' Equation 3: conduct KVL on a larger
i |

loop containing the current source, i.e.,
the green or yellow dashed loops.

N i s o i i e i w9

C—
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3-1-4 EXAMPLE

Let’s try to solve an example problem following the recommended procedure
Step 1: Identify the mesh and define the mesh currents

Step 2: Construct equations in each mesh, usually using KVL 20

Note that n meshes correspond to n unknown mesh currents, thus I\N\,
we need n equations.

If current sources present, find relationship between mesh B
currents according to the current source and conduct KVL 1A

around larger loop. V=5 ‘SAA‘

&
Mesh 1: ~
5 —3 % (iy —i3) —1X (iy — i) = 0 SVCD @15 l @2Q§
5 —3i, +3is—i; +i, =0 :

C—




3-1-4 EXAMPLE

Let’s try to solve an example problem following the recommended procedure
Step 1: Identify the mesh and define the mesh currents  Note: Clockwise direction is recommended

Step 2: Construct equations in each mesh, usually using KVL 20
Note that n meshes correspond to n unknown mesh currents, thus I\N\,
we need n equations.
If current sources present, find relationship between mesh @
currents according to the current source and conduct KVL mlA
around larger loop. '\N\, @ 1

Mesh 2: not able to conduct KVL 5V<> Ol Q§ i 5 Q§

Mesh 3: not able to conduct KVL

Comparing current source with ., — i, =1

mesh currents
b —ig=-1 Eq(2)

C—



3-1-4 EXAMPLE

Let’s try to solve an example problem following the recommended procedure
Step 1: Identify the mesh and define the mesh currents  Note: Clockwise direction is recommended

Step 2: Construct equations in each mesh, usually using KVL 20
Note that n meshes correspond to n unknown mesh currents, thus I\N\,
we need n equations.
If current sources present, find relationship between mesh @
currents according to the current source and conduct KVL mlA
around larger loop. '\N\, @ 1

Comparing current source with 5 V() 1 Q§ i, |2 Q§
mesh currents

L —ig=-1 Eq(2)

Conducting KVL around a larger loop enclosing
the current source

5_2l3 _2l2 == O

C—



3-1-4 EXAMPLE

Let’s try to solve an example problem following the recommended procedure

Step 3: Write the equations in standard form 714 A
p ' . .q -
4’1,1 - 1,2 - 3[3 - 5 Eq (1)
o '\N\,
l2 - l3 - _1 Eq (2)
21,2 + 2l3 = 5 Eq (3) OlA
Step 4: Solve the equation set 3“ Q“ V _/
Method 1: substitution method
According to Eq (2), i, =i3—1 Eq((4) sv(F Olg OZ Q 13/4A
Substitute Eq(4) into (1) and (3), we have
4iz =7 iy =7/4 Eq (6)

Substitute Eq (6) into Eq (5), we have
4i; =4i;+4=11 [, =11/4
Substitute i3 into Eq (4), we have i, = 3/4

C—



3-1-4 EXAMPLE

Let’s try to solve an example problem following the recommended procedure

Step 3: Write the equations in standard form
4i1_i2_3i3 =5

iz_i3=_1

2i2 +2l3 - 5

Eq (1)
Eq (2)
Eq (3)

Step 4: Solve the equation set

Method 2: matrix

1 Ty To3

4 -1 -3
0 1 -1
0 2 2

C—

(711 T12 T3]

731 T32 T33]

il vl
i3 U3

-i1 5
iz = —1
_i3 5

5 -1 -3 4 5 =3
-1 1 -1 O —1 -1
5 2 2 = 0 5 2
4 -1 -3 2714 -1 -3
O 1 -1 O 1 -1
0o 2 2 0O 2 2
4 -1 5

o 1 -1

0 2 5 Find the determinate
4 —1 -3 of matrix

o 1 -1

0o 2 2




3-1-4 EXAMPLE

Let’s try to solve an example problem following the recommended procedure
Step 3: Write the equations in standard form

Step 4: Solve the matrix equation

5 -1 -3
4 -1 -31[i] 7[5 -1 1 -1
\0 1 —1] Iy =\—1] i = 5 2 2
0 2 21|i; 5 4 -1 -3
0O 1 -1
Find the determinate of matrix 0 2 2
4 -1 -3
1 -1 0 -1 0 1
0O 1 -1|=4 — (-1 + (—3)
o 1 <al) Sl-enf) Srenl) )
=4[1X2—-(-DX2]- (D) [0Xx2—-0X(-D]+(-3)(0x2-0x1)
=16

C—
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3-2-1 NODE VOLTAGE ANALYSIS METHODOLOGY

Like mesh current analysis is based on mesh currents + KLV around meshes, node voltage
analysis utilizes node voltages + KCL at nodes.

Node voltage analysis complements the previous mesh analysis in that it is equally powerful and

based on the same concepts of matrix analysis. — s, V1 Vs
R1 Ry

By using mesh current analysis, you can find the
currents flowing around each mesh. By superimposing i,
the mesh currents on each branch, the currents at all the L
paths can be determined. Then you are able to obtained . 'VV\' ‘ ‘ v,

the voltage using Ohm s law.
By using node voltage analysis, you can find the voltage '1<D O R3§ O R4§

at each node. Then you are able to use Oam's law and

KCL to find all the currents. P
Vo

C—




3-2-1 NODE VOLTAGE ANALYSIS METHODOLOGY

A recommended procedure to conduct node voltage analysis:

R1
Step 1: Identify the nodes and define a reference node — A NVWNV—/——
Notel: Electrically common nodes can be seen as one node.
Note2: You can assume any node to be the reference node and the — \\N—@ C\

voltage at the reference node is 0 V. Vi R2 V, 1,
Note3: If you have “n” nodes in a circuit, there are only “n-1” unknown

6
node voltages. |1<‘D R3 § R4 §

Reference node V=0

C—



3-2-1 NODE VOLTAGE ANALYSIS METHODOLOGY

A recommended procedure to conduct node voltage analysis: — 1= Vi-V;
Ry
Step 1: Identify the nodes and define a reference node TVZ’\/\/\/—
. : I=
Step 2: Construct equations at each node, usually using KCL R,
_—

Notel: Current_in = Current_out
Note2: Always assume currents are leaving the node when you see

resistors
Vl _ V3 o Vl _ VZ |1<¢> R3 § R4

Nodel: [} =1Ipi+1lpy Ip1 = R R2 =" p
1 2
Vl - V3 V1 - VZ .
I = + Reference node V=0

Ry R,
LRiR, =R,(V; —V3)+ R (V; = V)

V3

(Ry +R2)V; — RV, — RV3 = RyR,1; Eq (1)

C—



3-2-1 NODE VOLTAGE ANALYSIS METHODOLOGY

A recommended procedure to conduct node voltage analysis:

Step 1: Identify the nodes and define a reference node e A VAVAY S

Step 2: Construct equations at each node, usually using KCL

Notel: Current_in= Current_out Vl. VRZV V .V _/ I,
2

Note2: Always assume currents are leaving the node when you see

resistors
|1<‘D R3 § R4 §
Node1: (R; +R,)V; — RV, — R,Va = R{R,l; Eq(1)

Node 2:
I =1Igy; +1Igzs Ipy, =

V, =1 V=0 ®
Ipz = Reference node V =0
R, R;

IR;R3 = R3(V, — V1) + R,V,

_R3V1 + (RZ +R3)V2 - R2R312
R3Vy — (Ry +R3)V, = —RyRs3l, Eq (2)

C—



3-2-1 NODE VOLTAGE ANALYSIS METHODOLOGY

A recommended procedure to conduct node voltage analysis:

Step 1: Identify the nodes and define a reference node e A VAVAY S

Step 2: Construct equations at each node, usually using KCL

. - 66— AN\——)
Notel: Current_in = Current_out V, v, P
2

Note2: Always assume currents are leaving the node when you see

resistors
|1<‘D R3 § R4 §
Node1: (R; +R,)V; — RV, — R,Va = R{R,l; Eq(1)

Node 2: R3V1 - (RZ +R3)V2 - _R2R312 Eq (2)

Node 3: Reference node V=0

V3 =V V3 —0
e R o T ==

[, =——
R, RE™ R,
12R1R4, + R4(V3 - Vl) + R1V3 - O

—R,4Vi + (Ri+R,) Vs = =R Ryl
RyVi — (R1+Ry) V3 = RiRyl; Eq (3)

T —



3-2-1 NODE VOLTAGE ANALYSIS METHODOLOGY

A recommended procedure to conduct node voltage analysis:

Step 1: Identify the nodes and define a reference node e A VAVAY S

Step 2: Construct equations at each node, usually using KCL

Notel: Current_in= Current_out VlO—'\/\/V .V Ulz
2

Note2: Always assume currents are leaving the node when you see

resistors
|1<‘D R3 § R4 §
Node1: (R; +R,)V; — RV, — R,Va = R{R,l; Eq(1)

Node 2: R3V1 - (RZ +R3)V2 - _R2R312 Eq (2)
Node 3: R4V1 - (R1+R4) V3 - R1R412 Eq (3) Reference node V=0
Step 3: Write the equations in standard form
g11V1 +g12 Vo +913 V3 = Ly
921V1 +922 Vo +923 V3 = L2
931V1 +g32 V2 +g33 V3 = i3
Step 4: Solve the equations using substitution method or via matrix

C—
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3-2-1 NODE VOLTAGE ANALYSIS SPECIAL CASE

A recommended procedure to conduct node voltage analysis:

R1
Step 1: Identify the nodes and define a reference node e A VAVAY S
Notel: Electrically common nodes can be seen as one node.
Note2: You can assume any node to be the reference node and the N\ L
voltage at the reference node is 0 V. V, —'VVV 'V O 1, Vv
Note3: If you have “n” nodes in a circuit, there are only “n-1” unknown R2 ? :
node voltages.
| . . h(‘D R3 R4
Step 2: Construct equations at each node, usually using KCL
Notel: Current_in = Current_out
Note2: Always assume currents are leaving the node when you see ®
resistors Reference node V =0

Usually we can get the required equations by conducting KCL analysis,
however, there are some special cases that need different considerations.

Step 3: Write the equations in standard form
g11V1 +912 Vo +g913 V3 = 4
921V1 +922 V2 +923 V3 =i
931V1 +932 V2 +933 V3 = i3
Step 4: Solve the equations using substitution method or via matrix

e —



3-2-1 NODE VOLTAGE ANALYSIS SPECIAL CASE

A recommended procedure to conduct node voltage analysis:

Step 1: Identify the nodes and define a reference node R1
Step 2: Construct equations at each node, usually using KCL MW
Notel: Current_in = Current_out
Note2: Always assume currents are leaving the node when you see resistors o i\/\/\, 9 a\ ‘
Special Cases — When voltage sources are involved, we are not Vi R2 Va A Vs
able to conduct KCL because the voltage across a current source is
unknown. V, R3 § R4 §
Special case 1. Voltage source connecting to one unknown
node only
Note that if a voltage source sits between one unknown node and O
the reference node, we believe the source is connected to one node Reference node V=0
only.

In this case, you are not able to get an equation from this node.
Note the reference node is a known node.

But the equation can be obtained by observing the voltage
difference between the voltage source.

Equation 1: V, =V; — 0

C—



3-2-1 NODE VOLTAGE ANALYSIS SPECIAL CASE

A recommended procedure to conduct node voltage analysis:

Step 1: Identify the nodes and define a reference node

Step 2: Construct equations at each node, usually using KCL
Notel: Current_in = Current_out
Note2: Always assume currents are leaving the node when you see resistors
Special Cases — When voltage sources are involved, we are not
able to conduct KCL because the voltage across a current source is

unknown.
Special case 2: Voltage source sits between two unknown node

In this case, you are not able to get two equations from the nodes
connected to the voltage source.

Equation 1: V, =V, =5

L » EQ. 2: Taking the two nodes as a super node and conduct KCL
Equatlon 2: 0= IRl + IRZ +IR3 +IR4-

Eq. 1: by observing the voltage difference between the voltage source.

4_1 _ V3 - Vl
R1 R4
— VW
R, Vi
4—
Vi R2 1V? 2 v,
|1<A> lRB 1R4
_V =V
N R3 R4—

Reference node V=0

C—
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3-2-3 NODE VOLTAGE ANALYSIS EXAMPLE

Let’s try to solve an example problem following the recommended procedure
V2

Step 1: Identify the nodes and define a reference node Vig NN i\/\/\,_.V3

Notel: Electrically common nodes can be seen as one node. R;=10 Q R,=20 Q

Note2: You can assume any node to be the reference node and the

voltage at the reference node is 0 V. 10V <f> R3=40 Q <?> 2A

[{e 1)

Note3: If you have “n” nodes in a circuit, there are only “n-1” unknown
node voltages.

Reference node V=0

C—



3-2-3 NODE VOLTAGE ANALYSIS EXAMPLE

Let’s try to solve an example problem following the recommended procedure
V2

Step 1: Identify the nodes and define a reference node Vig A Vs
Step 2: Construct equations at each node, usually using KCL R=10 O R2=v2v0 VQ 9
Notel: Current_in = Current_out
:\g;tiitzo.rsAlways assume currents are leaving the node when you see 10V <J:> Ry=40 O C? A
Node 1:
Special case 1: Voltage source connecting to one unknown node only

The equation can be obtained by observing the voltage difference
between the voltage source.

Node 2:
0=IR1+IR2+IR3 IR1=

Reference node V=0

o100 V-V _ V-0
10 R2 =90 R340

TV, —2V; =40 Eq(2) —_—
2 3 5V, — 80 = 40

Node 3:
V V.
= 2 —V, =40 Eq(3)/ V, = 24

Vs = 64

T —




3-2-3 NODE VOLTAGE ANALYSIS EXAMPLE

Let’s try to solve an example problem following the recommended procedure

Step 1: Identify the nodes and define a reference node
Step 2: Construct equations at each node, usually using KCL

Step 3: Write the equations in standard form

Step 4: Solve the equation set
1.4A 2A
0V 24V 4V
vy =10 — VW—F—"\—e
VZ = 24 R1=1O Q R2=20 Q

Vy = 64
3 10V (f) 0.6 A §R3=4OQ (‘D 2

Now lets validate our results by finding the
current on each branch and check whether it

agrees with KCL P
Reference node V=0

C—



