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9-1-1 SINUSOIDAL WAVEFORM 1

The sinusoid is the most important function in electrical and electronic engineering. The current generated by power
station is sinusoid. The electromagnetic wave, which is the base of telecommunication, is also sinusoid.

Consider the sinusoidal voltage: ~ V(t) = V;,,cos(wt)

v(1)
1, 1S the peak value (V); |24 The function plot
Vop = 2V}, is the peak-to-peak value (V); / \ /_\ against radians
The function repeats itself every 2m (radians), or / A n - 2ln ot (rad)
> 2

every T (seconds). Therefore, the period is 2m

(radians) or T (seconds). In most cases, we prefer -
to use T in seconds as the time period.
v(17)
What’s the relationship between T and w? |24

2
When t = T, wt = 2m, thus we have /\ /\ The_func_tion plot
21 21 I . ; (S)agalnst time
T =21 W=7 T =— I\ T /3T T
of ~in My o= BT / NS4
f = =is the frequency (Hz); .
T w
w = 2nf » f= o

w = 2nf is the angular frequency (rad/s);

R




48510 LEC 9 -
SINUSOIDS

Topic 9-1-2: Introduction to sinusoidal
waveform 2 —

DR CAN DING

Lecturer
can.ding@uts.edu.au

J‘ ; UTS CRICOS PROVIDER CODE: 00099F ~ uts.edu.au




9-1-2 SINUSOIDAL WAVEFORM 2 - PHASE ANGLE

. . . V., cos(wt
A more general form of sinusoidal waveform is: v(7) mCos(wt)

V(t) = V,cos(wt + 0), where 0 is the phase angle.
Compared to V,, cos(wt), it translates to the left by 6 \ m
degree. ' '
_ _ 2
Phase relationship: -V

Vpcos(wt + 0)

Since corresponding points on 1, cos(wt + 6) occur 6 rad

earlier compared to 1}, cos(wt), we say that V;,,cos(wt + e ™\
0) leads V},, cos(wt) by 6 rad. V1(t) = Vpicos(wt + 61)
Conversely, 1, cos(wt) lags V;,,cos(wt + 6) by 6 rad. V2(t) = Vipzcos(wt + 6)

If6, > 0,, V,(t) leads V,(t) by 8, — 6, degrees.

c‘ 0, < 0,,V,(t) lags V,(t) by 6, — 6, degrees.

Note we only concern phase relationships between two sinusoidal waveforms when they have
the same frequency.

R

Also, we can say V,,cos(wt — ) lags V,, cos(wt) by 0 rad.

J




9-1-2 SINUSOIDAL WAVEFORM 2 - PHASE ANGLE

Specially, for two sinusoidal signals:
Vl (t) = Vm1COS((l)t + 01) VZ (t) = Vm2COS((l)t + 92)

if the phase angles are equal (6, = 6,), they are said to be in phase; if the difference between two phase angles are
180° or 7 in radian (8, — 6, = +£180° or + m), they are said to be out-of-phase.

V1(t)T/\

N\ N\ > (t)T/\
N \//\\//\\/ >
V,(6) v, ()

T\ N\ . 2
| N4 N4 N T N N\ N\,

|\/ N N
V1 (6) + V()= V() + Vo(t) = (Vi1 —Vinz)cos(wt + 6;)

1 1

| |

v

In-phase signals add up Out-of-phase  signals
with each other cancel with each other

R



9-1-2 SINUSOIDAL WAVEFORM 2 - PHASE ANGLE

We always use this standard function to describe sinusoidal AC signals.

V(t) or I(t) = A,,cos(wt + 6), where A,, is the amplitude, w is the angular frequency and
0 is the phase.

Given the plot of the function, it is straightforward to find A, and w = 2?“

: V(t)
but how to determine 07? N

Find t,,,., the time at which positive peak occurs. :

|

We know when positive peak occurs, wt,,,, + 6 = 0. / E
Therefore, 8 = —Wt gy : £

t

Since w = =&, max
T
0 =21 fmax (inradian) or 0 = —3600%% (in degree)

Note that we always want 6 to be as small as possible in the standard
form, therefore, you always need to find the positive peak near the t=0
and assume the time of that peak to be t,,,,-

R
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9-1-3 PHASE ANGLE EXAMPLES

Examples to find @ of a sinusoid V(t) or I(t) = A,,cos(wt + 0)

Find ¢, the time at which positive peak occurs.

V(t)
0=—2m fmax (inradian) or 0= —3600%% (in degree) Vm 4
Note that we always want the absolute value of 8 to be as small as
possible in the standard form, therefore, you always need to find the
positive peak near the t=0. ¢
tmax g
Example 1:
tmax = 0
8 =0°

V(t) =V, cos(wt)

R



9-1-3 PHASE ANGLE EXAMPLES

Examples to find @ of a sinusoid V(t) or I(t) = A,,cos(wt + 0)

Find ¢, the time at which positive peak occurs.

0= —27 t";f‘x (inradian) or 0 = —3600%% (in degree)

Note that we always want the absolute value of 8 to be as small as
possible in the standard form, therefore, you always need to find the
positive peak near the t=0.

| §<

T T Ot
t 5 [ tmaxz g
Example 2: max 2
T ; _ 3T
tmax = — = =
max 2 max 4
-1 3
8 = —360°— =90° or 0 =-360°-=270°
4 4
V(t) = V,cos(wt + 90°) V(t) = V,cos(wt — 270°)

Both of these two results are correct, but the left one is recommended.

R
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9-1-4 AVERAGE VALUE

v( 7!
If you measure a waveform with a DC meter (or use a multimeter on the DC (V)
setting), by design the meter will measure the average value. \ /\
For periodic waveforms we have the average value over a specific time / ot (rad)
interval as: 1 (to*T 7 \/
G == J g(t)dt '
T to

where T is the period of the waveform and ¢t is an arbitrary time that can be chosen for mathematical convenience.
Thus, instead of determining the average over the entire (infinite) time extent of a periodic waveform, we only have

to determine the average over one period.

g(n Average =0 ©
Ar A\ e /\
\ \ T \ t /\A RN A One could calculate the
\_/A \/ \/| \/ ; av_erage value of a sinusoid
o using
If a periodic waveform is symmetric If a periodic waveform is symmetric (Vp_positive+Vp_negative)/2
about the horizontal axis, then the about a horizontal line g = A, then the
average value is zero, since the areas are average value is A.

“equal but opposite”.

R



9-1-4 RMS VALUE

RMS value is a measure of the effectiveness of a source in delivering power to a resistive load.

Australia standard voltage is 230 V. This voltage is the RMS value.
2

: : . |4
The power delivered by the AC supply at any instant of timeis P =VI = 3

For AC source, the voltage V(t) = V,cos(wt)
VZ
R

Since cos?(wt) = % [1+ cos(Rwt)]

_ V_nzl The effective value of this term is 0 as cos(wt)
" 2R changes with time and the average value is 0.

Therefore, Vens =
P = Vn?t ’

2R
2 |/
By definition the average power delivered by AC source is P = % ) Viys = 7m

C—

P

I

N



SUMMARY OF SINUSOIDAL WAVEFORM

Standard form of the sinusoidal voltage:

V(t) =V, cos(wt + )

1, 1s the peak value (V);
Vop is the peak-to-peak value (V);

e 1S the average value (V) = % = 0;
Vrus i effective root mean square (RMS) value (V) =

Vm.
\/E’

V§ : i :
RMS — |2 <R is average power delivered to a resistor by a

P=
sinusoidal voltage or current;
T is the period (s);

f= % is the frequency (Hz);

w = 2nfis the angular frequency (rad/s);

V(1) or ()
— T —>
/\ /\ t

max

“V'm
or—/.

6 is the phase angle (rad or degree).
yl
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9-2-1 COMPLEX NUMBER

3.5+)2,70000 +j0,0-j1

— Real Part 3.5, 70000, -0.2
— |maginary Part v—1 *Real number j 3.5, 70000, -j 0.2
j ()
Imaginary
(o) — z=atjb
a Real

Complex number on Complex plane

e —




9-2-1 COMPLEX NUMBER

Some useful definitions:
1) A pure imaginary number (for example j 6), is also a complex number, but with zero real part.
2) A pure real number (for example 5), can be thought of as a complex number with zero imaginary part .
3) For the complex number z = a + j b, the Modulus (Magnitude) of z is |z| = Va2 + b2.

4) Geometrically, the modulus of a complex number is the distance from the origin to its location in the
complex plane.

_ _ _ Imaginary
5) The complex conjugate of ziszorz*=a-jb. 4
6) The complex conjugate of a complex number is its [ frong z=a+jb
reflection in the real axis. E
7) The product of a complex number and its conjugate |zz*| = -
2 >
|z|* is a real number. a Real
zZ*=a-jb

C—



9-2-1 COMPLEX NUMBER ARITHMETIC

o) E— z=a+jb
zy=a+jb,z; =c+jd Rectangular form
Add Division ;d "
zZ1+z,=(@+c)+jb+4d) zy a+jb
Subtract z, c+jd Multiplication
_(a+jb)x(c iy

z1—zz=(@a—-c)+j(b—a)

~ (c+jd) x (¢ — jd) —_, Multiplication/

Multiplication _ (ac + bd) + j(bc — ad) Modulus
712, = ac + jad + jbc + j*bd c2+d? T No j in the denominator
= (ac — bd) + j(ad + bc) ac+bd  bc—ad

= +
c2+d? Jc2+d2

C—



9-2-1 COMPLEX NUMBER ARITHMETIC

z=a+jb Rectangular form Polar form arithmetic
z=r-6 Polar form 7y =11 204,2, =1, 20,
4 Add
g Convert to rectangular form first
s Subtract
ubtrac
o\ R
a Convert to rectangular form first
0l \/ﬁ Multiplication
Convert rectangular form 7 = |z| =+va*+b
to polar form b 212y = T11p= (011 63)
6 = arctana
Division
Convert polar form to z=r_9 z m
rectangular form = rcosf+ijrsind PR (6,—6)

L



9-2-1 COMPLEX NUMBER ARITHMETIC

z=a+jb Rectangular form Exponential form
z=r-6 Polar form 7z, =1e/%,2, =r,ei02
) A
z =re" Exponential form Add
""""""" 1 Convert to rectangular form first
57\ Subtract
c0s0 Convert to rectangular form first
el = cos(0) + jsin(6) Euler's law Multiplication
_ (6,46
(e/9)* = e779 = cos(0) — jsin(0) 217, = Tyre! (170
17| = |e77%| = \/cos2(8) + sin2(0) = 1 Division
21N ,je:-6y)
Z T
VUTS-




9-2-1 COMPLEX NUMBER ARITHMETIC

Add

rectangular form

_ Subtract
z=a+jb Rectangular form
rectangular form
z=r-0 Polar form
Z = rel? Exponentia| form Multiplication

Polar form or exponential form
Division

Polar form or exponential form

C—
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9-2-1 COMPLEX NUMBER ARITHMETIC

Conversion from rectangular form to polar/exponential form T — .
Rectangular form z = a + jb Case 1:
zz=a+jb=1+j 9‘\ >
Polar form zZ=r20 ! b 1
. . | 6 = arctan— = arctan(1) = 45°
Exponential form z = re/® | a ()
_ i Case 2:
To find out r and 6. : . .
! Zy=a+jb=-1—]
= |z| =/ a? + b2 ! b
r=lzl a‘+b ! 0 = arctana = arctan(1) = 4
0 = arctan— i
a i A = 2250 or = _1350
Obtain the phase angle can be tricky!
Because there are more than 1 solutions ! -1 Hf N -
for arctan function. W g
; | 0
| W, | -1
yUTS-




9-2-1 COMPLEX NUMBER ARITHMETIC

Conversion from rectangular form to polar/exponential form

Rectangular form z =a + jb tanf = tan(0 + )

N

arctanX =0 or 6 +

Polar form =7r= : :
z=1<8 The 0 obtained by calculator is the

Exponential form z = re/® one from range of -90 to 90 degrees.

One needs to observe the complex number in the
complex plane to find out which quadrant it locates,
then you can determine the right 0!

To find out r and 6.

r =|z| =+ a? + b?

6 = arctan—

a A

Obtain the phase angle can be tricky!

Because there are more than 1 solutions
for arctan function.

C—




