
Fibonacci Revisited



Recursive Fibonacci 
Algorithm

Recall the Fibonacci sequence
<latexit sha1_base64="kVOnC7m+WoNfR2JVvS1QpAAJ4G4=">AAACDHicbVBLSwMxGMzWV62vqkcvwSJ4WMputdpjwYvgpYJ9QLuUbDZtQ7PJkmSFshS8evGvePGgiFd/gDf/jdltD9o6JDCZmZB840eMKu0431ZuZXVtfSO/Wdja3tndK+4ftJSIJSZNLJiQHR8pwignTU01I51IEhT6jLT98VXqt++JVFTwOz2JiBeiIacDipE2Ur9YcmzoZqtiwzMbVm1YM0fDKkbrsUBolabKTga4TNw5KYE5Gv3iVy8QOA4J15ghpbquE2kvQVJTzMi00IsViRAeoyHpGspRSJSXZMNM4YlRAjgQ0myuYab+vpGgUKlJ6JtkiPRILXqp+J/XjfWg5iWUR7EmHM8eGsQMagHTZmBAJcGaTQxBWFLzV4hHSCKsTX8FU4K7OPIyaVXK7kW5enteqt88zOrIgyNwDE6BCy5BHVyDBmgCDB7BM3gFb9aT9WK9Wx+zaM6aV3gI/sD6/AFLl5X1</latexit>

0, 1, 1, 2, 3, 5, 8, 13, 21, . . .

This mathematical definition led us to a recursive algorithm

<latexit sha1_base64="5+m2FztfDwkscuSx5rE9MNgSXeo="></latexit>

Fn =

(
n if n = 0 or n = 1

Fn�1 + Fn�2 otherwise



Recursive Fibonacci

<latexit sha1_base64="5+m2FztfDwkscuSx5rE9MNgSXeo="></latexit>

Fn =

(
n if n = 0 or n = 1

Fn�1 + Fn�2 otherwise



Benchmark



<latexit sha1_base64="wlvATdnpDR45zPtYJj6BY/eE69k=">AAAB83icbZBLSwMxFIXv+Kz1VXXpJliEuikzYtVlwY3gpoJ9QKeUTJppQzOZIbkjlKHgr3DjQhG3/hl3/hvTx0JbDwQ+zrkhNydIpDDout/Oyura+sZmbiu/vbO7t184OGyYONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k7z5yLURsXrAUcI7Ee0rEQpG0Vp+5iOSUATjUuWsWyi6ZXcqsgzeHIowV61b+PJ7MUsjrpBJakzbcxPsZFSjYJKP835qeELZkPZ526KiETedbLrzmJxap0fCWNujkEzd3zcyGhkzigI7GVEcmMVsYv6XtVMMrzuZUEmKXLHZQ2EqCcZkUgDpCc0ZypEFyrSwuxI2oJoytDXlbQne4peXoXFe9i7LlfuLYvXuaVZHDo7hBErgwRVU4RZqUAcGCTzDK7w5qfPivDsfs9EVZ17hEfyR8/kDOTaRmA==</latexit>

fib(5)

<latexit sha1_base64="otl5VKTyoP7x76773nxGwE6sfkc=">AAAB83icbZBLSwMxFIXv+Kz1VXXpJliEuikzUh/LghvBTQX7gE4pmTTThmYyQ3JHKEPBX+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6QSGHQdb+dldW19Y3N3FZ+e2d3b79wcNgwcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJnnzkWsjYvWAo4R3ItpXIhSMorX8zEckoQjGpcpZt1B0y+5UZBm8ORRhrlq38OX3YpZGXCGT1Ji25ybYyahGwSQf5/3U8ISyIe3ztkVFI2462XTnMTm1To+EsbZHIZm6v29kNDJmFAV2MqI4MIvZxPwva6cYXncyoZIUuWKzh8JUEozJpADSE5ozlCMLlGlhdyVsQDVlaGvK2xK8xS8vQ+O87F2WL+4rxerd06yOHBzDCZTAgyuowi3UoA4MEniGV3hzUufFeXc+ZqMrzrzCI/gj5/MHN7GRlw==</latexit>

fib(4)

<latexit sha1_base64="zHamZeSGehEzGQSVa6CPb11YhF8=">AAAB83icbZBLSwMxFIXv+Kz1VXXpJliEuikzvpcFN4KbCvYBnVIyaaYNzWSG5I5QhoK/wo0LRdz6Z9z5b0wfC209EPg454bcnCCRwqDrfjtLyyura+u5jfzm1vbObmFvv27iVDNeY7GMdTOghkuheA0FSt5MNKdRIHkjGNyM88Yj10bE6gGHCW9HtKdEKBhFa/mZj0hCEYxKZyedQtEtuxORRfBmUISZqp3Cl9+NWRpxhUxSY1qem2A7oxoFk3yU91PDE8oGtMdbFhWNuGlnk51H5Ng6XRLG2h6FZOL+vpHRyJhhFNjJiGLfzGdj87+slWJ43c6ESlLkik0fClNJMCbjAkhXaM5QDi1QpoXdlbA+1ZShrSlvS/Dmv7wI9dOyd1m+uD8vVu6epnXk4BCOoAQeXEEFbqEKNWCQwDO8wpuTOi/Ou/MxHV1yZhUewB85nz82LJGW</latexit>

fib(3)

<latexit sha1_base64="IMeCuOcLNo1Lb/NhX5sqaB3QGCU=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZKb6WBTeCmwq2FjqlZNJMG5rJDMkdoQwFf4UbF4q49c+489+YPhbaeiDwcc4NuTlBIoVB1/12ciura+sb+c3C1vbO7l5x/6Bp4lQz3mCxjHUroIZLoXgDBUreSjSnUSD5QzC8nuQPj1wbEat7HCW8E9G+EqFgFK3lZz4iCUUwLldPu8WSW3GnIsvgzaEEc9W7xS+/F7M04gqZpMa0PTfBTkY1Cib5uOCnhieUDWmfty0qGnHTyaY7j8mJdXokjLU9CsnU/X0jo5ExoyiwkxHFgVnMJuZ/WTvF8KqTCZWkyBWbPRSmkmBMJgWQntCcoRxZoEwLuythA6opQ1tTwZbgLX55GZrVindROb87K9Vun2Z15OEIjqEMHlxCDW6gDg1gkMAzvMKbkzovzrvzMRvNOfMKD+GPnM8fNKeRlQ==</latexit>

fib(2)

<latexit sha1_base64="1F0oaUAgqJNupn5qwuXW530GqBw=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEV/LghvBTQX7gE4pmTTThmYyQ3JHKEPBX+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k7z5yLURsXrAUcI7Ee0rEQpG0Vp+5iOSUATjsnfaLZbcijsVWQZvDiWYq9Ytfvm9mKURV8gkNa btuQl2MqpRMMnHBT81PKFsSPu8bVHRiJtONt15TE6s0yNhrO1RSKbu7xsZjYwZRYGdjCgOzGI2Mf/L2imG151MqCRFrtjsoTCVBGMyKYD0hOYM5cgCZVrYXQkbUE0Z2poKtgRv8cvL0DireJeVi/vzUvXuaVZHHo7gGMrgwRVU4RZqUAcGCTzDK7w5qfPivDsfs9GcM6/wEP7I+fwBMyKRlA==</latexit>

fib(1)

<latexit sha1_base64="1F0oaUAgqJNupn5qwuXW530GqBw=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEV/LghvBTQX7gE4pmTTThmYyQ3JHKEPBX+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k7z5yLURsXrAUcI7Ee0rEQpG0Vp+5iOSUATjsnfaLZbcijsVWQZvDiWYq9Ytfvm9mKURV8gkNabtuQl2MqpRMMnHBT81PKFsSPu8bVHRiJtONt15TE6s0yNhrO1RSKbu7xsZjYwZRYGdjCgOzGI2Mf/L2imG151MqCRFrtjsoTCVBGMyKYD0hOYM5cgCZVrYXQkbUE0Z2poKtgRv8cvL0DireJeVi/vzUvXuaVZHHo7gGMrgwRVU4RZqUAcGCTzDK7w5qfPivDsfs9GcM6/wEP7I+fwBMyKRlA==</latexit>

fib(1)

<latexit sha1_base64="2kkjmrC7Ur2dp+2TJMRcNmMlauw=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEV/LghvBTQX7gE4pmTTThmYyQ3JHKEPBX+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k7z5yLURsXrAUcI7Ee0rEQpG0Vp+5iOSUATjsnvaLZbcijsVWQZvDiWYq9Ytfvm9mKURV8gkNabtuQl2MqpRMMnHBT81PKFsSPu8bVHRiJtONt15TE6s0yNhrO1RSKbu7xsZjYwZRYGdjCgOzGI2Mf/L2imG151MqCRFrtjsoTCVBGMyKYD0hOYM5cgCZVrYXQkbUE0Z2poKtgRv8cvL0DireJeVi/vzUvXuaVZHHo7gGMrgwRVU4RZqUAcGCTzDK7w5qfPivDsfs9GcM6/wEP7I+fwBMZ2Rkw==</latexit>

fib(0)

<latexit sha1_base64="IMeCuOcLNo1Lb/NhX5sqaB3QGCU=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZKb6WBTeCmwq2FjqlZNJMG5rJDMkdoQwFf4UbF4q49c+489+YPhbaeiDwcc4NuTlBIoVB1/12ciura+sb+c3C1vbO7l5x/6Bp4lQz3mCxjHUroIZLoXgDBUreSjSnUSD5QzC8nuQPj1wbEat7HCW8E9G+EqFgFK3lZz4iCUUwLldPu8WSW3GnIsvgzaEEc9W7xS+/F7M04gqZpMa0PTfBTkY1Cib5uOCnhieUDWmfty0qGnHTyaY7j8mJdXokjLU9CsnU/X0jo5ExoyiwkxHFgVnMJuZ/WTvF8KqTCZWkyBWbPRSmkmBMJgWQntCcoRxZoEwLuythA6opQ1tTwZbgLX55GZrVindROb87K9Vun2Z15OEIjqEMHlxCDW6gDg1gkMAzvMKbkzovzrvzMRvNOfMKD+GPnM8fNKeRlQ==</latexit>

fib(2)

<latexit sha1_base64="1F0oaUAgqJNupn5qwuXW530GqBw=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEV/LghvBTQX7gE4pmTTThmYyQ3JHKEPBX+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k7z5yLURsXrAUcI7Ee0rEQpG0Vp+5iOSUATjsnfaLZbcijsVWQZvDiWYq9Ytfvm9mKURV8gkNabtuQl2MqpRMMnHBT81PKFsSPu8bVHRiJtONt15TE6s0yNhrO1RSKbu7xsZjYwZRYGdjCgOzGI2Mf/L2imG151MqCRFrtjsoTCVBGMyKYD0hOYM5cgCZVrYXQkbUE0Z2poKtgRv8cvL0DireJeVi/vzUvXuaVZHHo7gGMrgwRVU4RZqUAcGCTzDK7w5qfPivDsfs9GcM6/wEP7I+fwBMyKRlA==</latexit>

fib(1)
<latexit sha1_base64="2kkjmrC7Ur2dp+2TJMRcNmMlauw=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEV/LghvBTQX7gE4pmTTThmYyQ3JHKEPBX+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k7z5yLURsXrAUcI7Ee0rEQpG0Vp+5iOSUATjsnvaLZbcijsVWQZvDiWYq9Ytfvm9mKURV8gkNabtuQl2MqpRMMnHBT81PKFsSPu8bVHRiJtONt15TE6s0yNhrO1RSKbu7xsZjYwZRYGdjCgOzGI2Mf/L2imG151MqCRFrtjsoTCVBGMyKYD0hOYM5cgCZVrYXQkbUE0Z2poKtgRv8cvL0DireJeVi/vzUvXuaVZHHo7gGMrgwRVU4RZqUAcGCTzDK7w5qfPivDsfs9GcM6/wEP7I+fwBMZ2Rkw==</latexit>

fib(0)

<latexit sha1_base64="zHamZeSGehEzGQSVa6CPb11YhF8=">AAAB83icbZBLSwMxFIXv+Kz1VXXpJliEuikzvpcFN4KbCvYBnVIyaaYNzWSG5I5QhoK/wo0LRdz6Z9z5b0wfC209EPg454bcnCCRwqDrfjtLyyura+u5jfzm1vbObmFvv27iVDNeY7GMdTOghkuheA0FSt5MNKdRIHkjGNyM88Yj10bE6gGHCW9HtKdEKBhFa/mZj0hCEYxKZyedQtEtuxORRfBmUISZqp3Cl9+NWRpxhUxSY1qem2A7oxoFk3yU91PDE8oGtMdbFhWNuGlnk51H5Ng6XRLG2h6FZOL+vpHRyJhhFNjJiGLfzGdj87+slWJ43c6ESlLkik0fClNJMCbjAkhXaM5QDi1QpoXdlbA+1ZShrSlvS/Dmv7wI9dOyd1m+uD8vVu6epnXk4BCOoAQeXEEFbqEKNWCQwDO8wpuTOi/Ou/MxHV1yZhUewB85nz82LJGW</latexit>

fib(3)

<latexit sha1_base64="IMeCuOcLNo1Lb/NhX5sqaB3QGCU=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZKb6WBTeCmwq2FjqlZNJMG5rJDMkdoQwFf4UbF4q49c+489+YPhbaeiDwcc4NuTlBIoVB1/12ciura+sb+c3C1vbO7l5x/6Bp4lQz3mCxjHUroIZLoXgDBUreSjSnUSD5QzC8nuQPj1wbEat7HCW8E9G+EqFgFK3lZz4iCUUwLldPu8WSW3GnIsvgzaEEc9W7xS+/F7M04gqZpMa0PTfBTkY1Cib5uOCnhieUDWmfty0qGnHTyaY7j8mJdXokjLU9CsnU/X0jo5ExoyiwkxHFgVnMJuZ/WTvF8KqTCZWkyBWbPRSmkmBMJgWQntCcoRxZoEwLuythA6opQ1tTwZbgLX55GZrVindROb87K9Vun2Z15OEIjqEMHlxCDW6gDg1gkMAzvMKbkzovzrvzMRvNOfMKD+GPnM8fNKeRlQ==</latexit>

fib(2)

<latexit sha1_base64="1F0oaUAgqJNupn5qwuXW530GqBw=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEV/LghvBTQX7gE4pmTTThmYyQ3JHKEPBX+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k7z5yLURsXrAUcI7Ee0rEQpG0Vp+5iOSUATjsnfaLZbcijsVWQZvDiWYq9Ytfvm9mKURV8gkNabtuQl2MqpRMMnHBT81PKFsSPu8bVHRiJtONt15TE6s0yNhrO1RSKbu7xsZjYwZRYGdjCgOzGI2Mf/L2imG151MqCRFrtjsoTCVBGMyKYD0hOYM5cgCZVrYXQkbUE0Z2poKtgRv8cvL0DireJeVi/vzUvXuaVZHHo7gGMrgwRVU4RZqUAcGCTzDK7w5qfPivDsfs9GcM6/wEP7I+fwBMyKRlA==</latexit>

fib(1)

<latexit sha1_base64="1F0oaUAgqJNupn5qwuXW530GqBw=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEV/LghvBTQX7gE4pmTTThmYyQ3JHKEPBX+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k7z5yLURsXrAUcI7Ee0rEQpG0Vp+5iOSUATjsnfaLZbcijsVWQZvDiWYq9Ytfvm9mKURV8gkNabtuQl2MqpRMMnHBT81PKFsSPu8bVHRiJtONt15TE6s0yNhrO1RSKbu7xsZjYwZRYGdjCgOzGI2Mf/L2imG151MqCRFrtjsoTCVBGMyKYD0hOYM5cgCZVrYXQkbUE0Z2poKtgRv8cvL0DireJeVi/vzUvXuaVZHHo7gGMrgwRVU4RZqUAcGCTzDK7w5qfPivDsfs9GcM6/wEP7I+fwBMyKRlA==</latexit>

fib(1)

<latexit sha1_base64="2kkjmrC7Ur2dp+2TJMRcNmMlauw=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEV/LghvBTQX7gE4pmTTThmYyQ3JHKEPBX+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k7z5yLURsXrAUcI7Ee0rEQpG0Vp+5iOSUATjsnvaLZbcijsVWQZvDiWYq9Ytfvm9mKURV8gkNabtuQl2MqpRMMnHBT81PKFsSPu8bVHRiJtONt15TE6s0yNhrO1RSKbu7xsZjYwZRYGdjCgOzGI2Mf/L2imG151MqCRFrtjsoTCVBGMyKYD0hOYM5cgCZVrYXQkbUE0Z2poKtgRv8cvL0DireJeVi/vzUvXuaVZHHo7gGMrgwRVU4RZqUAcGCTzDK7w5qfPivDsfs9GcM6/wEP7I+fwBMZ2Rkw==</latexit>

fib(0)



Number of Leaves
Let       be the number of leaves in this computation tree on input    .

In the base cases            and            there is just one leaf so             .

<latexit sha1_base64="Ho7AsN5EJK+98GxUHNadwMWMNeE=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgzkIniJaBZIhtDTqUma9PQM3T1CGAL+gBcPinj1i7z5N3aWgyY+KHi8V0VVvSARXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaDYXXiNx9RaR7LBzNK0I9oX/KQM2qsdF/tym6x5JbdKcgy8eakBHPUusWvTi9maYTSMEG1bntuYvyMKsOZwHGhk2pMKBvSPrYtlTRC7WfTU8fkxCo9EsbKljRkqv6eyGik9SgKbGdEzUAvehPxP6+dmvDaz7hMUoOSzRaFqSAmJpO/SY8rZEaMLKFMcXsrYQOqKDM2nYINwVt8eZk0zsreZfni7rxUuX2axZGHIziGU/DgCipwAzWoA4M+PMMrvDnCeXHenY9Za86ZR3gIf+B8/gBDW447</latexit>

Cn
<latexit sha1_base64="bDUkFoO3qn+uyRO3freqjZidaSI=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx4EbwkYBZIhtDTqUna9PQM3T1CGALevXhQxKuf5M2/sbMcNPFBweO9KqrqBYng2rjut5NbWV1b38hvFra2d3b3ivsHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMbyZ+8xGV5rG8N6ME/Yj2JQ85o8ZKNdktltyyOwVZJt6clGCOarf41enFLI1QGiao1m3PTYyfUWU4EzgudFKNCWVD2se2pZJGqP1seuiYnFilR8JY2ZKGTNXfExmNtB5Fge2MqBnoRW8i/ue1UxNe+xmXSWpQstmiMBXExGTyNelxhcyIkSWUKW5vJWxAFWXGZlOwIXiLLy+TxlnZuyxf1M5LlbunWRx5OIJjOAUPrqACt1CFOjBAeIZXeHMenBfn3fmYteaceYSH8AfO5w8DFY2F</latexit>n

<latexit sha1_base64="6Mc4PlHT9JhewxlNdbpxKf4qxx8=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8CJ4ieAmgWQJs5PeZMjs7DIzK4Ql4B948aCIVz/Im3/j5HHQaEFDUdVNd1eYCq6N6345haXlldW14nppY3Nre6e8u9fQSaYY+iwRiWqFVKPgEn3DjcBWqpDGocBmOLye+M0HVJon8t6MUgxi2pc84owaK/mSXBG3W664VXcK8pd4c1KBOerd8menl7AsRmmYoFq3PTc1QU6V4UzguNTJNKaUDWkf25ZKGqMO8umxY3JklR6JEmVLGjJVf07kNNZ6FIe2M6ZmoBe9ifif185MdBnkXKaZQclmi6JMEJOQyeekxxUyI0aWUKa4vZWwAVWUGZtPyYbgLb78lzROqt559ezutFK7fZzFUYQDOIRj8OACanADdfCBAYcneIFXRzrPzpvzPmstOPMI9+EXnI9vn6aOWg==</latexit>

n = 0
<latexit sha1_base64="lI4Iz4pDDSWdoqFxZ/KVNLRiIxM=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8CJ4ieAmgWQJs5PeZMjs7DIzK4Ql4B948aCIVz/Im3/j5HHQaEFDUdVNd1eYCq6N6345haXlldW14nppY3Nre6e8u9fQSaYY+iwRiWqFVKPgEn3DjcBWqpDGocBmOLye+M0HVJon8t6MUgxi2pc84owaK/mSXBGvW664VXcK8pd4c1KBOerd8menl7AsRmmYoFq3PTc1QU6V4UzguNTJNKaUDWkf25ZKGqMO8umxY3JklR6JEmVLGjJVf07kNNZ6FIe2M6ZmoBe9ifif185MdBnkXKaZQclmi6JMEJOQyeekxxUyI0aWUKa4vZWwAVWUGZtPyYbgLb78lzROqt559ezutFK7fZzFUYQDOIRj8OACanADdfCBAYcneIFXRzrPzpvzPmstOPMI9+EXnI9voSqOWw==</latexit>

n = 1

<latexit sha1_base64="2kkjmrC7Ur2dp+2TJMRcNmMlauw=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEV/LghvBTQX7gE4pmTTThmYyQ3JHKEPBX+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k7z5yLURsXrAUcI7Ee0rEQpG0Vp+5iOSUATjsnvaLZbcijsVWQZvDiWYq9Ytfvm9mKURV8gkNabtuQl2MqpRMMnHBT81PKFsSPu8bVHRiJtONt15TE6s0yNhrO1RSKbu7xsZjYwZRYGdjCgOzGI2Mf/L2imG151MqCRFrtjsoTCVBGMyKYD0hOYM5cgCZVrYXQkbUE0Z2poKtgRv8cvL0DireJeVi/vzUvXuaVZHHo7gGMrgwRVU4RZqUAcGCTzDK7w5qfPivDsfs9GcM6/wEP7I+fwBMZ2Rkw==</latexit>

fib(0)
<latexit sha1_base64="1F0oaUAgqJNupn5qwuXW530GqBw=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEV/LghvBTQX7gE4pmTTThmYyQ3JHKEPBX+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k7z5yLURsXrAUcI7Ee0rEQpG0Vp+5iOSUATjsnfaLZbcijsVWQZvDiWYq9Ytfvm9mKURV8gkNabtuQl2MqpRMMnHBT81PKFsSPu8bVHRiJtONt15TE6s0yNhrO1RSKbu7xsZjYwZRYGdjCgOzGI2Mf/L2imG151MqCRFrtjsoTCVBGMyKYD0hOYM5cgCZVrYXQkbUE0Z2poKtgRv8cvL0DireJeVi/vzUvXuaVZHHo7gGMrgwRVU4RZqUAcGCTzDK7w5qfPivDsfs9GcM6/wEP7I+fwBMyKRlA==</latexit>

fib(1)This is the number of times we evaluate the base cases            and           .

Otherwise, the number of leaves in the tree for             is the sum of the 
number of leaves in the trees for                   and                  .

<latexit sha1_base64="a/N/YYJP5prWMCj9Y1ygJztyqAQ=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEV/LghvBTQX7gE4pmTTThmYyQ3JHKEPBX+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k7z5yLURsXrAUcI7Ee0rEQpG0Vp+5iOSUATjsjrtFktuxZ2KLIM3hxLMVesWv/xezNKIK2SSGtP23AQ7GdUomOTjgp8anlA2pH3etqhoxE0nm+48JifW6ZEw1vYoJFP3942MRsaMosBORhQHZjGbmP9l7RTD604mVJIiV2z2UJhKgjGZFEB6QnOGcmSBMi3sroQNqKYMbU0FW4K3+OVlaJxVvMvKxf15qXr3NKsjD0dwDGXw4AqqcAs1qAODBJ7hFd6c1Hlx3p2P2WjOmVd4CH/kfP4Aj9OR0Q==</latexit>

fib(n)
<latexit sha1_base64="58DSFzyupQBT6sYp0pNGyYrC8dI=">AAAB9XicbZBLSwMxFIXv+Kz1VXXpJliEurDMiK9lwY3gpoJ9QFtLJs20oZnMkNxRylDwZ7hxoYhb/4s7/43pY6GtBwIf59yQm+PHUhh03W9nYXFpeWU1s5Zd39jc2s7t7FZNlGjGKyySka771HApFK+gQMnrseY09CWv+f2rUV574NqISN3hIOatkHaVCASjaK37tIlIAuEPC+rYO2rn8m7RHYvMgzeFPExVbue+mp2IJSFXyCQ1puG5MbZSqlEwyYfZZmJ4TFmfdnnDoqIhN610vPWQHFqnQ4JI26OQjN3fN1IaGjMIfTsZUuyZ2Wxk/pc1EgwuW6lQcYJcsclDQSIJRmRUAekIzRnKgQXKtLC7EtajmjK0RWVtCd7sl+ehelL0zotnt6f50s3TpI4M7MMBFMCDCyjBNZShAgw0PMMrvDmPzovz7nxMRhecaYV78EfO5w9xIZJD</latexit>

fib(n� 1)
<latexit sha1_base64="GFFOUoHYwgpL2jTFOYB0OmPSMps=">AAAB9XicbZBLSwMxFIXv+Kz1VXXpJliEurDMFF/LghvBTQX7gHYsmTSjwUxmSO4oZSj4M9y4UMSt/8Wd/8b0sdDWA4GPc27IzQkSKQy67rczN7+wuLScW8mvrq1vbBa2thsmTjXjdRbLWLcCargUitdRoOStRHMaBZI3g/vzYd584NqIWF1jP+F+RG+VCAWjaK2brINIQhEMSuqwctAtFN2yOxKZBW8CRZio1i18dXoxSyOukElqTNtzE/QzqlEwyQf5Tmp4Qtk9veVti4pG3PjZaOsB2bdOj4SxtkchGbm/b2Q0MqYfBXYyonhnprOh+V/WTjE88zOhkhS5YuOHwlQSjMmwAtITmjOUfQuUaWF3JeyOasrQFpW3JXjTX56FRqXsnZSPr46K1cuncR052IU9KIEHp1CFC6hBHRhoeIZXeHMenRfn3fkYj845kwp34I+czx9yppJE</latexit>

fib(n� 2)

<latexit sha1_base64="o1bNW0ia+VIhA+dsChljMYXZQDA="></latexit>

Cn =

(
1 if n = 0 or n = 1

Cn�1 + Cn�2 otherwise

<latexit sha1_base64="wuM5dZpYhlnG/2oS6+0TNumA6sU=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhECuQheIpgFkiH0dHqSJj09Q3eNEIaAv+DFgyJe/R5v/o2d5aCJDwoe71VRVS9IpDDout9ObmV1bX0jv1nY2t7Z3SvuHzRMnGrG6yyWsW4F1HApFK+jQMlbieY0CiRvBsPqxG8+cm1ErB5wlHA/on0lQsEoWqlZ7SpyQ7xuseSW3SnIMvHmpARz1LrFr04vZmnEFTJJjWl7boJ+RjUKJvm40EkNTygb0j5vW6poxI2fTc8dkxOr9EgYa1sKyVT9PZHRyJhRFNjOiOLALHoT8T+vnWJ47WdCJSlyxWaLwlQSjMnkd9ITmjOUI0so08LeStiAasrQJlSwIXiLLy+TxlnZuyxf3J+XKndPszjycATHcAoeXEEFbqEGdWAwhGd4hTcncV6cd+dj1ppz5hEewh84nz/kCI8R</latexit>

Cn = 1



Number of Leaves

These just differ in the base case:                          .
<latexit sha1_base64="lCt6H/Zcdfx1/NqWIghfQPEAqrs=">AAAB/XicbZBLSwMxFIXv1Fetr/GxcxMsggspM8XXRigURHBTwT6gHYZMmmlDMw+SjFCHoj/FjQtF3Po/3PlvTKddaOuBwMc5N+TmeDFnUlnWt5FbWFxaXsmvFtbWNza3zO2dhowSQWidRDwSLQ9LyllI64opTluxoDjwOG16g+o4b95TIVkU3qlhTJ0A90LmM4KVtlxzr+pa6BJdufYxqrp2hmXXLFolKxOaB3sKRZiq5ppfnW5EkoCGinAsZdu2YuWkWChGOB0VOomkMSYD3KNtjSEOqHTSbPsROtROF/mR0CdUKHN/30hxIOUw8PRkgFVfzmZj87+snSj/wklZGCeKhmTykJ9wpCI0rgJ1maBE8aEGTATTuyLSxwITpQsr6BLs2S/PQ6Ncss9Kp7cnxcrN06SOPOzDARyBDedQgWuoQR0IPMAzvMKb8Wi8GO/Gx2Q0Z0wr3IU/Mj5/ALWrkp4=</latexit>

C0 = F1, C1 = F2

<latexit sha1_base64="yF/0rC3OwAS5Go7RxY/jGkSCrQc=">AAAB9HicbZBLSwMxFIXv1Fetr1GXboJFEIQyI742QqEggpsK9gHtMGTSTBuayYxJplCGgv/CjQtF3Ppj3PlvTB8LbT0Q+DjnhtycIOFMacf5tnJLyyura/n1wsbm1vaOvbtXV3EqCa2RmMeyGWBFORO0ppnmtJlIiqOA00bQr4zzxoBKxWLxoIcJ9SLcFSxkBGtjeRVfoGt042fixB35dtEpOROhRXBnUISZqr791e7EJI2o0IRjpVquk2gvw1Izwumo0E4VTTDp4y5tGRQ4osrLJkuP0JFxOiiMpTlCo4n7+0aGI6WGUWAmI6x7aj4bm/9lrVSHV17GRJJqKsj0oTDlSMdo3ADqMEmJ5kMDmEhmdkWkhyUm2vRUMCW4819ehPppyb0ond+fFct3T9M68nAAh3AMLlxCGW6hCjUg8AjP8Apv1sB6sd6tj+lozppVuA9/ZH3+ACxzkYM=</latexit>

Cn = Fn+1

The number of leaves grows like the Fibonacci numbers, which is very fast!

So we have                   .

<latexit sha1_base64="dRoNDz4KYqyIeQmXbcAtRE4OCOk=">AAACDHicbZDLSgMxGIUz9VbrrerSTbAIroYZsdVlQRDBTQV7gc5YMmmmDc1kYpIRyzDg1o2v4saFIm59AHe+jelloa0/BA7nnJD8XyAYVdpxvq3cwuLS8kp+tbC2vrG5Vdzeaag4kZjUccxi2QqQIoxyUtdUM9ISkqAoYKQZDM5GefOOSEVjfq2HgvgR6nEaUoy0sTrF0nmHQw8JIeN76IUS4dS1K+4Nz1JP3UqdlrPMtBzbGQ+cF+5UlMB0ap3il9eNcRIRrjFDSrVdR2g/RVJTzEhW8BJFBMID1CNtIzmKiPLT8TIZPDBOF4axNIdrOHZ/30hRpNQwCkwzQrqvZrOR+V/WTnR46qeUi0QTjicPhQmDOoYjMrBLJcGaDY1AWFLzV4j7yBDRhl/BQHBnV54XjSPbrdjlq+NS9fJhgiMP9sA+OAQuOAFVcAFqoA4weATP4BW8WU/Wi/VufUyqOWuKcBf8GevzB22bm7I=</latexit>

Fn ⇡ 1.61np
5

<latexit sha1_base64="o1bNW0ia+VIhA+dsChljMYXZQDA="></latexit>

Cn =

(
1 if n = 0 or n = 1

Cn�1 + Cn�2 otherwise
<latexit sha1_base64="5+m2FztfDwkscuSx5rE9MNgSXeo="></latexit>

Fn =

(
n if n = 0 or n = 1

Fn�1 + Fn�2 otherwise



Improving the Algorithm

If we have already computed something, remember the answer.

Then we don’t have to compute it again.

Remembering the answer is called memoization (like writing a memo).



Improving the Algorithm



Improving the Algorithm

With memoization the running time of the recursive algorithm to compute 
the 70th Fibonacci number is now under a microsecond.



Dynamic Programming

This is our first example of dynamic programming:

Like divide and conquer we express the solution to the original 
problem in terms of similar subproblems.

Unlike divide and conquer, a hallmark of dynamic programming is overlap 
between subproblems.

With this recursion + memoization approach we avoid duplicating work.



Iterative + Topo Sort

There is another way we can view dynamic programming.

Look at the dependency graph of the subproblems.

<latexit sha1_base64="zHamZeSGehEzGQSVa6CPb11YhF8=">AAAB83icbZBLSwMxFIXv+Kz1VXXpJliEuikzvpcFN4KbCvYBnVIyaaYNzWSG5I5QhoK/wo0LRdz6Z9z5b0wfC209EPg454bcnCCRwqDrfjtLyyura+u5jfzm1vbObmFvv27iVDNeY7GMdTOghkuheA0FSt5MNKdRIHkjGNyM88Yj10bE6gGHCW9HtKdEKBhFa/mZj0hCEYxKZyedQtEtuxORRfBmUISZqp3Cl9+NWRpxhUxSY1qem2A7oxoFk3yU91PDE8oGtMdbFhWNuGlnk51H5Ng6XRLG2h6FZOL+vpHRyJhhFNjJiGLfzGdj87+slWJ43c6ESlLkik0fClNJMCbjAkhXaM5QDi1QpoXdlbA+1ZShrSlvS/Dmv7wI9dOyd1m+uD8vVu6epnXk4BCOoAQeXEEFbqEKNWCQwDO8wpuTOi/Ou/MxHV1yZhUewB85nz82LJGW</latexit>

fib(3)
<latexit sha1_base64="1F0oaUAgqJNupn5qwuXW530GqBw=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEV/LghvBTQX7gE4pmTTThmYyQ3JHKEPBX+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k7z5yLURsXrAUcI7Ee0rEQpG0Vp+5iOSUATjsnfaLZbcijsVWQZvDiWYq9Ytfvm9mKURV8gkNabtuQl2MqpRMMnHBT81PKFsSPu8bVHRiJtONt15TE6s0yNhrO1RSKbu7xsZjYwZRYGdjCgOzGI2Mf/L2imG151MqCRFrtjsoTCVBGMyKYD0hOYM5cgCZVrYXQkbUE0Z2poKtgRv8cvL0DireJeVi/vzUvXuaVZHHo7gGMrgwRVU4RZqUAcGCTzDK7w5qfPivDsfs9GcM6/wEP7I+fwBMyKRlA==</latexit>

fib(1)
<latexit sha1_base64="2kkjmrC7Ur2dp+2TJMRcNmMlauw=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEV/LghvBTQX7gE4pmTTThmYyQ3JHKEPBX+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6QSGHQdb+d3Mrq2vpGfrOwtb2zu1fcP2iYONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k7z5yLURsXrAUcI7Ee0rEQpG0Vp+5iOSUATjsnvaLZbcijsVWQZvDiWYq9Ytfvm9mKURV8gkNabtuQl2MqpRMMnHBT81PKFsSPu8bVHRiJtONt15TE6s0yNhrO1RSKbu7xsZjYwZRYGdjCgOzGI2Mf/L2imG151MqCRFrtjsoTCVBGMyKYD0hOYM5cgCZVrYXQkbUE0Z2poKtgRv8cvL0DireJeVi/vzUvXuaVZHHo7gGMrgwRVU4RZqUAcGCTzDK7w5qfPivDsfs9GcM6/wEP7I+fwBMZ2Rkw==</latexit>

fib(0)
<latexit sha1_base64="IMeCuOcLNo1Lb/NhX5sqaB3QGCU=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZKb6WBTeCmwq2FjqlZNJMG5rJDMkdoQwFf4UbF4q49c+489+YPhbaeiDwcc4NuTlBIoVB1/12ciura+sb+c3C1vbO7l5x/6Bp4lQz3mCxjHUroIZLoXgDBUreSjSnUSD5QzC8nuQPj1wbEat7HCW8E9G+EqFgFK3lZz4iCUUwLldPu8WSW3GnIsvgzaEEc9W7xS+/F7M04gqZpMa0PTfBTkY1Cib5uOCnhieUDWmfty0qGnHTyaY7j8mJdXokjLU9CsnU/X0jo5ExoyiwkxHFgVnMJuZ/WTvF8KqTCZWkyBWbPRSmkmBMJgWQntCcoRxZoEwLuythA6opQ1tTwZbgLX55GZrVindROb87K9Vun2Z15OEIjqEMHlxCDW6gDg1gkMAzvMKbkzovzrvzMRvNOfMKD+GPnM8fNKeRlQ==</latexit>

fib(2)
<latexit sha1_base64="wlvATdnpDR45zPtYJj6BY/eE69k=">AAAB83icbZBLSwMxFIXv+Kz1VXXpJliEuikzYtVlwY3gpoJ9QKeUTJppQzOZIbkjlKHgr3DjQhG3/hl3/hvTx0JbDwQ+zrkhNydIpDDout/Oyura+sZmbiu/vbO7t184OGyYONWM11ksY90KqOFSKF5HgZK3Es1pFEjeDIY3k7z5yLURsXrAUcI7Ee0rEQpG0Vp+5iOSUATjUuWsWyi6ZXcqsgzeHIowV61b+PJ7MUsjrpBJakzbcxPsZFSjYJKP835qeELZkPZ526KiETedbLrzmJxap0fCWNujkEzd3zcyGhkzigI7GVEcmMVsYv6XtVMMrzuZUEmKXLHZQ2EqCcZkUgDpCc0ZypEFyrSwuxI2oJoytDXlbQne4peXoXFe9i7LlfuLYvXuaVZHDo7hBErgwRVU4RZqUAcGCTzDK7w5qfPivDsfs9EVZ17hEfyR8/kDOTaRmA==</latexit>

fib(5)
<latexit sha1_base64="otl5VKTyoP7x76773nxGwE6sfkc=">AAAB83icbZBLSwMxFIXv+Kz1VXXpJliEuikzUh/LghvBTQX7gE4pmTTThmYyQ3JHKEPBX+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6QSGHQdb+dldW19Y3N3FZ+e2d3b79wcNgwcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJnnzkWsjYvWAo4R3ItpXIhSMorX8zEckoQjGpcpZt1B0y+5UZBm8ORRhrlq38OX3YpZGXCGT1Ji25ybYyahGwSQf5/3U8ISyIe3ztkVFI2462XTnMTm1To+EsbZHIZm6v29kNDJmFAV2MqI4MIvZxPwva6cYXncyoZIUuWKzh8JUEozJpADSE5ozlCMLlGlhdyVsQDVlaGvK2xK8xS8vQ+O87F2WL+4rxerd06yOHBzDCZTAgyuowi3UoA4MEniGV3hzUufFeXc+ZqMrzrzCI/gj5/MHN7GRlw==</latexit>

fib(4)

Do a topological sort of this graph, and solve the subproblems in this order.



Example: Counting 
Paths



Counting Paths in Grid

˝

How many paths from the top left corner to the bottom right corner when 
from each cell we can move either down or to the right?

<latexit sha1_base64="Cy6E8sqfmVB2r4w/ZEprmAyHlms=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNgVX8eAF8FLBPOAJITZSW8yZHZ2mZkVwhLwF7x4UMSr3+PNv3E2yUETCxqKqm66u/xYcG1c99tZWl5ZXVvPbeQ3t7Z3dgt7+3UdJYphjUUiUk2fahRcYs1wI7AZK6ShL7DhD28yv/GISvNIPphRjJ2Q9iUPOKPGSo2Se0rck3y3UHTL7gRkkXgzUoQZqt3CV7sXsSREaZigWrc8NzadlCrDmcBxvp1ojCkb0j62LJU0RN1JJ+eOybFVeiSIlC1pyET9PZHSUOtR6NvOkJqBnvcy8T+vlZjgupNyGScGJZsuChJBTESy30mPK2RGjCyhTHF7K2EDqigzNqEsBG/+5UVSPyt7l+WL+/Ni5e5pGkcODuEISuDBFVTgFqpQAwZDeIZXeHNi58V5dz6mrUvOLMID+APn8wfL945a</latexit>

(0, 0)

<latexit sha1_base64="6TC18m5Uq8IFO2BNmH1b1n/5Jk4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKuxMcx4EXwEsE8IFnC7GQ2GTI7O8zMCmEJ+AtePCji1e/x5t84m+SgiQUNRVU33V2B5Ewb1/12ciura+sb+c3C1vbO7l5x/6Cp40QR2iAxj1U7wJpyJmjDMMNpWyqKo4DTVjC6yfzWI1WaxeLBjCX1IzwQLGQEGyu1ytUzVD0t9Iolt+JOgZaJNyclmKPeK351+zFJIioM4VjrjudK46dYGUY4nRS6iaYSkxEe0I6lAkdU++n03Ak6sUofhbGyJQyaqr8nUhxpPY4C2xlhM9SLXib+53USE177KRMyMVSQ2aIw4cjEKPsd9ZmixPCxJZgoZm9FZIgVJsYmlIXgLb68TJrnFe+ycnFfLdXunmZx5OEIjqEMHlxBDW6hDg0gMIJneIU3RzovzrvzMWvNOfMID+EPnM8f2DOOYg==</latexit>

(4, 4)



Dynamic Programming
Step 1: Decide on the subproblems.

˝

<latexit sha1_base64="Cy6E8sqfmVB2r4w/ZEprmAyHlms=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNgVX8eAF8FLBPOAJITZSW8yZHZ2mZkVwhLwF7x4UMSr3+PNv3E2yUETCxqKqm66u/xYcG1c99tZWl5ZXVvPbeQ3t7Z3dgt7+3UdJYphjUUiUk2fahRcYs1wI7AZK6ShL7DhD28yv/GISvNIPphRjJ2Q9iUPOKPGSo2Se0rck3y3UHTL7gRkkXgzUoQZqt3CV7sXsSREaZigWrc8NzadlCrDmcBxvp1ojCkb0j62LJU0RN1JJ+eOybFVeiSIlC1pyET9PZHSUOtR6NvOkJqBnvcy8T+vlZjgupNyGScGJZsuChJBTESy30mPK2RGjCyhTHF7K2EDqigzNqEsBG/+5UVSPyt7l+WL+/Ni5e5pGkcODuEISuDBFVTgFqpQAwZDeIZXeHNi58V5dz6mrUvOLMID+APn8wfL945a</latexit>

(0, 0)

<latexit sha1_base64="6TC18m5Uq8IFO2BNmH1b1n/5Jk4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKuxMcx4EXwEsE8IFnC7GQ2GTI7O8zMCmEJ+AtePCji1e/x5t84m+SgiQUNRVU33V2B5Ewb1/12ciura+sb+c3C1vbO7l5x/6Cp40QR2iAxj1U7wJpyJmjDMMNpWyqKo4DTVjC6yfzWI1WaxeLBjCX1IzwQLGQEGyu1ytUzVD0t9Iolt+JOgZaJNyclmKPeK351+zFJIioM4VjrjudK46dYGUY4nRS6iaYSkxEe0I6lAkdU++n03Ak6sUofhbGyJQyaqr8nUhxpPY4C2xlhM9SLXib+53USE177KRMyMVSQ2aIw4cjEKPsd9ZmixPCxJZgoZm9FZIgVJsYmlIXgLb68TJrnFe+ycnFfLdXunmZx5OEIjqEMHlxBDW6hDg0gMIJneIU3RzovzrvzMWvNOfMID+EPnM8f2DOOYg==</latexit>

(4, 4)

Original Problem: number of paths from 
(0, 0) to (4, 4).



Dynamic Programming
Step 1: Decide on the subproblems.

˝

<latexit sha1_base64="Cy6E8sqfmVB2r4w/ZEprmAyHlms=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNgVX8eAF8FLBPOAJITZSW8yZHZ2mZkVwhLwF7x4UMSr3+PNv3E2yUETCxqKqm66u/xYcG1c99tZWl5ZXVvPbeQ3t7Z3dgt7+3UdJYphjUUiUk2fahRcYs1wI7AZK6ShL7DhD28yv/GISvNIPphRjJ2Q9iUPOKPGSo2Se0rck3y3UHTL7gRkkXgzUoQZqt3CV7sXsSREaZigWrc8NzadlCrDmcBxvp1ojCkb0j62LJU0RN1JJ+eOybFVeiSIlC1pyET9PZHSUOtR6NvOkJqBnvcy8T+vlZjgupNyGScGJZsuChJBTESy30mPK2RGjCyhTHF7K2EDqigzNqEsBG/+5UVSPyt7l+WL+/Ni5e5pGkcODuEISuDBFVTgFqpQAwZDeIZXeHNi58V5dz6mrUvOLMID+APn8wfL945a</latexit>

(0, 0)

<latexit sha1_base64="6TC18m5Uq8IFO2BNmH1b1n/5Jk4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKuxMcx4EXwEsE8IFnC7GQ2GTI7O8zMCmEJ+AtePCji1e/x5t84m+SgiQUNRVU33V2B5Ewb1/12ciura+sb+c3C1vbO7l5x/6Cp40QR2iAxj1U7wJpyJmjDMMNpWyqKo4DTVjC6yfzWI1WaxeLBjCX1IzwQLGQEGyu1ytUzVD0t9Iolt+JOgZaJNyclmKPeK351+zFJIioM4VjrjudK46dYGUY4nRS6iaYSkxEe0I6lAkdU++n03Ak6sUofhbGyJQyaqr8nUhxpPY4C2xlhM9SLXib+53USE177KRMyMVSQ2aIw4cjEKPsd9ZmixPCxJZgoZm9FZIgVJsYmlIXgLb68TJrnFe+ycnFfLdXunmZx5OEIjqEMHlxBDW6hDg0gMIJneIU3RzovzrvzMWvNOfMID+EPnM8f2DOOYg==</latexit>

(4, 4)

Original Problem: number of paths from 
(0, 0) to (4, 4).

It looks like knowing the number of paths
from (0, 0) to (4, 3) would be useful! 



Dynamic Programming
Step 1: Decide on the subproblems.

˝

<latexit sha1_base64="Cy6E8sqfmVB2r4w/ZEprmAyHlms=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNgVX8eAF8FLBPOAJITZSW8yZHZ2mZkVwhLwF7x4UMSr3+PNv3E2yUETCxqKqm66u/xYcG1c99tZWl5ZXVvPbeQ3t7Z3dgt7+3UdJYphjUUiUk2fahRcYs1wI7AZK6ShL7DhD28yv/GISvNIPphRjJ2Q9iUPOKPGSo2Se0rck3y3UHTL7gRkkXgzUoQZqt3CV7sXsSREaZigWrc8NzadlCrDmcBxvp1ojCkb0j62LJU0RN1JJ+eOybFVeiSIlC1pyET9PZHSUOtR6NvOkJqBnvcy8T+vlZjgupNyGScGJZsuChJBTESy30mPK2RGjCyhTHF7K2EDqigzNqEsBG/+5UVSPyt7l+WL+/Ni5e5pGkcODuEISuDBFVTgFqpQAwZDeIZXeHNi58V5dz6mrUvOLMID+APn8wfL945a</latexit>

(0, 0)

<latexit sha1_base64="6TC18m5Uq8IFO2BNmH1b1n/5Jk4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKuxMcx4EXwEsE8IFnC7GQ2GTI7O8zMCmEJ+AtePCji1e/x5t84m+SgiQUNRVU33V2B5Ewb1/12ciura+sb+c3C1vbO7l5x/6Cp40QR2iAxj1U7wJpyJmjDMMNpWyqKo4DTVjC6yfzWI1WaxeLBjCX1IzwQLGQEGyu1ytUzVD0t9Iolt+JOgZaJNyclmKPeK351+zFJIioM4VjrjudK46dYGUY4nRS6iaYSkxEe0I6lAkdU++n03Ak6sUofhbGyJQyaqr8nUhxpPY4C2xlhM9SLXib+53USE177KRMyMVSQ2aIw4cjEKPsd9ZmixPCxJZgoZm9FZIgVJsYmlIXgLb68TJrnFe+ycnFfLdXunmZx5OEIjqEMHlxBDW6hDg0gMIJneIU3RzovzrvzMWvNOfMID+EPnM8f2DOOYg==</latexit>

(4, 4)

Subproblem: number of paths from 
(0, 0) to (x, y).



Dynamic Programming
Step 2: Develop recurrence relation.

˝

<latexit sha1_base64="Cy6E8sqfmVB2r4w/ZEprmAyHlms=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNgVX8eAF8FLBPOAJITZSW8yZHZ2mZkVwhLwF7x4UMSr3+PNv3E2yUETCxqKqm66u/xYcG1c99tZWl5ZXVvPbeQ3t7Z3dgt7+3UdJYphjUUiUk2fahRcYs1wI7AZK6ShL7DhD28yv/GISvNIPphRjJ2Q9iUPOKPGSo2Se0rck3y3UHTL7gRkkXgzUoQZqt3CV7sXsSREaZigWrc8NzadlCrDmcBxvp1ojCkb0j62LJU0RN1JJ+eOybFVeiSIlC1pyET9PZHSUOtR6NvOkJqBnvcy8T+vlZjgupNyGScGJZsuChJBTESy30mPK2RGjCyhTHF7K2EDqigzNqEsBG/+5UVSPyt7l+WL+/Ni5e5pGkcODuEISuDBFVTgFqpQAwZDeIZXeHNi58V5dz6mrUvOLMID+APn8wfL945a</latexit>

(0, 0) To arrive at (4, 4) we have to come from 
the north or west.

<latexit sha1_base64="GiyLmFZJfw+BlSHPoCjyqNG6EbQ="></latexit>

numPathsTo(4, 4) = numPathsTo(3, 4)

+ numPathsTo(4, 3)



Dynamic Programming
Step 2: Develop recurrence relation.

˝

<latexit sha1_base64="wPnxh1zbO5HmH/7CvGPREJMbQzQ="></latexit>

numPathsTo(x, y) =

8
><

>:

1 if x = 0 or y = 0

numPathsTo(x� 1, y)

+ numPathsTo(x, y � 1) otherwise



Dynamic Programming
Step 3: Option 1 is to use recursion with memoization

˝



Dynamic Programming
Step 3: Option 1 is to use recursion with memoization

˝



Dynamic Programming
Step 3: Option 2 is the iterative approach with topological ordering.

In what order can we solve the subproblems so that we have already 
have the information we need to solve the current subproblem?

˝

Before we solve problem (x, y) we need to have
already solved problems (x-1, y) and (x, y-1).



Dynamic Programming
Step 3: Option 2 is the iterative approach with topological ordering

Usually the order in which to do the subproblems can be easily seen.

˝

In this case we can go row-by-row.<latexit sha1_base64="sJjSVLyDDO999ZUZFSDcxjO1ga0=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx4EbwkYBZIhtDTqUna9PQM3T1CGALevXhQxKuf5M2/sbMcNPFBweO9KqrqBYng2rjut5NbWV1b38hvFra2d3b3ivsHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMbyZ+8xGV5rG8N6ME/Yj2JQ85o8ZKNa9bLLlldwqyTLw5KcEc1W7xq9OLWRqhNExQrduemxg/o8pwJnBc6KQaE8qGtI9tSyWNUPvZ9NAxObFKj4SxsiUNmaq/JzIaaT2KAtsZUTPQi95E/M9rpya89jMuk9SgZLNFYSqIicnka9LjCpkRI0soU9zeStiAKsqMzaZgQ/AWX14mjbOyd1m+qJ2XKndPszjycATHcAoeXEEFbqEKdWCA8Ayv8OY8OC/Ou/Mxa8058wgP4Q+czx+mko1I</latexit>

1
<latexit sha1_base64="Tz+iVhuIkhhsBtKxh8mJqfIxZEw=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARPYSa4HQNeBC8JmAWSIfR0apI2PT1Dd48QhoB3Lx4U8eonefNv7CwHTXxQ8Hiviqp6QSK4Nq777aysrq1vbOa28ts7u3v7hYPDho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGNxO/+YhK81jem1GCfkT7koecUWOlWrlbKLoldwqyTLw5KcIc1W7hq9OLWRqhNExQrduemxg/o8pwJnCc76QaE8qGtI9tSyWNUPvZ9NAxObVKj4SxsiUNmaq/JzIaaT2KAtsZUTPQi95E/M9rpya89jMuk9SgZLNFYSqIicnka9LjCpkRI0soU9zeStiAKsqMzSZvQ/AWX14mjXLJuyxd1M6LlbunWRw5OIYTOAMPrqACt1CFOjBAeIZXeHMenBfn3fmYta448wiP4A+czx+oFo1J</latexit>

2
<latexit sha1_base64="RMKYXCkHcCBZy0fRY5MIcNMU5mY=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARPYcb9GPAieEnALJAMoadTk7Tp6Rm6e4QwBLx78aCIVz/Jm39jZzlo4oOCx3tVVNULEsG1cd1vZ2l5ZXVtPbeR39za3tkt7O3XdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4GfuNR1Sax/LeDBP0I9qTPOSMGitVzzqFoltyJyCLxJuRIsxQ6RS+2t2YpRFKwwTVuuW5ifEzqgxnAkf5dqoxoWxAe9iyVNIItZ9NDh2RY6t0SRgrW9KQifp7IqOR1sMosJ0RNX09743F/7xWasJrP+MySQ1KNl0UpoKYmIy/Jl2ukBkxtIQyxe2thPWposzYbPI2BG/+5UVSPy15l6WL6nmxfPc0jSMHh3AEJ+DBFZThFipQAwYIz/AKb86D8+K8Ox/T1iVnFuEB/IHz+QOpmo1K</latexit>

3
<latexit sha1_base64="deGFmNfurV9lVe3fxbvpajBOW0Y=">AAAB5HicbVA9SwNBEJ2LX/H8irY2i0GwCnei0TJgI9hEMB+QHGFvM5es2ds7dveEcATsbSwUW3+Tnf/GzUehiQ8GHu/NMDMvTAXXxvO+ncLa+sbmVnHb3dnd2z8ouYdNnWSKYYMlIlHtkGoUXGLDcCOwnSqkcSiwFY5upn7rCZXmiXww4xSDmA4kjzijxkr3F71S2at4M5BV4i9IGRao90pf3X7CshilYYJq3fG91AQ5VYYzgRO3m2lMKRvRAXYslTRGHeSzQyfk1Cp9EiXKljRkpv6eyGms9TgObWdMzVAve1PxP6+Tmeg6yLlMM4OSzRdFmSAmIdOvSZ8rZEaMLaFMcXsrYUOqKDM2G9eG4C+/vEqa5xW/Wrks1+6e52EU4RhO4Ax8uIIa3EIdGsAA4QXe4N15dF6dj3ljwVnEdwR/4Hz+AD+OjCE=</latexit>

4
<latexit sha1_base64="vQXo5JOCdX04JT+fU26SOYyiy2Y=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0YtQzYCDYJmA9IjrC3mUvW7O0du3tCOAL2NhaK2PqT7Pw3bj4KTXww8Hhvhpl5QSK4Nq777aysrq1vbOa28ts7u3v7hYPDho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGNxO/+YhK81jem1GCfkT7koecUWOlWrlbKLoldwqyTLw5KcIc1W7hq9OLWRqhNExQrduemxg/o8pwJnCc76QaE8qGtI9tSyWNUPvZ9NAxObVKj4SxsiUNmaq/JzIaaT2KAtsZUTPQi95E/M9rpya89jMuk9SgZLNFYSqIicnka9LjCpkRI0soU9zeStiAKsqMzSZvQ/AWX14mjfOSd1kq1y6KlbunWRw5OIYTOAMPrqACt1CFOjBAeIZXeHMenBfn3fmYta448wiP4A+czx+soo1M</latexit>

5
<latexit sha1_base64="GV9/LkK3qd30LsZcDu2J8tLBr2o=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1otAzYCDYJmA9IjrC3mUvW7O0du3tCOAL2NhaK2PqT7Pw3bj4KTXww8Hhvhpl5QSK4Nq777aysrq1vbOa28ts7u3v7hYPDho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGNxO/+YhK81jem1GCfkT7koecUWOlWrlbKLoldwqyTLw5KcIc1W7hq9OLWRqhNExQrduemxg/o8pwJnCc76QaE8qGtI9tSyWNUPvZ9NAxObVKj4SxsiUNmaq/JzIaaT2KAtsZUTPQi95E/M9rpya89jMuk9SgZLNFYSqIicnka9LjCpkRI0soU9zeStiAKsqMzSZvQ/AWX14mjfOSVy5d1i6KlbunWRw5OIYTOAMPrqACt1CFOjBAeIZXeHMenBfn3fmYta448wiP4A+czx+uJo1N</latexit>

6
<latexit sha1_base64="wDj5aM3MGzzaxGnJtZWNLeuciX8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2osQzYCDYJmA9IjrC3mUvW7O0du3tCOAL2NhaK2PqT7Pw3bj4KTXww8Hhvhpl5QSK4Nq777aysrq1vbOa28ts7u3v7hYPDho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGNxO/+YhK81jem1GCfkT7koecUWOlWrlbKLoldwqyTLw5KcIc1W7hq9OLWRqhNExQrduemxg/o8pwJnCc76QaE8qGtI9tSyWNUPvZ9NAxObVKj4SxsiUNmaq/JzIaaT2KAtsZUTPQi95E/M9rpya89jMuk9SgZLNFYSqIicnka9LjCpkRI0soU9zeStiAKsqMzSZvQ/AWX14mjfOSd1W6rF0UK3dPszhycAwncAYelKECt1CFOjBAeIZXeHMenBfn3fmYta448wiP4A+czx+vqo1O</latexit>

7
<latexit sha1_base64="fs9aCHlnDa3t7H05sHl1eLJMlDo=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARPYUZccgx4EbwkYBZIhtDTqUna9PQM3T1CGALevXhQxKuf5M2/sbMcNPFBweO9KqrqBYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3kz85iMqzWN5b0YJ+hHtSx5yRo2VauVuoeiW3CnIMvHmpAhzVLuFr04vZmmE0jBBtW57bmL8jCrDmcBxvpNqTCgb0j62LZU0Qu1n00PH5NQqPRLGypY0ZKr+nshopPUoCmxnRM1AL3oT8T+vnZqw7GdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm03ehuAtvrxMGucl76p0WbsoVu6eZnHk4BhO4Aw8uIYK3EIV6sAA4Rle4c15cF6cd+dj1rrizCM8gj9wPn8AsS6NTw==</latexit>

8
<latexit sha1_base64="Wn/v0e6eaA/bYtW7g1Jmruo8WUI=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARPYUZcbwEvgpcEzALJEHo6NUmbnp6hu0cIQ8C7Fw+KePWTvPk3dpaDJj4oeLxXRVW9IBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASDm7HfeESleSzvzTBBP6I9yUPOqLFS9bpTKLoldwKySLwZKcIMlU7hq92NWRqhNExQrVuemxg/o8pwJnCUb6caE8oGtIctSyWNUPvZ5NARObZKl4SxsiUNmai/JzIaaT2MAtsZUdPX895Y/M9rpSa88jMuk9SgZNNFYSqIicn4a9LlCpkRQ0soU9zeSlifKsqMzSZvQ/DmX14k9dOSd1E6r54Vy3dP0zhycAhHcAIeXEIZbqECNWCA8Ayv8OY8OC/Ou/MxbV1yZhEewB84nz+yso1Q</latexit>

9
<latexit sha1_base64="flJntqMMWhFyTBcD4qi22v9mmok=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUY8BL4KXKOYByRJmJ7PJkNnZZaZXCEvAD/DiQRGv/pE3/8bJ46CJBQ1FVTfdXUEihUHX/XZyK6tr6xv5zcLW9s7uXnH/oGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGF5P/OYj10bE6gFHCfcj2lciFIyile49t1ssuWV3CrJMvDkpwRy1bvGr04tZGnGFTFJj2p6boJ9RjYJJPi50UsMTyoa0z9uWKhpx42fTS8fkxCo9EsbalkIyVX9PZDQyZhQFtjOiODCL3kT8z2unGF75mVBJilyx2aIwlQRjMnmb9ITmDOXIEsq0sLcSNqCaMrThFGwI3uLLy6RxVvYuypW781L19mkWRx6O4BhOwYNLqMIN1KAODEJ4hld4c4bOi/PufMxac848wkP4A+fzBxR2jYI=</latexit>

10
<latexit sha1_base64="htU+wOKzxBkVKG4Dn53dH/igEaU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUY8BL4KXKOYByRJmJ7PJkNnZZaZXCEvAD/DiQRGv/pE3/8bJ46CJBQ1FVTfdXUEihUHX/XZyK6tr6xv5zcLW9s7uXnH/oGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGF5P/OYj10bE6gFHCfcj2lciFIyile49r1ssuWV3CrJMvDkpwRy1bvGr04tZGnGFTFJj2p6boJ9RjYJJPi50UsMTyoa0z9uWKhpx42fTS8fkxCo9EsbalkIyVX9PZDQyZhQFtjOiODCL3kT8z2unGF75mVBJilyx2aIwlQRjMnmb9ITmDOXIEsq0sLcSNqCaMrThFGwI3uLLy6RxVvYuypW781L19mkWRx6O4BhOwYNLqMIN1KAODEJ4hld4c4bOi/PufMxac848wkP4A+fzBxX6jYM=</latexit>

11
<latexit sha1_base64="xQbuCmb1anQnaV9hFcsLw2dJ2uo=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7RjwIniJYhZIhtDTqUma9PQM3T1CGAJ+gBcPinj1j7z5N3aWgyY+KHi8V0VVvSARXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4fXEbz6i0jyWD2aUoB/RvuQhZ9RY6d6rdIslt+xOQZaJNyclmKPWLX51ejFLI5SGCap123MT42dUGc4EjgudVGNC2ZD2sW2ppBFqP5teOiYnVumRMFa2pCFT9fdERiOtR1FgOyNqBnrRm4j/ee3UhFd+xmWSGpRstihMBTExmbxNelwhM2JkCWWK21sJG1BFmbHhFGwI3uLLy6RRKXsX5fO7s1L19mkWRx6O4BhOwYNLqMIN1KAODEJ4hld4c4bOi/PufMxac848wkP4A+fzBxd+jYQ=</latexit>

12
<latexit sha1_base64="3cDpjeuBlhPpSvTIfXtV5i1wpsE=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPux4AXwUsUs0AyhJ5OT9Kkp2forhHCEPADvHhQxKt/5M2/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcD32G49cGxGrBxwm3I9oT4lQMIpWuvdOO8WSW3YnIIvEm5ESzFDtFL/a3ZilEVfIJDWm5bkJ+hnVKJjko0I7NTyhbEB7vGWpohE3fja5dESOrNIlYaxtKSQT9fdERiNjhlFgOyOKfTPvjcX/vFaK4ZWfCZWkyBWbLgpTSTAm47dJV2jOUA4toUwLeythfaopQxtOwYbgzb+8SOonZe+ifH53VqrcPk3jyMMBHMIxeHAJFbiBKtSAQQjP8ApvzsB5cd6dj2lrzplFuA9/4Hz+ABkCjYU=</latexit>

13
<latexit sha1_base64="LG3V+oCkppDPB0qTjZEhC2gRUfw=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjMSl2PAi+AlilkgGUJPpyZp0tMzdPcIYQj4AV48KOLVP/Lm39hZDpr4oODxXhVV9YJEcG1c99vJrayurW/kNwtb2zu7e8X9g4aOU8WwzmIRq1ZANQousW64EdhKFNIoENgMhtcTv/mISvNYPphRgn5E+5KHnFFjpXuv0i2W3LI7BVkm3pyUYI5at/jV6cUsjVAaJqjWbc9NjJ9RZTgTOC50Uo0JZUPax7alkkao/Wx66ZicWKVHwljZkoZM1d8TGY20HkWB7YyoGehFbyL+57VTE175GZdJalCy2aIwFcTEZPI26XGFzIiRJZQpbm8lbEAVZcaGU7AheIsvL5PGWdm7KJ/fVUrV26dZHHk4gmM4BQ8uoQo3UIM6MAjhGV7hzRk6L8678zFrzTnzCA/hD5zPHxqGjYY=</latexit>

14
<latexit sha1_base64="ZZX0Bn1i+Coip8hVF0fw/o9/+YU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUY8BL4KXKOYByRJmJ7PJkNnZZaZXCEvAD/DiQRGv/pE3/8bJ46CJBQ1FVTfdXUEihUHX/XZyK6tr6xv5zcLW9s7uXnH/oGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGF5P/OYj10bE6gFHCfcj2lciFIyile69SrdYcsvuFGSZeHNSgjlq3eJXpxezNOIKmaTGtD03QT+jGgWTfFzopIYnlA1pn7ctVTTixs+ml47JiVV6JIy1LYVkqv6eyGhkzCgKbGdEcWAWvYn4n9dOMbzyM6GSFLlis0VhKgnGZPI26QnNGcqRJZRpYW8lbEA1ZWjDKdgQvMWXl0njrOxdlCt356Xq7dMsjjwcwTGcggeXUIUbqEEdGITwDK/w5gydF+fd+Zi15px5hIfwB87nDxwKjYc=</latexit>

15
<latexit sha1_base64="JmA0zlC33J1S4XsM+mKFru2gykw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BL4KXKOYByRJmJ7PJkNnZZaZXCEvAD/DiQRGv/pE3/8bJ46CJBQ1FVTfdXUEihUHX/XZyK6tr6xv5zcLW9s7uXnH/oGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGF5P/OYj10bE6gFHCfcj2lciFIyile69SrdYcsvuFGSZeHNSgjlq3eJXpxezNOIKmaTGtD03QT+jGgWTfFzopIYnlA1pn7ctVTTixs+ml47JiVV6JIy1LYVkqv6eyGhkzCgKbGdEcWAWvYn4n9dOMbzyM6GSFLlis0VhKgnGZPI26QnNGcqRJZRpYW8lbEA1ZWjDKdgQvMWXl0njrOxVyhd356Xq7dMsjjwcwTGcggeXUIUbqEEdGITwDK/w5gydF+fd+Zi15px5hIfwB87nDx2OjYg=</latexit>

16
<latexit sha1_base64="xDExRG/5eHyuReYNoLk9s2SYpwQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKGo8BL4KXKOYByRJmJ7PJkNnZZaZXCEvAD/DiQRGv/pE3/8bJ46CJBQ1FVTfdXUEihUHX/XZyK6tr6xv5zcLW9s7uXnH/oGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGF5P/OYj10bE6gFHCfcj2lciFIyile69SrdYcsvuFGSZeHNSgjlq3eJXpxezNOIKmaTGtD03QT+jGgWTfFzopIYnlA1pn7ctVTTixs+ml47JiVV6JIy1LYVkqv6eyGhkzCgKbGdEcWAWvYn4n9dOMbzyM6GSFLlis0VhKgnGZPI26QnNGcqRJZRpYW8lbEA1ZWjDKdgQvMWXl0njrOxdli/uzkvV26dZHHk4gmM4BQ8qUIUbqEEdGITwDK/w5gydF+fd+Zi15px5hIfwB87nDx8SjYk=</latexit>

17
<latexit sha1_base64="tre6rlxjaIUFKS2hMj+gnbNcfmE=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPikmPAi+AlilkgGUJPpydp0tMzdNcIYQj4AV48KOLVP/Lm39hZDpr4oODxXhVV9YJECoOu++3kVlbX1jfym4Wt7Z3dveL+QcPEqWa8zmIZ61ZADZdC8ToKlLyVaE6jQPJmMLye+M1Hro2I1QOOEu5HtK9EKBhFK917lW6x5JbdKcgy8eakBHPUusWvTi9macQVMkmNaXtugn5GNQom+bjQSQ1PKBvSPm9bqmjEjZ9NLx2TE6v0SBhrWwrJVP09kdHImFEU2M6I4sAsehPxP6+dYljxM6GSFLlis0VhKgnGZPI26QnNGcqRJZRpYW8lbEA1ZWjDKdgQvMWXl0njrOxdli/uzkvV26dZHHk4gmM4BQ+uoAo3UIM6MAjhGV7hzRk6L8678zFrzTnzCA/hD5zPHyCWjYo=</latexit>

18
<latexit sha1_base64="eyVoW70SsZBUNfmDs+6027WSMC0=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPiegt4EbxEMQskQ+jp9CRNenqG7hohDAE/wIsHRbz6R978GzvLQRMfFDzeq6KqXpBIYdB1v53c0vLK6lp+vbCxubW9U9zdq5s41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBtdjv/HItRGxesBhwv2I9pQIBaNopXvvqlMsuWV3ArJIvBkpwQzVTvGr3Y1ZGnGFTFJjWp6boJ9RjYJJPiq0U8MTyga0x1uWKhpx42eTS0fkyCpdEsbalkIyUX9PZDQyZhgFtjOi2Dfz3lj8z2ulGF76mVBJilyx6aIwlQRjMn6bdIXmDOXQEsq0sLcS1qeaMrThFGwI3vzLi6R+UvbOy2d3p6XK7dM0jjwcwCEcgwcXUIEbqEINGITwDK/w5gycF+fd+Zi25pxZhPvwB87nDyIajYs=</latexit>

19
<latexit sha1_base64="kD1mtry28u9+5fNAQ9heBRoMBzk=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7RjwIniJYhZIhtDT6Uma9PQM3TVCGAJ+gBcPinj1j7z5N3aWgyY+KHi8V0VVvSCRwqDrfju5ldW19Y38ZmFre2d3r7h/0DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDK8nfvORayNi9YCjhPsR7SsRCkbRSvcVt1ssuWV3CrJMvDkpwRy1bvGr04tZGnGFTFJj2p6boJ9RjYJJPi50UsMTyoa0z9uWKhpx42fTS8fkxCo9EsbalkIyVX9PZDQyZhQFtjOiODCL3kT8z2unGF75mVBJilyx2aIwlQRjMnmb9ITmDOXIEsq0sLcSNqCaMrThFGwI3uLLy6RRKXsX5fO7s1L19mkWRx6O4BhOwYNLqMIN1KAODEJ4hld4c4bOi/PufMxac848wkP4A+fzBxX7jYM=</latexit>

20
<latexit sha1_base64="ElsFerzv4lBLNN8n9Ry3owngeu0=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7RjwIniJYhZIhtDTqUma9PQM3T1CGAJ+gBcPinj1j7z5N3aWgyY+KHi8V0VVvSARXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4fXEbz6i0jyWD2aUoB/RvuQhZ9RY6b7idYslt+xOQZaJNyclmKPWLX51ejFLI5SGCap123MT42dUGc4EjgudVGNC2ZD2sW2ppBFqP5teOiYnVumRMFa2pCFT9fdERiOtR1FgOyNqBnrRm4j/ee3UhFd+xmWSGpRstihMBTExmbxNelwhM2JkCWWK21sJG1BFmbHhFGwI3uLLy6RRKXsX5fO7s1L19mkWRx6O4BhOwYNLqMIN1KAODEJ4hld4c4bOi/PufMxac848wkP4A+fzBxd/jYQ=</latexit>

21
<latexit sha1_base64="twbzwGJjEiMZJO6X2tH52geIbvA=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7RjwIniJYhZIhtDTqUma9PQM3T1CGAJ+gBcPinj1j7z5N3aWgyY+KHi8V0VVvSARXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4fXEbz6i0jyWD2aUoB/RvuQhZ9RY6b5S6RZLbtmdgiwTb05KMEetW/zq9GKWRigNE1Trtucmxs+oMpwJHBc6qcaEsiHtY9tSSSPUfja9dExOrNIjYaxsSUOm6u+JjEZaj6LAdkbUDPSiNxH/89qpCa/8jMskNSjZbFGYCmJiMnmb9LhCZsTIEsoUt7cSNqCKMmPDKdgQvMWXl0mjUvYuyud3Z6Xq7dMsjjwcwTGcggeXUIUbqEEdGITwDK/w5gydF+fd+Zi15px5hIfwB87nDxkDjYU=</latexit>

22
<latexit sha1_base64="VEEMIuGEH6NJM2f3OgIHNSFberU=">AAAB6XicbVDJSgNBEK1xjXGLevTSGARPYSaux4AXwUsUs0AyhJ5OTdKkp2fo7hHCEPADvHhQxKt/5M2/sbMcNPFBweO9KqrqBYng2rjut7O0vLK6tp7byG9ube/sFvb26zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMYXI/9xiMqzWP5YIYJ+hHtSR5yRo2V7sunnULRLbkTkEXizUgRZqh2Cl/tbszSCKVhgmrd8tzE+BlVhjOBo3w71ZhQNqA9bFkqaYTazyaXjsixVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14ZWfcZmkBiWbLgpTQUxMxm+TLlfIjBhaQpni9lbC+lRRZmw4eRuCN//yIqmXS95F6fzurFi5fZrGkYNDOIIT8OASKnADVagBgxCe4RXenIHz4rw7H9PWJWcW4QH8gfP5AxqHjYY=</latexit>

23
<latexit sha1_base64="RrO7s5MpIgxIADz/06U7r34VfsQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyG+DgGvAheopgYSJYwO5lNhszOLjO9QlgCfoAXD4p49Y+8+TdOHgdNLGgoqrrp7goSKQy67reTW1ldW9/Ibxa2tnd294r7B00Tp5rxBotlrFsBNVwKxRsoUPJWojmNAskfguHVxH945NqIWN3jKOF+RPtKhIJRtNJdpdotltyyOwVZJt6clGCOerf41enFLI24QiapMW3PTdDPqEbBJB8XOqnhCWVD2udtSxWNuPGz6aVjcmKVHgljbUshmaq/JzIaGTOKAtsZURyYRW8i/ue1Uwwv/UyoJEWu2GxRmEqCMZm8TXpCc4ZyZAllWthbCRtQTRnacAo2BG/x5WXSrJS98/LZbbVUu3maxZGHIziGU/DgAmpwDXVoAIMQnuEV3pyh8+K8Ox+z1pwzj/AQ/sD5/AEcC42H</latexit>

24
<latexit sha1_base64="+zQnN3E/kJYpTqu0suQvxMN+lPA=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hd1g1GPAi+AlinlAsoTZyWwyZHZ2mekVwhLwA7x4UMSrf+TNv3HyOGhiQUNR1U13V5BIYdB1v52V1bX1jc3cVn57Z3dvv3Bw2DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDK8nfvORayNi9YCjhPsR7SsRCkbRSvflSrdQdEvuFGSZeHNShDlq3cJXpxezNOIKmaTGtD03QT+jGgWTfJzvpIYnlA1pn7ctVTTixs+ml47JqVV6JIy1LYVkqv6eyGhkzCgKbGdEcWAWvYn4n9dOMbzyM6GSFLlis0VhKgnGZPI26QnNGcqRJZRpYW8lbEA1ZWjDydsQvMWXl0mjXPIuSpW782L19mkWRw6O4QTOwINLqMIN1KAODEJ4hld4c4bOi/PufMxaV5x5hEfwB87nDx2PjYg=</latexit>

25



Dynamic Programming
Step 3: Option 2 is iterative approach with topological sort

˝

<latexit sha1_base64="sJjSVLyDDO999ZUZFSDcxjO1ga0=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx4EbwkYBZIhtDTqUna9PQM3T1CGALevXhQxKuf5M2/sbMcNPFBweO9KqrqBYng2rjut5NbWV1b38hvFra2d3b3ivsHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMbyZ+8xGV5rG8N6ME/Yj2JQ85o8ZKNa9bLLlldwqyTLw5KcEc1W7xq9OLWRqhNExQrduemxg/o8pwJnBc6KQaE8qGtI9tSyWNUPvZ9NAxObFKj4SxsiUNmaq/JzIaaT2KAtsZUTPQi95E/M9rpya89jMuk9SgZLNFYSqIicnka9LjCpkRI0soU9zeStiAKsqMzaZgQ/AWX14mjbOyd1m+qJ2XKndPszjycATHcAoeXEEFbqEKdWCA8Ayv8OY8OC/Ou/Mxa8058wgP4Q+czx+mko1I</latexit>

1
<latexit sha1_base64="Tz+iVhuIkhhsBtKxh8mJqfIxZEw=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARPYSa4HQNeBC8JmAWSIfR0apI2PT1Dd48QhoB3Lx4U8eonefNv7CwHTXxQ8Hiviqp6QSK4Nq777aysrq1vbOa28ts7u3v7hYPDho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGNxO/+YhK81jem1GCfkT7koecUWOlWrlbKLoldwqyTLw5KcIc1W7hq9OLWRqhNExQrduemxg/o8pwJnCc76QaE8qGtI9tSyWNUPvZ9NAxObVKj4SxsiUNmaq/JzIaaT2KAtsZUTPQi95E/M9rpya89jMuk9SgZLNFYSqIicnka9LjCpkRI0soU9zeStiAKsqMzSZvQ/AWX14mjXLJuyxd1M6LlbunWRw5OIYTOAMPrqACt1CFOjBAeIZXeHMenBfn3fmYta448wiP4A+czx+oFo1J</latexit>

2
<latexit sha1_base64="RMKYXCkHcCBZy0fRY5MIcNMU5mY=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARPYcb9GPAieEnALJAMoadTk7Tp6Rm6e4QwBLx78aCIVz/Jm39jZzlo4oOCx3tVVNULEsG1cd1vZ2l5ZXVtPbeR39za3tkt7O3XdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4GfuNR1Sax/LeDBP0I9qTPOSMGitVzzqFoltyJyCLxJuRIsxQ6RS+2t2YpRFKwwTVuuW5ifEzqgxnAkf5dqoxoWxAe9iyVNIItZ9NDh2RY6t0SRgrW9KQifp7IqOR1sMosJ0RNX09743F/7xWasJrP+MySQ1KNl0UpoKYmIy/Jl2ukBkxtIQyxe2thPWposzYbPI2BG/+5UVSPy15l6WL6nmxfPc0jSMHh3AEJ+DBFZThFipQAwYIz/AKb86D8+K8Ox/T1iVnFuEB/IHz+QOpmo1K</latexit>

3
<latexit sha1_base64="deGFmNfurV9lVe3fxbvpajBOW0Y=">AAAB5HicbVA9SwNBEJ2LX/H8irY2i0GwCnei0TJgI9hEMB+QHGFvM5es2ds7dveEcATsbSwUW3+Tnf/GzUehiQ8GHu/NMDMvTAXXxvO+ncLa+sbmVnHb3dnd2z8ouYdNnWSKYYMlIlHtkGoUXGLDcCOwnSqkcSiwFY5upn7rCZXmiXww4xSDmA4kjzijxkr3F71S2at4M5BV4i9IGRao90pf3X7CshilYYJq3fG91AQ5VYYzgRO3m2lMKRvRAXYslTRGHeSzQyfk1Cp9EiXKljRkpv6eyGms9TgObWdMzVAve1PxP6+Tmeg6yLlMM4OSzRdFmSAmIdOvSZ8rZEaMLaFMcXsrYUOqKDM2G9eG4C+/vEqa5xW/Wrks1+6e52EU4RhO4Ax8uIIa3EIdGsAA4QXe4N15dF6dj3ljwVnEdwR/4Hz+AD+OjCE=</latexit>

4
<latexit sha1_base64="vQXo5JOCdX04JT+fU26SOYyiy2Y=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0YtQzYCDYJmA9IjrC3mUvW7O0du3tCOAL2NhaK2PqT7Pw3bj4KTXww8Hhvhpl5QSK4Nq777aysrq1vbOa28ts7u3v7hYPDho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGNxO/+YhK81jem1GCfkT7koecUWOlWrlbKLoldwqyTLw5KcIc1W7hq9OLWRqhNExQrduemxg/o8pwJnCc76QaE8qGtI9tSyWNUPvZ9NAxObVKj4SxsiUNmaq/JzIaaT2KAtsZUTPQi95E/M9rpya89jMuk9SgZLNFYSqIicnka9LjCpkRI0soU9zeStiAKsqMzSZvQ/AWX14mjfOSd1kq1y6KlbunWRw5OIYTOAMPrqACt1CFOjBAeIZXeHMenBfn3fmYta448wiP4A+czx+soo1M</latexit>

5
<latexit sha1_base64="GV9/LkK3qd30LsZcDu2J8tLBr2o=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1otAzYCDYJmA9IjrC3mUvW7O0du3tCOAL2NhaK2PqT7Pw3bj4KTXww8Hhvhpl5QSK4Nq777aysrq1vbOa28ts7u3v7hYPDho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGNxO/+YhK81jem1GCfkT7koecUWOlWrlbKLoldwqyTLw5KcIc1W7hq9OLWRqhNExQrduemxg/o8pwJnCc76QaE8qGtI9tSyWNUPvZ9NAxObVKj4SxsiUNmaq/JzIaaT2KAtsZUTPQi95E/M9rpya89jMuk9SgZLNFYSqIicnka9LjCpkRI0soU9zeStiAKsqMzSZvQ/AWX14mjfOSVy5d1i6KlbunWRw5OIYTOAMPrqACt1CFOjBAeIZXeHMenBfn3fmYta448wiP4A+czx+uJo1N</latexit>

6
<latexit sha1_base64="wDj5aM3MGzzaxGnJtZWNLeuciX8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2osQzYCDYJmA9IjrC3mUvW7O0du3tCOAL2NhaK2PqT7Pw3bj4KTXww8Hhvhpl5QSK4Nq777aysrq1vbOa28ts7u3v7hYPDho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGNxO/+YhK81jem1GCfkT7koecUWOlWrlbKLoldwqyTLw5KcIc1W7hq9OLWRqhNExQrduemxg/o8pwJnCc76QaE8qGtI9tSyWNUPvZ9NAxObVKj4SxsiUNmaq/JzIaaT2KAtsZUTPQi95E/M9rpya89jMuk9SgZLNFYSqIicnka9LjCpkRI0soU9zeStiAKsqMzSZvQ/AWX14mjfOSd1W6rF0UK3dPszhycAwncAYelKECt1CFOjBAeIZXeHMenBfn3fmYta448wiP4A+czx+vqo1O</latexit>

7
<latexit sha1_base64="fs9aCHlnDa3t7H05sHl1eLJMlDo=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARPYUZccgx4EbwkYBZIhtDTqUna9PQM3T1CGALevXhQxKuf5M2/sbMcNPFBweO9KqrqBYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3kz85iMqzWN5b0YJ+hHtSx5yRo2VauVuoeiW3CnIMvHmpAhzVLuFr04vZmmE0jBBtW57bmL8jCrDmcBxvpNqTCgb0j62LZU0Qu1n00PH5NQqPRLGypY0ZKr+nshopPUoCmxnRM1AL3oT8T+vnZqw7GdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm03ehuAtvrxMGucl76p0WbsoVu6eZnHk4BhO4Aw8uIYK3EIV6sAA4Rle4c15cF6cd+dj1rrizCM8gj9wPn8AsS6NTw==</latexit>

8
<latexit sha1_base64="Wn/v0e6eaA/bYtW7g1Jmruo8WUI=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARPYUZcbwEvgpcEzALJEHo6NUmbnp6hu0cIQ8C7Fw+KePWTvPk3dpaDJj4oeLxXRVW9IBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASDm7HfeESleSzvzTBBP6I9yUPOqLFS9bpTKLoldwKySLwZKcIMlU7hq92NWRqhNExQrVuemxg/o8pwJnCUb6caE8oGtIctSyWNUPvZ5NARObZKl4SxsiUNmai/JzIaaT2MAtsZUdPX895Y/M9rpSa88jMuk9SgZNNFYSqIicn4a9LlCpkRQ0soU9zeSlifKsqMzSZvQ/DmX14k9dOSd1E6r54Vy3dP0zhycAhHcAIeXEIZbqECNWCA8Ayv8OY8OC/Ou/MxbV1yZhEewB84nz+yso1Q</latexit>

9
<latexit sha1_base64="flJntqMMWhFyTBcD4qi22v9mmok=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUY8BL4KXKOYByRJmJ7PJkNnZZaZXCEvAD/DiQRGv/pE3/8bJ46CJBQ1FVTfdXUEihUHX/XZyK6tr6xv5zcLW9s7uXnH/oGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGF5P/OYj10bE6gFHCfcj2lciFIyile49t1ssuWV3CrJMvDkpwRy1bvGr04tZGnGFTFJj2p6boJ9RjYJJPi50UsMTyoa0z9uWKhpx42fTS8fkxCo9EsbalkIyVX9PZDQyZhQFtjOiODCL3kT8z2unGF75mVBJilyx2aIwlQRjMnmb9ITmDOXIEsq0sLcSNqCaMrThFGwI3uLLy6RxVvYuypW781L19mkWRx6O4BhOwYNLqMIN1KAODEJ4hld4c4bOi/PufMxac848wkP4A+fzBxR2jYI=</latexit>

10
<latexit sha1_base64="htU+wOKzxBkVKG4Dn53dH/igEaU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUY8BL4KXKOYByRJmJ7PJkNnZZaZXCEvAD/DiQRGv/pE3/8bJ46CJBQ1FVTfdXUEihUHX/XZyK6tr6xv5zcLW9s7uXnH/oGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGF5P/OYj10bE6gFHCfcj2lciFIyile49r1ssuWV3CrJMvDkpwRy1bvGr04tZGnGFTFJj2p6boJ9RjYJJPi50UsMTyoa0z9uWKhpx42fTS8fkxCo9EsbalkIyVX9PZDQyZhQFtjOiODCL3kT8z2unGF75mVBJilyx2aIwlQRjMnmb9ITmDOXIEsq0sLcSNqCaMrThFGwI3uLLy6RxVvYuypW781L19mkWRx6O4BhOwYNLqMIN1KAODEJ4hld4c4bOi/PufMxac848wkP4A+fzBxX6jYM=</latexit>

11
<latexit sha1_base64="xQbuCmb1anQnaV9hFcsLw2dJ2uo=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7RjwIniJYhZIhtDTqUma9PQM3T1CGAJ+gBcPinj1j7z5N3aWgyY+KHi8V0VVvSARXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4fXEbz6i0jyWD2aUoB/RvuQhZ9RY6d6rdIslt+xOQZaJNyclmKPWLX51ejFLI5SGCap123MT42dUGc4EjgudVGNC2ZD2sW2ppBFqP5teOiYnVumRMFa2pCFT9fdERiOtR1FgOyNqBnrRm4j/ee3UhFd+xmWSGpRstihMBTExmbxNelwhM2JkCWWK21sJG1BFmbHhFGwI3uLLy6RRKXsX5fO7s1L19mkWRx6O4BhOwYNLqMIN1KAODEJ4hld4c4bOi/PufMxac848wkP4A+fzBxd+jYQ=</latexit>

12
<latexit sha1_base64="3cDpjeuBlhPpSvTIfXtV5i1wpsE=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPux4AXwUsUs0AyhJ5OT9Kkp2forhHCEPADvHhQxKt/5M2/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcD32G49cGxGrBxwm3I9oT4lQMIpWuvdOO8WSW3YnIIvEm5ESzFDtFL/a3ZilEVfIJDWm5bkJ+hnVKJjko0I7NTyhbEB7vGWpohE3fja5dESOrNIlYaxtKSQT9fdERiNjhlFgOyOKfTPvjcX/vFaK4ZWfCZWkyBWbLgpTSTAm47dJV2jOUA4toUwLeythfaopQxtOwYbgzb+8SOonZe+ifH53VqrcPk3jyMMBHMIxeHAJFbiBKtSAQQjP8ApvzsB5cd6dj2lrzplFuA9/4Hz+ABkCjYU=</latexit>

13
<latexit sha1_base64="LG3V+oCkppDPB0qTjZEhC2gRUfw=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjMSl2PAi+AlilkgGUJPpyZp0tMzdPcIYQj4AV48KOLVP/Lm39hZDpr4oODxXhVV9YJEcG1c99vJrayurW/kNwtb2zu7e8X9g4aOU8WwzmIRq1ZANQousW64EdhKFNIoENgMhtcTv/mISvNYPphRgn5E+5KHnFFjpXuv0i2W3LI7BVkm3pyUYI5at/jV6cUsjVAaJqjWbc9NjJ9RZTgTOC50Uo0JZUPax7alkkao/Wx66ZicWKVHwljZkoZM1d8TGY20HkWB7YyoGehFbyL+57VTE175GZdJalCy2aIwFcTEZPI26XGFzIiRJZQpbm8lbEAVZcaGU7AheIsvL5PGWdm7KJ/fVUrV26dZHHk4gmM4BQ8uoQo3UIM6MAjhGV7hzRk6L8678zFrzTnzCA/hD5zPHxqGjYY=</latexit>

14
<latexit sha1_base64="ZZX0Bn1i+Coip8hVF0fw/o9/+YU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUY8BL4KXKOYByRJmJ7PJkNnZZaZXCEvAD/DiQRGv/pE3/8bJ46CJBQ1FVTfdXUEihUHX/XZyK6tr6xv5zcLW9s7uXnH/oGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGF5P/OYj10bE6gFHCfcj2lciFIyile69SrdYcsvuFGSZeHNSgjlq3eJXpxezNOIKmaTGtD03QT+jGgWTfFzopIYnlA1pn7ctVTTixs+ml47JiVV6JIy1LYVkqv6eyGhkzCgKbGdEcWAWvYn4n9dOMbzyM6GSFLlis0VhKgnGZPI26QnNGcqRJZRpYW8lbEA1ZWjDKdgQvMWXl0njrOxdlCt356Xq7dMsjjwcwTGcggeXUIUbqEEdGITwDK/w5gydF+fd+Zi15px5hIfwB87nDxwKjYc=</latexit>

15
<latexit sha1_base64="JmA0zlC33J1S4XsM+mKFru2gykw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRo8BL4KXKOYByRJmJ7PJkNnZZaZXCEvAD/DiQRGv/pE3/8bJ46CJBQ1FVTfdXUEihUHX/XZyK6tr6xv5zcLW9s7uXnH/oGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGF5P/OYj10bE6gFHCfcj2lciFIyile69SrdYcsvuFGSZeHNSgjlq3eJXpxezNOIKmaTGtD03QT+jGgWTfFzopIYnlA1pn7ctVTTixs+ml47JiVV6JIy1LYVkqv6eyGhkzCgKbGdEcWAWvYn4n9dOMbzyM6GSFLlis0VhKgnGZPI26QnNGcqRJZRpYW8lbEA1ZWjDKdgQvMWXl0njrOxVyhd356Xq7dMsjjwcwTGcggeXUIUbqEEdGITwDK/w5gydF+fd+Zi15px5hIfwB87nDx2OjYg=</latexit>

16
<latexit sha1_base64="xDExRG/5eHyuReYNoLk9s2SYpwQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKGo8BL4KXKOYByRJmJ7PJkNnZZaZXCEvAD/DiQRGv/pE3/8bJ46CJBQ1FVTfdXUEihUHX/XZyK6tr6xv5zcLW9s7uXnH/oGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGF5P/OYj10bE6gFHCfcj2lciFIyile69SrdYcsvuFGSZeHNSgjlq3eJXpxezNOIKmaTGtD03QT+jGgWTfFzopIYnlA1pn7ctVTTixs+ml47JiVV6JIy1LYVkqv6eyGhkzCgKbGdEcWAWvYn4n9dOMbzyM6GSFLlis0VhKgnGZPI26QnNGcqRJZRpYW8lbEA1ZWjDKdgQvMWXl0njrOxdli/uzkvV26dZHHk4gmM4BQ8qUIUbqEEdGITwDK/w5gydF+fd+Zi15px5hIfwB87nDx8SjYk=</latexit>

17
<latexit sha1_base64="tre6rlxjaIUFKS2hMj+gnbNcfmE=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPikmPAi+AlilkgGUJPpydp0tMzdNcIYQj4AV48KOLVP/Lm39hZDpr4oODxXhVV9YJECoOu++3kVlbX1jfym4Wt7Z3dveL+QcPEqWa8zmIZ61ZADZdC8ToKlLyVaE6jQPJmMLye+M1Hro2I1QOOEu5HtK9EKBhFK917lW6x5JbdKcgy8eakBHPUusWvTi9macQVMkmNaXtugn5GNQom+bjQSQ1PKBvSPm9bqmjEjZ9NLx2TE6v0SBhrWwrJVP09kdHImFEU2M6I4sAsehPxP6+dYljxM6GSFLlis0VhKgnGZPI26QnNGcqRJZRpYW8lbEA1ZWjDKdgQvMWXl0njrOxdli/uzkvV26dZHHk4gmM4BQ+uoAo3UIM6MAjhGV7hzRk6L8678zFrzTnzCA/hD5zPHyCWjYo=</latexit>

18
<latexit sha1_base64="eyVoW70SsZBUNfmDs+6027WSMC0=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPiegt4EbxEMQskQ+jp9CRNenqG7hohDAE/wIsHRbz6R978GzvLQRMfFDzeq6KqXpBIYdB1v53c0vLK6lp+vbCxubW9U9zdq5s41YzXWCxj3Qyo4VIoXkOBkjcTzWkUSN4IBtdjv/HItRGxesBhwv2I9pQIBaNopXvvqlMsuWV3ArJIvBkpwQzVTvGr3Y1ZGnGFTFJjWp6boJ9RjYJJPiq0U8MTyga0x1uWKhpx42eTS0fkyCpdEsbalkIyUX9PZDQyZhgFtjOi2Dfz3lj8z2ulGF76mVBJilyx6aIwlQRjMn6bdIXmDOXQEsq0sLcS1qeaMrThFGwI3vzLi6R+UvbOy2d3p6XK7dM0jjwcwCEcgwcXUIEbqEINGITwDK/w5gycF+fd+Zi25pxZhPvwB87nDyIajYs=</latexit>

19
<latexit sha1_base64="kD1mtry28u9+5fNAQ9heBRoMBzk=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7RjwIniJYhZIhtDT6Uma9PQM3TVCGAJ+gBcPinj1j7z5N3aWgyY+KHi8V0VVvSCRwqDrfju5ldW19Y38ZmFre2d3r7h/0DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDK8nfvORayNi9YCjhPsR7SsRCkbRSvcVt1ssuWV3CrJMvDkpwRy1bvGr04tZGnGFTFJj2p6boJ9RjYJJPi50UsMTyoa0z9uWKhpx42fTS8fkxCo9EsbalkIyVX9PZDQyZhQFtjOiODCL3kT8z2unGF75mVBJilyx2aIwlQRjMnmb9ITmDOXIEsq0sLcSNqCaMrThFGwI3uLLy6RRKXsX5fO7s1L19mkWRx6O4BhOwYNLqMIN1KAODEJ4hld4c4bOi/PufMxac848wkP4A+fzBxX7jYM=</latexit>

20
<latexit sha1_base64="ElsFerzv4lBLNN8n9Ry3owngeu0=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7RjwIniJYhZIhtDTqUma9PQM3T1CGAJ+gBcPinj1j7z5N3aWgyY+KHi8V0VVvSARXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4fXEbz6i0jyWD2aUoB/RvuQhZ9RY6b7idYslt+xOQZaJNyclmKPWLX51ejFLI5SGCap123MT42dUGc4EjgudVGNC2ZD2sW2ppBFqP5teOiYnVumRMFa2pCFT9fdERiOtR1FgOyNqBnrRm4j/ee3UhFd+xmWSGpRstihMBTExmbxNelwhM2JkCWWK21sJG1BFmbHhFGwI3uLLy6RRKXsX5fO7s1L19mkWRx6O4BhOwYNLqMIN1KAODEJ4hld4c4bOi/PufMxac848wkP4A+fzBxd/jYQ=</latexit>

21
<latexit sha1_base64="twbzwGJjEiMZJO6X2tH52geIbvA=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPB7RjwIniJYhZIhtDTqUma9PQM3T1CGAJ+gBcPinj1j7z5N3aWgyY+KHi8V0VVvSARXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKHjVDGss1jEqhVQjYJLrBtuBLYShTQKBDaD4fXEbz6i0jyWD2aUoB/RvuQhZ9RY6b5S6RZLbtmdgiwTb05KMEetW/zq9GKWRigNE1Trtucmxs+oMpwJHBc6qcaEsiHtY9tSSSPUfja9dExOrNIjYaxsSUOm6u+JjEZaj6LAdkbUDPSiNxH/89qpCa/8jMskNSjZbFGYCmJiMnmb9LhCZsTIEsoUt7cSNqCKMmPDKdgQvMWXl0mjUvYuyud3Z6Xq7dMsjjwcwTGcggeXUIUbqEEdGITwDK/w5gydF+fd+Zi15px5hIfwB87nDxkDjYU=</latexit>

22
<latexit sha1_base64="VEEMIuGEH6NJM2f3OgIHNSFberU=">AAAB6XicbVDJSgNBEK1xjXGLevTSGARPYSaux4AXwUsUs0AyhJ5OTdKkp2fo7hHCEPADvHhQxKt/5M2/sbMcNPFBweO9KqrqBYng2rjut7O0vLK6tp7byG9ube/sFvb26zpOFcMai0WsmgHVKLjEmuFGYDNRSKNAYCMYXI/9xiMqzWP5YIYJ+hHtSR5yRo2V7sunnULRLbkTkEXizUgRZqh2Cl/tbszSCKVhgmrd8tzE+BlVhjOBo3w71ZhQNqA9bFkqaYTazyaXjsixVbokjJUtachE/T2R0UjrYRTYzoiavp73xuJ/Xis14ZWfcZmkBiWbLgpTQUxMxm+TLlfIjBhaQpni9lbC+lRRZmw4eRuCN//yIqmXS95F6fzurFi5fZrGkYNDOIIT8OASKnADVagBgxCe4RXenIHz4rw7H9PWJWcW4QH8gfP5AxqHjYY=</latexit>

23
<latexit sha1_base64="RrO7s5MpIgxIADz/06U7r34VfsQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyG+DgGvAheopgYSJYwO5lNhszOLjO9QlgCfoAXD4p49Y+8+TdOHgdNLGgoqrrp7goSKQy67reTW1ldW9/Ibxa2tnd294r7B00Tp5rxBotlrFsBNVwKxRsoUPJWojmNAskfguHVxH945NqIWN3jKOF+RPtKhIJRtNJdpdotltyyOwVZJt6clGCOerf41enFLI24QiapMW3PTdDPqEbBJB8XOqnhCWVD2udtSxWNuPGz6aVjcmKVHgljbUshmaq/JzIaGTOKAtsZURyYRW8i/ue1Uwwv/UyoJEWu2GxRmEqCMZm8TXpCc4ZyZAllWthbCRtQTRnacAo2BG/x5WXSrJS98/LZbbVUu3maxZGHIziGU/DgAmpwDXVoAIMQnuEV3pyh8+K8Ox+z1pwzj/AQ/sD5/AEcC42H</latexit>

24
<latexit sha1_base64="+zQnN3E/kJYpTqu0suQvxMN+lPA=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hd1g1GPAi+AlinlAsoTZyWwyZHZ2mekVwhLwA7x4UMSrf+TNv3HyOGhiQUNR1U13V5BIYdB1v52V1bX1jc3cVn57Z3dvv3Bw2DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDK8nfvORayNi9YCjhPsR7SsRCkbRSvflSrdQdEvuFGSZeHNShDlq3cJXpxezNOIKmaTGtD03QT+jGgWTfJzvpIYnlA1pn7ctVTTixs+ml47JqVV6JIy1LYVkqv6eyGhkzCgKbGdEcWAWvYn4n9dOMbzyM6GSFLlis0VhKgnGZPI26QnNGcqRJZRpYW8lbEA1ZWjDydsQvMWXl0mjXPIuSpW782L19mkWRw6O4QTOwINLqMIN1KAODEJ4hld4c4bOi/PufMxaV5x5hEfwB87nDx2PjYg=</latexit>

25


