
Plan For Today
Review Quiz

How should we measure the complexity of an algorithm?  (Big Oh)

Insertion Sort

Quicksort (if time)

Properties of sorting algorithms

Mergesort



Big Oh



Big Oh Motivation
We want a way to talk about how much time an algorithm takes to run as 
a function of the input size.

How much data can we process with this algorithm?

Can we sort a vector of a million elements?



Simple Definition
We could say that one algorithm is faster than another if it always runs in less
time, for every input length.

If                                             describe the running times as a function of 
the input length

f, g : {1, 2, 3, . . .} ! {1, 2, 3, . . .}
<latexit sha1_base64="OTobGhQrttJT04oroTnfFTXjEHE="></latexit><latexit sha1_base64="OTobGhQrttJT04oroTnfFTXjEHE="></latexit><latexit sha1_base64="OTobGhQrttJT04oroTnfFTXjEHE="></latexit><latexit sha1_base64="OTobGhQrttJT04oroTnfFTXjEHE="></latexit>

f  g () f(n)  g(n)
<latexit sha1_base64="ke/JvaKsNLMFdGaFPlf+Z9pYlNE=">AAACIXicdZDLSsNAFIYnXmu9RV12M1iEuimJCLosuOmygr1AE8pketIOnUzCzEQooQufxYVbfQx34k58CF/BSZuFtnpg4Jv/P2eY8wcJZ0o7zoe1tr6xubVd2inv7u0fHNpHxx0Vp5JCm8Y8lr2AKOBMQFszzaGXSCBRwKEbTG5yv3sPUrFY3OlpAn5ERoKFjBJtpIFdCbHHAY+wx8IQhzVxvrjnMLCrTt2ZF14Ft4AqKqo1sL+8YUzTCISmnCjVd51E+xmRmlEOs7KXKkgInZAR9A0KEoHys/kSM3xmlCEOY2mO0Hiu/pzISKTUNApMZ0T0WC17ufifl7+o/jL7qQ6v/YyJJNUg6OIXYcqxjnEeFx4yCVTzqQFCJTOLYDomklBtQi2bhNzlPFahc1F3nbp7e1ltNIusSqiCTlENuegKNVATtVAbUfSAntAzerEerVfrzXpftK5ZxcwJ+lXW5zc5YqGU</latexit><latexit sha1_base64="ke/JvaKsNLMFdGaFPlf+Z9pYlNE=">AAACIXicdZDLSsNAFIYnXmu9RV12M1iEuimJCLosuOmygr1AE8pketIOnUzCzEQooQufxYVbfQx34k58CF/BSZuFtnpg4Jv/P2eY8wcJZ0o7zoe1tr6xubVd2inv7u0fHNpHxx0Vp5JCm8Y8lr2AKOBMQFszzaGXSCBRwKEbTG5yv3sPUrFY3OlpAn5ERoKFjBJtpIFdCbHHAY+wx8IQhzVxvrjnMLCrTt2ZF14Ft4AqKqo1sL+8YUzTCISmnCjVd51E+xmRmlEOs7KXKkgInZAR9A0KEoHys/kSM3xmlCEOY2mO0Hiu/pzISKTUNApMZ0T0WC17ufifl7+o/jL7qQ6v/YyJJNUg6OIXYcqxjnEeFx4yCVTzqQFCJTOLYDomklBtQi2bhNzlPFahc1F3nbp7e1ltNIusSqiCTlENuegKNVATtVAbUfSAntAzerEerVfrzXpftK5ZxcwJ+lXW5zc5YqGU</latexit><latexit sha1_base64="ke/JvaKsNLMFdGaFPlf+Z9pYlNE=">AAACIXicdZDLSsNAFIYnXmu9RV12M1iEuimJCLosuOmygr1AE8pketIOnUzCzEQooQufxYVbfQx34k58CF/BSZuFtnpg4Jv/P2eY8wcJZ0o7zoe1tr6xubVd2inv7u0fHNpHxx0Vp5JCm8Y8lr2AKOBMQFszzaGXSCBRwKEbTG5yv3sPUrFY3OlpAn5ERoKFjBJtpIFdCbHHAY+wx8IQhzVxvrjnMLCrTt2ZF14Ft4AqKqo1sL+8YUzTCISmnCjVd51E+xmRmlEOs7KXKkgInZAR9A0KEoHys/kSM3xmlCEOY2mO0Hiu/pzISKTUNApMZ0T0WC17ufifl7+o/jL7qQ6v/YyJJNUg6OIXYcqxjnEeFx4yCVTzqQFCJTOLYDomklBtQi2bhNzlPFahc1F3nbp7e1ltNIusSqiCTlENuegKNVATtVAbUfSAntAzerEerVfrzXpftK5ZxcwJ+lXW5zc5YqGU</latexit><latexit sha1_base64="ke/JvaKsNLMFdGaFPlf+Z9pYlNE=">AAACIXicdZDLSsNAFIYnXmu9RV12M1iEuimJCLosuOmygr1AE8pketIOnUzCzEQooQufxYVbfQx34k58CF/BSZuFtnpg4Jv/P2eY8wcJZ0o7zoe1tr6xubVd2inv7u0fHNpHxx0Vp5JCm8Y8lr2AKOBMQFszzaGXSCBRwKEbTG5yv3sPUrFY3OlpAn5ERoKFjBJtpIFdCbHHAY+wx8IQhzVxvrjnMLCrTt2ZF14Ft4AqKqo1sL+8YUzTCISmnCjVd51E+xmRmlEOs7KXKkgInZAR9A0KEoHys/kSM3xmlCEOY2mO0Hiu/pzISKTUNApMZ0T0WC17ufifl7+o/jL7qQ6v/YyJJNUg6OIXYcqxjnEeFx4yCVTzqQFCJTOLYDomklBtQi2bhNzlPFahc1F3nbp7e1ltNIusSqiCTlENuegKNVATtVAbUfSAntAzerEerVfrzXpftK5ZxcwJ+lXW5zc5YqGU</latexit>

for every n = 1, 2, 3, . . .
<latexit sha1_base64="MX2x4t9LL+9cvUYL20VlIWo8X6U=">AAACGXicdVDLSsNAFJ3UV62vaJduBovgopSkCroRCm66rGAf0IYymUzaoZOZMDMRQuiXuHCrn+FO3LryK/wFJ20WavXAhcM5917uPX7MqNKO82GV1tY3NrfK25Wd3b39A/vwqKdEIjHpYsGEHPhIEUY56WqqGRnEkqDIZ6Tvz25yv39PpKKC3+k0Jl6EJpyGFCNtpLFd5fAaunXYrMPzOhyxQGg1tmtOw1kArhK3IDVQoDO2P0eBwElEuMYMKTV0nVh7GZKaYkbmlVGiSIzwDE3I0FCOIqK8bHH8HJ4aJYChkKa4hgv1+0SGIqXSyDedEdJT9dvLxf+8fKP6yxwmOrzyMsrjRBOOl1eECYNawDwmGFBJsGapIQhLah6BeIokwtqEWTEJub/zWCW9ZsN1Gu7tRa3VLrIqg2NwAs6ACy5BC7RBB3QBBil4BE/g2XqwXqxX623ZWrKKmSr4Aev9C+sdnkg=</latexit><latexit sha1_base64="MX2x4t9LL+9cvUYL20VlIWo8X6U=">AAACGXicdVDLSsNAFJ3UV62vaJduBovgopSkCroRCm66rGAf0IYymUzaoZOZMDMRQuiXuHCrn+FO3LryK/wFJ20WavXAhcM5917uPX7MqNKO82GV1tY3NrfK25Wd3b39A/vwqKdEIjHpYsGEHPhIEUY56WqqGRnEkqDIZ6Tvz25yv39PpKKC3+k0Jl6EJpyGFCNtpLFd5fAaunXYrMPzOhyxQGg1tmtOw1kArhK3IDVQoDO2P0eBwElEuMYMKTV0nVh7GZKaYkbmlVGiSIzwDE3I0FCOIqK8bHH8HJ4aJYChkKa4hgv1+0SGIqXSyDedEdJT9dvLxf+8fKP6yxwmOrzyMsrjRBOOl1eECYNawDwmGFBJsGapIQhLah6BeIokwtqEWTEJub/zWCW9ZsN1Gu7tRa3VLrIqg2NwAs6ACy5BC7RBB3QBBil4BE/g2XqwXqxX623ZWrKKmSr4Aev9C+sdnkg=</latexit><latexit sha1_base64="MX2x4t9LL+9cvUYL20VlIWo8X6U=">AAACGXicdVDLSsNAFJ3UV62vaJduBovgopSkCroRCm66rGAf0IYymUzaoZOZMDMRQuiXuHCrn+FO3LryK/wFJ20WavXAhcM5917uPX7MqNKO82GV1tY3NrfK25Wd3b39A/vwqKdEIjHpYsGEHPhIEUY56WqqGRnEkqDIZ6Tvz25yv39PpKKC3+k0Jl6EJpyGFCNtpLFd5fAaunXYrMPzOhyxQGg1tmtOw1kArhK3IDVQoDO2P0eBwElEuMYMKTV0nVh7GZKaYkbmlVGiSIzwDE3I0FCOIqK8bHH8HJ4aJYChkKa4hgv1+0SGIqXSyDedEdJT9dvLxf+8fKP6yxwmOrzyMsrjRBOOl1eECYNawDwmGFBJsGapIQhLah6BeIokwtqEWTEJub/zWCW9ZsN1Gu7tRa3VLrIqg2NwAs6ACy5BC7RBB3QBBil4BE/g2XqwXqxX623ZWrKKmSr4Aev9C+sdnkg=</latexit><latexit sha1_base64="MX2x4t9LL+9cvUYL20VlIWo8X6U=">AAACGXicdVDLSsNAFJ3UV62vaJduBovgopSkCroRCm66rGAf0IYymUzaoZOZMDMRQuiXuHCrn+FO3LryK/wFJ20WavXAhcM5917uPX7MqNKO82GV1tY3NrfK25Wd3b39A/vwqKdEIjHpYsGEHPhIEUY56WqqGRnEkqDIZ6Tvz25yv39PpKKC3+k0Jl6EJpyGFCNtpLFd5fAaunXYrMPzOhyxQGg1tmtOw1kArhK3IDVQoDO2P0eBwElEuMYMKTV0nVh7GZKaYkbmlVGiSIzwDE3I0FCOIqK8bHH8HJ4aJYChkKa4hgv1+0SGIqXSyDedEdJT9dvLxf+8fKP6yxwmOrzyMsrjRBOOl1eECYNawDwmGFBJsGapIQhLah6BeIokwtqEWTEJub/zWCW9ZsN1Gu7tRa3VLrIqg2NwAs6ACy5BC7RBB3QBBil4BE/g2XqwXqxX623ZWrKKmSr4Aev9C+sdnkg=</latexit>

What is the shortcoming of this definition?



Small Size Effects

Which algorithm is better?

Leetcode 217:
Contains Duplicate



Small Size Effects

How about now?

Leetcode 217:
Contains Duplicate



LARGE problem sizes
Big Oh ignores small size effects.

If                                             describe the running times as a function of 
the input length, say that

f, g : {1, 2, 3, . . .} ! {1, 2, 3, . . .}
<latexit sha1_base64="OTobGhQrttJT04oroTnfFTXjEHE="></latexit><latexit sha1_base64="OTobGhQrttJT04oroTnfFTXjEHE="></latexit><latexit sha1_base64="OTobGhQrttJT04oroTnfFTXjEHE="></latexit><latexit sha1_base64="OTobGhQrttJT04oroTnfFTXjEHE="></latexit>

there is some size       such that                      for all            .

It only cares about running time as the problem size becomes VERY big 
(goes to infinity).

New Attempt:

<latexit sha1_base64="kkx8SQIsKzqDKu+VYhDhna8lf04=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCFy9CBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBortUPSE0iG/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVe+qWnu4rNTv8ziKcAKncA4eXEMd7qABTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wd7JI8P</latexit>

f  g <latexit sha1_base64="YvMY8f/629cLnob/Ish7N2GrJo8=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAixchgjGBZAmzk9lkyDyWmVkhLPkFLx4U8eoPefNvnE32oIkFDUVVN91dUcKZsb7/7ZVWVtfWN8qbla3tnd296v7Bo1GpJrRFFFe6E2FDOZO0ZZnltJNoikXEaTsa3+R++4lqw5R8sJOEhgIPJYsZwTaXeiyO+9WaX/dnQMskKEgNCjT71a/eQJFUUGkJx8Z0Az+xYYa1ZYTTaaWXGppgMsZD2nVUYkFNmM1unaITpwxQrLQradFM/T2RYWHMRESuU2A7MoteLv7ndVMbX4cZk0lqqSTzRXHKkVUofxwNmKbE8okjmGjmbkVkhDUm1sVTcSEEiy8vk8ezenBZv7g/rzXuijjKcATHcAoBXEEDbqEJLSAwgmd4hTdPeC/eu/cxby15xcwh/IH3+QMH145I</latexit>() <latexit sha1_base64="SwV29k41aLVnLeIvrkieiJ7rxHw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAixchonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqt564NiJWjzhOuB/RgRKhYBSt9KB6bq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3qX1Yv780rtLo+jCEdwDKfgwRXU4Bbq0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz8Bf42q</latexit>n0
<latexit sha1_base64="efwx5+lIEE6Rn/RJv7u1uUehFFY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAixchgnlIsoTZSW8yZHZ2mZkVwpKv8OJBEa9+jjf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5YMYJ+hEdSB5yRo2VHiXpDpDIntsrV9yqOwNZJl5OKpCj3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTwhJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1ITXfsZlkhqUbL4oTAUxMZl+T/pcITNibAllittbCRtSRZmxGZVsCN7iy8ukeVb1LqsX9+eV2l0eRxGO4BhOwYMrqMEt1KEBDCJ4hld4c5Tz4rw7H/PWgpPPHMIfOJ8/sgGPvA==</latexit>

n � n0
<latexit sha1_base64="yeYsl4/0myH9IebQpsJXvmoBcsU=">AAAB9HicbZDLSgMxFIbPeK31VnXpJliEuikz4m1ZcONGqGAv0A4lk55pQzOZMckUSulzuHGhiFsfxp1vY9rOQlt/CHz85xzOyR8kgmvjut/Oyura+sZmbiu/vbO7t184OKzrOFUMaywWsWoGVKPgEmuGG4HNRCGNAoGNYHA7rTeGqDSP5aMZJehHtCd5yBk11vLDkjwjbYGkZ6FTKLpldyayDF4GRchU7RS+2t2YpRFKwwTVuuW5ifHHVBnOBE7y7VRjQtmA9rBlUdIItT+eHT0hp9bpkjBW9klDZu7viTGNtB5Fge2MqOnrxdrU/K/WSk1444+5TFKDks0XhakgJibTBEiXK2RGjCxQpri9lbA+VZQZm1PehuAtfnkZ6udl76p8+XBRrNxnceTgGE6gBB5cQwXuoAo1YPAEz/AKb87QeXHenY9564qTzRzBHzmfP6wakMk=</latexit>

f(n)  g(n)



Ignore Constant factors

We had to do some work to compute this sum

The second simplification big Oh makes is that it ignores constant factors.

<latexit sha1_base64="V4P6ODgfwpMPQ5+7p/TyQlSnxYo=">AAACHnicbVDLSgMxFM34rPVVdekmWISKWGeKVZcFN26ECvYB7VAymUwbmkmGJCOU0i9x46+4caGI4Er/xsx0FrX1wiUn59xDco8XMaq0bf9YS8srq2vruY385tb2zm5hb7+pRCwxaWDBhGx7SBFGOWloqhlpR5Kg0GOk5Q1vEr31SKSigj/oUUTcEPU5DShG2lC9QtWBp7Biuot9oZUB/Dy5lqaHczIrlfhZShhf0S7bacFF4GSgCLKq9wpfXV/gOCRcY4aU6jh2pN0xkppiRib5bqxIhPAQ9UnHQI5Cotxxut4EHhvGh4GQprmGKTvrGKNQqVHomckQ6YGa1xLyP60T6+DaHVMexZpwPH0oiBnUAiZZQZ9KgjUbGYCwpOavEA+QRFibRPMmBGd+5UXQrJSdy3L1/qJYu8viyIFDcARKwAFXoAZuQR00AAZP4AW8gXfr2Xq1PqzP6eiSlXkOwJ+yvn8BMFqbKg==</latexit>

1 + 2 + · · ·+ n/2 + (n/2 + 1) + · · ·+ (n� 1) + n

It is much easier to see that it is at most       and at least          .
<latexit sha1_base64="1z6pdapCOamMaVcw22f6Vwpzepw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eAFy9CRPOAZA2zk0kyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB00saCiquunuCmIpDLrut5NbWV1b38hvFra2d3b3ivsHDRMlmvE6i2SkWwE1XArF6yhQ8lasOQ0DyZvB6HrqN5+4NiJSDziOuR/SgRJ9wSha6V49VrrFklt2ZyDLxMtICTLUusWvTi9iScgVMkmNaXtujH5KNQom+aTQSQyPKRvRAW9bqmjIjZ/OTp2QE6v0SD/SthSSmfp7IqWhMeMwsJ0hxaFZ9Kbif147wf6VnwoVJ8gVmy/qJ5JgRKZ/k57QnKEcW0KZFvZWwoZUU4Y2nYINwVt8eZk0KmXvonx+d1aq3mZx5OEIjuEUPLiEKtxADerAYADP8ApvjnRenHfnY96ac7KZQ/gD5/MHAwKNqw==</latexit>

n2
<latexit sha1_base64="Hy2I/hv8NtHT6QyN7SvuuzA4/Uw=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4qrulfhwLXrwIFdy20K4lm2bb0GyyJFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjsrq2vrG5uFreL2zu7efungsKllqgj1ieRStUOsKWeC+oYZTtuJojgOOW2Fo5up33qiSjMpHsw4oUGMB4JFjGBjJV88Vs9rvVLZrbgzoGXi5aQMORq90le3L0kaU2EIx1p3PDcxQYaVYYTTSbGbappgMsID2rFU4JjqIJsdO0GnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTT9HfaYoMXxsCSaK2VsRGWKFibH5FG0I3uLLy6RZrXiXlYv7Wrl+l8dRgGM4gTPw4ArqcAsN8IEAg2d4hTdHOC/Ou/Mxb11x8pkj+APn8wflC44i</latexit>

n2/4

Without knowing tiny details of an algorithm’s implementation and the 
machine it is running on we can’t hope to predict running time better than 
up to a constant factor.



Relaxation 2
If                                             describe the running times as a function of 
the input length

f, g : {1, 2, 3, . . .} ! {1, 2, 3, . . .}
<latexit sha1_base64="OTobGhQrttJT04oroTnfFTXjEHE="></latexit><latexit sha1_base64="OTobGhQrttJT04oroTnfFTXjEHE="></latexit><latexit sha1_base64="OTobGhQrttJT04oroTnfFTXjEHE="></latexit><latexit sha1_base64="OTobGhQrttJT04oroTnfFTXjEHE="></latexit>

for all large enough    .n
<latexit sha1_base64="MCxx0z/2WmG+jXg75dhLryEHuC8=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAlxwTMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96l/mdB1SaR/LezGIchHQsecAZNVZqymG54lbdBcg68XJSgRyNYfmrP4pYEqI0TFCte54bm0FKleFM4LzUTzTGlE3pGHuWShqiHqSLQ+fkwiojEkTKljRkof6cSGmo9Sz0bWdIzUSvepn4n5dt1H+ZvcQEt4OUyzgxKNnyiiARxEQki4SMuEJmxMwSyhS3jxA2oYoyY4Mr2YS81TzWSfuq6rlVr3ldqdXzrIpwBudwCR7cQA3q0IAWMEB4gmd4cR6dV+fNeV+2Fpx85hR+wfn4BmX8mOo=</latexit><latexit sha1_base64="MCxx0z/2WmG+jXg75dhLryEHuC8=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAlxwTMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96l/mdB1SaR/LezGIchHQsecAZNVZqymG54lbdBcg68XJSgRyNYfmrP4pYEqI0TFCte54bm0FKleFM4LzUTzTGlE3pGHuWShqiHqSLQ+fkwiojEkTKljRkof6cSGmo9Sz0bWdIzUSvepn4n5dt1H+ZvcQEt4OUyzgxKNnyiiARxEQki4SMuEJmxMwSyhS3jxA2oYoyY4Mr2YS81TzWSfuq6rlVr3ldqdXzrIpwBudwCR7cQA3q0IAWMEB4gmd4cR6dV+fNeV+2Fpx85hR+wfn4BmX8mOo=</latexit><latexit sha1_base64="MCxx0z/2WmG+jXg75dhLryEHuC8=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAlxwTMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96l/mdB1SaR/LezGIchHQsecAZNVZqymG54lbdBcg68XJSgRyNYfmrP4pYEqI0TFCte54bm0FKleFM4LzUTzTGlE3pGHuWShqiHqSLQ+fkwiojEkTKljRkof6cSGmo9Sz0bWdIzUSvepn4n5dt1H+ZvcQEt4OUyzgxKNnyiiARxEQki4SMuEJmxMwSyhS3jxA2oYoyY4Mr2YS81TzWSfuq6rlVr3ldqdXzrIpwBudwCR7cQA3q0IAWMEB4gmd4cR6dV+fNeV+2Fpx85hR+wfn4BmX8mOo=</latexit><latexit sha1_base64="MCxx0z/2WmG+jXg75dhLryEHuC8=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAlxwTMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96l/mdB1SaR/LezGIchHQsecAZNVZqymG54lbdBcg68XJSgRyNYfmrP4pYEqI0TFCte54bm0FKleFM4LzUTzTGlE3pGHuWShqiHqSLQ+fkwiojEkTKljRkof6cSGmo9Sz0bWdIzUSvepn4n5dt1H+ZvcQEt4OUyzgxKNnyiiARxEQki4SMuEJmxMwSyhS3jxA2oYoyY4Mr2YS81TzWSfuq6rlVr3ldqdXzrIpwBudwCR7cQA3q0IAWMEB4gmd4cR6dV+fNeV+2Fpx85hR+wfn4BmX8mOo=</latexit>

We forgive constant factors:           if and only if for some constant f  g
<latexit sha1_base64="iZIPUAvCo30c61prvAiMOMamwjA=">AAACKXicdVDLSsNAFJ34rPFVdelmsBTqpiQi6LLgpssK9gFNKZPJTDp0MgkzE6GEfoDf4sKtfoY7desH+AtO0iy01QMDh3POvcw9fsKZ0o7zbq2tb2xubVd27N29/YPD6tFxT8WpxKSLYx7LgY8U4UyQrmaak0EiCYp8Tvr+9Cb3+/dEKhaLOz1LyChCoWCUYaSNNK7WKPQ4gaFd9xilkDbEeSFg6OEg1jA0gkk5TacAXCVuSWqgRGdc/fKCGKcRERpzpNTQdRI9ypDUDHMyt71UkQThKQrJ0FCBIqJGWXHMHNaNEkAaS/OEhoX6cyJDkVKzyDfJCOmJWvZy8T8v36j+MoepptejjIkk1UTgxS9oyqGOYV4bDJgkWPOZIQhLZg6BeIIkwtqUa5uG3OU+Vknvouk6Tff2stZql11VwCk4Aw3ggivQAm3QAV2AwQN4As/gxXq0Xq0362MRXbPKmRPwC9bnN+L7pHw=</latexit><latexit sha1_base64="iZIPUAvCo30c61prvAiMOMamwjA=">AAACKXicdVDLSsNAFJ34rPFVdelmsBTqpiQi6LLgpssK9gFNKZPJTDp0MgkzE6GEfoDf4sKtfoY7desH+AtO0iy01QMDh3POvcw9fsKZ0o7zbq2tb2xubVd27N29/YPD6tFxT8WpxKSLYx7LgY8U4UyQrmaak0EiCYp8Tvr+9Cb3+/dEKhaLOz1LyChCoWCUYaSNNK7WKPQ4gaFd9xilkDbEeSFg6OEg1jA0gkk5TacAXCVuSWqgRGdc/fKCGKcRERpzpNTQdRI9ypDUDHMyt71UkQThKQrJ0FCBIqJGWXHMHNaNEkAaS/OEhoX6cyJDkVKzyDfJCOmJWvZy8T8v36j+MoepptejjIkk1UTgxS9oyqGOYV4bDJgkWPOZIQhLZg6BeIIkwtqUa5uG3OU+Vknvouk6Tff2stZql11VwCk4Aw3ggivQAm3QAV2AwQN4As/gxXq0Xq0362MRXbPKmRPwC9bnN+L7pHw=</latexit><latexit sha1_base64="iZIPUAvCo30c61prvAiMOMamwjA=">AAACKXicdVDLSsNAFJ34rPFVdelmsBTqpiQi6LLgpssK9gFNKZPJTDp0MgkzE6GEfoDf4sKtfoY7desH+AtO0iy01QMDh3POvcw9fsKZ0o7zbq2tb2xubVd27N29/YPD6tFxT8WpxKSLYx7LgY8U4UyQrmaak0EiCYp8Tvr+9Cb3+/dEKhaLOz1LyChCoWCUYaSNNK7WKPQ4gaFd9xilkDbEeSFg6OEg1jA0gkk5TacAXCVuSWqgRGdc/fKCGKcRERpzpNTQdRI9ypDUDHMyt71UkQThKQrJ0FCBIqJGWXHMHNaNEkAaS/OEhoX6cyJDkVKzyDfJCOmJWvZy8T8v36j+MoepptejjIkk1UTgxS9oyqGOYV4bDJgkWPOZIQhLZg6BeIIkwtqUa5uG3OU+Vknvouk6Tff2stZql11VwCk4Aw3ggivQAm3QAV2AwQN4As/gxXq0Xq0362MRXbPKmRPwC9bnN+L7pHw=</latexit><latexit sha1_base64="iZIPUAvCo30c61prvAiMOMamwjA=">AAACKXicdVDLSsNAFJ34rPFVdelmsBTqpiQi6LLgpssK9gFNKZPJTDp0MgkzE6GEfoDf4sKtfoY7desH+AtO0iy01QMDh3POvcw9fsKZ0o7zbq2tb2xubVd27N29/YPD6tFxT8WpxKSLYx7LgY8U4UyQrmaak0EiCYp8Tvr+9Cb3+/dEKhaLOz1LyChCoWCUYaSNNK7WKPQ4gaFd9xilkDbEeSFg6OEg1jA0gkk5TacAXCVuSWqgRGdc/fKCGKcRERpzpNTQdRI9ypDUDHMyt71UkQThKQrJ0FCBIqJGWXHMHNaNEkAaS/OEhoX6cyJDkVKzyDfJCOmJWvZy8T8v36j+MoepptejjIkk1UTgxS9oyqGOYV4bDJgkWPOZIQhLZg6BeIIkwtqUa5uG3OU+Vknvouk6Tff2stZql11VwCk4Aw3ggivQAm3QAV2AwQN4As/gxXq0Xq0362MRXbPKmRPwC9bnN+L7pHw=</latexit>

c > 0
<latexit sha1_base64="7ZYlwjp7MO29rqf8inhIUbZz/0k=">AAACJ3icdVDLSsNAFJ34rPEVdelmtBTqpiQi6EoKbrqsYB/QhDKZTtqhk5kwMxFK6NpvceFWP8Od6NIv8BectFloqwcuHM6593LvCRNGlXbdD2tldW19Y7O0ZW/v7O7tOweHbSVSiUkLCyZkN0SKMMpJS1PNSDeRBMUhI51wfJP7nXsiFRX8Tk8SEsRoyGlEMdJG6jsnGF5D1674NIpgVOVn0GcEYujjgdBwaIS+U3Zr7gxwmXgFKYMCzb7z5Q8ETmPCNWZIqZ7nJjrIkNQUMzK1/VSRBOExGpKeoRzFRAXZ7JUprBhlACMhTXENZ+rPiQzFSk3i0HTGSI/UopeL/3n5RvWX2Ut1dBVklCepJhzPr4hSBrWAeWhwQCXBmk0MQVhS8wjEIyQR1iZa2yTkLeaxTNrnNc+tebcX5XqjyKoEjsEpqAIPXII6aIAmaAEMHsATeAYv1qP1ar1Z7/PWFauYOQK/YH1+A4+8oz8=</latexit><latexit sha1_base64="7ZYlwjp7MO29rqf8inhIUbZz/0k=">AAACJ3icdVDLSsNAFJ34rPEVdelmtBTqpiQi6EoKbrqsYB/QhDKZTtqhk5kwMxFK6NpvceFWP8Od6NIv8BectFloqwcuHM6593LvCRNGlXbdD2tldW19Y7O0ZW/v7O7tOweHbSVSiUkLCyZkN0SKMMpJS1PNSDeRBMUhI51wfJP7nXsiFRX8Tk8SEsRoyGlEMdJG6jsnGF5D1674NIpgVOVn0GcEYujjgdBwaIS+U3Zr7gxwmXgFKYMCzb7z5Q8ETmPCNWZIqZ7nJjrIkNQUMzK1/VSRBOExGpKeoRzFRAXZ7JUprBhlACMhTXENZ+rPiQzFSk3i0HTGSI/UopeL/3n5RvWX2Ut1dBVklCepJhzPr4hSBrWAeWhwQCXBmk0MQVhS8wjEIyQR1iZa2yTkLeaxTNrnNc+tebcX5XqjyKoEjsEpqAIPXII6aIAmaAEMHsATeAYv1qP1ar1Z7/PWFauYOQK/YH1+A4+8oz8=</latexit><latexit sha1_base64="7ZYlwjp7MO29rqf8inhIUbZz/0k=">AAACJ3icdVDLSsNAFJ34rPEVdelmtBTqpiQi6EoKbrqsYB/QhDKZTtqhk5kwMxFK6NpvceFWP8Od6NIv8BectFloqwcuHM6593LvCRNGlXbdD2tldW19Y7O0ZW/v7O7tOweHbSVSiUkLCyZkN0SKMMpJS1PNSDeRBMUhI51wfJP7nXsiFRX8Tk8SEsRoyGlEMdJG6jsnGF5D1674NIpgVOVn0GcEYujjgdBwaIS+U3Zr7gxwmXgFKYMCzb7z5Q8ETmPCNWZIqZ7nJjrIkNQUMzK1/VSRBOExGpKeoRzFRAXZ7JUprBhlACMhTXENZ+rPiQzFSk3i0HTGSI/UopeL/3n5RvWX2Ut1dBVklCepJhzPr4hSBrWAeWhwQCXBmk0MQVhS8wjEIyQR1iZa2yTkLeaxTNrnNc+tebcX5XqjyKoEjsEpqAIPXII6aIAmaAEMHsATeAYv1qP1ar1Z7/PWFauYOQK/YH1+A4+8oz8=</latexit><latexit sha1_base64="7ZYlwjp7MO29rqf8inhIUbZz/0k=">AAACJ3icdVDLSsNAFJ34rPEVdelmtBTqpiQi6EoKbrqsYB/QhDKZTtqhk5kwMxFK6NpvceFWP8Od6NIv8BectFloqwcuHM6593LvCRNGlXbdD2tldW19Y7O0ZW/v7O7tOweHbSVSiUkLCyZkN0SKMMpJS1PNSDeRBMUhI51wfJP7nXsiFRX8Tk8SEsRoyGlEMdJG6jsnGF5D1674NIpgVOVn0GcEYujjgdBwaIS+U3Zr7gxwmXgFKYMCzb7z5Q8ETmPCNWZIqZ7nJjrIkNQUMzK1/VSRBOExGpKeoRzFRAXZ7JUprBhlACMhTXENZ+rPiQzFSk3i0HTGSI/UopeL/3n5RvWX2Ut1dBVklCepJhzPr4hSBrWAeWhwQCXBmk0MQVhS8wjEIyQR1iZa2yTkLeaxTNrnNc+tebcX5XqjyKoEjsEpqAIPXII6aIAmaAEMHsATeAYv1qP1ar1Z7/PWFauYOQK/YH1+A4+8oz8=</latexit>

f(n)  c · g(n)
<latexit sha1_base64="oYv4dnEkP+tT0FZDHjMONgAL968=">AAACInicdVDLSsNAFJ34rPEVdamLwVKom5KIoCspuOmygn1AG8pkMmmHTmbCzEQooRu/xYVb/Qx34krwH/wFJ20W2uqBC4dz7r3ce4KEUaVd98NaWV1b39gsbdnbO7t7+87BYVuJVGLSwoIJ2Q2QIoxy0tJUM9JNJEFxwEgnGN/kfueeSEUFv9OThPgxGnIaUYy0kQbOSQXDa+jaUZWfwT4jEMM+DoWGQyMMnLJbc2eAy8QrSBkUaA6cr34ocBoTrjFDSvU8N9F+hqSmmJGp3U8VSRAeoyHpGcpRTJSfzb6YwopRQhgJaYprOFN/TmQoVmoSB6YzRnqkFr1c/M/LN6q/zF6qoys/ozxJNeF4fkWUMqgFzPOCIZUEazYxBGFJzSMQj5BEWJtUbZOQt5jHMmmf1zy35t1elOuNIqsSOAanoAo8cAnqoAGaoAUweABP4Bm8WI/Wq/Vmvc9bV6xi5gj8gvX5DeWOoVw=</latexit><latexit sha1_base64="oYv4dnEkP+tT0FZDHjMONgAL968=">AAACInicdVDLSsNAFJ34rPEVdamLwVKom5KIoCspuOmygn1AG8pkMmmHTmbCzEQooRu/xYVb/Qx34krwH/wFJ20W2uqBC4dz7r3ce4KEUaVd98NaWV1b39gsbdnbO7t7+87BYVuJVGLSwoIJ2Q2QIoxy0tJUM9JNJEFxwEgnGN/kfueeSEUFv9OThPgxGnIaUYy0kQbOSQXDa+jaUZWfwT4jEMM+DoWGQyMMnLJbc2eAy8QrSBkUaA6cr34ocBoTrjFDSvU8N9F+hqSmmJGp3U8VSRAeoyHpGcpRTJSfzb6YwopRQhgJaYprOFN/TmQoVmoSB6YzRnqkFr1c/M/LN6q/zF6qoys/ozxJNeF4fkWUMqgFzPOCIZUEazYxBGFJzSMQj5BEWJtUbZOQt5jHMmmf1zy35t1elOuNIqsSOAanoAo8cAnqoAGaoAUweABP4Bm8WI/Wq/Vmvc9bV6xi5gj8gvX5DeWOoVw=</latexit><latexit sha1_base64="oYv4dnEkP+tT0FZDHjMONgAL968=">AAACInicdVDLSsNAFJ34rPEVdamLwVKom5KIoCspuOmygn1AG8pkMmmHTmbCzEQooRu/xYVb/Qx34krwH/wFJ20W2uqBC4dz7r3ce4KEUaVd98NaWV1b39gsbdnbO7t7+87BYVuJVGLSwoIJ2Q2QIoxy0tJUM9JNJEFxwEgnGN/kfueeSEUFv9OThPgxGnIaUYy0kQbOSQXDa+jaUZWfwT4jEMM+DoWGQyMMnLJbc2eAy8QrSBkUaA6cr34ocBoTrjFDSvU8N9F+hqSmmJGp3U8VSRAeoyHpGcpRTJSfzb6YwopRQhgJaYprOFN/TmQoVmoSB6YzRnqkFr1c/M/LN6q/zF6qoys/ozxJNeF4fkWUMqgFzPOCIZUEazYxBGFJzSMQj5BEWJtUbZOQt5jHMmmf1zy35t1elOuNIqsSOAanoAo8cAnqoAGaoAUweABP4Bm8WI/Wq/Vmvc9bV6xi5gj8gvX5DeWOoVw=</latexit><latexit sha1_base64="oYv4dnEkP+tT0FZDHjMONgAL968=">AAACInicdVDLSsNAFJ34rPEVdamLwVKom5KIoCspuOmygn1AG8pkMmmHTmbCzEQooRu/xYVb/Qx34krwH/wFJ20W2uqBC4dz7r3ce4KEUaVd98NaWV1b39gsbdnbO7t7+87BYVuJVGLSwoIJ2Q2QIoxy0tJUM9JNJEFxwEgnGN/kfueeSEUFv9OThPgxGnIaUYy0kQbOSQXDa+jaUZWfwT4jEMM+DoWGQyMMnLJbc2eAy8QrSBkUaA6cr34ocBoTrjFDSvU8N9F+hqSmmJGp3U8VSRAeoyHpGcpRTJSfzb6YwopRQhgJaYprOFN/TmQoVmoSB6YzRnqkFr1c/M/LN6q/zF6qoys/ozxJNeF4fkWUMqgFzPOCIZUEazYxBGFJzSMQj5BEWJtUbZOQt5jHMmmf1zy35t1elOuNIqsSOAanoAo8cAnqoAGaoAUweABP4Bm8WI/Wq/Vmvc9bV6xi5gj8gvX5DeWOoVw=</latexit>

This is exactly the definition of big Oh.  In this case we say                      .f(n) = O(g(n))
<latexit sha1_base64="fePbVNLnfhH3cTTL+sWHdd5+maA=">AAACG3icdZDNSsNAFIVv6l+Nf1Vx5WawFNpNSUTQjVJw050VbCu0oUymk3boZBJmJkIJfRQXbvUx3IlbFz6Fr+Ck7UJbvTDwcc69lzvHjzlT2nE+rdzK6tr6Rn7T3tre2d0r7B+0VJRIQpsk4pG897GinAna1Exzeh9LikOf07Y/us789gOVikXiTo9j6oV4IFjACNZG6hWOSgRdIccOyqKCLtFNeWCg0isUnaozLbQM7hyKMK9Gr/DV7UckCanQhGOlOq4Tay/FUjPC6cTuJorGmIzwgHYMChxS5aXT8yeoZJQ+CiJpntBoqv6cSHGo1Dj0TWeI9VAtepn4n5dtVH+ZnUQHF17KRJxoKsjsiiDhSEcoCwr1maRE87EBTCQzH0FkiCUm2sRpm4TcxTyWoXVadZ2qe3tWrNXnWeXhGE6gDC6cQw3q0IAmEEjhCZ7hxXq0Xq03633WmrPmM4fwq6yPb9eKnh0=</latexit><latexit sha1_base64="fePbVNLnfhH3cTTL+sWHdd5+maA=">AAACG3icdZDNSsNAFIVv6l+Nf1Vx5WawFNpNSUTQjVJw050VbCu0oUymk3boZBJmJkIJfRQXbvUx3IlbFz6Fr+Ck7UJbvTDwcc69lzvHjzlT2nE+rdzK6tr6Rn7T3tre2d0r7B+0VJRIQpsk4pG897GinAna1Exzeh9LikOf07Y/us789gOVikXiTo9j6oV4IFjACNZG6hWOSgRdIccOyqKCLtFNeWCg0isUnaozLbQM7hyKMK9Gr/DV7UckCanQhGOlOq4Tay/FUjPC6cTuJorGmIzwgHYMChxS5aXT8yeoZJQ+CiJpntBoqv6cSHGo1Dj0TWeI9VAtepn4n5dtVH+ZnUQHF17KRJxoKsjsiiDhSEcoCwr1maRE87EBTCQzH0FkiCUm2sRpm4TcxTyWoXVadZ2qe3tWrNXnWeXhGE6gDC6cQw3q0IAmEEjhCZ7hxXq0Xq03633WmrPmM4fwq6yPb9eKnh0=</latexit><latexit sha1_base64="fePbVNLnfhH3cTTL+sWHdd5+maA=">AAACG3icdZDNSsNAFIVv6l+Nf1Vx5WawFNpNSUTQjVJw050VbCu0oUymk3boZBJmJkIJfRQXbvUx3IlbFz6Fr+Ck7UJbvTDwcc69lzvHjzlT2nE+rdzK6tr6Rn7T3tre2d0r7B+0VJRIQpsk4pG897GinAna1Exzeh9LikOf07Y/us789gOVikXiTo9j6oV4IFjACNZG6hWOSgRdIccOyqKCLtFNeWCg0isUnaozLbQM7hyKMK9Gr/DV7UckCanQhGOlOq4Tay/FUjPC6cTuJorGmIzwgHYMChxS5aXT8yeoZJQ+CiJpntBoqv6cSHGo1Dj0TWeI9VAtepn4n5dtVH+ZnUQHF17KRJxoKsjsiiDhSEcoCwr1maRE87EBTCQzH0FkiCUm2sRpm4TcxTyWoXVadZ2qe3tWrNXnWeXhGE6gDC6cQw3q0IAmEEjhCZ7hxXq0Xq03633WmrPmM4fwq6yPb9eKnh0=</latexit><latexit sha1_base64="fePbVNLnfhH3cTTL+sWHdd5+maA=">AAACG3icdZDNSsNAFIVv6l+Nf1Vx5WawFNpNSUTQjVJw050VbCu0oUymk3boZBJmJkIJfRQXbvUx3IlbFz6Fr+Ck7UJbvTDwcc69lzvHjzlT2nE+rdzK6tr6Rn7T3tre2d0r7B+0VJRIQpsk4pG897GinAna1Exzeh9LikOf07Y/us789gOVikXiTo9j6oV4IFjACNZG6hWOSgRdIccOyqKCLtFNeWCg0isUnaozLbQM7hyKMK9Gr/DV7UckCanQhGOlOq4Tay/FUjPC6cTuJorGmIzwgHYMChxS5aXT8yeoZJQ+CiJpntBoqv6cSHGo1Dj0TWeI9VAtepn4n5dtVH+ZnUQHF17KRJxoKsjsiiDhSEcoCwr1maRE87EBTCQzH0FkiCUm2sRpm4TcxTyWoXVadZ2qe3tWrNXnWeXhGE6gDC6cQw3q0IAmEEjhCZ7hxXq0Xq03633WmrPmM4fwq6yPb9eKnh0=</latexit>



Sufficient Condition

Look at the ratio          .  If there is a constant     such that 

<latexit sha1_base64="+EJ3TmhNErasR769SP0nOEVVVUw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoivpYFN26ECvYBbSiT6aQdOpmEmYlSYj/FjQtF3Pol7vwbJ20W2nrgXg7n3MvcOX7MmdKO820VVlbX1jeKm6Wt7Z3dPbu831JRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P77O/PYDlYpF4l5PYuqFeChYwAjWRurb5V4gMUmDqjiZpsOs9+2KU3NmQMvEzUkFcjT69ldvEJEkpEITjpXquk6svRRLzQin01IvUTTGZIyHtGuowCFVXjo7fYqOjTJAQSRNCY1m6u+NFIdKTULfTIZYj9Sil4n/ed1EB1deykScaCrI/KEg4UhHKMsBDZikRPOJIZhIZm5FZIRNFtqkVTIhuItfXiat05p7UTu/O6vUb/M4inAIR1AFFy6hDjfQgCYQeIRneIU368l6sd6tj/lowcp3DuAPrM8flzyTnQ==</latexit>

f(n)

g(n)
<latexit sha1_base64="X8wvidL04VLkZE/Y2b9i+Yg2UKs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx48SIkYB6QLGF20puMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZKddYrld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IQ3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeV7xriqX9Yty9T6PowDHcAJn4ME1VOEOatAABgjP8ApvzqPz4rw7H/PWFSefOYI/cD5/AMz0jPw=</latexit>c

then                           .
<latexit sha1_base64="WPS8VCHAgtk7etfkAhPgm5EGPsY=">AAAB9XicbZDLSsNAFIZP6q3WW9Slm8EitJuSiLeNUHDjRqxgL9DGMplO2qGTSZiZKCX0Pdy4UMSt7+LOt3HaZqGtPwx8/OcczpnfjzlT2nG+rdzS8srqWn69sLG5tb1j7+41VJRIQusk4pFs+VhRzgSta6Y5bcWS4tDntOkPryb15iOVikXiXo9i6oW4L1jACNbGeghKoowu0W2pb6DctYtOxZkKLYKbQREy1br2V6cXkSSkQhOOlWq7Tqy9FEvNCKfjQidRNMZkiPu0bVDgkCovnV49RkfG6aEgkuYJjabu74kUh0qNQt90hlgP1HxtYv5Xayc6uPBSJuJEU0Fmi4KEIx2hSQSoxyQlmo8MYCKZuRWRAZaYaBNUwYTgzn95ERrHFfescnp3UqzeZHHk4QAOoQQunEMVrqEGdSAg4Rle4c16sl6sd+tj1pqzspl9+CPr8wdYJpCD</latexit>

f(n) = O(g(n))

<latexit sha1_base64="c5ZY92x9NwVVyjle3sYQoVvw/5A=">AAACHXicbVDLSsNAFJ34rPUVdelmsAh1UxKpj2XBjRuhgn1AU8pkOkmHTiZh5kYpoT/ixl9x40IRF27Ev3HSdqGtB+7lcM69zNzjJ4JrcJxva2l5ZXVtvbBR3Nza3tm19/abOk4VZQ0ai1i1faKZ4JI1gINg7UQxEvmCtfzhVe637pnSPJZ3MEpYNyKh5AGnBIzUs6ue4FEvk9hTPBwAUSp+wB6XAYzGuOgFitAsKMuTcRbmHXuCYdqzS07FmQAvEndGSmiGes/+9PoxTSMmgQqidcd1EuhmRAGngo2LXqpZQuiQhKxjqCQR091sct0YHxulj4NYmZKAJ+rvjYxEWo8i30xGBAZ63svF/7xOCsFlN+MySYFJOn0oSAWGGOdR4T5XjIIYGUKo4uavmA6ISQRMoEUTgjt/8iJpnlbc88rZbbVUu5nFUUCH6AiVkYsuUA1dozpqIIoe0TN6RW/Wk/VivVsf09Ela7ZzgP7A+voB1aGhww==</latexit>

lim
n!1

f(n)

g(n)
 c



Questions

True or False:
<latexit sha1_base64="gET7KSQlv7rG9DPgKmbSIGIEmrA=">AAAB8nicbVDJSgNBEK1xjXGLevTSGIR4CTPidhECXryIEcwCyRB6Oj1Jk56eobtGCEM+w4sHRbz6Nd78GzvLQRMfNDzeq6quekEihUHX/XaWlldW19ZzG/nNre2d3cLeft3EqWa8xmIZ62ZADZdC8RoKlLyZaE6jQPJGMLgZ+40nro2I1SMOE+5HtKdEKBhFK7U811XkmtyX1EmnUHTL7gRkkXgzUoQZqp3CV7sbszTiCpmkxthhCfoZ1SiY5KN8OzU8oWxAe7xlqaIRN342WXlEjq3SJWGs7VNIJurvjoxGxgyjwFZGFPtm3huL/3mtFMMrPxMqSZErNv0oTCXBmIzvJ12hOUM5tIQyLeyuhPWppgxtSnkbgjd/8iKpn5a9i/L5w1mxcjeLIweHcAQl8OASKnALVagBgxie4RXeHHRenHfnY1q65Mx6DuAPnM8fjdWPhw==</latexit>

100n = O(n)



Questions

True or False: 
<latexit sha1_base64="rKUueQ6Cm8sJ0ijpkaEfnalhzsA=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr4sQ8OJFjGAekCxhdjKbDJmdWWdmA2HJd3jxoIhXP8abf+Mk2YMmFjQUVd10dwUxZ9q47reztLyyurae28hvbm3v7Bb29utaJorQGpFcqmaANeVM0JphhtNmrCiOAk4bweBm4jeGVGkmxaMZxdSPcE+wkBFsrOS3uewhga7RfUmcdApFt+xOgRaJl5EiZKh2Cl/triRJRIUhHGvd8tzY+ClWhhFOx/l2ommMyQD3aMtSgSOq/XR69BgdW6WLQqlsCYOm6u+JFEdaj6LAdkbY9PW8NxH/81qJCa/8lIk4MVSQ2aIw4chINEkAdZmixPCRJZgoZm9FpI8VJsbmlLchePMvL5L6adm7KJ8/nBUrd1kcOTiEIyiBB5dQgVuoQg0IPMEzvMKbM3RenHfnY9a65GQzB/AHzucPrOiQyA==</latexit>

log n = O(n)



Questions

True or False: 

<latexit sha1_base64="Fx4Kacpx7qJRTlyZH1nYscTxXy4=">AAACAHicbVDLSsNAFL3xWesr6sKFm8Ei1E1Jiq+NUHDjRqxgH9DGMplO2qGTSZiZCCVk46+4caGIWz/DnX/j9LHQ1gMXDufcy733+DFnSjvOt7WwuLS8sppby69vbG5t2zu7dRUlktAaiXgkmz5WlDNBa5ppTpuxpDj0OW34g6uR33ikUrFI3OthTL0Q9wQLGMHaSB17vx1ITFLxUM5S13GcDF2i26I47tgFp+SMgeaJOyUFmKLasb/a3YgkIRWacKxUy3Vi7aVYakY4zfLtRNEYkwHu0ZahAodUeen4gQwdGaWLgkiaEhqN1d8TKQ6VGoa+6Qyx7qtZbyT+57USHVx4KRNxoqkgk0VBwpGO0CgN1GWSEs2HhmAimbkVkT42iWiTWd6E4M6+PE/q5ZJ7Vjq9OylUbqZx5OAADqEILpxDBa6hCjUgkMEzvMKb9WS9WO/Wx6R1wZrO7MEfWJ8/HxOU2A==</latexit>

n
2

1000
= O(n)



Questions

True or False: 
<latexit sha1_base64="VgXRnBed+TuPv18k0kFgXR/n7Xg=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAYhXsKu+LoIAS9exAjmAckSZieTZMjszDIzK8QlX+LFgyJe/RRv/o2TZA+aWNBQVHXT3RXGnGnjed/O0vLK6tp6biO/ubW9U3B39+paJorQGpFcqmaINeVM0JphhtNmrCiOQk4b4fB64jceqdJMigczimkQ4b5gPUawsVLHLQjU5rKPBLpCdyVx3HGLXtmbAi0SPyNFyFDtuF/triRJRIUhHGvd8r3YBClWhhFOx/l2ommMyRD3actSgSOqg3R6+BgdWaWLelLZEgZN1d8TKY60HkWh7YywGeh5byL+57US07sMUibixFBBZot6CUdGokkKqMsUJYaPLMFEMXsrIgOsMDE2q7wNwZ9/eZHUT8r+efns/rRYuc3iyMEBHEIJfLiACtxAFWpAIIFneIU358l5cd6dj1nrkpPN7MMfOJ8/TZGRmw==</latexit>

n log n = O(n)



Lower Bounds

Donald E. Knuth, "Big Omicron and Big Omega and Big Theta", 1976.



Lower Bounds

Donald E. Knuth, "Big Omicron and Big Omega and Big Theta", 1976.

Wikipedia, Today



Big Omega

We need a way to talk about lower bounds on running time.

for all large enough    .n
<latexit sha1_base64="MCxx0z/2WmG+jXg75dhLryEHuC8=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAlxwTMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96l/mdB1SaR/LezGIchHQsecAZNVZqymG54lbdBcg68XJSgRyNYfmrP4pYEqI0TFCte54bm0FKleFM4LzUTzTGlE3pGHuWShqiHqSLQ+fkwiojEkTKljRkof6cSGmo9Sz0bWdIzUSvepn4n5dt1H+ZvcQEt4OUyzgxKNnyiiARxEQki4SMuEJmxMwSyhS3jxA2oYoyY4Mr2YS81TzWSfuq6rlVr3ldqdXzrIpwBudwCR7cQA3q0IAWMEB4gmd4cR6dV+fNeV+2Fpx85hR+wfn4BmX8mOo=</latexit><latexit sha1_base64="MCxx0z/2WmG+jXg75dhLryEHuC8=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAlxwTMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96l/mdB1SaR/LezGIchHQsecAZNVZqymG54lbdBcg68XJSgRyNYfmrP4pYEqI0TFCte54bm0FKleFM4LzUTzTGlE3pGHuWShqiHqSLQ+fkwiojEkTKljRkof6cSGmo9Sz0bWdIzUSvepn4n5dt1H+ZvcQEt4OUyzgxKNnyiiARxEQki4SMuEJmxMwSyhS3jxA2oYoyY4Mr2YS81TzWSfuq6rlVr3ldqdXzrIpwBudwCR7cQA3q0IAWMEB4gmd4cR6dV+fNeV+2Fpx85hR+wfn4BmX8mOo=</latexit><latexit sha1_base64="MCxx0z/2WmG+jXg75dhLryEHuC8=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAlxwTMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96l/mdB1SaR/LezGIchHQsecAZNVZqymG54lbdBcg68XJSgRyNYfmrP4pYEqI0TFCte54bm0FKleFM4LzUTzTGlE3pGHuWShqiHqSLQ+fkwiojEkTKljRkof6cSGmo9Sz0bWdIzUSvepn4n5dt1H+ZvcQEt4OUyzgxKNnyiiARxEQki4SMuEJmxMwSyhS3jxA2oYoyY4Mr2YS81TzWSfuq6rlVr3ldqdXzrIpwBudwCR7cQA3q0IAWMEB4gmd4cR6dV+fNeV+2Fpx85hR+wfn4BmX8mOo=</latexit><latexit sha1_base64="MCxx0z/2WmG+jXg75dhLryEHuC8=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAlxwTMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96l/mdB1SaR/LezGIchHQsecAZNVZqymG54lbdBcg68XJSgRyNYfmrP4pYEqI0TFCte54bm0FKleFM4LzUTzTGlE3pGHuWShqiHqSLQ+fkwiojEkTKljRkof6cSGmo9Sz0bWdIzUSvepn4n5dt1H+ZvcQEt4OUyzgxKNnyiiARxEQki4SMuEJmxMwSyhS3jxA2oYoyY4Mr2YS81TzWSfuq6rlVr3ldqdXzrIpwBudwCR7cQA3q0IAWMEB4gmd4cR6dV+fNeV+2Fpx85hR+wfn4BmX8mOo=</latexit>

c > 0
<latexit sha1_base64="7ZYlwjp7MO29rqf8inhIUbZz/0k=">AAACJ3icdVDLSsNAFJ34rPEVdelmtBTqpiQi6EoKbrqsYB/QhDKZTtqhk5kwMxFK6NpvceFWP8Od6NIv8BectFloqwcuHM6593LvCRNGlXbdD2tldW19Y7O0ZW/v7O7tOweHbSVSiUkLCyZkN0SKMMpJS1PNSDeRBMUhI51wfJP7nXsiFRX8Tk8SEsRoyGlEMdJG6jsnGF5D1674NIpgVOVn0GcEYujjgdBwaIS+U3Zr7gxwmXgFKYMCzb7z5Q8ETmPCNWZIqZ7nJjrIkNQUMzK1/VSRBOExGpKeoRzFRAXZ7JUprBhlACMhTXENZ+rPiQzFSk3i0HTGSI/UopeL/3n5RvWX2Ut1dBVklCepJhzPr4hSBrWAeWhwQCXBmk0MQVhS8wjEIyQR1iZa2yTkLeaxTNrnNc+tebcX5XqjyKoEjsEpqAIPXII6aIAmaAEMHsATeAYv1qP1ar1Z7/PWFauYOQK/YH1+A4+8oz8=</latexit><latexit sha1_base64="7ZYlwjp7MO29rqf8inhIUbZz/0k=">AAACJ3icdVDLSsNAFJ34rPEVdelmtBTqpiQi6EoKbrqsYB/QhDKZTtqhk5kwMxFK6NpvceFWP8Od6NIv8BectFloqwcuHM6593LvCRNGlXbdD2tldW19Y7O0ZW/v7O7tOweHbSVSiUkLCyZkN0SKMMpJS1PNSDeRBMUhI51wfJP7nXsiFRX8Tk8SEsRoyGlEMdJG6jsnGF5D1674NIpgVOVn0GcEYujjgdBwaIS+U3Zr7gxwmXgFKYMCzb7z5Q8ETmPCNWZIqZ7nJjrIkNQUMzK1/VSRBOExGpKeoRzFRAXZ7JUprBhlACMhTXENZ+rPiQzFSk3i0HTGSI/UopeL/3n5RvWX2Ut1dBVklCepJhzPr4hSBrWAeWhwQCXBmk0MQVhS8wjEIyQR1iZa2yTkLeaxTNrnNc+tebcX5XqjyKoEjsEpqAIPXII6aIAmaAEMHsATeAYv1qP1ar1Z7/PWFauYOQK/YH1+A4+8oz8=</latexit><latexit sha1_base64="7ZYlwjp7MO29rqf8inhIUbZz/0k=">AAACJ3icdVDLSsNAFJ34rPEVdelmtBTqpiQi6EoKbrqsYB/QhDKZTtqhk5kwMxFK6NpvceFWP8Od6NIv8BectFloqwcuHM6593LvCRNGlXbdD2tldW19Y7O0ZW/v7O7tOweHbSVSiUkLCyZkN0SKMMpJS1PNSDeRBMUhI51wfJP7nXsiFRX8Tk8SEsRoyGlEMdJG6jsnGF5D1674NIpgVOVn0GcEYujjgdBwaIS+U3Zr7gxwmXgFKYMCzb7z5Q8ETmPCNWZIqZ7nJjrIkNQUMzK1/VSRBOExGpKeoRzFRAXZ7JUprBhlACMhTXENZ+rPiQzFSk3i0HTGSI/UopeL/3n5RvWX2Ut1dBVklCepJhzPr4hSBrWAeWhwQCXBmk0MQVhS8wjEIyQR1iZa2yTkLeaxTNrnNc+tebcX5XqjyKoEjsEpqAIPXII6aIAmaAEMHsATeAYv1qP1ar1Z7/PWFauYOQK/YH1+A4+8oz8=</latexit><latexit sha1_base64="7ZYlwjp7MO29rqf8inhIUbZz/0k=">AAACJ3icdVDLSsNAFJ34rPEVdelmtBTqpiQi6EoKbrqsYB/QhDKZTtqhk5kwMxFK6NpvceFWP8Od6NIv8BectFloqwcuHM6593LvCRNGlXbdD2tldW19Y7O0ZW/v7O7tOweHbSVSiUkLCyZkN0SKMMpJS1PNSDeRBMUhI51wfJP7nXsiFRX8Tk8SEsRoyGlEMdJG6jsnGF5D1674NIpgVOVn0GcEYujjgdBwaIS+U3Zr7gxwmXgFKYMCzb7z5Q8ETmPCNWZIqZ7nJjrIkNQUMzK1/VSRBOExGpKeoRzFRAXZ7JUprBhlACMhTXENZ+rPiQzFSk3i0HTGSI/UopeL/3n5RvWX2Ut1dBVklCepJhzPr4hSBrWAeWhwQCXBmk0MQVhS8wjEIyQR1iZa2yTkLeaxTNrnNc+tebcX5XqjyKoEjsEpqAIPXII6aIAmaAEMHsATeAYv1qP1ar1Z7/PWFauYOQK/YH1+A4+8oz8=</latexit>

f � g
<latexit sha1_base64="itN/MJmOzaFsUL6QvKubt3+P7mA=">AAACC3icdVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjwkmME84AkhNlJ72bI7OwyMyuEJZ/gwat+hjfx6kf4Ff6Cs8keNNGChqKqu+kuPxFcG9f9dNbWNza3tks75d29/YPDytFxW8epYthisYhV16caBZfYMtwI7CYKaeQL7PiT29zvPKDSPJb3ZprgIKKh5AFn1FipE5B+iCQcVqpuzZ2DrBKvIFUo0BxWvvqjmKURSsME1brnuYkZZFQZzgTOyv1UY0LZhIbYs1TSCPUgm587I+dWGZEgVrakIXP150RGI62nkW87I2rGetnLxf+8fKP+y+ylJrgZZFwmqUHJFlcEqSAmJnkwZMQVMiOmllCmuH2EsDFVlBkbX9km5C3nsUralzXPrXl3V9V6o8iqBKdwBhfgwTXUoQFNaAGDCTzBM7w4j86r8+a8L1rXnGLmBH7B+fgGMBaa7Q==</latexit><latexit sha1_base64="itN/MJmOzaFsUL6QvKubt3+P7mA=">AAACC3icdVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjwkmME84AkhNlJ72bI7OwyMyuEJZ/gwat+hjfx6kf4Ff6Cs8keNNGChqKqu+kuPxFcG9f9dNbWNza3tks75d29/YPDytFxW8epYthisYhV16caBZfYMtwI7CYKaeQL7PiT29zvPKDSPJb3ZprgIKKh5AFn1FipE5B+iCQcVqpuzZ2DrBKvIFUo0BxWvvqjmKURSsME1brnuYkZZFQZzgTOyv1UY0LZhIbYs1TSCPUgm587I+dWGZEgVrakIXP150RGI62nkW87I2rGetnLxf+8fKP+y+ylJrgZZFwmqUHJFlcEqSAmJnkwZMQVMiOmllCmuH2EsDFVlBkbX9km5C3nsUralzXPrXl3V9V6o8iqBKdwBhfgwTXUoQFNaAGDCTzBM7w4j86r8+a8L1rXnGLmBH7B+fgGMBaa7Q==</latexit><latexit sha1_base64="itN/MJmOzaFsUL6QvKubt3+P7mA=">AAACC3icdVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjwkmME84AkhNlJ72bI7OwyMyuEJZ/gwat+hjfx6kf4Ff6Cs8keNNGChqKqu+kuPxFcG9f9dNbWNza3tks75d29/YPDytFxW8epYthisYhV16caBZfYMtwI7CYKaeQL7PiT29zvPKDSPJb3ZprgIKKh5AFn1FipE5B+iCQcVqpuzZ2DrBKvIFUo0BxWvvqjmKURSsME1brnuYkZZFQZzgTOyv1UY0LZhIbYs1TSCPUgm587I+dWGZEgVrakIXP150RGI62nkW87I2rGetnLxf+8fKP+y+ylJrgZZFwmqUHJFlcEqSAmJnkwZMQVMiOmllCmuH2EsDFVlBkbX9km5C3nsUralzXPrXl3V9V6o8iqBKdwBhfgwTXUoQFNaAGDCTzBM7w4j86r8+a8L1rXnGLmBH7B+fgGMBaa7Q==</latexit><latexit sha1_base64="itN/MJmOzaFsUL6QvKubt3+P7mA=">AAACC3icdVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjwkmME84AkhNlJ72bI7OwyMyuEJZ/gwat+hjfx6kf4Ff6Cs8keNNGChqKqu+kuPxFcG9f9dNbWNza3tks75d29/YPDytFxW8epYthisYhV16caBZfYMtwI7CYKaeQL7PiT29zvPKDSPJb3ZprgIKKh5AFn1FipE5B+iCQcVqpuzZ2DrBKvIFUo0BxWvvqjmKURSsME1brnuYkZZFQZzgTOyv1UY0LZhIbYs1TSCPUgm587I+dWGZEgVrakIXP150RGI62nkW87I2rGetnLxf+8fKP+y+ylJrgZZFwmqUHJFlcEqSAmJnkwZMQVMiOmllCmuH2EsDFVlBkbX9km5C3nsUralzXPrXl3V9V6o8iqBKdwBhfgwTXUoQFNaAGDCTzBM7w4j86r8+a8L1rXnGLmBH7B+fgGMBaa7Q==</latexit>

if and only if there is constant          such that 

f(n) � c · g(n)
<latexit sha1_base64="QNVLQS0hnAuMCETyXiHq0Dbc654=">AAACHHicdVDLSsNAFJ34rPUVFdy4GSxC3ZREBF0W3HRZwT6gCWUymaRDJzNhZiKU2F9x4VY/w524FfwKf8FJm4W2euDC4Zx7L/eeIGVUacf5tFZW19Y3Nitb1e2d3b19++Cwq0QmMelgwYTsB0gRRjnpaKoZ6aeSoCRgpBeMbwq/d0+kooLf6UlK/ATFnEYUI22koX0c1fk59GICMfRwKDSMC2Fo15yGMwNcJm5JaqBEe2h/eaHAWUK4xgwpNXCdVPs5kppiRqZVL1MkRXiMYjIwlKOEKD+f3T+FZ0YJYSSkKa7hTP05kaNEqUkSmM4E6ZFa9ArxP6/YqP4yB5mOrv2c8jTThOP5FVHGoBawSAqGVBKs2cQQhCU1j0A8QhJhbfKsmoTcxTyWSfei4ToN9/ay1myVWVXACTgFdeCCK9AELdAGHYDBA3gCz+DFerRerTfrfd66YpUzR+AXrI9vD7Cf+w==</latexit><latexit sha1_base64="QNVLQS0hnAuMCETyXiHq0Dbc654=">AAACHHicdVDLSsNAFJ34rPUVFdy4GSxC3ZREBF0W3HRZwT6gCWUymaRDJzNhZiKU2F9x4VY/w524FfwKf8FJm4W2euDC4Zx7L/eeIGVUacf5tFZW19Y3Nitb1e2d3b19++Cwq0QmMelgwYTsB0gRRjnpaKoZ6aeSoCRgpBeMbwq/d0+kooLf6UlK/ATFnEYUI22koX0c1fk59GICMfRwKDSMC2Fo15yGMwNcJm5JaqBEe2h/eaHAWUK4xgwpNXCdVPs5kppiRqZVL1MkRXiMYjIwlKOEKD+f3T+FZ0YJYSSkKa7hTP05kaNEqUkSmM4E6ZFa9ArxP6/YqP4yB5mOrv2c8jTThOP5FVHGoBawSAqGVBKs2cQQhCU1j0A8QhJhbfKsmoTcxTyWSfei4ToN9/ay1myVWVXACTgFdeCCK9AELdAGHYDBA3gCz+DFerRerTfrfd66YpUzR+AXrI9vD7Cf+w==</latexit><latexit sha1_base64="QNVLQS0hnAuMCETyXiHq0Dbc654=">AAACHHicdVDLSsNAFJ34rPUVFdy4GSxC3ZREBF0W3HRZwT6gCWUymaRDJzNhZiKU2F9x4VY/w524FfwKf8FJm4W2euDC4Zx7L/eeIGVUacf5tFZW19Y3Nitb1e2d3b19++Cwq0QmMelgwYTsB0gRRjnpaKoZ6aeSoCRgpBeMbwq/d0+kooLf6UlK/ATFnEYUI22koX0c1fk59GICMfRwKDSMC2Fo15yGMwNcJm5JaqBEe2h/eaHAWUK4xgwpNXCdVPs5kppiRqZVL1MkRXiMYjIwlKOEKD+f3T+FZ0YJYSSkKa7hTP05kaNEqUkSmM4E6ZFa9ArxP6/YqP4yB5mOrv2c8jTThOP5FVHGoBawSAqGVBKs2cQQhCU1j0A8QhJhbfKsmoTcxTyWSfei4ToN9/ay1myVWVXACTgFdeCCK9AELdAGHYDBA3gCz+DFerRerTfrfd66YpUzR+AXrI9vD7Cf+w==</latexit><latexit sha1_base64="QNVLQS0hnAuMCETyXiHq0Dbc654=">AAACHHicdVDLSsNAFJ34rPUVFdy4GSxC3ZREBF0W3HRZwT6gCWUymaRDJzNhZiKU2F9x4VY/w524FfwKf8FJm4W2euDC4Zx7L/eeIGVUacf5tFZW19Y3Nitb1e2d3b19++Cwq0QmMelgwYTsB0gRRjnpaKoZ6aeSoCRgpBeMbwq/d0+kooLf6UlK/ATFnEYUI22koX0c1fk59GICMfRwKDSMC2Fo15yGMwNcJm5JaqBEe2h/eaHAWUK4xgwpNXCdVPs5kppiRqZVL1MkRXiMYjIwlKOEKD+f3T+FZ0YJYSSkKa7hTP05kaNEqUkSmM4E6ZFa9ArxP6/YqP4yB5mOrv2c8jTThOP5FVHGoBawSAqGVBKs2cQQhCU1j0A8QhJhbfKsmoTcxTyWSfei4ToN9/ay1myVWVXACTgFdeCCK9AELdAGHYDBA3gCz+DFerRerTfrfd66YpUzR+AXrI9vD7Cf+w==</latexit>

This is exactly the definition of big Omega.  In this case we say                      .f(n) = ⌦(g(n))
<latexit sha1_base64="TIj3XUWZqT4mfYYSbqnv8dhK9bg=">AAACGnicdVDLSgMxFM3UV62v8bFzEyxCuykzIuhGKLjpzgr2Ae1QMmlmGppkhiQj1KF/4sKtfoY7cevGr/AXzLSz0FYPXDg5595w7/FjRpV2nE+rsLK6tr5R3Cxtbe/s7tn7B20VJRKTFo5YJLs+UoRRQVqaaka6sSSI+4x0/PF15nfuiVQ0End6EhOPo1DQgGKkjTSwj4KKqMIr2L/hJESV0LyqcGCXnZozA1wmbk7KIEdzYH/1hxFOOBEaM6RUz3Vi7aVIaooZmZb6iSIxwmMUkp6hAnGivHS2/RSeGmUIg0iaEhrO1J8TKeJKTbhvOjnSI7XoZeJ/Xvaj+svsJTq49FIq4kQTgedbBAmDOoJZTnBIJcGaTQxBWFJzCMQjJBHWJs2SSchdzGOZtM9qrlNzb8/L9UaeVREcgxNQAS64AHXQAE3QAhg8gCfwDF6sR+vVerPe560FK585BL9gfXwDF82e6Q==</latexit><latexit sha1_base64="TIj3XUWZqT4mfYYSbqnv8dhK9bg=">AAACGnicdVDLSgMxFM3UV62v8bFzEyxCuykzIuhGKLjpzgr2Ae1QMmlmGppkhiQj1KF/4sKtfoY7cevGr/AXzLSz0FYPXDg5595w7/FjRpV2nE+rsLK6tr5R3Cxtbe/s7tn7B20VJRKTFo5YJLs+UoRRQVqaaka6sSSI+4x0/PF15nfuiVQ0End6EhOPo1DQgGKkjTSwj4KKqMIr2L/hJESV0LyqcGCXnZozA1wmbk7KIEdzYH/1hxFOOBEaM6RUz3Vi7aVIaooZmZb6iSIxwmMUkp6hAnGivHS2/RSeGmUIg0iaEhrO1J8TKeJKTbhvOjnSI7XoZeJ/Xvaj+svsJTq49FIq4kQTgedbBAmDOoJZTnBIJcGaTQxBWFJzCMQjJBHWJs2SSchdzGOZtM9qrlNzb8/L9UaeVREcgxNQAS64AHXQAE3QAhg8gCfwDF6sR+vVerPe560FK585BL9gfXwDF82e6Q==</latexit><latexit sha1_base64="TIj3XUWZqT4mfYYSbqnv8dhK9bg=">AAACGnicdVDLSgMxFM3UV62v8bFzEyxCuykzIuhGKLjpzgr2Ae1QMmlmGppkhiQj1KF/4sKtfoY7cevGr/AXzLSz0FYPXDg5595w7/FjRpV2nE+rsLK6tr5R3Cxtbe/s7tn7B20VJRKTFo5YJLs+UoRRQVqaaka6sSSI+4x0/PF15nfuiVQ0End6EhOPo1DQgGKkjTSwj4KKqMIr2L/hJESV0LyqcGCXnZozA1wmbk7KIEdzYH/1hxFOOBEaM6RUz3Vi7aVIaooZmZb6iSIxwmMUkp6hAnGivHS2/RSeGmUIg0iaEhrO1J8TKeJKTbhvOjnSI7XoZeJ/Xvaj+svsJTq49FIq4kQTgedbBAmDOoJZTnBIJcGaTQxBWFJzCMQjJBHWJs2SSchdzGOZtM9qrlNzb8/L9UaeVREcgxNQAS64AHXQAE3QAhg8gCfwDF6sR+vVerPe560FK585BL9gfXwDF82e6Q==</latexit><latexit sha1_base64="TIj3XUWZqT4mfYYSbqnv8dhK9bg=">AAACGnicdVDLSgMxFM3UV62v8bFzEyxCuykzIuhGKLjpzgr2Ae1QMmlmGppkhiQj1KF/4sKtfoY7cevGr/AXzLSz0FYPXDg5595w7/FjRpV2nE+rsLK6tr5R3Cxtbe/s7tn7B20VJRKTFo5YJLs+UoRRQVqaaka6sSSI+4x0/PF15nfuiVQ0End6EhOPo1DQgGKkjTSwj4KKqMIr2L/hJESV0LyqcGCXnZozA1wmbk7KIEdzYH/1hxFOOBEaM6RUz3Vi7aVIaooZmZb6iSIxwmMUkp6hAnGivHS2/RSeGmUIg0iaEhrO1J8TKeJKTbhvOjnSI7XoZeJ/Xvaj+svsJTq49FIq4kQTgedbBAmDOoJZTnBIJcGaTQxBWFJzCMQjJBHWJs2SSchdzGOZtM9qrlNzb8/L9UaeVREcgxNQAS64AHXQAE3QAhg8gCfwDF6sR+vVerPe560FK585BL9gfXwDF82e6Q==</latexit>

If                        and                      then we say                      .f(n) = ⌦(g(n))
<latexit sha1_base64="TIj3XUWZqT4mfYYSbqnv8dhK9bg=">AAACGnicdVDLSgMxFM3UV62v8bFzEyxCuykzIuhGKLjpzgr2Ae1QMmlmGppkhiQj1KF/4sKtfoY7cevGr/AXzLSz0FYPXDg5595w7/FjRpV2nE+rsLK6tr5R3Cxtbe/s7tn7B20VJRKTFo5YJLs+UoRRQVqaaka6sSSI+4x0/PF15nfuiVQ0End6EhOPo1DQgGKkjTSwj4KKqMIr2L/hJESV0LyqcGCXnZozA1wmbk7KIEdzYH/1hxFOOBEaM6RUz3Vi7aVIaooZmZb6iSIxwmMUkp6hAnGivHS2/RSeGmUIg0iaEhrO1J8TKeJKTbhvOjnSI7XoZeJ/Xvaj+svsJTq49FIq4kQTgedbBAmDOoJZTnBIJcGaTQxBWFJzCMQjJBHWJs2SSchdzGOZtM9qrlNzb8/L9UaeVREcgxNQAS64AHXQAE3QAhg8gCfwDF6sR+vVerPe560FK585BL9gfXwDF82e6Q==</latexit><latexit sha1_base64="TIj3XUWZqT4mfYYSbqnv8dhK9bg=">AAACGnicdVDLSgMxFM3UV62v8bFzEyxCuykzIuhGKLjpzgr2Ae1QMmlmGppkhiQj1KF/4sKtfoY7cevGr/AXzLSz0FYPXDg5595w7/FjRpV2nE+rsLK6tr5R3Cxtbe/s7tn7B20VJRKTFo5YJLs+UoRRQVqaaka6sSSI+4x0/PF15nfuiVQ0End6EhOPo1DQgGKkjTSwj4KKqMIr2L/hJESV0LyqcGCXnZozA1wmbk7KIEdzYH/1hxFOOBEaM6RUz3Vi7aVIaooZmZb6iSIxwmMUkp6hAnGivHS2/RSeGmUIg0iaEhrO1J8TKeJKTbhvOjnSI7XoZeJ/Xvaj+svsJTq49FIq4kQTgedbBAmDOoJZTnBIJcGaTQxBWFJzCMQjJBHWJs2SSchdzGOZtM9qrlNzb8/L9UaeVREcgxNQAS64AHXQAE3QAhg8gCfwDF6sR+vVerPe560FK585BL9gfXwDF82e6Q==</latexit><latexit sha1_base64="TIj3XUWZqT4mfYYSbqnv8dhK9bg=">AAACGnicdVDLSgMxFM3UV62v8bFzEyxCuykzIuhGKLjpzgr2Ae1QMmlmGppkhiQj1KF/4sKtfoY7cevGr/AXzLSz0FYPXDg5595w7/FjRpV2nE+rsLK6tr5R3Cxtbe/s7tn7B20VJRKTFo5YJLs+UoRRQVqaaka6sSSI+4x0/PF15nfuiVQ0End6EhOPo1DQgGKkjTSwj4KKqMIr2L/hJESV0LyqcGCXnZozA1wmbk7KIEdzYH/1hxFOOBEaM6RUz3Vi7aVIaooZmZb6iSIxwmMUkp6hAnGivHS2/RSeGmUIg0iaEhrO1J8TKeJKTbhvOjnSI7XoZeJ/Xvaj+svsJTq49FIq4kQTgedbBAmDOoJZTnBIJcGaTQxBWFJzCMQjJBHWJs2SSchdzGOZtM9qrlNzb8/L9UaeVREcgxNQAS64AHXQAE3QAhg8gCfwDF6sR+vVerPe560FK585BL9gfXwDF82e6Q==</latexit><latexit sha1_base64="TIj3XUWZqT4mfYYSbqnv8dhK9bg=">AAACGnicdVDLSgMxFM3UV62v8bFzEyxCuykzIuhGKLjpzgr2Ae1QMmlmGppkhiQj1KF/4sKtfoY7cevGr/AXzLSz0FYPXDg5595w7/FjRpV2nE+rsLK6tr5R3Cxtbe/s7tn7B20VJRKTFo5YJLs+UoRRQVqaaka6sSSI+4x0/PF15nfuiVQ0End6EhOPo1DQgGKkjTSwj4KKqMIr2L/hJESV0LyqcGCXnZozA1wmbk7KIEdzYH/1hxFOOBEaM6RUz3Vi7aVIaooZmZb6iSIxwmMUkp6hAnGivHS2/RSeGmUIg0iaEhrO1J8TKeJKTbhvOjnSI7XoZeJ/Xvaj+svsJTq49FIq4kQTgedbBAmDOoJZTnBIJcGaTQxBWFJzCMQjJBHWJs2SSchdzGOZtM9qrlNzb8/L9UaeVREcgxNQAS64AHXQAE3QAhg8gCfwDF6sR+vVerPe560FK585BL9gfXwDF82e6Q==</latexit>

f(n) = O(g(n))
<latexit sha1_base64="r+GcEKbHv2B+TviR5h33ZjU1Dgo=">AAACFXicdZDLSsNAFIZP6q3WS6Mu3QwWod2URATdCAU33VnBXqANZTKdtEMnkzAzEUroc7hwq4/hTty69il8BSdtFmr1wMDH/59zOPP7MWdKO86HVVhb39jcKm6Xdnb39sv2wWFHRYkktE0iHsmejxXlTNC2ZprTXiwpDn1Ou/70OvO791QqFok7PYupF+KxYAEjWBtpaJeDqqihK3RTHRuooaFdcerOotAquDlUIK/W0P4cjCKShFRowrFSfdeJtZdiqRnhdF4aJIrGmEzxmPYNChxS5aWLw+fo1CgjFETSPKHRQv0+keJQqVnom84Q64n67WXif162Uf1l9hMdXHopE3GiqSDLK4KEIx2hLCI0YpISzWcGMJHMfASRCZaYaBNkySTk/s5jFTpnddepu7fnlUYzz6oIx3ACVXDhAhrQhBa0gUACj/AEz9aD9WK9Wm/L1oKVzxzBj7LevwAQN5zB</latexit><latexit sha1_base64="r+GcEKbHv2B+TviR5h33ZjU1Dgo=">AAACFXicdZDLSsNAFIZP6q3WS6Mu3QwWod2URATdCAU33VnBXqANZTKdtEMnkzAzEUroc7hwq4/hTty69il8BSdtFmr1wMDH/59zOPP7MWdKO86HVVhb39jcKm6Xdnb39sv2wWFHRYkktE0iHsmejxXlTNC2ZprTXiwpDn1Ou/70OvO791QqFok7PYupF+KxYAEjWBtpaJeDqqihK3RTHRuooaFdcerOotAquDlUIK/W0P4cjCKShFRowrFSfdeJtZdiqRnhdF4aJIrGmEzxmPYNChxS5aWLw+fo1CgjFETSPKHRQv0+keJQqVnom84Q64n67WXif162Uf1l9hMdXHopE3GiqSDLK4KEIx2hLCI0YpISzWcGMJHMfASRCZaYaBNkySTk/s5jFTpnddepu7fnlUYzz6oIx3ACVXDhAhrQhBa0gUACj/AEz9aD9WK9Wm/L1oKVzxzBj7LevwAQN5zB</latexit><latexit sha1_base64="r+GcEKbHv2B+TviR5h33ZjU1Dgo=">AAACFXicdZDLSsNAFIZP6q3WS6Mu3QwWod2URATdCAU33VnBXqANZTKdtEMnkzAzEUroc7hwq4/hTty69il8BSdtFmr1wMDH/59zOPP7MWdKO86HVVhb39jcKm6Xdnb39sv2wWFHRYkktE0iHsmejxXlTNC2ZprTXiwpDn1Ou/70OvO791QqFok7PYupF+KxYAEjWBtpaJeDqqihK3RTHRuooaFdcerOotAquDlUIK/W0P4cjCKShFRowrFSfdeJtZdiqRnhdF4aJIrGmEzxmPYNChxS5aWLw+fo1CgjFETSPKHRQv0+keJQqVnom84Q64n67WXif162Uf1l9hMdXHopE3GiqSDLK4KEIx2hLCI0YpISzWcGMJHMfASRCZaYaBNkySTk/s5jFTpnddepu7fnlUYzz6oIx3ACVXDhAhrQhBa0gUACj/AEz9aD9WK9Wm/L1oKVzxzBj7LevwAQN5zB</latexit><latexit sha1_base64="r+GcEKbHv2B+TviR5h33ZjU1Dgo=">AAACFXicdZDLSsNAFIZP6q3WS6Mu3QwWod2URATdCAU33VnBXqANZTKdtEMnkzAzEUroc7hwq4/hTty69il8BSdtFmr1wMDH/59zOPP7MWdKO86HVVhb39jcKm6Xdnb39sv2wWFHRYkktE0iHsmejxXlTNC2ZprTXiwpDn1Ou/70OvO791QqFok7PYupF+KxYAEjWBtpaJeDqqihK3RTHRuooaFdcerOotAquDlUIK/W0P4cjCKShFRowrFSfdeJtZdiqRnhdF4aJIrGmEzxmPYNChxS5aWLw+fo1CgjFETSPKHRQv0+keJQqVnom84Q64n67WXif162Uf1l9hMdXHopE3GiqSDLK4KEIx2hLCI0YpISzWcGMJHMfASRCZaYaBNkySTk/s5jFTpnddepu7fnlUYzz6oIx3ACVXDhAhrQhBa0gUACj/AEz9aD9WK9Wm/L1oKVzxzBj7LevwAQN5zB</latexit>

f(n) = ⇥(g(n))
<latexit sha1_base64="R4q5DAncHT69opJLn0c2evwrM4A=">AAACGnicdVDLSgMxFM3UV62v8bFzEyxCuykzIuhGKLjpskJf0JaSSe+0oZnMkGSEOvRPXLjVz3Anbt34Ff6CmXYW2uqBCyfn3BvuPV7EmdKO82nl1tY3Nrfy24Wd3b39A/vwqKXCWFJo0pCHsuMRBZwJaGqmOXQiCSTwOLS9yW3qt+9BKhaKhp5G0A/ISDCfUaKNNLBP/JIo4xvca4xBk9LIvMp4YBedijMHXiVuRoooQ31gf/WGIY0DEJpyolTXdSLdT4jUjHKYFXqxgojQCRlB11BBAlD9ZL79DJ8bZYj9UJoSGs/VnxMJCZSaBp7pDIgeq2UvFf/z0h/VX2Y31v51P2EiijUIutjCjznWIU5zwkMmgWo+NYRQycwhmI6JJFSbNAsmIXc5j1XSuqi4TsW9uyxWa1lWeXSKzlAJuegKVVEN1VETUfSAntAzerEerVfrzXpftOasbOYY/YL18Q0tZ572</latexit><latexit sha1_base64="R4q5DAncHT69opJLn0c2evwrM4A=">AAACGnicdVDLSgMxFM3UV62v8bFzEyxCuykzIuhGKLjpskJf0JaSSe+0oZnMkGSEOvRPXLjVz3Anbt34Ff6CmXYW2uqBCyfn3BvuPV7EmdKO82nl1tY3Nrfy24Wd3b39A/vwqKXCWFJo0pCHsuMRBZwJaGqmOXQiCSTwOLS9yW3qt+9BKhaKhp5G0A/ISDCfUaKNNLBP/JIo4xvca4xBk9LIvMp4YBedijMHXiVuRoooQ31gf/WGIY0DEJpyolTXdSLdT4jUjHKYFXqxgojQCRlB11BBAlD9ZL79DJ8bZYj9UJoSGs/VnxMJCZSaBp7pDIgeq2UvFf/z0h/VX2Y31v51P2EiijUIutjCjznWIU5zwkMmgWo+NYRQycwhmI6JJFSbNAsmIXc5j1XSuqi4TsW9uyxWa1lWeXSKzlAJuegKVVEN1VETUfSAntAzerEerVfrzXpftOasbOYY/YL18Q0tZ572</latexit><latexit sha1_base64="R4q5DAncHT69opJLn0c2evwrM4A=">AAACGnicdVDLSgMxFM3UV62v8bFzEyxCuykzIuhGKLjpskJf0JaSSe+0oZnMkGSEOvRPXLjVz3Anbt34Ff6CmXYW2uqBCyfn3BvuPV7EmdKO82nl1tY3Nrfy24Wd3b39A/vwqKXCWFJo0pCHsuMRBZwJaGqmOXQiCSTwOLS9yW3qt+9BKhaKhp5G0A/ISDCfUaKNNLBP/JIo4xvca4xBk9LIvMp4YBedijMHXiVuRoooQ31gf/WGIY0DEJpyolTXdSLdT4jUjHKYFXqxgojQCRlB11BBAlD9ZL79DJ8bZYj9UJoSGs/VnxMJCZSaBp7pDIgeq2UvFf/z0h/VX2Y31v51P2EiijUIutjCjznWIU5zwkMmgWo+NYRQycwhmI6JJFSbNAsmIXc5j1XSuqi4TsW9uyxWa1lWeXSKzlAJuegKVVEN1VETUfSAntAzerEerVfrzXpftOasbOYY/YL18Q0tZ572</latexit><latexit sha1_base64="R4q5DAncHT69opJLn0c2evwrM4A=">AAACGnicdVDLSgMxFM3UV62v8bFzEyxCuykzIuhGKLjpskJf0JaSSe+0oZnMkGSEOvRPXLjVz3Anbt34Ff6CmXYW2uqBCyfn3BvuPV7EmdKO82nl1tY3Nrfy24Wd3b39A/vwqKXCWFJo0pCHsuMRBZwJaGqmOXQiCSTwOLS9yW3qt+9BKhaKhp5G0A/ISDCfUaKNNLBP/JIo4xvca4xBk9LIvMp4YBedijMHXiVuRoooQ31gf/WGIY0DEJpyolTXdSLdT4jUjHKYFXqxgojQCRlB11BBAlD9ZL79DJ8bZYj9UJoSGs/VnxMJCZSaBp7pDIgeq2UvFf/z0h/VX2Y31v51P2EiijUIutjCjznWIU5zwkMmgWo+NYRQycwhmI6JJFSbNAsmIXc5j1XSuqi4TsW9uyxWa1lWeXSKzlAJuegKVVEN1VETUfSAntAzerEerVfrzXpftOasbOYY/YL18Q0tZ572</latexit>



Questions

True or False: 
<latexit sha1_base64="bQRJixK2pw8TOH6R3yiitZpaDqE=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREfG2EgpvurGAf0IQymU7SoTOTMDMRaij+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwqjSjvNtFZaWV1bXiuuljc2t7R17d6+l4lRi0sQxi2UnQIowKkhTU81IJ5EE8YCRdjC8mfjtByIVjcW9HiXE5ygSNKQYaSP17AMBPRZHUMBr6N1yEqGKOOnZZafqTAEXiZuTMsjR6NlfXj/GKSdCY4aU6rpOov0MSU0xI+OSlyqSIDxEEekaKhAnys+m14/hsVH6MIylKaHhVP09kSGu1IgHppMjPVDz3kT8z+umOrzyMyqSVBOBZ4vClEEdw0kUsE8lwZqNDEFYUnMrxAMkEdYmsJIJwZ1/eZG0TqvuRfX87qxcq+dxFMEhOAIV4IJLUAN10ABNgMEjeAav4M16sl6sd+tj1lqw8pl98AfW5w8aSJO+</latexit>

n log n = ⌦(n)



Questions

True or False: 
<latexit sha1_base64="XfAc9VtntAFXY9RsbxknKPW76hs=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyUpvjZCwU13VrAPaGOZTCft0MkkzEyEGvolblwo4tZPceffOG2z0NYDFw7n3Mu99/gxZ0o7zre1srq2vrGZ28pv7+zuFez9g6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHN1G89UqlYJO71OKZeiAeCBYxgbaSeXRDoGnVvQzrAJfFQOe3ZRafszICWiZuRImSo9+yvbj8iSUiFJhwr1XGdWHsplpoRTif5bqJojMkID2jHUIFDqrx0dvgEnRilj4JImhIazdTfEykOlRqHvukMsR6qRW8q/ud1Eh1ceSkTcaKpIPNFQcKRjtA0BdRnkhLNx4ZgIpm5FZEhlphok1XehOAuvrxMmpWye1E+vzsrVmtZHDk4gmMogQuXUIUa1KEBBBJ4hld4s56sF+vd+pi3rljZzCH8gfX5A6LekdA=</latexit>

n = ⌦(n2)



Usage

On the internet, when people use        they almost always mean        .

<latexit sha1_base64="5GxhAL8fNrjizw2HtW2QDXXtE70=">AAAB9XicbZDLSsNAFIZP6q3WW9Slm8EitJuSiLeNUHTjzgr2Am0sk+mkHTqZhJmJUkLfw40LRdz6Lu58G6dtFtr6w8DHf87hnPn9mDOlHefbyi0tr6yu5dcLG5tb2zv27l5DRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7welJvPlKpWCTu9SimXoj7ggWMYG2sh6AkyugS3Zb6Bspdu+hUnKnQIrgZFCFTrWt/dXoRSUIqNOFYqbbrxNpLsdSMcDoudBJFY0yGuE/bBgUOqfLS6dVjdGScHgoiaZ7QaOr+nkhxqNQo9E1niPVAzdcm5n+1dqKDCy9lIk40FWS2KEg40hGaRIB6TFKi+cgAJpKZWxEZYImJNkEVTAju/JcXoXFccc8qp3cnxepVFkceDuAQSuDCOVThBmpQBwISnuEV3qwn68V6tz5mrTkrm9mHP7I+fwBU15B4</latexit>

f(n) = O(g(n))

<latexit sha1_base64="iPwvvO705HBq44L/MUI4hph+bAc=">AAAB9XicbVDLTgIxFL2DL8QX6tJNAzHBDZkx+NiYEN24xEQeCYzQKR1o6HQmbUdDJvyHGxca49Z/ceffWGAWCp7k5p6cc296e7yIM6Vt+9vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2vdHN1G8+UqlYKO71OKJugAeC+YxgbaSHXs8viRN0hQamFbr5ol22Z0DLxElJEVLUuvmvTj8kcUCFJhwr1XbsSLsJlpoRTie5TqxohMkID2jbUIEDqtxkdvUEHRulj/xQmhIazdTfGwkOlBoHnpkMsB6qRW8q/ue1Y+1fugkTUaypIPOH/JgjHaJpBKjPJCWajw3BRDJzKyJDLDHRJqicCcFZ/PIyaZyWnfPy2V2lWL1O48jCERSgBA5cQBVuoQZ1ICDhGV7hzXqyXqx362M+mrHSnUP4A+vzB7xZkLo=</latexit>

“f(n) = g(n)”

<latexit sha1_base64="XZaI3uJmTjrdCMzdpMDvvdHh0vo=">AAAB+XicbZBNS8NAEIYnftb6FfXoZWkR6qUk4tex6MVjBVsLbWk320ld3GzC7qZQQv+JFw+KePWfePPfuG1z0OoLCw/vzDCzb5AIro3nfTlLyyura+uFjeLm1vbOrru339Rxqhg2WCxi1QqoRsElNgw3AluJQhoFAu+Dx+tp/X6ESvNY3plxgt2IDiUPOaPGWj3X7ffDijwmHYFkaKHUc8te1ZuJ/AU/hzLkqvfcz84gZmmE0jBBtW77XmK6GVWGM4GTYifVmFD2SIfYtihphLqbzS6fkCPrDEgYK/ukITP350RGI63HUWA7I2oe9GJtav5Xa6cmvOxmXCapQcnmi8JUEBOTaQxkwBUyI8YWKFPc3krYA1WUGRtW0YbgL375LzRPqv559ez2tFy7yuMowCGUoAI+XEANbqAODWAwgid4gVcnc56dN+d93rrk5DMH8EvOxzf015Hv</latexit>

“f(n)  g(n)”

<latexit sha1_base64="NN96RVgz41fItqwrYpx7I7mN+5o=">AAAB+XicbZDLSsNAFIYnXmu9RV26GVqEuimJeFsW3bisYC/QhnYyPUmHTiZhZlIooW/ixoUibn0Td76N0zYLbf1h4OM/53DO/H7CmdKO822trW9sbm0Xdoq7e/sHh/bRcVPFqaTQoDGPZdsnCjgT0NBMc2gnEkjkc2j5o/tZvTUGqVgsnvQkAS8ioWABo0Qbq2fb/X5QEee4GwIODZR6dtmpOnPhVXBzKKNc9Z791R3ENI1AaMqJUh3XSbSXEakZ5TAtdlMFCaEjEkLHoCARKC+bXz7FZ8YZ4CCW5gmN5+7viYxESk0i33RGRA/Vcm1m/lfrpDq49TImklSDoItFQcqxjvEsBjxgEqjmEwOESmZuxXRIJKHahFU0IbjLX16F5kXVva5ePV6Wa3d5HAV0ikqoglx0g2roAdVRA1E0Rs/oFb1ZmfVivVsfi9Y1K585QX9kff4A7SCR6g==</latexit>

“f(n) � g(n)”
<latexit sha1_base64="Gm4oTfsiR9aQnAA0IZk9tIURNqc=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQbsqM+NoIRTfurGAf0A4lk2amoUlmSDLCMNRfceNCEbd+iDv/xrSdhbYeuHByzr3k3uPHjCrtON9WYWV1bX2juFna2t7Z3bP3D9oqSiQmLRyxSHZ9pAijgrQ01Yx0Y0kQ9xnp+OObqd95JFLRSDzoNCYeR6GgAcVIG2lgl4OqqMEr2L/jJETV0LxqA7vi1J0Z4DJxc1IBOZoD+6s/jHDCidCYIaV6rhNrL0NSU8zIpNRPFIkRHqOQ9AwViBPlZbPlJ/DYKEMYRNKU0HCm/p7IEFcq5b7p5EiP1KI3Ff/zeokOLr2MijjRROD5R0HCoI7gNAk4pJJgzVJDEJbU7ArxCEmEtcmrZEJwF09eJu2TunteP7s/rTSu8ziK4BAcgSpwwQVogFvQBC2AQQqewSt4s56sF+vd+pi3Fqx8pgz+wPr8AZiUktE=</latexit>

f(n) = ⌦(g(n))

<latexit sha1_base64="Oh0PT/4u5qaVHb9GLOC2uVbz0B0=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvQbsqM+NoIRTcuK/QF7VAy6Z02NJMZkoxQhvorblwo4tYPceffmLaz0NYDF07OuZfce/yYM6Ud59vKra1vbG7ltws7u3v7B/bhUUtFiaTQpBGPZMcnCjgT0NRMc+jEEkjoc2j747uZ334EqVgkGnoSgxeSoWABo0QbqW8Xg7Ko4Bvca4xAk/LQvCp9u+RUnTnwKnEzUkIZ6n37qzeIaBKC0JQTpbquE2svJVIzymFa6CUKYkLHZAhdQwUJQXnpfPkpPjXKAAeRNCU0nqu/J1ISKjUJfdMZEj1Sy95M/M/rJjq49lIm4kSDoIuPgoRjHeFZEnjAJFDNJ4YQKpnZFdMRkYRqk1fBhOAun7xKWmdV97J68XBeqt1mceTRMTpBZeSiK1RD96iOmoiiCXpGr+jNerJerHfrY9Gas7KZIvoD6/MHrKiS3g==</latexit>

f(n) = ⇥(g(n))

cheat sheet

Caveats:

1) Don’t care about constant factors

2) Don’t care about behaviour for small   .<latexit sha1_base64="T7nU6A9+zgeKYMmsXQiHFVjfdRk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx4yTEB84BkCbOT3mTM7OwyMyuEJV/gxYMiXv0kb/6Nk2QPmljQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzzMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4p3U7luXJWrtTyOApzCGVyAB7dQhRrUoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A3B+NAg==</latexit>n

<latexit sha1_base64="wgFCokC/unRCuDmQZQuyoTy+KsU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PAS25GMA9IljA7O5sMmZ1ZZ2aFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7goQzbVz321lZXVvf2CxsFbd3dvf2SweHLS1TRWiTSC5VJ8CaciZo0zDDaSdRFMcBp+1gdDv1209UaSbFgxkn1I/xQLCIEWys1Lmr9EgozVm/VHar7gxomXg5KUOORr/01QslSWMqDOFY667nJsbPsDKMcDop9lJNE0xGeEC7lgocU+1ns3sn6NQqIYqksiUMmqm/JzIcaz2OA9sZYzPUi95U/M/rpia68TMmktRQQeaLopQjI9H0eRQyRYnhY0swUczeisgQK0yMjahoQ/AWX14mrfOqd1W9vL8o1+p5HAU4hhOogAfXUIM6NKAJBDg8wyu8OY/Oi/PufMxbV5x85gj+wPn8AUSfj4A=</latexit>

O(·)
<latexit sha1_base64="fR8f07v99Ax1q2x761nNeTpgbhI=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0Wom5KIr2XBTZcV+oImlMlk0g6dZOLMTaGEfocbF4q49WPc+TdO2yy09cCFwzn3cu89fiK4Btv+tgobm1vbO8Xd0t7+weFR+fiko2WqKGtTKaTq+UQzwWPWBg6C9RLFSOQL1vXHD3O/O2FKcxm3YJowLyLDmIecEjCS57ZGDEjVpYGEy0G5YtfsBfA6cXJSQTmag/KXG0iaRiwGKojWfcdOwMuIAk4Fm5XcVLOE0DEZsr6hMYmY9rLF0TN8YZQAh1KZigEv1N8TGYm0nka+6YwIjPSqNxf/8/ophPdexuMkBRbT5aIwFRgknieAA64YBTE1hFDFza2YjogiFExOJROCs/ryOulc1Zzb2s3jdaXeyOMoojN0jqrIQXeojhqoidqIoif0jF7RmzWxXqx362PZWrDymVP0B9bnDx3ckbU=</latexit>

⇥(·)



Common functions

<latexit sha1_base64="v8oq4RU9kweYIxCYRsG3SjhQNew=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhDiJeyKr2PAi3iKkJckS5id9CZDZmaXmVkhhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmHCmjed9Oyura+sbm7mt/PbO7t5+4eCwoeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+Hwduo3n1BpFsuaGSUYCNKXLGKUGCs9dmoDNKTkn3ULRa/szeAuEz8jRchQ7Ra+Or2YpgKloZxo3fa9xARjogyjHCf5TqoxIXRI+ti2VBKBOhjPDp64p1bpuVGsbEnjztTfE2MitB6J0HYKYgZ60ZuK/3nt1EQ3wZjJJDUo6XxRlHLXxO70e7fHFFLDR5YQqpi91aUDogg1NqO8DcFffHmZNM7L/lX58uGiWLnP4sjBMZxACXy4hgrcQRXqQEHAM7zCm6OcF+fd+Zi3rjjZzBH8gfP5A7P9j7o=</latexit>

⇥(1)
<latexit sha1_base64="BmOS7PJR4tM/qDrZH73GP0Fqc3c=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2FXfB0DXsRThLwgu4bZSScZMjuzzMwqYcl/ePGgiFf/xZt/4yTZgyYWNBRV3XR3hTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRaFBJZeqHRINnAloGGY4tGMFJAo5tMLRzdRvPYLSTIq6GccQRGQgWJ9RYqz04NeHYEjZ53KAxWm3WHIr7gx4mXgZKaEMtW7xy+9JmkQgDOVE647nxiZIiTKMcpgU/ERDTOiIDKBjqSAR6CCdXT3BJ1bp4b5UtoTBM/X3REoircdRaDsjYoZ60ZuK/3mdxPSvg5SJODEg6HxRP+HYSDyNAPeYAmr42BJCFbO3YjokilBjgyrYELzFl5dJ86ziXVYu7s9L1bssjjw6QseojDx0haroFtVQA1Gk0DN6RW/Ok/PivDsf89ack80coj9wPn8AgZGR5w==</latexit>

⇥(log n)

<latexit sha1_base64="HN187M0NRHpxlNU2+WKTQraGfZQ=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYhDiJeyKr2PAi3iKkJckS5id9CZDZmaXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+nZXVtfWNzdxWfntnd2+/cHDYMHGqGdRZLGLdCqkBwRXUkaOAVqKBylBAMxzeTv3mE2jDY1XDUQKBpH3FI84oWumxUxsA0pI66xaKXtmbwV0mfkaKJEO1W/jq9GKWSlDIBDWm7XsJBmOqkTMBk3wnNZBQNqR9aFuqqAQTjGcHT9xTq/TcKNa2FLoz9ffEmEpjRjK0nZLiwCx6U/E/r51idBOMuUpSBMXmi6JUuBi70+/dHtfAUIwsoUxze6vLBlRThjajvA3BX3x5mTTOy/5V+fLholi5z+LIkWNyQkrEJ9ekQu5IldQJI5I8k1fy5mjnxXl3PuatK042c0T+wPn8ARC9j/c=</latexit>

⇥(n)
<latexit sha1_base64="XfdSWO0tij2I9tUGDTHoyzgM35Q=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSDES9gVX8eAF/EUIS/ILmF20kmGzM4sM7OBsORPvHhQxKt/4s2/cZLsQRMLGoqqbrq7ooQzbTzv21lb39jc2i7sFHf39g8O3aPjppapotCgkkvVjogGzgQ0DDMc2okCEkccWtHofua3xqA0k6JuJgmEMRkI1meUGCt1XTeoD8GQssABlwMsLrpuyat4c+BV4uekhHLUuu5X0JM0jUEYyonWHd9LTJgRZRjlMC0GqYaE0BEZQMdSQWLQYTa/fIrPrdLDfalsCYPn6u+JjMRaT+LIdsbEDPWyNxP/8zqp6d+FGRNJakDQxaJ+yrGReBYD7jEF1PCJJYQqZm/FdEgUocaGVbQh+Msvr5LmZcW/qVw/XZWqj3kcBXSKzlAZ+egWVdEDqqEGomiMntErenMy58V5dz4WrWtOPnOC/sD5/AEj/ZK6</latexit>

⇥(n log n)
<latexit sha1_base64="otar8yf0DiZycMk1csELd46T7j4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2E3+DoGvIinCHnBZg2zk0kyZHZmmekVwpLP8OJBEa9+jTf/xkmyB00saCiquunuCmPBDbjut5NbW9/Y3MpvF3Z29/YPiodHLaMSTVmTKqF0JySGCS5ZEzgI1ok1I1EoWDsc38789hPThivZgEnMgogMJR9wSsBKfrcxYkDK8rF63iuW3Io7B14lXkZKKEO9V/zq9hVNIiaBCmKM77kxBCnRwKlg00I3MSwmdEyGzLdUkoiZIJ2fPMVnVunjgdK2JOC5+nsiJZExkyi0nRGBkVn2ZuJ/np/A4CZIuYwTYJIuFg0SgUHh2f+4zzWjICaWEKq5vRXTEdGEgk2pYEPwll9eJa1qxbuqXD5clGr3WRx5dIJOURl56BrV0B2qoyaiSKFn9IreHHBenHfnY9Gac7KZY/QHzucPO7SQmw==</latexit>

⇥(n2)

Complexity Example



Theta vs. Problem Size

10 1 ns 3 ns 10 ns 30 ns 100 ns 1 microsec 1 microsec

100 1 ns 6 ns 100 ns 600 ns 10 microsec 1 ms 40 trillion yrs

1,000 1 ns 10 ns 1 microsec 10 microsec 1 ms 1 sec

10,000 1 ns 13 ns 10 microsec 130 microsec 100 ms 16 min

100,000 1 ns 16 ns 100 microsec 1.6 ms 10 sec 277 hours

1,000,000 1 ns 20 ns 1 ms 20 ms 16 min 32 yrs

⇥(log n)
<latexit sha1_base64="N4Zhhbtmg6qnJSyxcOSoBdsfoqU=">AAACEnicdVDLSgNBEOz1GeMr6tHLYBDiJeyKoMeAlxwj5AXZNcxOJsmQ2ZllZlYIS/7Cg1f9DG/i1R/wK/wFZ5M9aKIFDUVVd9NdYcyZNq776aytb2xubRd2irt7+weHpaPjtpaJIrRFJJeqG2JNORO0ZZjhtBsriqOQ0044uc38zgNVmknRNNOYBhEeCTZkBBsr3fvNMTW44nM5QuKiXyq7VXcOtEq8nJQhR6Nf+vIHkiQRFYZwrHXPc2MTpFgZRjidFf1E0xiTCR7RnqUCR1QH6fzqGTq3ygANpbIlDJqrPydSHGk9jULbGWEz1steJv7nZRv1X2YvMcObIGUiTgwVZHHFMOHISJTlgwZMUWL41BJMFLOPIDLGChNjUyzahLzlPFZJ+7LquVXv7qpcq+dZFeAUzqACHlxDDerQgBYQUPAEz/DiPDqvzpvzvmhdc/KZE/gF5+Mbi0qdzQ==</latexit><latexit sha1_base64="N4Zhhbtmg6qnJSyxcOSoBdsfoqU=">AAACEnicdVDLSgNBEOz1GeMr6tHLYBDiJeyKoMeAlxwj5AXZNcxOJsmQ2ZllZlYIS/7Cg1f9DG/i1R/wK/wFZ5M9aKIFDUVVd9NdYcyZNq776aytb2xubRd2irt7+weHpaPjtpaJIrRFJJeqG2JNORO0ZZjhtBsriqOQ0044uc38zgNVmknRNNOYBhEeCTZkBBsr3fvNMTW44nM5QuKiXyq7VXcOtEq8nJQhR6Nf+vIHkiQRFYZwrHXPc2MTpFgZRjidFf1E0xiTCR7RnqUCR1QH6fzqGTq3ygANpbIlDJqrPydSHGk9jULbGWEz1steJv7nZRv1X2YvMcObIGUiTgwVZHHFMOHISJTlgwZMUWL41BJMFLOPIDLGChNjUyzahLzlPFZJ+7LquVXv7qpcq+dZFeAUzqACHlxDDerQgBYQUPAEz/DiPDqvzpvzvmhdc/KZE/gF5+Mbi0qdzQ==</latexit><latexit sha1_base64="N4Zhhbtmg6qnJSyxcOSoBdsfoqU=">AAACEnicdVDLSgNBEOz1GeMr6tHLYBDiJeyKoMeAlxwj5AXZNcxOJsmQ2ZllZlYIS/7Cg1f9DG/i1R/wK/wFZ5M9aKIFDUVVd9NdYcyZNq776aytb2xubRd2irt7+weHpaPjtpaJIrRFJJeqG2JNORO0ZZjhtBsriqOQ0044uc38zgNVmknRNNOYBhEeCTZkBBsr3fvNMTW44nM5QuKiXyq7VXcOtEq8nJQhR6Nf+vIHkiQRFYZwrHXPc2MTpFgZRjidFf1E0xiTCR7RnqUCR1QH6fzqGTq3ygANpbIlDJqrPydSHGk9jULbGWEz1steJv7nZRv1X2YvMcObIGUiTgwVZHHFMOHISJTlgwZMUWL41BJMFLOPIDLGChNjUyzahLzlPFZJ+7LquVXv7qpcq+dZFeAUzqACHlxDDerQgBYQUPAEz/DiPDqvzpvzvmhdc/KZE/gF5+Mbi0qdzQ==</latexit><latexit sha1_base64="N4Zhhbtmg6qnJSyxcOSoBdsfoqU=">AAACEnicdVDLSgNBEOz1GeMr6tHLYBDiJeyKoMeAlxwj5AXZNcxOJsmQ2ZllZlYIS/7Cg1f9DG/i1R/wK/wFZ5M9aKIFDUVVd9NdYcyZNq776aytb2xubRd2irt7+weHpaPjtpaJIrRFJJeqG2JNORO0ZZjhtBsriqOQ0044uc38zgNVmknRNNOYBhEeCTZkBBsr3fvNMTW44nM5QuKiXyq7VXcOtEq8nJQhR6Nf+vIHkiQRFYZwrHXPc2MTpFgZRjidFf1E0xiTCR7RnqUCR1QH6fzqGTq3ygANpbIlDJqrPydSHGk9jULbGWEz1steJv7nZRv1X2YvMcObIGUiTgwVZHHFMOHISJTlgwZMUWL41BJMFLOPIDLGChNjUyzahLzlPFZJ+7LquVXv7qpcq+dZFeAUzqACHlxDDerQgBYQUPAEz/DiPDqvzpvzvmhdc/KZE/gF5+Mbi0qdzQ==</latexit>

⇥(1)
<latexit sha1_base64="DDdHK+kiS6cUMmcL8KzD4gvN9zY=">AAACDXicdVDLSgNBEJz1GeMr6tHLYBDiJeyKoMeAlxwj5CXJEmYnvcmQmdllZlYIS77Bg1f9DG/i1W/wK/wFZ5M9aKIFDUVVd9NdQcyZNq776aytb2xubRd2irt7+weHpaPjto4SRaFFIx6pbkA0cCahZZjh0I0VEBFw6AST28zvPIDSLJJNM43BF2QkWcgoMVa67zfHYEjFuxiUym7VnQOvEi8nZZSjMSh99YcRTQRIQznRuue5sfFTogyjHGbFfqIhJnRCRtCzVBIB2k/nB8/wuVWGOIyULWnwXP05kRKh9VQEtlMQM9bLXib+52Ub9V9mLzHhjZ8yGScGJF1cESYcmwhn0eAhU0ANn1pCqGL2EUzHRBFqbIBFm5C3nMcqaV9WPbfq3V2Va/U8qwI6RWeogjx0jWqojhqohSgS6Ak9oxfn0Xl13pz3Reuak8+coF9wPr4Bg7aboA==</latexit><latexit sha1_base64="DDdHK+kiS6cUMmcL8KzD4gvN9zY=">AAACDXicdVDLSgNBEJz1GeMr6tHLYBDiJeyKoMeAlxwj5CXJEmYnvcmQmdllZlYIS77Bg1f9DG/i1W/wK/wFZ5M9aKIFDUVVd9NdQcyZNq776aytb2xubRd2irt7+weHpaPjto4SRaFFIx6pbkA0cCahZZjh0I0VEBFw6AST28zvPIDSLJJNM43BF2QkWcgoMVa67zfHYEjFuxiUym7VnQOvEi8nZZSjMSh99YcRTQRIQznRuue5sfFTogyjHGbFfqIhJnRCRtCzVBIB2k/nB8/wuVWGOIyULWnwXP05kRKh9VQEtlMQM9bLXib+52Ub9V9mLzHhjZ8yGScGJF1cESYcmwhn0eAhU0ANn1pCqGL2EUzHRBFqbIBFm5C3nMcqaV9WPbfq3V2Va/U8qwI6RWeogjx0jWqojhqohSgS6Ak9oxfn0Xl13pz3Reuak8+coF9wPr4Bg7aboA==</latexit><latexit sha1_base64="DDdHK+kiS6cUMmcL8KzD4gvN9zY=">AAACDXicdVDLSgNBEJz1GeMr6tHLYBDiJeyKoMeAlxwj5CXJEmYnvcmQmdllZlYIS77Bg1f9DG/i1W/wK/wFZ5M9aKIFDUVVd9NdQcyZNq776aytb2xubRd2irt7+weHpaPjto4SRaFFIx6pbkA0cCahZZjh0I0VEBFw6AST28zvPIDSLJJNM43BF2QkWcgoMVa67zfHYEjFuxiUym7VnQOvEi8nZZSjMSh99YcRTQRIQznRuue5sfFTogyjHGbFfqIhJnRCRtCzVBIB2k/nB8/wuVWGOIyULWnwXP05kRKh9VQEtlMQM9bLXib+52Ub9V9mLzHhjZ8yGScGJF1cESYcmwhn0eAhU0ANn1pCqGL2EUzHRBFqbIBFm5C3nMcqaV9WPbfq3V2Va/U8qwI6RWeogjx0jWqojhqohSgS6Ak9oxfn0Xl13pz3Reuak8+coF9wPr4Bg7aboA==</latexit><latexit sha1_base64="DDdHK+kiS6cUMmcL8KzD4gvN9zY=">AAACDXicdVDLSgNBEJz1GeMr6tHLYBDiJeyKoMeAlxwj5CXJEmYnvcmQmdllZlYIS77Bg1f9DG/i1W/wK/wFZ5M9aKIFDUVVd9NdQcyZNq776aytb2xubRd2irt7+weHpaPjto4SRaFFIx6pbkA0cCahZZjh0I0VEBFw6AST28zvPIDSLJJNM43BF2QkWcgoMVa67zfHYEjFuxiUym7VnQOvEi8nZZSjMSh99YcRTQRIQznRuue5sfFTogyjHGbFfqIhJnRCRtCzVBIB2k/nB8/wuVWGOIyULWnwXP05kRKh9VQEtlMQM9bLXib+52Ub9V9mLzHhjZ8yGScGJF1cESYcmwhn0eAhU0ANn1pCqGL2EUzHRBFqbIBFm5C3nMcqaV9WPbfq3V2Va/U8qwI6RWeogjx0jWqojhqohSgS6Ak9oxfn0Xl13pz3Reuak8+coF9wPr4Bg7aboA==</latexit>

n
<latexit sha1_base64="MCxx0z/2WmG+jXg75dhLryEHuC8=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAlxwTMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96l/mdB1SaR/LezGIchHQsecAZNVZqymG54lbdBcg68XJSgRyNYfmrP4pYEqI0TFCte54bm0FKleFM4LzUTzTGlE3pGHuWShqiHqSLQ+fkwiojEkTKljRkof6cSGmo9Sz0bWdIzUSvepn4n5dt1H+ZvcQEt4OUyzgxKNnyiiARxEQki4SMuEJmxMwSyhS3jxA2oYoyY4Mr2YS81TzWSfuq6rlVr3ldqdXzrIpwBudwCR7cQA3q0IAWMEB4gmd4cR6dV+fNeV+2Fpx85hR+wfn4BmX8mOo=</latexit><latexit sha1_base64="MCxx0z/2WmG+jXg75dhLryEHuC8=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAlxwTMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96l/mdB1SaR/LezGIchHQsecAZNVZqymG54lbdBcg68XJSgRyNYfmrP4pYEqI0TFCte54bm0FKleFM4LzUTzTGlE3pGHuWShqiHqSLQ+fkwiojEkTKljRkof6cSGmo9Sz0bWdIzUSvepn4n5dt1H+ZvcQEt4OUyzgxKNnyiiARxEQki4SMuEJmxMwSyhS3jxA2oYoyY4Mr2YS81TzWSfuq6rlVr3ldqdXzrIpwBudwCR7cQA3q0IAWMEB4gmd4cR6dV+fNeV+2Fpx85hR+wfn4BmX8mOo=</latexit><latexit sha1_base64="MCxx0z/2WmG+jXg75dhLryEHuC8=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAlxwTMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96l/mdB1SaR/LezGIchHQsecAZNVZqymG54lbdBcg68XJSgRyNYfmrP4pYEqI0TFCte54bm0FKleFM4LzUTzTGlE3pGHuWShqiHqSLQ+fkwiojEkTKljRkof6cSGmo9Sz0bWdIzUSvepn4n5dt1H+ZvcQEt4OUyzgxKNnyiiARxEQki4SMuEJmxMwSyhS3jxA2oYoyY4Mr2YS81TzWSfuq6rlVr3ldqdXzrIpwBudwCR7cQA3q0IAWMEB4gmd4cR6dV+fNeV+2Fpx85hR+wfn4BmX8mOo=</latexit><latexit sha1_base64="MCxx0z/2WmG+jXg75dhLryEHuC8=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAlxwTMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96l/mdB1SaR/LezGIchHQsecAZNVZqymG54lbdBcg68XJSgRyNYfmrP4pYEqI0TFCte54bm0FKleFM4LzUTzTGlE3pGHuWShqiHqSLQ+fkwiojEkTKljRkof6cSGmo9Sz0bWdIzUSvepn4n5dt1H+ZvcQEt4OUyzgxKNnyiiARxEQki4SMuEJmxMwSyhS3jxA2oYoyY4Mr2YS81TzWSfuq6rlVr3ldqdXzrIpwBudwCR7cQA3q0IAWMEB4gmd4cR6dV+fNeV+2Fpx85hR+wfn4BmX8mOo=</latexit> ⇥(n)

<latexit sha1_base64="4aw5q7EDs+gD1jeMvK8t7t1MmCg=">AAACDXicdVDLSgNBEJz1GeMr6tHLYBDiJeyKoMeAlxwj5CXJEmYns8mQmdllplcIS77Bg1f9DG/i1W/wK/wFZ5M9aKIFDUVVd9NdQSy4Adf9dNbWNza3tgs7xd29/YPD0tFx20SJpqxFIxHpbkAME1yxFnAQrBtrRmQgWCeY3GZ+54FpwyPVhGnMfElGioecErDSfb85ZkAq6mJQKrtVdw68SryclFGOxqD01R9GNJFMARXEmJ7nxuCnRAOngs2K/cSwmNAJGbGepYpIZvx0fvAMn1tliMNI21KA5+rPiZRIY6YysJ2SwNgse5n4n5dtNH+ZvQTCGz/lKk6AKbq4IkwEhghn0eAh14yCmFpCqOb2EUzHRBMKNsCiTchbzmOVtC+rnlv17q7KtXqeVQGdojNUQR66RjVURw3UQhRJ9ISe0Yvz6Lw6b877onXNyWdO0C84H9/nUJvd</latexit><latexit sha1_base64="4aw5q7EDs+gD1jeMvK8t7t1MmCg=">AAACDXicdVDLSgNBEJz1GeMr6tHLYBDiJeyKoMeAlxwj5CXJEmYns8mQmdllplcIS77Bg1f9DG/i1W/wK/wFZ5M9aKIFDUVVd9NdQSy4Adf9dNbWNza3tgs7xd29/YPD0tFx20SJpqxFIxHpbkAME1yxFnAQrBtrRmQgWCeY3GZ+54FpwyPVhGnMfElGioecErDSfb85ZkAq6mJQKrtVdw68SryclFGOxqD01R9GNJFMARXEmJ7nxuCnRAOngs2K/cSwmNAJGbGepYpIZvx0fvAMn1tliMNI21KA5+rPiZRIY6YysJ2SwNgse5n4n5dtNH+ZvQTCGz/lKk6AKbq4IkwEhghn0eAh14yCmFpCqOb2EUzHRBMKNsCiTchbzmOVtC+rnlv17q7KtXqeVQGdojNUQR66RjVURw3UQhRJ9ISe0Yvz6Lw6b877onXNyWdO0C84H9/nUJvd</latexit><latexit sha1_base64="4aw5q7EDs+gD1jeMvK8t7t1MmCg=">AAACDXicdVDLSgNBEJz1GeMr6tHLYBDiJeyKoMeAlxwj5CXJEmYns8mQmdllplcIS77Bg1f9DG/i1W/wK/wFZ5M9aKIFDUVVd9NdQSy4Adf9dNbWNza3tgs7xd29/YPD0tFx20SJpqxFIxHpbkAME1yxFnAQrBtrRmQgWCeY3GZ+54FpwyPVhGnMfElGioecErDSfb85ZkAq6mJQKrtVdw68SryclFGOxqD01R9GNJFMARXEmJ7nxuCnRAOngs2K/cSwmNAJGbGepYpIZvx0fvAMn1tliMNI21KA5+rPiZRIY6YysJ2SwNgse5n4n5dtNH+ZvQTCGz/lKk6AKbq4IkwEhghn0eAh14yCmFpCqOb2EUzHRBMKNsCiTchbzmOVtC+rnlv17q7KtXqeVQGdojNUQR66RjVURw3UQhRJ9ISe0Yvz6Lw6b877onXNyWdO0C84H9/nUJvd</latexit><latexit sha1_base64="4aw5q7EDs+gD1jeMvK8t7t1MmCg=">AAACDXicdVDLSgNBEJz1GeMr6tHLYBDiJeyKoMeAlxwj5CXJEmYns8mQmdllplcIS77Bg1f9DG/i1W/wK/wFZ5M9aKIFDUVVd9NdQSy4Adf9dNbWNza3tgs7xd29/YPD0tFx20SJpqxFIxHpbkAME1yxFnAQrBtrRmQgWCeY3GZ+54FpwyPVhGnMfElGioecErDSfb85ZkAq6mJQKrtVdw68SryclFGOxqD01R9GNJFMARXEmJ7nxuCnRAOngs2K/cSwmNAJGbGepYpIZvx0fvAMn1tliMNI21KA5+rPiZRIY6YysJ2SwNgse5n4n5dtNH+ZvQTCGz/lKk6AKbq4IkwEhghn0eAh14yCmFpCqOb2EUzHRBMKNsCiTchbzmOVtC+rnlv17q7KtXqeVQGdojNUQR66RjVURw3UQhRJ9ISe0Yvz6Lw6b877onXNyWdO0C84H9/nUJvd</latexit>

⇥(n log n)
<latexit sha1_base64="qaMTYY40oWSCqKnPqGYTqdOg4QQ=">AAACFnicdVDLSsNAFL3xWesr6tLNYBHqpiQi6LLgpssKfUETymQ6aYdOJmFmUiih/+HCrX6GO3Hr1q/wF5y0WWirBy4czrn3cu8JEs6UdpxPa2Nza3tnt7RX3j84PDq2T047Kk4loW0S81j2AqwoZ4K2NdOc9hJJcRRw2g0m97nfnVKpWCxaepZQP8IjwUJGsDbSwLa91phqXBXI4/EIiauBXXFqzgJonbgFqUCB5sD+8oYxSSMqNOFYqb7rJNrPsNSMcDove6miCSYTPKJ9QwWOqPKzxeVzdGmUIQpjaUpotFB/TmQ4UmoWBaYzwnqsVr1c/M/LN6q/zH6qwzs/YyJJNRVkeUWYcqRjlGeEhkxSovnMEEwkM48gMsYSE22SLJuE3NU81knnuuY6NffhplJvFFmV4BwuoAou3EIdGtCENhCYwhM8w4v1aL1ab9b7snXDKmbO4Besj29BiZ6g</latexit><latexit sha1_base64="qaMTYY40oWSCqKnPqGYTqdOg4QQ=">AAACFnicdVDLSsNAFL3xWesr6tLNYBHqpiQi6LLgpssKfUETymQ6aYdOJmFmUiih/+HCrX6GO3Hr1q/wF5y0WWirBy4czrn3cu8JEs6UdpxPa2Nza3tnt7RX3j84PDq2T047Kk4loW0S81j2AqwoZ4K2NdOc9hJJcRRw2g0m97nfnVKpWCxaepZQP8IjwUJGsDbSwLa91phqXBXI4/EIiauBXXFqzgJonbgFqUCB5sD+8oYxSSMqNOFYqb7rJNrPsNSMcDove6miCSYTPKJ9QwWOqPKzxeVzdGmUIQpjaUpotFB/TmQ4UmoWBaYzwnqsVr1c/M/LN6q/zH6qwzs/YyJJNRVkeUWYcqRjlGeEhkxSovnMEEwkM48gMsYSE22SLJuE3NU81knnuuY6NffhplJvFFmV4BwuoAou3EIdGtCENhCYwhM8w4v1aL1ab9b7snXDKmbO4Besj29BiZ6g</latexit><latexit sha1_base64="qaMTYY40oWSCqKnPqGYTqdOg4QQ=">AAACFnicdVDLSsNAFL3xWesr6tLNYBHqpiQi6LLgpssKfUETymQ6aYdOJmFmUiih/+HCrX6GO3Hr1q/wF5y0WWirBy4czrn3cu8JEs6UdpxPa2Nza3tnt7RX3j84PDq2T047Kk4loW0S81j2AqwoZ4K2NdOc9hJJcRRw2g0m97nfnVKpWCxaepZQP8IjwUJGsDbSwLa91phqXBXI4/EIiauBXXFqzgJonbgFqUCB5sD+8oYxSSMqNOFYqb7rJNrPsNSMcDove6miCSYTPKJ9QwWOqPKzxeVzdGmUIQpjaUpotFB/TmQ4UmoWBaYzwnqsVr1c/M/LN6q/zH6qwzs/YyJJNRVkeUWYcqRjlGeEhkxSovnMEEwkM48gMsYSE22SLJuE3NU81knnuuY6NffhplJvFFmV4BwuoAou3EIdGtCENhCYwhM8w4v1aL1ab9b7snXDKmbO4Besj29BiZ6g</latexit><latexit sha1_base64="qaMTYY40oWSCqKnPqGYTqdOg4QQ=">AAACFnicdVDLSsNAFL3xWesr6tLNYBHqpiQi6LLgpssKfUETymQ6aYdOJmFmUiih/+HCrX6GO3Hr1q/wF5y0WWirBy4czrn3cu8JEs6UdpxPa2Nza3tnt7RX3j84PDq2T047Kk4loW0S81j2AqwoZ4K2NdOc9hJJcRRw2g0m97nfnVKpWCxaepZQP8IjwUJGsDbSwLa91phqXBXI4/EIiauBXXFqzgJonbgFqUCB5sD+8oYxSSMqNOFYqb7rJNrPsNSMcDove6miCSYTPKJ9QwWOqPKzxeVzdGmUIQpjaUpotFB/TmQ4UmoWBaYzwnqsVr1c/M/LN6q/zH6qwzs/YyJJNRVkeUWYcqRjlGeEhkxSovnMEEwkM48gMsYSE22SLJuE3NU81knnuuY6NffhplJvFFmV4BwuoAou3EIdGtCENhCYwhM8w4v1aL1ab9b7snXDKmbO4Besj29BiZ6g</latexit>

⇥(n2)
<latexit sha1_base64="W/F5mLw9zyjbZP8AhlEvBcsdZTA=">AAACD3icdVDLSsNAFJ3UV62vqks3wSLUTUmKoMuCmy4r9AVpLJPpTTt0MhNmJkIJ/QgXbvUz3IlbP8Gv8BectFloqwcuHM6593LvCWJGlXacT6uwsbm1vVPcLe3tHxwelY9PukokkkCHCCZkP8AKGOXQ0VQz6McScBQw6AXT28zvPYBUVPC2nsXgR3jMaUgJ1kbyBu0JaFzl9/XLYbni1JwF7HXi5qSCcrSG5a/BSJAkAq4Jw0p5rhNrP8VSU8JgXhokCmJMpngMnqEcR6D8dHHy3L4wysgOhTTFtb1Qf06kOFJqFgWmM8J6ola9TPzPyzaqv0wv0eGNn1IeJxo4WV4RJszWws7CsUdUAtFsZggmkppHbDLBEhNtIiyZhNzVPNZJt15znZp7d1VpNPOsiugMnaMqctE1aqAmaqEOIkigJ/SMXqxH69V6s96XrQUrnzlFv2B9fAMi4JyB</latexit><latexit sha1_base64="W/F5mLw9zyjbZP8AhlEvBcsdZTA=">AAACD3icdVDLSsNAFJ3UV62vqks3wSLUTUmKoMuCmy4r9AVpLJPpTTt0MhNmJkIJ/QgXbvUz3IlbP8Gv8BectFloqwcuHM6593LvCWJGlXacT6uwsbm1vVPcLe3tHxwelY9PukokkkCHCCZkP8AKGOXQ0VQz6McScBQw6AXT28zvPYBUVPC2nsXgR3jMaUgJ1kbyBu0JaFzl9/XLYbni1JwF7HXi5qSCcrSG5a/BSJAkAq4Jw0p5rhNrP8VSU8JgXhokCmJMpngMnqEcR6D8dHHy3L4wysgOhTTFtb1Qf06kOFJqFgWmM8J6ola9TPzPyzaqv0wv0eGNn1IeJxo4WV4RJszWws7CsUdUAtFsZggmkppHbDLBEhNtIiyZhNzVPNZJt15znZp7d1VpNPOsiugMnaMqctE1aqAmaqEOIkigJ/SMXqxH69V6s96XrQUrnzlFv2B9fAMi4JyB</latexit><latexit sha1_base64="W/F5mLw9zyjbZP8AhlEvBcsdZTA=">AAACD3icdVDLSsNAFJ3UV62vqks3wSLUTUmKoMuCmy4r9AVpLJPpTTt0MhNmJkIJ/QgXbvUz3IlbP8Gv8BectFloqwcuHM6593LvCWJGlXacT6uwsbm1vVPcLe3tHxwelY9PukokkkCHCCZkP8AKGOXQ0VQz6McScBQw6AXT28zvPYBUVPC2nsXgR3jMaUgJ1kbyBu0JaFzl9/XLYbni1JwF7HXi5qSCcrSG5a/BSJAkAq4Jw0p5rhNrP8VSU8JgXhokCmJMpngMnqEcR6D8dHHy3L4wysgOhTTFtb1Qf06kOFJqFgWmM8J6ola9TPzPyzaqv0wv0eGNn1IeJxo4WV4RJszWws7CsUdUAtFsZggmkppHbDLBEhNtIiyZhNzVPNZJt15znZp7d1VpNPOsiugMnaMqctE1aqAmaqEOIkigJ/SMXqxH69V6s96XrQUrnzlFv2B9fAMi4JyB</latexit><latexit sha1_base64="W/F5mLw9zyjbZP8AhlEvBcsdZTA=">AAACD3icdVDLSsNAFJ3UV62vqks3wSLUTUmKoMuCmy4r9AVpLJPpTTt0MhNmJkIJ/QgXbvUz3IlbP8Gv8BectFloqwcuHM6593LvCWJGlXacT6uwsbm1vVPcLe3tHxwelY9PukokkkCHCCZkP8AKGOXQ0VQz6McScBQw6AXT28zvPYBUVPC2nsXgR3jMaUgJ1kbyBu0JaFzl9/XLYbni1JwF7HXi5qSCcrSG5a/BSJAkAq4Jw0p5rhNrP8VSU8JgXhokCmJMpngMnqEcR6D8dHHy3L4wysgOhTTFtb1Qf06kOFJqFgWmM8J6ola9TPzPyzaqv0wv0eGNn1IeJxo4WV4RJszWws7CsUdUAtFsZggmkppHbDLBEhNtIiyZhNzVPNZJt15znZp7d1VpNPOsiugMnaMqctE1aqAmaqEOIkigJ/SMXqxH69V6s96XrQUrnzlFv2B9fAMi4JyB</latexit>

⇥(n3)
<latexit sha1_base64="LyRPLewslMMmD6pWb85DVLI5wZc=">AAACD3icdVDLSsNAFJ3UV62vqks3g0Wom5KooMuCmy4r9AVpLJPpTTt0MgkzE6GEfoQLt/oZ7sStn+BX+AtO2iy01QMXDufce7n3+DFnStv2p1VYW9/Y3Cpul3Z29/YPyodHHRUlkkKbRjySPZ8o4ExAWzPNoRdLIKHPoetPbjO/+wBSsUi09DQGLyQjwQJGiTaS22+NQZOquL88H5Qrds2eA68SJycVlKM5KH/1hxFNQhCacqKU69ix9lIiNaMcZqV+oiAmdEJG4BoqSAjKS+cnz/CZUYY4iKQpofFc/TmRklCpaeibzpDosVr2MvE/L9uo/jLdRAc3XspEnGgQdHFFkHCsI5yFg4dMAtV8agihkplHMB0TSag2EZZMQs5yHqukc1Fz7Jpzd1WpN/KsiugEnaIqctA1qqMGaqI2oihCT+gZvViP1qv1Zr0vWgtWPnOMfsH6+AYkgpyC</latexit><latexit sha1_base64="LyRPLewslMMmD6pWb85DVLI5wZc=">AAACD3icdVDLSsNAFJ3UV62vqks3g0Wom5KooMuCmy4r9AVpLJPpTTt0MgkzE6GEfoQLt/oZ7sStn+BX+AtO2iy01QMXDufce7n3+DFnStv2p1VYW9/Y3Cpul3Z29/YPyodHHRUlkkKbRjySPZ8o4ExAWzPNoRdLIKHPoetPbjO/+wBSsUi09DQGLyQjwQJGiTaS22+NQZOquL88H5Qrds2eA68SJycVlKM5KH/1hxFNQhCacqKU69ix9lIiNaMcZqV+oiAmdEJG4BoqSAjKS+cnz/CZUYY4iKQpofFc/TmRklCpaeibzpDosVr2MvE/L9uo/jLdRAc3XspEnGgQdHFFkHCsI5yFg4dMAtV8agihkplHMB0TSag2EZZMQs5yHqukc1Fz7Jpzd1WpN/KsiugEnaIqctA1qqMGaqI2oihCT+gZvViP1qv1Zr0vWgtWPnOMfsH6+AYkgpyC</latexit><latexit sha1_base64="LyRPLewslMMmD6pWb85DVLI5wZc=">AAACD3icdVDLSsNAFJ3UV62vqks3g0Wom5KooMuCmy4r9AVpLJPpTTt0MgkzE6GEfoQLt/oZ7sStn+BX+AtO2iy01QMXDufce7n3+DFnStv2p1VYW9/Y3Cpul3Z29/YPyodHHRUlkkKbRjySPZ8o4ExAWzPNoRdLIKHPoetPbjO/+wBSsUi09DQGLyQjwQJGiTaS22+NQZOquL88H5Qrds2eA68SJycVlKM5KH/1hxFNQhCacqKU69ix9lIiNaMcZqV+oiAmdEJG4BoqSAjKS+cnz/CZUYY4iKQpofFc/TmRklCpaeibzpDosVr2MvE/L9uo/jLdRAc3XspEnGgQdHFFkHCsI5yFg4dMAtV8agihkplHMB0TSag2EZZMQs5yHqukc1Fz7Jpzd1WpN/KsiugEnaIqctA1qqMGaqI2oihCT+gZvViP1qv1Zr0vWgtWPnOMfsH6+AYkgpyC</latexit><latexit sha1_base64="LyRPLewslMMmD6pWb85DVLI5wZc=">AAACD3icdVDLSsNAFJ3UV62vqks3g0Wom5KooMuCmy4r9AVpLJPpTTt0MgkzE6GEfoQLt/oZ7sStn+BX+AtO2iy01QMXDufce7n3+DFnStv2p1VYW9/Y3Cpul3Z29/YPyodHHRUlkkKbRjySPZ8o4ExAWzPNoRdLIKHPoetPbjO/+wBSsUi09DQGLyQjwQJGiTaS22+NQZOquL88H5Qrds2eA68SJycVlKM5KH/1hxFNQhCacqKU69ix9lIiNaMcZqV+oiAmdEJG4BoqSAjKS+cnz/CZUYY4iKQpofFc/TmRklCpaeibzpDosVr2MvE/L9uo/jLdRAc3XspEnGgQdHFFkHCsI5yFg4dMAtV8agihkplHMB0TSag2EZZMQs5yHqukc1Fz7Jpzd1WpN/KsiugEnaIqctA1qqMGaqI2oihCT+gZvViP1qv1Zr0vWgtWPnOMfsH6+AYkgpyC</latexit>

⇥(2n)
<latexit sha1_base64="rfAH3JUDc+qCZkzQGPpyyN5svLw=">AAACD3icdVDLSsNAFJ3UV62vqks3wSLUTUmKoMuCmy4r9AVpLJPpTTt0MhNmJkIJ/QgXbvUz3IlbP8Gv8BectFloqwcuHM6593LvCWJGlXacT6uwsbm1vVPcLe3tHxwelY9PukokkkCHCCZkP8AKGOXQ0VQz6McScBQw6AXT28zvPYBUVPC2nsXgR3jMaUgJ1kbyBu0JaFyt3/PLYbni1JwF7HXi5qSCcrSG5a/BSJAkAq4Jw0p5rhNrP8VSU8JgXhokCmJMpngMnqEcR6D8dHHy3L4wysgOhTTFtb1Qf06kOFJqFgWmM8J6ola9TPzPyzaqv0wv0eGNn1IeJxo4WV4RJszWws7CsUdUAtFsZggmkppHbDLBEhNtIiyZhNzVPNZJt15znZp7d1VpNPOsiugMnaMqctE1aqAmaqEOIkigJ/SMXqxH69V6s96XrQUrnzlFv2B9fAMiaJyB</latexit><latexit sha1_base64="rfAH3JUDc+qCZkzQGPpyyN5svLw=">AAACD3icdVDLSsNAFJ3UV62vqks3wSLUTUmKoMuCmy4r9AVpLJPpTTt0MhNmJkIJ/QgXbvUz3IlbP8Gv8BectFloqwcuHM6593LvCWJGlXacT6uwsbm1vVPcLe3tHxwelY9PukokkkCHCCZkP8AKGOXQ0VQz6McScBQw6AXT28zvPYBUVPC2nsXgR3jMaUgJ1kbyBu0JaFyt3/PLYbni1JwF7HXi5qSCcrSG5a/BSJAkAq4Jw0p5rhNrP8VSU8JgXhokCmJMpngMnqEcR6D8dHHy3L4wysgOhTTFtb1Qf06kOFJqFgWmM8J6ola9TPzPyzaqv0wv0eGNn1IeJxo4WV4RJszWws7CsUdUAtFsZggmkppHbDLBEhNtIiyZhNzVPNZJt15znZp7d1VpNPOsiugMnaMqctE1aqAmaqEOIkigJ/SMXqxH69V6s96XrQUrnzlFv2B9fAMiaJyB</latexit><latexit sha1_base64="rfAH3JUDc+qCZkzQGPpyyN5svLw=">AAACD3icdVDLSsNAFJ3UV62vqks3wSLUTUmKoMuCmy4r9AVpLJPpTTt0MhNmJkIJ/QgXbvUz3IlbP8Gv8BectFloqwcuHM6593LvCWJGlXacT6uwsbm1vVPcLe3tHxwelY9PukokkkCHCCZkP8AKGOXQ0VQz6McScBQw6AXT28zvPYBUVPC2nsXgR3jMaUgJ1kbyBu0JaFyt3/PLYbni1JwF7HXi5qSCcrSG5a/BSJAkAq4Jw0p5rhNrP8VSU8JgXhokCmJMpngMnqEcR6D8dHHy3L4wysgOhTTFtb1Qf06kOFJqFgWmM8J6ola9TPzPyzaqv0wv0eGNn1IeJxo4WV4RJszWws7CsUdUAtFsZggmkppHbDLBEhNtIiyZhNzVPNZJt15znZp7d1VpNPOsiugMnaMqctE1aqAmaqEOIkigJ/SMXqxH69V6s96XrQUrnzlFv2B9fAMiaJyB</latexit><latexit sha1_base64="rfAH3JUDc+qCZkzQGPpyyN5svLw=">AAACD3icdVDLSsNAFJ3UV62vqks3wSLUTUmKoMuCmy4r9AVpLJPpTTt0MhNmJkIJ/QgXbvUz3IlbP8Gv8BectFloqwcuHM6593LvCWJGlXacT6uwsbm1vVPcLe3tHxwelY9PukokkkCHCCZkP8AKGOXQ0VQz6McScBQw6AXT28zvPYBUVPC2nsXgR3jMaUgJ1kbyBu0JaFyt3/PLYbni1JwF7HXi5qSCcrSG5a/BSJAkAq4Jw0p5rhNrP8VSU8JgXhokCmJMpngMnqEcR6D8dHHy3L4wysgOhTTFtb1Qf06kOFJqFgWmM8J6ola9TPzPyzaqv0wv0eGNn1IeJxo4WV4RJszWws7CsUdUAtFsZggmkppHbDLBEhNtIiyZhNzVPNZJt15znZp7d1VpNPOsiugMnaMqctE1aqAmaqEOIkigJ/SMXqxH69V6s96XrQUrnzlFv2B9fAMiaJyB</latexit>

one operation per nanosecond



Sorting



Properties of Sorting Algos

Comparison Based:

In Place:

Stable:



Mergesort



Mergesort

Mergesort is a comparison based sorting algorithm with worst-case running 
time                  .

This is optimal for a comparison-based method.

Mergesort is stable but is not in place.

<latexit sha1_base64="LaW491ZBMYQUXfRVA+IZUsDk5lc=">AAAB+XicbVBNSwMxEJ31s9avVY9egkWol7IrRT0WvHiSCv2C7lKyadqGZpMlyRbK0n/ixYMiXv0n3vw3pu0etPXBwOO9GWbmRQln2njet7OxubW9s1vYK+4fHB4duyenLS1TRWiTSC5VJ8KaciZo0zDDaSdRFMcRp+1ofD/32xOqNJOiYaYJDWM8FGzACDZW6rlu0BhRg8sCBVwOkbjquSWv4i2A1omfkxLkqPfcr6AvSRpTYQjHWnd9LzFhhpVhhNNZMUg1TTAZ4yHtWipwTHWYLS6foUur9NFAKlvCoIX6eyLDsdbTOLKdMTYjverNxf+8bmoGd2HGRJIaKshy0SDlyEg0jwH1maLE8KklmChmb0VkhBUmxoZVtCH4qy+vk9Z1xb+pVJ+qpdpjHkcBzuECyuDDLdTgAerQBAITeIZXeHMy58V5dz6WrRtOPnMGf+B8/gAk35K9</latexit>

⇥(n log n)

Mergesort is a great example of a divide and conquer algorithm.



Merge Function
The heart of mergesort is merging together two sorted arrays.

2
<latexit sha1_base64="kZuKFafCNCvLqTlZG2iNYKF8IFQ=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4TMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96m/mdB1SaR/LezGIchHQsecAZNVZq1oblilt1FyDrxMtJBXI0huWv/ihiSYjSMEG17nlubAYpVYYzgfNSP9EYUzalY+xZKmmIepAuDp2TC6uMSBApW9KQhfpzIqWh1rPQt50hNRO96mXif162Uf9l9hIT3AxSLuPEoGTLK4JEEBORLBIy4gqZETNLKFPcPkLYhCrKjA2uZBPyVvNYJ+1a1XOrXvOqUm/kWRXhDM7hEjy4hjrcQQNawADhCZ7hxXl0Xp03533ZWnDymVP4BefjGwaomLY=</latexit><latexit sha1_base64="kZuKFafCNCvLqTlZG2iNYKF8IFQ=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4TMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96m/mdB1SaR/LezGIchHQsecAZNVZq1oblilt1FyDrxMtJBXI0huWv/ihiSYjSMEG17nlubAYpVYYzgfNSP9EYUzalY+xZKmmIepAuDp2TC6uMSBApW9KQhfpzIqWh1rPQt50hNRO96mXif162Uf9l9hIT3AxSLuPEoGTLK4JEEBORLBIy4gqZETNLKFPcPkLYhCrKjA2uZBPyVvNYJ+1a1XOrXvOqUm/kWRXhDM7hEjy4hjrcQQNawADhCZ7hxXl0Xp03533ZWnDymVP4BefjGwaomLY=</latexit><latexit sha1_base64="kZuKFafCNCvLqTlZG2iNYKF8IFQ=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4TMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96m/mdB1SaR/LezGIchHQsecAZNVZq1oblilt1FyDrxMtJBXI0huWv/ihiSYjSMEG17nlubAYpVYYzgfNSP9EYUzalY+xZKmmIepAuDp2TC6uMSBApW9KQhfpzIqWh1rPQt50hNRO96mXif162Uf9l9hIT3AxSLuPEoGTLK4JEEBORLBIy4gqZETNLKFPcPkLYhCrKjA2uZBPyVvNYJ+1a1XOrXvOqUm/kWRXhDM7hEjy4hjrcQQNawADhCZ7hxXl0Xp03533ZWnDymVP4BefjGwaomLY=</latexit><latexit sha1_base64="kZuKFafCNCvLqTlZG2iNYKF8IFQ=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4TMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96m/mdB1SaR/LezGIchHQsecAZNVZq1oblilt1FyDrxMtJBXI0huWv/ihiSYjSMEG17nlubAYpVYYzgfNSP9EYUzalY+xZKmmIepAuDp2TC6uMSBApW9KQhfpzIqWh1rPQt50hNRO96mXif162Uf9l9hIT3AxSLuPEoGTLK4JEEBORLBIy4gqZETNLKFPcPkLYhCrKjA2uZBPyVvNYJ+1a1XOrXvOqUm/kWRXhDM7hEjy4hjrcQQNawADhCZ7hxXl0Xp03533ZWnDymVP4BefjGwaomLY=</latexit>

5
<latexit sha1_base64="f0wJi0SNhqzo4Xhwn59VcXT9d40=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48JmAckS5iddJIhs7PLzKwQlpw9eNXP8CZe/Q6/wl9wNtmDJlrQUFR1N90VxIJr47qfTmFtfWNzq7hd2tnd2z8oHx61dJQohk0WiUh1AqpRcIlNw43ATqyQhoHAdjC5zfz2AyrNI3lvpjH6IR1JPuSMGis1rvrlilt15yCrxMtJBXLU++Wv3iBiSYjSMEG17npubPyUKsOZwFmpl2iMKZvQEXYtlTRE7afzQ2fkzCoDMoyULWnIXP05kdJQ62kY2M6QmrFe9jLxPy/bqP8yu4kZ3vgpl3FiULLFFcNEEBORLBIy4AqZEVNLKFPcPkLYmCrKjA2uZBPylvNYJa2LqudWvcZlpVbPsyrCCZzCOXhwDTW4gzo0gQHCEzzDi/PovDpvzvuiteDkM8fwC87HNwuLmLk=</latexit><latexit sha1_base64="f0wJi0SNhqzo4Xhwn59VcXT9d40=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48JmAckS5iddJIhs7PLzKwQlpw9eNXP8CZe/Q6/wl9wNtmDJlrQUFR1N90VxIJr47qfTmFtfWNzq7hd2tnd2z8oHx61dJQohk0WiUh1AqpRcIlNw43ATqyQhoHAdjC5zfz2AyrNI3lvpjH6IR1JPuSMGis1rvrlilt15yCrxMtJBXLU++Wv3iBiSYjSMEG17npubPyUKsOZwFmpl2iMKZvQEXYtlTRE7afzQ2fkzCoDMoyULWnIXP05kdJQ62kY2M6QmrFe9jLxPy/bqP8yu4kZ3vgpl3FiULLFFcNEEBORLBIy4AqZEVNLKFPcPkLYmCrKjA2uZBPylvNYJa2LqudWvcZlpVbPsyrCCZzCOXhwDTW4gzo0gQHCEzzDi/PovDpvzvuiteDkM8fwC87HNwuLmLk=</latexit><latexit sha1_base64="f0wJi0SNhqzo4Xhwn59VcXT9d40=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48JmAckS5iddJIhs7PLzKwQlpw9eNXP8CZe/Q6/wl9wNtmDJlrQUFR1N90VxIJr47qfTmFtfWNzq7hd2tnd2z8oHx61dJQohk0WiUh1AqpRcIlNw43ATqyQhoHAdjC5zfz2AyrNI3lvpjH6IR1JPuSMGis1rvrlilt15yCrxMtJBXLU++Wv3iBiSYjSMEG17npubPyUKsOZwFmpl2iMKZvQEXYtlTRE7afzQ2fkzCoDMoyULWnIXP05kdJQ62kY2M6QmrFe9jLxPy/bqP8yu4kZ3vgpl3FiULLFFcNEEBORLBIy4AqZEVNLKFPcPkLYmCrKjA2uZBPylvNYJa2LqudWvcZlpVbPsyrCCZzCOXhwDTW4gzo0gQHCEzzDi/PovDpvzvuiteDkM8fwC87HNwuLmLk=</latexit><latexit sha1_base64="f0wJi0SNhqzo4Xhwn59VcXT9d40=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48JmAckS5iddJIhs7PLzKwQlpw9eNXP8CZe/Q6/wl9wNtmDJlrQUFR1N90VxIJr47qfTmFtfWNzq7hd2tnd2z8oHx61dJQohk0WiUh1AqpRcIlNw43ATqyQhoHAdjC5zfz2AyrNI3lvpjH6IR1JPuSMGis1rvrlilt15yCrxMtJBXLU++Wv3iBiSYjSMEG17npubPyUKsOZwFmpl2iMKZvQEXYtlTRE7afzQ2fkzCoDMoyULWnIXP05kdJQ62kY2M6QmrFe9jLxPy/bqP8yu4kZ3vgpl3FiULLFFcNEEBORLBIy4AqZEVNLKFPcPkLYmCrKjA2uZBPylvNYJa2LqudWvcZlpVbPsyrCCZzCOXhwDTW4gzo0gQHCEzzDi/PovDpvzvuiteDkM8fwC87HNwuLmLk=</latexit>

<latexit sha1_base64="6Feh1pXlrykIl5mqqowwGE1tfbI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWanr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9bs8jiKcwCmcgwdXUIdbaEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AIEnjMo=</latexit>

1
<latexit sha1_base64="yedo+mHldwJ86iIkg/xhxIGb2B0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI8BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6pe9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9q7KlXqlVL3P4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4QvjMw=</latexit>

3
<latexit sha1_base64="yedo+mHldwJ86iIkg/xhxIGb2B0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI8BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6pe9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9q7KlXqlVL3P4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4QvjMw=</latexit>

3
<latexit sha1_base64="Pnnc2XnQUcsQh6OMaLWBVbxGTPs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKMB4DXjxJAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp377SdUmsfywUwS9CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpHVV9q7LlUalVLvP4sjDGZzDJXhQhRrcQR2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4o/jNA=</latexit>

7
<latexit sha1_base64="fhsA3K9IGHjB8zVAdjHLWwK6i4g=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXjxJAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp377SdUmsfywUwS9CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpHVV9qrlSqNSqt1nceThDM7hEjy4hhrcQR2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4i7jM8=</latexit>

6
<latexit sha1_base64="MmFOFs2TiaThExzMFqPWuT6BjBs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HELePEkCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt55QaR7LBzNO0I/oQPKQM2qsVL/pFUtu2Z2DrBIvIyXIUOsVv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mj90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVITXvsTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc2LsndZrtQrpep9FkceTuAUzsGDK6jCHdSgAQwQnuEV3pxH58V5dz4WrTknmzmGP3A+fwCNR4zS</latexit>

9

Say we have an array of size     where the first half is sorted and the 
second half is sorted.

<latexit sha1_base64="ULViUBSsGjpXdj/EO8+2tDigKSg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWasp+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7Yuqd1mtNWuV+l0eRxFO4BTOwYMrqMMtNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AN2bjQc=</latexit>n

<latexit sha1_base64="6Feh1pXlrykIl5mqqowwGE1tfbI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWanr9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9bs8jiKcwCmcgwdXUIdbaEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AIEnjMo=</latexit>

1
<latexit sha1_base64="yedo+mHldwJ86iIkg/xhxIGb2B0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI8BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6pe9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9q7KlXqlVL3P4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4QvjMw=</latexit>

3
<latexit sha1_base64="Pnnc2XnQUcsQh6OMaLWBVbxGTPs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKMB4DXjxJAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp377SdUmsfywUwS9CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpHVV9q7LlUalVLvP4sjDGZzDJXhQhRrcQR2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4o/jNA=</latexit>

7
<latexit sha1_base64="MmFOFs2TiaThExzMFqPWuT6BjBs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HELePEkCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt55QaR7LBzNO0I/oQPKQM2qsVL/pFUtu2Z2DrBIvIyXIUOsVv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mj90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVITXvsTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc2LsndZrtQrpep9FkceTuAUzsGDK6jCHdSgAQwQnuEV3pxH58V5dz4WrTknmzmGP3A+fwCNR4zS</latexit>

92
<latexit sha1_base64="kZuKFafCNCvLqTlZG2iNYKF8IFQ=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4TMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96m/mdB1SaR/LezGIchHQsecAZNVZq1oblilt1FyDrxMtJBXI0huWv/ihiSYjSMEG17nlubAYpVYYzgfNSP9EYUzalY+xZKmmIepAuDp2TC6uMSBApW9KQhfpzIqWh1rPQt50hNRO96mXif162Uf9l9hIT3AxSLuPEoGTLK4JEEBORLBIy4gqZETNLKFPcPkLYhCrKjA2uZBPyVvNYJ+1a1XOrXvOqUm/kWRXhDM7hEjy4hjrcQQNawADhCZ7hxXl0Xp03533ZWnDymVP4BefjGwaomLY=</latexit><latexit sha1_base64="kZuKFafCNCvLqTlZG2iNYKF8IFQ=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4TMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96m/mdB1SaR/LezGIchHQsecAZNVZq1oblilt1FyDrxMtJBXI0huWv/ihiSYjSMEG17nlubAYpVYYzgfNSP9EYUzalY+xZKmmIepAuDp2TC6uMSBApW9KQhfpzIqWh1rPQt50hNRO96mXif162Uf9l9hIT3AxSLuPEoGTLK4JEEBORLBIy4gqZETNLKFPcPkLYhCrKjA2uZBPyVvNYJ+1a1XOrXvOqUm/kWRXhDM7hEjy4hjrcQQNawADhCZ7hxXl0Xp03533ZWnDymVP4BefjGwaomLY=</latexit><latexit sha1_base64="kZuKFafCNCvLqTlZG2iNYKF8IFQ=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4TMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96m/mdB1SaR/LezGIchHQsecAZNVZq1oblilt1FyDrxMtJBXI0huWv/ihiSYjSMEG17nlubAYpVYYzgfNSP9EYUzalY+xZKmmIepAuDp2TC6uMSBApW9KQhfpzIqWh1rPQt50hNRO96mXif162Uf9l9hIT3AxSLuPEoGTLK4JEEBORLBIy4gqZETNLKFPcPkLYhCrKjA2uZBPyVvNYJ+1a1XOrXvOqUm/kWRXhDM7hEjy4hjrcQQNawADhCZ7hxXl0Xp03533ZWnDymVP4BefjGwaomLY=</latexit><latexit sha1_base64="kZuKFafCNCvLqTlZG2iNYKF8IFQ=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4TMA9IQpid9CZDZmeXmVkhLDl78Kqf4U28+h1+hb/gbLIHTbSgoajqbrrLjwXXxnU/ncLG5tb2TnG3tLd/cHhUPj5p6yhRDFssEpHq+lSj4BJbhhuB3VghDX2BHX96m/mdB1SaR/LezGIchHQsecAZNVZq1oblilt1FyDrxMtJBXI0huWv/ihiSYjSMEG17nlubAYpVYYzgfNSP9EYUzalY+xZKmmIepAuDp2TC6uMSBApW9KQhfpzIqWh1rPQt50hNRO96mXif162Uf9l9hIT3AxSLuPEoGTLK4JEEBORLBIy4gqZETNLKFPcPkLYhCrKjA2uZBPyVvNYJ+1a1XOrXvOqUm/kWRXhDM7hEjy4hjrcQQNawADhCZ7hxXl0Xp03533ZWnDymVP4BefjGwaomLY=</latexit>

5
<latexit sha1_base64="f0wJi0SNhqzo4Xhwn59VcXT9d40=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48JmAckS5iddJIhs7PLzKwQlpw9eNXP8CZe/Q6/wl9wNtmDJlrQUFR1N90VxIJr47qfTmFtfWNzq7hd2tnd2z8oHx61dJQohk0WiUh1AqpRcIlNw43ATqyQhoHAdjC5zfz2AyrNI3lvpjH6IR1JPuSMGis1rvrlilt15yCrxMtJBXLU++Wv3iBiSYjSMEG17npubPyUKsOZwFmpl2iMKZvQEXYtlTRE7afzQ2fkzCoDMoyULWnIXP05kdJQ62kY2M6QmrFe9jLxPy/bqP8yu4kZ3vgpl3FiULLFFcNEEBORLBIy4AqZEVNLKFPcPkLYmCrKjA2uZBPylvNYJa2LqudWvcZlpVbPsyrCCZzCOXhwDTW4gzo0gQHCEzzDi/PovDpvzvuiteDkM8fwC87HNwuLmLk=</latexit><latexit sha1_base64="f0wJi0SNhqzo4Xhwn59VcXT9d40=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48JmAckS5iddJIhs7PLzKwQlpw9eNXP8CZe/Q6/wl9wNtmDJlrQUFR1N90VxIJr47qfTmFtfWNzq7hd2tnd2z8oHx61dJQohk0WiUh1AqpRcIlNw43ATqyQhoHAdjC5zfz2AyrNI3lvpjH6IR1JPuSMGis1rvrlilt15yCrxMtJBXLU++Wv3iBiSYjSMEG17npubPyUKsOZwFmpl2iMKZvQEXYtlTRE7afzQ2fkzCoDMoyULWnIXP05kdJQ62kY2M6QmrFe9jLxPy/bqP8yu4kZ3vgpl3FiULLFFcNEEBORLBIy4AqZEVNLKFPcPkLYmCrKjA2uZBPylvNYJa2LqudWvcZlpVbPsyrCCZzCOXhwDTW4gzo0gQHCEzzDi/PovDpvzvuiteDkM8fwC87HNwuLmLk=</latexit><latexit sha1_base64="f0wJi0SNhqzo4Xhwn59VcXT9d40=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48JmAckS5iddJIhs7PLzKwQlpw9eNXP8CZe/Q6/wl9wNtmDJlrQUFR1N90VxIJr47qfTmFtfWNzq7hd2tnd2z8oHx61dJQohk0WiUh1AqpRcIlNw43ATqyQhoHAdjC5zfz2AyrNI3lvpjH6IR1JPuSMGis1rvrlilt15yCrxMtJBXLU++Wv3iBiSYjSMEG17npubPyUKsOZwFmpl2iMKZvQEXYtlTRE7afzQ2fkzCoDMoyULWnIXP05kdJQ62kY2M6QmrFe9jLxPy/bqP8yu4kZ3vgpl3FiULLFFcNEEBORLBIy4AqZEVNLKFPcPkLYmCrKjA2uZBPylvNYJa2LqudWvcZlpVbPsyrCCZzCOXhwDTW4gzo0gQHCEzzDi/PovDpvzvuiteDkM8fwC87HNwuLmLk=</latexit><latexit sha1_base64="f0wJi0SNhqzo4Xhwn59VcXT9d40=">AAACBXicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48JmAckS5iddJIhs7PLzKwQlpw9eNXP8CZe/Q6/wl9wNtmDJlrQUFR1N90VxIJr47qfTmFtfWNzq7hd2tnd2z8oHx61dJQohk0WiUh1AqpRcIlNw43ATqyQhoHAdjC5zfz2AyrNI3lvpjH6IR1JPuSMGis1rvrlilt15yCrxMtJBXLU++Wv3iBiSYjSMEG17npubPyUKsOZwFmpl2iMKZvQEXYtlTRE7afzQ2fkzCoDMoyULWnIXP05kdJQ62kY2M6QmrFe9jLxPy/bqP8yu4kZ3vgpl3FiULLFFcNEEBORLBIy4AqZEVNLKFPcPkLYmCrKjA2uZBPylvNYJa2LqudWvcZlpVbPsyrCCZzCOXhwDTW4gzo0gQHCEzzDi/PovDpvzvuiteDkM8fwC87HNwuLmLk=</latexit>

<latexit sha1_base64="fhsA3K9IGHjB8zVAdjHLWwK6i4g=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXjxJAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp377SdUmsfywUwS9CM6lDzkjBorNar9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCG3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpHVV9qrlSqNSqt1nceThDM7hEjy4hhrcQR2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB4i7jM8=</latexit>

6
<latexit sha1_base64="yedo+mHldwJ86iIkg/xhxIGb2B0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI8BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6pe9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9q7KlXqlVL3P4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4QvjMw=</latexit>

3

We want to merge these to completely sort the array.



Mergesort: Code



Mergesort: Running Time

Let us assume the size of the original vector is a power of 2.

Then we have the recurrence

<latexit sha1_base64="m+EvrIVS3opS+CMCdYHZTjNRS9s=">AAAB/3icbZDLSgMxFIbP1Futt1HBjZtgEVqEOlOKuhEKblxphd6gHUomTdvQTGZIMkKpXfgqblwo4tbXcOfbmLaz0OoPgY//nMM5+f2IM6Ud58tKLS2vrK6l1zMbm1vbO/buXl2FsSS0RkIeyqaPFeVM0JpmmtNmJCkOfE4b/vBqWm/cU6lYKKp6FFEvwH3BeoxgbayOfVDNiTy6REVk4LSYRyfo1jgdO+sUnJnQX3ATyEKiSsf+bHdDEgdUaMKxUi3XibQ3xlIzwukk044VjTAZ4j5tGRQ4oMobz+6foGPjdFEvlOYJjWbuz4kxDpQaBb7pDLAeqMXa1Pyv1op178IbMxHFmgoyX9SLOdIhmoaBukxSovnIACaSmVsRGWCJiTaRZUwI7uKX/0K9WHDPCqW7UrZ8k8SRhkM4ghy4cA5luIYK1IDAAzzBC7xaj9az9Wa9z1tTVjKzD79kfXwDNXKSaw==</latexit>

T (n) = 2T (n/2) +O(n)

<latexit sha1_base64="7u05JyCk9nEEv9QAh8MlZOAa19s=">AAAB8nicbVDLSgMxFM3UV62vqks3wSLUTZmRom6EghtXWqEvmA4lk2ba0EwyJHeEUvoZblwo4tavceffmLaz0NYDIYdz7uXee8JEcAOu++3k1tY3Nrfy24Wd3b39g+LhUcuoVFPWpEoo3QmJYYJL1gQOgnUSzUgcCtYOR7czv/3EtOFKNmCcsCAmA8kjTglYyW+UvXN8gx/s1yuW3Io7B14lXkZKKEO9V/zq9hVNYyaBCmKM77kJBBOigVPBpoVualhC6IgMmG+pJDEzwWS+8hSfWaWPI6Xtk4Dn6u+OCYmNGcehrYwJDM2yNxP/8/wUoutgwmWSApN0MShKBQaFZ/fjPteMghhbQqjmdldMh0QTCjalgg3BWz55lbQuKt5lpfpYLdXuszjy6ASdojLy0BWqoTtUR01EkULP6BW9OeC8OO/Ox6I052Q9x+gPnM8f8iePIQ==</latexit>

T (1) = O(1) base case

This is the exact same recurrence we had for the buy and sell stock problem.

The running time of mergesort is                   .
<latexit sha1_base64="v+M84EFwOsVoTKsjAoQmQ7SGoz8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXinosePGkFewHbJeSTbNtaDZZklmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpgIbsB1v53C2vrG5lZxu7Szu7d/UD48ahuVaspaVAmluyExTHDJWsBBsG6iGYlDwTrh+Gbmd56YNlzJR5gkLIjJUPKIUwJW8u+rEveEGmJ53i9X3Jo7B14lXk4qKEezX/7qDRRNYyaBCmKM77kJBBnRwKlg01IvNSwhdEyGzLdUkpiZIJufPMVnVhngSGlbEvBc/T2RkdiYSRzazpjAyCx7M/E/z08hug4yLpMUmKSLRVEqMCg8+x8PuGYUxMQSQjW3t2I6IppQsCmVbAje8surpH1R8y5r9Yd6pXGXx1FEJ+gUVZGHrlAD3aImaiGKFHpGr+jNAefFeXc+Fq0FJ585Rn/gfP4AzZiQVw==</latexit>

O(n log n)


