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Question 1

(a) ŷ = proju y =
8 · 7− 6 · 1
82 + 62

[
8

−6

]
=

[
4

−3

]
and z =

[
7
1

]
−
[

4
−3

]
=

[
3
4

]
;

(b) dist(y, u) = ∥z∥ = 5.

Question 2

(a) ∥v1∥ =
√
3, ∥v2∥ =

√
14, ∥y∥ =

√
26.

(b) v1 · v2 = 0, v1 · y = 6, v2 · y = 7, so v1 ⊥ v2 .

(c) Thus {v1, v2} is an orthogonal basis for W .

(d) ŷ =
v1 · y
v1 · v1

v1 +
v2 · y
v2 · v2

v2 =
6

3

11
1

+
7

14

−1
3

−2

 =

3/27/2
1

 and z = y − ŷ =

−5/2
1/2
2

 .
(e) dist(y, W ) = ∥z∥ =

√
21

2
.

Question 3

By row-reducing A =
[
a1 a2 a3

]
we check that the vectors are linearly independent.

(a) Then

v1 =


1

−1
1

−1

 ; v2 =


4
2
2
0

− 4− 2 + 2− 0

4


1

−1
1

−1

 =


3
3
1
1

 ;

v3 =


4
3
2
1

− 4− 3 + 2− 1

4


1

−1
1

−1

− 12 + 9 + 2 + 1

20


3
3
1
1

 =


−0.1
−0.1
0.3
0.3

 ; v′
3 =


−1
−1
3
3

 .

(b) Normalising these vectors we get

u1 =


1/2

−1/2
1/2

−1/2

 ; u2 =
1√
5


3/2
3/2
1/2
1/2

 ; u3 =
1√
5


−1/2
−1/2
3/2
3/2

 .
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Question 4

(a) Orthonormality of u1 and u2 can be quickly checked by confirming that UTU = I :

[
2/3 1/3 2/3

−2/3 2/3 1/3

]2/3 −2/3
1/3 2/3
2/3 1/3

 =

[
1 0
0 1

]

(b)

projW y = UUTy =

 8/9 −2/9 2/9
−2/9 5/9 4/9
2/9 4/9 5/9

48
1

 =

24
5



Question 5

If matrix U is orthogonal, then
n∑

k=1

ukiukj = δij , where δij is the Kronecker delta. Thus, it must be

n∑
k=1

ukiukj = 0 for i ̸= j (for any two different columns), which is impossible to satisfy when all uki

and ukj are positive.

There must be negative values among either uki or ukj . The same is true for the rows.


