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54 EXTENSION OF MEASURES [Sec. 13]

§13. EXTENSION, COMPLETION, AND APPROXIMATION

Can we always extend a measure on a ring to the generated
o-ring? The answer to this question is essentially contained in
the results of the preceding sections; it is formally summarized
in the following theorem.

Theorem A. If u is a o—finite measure on a ring R, then
there is a unique measure i on the o—ring S(R) such that, for E
in Ry l(E) = p(E); the measure i is a—finite.

The measure § is called the extension of u; except when it is
likely to lead to confusion, we shall write u(E) instead of a(E)
even for sets £ in S(R).

Proof. The existence of i (even without the restriction of
o-finiteness) is proved by 11.C and 12.A. To prove uniqueness,
suppose that u; and wp are two measures on S(R) such that
#(E) = p(E) whenever E ¢ R, and let M be the class of all sets
E in S(R) for which u;(E) = py(E). If one of the two measures
is finite, and if {£,} is a monotone sequence of sets in M, then,
since

pi(lim, E;) = lim, wi(En), i=1,2,

we have lim, E, e M. (The full justification of this step in the
reasoning makes use of the fact that one of the two numbers
pi(E,) and po(E,), and therefore also the other one, is finite for
every n = 1,2, -5 cf. 9.D and 9.E.) Since this means that M
is a monotone class, and since M contains R, it follows from
6.B that M contains S(R).

In the general, not necessarily finite, case we proceed as follows.
Let A be any fixed set in R, of finite measure with respect to one
of the two measures y; and go. SinceR N Ais aringand SR) N 4
is the o-ring it generates (cf. 5.E), it follows that the reasoning
of the preceding paragraph applies to R N 4 and S(R) N 4,
and proves that if £eS®R) N 4, then u(E) = w(E). Since
every £ in S(R) may be covered by a countable, disjoint union
of sets of finite measure in R (with respect to either of the meas-
ures p; and p,), the proof of the theorem is complete.

The extension procedure employed in the proofs of § 12 yields
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slightly more than Theorem A states; the given measure B can
actually be extended to a class (the class of all g*-measurable
sets) which is in general larger than the generated o-ring. The
following theorems show that it is not necessary to make use of
the theory of outer measures in order to obtain this slight enlarge-
ment of the domain of u.

Theorem B. If u is a measure on a a—ring S, then the class
S of all sets of the form E AN, where E ¢S and N is a subset
of a set of measure 2ero in S, is a a-ring, and the set function i
defined by i(E A N) = p(E) is a complete measure on S.

The measure 4 is called the completion of .
Proof. If EeS, N c A &S, and u(A4) = 0, then the relations

EUN=(E-~4)A[4N (EUN)
and

EAN=(E—-AHU[4N(EAN)]

show that the class § may also be described as the class of all
sets of the form E U N, where E ¢S and N is a subset of a set
of measure zero in S. Since this implies that the class S, which
is obviously closed under the formation of symmetric differences,
is closed also under the formation of countable unions, it follows
that 8 is a o-ring. If

EIAN]_ ES EzANz,

where E£; &S and N; is a subset of a set of measure zero in S,
i = 1,2, then
ElAEz = NlANg,

and therefore u(E; A Ep) = 0. It follows that u(E)) = u(Ey),
and hence that g is indeed unambiguously defined by the relations

AEAN) = (E U N) = u(E).

Using the union (instead of the symmetric difference) representa-
tion of sets in §, it is easy to verify that 4 is a measure; the
completeness of i is an immediate consequence of the fact that
S contains all subsets of sets of measure zero in S. i
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The following theorem establishes the connection between the
general concept of completion and the particular complete exten-
sion obtained by using outer measures.

Theorem C. If p is a o-finite measure on a ring R, and if
¥ is the outer measure induced by u, then the completion of the
extension of u to S(R) is identical with u* on the class of all
w¥—measurable sets. '

Proof. Let us denote the class of all u*-measurable sets by
$* and the domain of the completion i of ux by 8. Since u* on
S* is a complete measure, it follows that S is contained in S*
and that g and u* coincide on S. All that we have left to prove
is that 8* is contained in S; in view of the o-finiteness of p* on
S* (cf. 12.E) it is sufficient to prove that if E ¢ $* and p*(E) < «,
then E e S.

By 12.C, E has a measurable cover F. Since p*(F) = u(F) =
p*(E), it follows from the finiteness of u*(E), and the fact that
p* is a measure on S*, that u*(¥ — E) = 0. Since F — E also
has a measurable cover G, and since

w(G) = p*(F — E) =0,
the relation

E=F-GUENG

exhibits E as a union of a set in S(R) and a set which is a subset
of a set of measure zero in S(R). This shows that E ¢ §, and thus
completes the proof of Theorem C. |

Loosely speaking, Theorem C says that in the s—finite case the
o-ring of all u*-measurable sets and the generated s—ring S(R)
are not very different; every p*-measurable set suitably modified
by a set of measure zero belongs to S(R).

We conclude this section with a very useful result concerning
the relation between a measure on a ring and its extension to the
generated o-ring.

Theorem D. If p is a o—finite measure on a ring R, then,
Jor every set E of finite measure in S(R) and for every positive
number ¢, there exists a set Eq in R such that u(E A Ep) £ e
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Proof. The results of §§ 10, 11, and 12, together with Theorem
A, imply that

wE) =inf {2 pE): Ec Ui E, EieR, i=1,2 ..},

Consequently there exists a sequence {E,;} of sets in R such that

Ec UpE: and p(Uz, E) < w(E) + 5

Since
lim, p(Ui1 E0) = w(Uiz1 Ed),

there exists a positive integer » such that if

EO = U?=1 Ei)
then

(Ui E) < (B + -

Clearly E; e R; since

W(E — E) 2 w(Use1 Ei — Eo) = w(Ui1 Eo) — (o) < 5
and
w(Ey — E) = (U Ei — E) = w(Usr o) — w(E) £ g,

the proof of the theorem is complete. |

(1) Let p be a finite, non negative, and finitely additive set function defined
on a ring R. The function p* defined by the procedure of § 10 is still an outer
measure, and, therefore, the & of 11.C may still be formed, but it is no longer
necessarily true that & is an extension of u; (cf. 10.2, 10.4e, and 11.4).

(2) If 7 is the extension of the measure p on the ring R described in § 8,
then, for any countable set E, E ¢ S(R) and g(E) = 0.

(3) The uniqueness assertion of Theorem A is not true if the class R is not a
ring. (Hint: let X = {4,5,c,d} be a space of four points and define the measures
g1 and pg on the class of all subsets of X by

ml{a}) = m({d}) = w({8}) = #2({‘}) =1,
m({e}) = m{c}) = pa({a}) = pa({d}) = 2.)

{(4) Is Theorem A true for semirings instead of rings?

(5) Let R be a ring of subsets of a countable set X, with the property that
every non empty set in R is infinite and such that S(R) is the class of all subsets
of X; (cf. 9.7). If, for every subset E of X, p1(E) is the number of points in E
and ps(E) = 2u;(E), then pg and py agree on R but not on S(R). In other words,
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