
6".t l,\"{vqp
,oN W fry,yþ 5,Ir ¡. (VJ d

(l ,Ð'YJ -rÉ^¡ 1¡-
çn¡5unnA/ -ìn^\) vPò

)o üÎ

cq.øl ti= à^^åìøturu l, {T'[fw I

4\¡ /rnnP /\^.A +ì wfia'-r. ( +raV
¡ *o"a,¡v¡,¡n Alô-t -Yb

'f oO \" A -\'{

Nf o-sfe

:n^n¡¿-n )"^"^1 W¡ffl
Ç.M,\ -7 lY , t¡d¡{pÅr

(t
J

/*-'d+ c7.nt Ê./t ùa[f -ñ 4prrrr^ +o 1^4'lo8*\Âê^ ð

n'ï¿- \^àr4 f *e 9n ¿I Wry .¿rn 3ÑW

-nnuts 'Y,r+ n" v'# a¡¡-svrq^t s{
€ j \Yf "T\5\^r 

ln/¡o)..f fz

-r'r/LæÇ""'e t (letl 
V¿

þ)

a')- tù

4tywSwt sr\ V {vs V
-X f '$ryr

x,- f* (Ð )ù

l=)
(

l11
)3'¿Ò^/

vr
((Ð 1/

Ç.þs.¡¡/) c 
[V b^+ð Vrr <ña/I.À^ \.ì^A

t^):Æ WH WW'-( *"-à -rà3 4|r"D'*'-v\o"\4"

o=l -ø)5 4q:-t/ ì¿ -\^o zvr'nS'ú-rrry' -an\ I'o ¿ #
'Ðtv ü (a"t"-l'r'ôJ

\

f '*ryrfu --',,c ra í Ð )fts v st

-¡'þ¿ to r\ V .arQrTàç

\;4^q*r,.rr-rg #g -'l fl-1 q,ûbuf -l 'riry.l

nM-/rN\/LN

so fr ?Àt 51rV ì

f^



Zre,*ÅJs ,fR,

' G , 
g',^)

J'l

y{vÞ t 
on

\ \ ) ^. 
(l /,439vW =,eLo

i>4 wu¿tÇt'w S{2q'<4-
g =- i4"/ ß"-.L o> -

A to

,^.tlv*l

b-
UB
i4? Q2 -(Âl^"^r--

fl*ç ,\ a. Larur..-) \^^-(-. b\,\.4

nL",,( = Z, ß =- ^,ll 
g^ñsnt\rl Z r"*l

y tB\ > #øLu",* "PS ( cou^/-K5 vt*^t"'$

, ( f .p, t\ ,l{, A) r> o'r ¡>''-'b'Çi ''3 
sP^Q 

,

tA

T1 \"u ,tJ ,?o

t-l t

, TìJw ,[ --
ß"= t*+,Q 0^

B q

s,4f>l

B -B t xB- Ä. .-- XB* x4, o,43"$o,¿IX.----

t/r/,^/%p B' B ry
4.r+ n2 ¿ tst) =- I

q o,Ú
B-9,J *\,?

sri';''* d€

.l

-LL
Þ

4

,4
e
,J- B 1o ]

/U (B) -¡) ¿ß, ) 'l 1F-) -- . \2 lB)
Tl"¿" B 

t LØ = Èo,*1. c¡-- &r1"^{ "--^
trn¿ 

tLt St"a- 
| 

ca^,\ W h- d/lt.-r* ß
( L^ (^^rr 

^. p^dLr"Lt ,rlrq^xtr-)

(2b



Çl'ø d l¿-\ \nf"" þ I t-V 3a
1Õ 2= A <=Ð 5).î

ç/1^&\4^¿ 5

ìo*

Ðra
Ð

d*l"tt Çq og

ryw Y*l wJ ).t^tr4 \t
' 
\e )ol=\al rl

wnn"9 loAl fo^c
4 Ð=_â f-

"StÐ+ry| (lt"AtxI tndsaArvã^ru ,r\f'*q
lz Þ .,vls ¡- .n'e.lv\t v $ t/g' Xl dT

ao^d,rl.ç\ ttQ

'æ) €Y 5a' ! ¿rñ YY^ ft I I'l ¿', ,ò S

ùln¿v>tn ryQ=$l/ il -løs YY"^rvu
\o rrì/Trð Su

Ð > V I rs to' ({gt fl*r^t avrn¿varqn, v ryrc

dl b

Ywòrn

1

:
qCh^

J>+'"^)hr 5' Y ìn o( :Anyl
í¡: ¡/ il Wü, (ì\^ =\qAl I^f6Y ?rn<o fr/

ùvwv\\6 ,rrÇry-, h

%

F,*.? ,,*n wq *.*'l --e çt ä l/V

)
l=v1

XN } Y"''o
v$

ü> ('yJ ,l *\^n (Y"õ a¡**' -F'^"o'0sl1g f {''Xl

rV

-_s

t*{
¿Ànn S

)^¿

Jìt àì I W'ff"" <l r^an-5øZrnn -{



4\
¡ 

- -Jt

,r,) 
t 

Å, lo Z, '=lki , *t *?t gdri*?l ùWrv?\n¡
\^

\.1 àq o+ ffi h0?f r.A^'l^rfq q

\rrryr "à^tw,r( ^àf! "t M- (r tt1 t {fl^nÇl ¡ vW

,Ç-ù ,ul 'ì' '-rd
nt ;'1y-1cl g.*r_*.rb

('"q 
^(-. Wt1þ ¿b

-hn+ -.1 a'{ "m

I

è.v\¿ Í

Vw 04

t

(

> /<

ùI aT h7
,nt* utt Ç'y

a -i 
-

f"nkntt rnf ¿l
.'n ù w¡Q

{

t

lÌ7wl\c,^-

Cv,?

'rch^4ìu H t^"1

*,0(/ f rÚ"lffi -f c"ttæ+\d', æ5 p;¿

5-\ÁO d^rn8r?^^4\¡ ffi v 5l -æ.t1rln !

\vry lrr> tf "5 sSW ì, aÞ

t\\,*) S "AVr0-4 ?Vl
(

èbr. t/v\ s .\

s,1 N ¡\tw7nt\A à-\-+ W (zt y'= g) {
¿ t 3 n +¡^'t \fn 5 èJ, Ga Y*''v""$
/+)ty _{ ¡'\^rrarv,ry .f..A/kr^rì v <} } /a^4)

f Ç.f- \a-\.,'Yt )'^^)v^^^r H.-,? -3 ^/ <\ ['[

Þêû
6^rfd$|,p

'¿

--p

S+tnS

ñ



f-r,q r-r-;
Ã 1 t--Íti ) he"1 cl ¡-vr+)^nøc vr\ 1

l"t/, wn hn-w^ù -wtL' -¿fsÛ?ntßsw1 -3
>rr&fø¡--) )^q,+ ^ï W At^^^ v!v12 S h^4 vr.r '-"\n.^^9/

.rn4 n{îY 7¡¡

--4flsrnau <-\

nlOW \2 c\ ¡'/ ru

VfVus vf -yø"W I



54 EXTENSION OF MEASURES lSac. 131

$ 13. ExrENsroN, coMpLETroN, AND AppRoxrMATroN

Can we always extend a measure on a ring to the generated
ø-ringl rhe answer to this question is esseniialry contained in
the_results of the preceding sections; it is formariy summarized
in the following rheorem.

Theorem A. If p is ø c-fnite measure on a ring R, then
there ìs a unique nteasure p on the oting S(R) sørå that,for E
inR, p(E) : p(E); the measure p is a-fnite
The measure ¡I is called the extensiou of ¡¿; except when it is

likely to lead to confusion, we shall write ¡r(ã) instea d, of ¡t(E)
even for sets E in S(R).

Proof. The existence of r¿ (even without the restriction ol
ø*finiteness) is proved by 11.C and 12.4. To prove uniqueness,
suppose that ¡¿r and pz are two measures on S(R) such that
¡rt (E) : ¡r2(.8) whenever E e R, and let M be the class of all sets
Ë'in S(R) for which pr(E) : pr(E). If one of the rlvo measures
is ñnite, and if {Ã"} is a monotone sequence of sets in M, then,
slnce

¡r¿(lim, E") : lim, p,¡(8,), i : I,2,
we have lim, E, e)sf. (The full justification of this step in the
reasoning makes use of the fact that one of the two numbers
n(8") and ¡.t2(8,), and therefore also the other one, is finite for
every n : lr 2, ' . . ; cf. 9.D and 9.E.) Since this means that M
is a monotone class, and since M contains R, it follows from
6.8 that M contains S(R).

In the general, not necessarily finite, case v¡e proceed as follows.
Lgt zl be any fixed set in R, of finite measure with respecr to one
of the tv/o measures ¡.r1 and ¡r2. Since R î z1 isa ring u"a S6.¡ n ,A
is-the ø-ring it generates (cf. 5.E), it follows that the reasoning
of the preceding paragraph applies ro R fì zl and, S(R) n /,
and proves that if .E e S(R) ñ t{, then pr(E) : pz(E). Since
every .E .in S(R) may be covered by a counrable, disjoint union
of sets of finite measure in R (with respecr to either of the meas-
uÍes p1 and pz), the proof of the theorem is complete. I

The extension procedure employed in the proofs of $ 12 yielcis
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slightly Írore than Theorem A states; the given measure p, can
actually be extended to a class (the class of all p*-measurable
sets) which is in general larger than the generated ø-ring. The
following theorems show that it is not necessary to m"kã use of
the theory of outer measures in order to obtain this slight enlarge-
ment of the domain of ¡r.

Theorem B. If ¡.,. is a. lneasure on a o--ring S, then the class
S of atl sets of thiform EAN,where E eS and N is a subset
oJ a set of measure zero in S, is a o-ting, and the setJunction p,

defned b p@ A Ð : p(E) is a complete measure on S.

The measure ¡i is called the completion of ¡r.
Proof. If E e S, l/ c zt eS, and y,(zl) : 0, rhen the relations

E U N : (E - /Ð Ll/f n (.¿ U,^DI
and

E L N : (E - rÐ U ïrt n (¿A¡i)j

show that the class S may also be described as the class of all
sets of the form E U N, where EeS and l/is a subset of a set
of measure zero in S. Since this implies that the class S, which
is obviously closed under the formation of symmetric d.ifferences,
is closed also under the formation of countable unions, it follows
that S is a ø*ring. lf

EIANr: E2AN2,

where E¿ e S and l/¿ is a subset of a set of measure zero in S,
i : lr 2, then

Er A Ez : N1A N2,

and therefore ¡.,{E1A Eù : 0. It follows that ¡r(81) : p(EÐ,
and hence that p is indeed unambiguously defined by.the relations

p,(E A N) : t'(E U 
^¡) 

: ¡¿(¿).

using the union (instead of the symmetric difference) representa-
tion of sets in S, it is easy to verify that ¡r is a measure; the
completeness of ¡: is an immediate consequence of the fact that
S contains all subsets of sets of rneasure zãro in S. I



56 EXTENSION OF MEASTIRES IsEc. 131

The following theorem establishes the connection between the
general concept of completion and the particular complete exten-
sion obtained by using outer measures.

Theorem C. If p. is a o-fnite nteasure on a ringR, and if
¡.t* is the outer mea;ure induced b1t p, then the completion of the
extension of ¡.r to S(R) is identical with ¡.,,* on the class of all
p,*-measurable sets.

Proof. Let us denote the class of all ¡r*-measurable sets by
S* and the domain of the completion F of p by S. Since ¡r* on
S* is a complete measure, it follows that S is contained in S*
and that p, and ¡rt coincide on S. All that we have left to prove
is that S* is contained in S; in view of the o-finireness of p* on
S* (cf. 12.E) it is sufficient to prove thatiÍ E e S* and p*(E) ( -,
then E e S.

By 12.C, E has a measurable cover .F'. Since ¡r*(F) : ¡r(Ð :
p*(E), it follows from the finiteness of p*(E), and the fact that
¡r* is a measure on S*, that p*(F - E) : 0. Since f. - .E also
has a measurable cover G, and since

¡r(G) : p*(F - E) :0,
the relation

E:(F_c)u(EnG)
exhibits E asa union of a set in S(R) and a set which is a subset
of a set of measure zero in S(R). This shows that E e S, and thus
completes the proof of Theorem C. I

Loosely speaking, Theorem C says that in the ø-finite case the
ø-ring of all p*-measurable sets and the generated ø-ring S(R)
are not very different; every ¡r*-measurable set suitably modified
by a set of measure zero belongs to S(R).

We conclude this section with a very useful result concerning
the relation between a measure on a ring and its extension to the
generated ø-ring.

Theorem D. If p, ís a o-fnite rnea.sure on a rìng R, then,

for cvery set E of fnite measure iz S(R) and for eoery positiae
number e, there exists a set Es in R such thøt ¡r(E A Ao) < ..
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Proof. The results of $$ 10, 11, and 12, together with Theorem
A, imply that

p(ã) : inf {f;, p(E¿)zEcl)i-rE¿, E¿eR, i:1,2,...1.
Consequently there exists a seçluence lD¿l of sets in R such that

E c l)L, Eu and ¡r(U¿--r E) < p(E) +;.
Since

lim" ¡r(Ui-,"8¿) : ¡r(Uåt E),
there exists a positive integer z such that if 

(

Eo : ui_t E¿,

then

¡,(Uår En) S r(Ao) + í:
Clearly ,Ee e R; since

t(E - ¿o) < ¡r(Uår E; - Eo): ¡r(Uår E) - p(Er) < Í
2

and

p(Eo - ¿) 5 ¡,(Uå rE; - E) : ¡r(Uå rEo) - r(Z) Si,
the proof of the theorem is complete. I

(l) Let ¡.r be a finite, non negative, and finitely additive set function defined
on a ring R. The function ¡r* defined by the procedure of $ l0 is still an outer
measure, and, therefore, the þ of 11.C may still be formed, but it is no longer
necessarily true thatp is an extension ofp; (cf. 10.2, 10.4e, and 11.4).

(2) U P is the extension of the measure ¡r on the ring R described in $ 8,
then, for any countable set .ð, E e Sß.) and p(E) : g.

(3) The uniqueness assertion of Theorem A is not rue if the class R is not a
ring. (Hint: let X : la,ò,cdl be a space of four points and define the measures
p1 and p2 on the class of all subsets ofX by

p'(ol) : pr(ldl) : pr(òI): ¡!2({r}) : l,
pr(bl): ¡r'({'}) : pr(ln) : þ2(ldl) :2.)

(4) Is Theorem A true for semirings instead of rings?
(5) Let R be a ring of subsets of a countable set X, with the property that

every non empty set in R is infinite and such that S(R) is the class of all subsets
of X; (cf. 9,7), If , for every subset E of X, pt(E) is the number of points in E
and pz(E) : 2pt(E), then p2 and ¡r¡ agree on R but not on S@). In other words,t¿
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