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With a focus on the theorems and their proofs, these notes have fewer examples than given in the lecture,
but the proofs will be more explicit.

The exam will be a 20 minute oral exam. It will consist of two or three questions where we have to prove
some results.

The lecture slides and a script is provided at the professors home page https://people.math.ethz.ch/
~fdalio/MASSundINTEGRALFS21.

1 Measure spaces

If we naively try to define a notion of measure that has some intuitive properties, we can run into some
problems that give paradoxical results. The Riemann Integral we saw in Analysis I/II also had some
drawbacks of not being general enough. We can use measure theory to define a better definition of the
integral.

1.1 Algebras and o-Algebras

From now on, let X denote a non-empty set.

Definition 1.1.1. For a sequence of subsets (Ay),-; in P(X). We define

limsup A4,, := ﬂ U A

n— o0

n=1m=n

[o.¢] o
l%lni}géfAn = U ﬂ A,

n=1m=n

And if they are equal, we say that the sequence (A4,)>> | converges to its limit lim,, o A,.

Informally, the lim sup consists of elements of X that occur in infinitely many A,, whereas the lim inf
consists of elements that occur for all but finitely many A,,.

Remark 1.1.2.
(a) liminf,, o A, C limsup,,_, 4p

(b) If A, C A4 for all n € N, then

o0
lim A, = U A,

n—oo

(c) If A, O Ay for all n € N then

n—oo

lim A, = ﬂ A,
n=1

The similarity in names with the lim sup and liminf from Analysis can be seen using the characteristic
function

14:X —{0,1}

L= 5 T5h

Han-Miru Kim kimha@student.ethz.ch 2


https://people.math.ethz.ch/~fdalio/MASSundINTEGRALFS21
https://people.math.ethz.ch/~fdalio/MASSundINTEGRALFS21
mailto:kimha@student.ethz.ch
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It holds that

limsup A, = A <= limsuply, =14

n—o0 n—oo

liminf A4, = A <= liminfly, =14
n—00 n—00

where the lim sup and lim inf on the left are as in Definition [I.I.T] and the ones on the right are the ones
from Analysis.

Definition 1.1.3 (Algebras of sets). A collection of subsets A C P(X) is called an algebra in X if
(a) Xed
(b) ABe A= AUBecA
(c) Ac A = Acec A

An algebra & is called a o-algebra, if for any sequence (A,),~ ; in & we have ;2; A, € €

Note that using the De Morgan’s identity
00 c ]
n=1 n=1

we can see that algebras (o-algebras) are stable under finite (infinite) intersections aswell.

Definition 1.1.4. For a collection of sets  C P(X), the intersection of all o-algebras containing K forms
again a o-algebra.

We call this the o-algebra generated by K and it its the smallest o-algebra that contains K.

The algebra generated by the open sets of a topology is called the Borel o-Algebra of X, denoted B(X).

1.2 Measures

Definition 1.2.1. Let A be an Algebra on X and p: A — [0,00]. We say that p is

« additive, if for any finite family of disjoint sets A1,...,A, € A
I <|_| Ak) = u(Ar)
k=1 k=1
 o-additive, if for any countable family of disjoint sets (A, ),y € A such that | [}2; A, € A
o(]4) = 3t
k=1 k=1

e A pre-measure, if it is o-additive and satisfies p(0) = 0.
Remark 1.2.2. Let (A4,),cy be a sequence of sets in A such that their union is again in A.

(a) If p is additive, then it is monotone with respect to incusion, i.e. A C B = pu(A) < p(B).
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(b) If p is additive and the sets Ay are mutually disjoint, then

p (Ij Ak) > iM(Ak)
k=1 k=1

(c) If p is o-additive, then it is also o-subadditive, which means that for any sequence (A )nen in A

[e.e] oo
1 ( Ak) <D p(A)
k=1 k=1
To see this, we can define the mutually disjoint sets

n—1
Blel, Bn:An\UAk’G-A
k=1

Since | 32, Br = Ujz; Ar and p(By) < p(Ag) we have

k=

It follows immediately from (b) and (c) that

I ( ’ Ak) = p <|j Bk) = iM(Bk) < iM(Ak:)
1 k=1 1 k=1

w is additive and o-subadditive <= u is o-additive

Example 1.2.3. Not all additive functions are o-additive. For X = N and

A={A € P(X)|A is finite or A® is finite}

the function v : A — [0, oo] with v(0)) = 0 and
> 5 if A is finite
v(A) =4 neA

00 if A€ is finite

is additive but not o-additive because we can take the sequence

Ay = {1}, 4y = {2}, A3 = {3},..., Ay = {n}, ...

which is a sequence of mutually disjoint sets satsfying

1 1 1
U(Al) = §,V(A2) = 1, e ,I/(An) = 27

:>V<|j An> =v(N) =00 & iy(An)zl
n=1 n=1

Definition 1.2.4. A o-additive function u: A — [0, 00] is called

o finite, if u(X) < o0
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C A such that

« o-finite, if there exists a sequence (Ay),, oy €

UAn:X and p(A,) <oo VneN
n=1

Clearly, p finite = p o-finite.

While pre-measures are only defined on algebras A C P(X), we would like to extend the domain of
such functions to P(X) without losing too many of its nice properties. In particular, we want to keep
monotonicity and o-subadditivity:

Definition 1.2.5. A function p: P(X) — [0, 00] is called a measurem on X, if
(a) u(@) =0
(b) w is o-subadditive: If A C |Jz2 | Ak, then pu(A) < 372 n(Ag)
Note that subadditivity implies monotonicity with respect to inclusion, i.e. A C B = u(A) < u(B).

Definition 1.2.6. Let u be a measure on X and A C X. We can restrict u to A (written pul_ A) defined
by

(L A)(B):=pu(AnB) VBC X
Definition 1.2.7 (Carathéodory criterion). A subset A C X is called y-measurable if
uw(B) =pu(BNA)+pu(B\A4), VBCX

Remark 1.2.8. (a) By subadditivity of the measure, the definition is equivalent to

u(B) > w(BNA) +u(B\ 4), VBCX

(b) If u(A) =0, then A is p-measurable:
w(BNA)+pu(B\A) < p(A) + pu(B) = u(B)
Theorem 1.2.9. Let p: P(X) — [0, 00] be a measure. Then the collection of measurable sets
¥ = {A C X|A is p-measurable}
forms a o-algebra.
Proof.
e X €2 Let BC X. It’s trivial to see that
u(BNX)+pu(B\X) = pu(B)+ p) = u(B)
e Ac X — A€ e X: With the equalities
BNA°=B\A, and B\A°=BnA
we get

W(B %) + (B A°) = u(B\ A) + u(B 1 A) S u(B)

sometimes also called outer measure

1
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. Al,AQEZ — A 1UAy e X

Let B C X. From the previous remark, it is sufficient to just show the inequality
w(B) > ,LL(B N(A1 U AQ)) + ,LL(B \ (A1 U Az))
Using p-measurability for A; on the test set B\ Ag, we see

B\ Az) = p((B\ A2) N A1) + p((B\ A2) \ A1)
= pu((B\ A2) N A1) + p(B\ (42U Ay))

so with the decomposition
N (Al U Ag)
and subadditivity of the measure, we get

w(B) = pu(BNAg) 4+ u(B\ As)
= u ) + )+ u(B\ (42U Ay))
> (BN (A2 UAL) + p(B\ (A2 U Ay))

. (A)eNCZ:>A Uoe, 4, € X
We can assume without loss of generality that the sets are mutually disjoint. Otherwise, consider
the sequence (An)neN C ¥ given by
R R n—1 oo [ee)
A=A A = A\ U A, which satisfy |_| A = U Ag.
k=1 =

We can use p-measureability of A,, with the test set B N JjL; Ak to find that by induction on m

’ (Bnk@Ak> — <<Bmk|i|1Ak> ) +u<<Bﬂk|:|1Ak> 140)

m—1
= u(BNAy,) +p (Bﬂ | ] Ak>

k=1

Z BﬂAk

and using monotonicity of x on the inclusion | Jj-; Ax C A it follows that

u(B):,u(Bﬂ |i|Ak>+u<B\|i|Ak>

k=1 k=1

m
Z (BN Ag) + (B \ A)
for all m € N. Taking the limit m — co, we get

B)> 3" u(B N A+ u(B\ A
k=1
> (B 1A) + (B \ A)

which shows p-measurability of A.
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O]

Definition 1.2.10. A measure space is a tuple (X, X, u) consisting of measure p on a set X and the
o-algebra of p-measurable sets 3.

Example 1.2.11. The following are measure spaces:

e For every x € X, A C X, define the Dirac measure at x

1 z€ 4

5r(A):{O ngA

Every A is d,-measurable.

e For every A € P, the counting measure is a measure, where every subset is u-measurable:

| |A] if A is finite
w(A) = { oo otherwise

Every A is p-measurable.

e The indiscrete measure given by

only has (), X as p-measurable sets.

The Carathéodory criterion of y-measurable sets and the o-subadditivity of the measure give us some nice
properties back.

Theorem 1.2.12. Let (X, 3, u) be a measure space and (Ay,) C X. Then the following are true

neN
(a) p is o-additive.

(b) Continuity from below:
A CAC...CA, CAp1C... = M(U An> :nli_{rgou(An)
n=1

(¢) Continuity from above:

u(Ay) <oco, A1 2A22...2A4,24,112... = u(ﬂ An> = lim u(A,)
n=1

n—oo

Proof. (a) Let (A,)nen be a sequence of mutually disjoint sets. In the proof of the previous theorem,
we already saw

M(Bﬂ ﬁAk> ZiM(BﬂAk)

k=1 k=1
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so in particular, for B = X, we see

By monotonicity of i, we have

u (I_I Ak) > lim p (I_I Ak:) = lim > p(A) = Y u(Ar)
k=1 k=1 k=1 k=1

The other inequality (and thus equality) follow from o-subadditivity of the measure.

(b) Let (Ap)nen be an increasing sequence. Define the pairwise disjoint family

(G

Ay = Ay, Ap = A\ Aoy = p(Ay) = p(Ap) — (A1), | A= 4,
k=1

k=1

from o-additivity, summation into a telescoping sum
I (U Ak) = p <|_| lek) = > u(Ay)
k=1 k=1 k=1
= (A1) + lim_ I;M(Ak) — p(Ag-1)

= lim N(Am)

m— 00

(c¢) Let (An)nen be a decreasing sequence. Consider instead the increasing sequence A C Ay C ...
given by

3

A1 = @, /le = Al \Ak — ,U,(Al) = H(Ak) + ,Uz(Ak),

A=A\ (] A
k=1

k=1

by (b), we find
p(Ar) = lim p(Ag) = lim p(Ay)
@M<G Ak) =M<A1\ ﬁz‘h:)
k=1 k=1
= (A1) — p (ﬂ Ak)
k=1
[

The condition p(A;) in (c) is necessary. Consider the example X = N with the counting-measure and the
sequence A, := {m € N|m > n}. The intersections converge to the emtpy set, but the p(Ay) is always oco.
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1.3 Construction of Measures

Let X be non-empty set.

Definition 1.3.1. A collection of subsets K C P(X) is called a covering of X if
(e 9]
ek and 3(Kj)jenCK: X=|JK;
j=1
Example 1.3.2. The collection of higher-dimensional open intervals

{11 (ak,br)|ar < b € R}
k=1

are a covering of R".
It is easy to see that every Algebra A of X is a covering since (), X € A.

Theorem 1.3.3. Let K be a covering of X and A : £ — [0, 00| and any function with A(()) = 0.
Then this induces a measure p on X given by

oo oo
u(A) =inf ¢ > ANK;)|K; e K,AC | K;
j=1 j=1
Proof. Let A C Uz, Ax. We show o-subadditivity of pu, i.e pu(A) < 372 u(Ag).
If the right-hand side is infinite, then the inequality is trivial, so assume it is finite.
By definition of y, for all k € N and € > 0 there exists a sequence (K 1);jen in K such that

[ee] o0 €
A C U K and Z)\(Kj7k) < u(Ag) + ok
j=1 J=1

Taking the union over all sequences for each k, we get

AC | Kjp and p(A) <Y MK;R) <e+ Y pu(Ay)
j,k=1 gk k=1

Since € > 0 was arbitrary, subadditivity follows. O

Example 1.3.4. Set K = {0, X} and define A\(§) = 0, A(X) = 1.
The induced measure is defined by pu(A) =0if A =0 and u(A) =1if A # (.

The function A in the previous theorem only had minimal restrictions (K had to be a covering and
A K — [0, 00] with A(0) = 0).

It turns out that if A and K are nice enough, then the induced measure is a og-additive extension of A.
Nice-enough here means that IC is an algebra and A is a pre-measure.

Recall that given an algebra A4 C P(X), a function A : A — [0,00] is called a pre-measure if it is
o-additive and satisifes \(()) = 0.

Given a pre-measure A on A, we can obtain a measure g on P(X) that coincides with A on A, i.e.
extends A.
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Theorem 1.3.5 (Carathéodory-Hahn extension). Let A : A — [0, 00] be a pre-measure on X. Then for
p:P(X)—[0,00], p(A):=inf {i AMAg)|A C fj Ay, Ay € A}
k=1 k=1

it holds that

(a) p:P —[0,00] is a measure.

(b) u(A) =x(A),vAec A

(c) All A € A are p-measurable, i.e. satisfy u(B) > u(BNA)+ u(B\ A),VB C X.
Proof. (a) Because algebras are also coverings, we can just use the previous theorem.

(b) Let A € A. Since A itself contains A, the term A\(A) is present in the right hand side, so u(A) < A(A4).

Now assume there is some other collection [Ji—; Ay that contains A with Ay € A. By inductively
defining the mutually disjoint sequence

k-1
By = A1, By:=A;\ B

=1

we see Y po 1 A(Bg) < Y5e; A(Ak), so since we're taking the infimum, we can assume that WLOG
the Ay are mutually disjoint.

Setting A, := A, N A € A, we see that they are also mutually disjoint and their union contains A.
By o-additivity of the pre-measure A, we get

Z)‘Ak gi

since the collection (Ag)ren was arbitrary, the inequality A(A) < u(A) follows.

(c) Let A€ Aand B C X be any test set. By definition of yu, for every € > 0 we can chose a collection
(Bk)ken C A that contains B and

S ABY) < u(B) + <
k=1

By (0)-additivity of A and A, By € A we have
AXBr) =ABrNA)+ AXBp\A) VEk

so since the (Br N A)ren and (B \ A)ken contain BN A and B\ A each, we get
pw(BNA)+u(B\ A) < Z (BN A) +ZABk\A)
k=1 k=1

ABy) < u(B) +¢

||DH48

and in the limit € — 0 the inequality follows.
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Not only does such an extension exist, we can show that under certain assumptions it is unique:

Definition 1.3.6. A pre-measure \ is called o-finite if there exists a covering X = 7= Sk, Sk € A such
that A\(Sk) < o0, VE.

Theorem 1.3.7 (Uniqueness of Carathéodory-Hahn extension). Let A : A — [0, 00] be a o-finite pre-
measure on X and p the Carathéodory-Hahn extension of A and let 3 be the o-algera of p-measurable
sets.

If i: P(X)— [0,00] is another measure with fi|4 = A, then fi|y, = uls

Proof. Let fi : P(X) — [0, 00] be a measure extending \. We show
(i) YA € P(X): (A) < p(A).
(i) VA € 55 (4) > p(A).
For the first claim, let A C U7, Ay with Ay € A. By o-subadditivity of i it follows that

[e.9]

BA) < S0 A(AD) = S0 A4
k=1 k

=1
So by taking the infimum over all such coverings (Aj)ren as in the definition of u, the inequality still
holds: fi(A) < u(A). Note that we didn’t have to use o-finiteness of A for this inquality.
For the second claim let A € ¥ be p-measurable. We then consider the simple case where there exists an
S € A such that

ACS and A(S)< oo
Then, using the first claim on S\ A and monotonicity of u, it follows that
S\ A) < p(S\A) < pu(S) = A(S)
Since A € A is p-measurable and A = SN A we get with u|4 = A\ = fi| 4 that
i(A) + a(S\ A) < p(SNA) +p(S\ A) = p(S)
= A(S) = i(9)
< A(A) + (S 4)

where we used sub-additivity of f in the last step. It follow sthat i(A) = u(A) < 1(A).
In the more general case, we can use o-finiteness to get a covering

(o)
X = U Sk, S € A,)\(Sk) < 00
k=1
As remarked in the proof of the last theorem, we can assume without loss of generality that the Sy are
mutually disjoint.
Defining Ay = AN Sk we get A = (Jj—; Ai. Because A is closed under finite unions and fi|4 = p|a, we
have that for all m € N:

reea = () =r(Un)

and by using monotonicity on the inclusion A D [JiL; Ay and taking the limit m — oo, we get

4) = lim (G Ak> — Jim_ (G Ak> = u(4)

k=1 k=1
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If we denote 3 to be the o-agebra of fi-measurable sets, the theorem doesn’t tell us if ¥ = Y. Moreover, it
doesn’t tell us anything about the behaviour of fi outside of 3.

Example 1.3.8. Let X =[0,1],/A = {0, X} and set A\(#)) = 0,\(X) =1

The Carathéodory extension of A has u(A) to be 0 or 1, depending on if A is empty or not. The
p-measurable sets are ¥ = {(), X }.

However, as we will see in the next section, the Lebesuge measure L! is also an extension of A with
Llls = pls, but they differ when measuring the interval [0, 2]

1.4 Lebesgue Measure

The Lebesgue measure is the Carethéodory-Hahn extension of the pre-measure that corresponds to the
“physical” notion of what a volume of simple objects such as n-dimensional hypercubes like [0, 1]"
We want to give a precise definition of what these “simple objects” are and define the pre-measure.

Definition 1.4.1. For a = (ay,...,aq),b = (b1,...,by) € R? we define the d-dimensional interval

% (ai,b)  ifa; <b; Vi .
= v C
(a,5) { 0 otherwise CR

in an analogous way, we define the closed and half-open boxes [a, b], [a,b) or (a,b]. Like on the real line,
we also allow the open ends to be 4o0.
To each d-dimensional interval I (whether open, closed or half-open), we define it’s volume to be

vol(T) = [T (bi — a;) € [0,+00]  ifa; <b;, Vi
10 otherwise

An elementary set is the finite disjiont union of intervals and we define its volume to be

d d
vol <|_| Ik> = Zvol(Ik) € [0, o]
k=1 k=1

Remark 1.4.2. We can check easily that the volume function is well defined. For example, the decompo-
sition [0,2] =[0,1) U [1,2] = [0,1) U [1,1.5) LI[1.5,2] should all give the same volume.
More generally, if I = | |;_ Iy = |/~ J; where I}, J; are Intervals, then

Z vol(Iy) = Z vol(J;)
k=1 j=1
Proof. Let (Iy)ken and (J;)jen be as above. Then

m
L=Inly=JJnI
j=1
taking the volume on both sides and summing over all k, we get

n m

z": vol(Iy) = Z Z vol(J; N Iy,)
k=1

k=1j=1

flipping the roles of I}, and J;, e also get

> vol(J;) =YY vol(J; N I)

j=1 Jj=1k=1

which equals what we got before. O

Han-Miru Kim kimha@student.ethz.ch 12


mailto:kimha@student.ethz.ch

1.4 Lebesgue Measure September 13, 2021

We of course have to show that our attempt to use the Carathéodory-Hahn Extension of vol on the
elementary sets is well defined. But it should be easy to see how the class of elmentary sets forms an
algebra and that the vol function is a pre-measure on it. In our example above, we used half-open intervals
of length 1,27! to decompose the interval [0, 2] C R.

A direct generalisation for this in higher dimensions is to introduce finer and finer hypercubes that cover
R?. For k € N let D}, the collection of half open cubes

d

a; a; +1

Dy = {H [ﬁ’gikﬂal S Z}
=1

In particular, Dy is the collection of hpyercubes of edge length 1 and vertices in Z¢.
We call the cubes of the collection

{Q|Q € Dy, k=0,1,2,...}
the dyadic cubes.
Remark 1.4.3. The dyadic cubes have the following properties:
(a) Forall k € N, R" = | pep, Q-
(b) If Q € Dy and P € Dy, with [ < k, then either @ C P or PNQ = 0.
(c) Every Q € Dy, has volume vol(Q) = 275",

Definition 1.4.4. The Lebesgue measure L" is the Carathéodory Hahn extension of the volume defined
on the algebra of elementary setsﬂ ie.

L"(A) := inf {Z vol(Eg)|A C | Ek, Ey is an elementary set}
k=1 k=1

If we want to measure open subsets U C R" with the Lebesgue-measure, we want to ensure that a
countable covering of U with disjoint elementary sets Ey is possible, or else taking the infimum makes it
so that U is not L£™measurable.

Lemma 1.4.5. Every open set in R can be written as a countable union of disjoint dyadic cubes.

Proof. Let U C R" be a non-empty open subset.
Let Sy to be the collection of all cubes in Dy that lie entirely in U. Let &1 to be the collection of all cubes
in D; that lie entirely in U, but are not subcubes of Sy, etc. Let S be the collection of cubes in Dy which
are not subcubes of any cubes in S, ..., k1. Set S := Upcn Sk-
Because each Dy, is countable, S is countable. By construction, the cubes in S are also disjoint.
Since U is open and the cubes become arbitrarily small, every = € U will be covered by some @ € S, so
U= l_lQeS Q.

O

Recall that the Borel o-algebra B(X) is the o-algebra generated by open subsets of X.

Definition 1.4.6. A measure p on R" is called Borel (or a Borel measure), if every Borel set is
p-measurable.

2Because elementary sets are finite disjoint unions of intervals, we can replace Ej with intervals I
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Remark 1.4.7. From Lemma it follows that £" is a Borel measure.

The lemma says that the open sets are £L™*-measurable. Moreover, by Theorem the the collection of
L™-measurable sets form a o-algebra. So the Borel o-algebra is contained in the o-algebra of £"-measurable
subsets.

When we want to characterize £(A) for some subset A C R™, the definition used in the Carathéodory-
Hahn extension where we consider all countable coverings using elementary sets is quite unwiedly. The
following theorem gives a nicer characterisation.

Theorem 1.4.8. For every A C R" it holds

L"(A) :f{ngﬁ (U), U open

Proof. By monotonicity, L"(A) < L™(U) follows directly.
For the other inequality, suppose that £"(A) < oo (or else the inequality is trivial). By definition, for any
e > 0 we can find intervals (Ij)ken with

AC | I, D vol(ly) < L™(A) +e
k=1 k=1

Since L"(A) < oo, every interval I must have finite volume and is thus bounded. So let I;; D I, be open
bounded intervals with vol(Ix) < vol(Ix) + oF.
Setting U := s Ik, we see that U is an open subset containing A and it’s volume is

oo )
LrU) < kz::lvol(fk) < ’;vowk) + eik < L(A) + 22
since € was arbitrary, the result follows. O
This alternative characterisation lets us find out what subsets A C R" are £™measurable.
Theorem 1.4.9. For any subset A C R™ the following are equivalent

(a) A is L™measurable.

(b) Ve > 03U D A open with L*(U \ A) < e.

(c) A it can be “approximated” from the inside and outside: Ve > 0 3F closed, U open with F C A C U
such that

LP(UN\ A) + LP(A\F) < e

(d) Ve > 03F closed, U open, such that F C A C U and L"(U \ F) < e.
Proof.

(a) = (b): Let € > 0, A be L™measurable.
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(b) = (a):

o If L"(A) < 00, by the previous theorem, we can chose a U O A open such that
LMU) <L"(A)+¢e
Because A is L™-measurable we can use U as a test set and get

LrMU) = LU NA)+ LU \ A)
= L™(A) + LU \ A)

which gives us
LYNUNA)=L"U)-L"(A) <e

o If L7(A) = o0, we set

Ak:Aﬂ[*k,k]n — A= U Ay
k=1

since L™(Ay) < 0o, we are in the first case so we can find Uy O Ay open with
n €
E(Uk\Ak)<27 Vk e N

Then their union U := [J;—; Uy is open and contains A. Moreover, we have

ﬁ”(U\A>:£"(G<Uk\A>)
S£"< Uk\Ak>
i (U \ A) <

Let B C R™. For ¢ > 0, chose U O A open with L"(U \ A) < . Then
B\AC (B\U)U(U\A)
Since open subsets are £"-measurable, we have

LY(B) = LY(BNU)+ LB\ U)
> LYBNA)+ LB\ A) — LU\ A)
> LY BNA)+LY(B\A) —¢

since € was arbitrary, L"-measurability of A follows.

closed and
LMA\VE) =LMV A9 <e

The other implication is trivial.
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(¢c) = (d): Using (c), we get F' C A closed and U O A open. Because FF C A C U,
U\NF=(U\A)UA\F)
it follows from subadditivity that

LYUNF) < LU\ A) + LA\ F) < e

(d) = (c): Fore >0, use (d) to get FF C A closed, U O A open with L"(U \ F) < e. Because F C ACU
U\N\ACU\F, A\FCU\F
so we get

LU\ A)+ LA\ F) < 207U\ F) < 2¢

1.5 Comparision between Lebesgue and Jordan Measure

Definition 1.5.1. A bounded subset A C R" is Jordan-measurable if y(A) = 7i(A), where
u(A) = / xadp := sup{vol(E)|E C A, E elementary set}
J Rn
n(A) = /RnXAd’u := inf{vol(E)|A C E, E clementary set}
If that is the case, denote the Jordan measure of A with the common value p(A).

We call p(A) the Jordan inner measure of A and 7i(A) the Jordan outer measure of A.

Example 1.5.2. For f: I — R continuous, I C R"™ compact, its graph
I'={(z,f(2))|a € I} CR™!

is a Jordan measurable set.
The area under a function

G={(z,t) eI xR|0<t< f(x)}
is also Jordan-measurable

As the following theorem will show, the Lebesgue measure can measure more sets than the Jordan measure
can.

Theorem 1.5.3. Let A C R” be bounded, then
(a) p(A) <LM(A) <7(A)
(b) If A is Jordan-measurable, then A is £"-measurable and £"(A) = u(A).
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Proof. (a) Because elementary sets are finite disjoint unions of intervals, we have

k=1 k=1

nf

IN

L"(A) = inf {Zvol(lk)|A C U Iy, Iy, intervals}

m m
ZVO](Ik)|A CE= |_| I, I, intervals}
k=1 k=1

A(A)

For the other inequality, for every elementary set £ = | || I, C A we have

vol(E) = L™(E) < L"(A)
so when taking the sup over such E, we get

n(A) < L7(A)

(b) If A is Jordan measurable, then it follows from (i) that

u(A) < L(A) < (A) = p(A)

To show that A is £"-measurable, we use characterisation (b) from Theorem [1.4.9]

Because A is bounded, £"(A) < oo and because it is Jordan-measurable, we can find for all € > 0
elementary sets E., E* such that

E.CACE®* and vol(E®) —e < u(A) <vol(E:)+e¢

Because the volume doesn’t depend on whether the intervals comprising the elementary set are open,
half-open or closed, we can assume WLOG that E° is open, so

LM(E°\ A) < L"(E°\ E:) = vol(E® \ E;)
= vol(E®) — vol(E:) < 2¢

which shows the condition from the previous theorem.
O

One would naturally think that the “physical” volume of an object should stay invariant under translation
or rotation.

Theorem 1.5.4. The Lebegue measure is invariant under isometries of R”, which are maps
o:R" > R", z+—x9+ Rz, ReO(n)
Proof. Missing O

Definition 1.5.5. A Borel measure . on R™ is called Borel regular, if for every A C R"” there exists a
Borel set B DO A such that u(A) = u(B).

Lemma 1.5.6. The Lebesgue measure is Borel regular.
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Proof. If L™(A) = 0o, we can simply take B = R", so assume L"(A) < co.
By the characterisation with open sets from Theorem we can chose for every k € N an open set
Ui O A open with

1
LMUg) < L"(A) + % keN
by intersecting each U with the previous ones, we can also assume without loss of generality that the
sequence (Ug)ken is monotonously decreasing (i.e. Ugy1 C Uy).
By Remark the open sets Uy, are in the o-algebra of £"-measurable subsets. Setting B := (3=, Uj
it follows from continuity from above (Theorem [1.2.12))

£M(B) L lim £*(Uy) = £7(A)

1.6 Special-Examples of sets

As we will see, not all subsets of R™ are £™-measurable.

To construct such a non-measurable set, we will use the Axiom of Choice, which states that for any family
of non-empty disjoint sets (A;)icr, there exists a choice-function f : I — |J;c; Ai such that f(i) € A;.
With this, we can construct the set {f(¢)|i € I} that contains exactly one element from each set A;.

For z,y € [0,1) we define & := ( mod 10 +)

Dy = T+ y ifr+1<1
Y=V a+y-1 ifaty>1

So if we have a subset E C [0,1), we can “shift” the set E by x, with E &z C [0,1).
Where some part £ N [0,1 — x) moves naturally to the right and the set £ N[l — z,1) moves back to the
left side. Set

E,:=En0,1-z)®x
Ey=FEnN[l—z1)®x

which are disjoint.
If E is £'-meaurable, then the translated sets E;, Eo are also £!-measurable and

LYE @ z) = LYE) + LY (Ey)
=LY EN0,1—2)+ LY EN]—2,1))
= LY(B)

A non-measurable set
Then we define the equivalence relation
r,yel0,1) z~y <= z-yecQ

by the axiom of choice, there exists a set P C [0,1) that contains exactly one representative of each
equivalence class.
By enumerating all rational points in [0,1) by an index @ N [0,1) = {7 }ren with 79 = 0 we define

P, =P&®nr;

Then it is easy to see that
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(a) The P; are disjoint and [0,1) = [ |72 P;.

Because if ¢ € P,NP,,, then x = p,, ®ry, = pm P rm. Since ry,, 4y, € Q it follows that also p, —pm, € Q
so they must be of the same equivalence class.

It also covers [0, 1) because by construction, every x € [0,1) belongs to a unique equivalence class.

(b) If P were £!-measurable, then so is P; = P @ r; and L1(P) = LY(P;).

We just showed this earlier.

But P cannot be £!-measurable, because by o-additivity on £'-measurable subsets

1=L'[0,1)) Zﬁl Zﬁl

and the right hand side is either 0 or infinite.
So since P is not £!-measurable there exists a set B C R with

LYB) < LY(BNP)+LY(B\P)

We also know that £!(P) can’t be zero, or else it would be £!-measurable.
Moreover, if E C P is £!-measurable, then £!(E) = 0 because we can set

oo
E,=EFE®r, — F:= |_| E; C[0,1)is L' measurable
i=0

and we have
1=C,Y0,1)) > £Y(F ch =Y LY(E)
i=0

which can only be true if £}(E) = 0.
Not only does there exists a non-£'-measurable subset, we can construct more using P as a “template”.

Proposition 1.6.1. For every A C R with £}(A4) > 0, there exists a subset B C A that is not £!-
measurable.

Proof. Because we can shift and scale A or take subsets of A, we can assume without loss of generality

that A C (0,1).

Then set B; = AN P;. Then A =|]2,B;

As we showed earlier, if B; were £!-measuralble, then £!(B;) = 0, which contradicts £'(A) = 322, LY(B;).
O

Remark 1.6.2. Because singletons {a} € R are contained in the arbitrarily small interval (oo — e, + €)
with Lebesgue measure 2¢, singletons have Lebesgue measure zero.
It follows that by subadditivity, every countable subset of R also has Lebesgue measure zero.
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The Cantor tridadic set

The real numbers can be defined as the set of Cauchy-sequences in Q up to equivalence of Cauchy sequences.
This gives for every = € R and base b > 2 € N a b-ary expansion with digits d;(x) € {0,...,b— 1}.

0 .
x = Z di(x)b™"
i=1
Although the digit expansion is not always unique, the set of those with multiple expansions is countable
and thus have measure zero.
Proposition 1.6.3. The Cantor set is the set of numbers whose 3-adic digits don’t contain a 1.
C ={z €(0,1]|d;(z) € {0,2}Vi}
Then C' is uncountable and £(C) = 0.
Proof. We construct the Cantor set as C := (2 Cy, where
Cp ={z €[0,1]|di(z) #1Vi <n
Then each C,, can be written as a finite union closed intervals. For example
1 2
C) = [O, 3] U {3, 1] , etc.
They are in particular Borel and have Lebesgue measure

e (2)

because this sequence is decreasing, by continuity from above we have
oo
i)y =rt (ﬂl Cn> = nh_)ngo L£LYC,) =0
n—

To show that C' is countable, we define a function that maps elements of C' surjectively to [0, 1]

Because C' consists of numbers whose 3-ary sequence of digits don’t contain a 1, i.e. only use the digits 0
and 2, we can map them to binary sequences of digits which use the digit 0 and 1, by converting every
digit 2 to a 1 and look at it as a binary sequence.

>\ d;() di(z) 1
:C —[0,1 e e
o SHR S
=1 i=1
For example, 5= = 0.0223 — 0.0115 = 3.
Because this lets us generate any (even infinite) binary sequence of digits, the map is surjective. O

The construction of the Cantor set can be generalised to give us the so-called fat Cantor sets, where
we start off with the interval I1 = [0, 1], and for n € N, if some interval inside I,, has length ¢, then we
remove the centered subinterval of length 8¢ and let 1,11 C I,, be the remaining pieces of this operation.
The fat cantor set with parameter § is then Cg := 2, I,.

We see that the “normal” Cantor set has the parameter § = % and if 5 < %, then we have

LYIn N\ Ing1) =2"718" = LYI1\ Cg) =) 27718 = . —ﬁ%
n=1
but this set is not Jordan-measurable as
= B
#(Cp) =0 but 5(Cg) =1~ — 55
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1.7 The Lebesgue-Stieltjes Measure

Let F': R — R be non-decreasing and continuous from the left, i.e:

F(xg) = lim F(z):= lim F(x) VzoeR

I—)Cbg T—TQ
x<zQ

For a,b we define

) F(b)—F(a) ifa<b
Arla,b) = { 0 otherwise

Because the collection of bounded half-open sets K = {[a,b)|a,b € R} does not form an Algebra (see ,
we cannot use the Carathéodory-Hahn extension theorem to produce a measure induced by Ap.
However, K constitutes a covering of R as in Definition so by Theorem the function A\g induces
a measure

AF(A) ;= inf {i )\F[ak,bk), AC G [ak,bk)}
k=1 k=1

called the Lebesgue-Stieltjes Measure generated by F.
To find out if A is nice, we will find the following definition useful.

Definition 1.7.1. A measure x4 on R” is called metric, if the measure is additive on separated sets, i.e.
for all A, B C R" with

dist(A, B) := inf{|a — b],a € A,b€ B} >0
it holds
n(AU B) = u(A) + u(B)
By subadditivity, the inequality “>" is sufficient.
Theorem 1.7.2 (Carathéodory criterion for Borel measures). A metric measure p on R™ is Borel.

Proof. Let p be a metric measure on R™. Because the py-measurable subsets ([1.2.9)) form a o-Algebra, it is
sufficient to show that closed sets are p-measurable.
Let FF C R" be closed and B C R™ be some test set. If u(B) = oo, then the inequality

p(B) = p(BNF)+ p(B\ F)

is trivial, so assume u(B) < co. For k= 1,2, ..., we define

Fj, :={z € R"|0 < dist(z, F) <

}

N

It should be clear that

dist(B\ Fy,BNF) >~ >0

x| =

so since p is metric and monotonous, we have

W(BOF) +u(B\ Fy) = p((BAF) U (B\ F) < u(B) Vk
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If we can show that limy_, oo (B N Fy) = u(B \ F), then we are done.
To do so, first note that the (Fy)ren form a decreasing sequence Fji1 C Fj. Moreover, we have
F =NpZ, Fj, so we can write

B\F=B\(F=JB\R
=1 =1

We can expand the union above in telescoping fashion E| and use the fact that the (B \ F})jen form an
increasing sequence to get

o0 o0

UB\F)=(B\F)UJ(B\ Fi1)\(B\ F)
=1 =1

= (B\F)UJF\ F)NB
1=k

Setting

1
R, = (Fl\ﬂH)mB:{xeB|m<d(ﬂs,F)§

~|

}

we see that the (R;);cn are pairwise disjoint, so we have

B\FZ(B\F]JUGR[
1=k

Therefore, for all k& € N it holds

W(B\F) < u(B\ F) < u(B\ F)+ > u(Ry)
=k

Now we only need to show that
oo
li =
Jim > p(Ry) =0
I=k
Observe that R; only “touches” its neighbors R;_1, R;11, in other words
diSt(Ri,Rj) > 0, if ‘2 —]‘ > 2
decomposing the sum 7, u(R;) into the even and odd numbers, we can use the fact that p is metric to

get

2m+1

Z pu(Ry) = (i M(RQk)> + (i N(Rzk)> = (Lnj R2k> +u (6 R2k> <2u(B) < o0
=1 k=1 k=1

k=1 k=1
so even in the limit m — oo, the series converges. But in the inequality we showed earlier
[e.e]
#(B\ Fy) < u(B\F) < u(B\ Fi) + Y u(Ry)
I=k

we were allowed to omit any number of (non-negative) starting terms u(R;) for I < k, so in the limit we
get limg 00 (B \ Fi) = (B \ F), and the result follows. O

3For example, for any sequence (A;);en we can write U;’il A=A U Uzl A\ A
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Theorem 1.7.3. The Lebesgue-Stieltjes measure Ar is Borel regular.

Proof. (i) Ap is Borel. We show that it is metric and use the previous theorem, so let A, B C R with
§ := dist(A, B) > 0. We now show that for all ¢ > 0 we have

AF(A) + AF(B) < AF(A U B) +e
Per definition of the Lebesgue-Stieltjes measure, we can find a collection of half-open intervals with

AUBC Jlak,bk) and Y <Ap(AUB)+e
k=1 k=1

Because we can always subdivide any interval [ag, by) further, we may also assume that |by — ax| <
for all k.

Because A and B are separated, for each interval [ag, by) either
Anfag,by) =0 or BN agby) =10
, so the covering of AU B gives us a covering A of A and a covering B of B. Therefore

Ap(A)+Ap(B) < Y Ap(lar,br)+ D Ar((ak, br))

[ak.br)EA lax,br)EB
= Z )\F([ak, bk) < AF(A U B) +eée
keN

This shows that Ar is metric and thus Borel.

(i) Ap is Borel regular.

To show that Ap is Borel regular, let A C R. Of course we can assume Ap(A) < co. Then for any
n € N we can find coverings

f_j[ (V) = Ba with ZA ([a,5)) < Ar(A) ++

n

If we set B :=(),~ B, then B is Borel and A C B C B,, and

Ap(4) < Ap(B) < z A ([, 507)) < Ap(4) + =

n

in the limit n — oo, we get Ap(A) = Ap(B), so A is Borel regular.
O

The Carathéodory-Hahn extension had the property that it coincided with the pre-measure on the algebra,
on which the pre-measure was defined. Despite not being such an extension, the Lebesgue-Stieltjes measure
has a similar property.

Theorem 1.7.4. For a < b € R it holds

Ar ([a,0)) = Ar ([a,0)) = F(b) — F(a)
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Proof. Let a < b € R. By definition of Ap, we already have Ar([a,b)) < Ar([a,b)).
For the other inequality, let ([ay,bx)) ey be a covering of [a, b).
Since F is left-continuous, for every € > 0 there exist 9, > 0 such that

F(b)—F(b—-06)<e, and F(ay)— F(ax —0) <27% VkeN

Because [a,b — d] is compact and is covered by Ure(ar — dk, bk ), there exists a finite subcovering

m

[a,b— 4] C U (ar — Ok, b)
k=0

By removing any redundant intervals, we can decrease the sum > ;"o Ap(ar — 0x, bg), SO we can assume
WLOG that they are ordered in such a way that

a — O <bp_q1 forall k=1,....m
Since F' is increasing and ag — dp < a < b < b,,, we have

F(b—0) - F(a) < F(by) — F(ag — do)
§F(bm)—F(a1—51)+F(b0)—F(a0—5o)

m

SSZF(bk)_F(ak_ék)
k=0

so with the initial estimates, we have

Ar([a, b)) = F(b) — F(a) = F(b) — F(b—6) + F(b—6) — F(a)

§6+§:F(bk)—F(ak—5k)

k=0

ze—i—iF(bk)—F(ak)—FiF(ak) —F(ak—ék)
k=0 k=0

<e+ Y F(bp)— Flag)+ Y 2 ke
k=0 k=0

= i )\F([ak, bk)) + 3e
k=0

Since this is true for all coverings ([ak, bi))ken, We get in the limit € — 0

Ar(la, b)) < Ar([a,b))

Example 1.7.5.
o The Lebesgue measure is the special case when F(x) = x, so Ajg, = £}

e The Dirac measure §p from Example|[1.2.11]is the Lebesgue-Stieltjes measure Ag for the Heaviside
step function

1 >0
@(m):{o <0

Han-Miru Kim kimha@student.ethz.ch 24


mailto:kimha@student.ethz.ch

1.8 Hausdorff Measures September 13, 2021

Remark 1.7.6. In the beginning of this section, we noted that the collection of bounded half-open sets
K = {la,b)|a,b € R} does not form an Algebra. If we set K to be the collection of finite disjoint unions:

IC = { U[ak,kam >1€eN,a, b ER}
k=1

then the set I§ is stable under intersection and difference. And we say that K forms a ring.
That is: ) e K and A, Be K = ANB,A\BeKk
The same is not true for the collection of open and closed intervals.

1.8 Hausdorff Measures

Say we have the unit square A := [0,1]2. Tt’s £2-measure would of course be 1.
If we however were to embed the square into R? with

ViR R (2,y) = (2,9,0)

we would find that £3(:(A)) = 0. More generally, the Lebesgue measure £" on subsets A C R” that have
“dimension” < n is always going to be zero.

Moreover, the Lebesgue measure also has the weakness of failing to properply measure fractal sets (which
can be though of as having non-integer “dimension”)

It would be nice to define a collection of measures that are able to measure sets, regardless of whether
they are embedded into a higher-dimensional space. The Hausdorff measures try to solve this.

We start by introducing an intermediate measure, where instead of covering a subset A with dyadic cubes
(as was the case for the Lebesgue measure) we do this using open balls of radius smaller than some ¢ > 0.

Definition 1.8.1. For s > 0, > 0 and A C R" non-empty, we set

H;5(A) = inf {Zrz

I at most countable, A C U B(xg,rg),0 < rp < 5}
kel

kel

where we set H(0) = 0.

Remark 1.8.2. #j defines a measure on R™ and for fixed s, A, the function § — #Hj(A) is non-increasing:
02 <61 = Hj (A) < Hj,(A)

since every Jo covering is also a 1 covering. Therefore, the limit

H(A) :=lim H5(A) = sup H3(A)
040 5>0

exists. We now use this as for our next definition.
Definition 1.8.3. We call H° the s-dimensional Hausdorff measure on R"

As hinted at earlier with the case of fractals, notice that s may take on non-integer values.
To build some intuition, let’s consider an example of a “one-dimensional” set A C R2.

Example 1.8.4. Let A = St = {z e R2?, |lz|| = 1}.
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s =0: We see that HJ(A) depends only on the number of balls covering A.

If 6 > 1, we see that A can be covered by the ball B(0,1 + ¢), for £ small enough. Therefore
HY(A) =1 for § > 1.

On the other hand, if 6 < 1 then we have to cover A by using multiple balls. It should be clear that
in the limit 6 — 0, we have H*(A) = oc.

s =1: Again, for § > 1, it’s easy to see that the covering with the single ball B(0,1+¢) give us H}(A) < 1+e.

But for arbitrary 6 > 0, let n € N such that 6 > 7. We then can place n equally spaced balls along
the circle each with radius 7 + ¢, for some € > 0 small enough. This covers A entirely and gives us
an upper bound

L 7T

=1

One can convince themself that there is no “better” covering strategy resulting in a lower upper
bound, so H!(A) = .

s = 2: The same covering strategy as decribed in the case s = 1 gives us the upper bound

Hi(A) < ; (T) =T

2
n

But unlike for s = 1, chosing bigger and bigger n means that we can make the H?-measure of A
arbitrarliy small. So H2(A) = 0.

A similar argumentation also shows that H*(A) =0 for all s > 1.
Before we prove that H® is actually a measure, let’s take a look at the case s = 0 more closely.
Remark 1.8.5. H' is the counting measure from [1.2.11

Proof. If A is finite and has k elements A = {ay,...,ar}, let § > 0 be the minimal distance between all
elements.
It easily follows from the triangle inequality, that H°(A) > HY > k. The other inequality is also trivial.

If A is infinite, then for any k£ € N we can find a subset Ay Wit?h at least k elements. By monotonicity we
have k = H(A;) < H°(A) and in the limit k — oo, the proof follows.
And if A is empty, by defintion we have H°(0)) = 0. O

Theorem 1.8.6. For s > 0, H?® is a Borel regular measure on R”
Proof. Let s > 0.

(i) H?® is a measure. Clearly, H*(0) = 0. Let (Ai)reny and A C Uy Ag. Since Hj is o-subadditive
for all 6 > 0, we get

H(A) <Y HI(Ap) <D H(Ap) V>0
k k

by taking the limit 6 — 0 (as in the definition of H*) we get the o-subadditivity of H?.
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(if)

(iii)

H? is metric and therefore Borel. The proof is more or less the same as for the Lebesgue-Stieltjes
measure. Let A, B C R" such that §p := dist(A4, B) > 0. We then take a covering A U B of balls
of size smaller than § := %0 and claim that we can partition the covering into two non-overlapping
coverings of A and B each.

Since M3 takes the infimum over all such coverings, suppose that AU B = |J;, B(z, 1) with 1, < 4.
Then we set

A = {B(zy, )| B(xg, 1) N A # 0}B = {B(wg, 1) | B2y, ) N B # 0}
And it becomes obvious that these are non-overlapping coverings of A and B each (by using the
triangle inequality).
Therefore, we get

H3(A) +H5(B) < ) i
k

and taking the infimum of coverings of A U B, this means
Hi(AU B) = H3(A) + Hi(B)

which, when taking the limit 6 — 0 just states H*(AU B) > H*(A) + H*(B). By (o)-subadditivity
of ‘H?, the reverse inequality holds and so H*(A U B) = H*(A) + H*(B) shows that H* is metric and
thus also Borel.

H? is Borel regular. Again, the proof follows the same structure as in the proof for the Lebesgue-
Stieltjes measure. Let A C R™ and suppose H*(A) < oo (Otherwise, just take B = R"). By
monotonicity of H3, this also means that H3(A) < oo for all 6 > 0.

For § = %, m =1,2,..., this gives us a covering Uper B(@km, Tkm) 2 A with 7, < % and

1
> v SHL(A) + =
ke[ m m

Then set Ay, == Urer B(Tk,m, Tkm) and B = N5_ Ap,. Then B is a Borel set containing A.
Which by monotonicity of H*% lets us sandwich

m

Ho(A) S HAL(B) S HL(Am) <D 1y
" m kel

3|

1
<HY(A)+—
m m

so in the limit m — oo, we get H*(B) = H5(A).

In the example, where we calculated H*(S'), we saw that

HO(A) =00, HYA) ==, H}A) =0

The following Lemma proves the general pattern.

Lemma 1.8.7. Let ACR" and 0 < s < ¢ < co. Then
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(a) H*(A) < 00 = H!(A) =0
(b) HY(A) >0 = H5(A) = oo

Proof. Since (b) is just the contraposition of (a), it’s enough to prove (a).
Let 0 < s<teRand A CR" with H*(A) < oo.
For any covering A C U B(xk, ) with r, < 0, we have

M) < Yk = S <0 Y

kel kel kel

Considering the infimum over all such coverings we get

H5(A) < 6°H5(A)
so as § — 0, we get H'(A) = 0. O
This Lemma makes the definition of “dimension” possible.

Definition 1.8.8. The Hausdorff dimension of a subset A C R" is defined as

dimy (A) := inf{s > 0|H*(A) = 0}

Equivalently, we could have defined it as
dimy (A) := sup{t > 0|H'(A) = oo}

Example 1.8.9. Let Q = [—1,1]" CR". Then

27"LMQ) < HM(Q) <27"n2(Q)

Proof. Missing O

Examples of non-integer Hausdorff-dimension sets

There is a famous problem of finding out what the coast-line length of England is. The problem is that
depending on how many knicks and bumps in the coast-line we count, the length gets longer and longer.
Although it seems to be a bit counter-intuitive that a coast-line does not have a length, it isn’t as
unbelievable as it seems, because this is exactly what happened when we tried to measure 7—[8(81). The
more and more we decreased §, the harder it became to cover all points, so in the limit § — 0, we found
that HY(S!) = cc.

What this points to is that the coast-line must have some Hausdorff dimension dimy(A) > 1.

Example 1.8.10 (Triadic Cantor Set). When talking about the Lebesgue, we found that the Triadic
Cantor set C' was an example of an uncountable set with £!'-measure zero (see|1.6.3)
First we note that if we strech a set A C R" by some factor A > OR, then

HE (N - A) = XPH(A), Vs >0
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If we let d := dimy/(C'), then we can take two copies of % - C and when we put them back together, we
obtain C' again. So

HAUC) = 21 (; : C) = %Hd(C)

which gives us the result

In2

d=1log,2=—
083 In3

Example 1.8.11 (Cantor Dust). Missing
Example 1.8.12 (The Koch Curve). Missing

1.9 Radon Measures

Definition 1.9.1. A measure p on R” is called a Radon measure, if i is Borel regular and pu(K) < oo
for every compact K C R".

Example 1.9.2.
e L"is a Radon measure on R"
e H? for s < n is not a Radon measure.
¢ The Dirac measure g is a Radon measure.
o If 44 is Borel regular and A C R"™ is py-measurable with p(A) < oo, then the restriction measure
(L A)(B) := n(AN B)
is a Radon measure.

We wish to show that for Radon measure, an analogue to Theorem holds. For this we need the
following Lemma:

Lemma 1.9.3. Let u be a Radon measure. For every u-measurable set A C R” it holds
Ve > 03U D A,U open such that u(U \ 4) < e (%)

Proof Sketch. For the full proof, see Prof. Michael Struwe’s notes “Analysis III — Mass und Integral”
We only show that WLOG, A is a Borel set. Let A, i, e as above.
Since p is Borel-regular, there exists a Borel set B 2O A with u(B) = u(A). By p-measurability of A:

u(A) = p(B) = u(BNA) +u(B\ A) = u(B\A) =0
=A

Now assume that the Lemma is true for Borel sets, so there exists an open set U 2 B with (U \ B) < e.
Since Borel sets are also p-measurable, we apply the Carathéodory criterion on the test set U \ A to get

U\ 4) = u((U\ A) N B) + p((U \ 4)\ B)
— u(B\ A) + (U \ B) < ¢

For the rest, set
G := {B C R"|B Borel, (x) is true for B}

and show that G contains the Borel algebra . To do so, we proceed as follows
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G contains all the open sets.

G is closed under countable inclusion.

G is closed under countable intersection.

It therefore contains all closed sets.

Then we set
}':{BQR"]BGQ, or B e G}
Using de Morgan’s rule, we see that F is a o-algebra that contains all open sets. ]

Theorem 1.9.4 (Approximation by open and compact sets). Let u be a Radon measure on R".

e For every A C R" it holds

w(A) =inf{u(U) : ACU,U open}
e For every A C R"™ p-measurable it holds
w(A) =sup{u(K): K C A, K compact}

Proof.

(a) Suppose p(A) < oo (or else take U = R™).

We first show it assuming that A is y-measurable. Since for all € > 0 there exists an open set U O A
with u(U \ A) < e. By p-measurablility of A, we have

pU) = pUNA) + U\ A) = p(A) +¢

Now let A be an arbitrary set. Since p is Borel regular, there exists a Borel set B O A with
pu(A) = p(B). Then

n(A) = p(B) = inf{u(U), B C U open}
> inf{u(U), A C U open}
(b) Let A be p-measurable. We consider two cases:

pu(A) < oo Set v:= ul A, which is also a Radon measure. By applying (a) on the set R\ A , for all e > 0
there exists an open set U with R”\ A C U and

v(U) LR\ A) N U) + v(RY\U) = p(R"\ A) 1 A) +¢ = e
Then the set C':=R"\ U is closed and is contained in A and
WA\ C) = p(AN (R"\ 0)) = v(®"\ C) = v(G) < ¢
Which gives u(A) <] 4(C) + ¢ and therefore

p(A) = sup{u(C)|C C A, C closed}

“Since R™ \ A and C are also u-measurable, we could also have used equality here.
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Notice that for any closed set C' we can take the sequence of compact sets

Cp:=CNBO,m) = |J Cn=C
meN

and by continuity from below for y-measurable subsets, we also have p(C) = limy,— 00 1(Ch),
which means

Ve >03Img:m>my = u(C)—u(Cy) <ce
And therefore

sup{pu(K)|K C A, K compact} = sup{u(C)|C C A,C closed } = pu(A)

: In ths case, set Dy := {z|k — 1 < |z| < k}. These disjoint sets can be written as the union of a

closed an an open set, and are thus Borel. Moreover, A = J7=;(Dr N A).
Because Dy N A C DN A and p is Radon, u(Dp N A) < .

But then we are in the first case, so there exists a closed set C), C D;, N A with
1
pDe N A) = p(Cr) < o

Because (U~ Ck),,cn is an increasing sequence, we can use continuity from below and the
fact that measures are o-additive on the o-algebra of p-measurable sets

Jim g <G Ck) = p <Ej Ck) = iﬂ(ck)
k=1 k=1 k=1

Eiﬂ(DkﬁA)—i

2k
This shows that
sup{u(C)|C C A closed |} = 0o = pu(A)
and by a similar argument as in the first case (writing p(C) = limy, 00 #(C N B(0,m))) we get

p(A) = sup{u(K)|K C A compact}

2 Measurable Functions

2.1 Basic definitions

For X,Y nonempty sets and f: X — Y with A C Y, the inverse image is defined as

FHA) = {z € X|f(x) € A}

And it’s easy to show that
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(a) f7H(A) = (F71(4)°
(b) For a sequence of subsets (Ag)y the following holds

7 (G Ak) = G N (AR)
k=1 k=1

(¢c) The analogue for countable intersections follows easily from de Morgan’s rule, (a) and (b)
In particular, if A C P(Y) is a o-algebra, then
o= fTHA) = {1(A)|Ae A

is a o-algebra in X.
In the following, let 1 be a measure on R™ and 2 C R™ be a p-measurable subset.

Definition 2.1.1. A function f:  — [—00, 0] is called u-measurable if in the sense of definition m
(a) f~H+oo}, f7H{—o0} are y-measurable.
(b) f~Y(U) for every U C R open is p-measurable.
Remark 2.1.2. The following two conditions are equivalent to (b)
(c) f~Y(B) is p-measurable for each Borel set B C R
(d) f71((—o0,a)) is p-measurable for all a € R.

And if we consider R = [—00, 0o] with the topology generated by the open sets of R and the neighborhoods
[—00,a), (a,00),a € R of +00, then for a function f : Q — [—o0, o0], the following are equivalent:

e f is y-measurable.
e f71(U) is p-measurable, VU C R open
e f71([~00,a)) is p-measurable, Va € R.

Remark 2.1.3. Even preimages of Borel sets are y-measurable!

By the properties discussed in the begnning of this chapter, we know that the inverse image of a Borel set
can be written as some combination of complements, unions and intersections of preimages of open sets.
And since y-measurable sets form a o-algebra (see Theorem [1.2.9)), they are also y-measurable.

Example 2.1.4. Let f:  — R be py-measurable and g : R — R continuous. Then g o f is y-measurable.
Theorem 2.1.5.

(a) Let f,g:Q — R be p-measurable functions. Then: f+ g, f - g,|f],sgn(f), max{f, g}, min{f, g} and

(if g is never zero) 5 are p-measurable, where

i f() #0
0 otherwise

(sgn f)(z) = {

(b) For a sequence of p-measurable functions (f; : © — R)gen the following are also y-measurable

inf fr, supfr, liminf f, limsup fx
keN keN k—o0 k—»00
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Proof. Missing O

Recall that when defining the Riemann integral in Analysis I/II, we started by defining the Integral of
step functions “by hand”, which were functions that were constant when decomposing them into intervals.
To define the Riemann integral of general types of functions, we defined the “Ober- und Untersummen”,
and if they coincided, took that as the value for the integral.

Our approach will be slightly more general

Definition 2.1.6. Given a subset A C R™, we define the characteristic function of the set A as

. 1 ifzed
xa:R" =R, XA(x):{ 0 otherwise

It’s easy to see that x4 is p-measurable if and only if A is u-measurable.
A simple function is a function of the form

flx) = ZCiXAi (x), ¢ €R,A; CR" A; mutually disjoint
i=1

And if the A; are y-measurable, then f is called a yu-measurable simple function.
Equivalently, a function f : R® — R is a u-measurable simple function if and only if f is y-measurable
and the image of f is a countable subset of R.

The following theorem lets us decompose any non-negative u-measurable function into a simple function.
Theorem 2.1.7. Let f: Q — [0,00] be p-measurable. Then there exist y-measurable sets Ay C Q such
that

XAy

=

=X
k=1
Proof. We define the sets Ay inductively, starting with
Ay ={z € Q|f(z) > 1} = f[1,00]
which is pg-measurable. Then for all k£ = 2,3,..., we define

1k
Ak:{x€Q|E+ ;XA]}

i=1

To show that this produces the function f, we show both inequalities in

F@)= Y bxa,@
k=1

>: If sup{k|z € Ay} = oo, then
Missing Rest O

Proposition 2.1.8. Let f: {2 — R be continuous and p a Borel measure. Then f is y-measurable.

Proof. For any open set U C R", f~1(U) = O N Q for some open set O C R™.
Since p is Borel, f~}(U) is y-measurable. O]

From now on, we will say that a statement holds “u-a.e” or “almost everywhere with respect to p”
to mean that the set A, for which the statement does not hold, has u(A) = 0.
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2.2 Lusin’s and Egoroft’s Theorems

Consider for example the sequence of (£L1-measurable) functions (f : [0,1] — R)gen given by

1
fk:XAk7 fOI' Ak‘: (1_216’1)

this sequence converges pointwise to the constant function 0, but not uniformly.
However we can say that for any § > 0, it converges uniformly on the (compact) subset A :=[0,1 — §],
which satisfies £1(]0,1] \ 4) = 6.

Definition 2.2.1. Let Q C R". We say that a sequence of functions (fx : @ — R)pen converges
p-almost uniformly on € to a function f: Q — R, if for all § > 0 there exists a p-measurable subset
A C Q with p(2\ A) < ¢ such that (fx)gen converges uniformly on A. That is:

sup|fx(z) — f(z)| > 0as k — oo

€A
Theorem 2.2.2 (Egoroff). Let Q@ C R"™ be u-measurable with () < oo, and let f, (fi)ren : @ — R
p-measurable.

(a) If fr(z) — f(z) as k — oo for p-a.e. x € Q, and f(x) finite p-a.e., then (fx)ren converges p-almost
uniformally to f on .

(b) If additionally, u is a Radon measure we can also assume that the set on which (fx)gen converges
uniformly is compact. That is:

Vo > 0 3K C Q compact with u(Q\ K) < § and

sup|frx(z) — f(x)| > 0as k — o0
zeC

Proof.  (a) Let 6 > 0 and for i, j € N define the sets
> 1
Cij = U {x € Q| fe(z) — flz)| > 21}
k=

which are p-measurable, since they are the pre-images of open subsets under a p-measurable function.
They are also decreasing in j (i.e. Cjj41 C C;;Vi,j) and p(Ci1) < p(2) < oo, so we can use
continuity from above. Note how 72, Cj; consists of points in , on which (fi)ken does not
converge to f. But as fr(x) — f(x) for u-a.e. = we get

hm M(CZJ) C';a' o ( Cz]) =0, VieN
j—roo !
]:1

This means that for every i, there exists an N (i) > 0 such that

NG 5
p| () Cij | =n(Cing) < 5

j=1

setting

=1
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which is p-measurable, we get the estimate

[e.9]

o
Q\A (UCzN(z><Zzl
Moreover, for all x € A,i € N,k > N (i) we have

[fe(x) = f(2)] <

02| =

which shows uniform convergence of fy — f on A.
(b) By applying Theorem there exists a compact subset K C A such that u(A\ K) < J, and so
n(Q\K) < p(Q\A) + p(A\K) <20
O

Remark 2.2.3. The condition that () < oo is necessary. Take for example the sequence of “bump
functions moving to the right”: fi = X[ r4+1] : R = R, which converges pointwise to 0.

It is clear that any set A C R on which the sequence converges uniformly must be bounded from the right,
which means that A cannot satisfy p(R\ A) <.

In Analysis I/II, we proved that continous functions are Riemann integrable and that Riemann-integrable
functions only have measure-zero points of discontinuity.

Because p is assumed to be a Radon measure, all continuous functions are p-measurable. We now show
the generalisation of the other fact.

Theorem 2.2.4 (Lusin’s Theorem). Let ;1 be a Radon measure on R”, 2 C R™ be py-measurable with
1(Q) < oo and f: Q — R p-measurable and finite p.a.e..
Then Ve > 0 3K C Q2 compact with u(2\ K) < e such that f|x is continuous.

Remark 2.2.5. Warning: The theorem states that the function f|x : K — R is continous and not that
f is continous at x for all z € K.

If we drop the condition u(€2) < oo, then we can still find such a set C' C Q, which is closed, but not
necessarily compact.

Proof. For each i € Ns, let {B;;};jen be a collection of disjoint Borel sets such that

1
R= |_| B;; and diam(Bj;) := sup{|z — y||z,y € By;} <7
j=1

Then define 4;; := f~1(B;;) which are y-measurable and let
~ o0 ~
Q:=|JA; = Q=Qu f{+oo}
j=1
since p is a Radon measure, there exist compact sets K;; C A;; such that

€

#(Ai \ Kij) < 55
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Then

j=1
o

<Y A\ Kij)
j=1
2. € €

< Zl i+ - ?
]:

This means that for all 7, there exists a N (i) such that
NG .
p| 0\ U Kij < 5
j=1

Then define the compact sets

N () o0
Di:=|J Ky and K:=[)D;
j=1 i=1

For each i, j chose some b;; € B;j and define g; : D; — R, g;(z) = b;; if z € K;; for all j < N(4).
Since the sets { K;; } jen are compact disjoint sets, this means that g; is locally constant and thus continuous.
Moreover, by construction of B;;, we have

1 1
diam(B;;) < = |f(z) — gi(z)] < 7 Vo € D;

which means that the sequence of continuous functions (gi|x);en>0 : K — R converges uniformly to a
continous function f|x.
The set K also satisifes

pOQ\K) = p (G(Q\Di)> < iu(ﬂ \D;) <e

and since f(x) is finite p-a.e., we have

W@\ K) < p(@\ K) + p(f {00} \ K) <2 +0

2.3 Convergence in Measure

For this section, let u be an arbitrary measure on R™ and  C R™ p-measurable and let f, f : Q@ — R be
p-measurable and |f(z)| < oo p-a.e..
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Definition 2.3.1. We say that the sequence (fx)ren converges in measure p to f (written fj 5 fas
k — oo)f] if Ve > 0

Jim p({z € Qf|f(z) = fr()] > €}) =0

Remark 2.3.2. If the sequence converges uniformly, then also fx aN f. However pointwise convergence is
not enough to show fj LN f, as the same Example as in proves otherwise.

1
Also, the sequence fr = x{o} £5 0 shows that pointwise convergence does not necessarily follow from
in-measure convergence.

Theorem 2.3.3. Let () < oo. If f, — f p-a.e. then f, & f.

Proof. By Egoroft’s theorem, (fx)ren converges u-almost uniformally on €.
This means that for all € > 0 there exists a set A with u(Q2\ A) < ¢ such that for all e > 0: IN € N with

sup|fn(z) — f(x)|<e Vn>N
€A

for such n > N we have
{z e Qlfulx) - flx)] > e} CQ\A
Taking u(-) on both sides gives the result. O

Remark 2.3.4. The converse of this theorem does not hold, so the statement fp — f u-a.e. is stronger
than fj, & f
To see this, take Q = [0,1) with the measure £'. And set f; = xa4,, for

A]_:[O’]_)’ A2:[07%)7A3:[%51)7 A4:[O)i)vA5:[iu%))"'aA7:[%7]-)u A8:[07%)7

and more generally for k > 1, chose n such that 2" < k < 2"*! and set

k—2" k—-2"+4+1
Ay = 7 + >
AL 2n

Therefore

p U] > 0D = p(A) = 5 < = = fi 50
But the nowhere does the sequence converge pointwise to 0.
Theorem 2.3.5. Let fi, & f. Then there exists a subsequence (fk, )nen that converges to f p-a.e..
Proof. Since fi, & f, for all n € N there exists a k, € N such that
i ({w € Qi) — f@)] > 277)) <277 Yk >k
Define for h > 1

Ay ={z € Q|fy,(x) — f(z)] >27"} and Ej:= U Ap

n>h

“In contrast to the lecturer, I will be using f, = f as shorthand for “f, 2 f as k — co” as it should be clear from context.
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by subadditivity, we have
o0
p(ER) <Y p(Ay) <27
n=h

For any x € Q \ E}, we have that
Vn>h:x¢ Ay, = Yn>h:|fi (x)— flx) <277
This means that for all h € N the sequence (fx, )nen converges to f(x) on Q\ Ej,.
Because p(F1) < p(€2) < oo and the sequence (Ep)pen is decreasing, we have by continuity from above:
oo
E:= () E, = wE)= lim p(E,) =0
he1 h—o0

Since (fg, Jnen converges to f on Q \ Ej, the sequence (f, |E)nen converges to f on Q\ E.

3 Integration

Assume for this chapter, that p is a Radon measure on R™ and 2 C R” is y-measurable.

3.1 Definitions and Basic Properties

Definition 3.1.1. A function ¢ : © — R is called a simple function, if the image of ¢ is at most
countable.

Because summing up series with both positive and negative coefficients can lead to some convergence
issues (for example the sequence a, = (—1)"), we split a function into its positive and negative parts.
Define

f+ = max(f,0), f~ :=max(-f,0)
= f=f"—f" |fl=f"+f

Definition 3.1.2.

(a) For g: Q — [0,00] is a non-negative, simple, u-measurable function, we define

/diu =Y yu(s')

0<y<oo

where we use the convention 0 - oo = 0. (We want the integral of the function 0 to be zero.)

(b) A simple, p-measurable function g : Q — [—00, +00] is called a p-integrable simple function, if
either [ g"Tdu < oo or [, g~ du < co. Then define

/diu :=/Qg+du—/ﬂg’du= > you(o )

—co<y<oo
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(¢) For any function f:Q — [—00,00] define the upper integral

/ fdu = inf {/ gdulg > fu-a.e., g is a p-integrable simple function}
Q Q

aswell as the lower integral

/ fdp == sup { / edule < fu-a.e., e is a p-integrable simple function}
JQ Q

(d) A p-measurable function f :  — R is called p-integrable, if the upper- and lower integral coincide,

in which case we write
[ tan= [ fau= | fd
Q Q JO

Warning: in some contexts, functions with integral +oco are called “not integrable”. For our purposes,
they are.

Remark 3.1.3. It is easy to show that

[ sdu< [ s

In Exercise Sheet 09, we prove that the multiple definitions of an integral are “consistent”, that is: for a

p-integrable simple fucntion we have
/fdu= / fdu:/ fdu
JQ Q Q

where the last integral is understood as the definition used in (b)
Proposition 3.1.4. Let p be Radon and let f: Q — [0, 00| be u-measurable. Then f is u-integrable.
Proof. If [q fdu = oo, then it is trivial. Now, if [, fdu < oo, it means that f(z) < co p-a.e.
o Case () < oco: For all € > 0, set for k € N
Ap = {z € Qke < f(z) < (k+ 1)e} = f ! [ke, (k + 1)e)
Since f(z) < 0o p-a.e. it means that for Q := ey Ax = f71[0,00), we have (2 \ Q) = 0.

To sandwich f between u-integrable simple functions, we define

e(r) :=¢ Z kxa,(z)
k=0

g(z):=¢ Z(k: + 1)xa,(x)

k=0
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which gives us e(z) < f(z) < g(z) p-a.e. and

/Qeduﬁ /Qfdué /Qfdué/ﬂgduzf:‘Z(kJrl)u(Ak)

keN

e > ka4 +2 3 plAn) = [ edute (@)

keN keN Q

where in the last step we used that the Ay were mutually disjoint and were preimages of Borel sets

and thus py-measurable. Because p(€2) < pu(€2) < oo, we can let ¢ — 0 and get the result.

e General Case: Let {2 C R" be a py-measurable set. Then take any countable covering of R™ with
disjoint dyadic cubes R™ = [J;2; @; and set Q; := QN Q.

Since p©(£2;) < oo, we are in the first case, so for all € > 0 we can find p-integrable simple functions
e, g1 — [0,00] with ¢; < f < g; p-a.e. and

g
/ezduﬁ/ gzduﬁ/ eldp + -
o o o 2

We then define P

o0 oo
e:=> e-xo, and g:=> g xq
=1 =1

which are again p-integrable simple functions satisfying e < f < g for p-a.e. x € 2 and

ry o0 o0 OOE
edg/dg/dg/d: /dg /ed+ —z/ed+e
/QM Jo s | fdus | gdp ;ngzu ;leu ;21 | edn

letting € — 0, we get the result.

Proposition 3.1.5 (Monotonicity). Let fi, f2 : @ — R be p-integrable with f; < fo p-a.e.. Then

[ < [ fad

Proof. If a p-integrable simple function g satisfies g > fo u-a.e., then it also satisfies g > f1 u-a.e..
Looking at the definition of p-integrable functions,

/fd,u = inf {/ gdu|g > fu-a.e., g is a p-integrable simple function}
Q

then we are taking the infimum over a larger set for f; than for fs, so

/Qflduz /Qfldﬂﬁ /szd/i:/ﬂfbd/i

As an immediate consequence, we have

5There is some minor abuse of notation but it’s easy to extend the domain of e;, g; to Q.
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Corollary 3.1.6. Let f1, f2 : Q — R p-integrable with f; = f5 u-a.e.

/Qfldli:/gfzdﬂ

Definition 3.1.7. Let f: Q — R be a function

e fis called p-summable, if f is p-measurable and
[ 1fldn < o0
Q

o fis called locally p-summable in €, if for all compact sets K C €, f|x is p-summable.
Proposition 3.1.8. Let f: Q — R.

o If f is y-summable, then it is p-integrable.

o If f(z) =0 p-a.e., then f is p-integrable and [, fdp = 0.
Proof.

(a) We show that [q fdu = fQ fdu. Since f is p-measurable, f* = max(+f,0) are also y-measurable.
Moreover, since 0 < f* < |f|, by Proposition they are p-integrable and satisfy [, f=du < oo.

This means that for all € > 0, there exist u-integrable simple functions ex < f* < g+ p-a.e. with

/eidué/fidus/gidus/eidwri
0 Q 0 0 2

Setting e := e — g— and g := g4+ — e_, we see that again e < f < g p-a.e. and

[edns [ gap< [ fau< [ gan= [ gedu— [ e-dp
Q JQ Q Q Q Q
g/e+du+§+/g_du+§=/edu+a
Q 2 Q 2 Q

Letting € — 0 shows that f is u-integrable.

(b) If f(z) =0 p-a.e. we can set e = g = 0 and see that e < f < g p-a.e., which shows

0=/edu§ /fdug/fdus/gduzo
Q Q Q Q

Proposition 3.1.9. Let f: Q — [0, 00] be p-measurable.

(a) [ fdp=0 = f(z)=0 p-ae.

(b) Jq fdp < oo = f(x) < oo p-a.e.
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Proof. (a) Contraposition: Assume f(z) is not p-a.e. zero. Then the p-measurable sets
1
Av={zelf@ =}, k=1

form an increasing sequence and their union

(-

Ao i= | ) Ap = {2 € Q|f(z) > 0}

k=1

has non-zero measure 0 < p(Aoo) = limg_oo p(Ag)-

This means that there exists some K > 1 such that u(Ax) > 0. Then the simple function s := % XAg
satisfies s < f, which implies

1
0 < =u(Ag) = / sdp < / fdu
K Q 0

(b) Contraposition: Assume there exists an A C Q with f(z) = oo,Vx € A, u(A) > 0 then the simple
function s := 00 - x4 satisfies s < f, and thus

/Qfd'uz/QSd:U’:OO'M(A):oo

]
3.2 More Properties of the Integral
Theorem 3.2.1 (Tchebyshev Inequality). Let f : 2 — R be p-summable. Then for every a > 0:
1
p((o e Qllr@)>ap <5 [ I71dn)
Proof. Apply monotonicity (Proposition [3.1.5)) on the functions
—a- < fy =
=0 Xgea|ip@zap < 2 £
here, f1 takes on the value a, whenever |f(z)| > a, and 0 elsewhere. O
Corollary 3.2.2. Let f, fi : © — R be p-integrable with
tin [ [~ fldye = 0
k—o0 JO
Then fi %5 f and there exists a subsequence (f, )nen with fr, — f p-a.e.
Proof. Applying Tchebyshev’s inequality on the function f; — f, it means that for all € > 0
1
pi{e € Qfi—11>2}) < < [ 1= flan
since the right hand side converges to 0 as k — oo, it follows that f; = f (as in Definition [2.3.1)).
The second part follows from Theorem [2.3.5 O

Lemma 3.2.3. This Lemma is taken from Exercise Sheet 09.
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(a) For two p-integrable simple functions f,g, there exist sequences {an},cn:{0n}neny C R, with
p-measurable, mutually disjoint sets (C),)nen such that

f=>anxc,, 9=>_ buxc,

neN neN

(b) For a p-integrable (simple) function of the form f = Y cyanxa, for A, pairwise disjoint and
p-measurable, it holds

/Qfd,u = Z an,U(An)

neN

(c) Let f,g:Q — [—00,00] be p-summable simple functions, a,b € R. Then af + bg is a y-summable
simple function and

/gz(aerbg)du:a/Qfdqub/diu

Proof Sketch. For a detailed proof, see Master solution of Exercise Sheet 09.

(a) Since the images of f and g are countable, let (an)nen, (bn)nen be their values. Set A, :=
fYHan}, By = g '{b,}. By taking all intersections of the form Cj; := A; N B; and reindexing them
(for example, with Cantor’s Diagonal map) we get a sequence (Cy,)men of disjoint, py-measurable
sets.

(b) Although the values (a;,)neny might not be necessarily be different, we can take the union of all A,,
corresponding to a value ¢, € R to write

fﬁl{cm} = U An

neN:ap=cm

using the fact that the A,, are y-measurable and disjoint and by definition of the integral for simple
functions, we have

fyan= 3 con () = S U A) =T ¥ uth) = T anstde

meN meN n:an=Cm meN neN:an=cm neN

(¢) From part (a), we can find p-measurable subsets C,, and sequences ay,, b, such that

f = Z anXCp>, 9= Z anCn

neN neN

Since the C), are mutually disjoint, the function af + bg, can be written as

af +bg =" (aay + bby)xc,
neN

which shows that af + bg is a simple function because the C,, are disjoint. By (b), we get

[ (@f +bg)u = 3 (e + Wb)u(C) = a3 anps(Co) +5 Y baps(Co) =a [ fdu-+ [ g

neN neN neN

To show that af + bg is p-summable, apply additivity to |f],|g| and use the triangle inequality:
[1s+ald < [ 151+ lgldp = [ 17lan=+ [ lgldp < oc
Q Q Q Q

Han-Miru Kim kimha@student.ethz.ch 43


mailto:kimha@student.ethz.ch

3.2 More Properties of the Integral September 13, 2021

O]

Remark 3.2.4. We can actually weaken the condition on f, g. The reason we used that f, g are y-summable
in the first place was so that the right hand side of the equation

[ (@t +boydi=a | sdu+b [ gd

is well defined. This becomes more clear when we write out

a/ﬂfd,u-kb/ﬂgd,u:a{/Qerd,u—/Qf_du}+b[/Qg+d,u—/Qg_du}

We can see that it is enough to require that either
/ frdu < oo and / gtdp < oo
Q Q

or /f_d,u<oo and /g_d,u<oo
Q Q

which is the case when f, g are p-summable. Of course, that means that af + bg may no longer be
p-summable.

Theorem 3.2.5. Let f,g:Q — R be g-summable, A € R. Then
(a) f+ g is p-summable and

A¥f+wm“=4fmw+égWL
(b) Af is p-summable and

/Q/\fd,u:)\/gfd,u

Proof. (a) Let f, g as above. Then for any £ > 0, we can choose simple u-integrable functions fe, f¢, gz, ¢°
such that f. < f < f¢,9. < g < ¢° pa.e. and

/Qfedu—/ﬂfdu<e /Qfdu—/ﬂfgdu<s

/Q!]Ed,u—/ggd,u<6 /ﬂgdu—/ﬂgsd,u<s
and since f, g are py-summable, and f < f¢ = (f¢)” < f~, we get
/Q(fa)+ < /QfWMS/Q\f!du< 00
/Q(fa)_S/Qf_dMS/Q|f]du<oo

Ditto for (g-)" and (¢°)~. By the previous Lemma (using the weakened condition), it follows that
fe + g- and f€ + ¢° are p-integrable and

l@f+ﬂ@=£ﬁ@+kf@
l@f+ﬂ@=ékw+4%w
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which gives us the estimate

/Qfdwr/ggdu—%s/Qfedqu/Qgsdu:/Q(ferge)duS /Q(f+g)du

< [Gradns [+ ordn= [ fdut [ gan
S/Qfd,u+/ﬂgdu+2€

Letting € — 0, it follows that (f 4 g¢) is p-integrable with

/Q(f+g)du=/ﬂfdu+/ggdu

To show that (f + ¢) is u-summable, we apply the previous result to |f| and |g| with the triangle
inequality:

L1t gldu < [ 191+ lgldn <= [ Fldn+ [ |gldn < o
Q Q Q Q

(b) Let A € R. For all € > 0, we can again find p-integrable simple functions f. < f < f¢ with

/Qfadu—/gfdu<6 and /Qfdu—/gfgdu<g

e If A =0, then it’s trivial.
e If A >0, then

Afe SAF<AS®

and using the previous Lemma, we can make the estimates

A pd=ae <[ gedun< [ (0P

< [Ondu< [ afdp=n [ fodp
Q Q Q
<A / Fdp+ Ne
Q
and thus Af is u-integrable with

[onan=x [ san

and applying this result to |Af|, we get

Ll = [N =] [ |71 < oc

which shows that Af is gy-summable.

o If A <0, then we have Af. > Af < Af€ and the proof is analogous to the case A > 0.
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Corollary 3.2.6 (Continuous triangle inequality). Let f : Q — R be y-summable. Then

[ e < | |1

Proof. From the previous theorem and monotonicity, it follows from —|f| < f < |f| that

— [ = [ —Afldn < [ rdp< [ |7ld

Given a function f : Q — R, there are two ways to restrict a function to a subset A C Q.

Lemma 3.2.7. Let f: Q — R be p-summable and A C Q p-measurable.
Then f|4 and fya are p-summable (on A and ) and

[, fladi= [ Fads

Proof. We first show this for simple functions and then generalize from there.

e Let g: Q — R be a y-summable simple function. By Lemma there exist mutually disjoint,
p-measurable sets (A;);er with values (a;);en such that g = Y, aixa,. Moreover, we know (by the
same Lemma) that the integrals of g|4 and gx 4 are

g’A:ZCLiXAiﬂA — /Ag’AdM:Z@zM(AzﬂA)

€N ieN
gX4 =D aixaXa =D aixana = / gxadp = aip(4; N 4)
iEN iEN & iEN

And they are p-summable because u(A; N A) < u(A;) and |gxal < 9|

e Let f:Q — R pg-summable. For all € > 0 we can find simple p-integrable functions g, h such that
g < f < h p-ae. (and thus also g|4 < fla < h|a p-a.e.) such that

/hd,u,—ag/ fdug/gd,u—i—s
Q Q Q
To show that f|4 is p-integrable, we can check (using linearity of the integral) that

0= [ fladi— [ Sladp< [ bladp— [ glad
A JA A A
=/ hXAdM—/ QXAduz/(h—g)XAdué/(h—g)du
Q Q Q Q

:/hdu—/gdug/fdu—/fdquQs:Ze
Q Q Q Q

Letting ¢ — 0 shows that f|4 is p-integrable.
To show that fy4 is pu-integrable, check

0< /fXAdu— /fXAdMS/hXAdM—/QXAdMZ/(h—g)XAdu
Q JQ Q Q Q
§/(hfg)d,u:/hd,uf/gdu§25
Q Q Q
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Now we only need to show that their integrals are equal. On the one hand, we have
/ fladp — / fxadp < / h|adp — / gxadp = / hxadp — / gxadu = / (h — g)xady < 2e
A Q A Q Q Q Q
and on the other hand, we have
/ fladp — / fxadp > / gladp — / hxadp = / gxadp — / hxadp = / (g — h)xadp > —2¢
A Q A Q Q Q Q
Which means
I/ fIAdu—/ fxadp| < 2e
A Q
O

Since we have just showed that both ways of restricting a p-summable function yield the same integral,
we will from now on write

/ fdp = / fladp = / fxadu
A A Q
Corollary 3.2.8. Let f: Q — R be a p-summable function and A C Q with pu(A) = 0. Then

/ fdu=20

A

Proof. Since u(A) = 0 it is p-measurable and fx4 = 0 p-a.e.. By Proposition we have [, fxadp =0
and from the previous Lemma, the result follows. O

Proposition 3.2.9. Let f: Q — R be p-summable, Q = AU B, for A, B C € pu-measurable.

(a) If AN B =), then
[ du= [ sdu+ [ s

(b) And more generally, for AN B # (:

/Qfduz/Afdqu/deu—/Amedu

Proof. (a) Clearly, f = fxa + fxB, So by linearity and Lemma , we have

[ tdu= [ peas pesdn= [ fxadu+ [ feodi= [ sdpt [ fan

(b) We can partition €2 into the disjoint sets Q@ = (A\ B) U (B \ A) U (AN B) together with
XA =XA\B*+XanB and XB = Xxp\a T+ XAnB
we can write
1 =Xxa=Xxa\B*+XB\A+ XAnB

= XA — XAnB T XB — XAnB + XBnA
= XA+ XB — XAnB

So by (a), we have
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3.3 Comparison between Lebesgue and Riemann-Integral
3.3.1 The Riemann Integral

Definition 3.3.1. Let I = [a,b] C R and P = {a = zq, 1, ...2, = b} a partition of I.
For a bounded function f : I — R and P a partition on I, we define the upper and lower Riemann
sums by

n

S(P,f) = (wi — wi1) (sup } f(x)
i=1 TE(Ti—1,T4
s(P,f) =) (xi—wzi1) inf f(x)

i— :I:E(Z‘i_l,.l’i}

For P the set of all partitions of I, define

R/abf(:c)dx — int{S(P, f), P € P}

b
R /a f(z)dx :=sup{S(P, f), P € P}

and we say that a bounded function f : I — R is Riemann integrable (or short: R-integrable) if

R /abf(x)dx = R/abf(:c)dm =: /ab f(x)dx

The following definition is neither standard nor part of the original lecture.

Definition 3.3.2. Let I C R be an interval. A step-function is a function ¢ : I — R of the form

n
Y = Z CiX(zi—1,2i]
=1

where P = {z1,...,2,} is a partition of I and ¢i,...,c, € R.

Since the interval (x;_1, ;] is £L'-measurable, step-functions are £!-integrable and

n

cpdﬁl = Z ci(azi — $i_1)

[a,b] =1

For any partition P, we can express the upper and lower Riemann sums S(P, f) and s(P, f) using the
L'-integral of step functions. By deﬁningﬂ

Pl@)=3" sup  [(@)X( 1.

i=1 TE€(mi—1,7]

Plx)=)" inf  f(@)X(z_ .l

i—1 $€(I‘7‘,_1,a¢i]

it’s easy to see that

s = [

P(z)dc' and s(P,f):/ P(z)dc!
[a,b]

[a,b]

5The orginal lecture wrote ©, p instead of P, P. That confused me so I changed it.
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However, we aren’t quite satisfied. If you wanted to construct P or P, we would have to calculate
SUPge(a,_1,2,] /() for each interval which isn’t so handy.

It’s clear that P(z) < f(z) < P(x) and for any other step function ¢(z) to the same partition P will
satisfy

p>f = ¢>P and 9<f = p<P

which means

S(P, f) = inf {/ @dL'p : I — R is a step function to the partition P, > f}
[a,b]

s(P, f) = sup {/{a ’

)

@dL'p : T — R is a step function to the partition P, < f}

so we finally get the alternative characterisation of the Riemann-integral using the Lebesgue integral of
step functions:

R/:bf(az)d:v = inf{/[ab]

g

godﬁl‘cp : I — R is a step-function, ¢ > f}

b
R / f(z)dz = sup { godﬁl‘w : I — R is a step-function, ¢ > f}
Ja [a,b] —

One can visualize the difference between the Riemann and Lebesgue-integral as follows:

The Riemann integral considers the area under a curve as made out of vertical rectangles, whereas the
Lebesgue integral considers horizontal slabs under the curve.

Example 3.3.3. » The Dirichlet function xgno,1) is an example of a function that is not Riemann
integrable. Because for any partition P (which is made up of finitely many sections!), one finds that
S(P,f)=1and s(P, f) =0.

e Moreover, the Riemann integral doesn’t behave as nicely when considering limits of functions. For
example, for some enumeration Q N [0, 1] = {ry,r2,r3,...} we can define

fn = Xr1,....,rn

It is easy to see that f,, is R-integrable with integral R fol fn(x)dz = 0.

But in the limit n — oo, the sequence of functions converges to the non R-integrable Dirichlet
function.
We will see later in this chapter that the Lebesgue integral behaves much more nicely, because the
characteristic functions of £!-measurable sets are £!'-integrable.

Proposition 3.3.4. Let f : [a,b] — R be a bounded R-integrable function. Then it is £!-integrable and

b
_ 1
R /a fapdr= [ fac
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Proof. As noted earlier, step functions are £!-integrable (but not the other way around). So comparing
the alternative characterisation above with Definition where we are taking the supremum/infimum
over a larger set, we have

inf {/ <pd£1]¢ : I — R a step function, ¢ > f}
[a,b]

> inf {/ gdﬁlfg is a £!-integrable simple function, g > f u—a.e.}
[a,b]
and similarly: sup {f[&b] pdlY| .. } < sup {f[a,b] gdl!|.. } , so it follows that
b
R / f(x)dx:sup{ godﬁl‘...}gsup{ gdﬁl‘...}g fdp
Ja [a,b] [a,b] Ja,b]

= b
< fd,u—inf{/ gd£1|...}§inf{ (pdﬁlf...}—R/ f(z)dz
[a,b] [a,b] [a,b] a

so f is is R-integrable, the inequalities become equalities and I[a b fdu = f[a b fdu, showing that f is
Ll-integrable and that their integral coincides. O

3.4 Convergence Results

In this chapter, we want to see when we can exchange limits with integrals, i.e. when

lim/fkd,u:/ lim frdu
k—oo JQ 0 k—oo

It is not difficult to find counterexamples, but when this holds, it allows us to calculate many integrals.
For this section, let p be a measure on R™ and () u-measurable.

Theorem 3.4.1 (Fatou’s Lemma). Let 4 be a Radon measure on R™ and fj : 2 — [0, 00] be a sequence
of p-measurable functions. Then

/ liminf frdy < lim inf/ frdp
QO k—oo k—oo JQ

Proof. Since the fj, are p-integrable, by Theorem f:=liminf,_, . fi is aswell.
We show that for every p-integrable simple function g < f:

/gd,u < liminf/ frdu
Q k—oo JQ

Since fr > 0 and by Lemma [3.2.3] we can assume without loss of generality that g > 0 is of the form
g =>2720ajxa; With A; p-measurable and pairwise disjoint and ag = 0,a; > 0 for ¢ > qﬂ
For any factor ¢ € (0, 1), define

Bj,k = {ZE S A]|fl(l‘) > taj,Vl > k:}

"We can’t have it that all a; > 0, or else the domain of ¢ isn’t Q anymore. For example with h = 0.
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then A; = U2, Bj . Because the series is increasing in k, by continuity from below
li Bi) = u(A;
Hm p(Bjr) = p(4)

For J, k € N fix:

J J J
[fan=Y" [ fan=Y" [ fdpz1Y a0
Q j=174i j=1"Bik j=1
Fist, we let £k — oo and get
J J
hkni)g;f/gfkdﬂ > kllr?ot'jzlaj“(Bj”“) = t‘jzlaju(Aj)
then let J — oo:
1iminf/ du >t ai(A; :t/ d
minf | fidy ]; A =t | gdu
and if we let t — 1, we get

lim inf / Fodp > / gdp
k—oco JQ 0
0

Example 3.4.2. The condition f; > 0 in Fatou’s Lemma is necessary. Take for example yu = L™, = R"
and f = —k%n XB,(0)- Since the volume of the ball By, (0) is proportional to k", we have

liminf/ frdy = —-C
k—oo JQ

for some constant C' (that depends on n). But the function sequence converges uniformly to lim inf o fx =
0.

The following theorem is also sometimes known as Beppo Levi’s Theorem. We will use the descriptive
name Monotone Convergence Theorem, or MCT for short.

Theorem 3.4.3 (Monotone Convergence Theorem). Let fi : Q — [0, 00] be a sequence of y-measurable
functions non-decreasing in k (i.e. f1 <...< fr < fry1 <...). Then

/ lim frdy = lim / frdu
Q k—oo k—oo JQ
Proof. We show inequalities in both directions.

>: Since fj, is non-decreasing, we have for all j € N that [, fjdp < [ limg_o0 frdp. So in the limit

lim/fkd,ug/ lim fidu
k—o0 JO 0 k—oo

<: By Fatou’s Lemma
Fatou
lim fkduz/liminffkd,u < liminf/ frdp = lim / frdu
QO k—oo QO k—oo k—oco JQ k—o0 JO
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Remark 3.4.4. We could also prove MCT first and use it to prove Fatou’s Lemma.

Proof of Beppo Levi without Fatou’s Lemma. Set f := limy_ oo fr. Since (fx)ren is non-decreasing, we

have limy_,o0 o fedpn < [ fdp.
For any simple function h and € > 0, set

Q= { € Qful) = (1 - )h(a)}

this forms an increasing sequence (€2 C Q41). We know that WLOG, h is of the form h =} ;cycixa;
with ¢g = 0,¢; > 0 for i > 0 and A; mutually disjoint. Then we can also show that (J,cy 2 = €.
Suppose there exists an zg € Q \ Upen Q2. This means Vi € N @ fi(zg) < (1 —€)h(zg). But then

Jm fi(zo) = f(zo) < (1 —e)h(zo) < (o)

Therefore, one finds

/kaduz/gk fkduz/gk(l—e)hd,u

in the limit k& — oo, it follows

lim / frdp > lim (1 —e)hdp = / (1 —¢)hdp
k—oo JQ Q

k—o00 JQy

letting ¢ — 0 we obtain

lim/fkduz/hdu
k—o0 JQ Q

since h was an arbitrary simple function < f, the proof follows.
O

Example 3.4.5. A neat application of this is the special case where the limit is sum of non-negative
functions: Let (fx)ken : © — [0, 00| be a sequence of p-measurable functions. Then Y72, fx is u-measurable
and

Aénw=génw

and to prove this, we apply MCT to the sequence of partial sums s, := > 1 fx.

Theorem 3.4.6 (Dominated Convergence Theorem). Let f, (fx)ren : © — R p-measurable with f — f
p-a.e..
If there exists a p-summable function g :  — [0, 00| with |fx| < g p-a.e., then

lim /!fk—k]du:O
k—o0 JQ

and in particular

tin [ fidp= [ fan
k—oo JQ Q
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Proof. First note from |f| = limyg_,o0|fx| < g p-a.e. it follows
[fe = FI< 1fel + 1f1 <29
so f,|fx — k| are p-summable and
liminf2g — |fx — f| =29 p-a.e.
k—o0
so with Corollary [3.1.6] Fatou’s Lemma and linearity:
[ 29 = [ timint(2g ~ |~ £
0 O k—oo
Fatou
< liminf | (29 —|fx — fl)dp
k—oo JQ
= / 2gdu—limsup/\fk—f\du
Q k—oo JQ

And since |fr — f| > 0, we have

tim [ [ fldp =0
k—o0 JO)
the second statement follows from linearity and the triangle inequality

0< ([ fudi— [ faul =] s faul < [ | = sid =570

We can also get a second proof of

Second Proof. Skipped

3.5 Absolute Continuity of Integrals

Let 1 be a Radon measure on R and €2 be y-measurable.
For any p-summable function f : Q — R, we can define

vi%, SR, AHV(A)::/fdu
A

where 3, is the o-algebra of y-measurable sets.

Remark 3.5.1. By Corollary [3:2.8] we have

WA =0 = v(A) =0

Moreover, if f > 0 and p is a Radon measure, then v is o-additive and again a Radon measure.

We then write

vi=pulf
this notation coincides with the restriction of measures to subsets we saw in Section [I.9] as

plxa=pL A
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Definition 3.5.2. Let 3,, ¥, denote the o-algebra of yi-(resp. v)-measurable subsets. A measure v such
that X, C X, with property

w(A)=0 = v(4) =0
is called absolutely continuous with respect to u and we write v < p.

The name of the definition should be reminiscent of a definition from Analysis. Let’s see why:

Theorem 3.5.3. Let f: Q — R be g-summable. Then Ve > 0 3§ > 0 such that
VAES, MA)<5:jl/uuu<s
A

Proof by contradiction. Assume that there exists an £ > 0 and a sequence of y-measurable subsets Ay C 2
with p(Ay) < 27 that satisfy

/ fldu>e VkeN
A

for m > 1 we define
o0
B, = U A
k=m

This forms a decreasing sequence and by subadditivity: p(B,,) < 352, < 2!~ which means p(B1) < 0o
and

/ | fldpu > / |fldu > e,k > m
By continuity from above, for B := 2, By, we have p(B) = limy, o0 t(By) = 0. And
fm = fIxB,, = lim_ fm =|flxs

Since |fx| < |f| and |f| is p-summable, we can use the dominated convergence theorem to show

€>lim/ d zlim/ - d DgT/lim - d :/ di =0
= [ 1fldp = tm o fmd m fmdp = | [ fldp =04

3.6 Vitali’s Theorem

Lebesgue’s Theorem gives us a sufficient condition to pass exchange limits and integrals.
In this chapter, we will improve it and give a necessary condition to exchange limits and integrals.
In this section, let f, fi : © — R be pu-summable.

Definition 3.6.1. The family {fx}ren is called uniformly p-summable, if Ve > 0 3§ > 0 : Vk €
N,VA C Q p-measurable:

pAd) <d = /A|fk\du<5
Theorem 3.6.2 (Vitali’s Theorem). Let f, (fi)ren : Q2 — R. If 4(Q) < oo, the following are equivalent:

Han-Miru Kim kimha@student.ethz.ch 54


mailto:kimha@student.ethz.ch

3.6 Vitali’s Theorem September 13, 2021

(a) {fr}ren is uniformly p-summable and fy 5 7.
(b) limpso0 folf& — fldp =0
Proof.

(b) = (a) If [o|fx — fldup — 0O, by Corollary it follows fi = f. To show that {fi}ren is uniformly

p-summable, let € > 0.

By our assumption (b), there exist a ko such that

[ M= fldn < k= ko
Q

by the previous theorem (Theorem [3.5.3)), there exists a § > 0 such that VA C ) p-measurable
A) <6 d d d
n(A) < 2/A|f|u<6 an 12652’20/Ayfk|/~‘<5

and for the remaining k > ko, if u(A) < d, we get

Jitldu< [ 1+ [ 15~ flau <22

which shows that {f}ren is uniformly p-summable.

We first show that (b) holds for some subsequence ( fx, )nen, and then show it for the entire sequence.

By Theorem fr & f means that there exists a subsequence (fy, Jnen that converges to f p-a.e.
By assumption (a), for all £ > 0 there exists a ¢ > 0 such that

w(A) <§ = /\f|du<a and /|fk|du<s, ke N
A A
Feeding ¢ into Egoroff’s Theorem, we get a B C {2 with

p(Q2\ B)<é and sup|fi,(x) — f(x)] > 0asn— oo
T€EB

Now we can bound the integral [q,|fr, — f|du. Because the above limit approaches limit, set ng € N
such that

3
1(§2)

sup| fr, (z) — f(z)| <
zeB
Thus, for all n > ng, we have
[ Ve = fidi= [ \fu, = flds+ [ [, = flan
Q Q\B B
< [l 1+ [ suplfi, — Sl
Q\B B zeB

&
<24+ ——u(B) < 3¢
M(Q)M( )

Letting ¢ — 0, we find lim,, o [q|fr, — fldp = 0.

We will prove by contradiction that it also holds for the entire sequence.
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Suppose limsupy,_, . [o|fx — fldp > 0. Then there exists a subsequence (fx, Jnen such that

tim [ [y, = fldu=timsup [ |5~ fidp > 0

n—oo k—00

But nonetheless, {fi, }nen is still uniformly p-summable and f,, £ fas n — oo, repeating the
argument from before, there exists a sub-subsequence ( fkn/)n’eN such that

tim [ i, = fldi=0
n’—o00 JQ
which contradicts the previous equation.
O

Remark 3.6.3. Since the proof in (a) = (b) relied on Egoroff’s Theorem, the condition p(§2) < oo is
necessary. The other implication always holds.
Consider the sequence given by fr = %X[Qk]. Clearly, fi 2 0, but

1
[l =0ldu= [ du=1+0
R [0,k k

As promised earlier, we can now improve Lebesgue’s Theorem.
Missing 30 minutes

Theorem 3.6.4.

3.7 LP(Q), ) spaces

Again, let u be a Radon measure on R and {2 p-measurable.
Recall that the supremum/infimum of a set are defined in terms of upper/lower bounds.

sup X := min{a € R|a > z,Vz € X}
When talking about measure spaces, we want to ignore measure-zero sets:
Definition 3.7.1. Let X C R. We say that a € R is a u-essential upper bound of X, if
p({zeXljz>a})=0
Similar to the defintion of sup, define the p-essential supremum to be smallest p-essential upper bound
p—ess sup X := inf{a € R|p ({z € X|z > a}) = 0}
Analogously, one can define the p-essential infimum.

Definition 3.7.2. Let f: Q — R be pg-measurable. For 1 < p < oo, define their p-norm

1/p
1f |z, = (/Qlfl”dﬂ) < o0
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and for p = oo:

£l oo (@) == 1 — ess sup,eq|f ()| = inf {c € [0,00]|| f| < cp-a.e.}

We call the space of functions, for which their p-norm is finite the £P-space

If Q and p are clear from context, we will write || f||z» or even ||f||pE|instead of | fllzr(a,p)-

LP(Q, ) :={f : @ — R|fu-measurable, || f||1rq,) < oo}

We call a function f pintegrable, if || f||, < oo

Remark 3.7.3. For f € LP(Q, u) we have |f(z)] < ||f|loo for p-almost all x € Q

. Missing

O]

Remark 3.7.4. The space LP(Q), 1) is not necessarily closed under multiplication. Set p =1, Q = (0, 1]

and p = L' and

f(2) = glz) = \} e L' )

then their product is (fg)(z) = 1, which is not £!-integrable on (0, 1].

Moreover, || - ||, is not a norm on £P(2, 1) as it is not positive definite.
To remedy this, we consider equivalence classes of functions in £P (€2, ) where two functions are considered
equivalent if and only if they are equal p-a.e..

Theorem 3.7.5. Let LP(), 1) denote the quotient space LP(2, 1)/ ~, where

Then LP with norm || - ||, is a Banach space. That is: a complete, and normed vector space.

fr~g < =g pae

For now, we will only prove that prove positive homogeneity.
The rest will be split into multiple Lemmas and Theorems.

Proof. Missing

O]

Lemma 3.7.6 (Young Inequality). Let 1 < p,q < oo such that 1% + % = 1. (We say that p,q are
conjugated). Then

P
Va,b>0 ab< X 4+
p q

Proof. If b is zero, it’s trivial. Fix b > 0 and consider the map

P
f:]0,00) = R, al—>ab—%

8The lecturer never used this, but I will.
9This was not used by the lecturer, but this was used in MMP I, for example.
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Because lim, 0 f(a) = —00, f is bounded from above and must have a maximum at a = a* determined
by f'(a*) =b—aP~!t = 0.

1
After checking the second derivative, one finds that a* = b»—1 is indeed a maximum of f. So Va > 0

a* S N CE A P
ab— 2= fla) < fa") =b7Tb = (1 )b

O]

Corollary 3.7.7 (Holder Inequality). Let 1 < p,q < oo be conjugate, f € LP(Q, ), g € L4, 11). Then
fg € LNQ, p) and

Ifglly <[ fllpllgllq

Proof. WLOG we can assume p < q.

e Case p =1,q = co. By Remark we have |fg| < |f|llg|loo p-a.€., so by monotonicity of the
integral

[ 159l < [ 17glocdie < llgle [ |£1dn
Q Q Q
————
=[1fll

e Casel <p,qg<oo. If[f|[, =0o0r ||g|[; =0, we can use Proposition and we get zeros on both
sides of the equality. So assume || f||,,||gllq > O.

Set f := UL and g:= ”|g| Notice that

1 £l gllq
— oy (1S
J, Frin = anp 5 M= G =

and likewise [, g%dp = 1. Apply the Young inequality to f(z) and §(z). We get

B £p
g< i
P

q
taking the integal on both sides:

_ 1/ 11
/Ifgldu / fadp < - / fpdu+*/ §ldp=—-+-=1
|f||p 9llq qJQ p q
=llfgll1
and the proof follows.

O

Say we know that a function f : Q — R lives in some LP-space. It would be nice to know if f € L" for
some other 1 < r < oo.
The next Corollary of the Hélder inequality shows that the different LP-spaces are nested inside eachother.

Corollary 3.7.8.

(a) Let f € LP,g € L9 with L = L + 1 < 1. Then fg € L and || fgll, < IIfll,llgll-
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(b) If u(2) < oo, then

1<r<s<oo = L%(Q,u) CL"(Qu

Proof.
(a) If p=gq =1r =00, it’s clear. If r < oo, apply the Holder inequality to |f|" € LP/" and lg|" € L/,

. 1 1
We can do this because o/ + o= 1.

(b) If u(2) < oo, the function 1 is p-integrable for any 1 < p € oo as it has integral (€2). Then note
that % = % + 2=F. So appying (a), we get

s (a)
fe 2@ p) = |fllr =1 - < Iflls - [l 2= <00
——
=p(S2)
which shows f € L"(Q, u)
O

Remark 3.7.9. In general, the inclusion in (b) is strict in the sense that there are functions in L that
do not belong to L? with r < s.
A simple example is

Q=(0,1), f(x) zlogé € LP f¢&L>*

In our quest to prove LP(Q, ) is a Banach Space, we still need to show the Triangle inequality and closure
under addition:

Corollary 3.7.10 (Minkowski Inequality). Let 1 < p < oo and f,g € LP(Q, ). Then f + g € LP and

1F+9llp < I f1lp + g1l

Proof. The cases p =1 and p = oo are easy:

[(f+9)@)] < |f(@)] +9(@)] < [[flloe + llglloc
For 1 < p < oo, we use that the function z — zP is convex. In particular:

(a+b>p<ap+bp
2 - 2

Setting a = 2f(z) and b = 2g(x), we get the estimate
(f +9)(@)P < 27H(If (@) + |g(2)P), Vo eQ
This shows that f +g € LP and |f + g[P~! € LT O
Missing until rest of chapter
Missing Lecture

Missing first half
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4 Product Measure and Multiple Integrals

4.1 Fubini’s Theorem
Let X,Y be sets.

Definition 4.1.1. Let p be a measure on X and v a measure on Y. We define their product measure
puxv:PX xY)—|0,o00]

(uxv)(S):= inf{i w(A)v(B;)|S € [j A; x B, A; €¥,,B; € EV}
i=1 i=1

Remark 4.1.2. There is another way of obtaining the product measure. If we were to define for
Ae€X,, B cX, the function

MA x B) = u(A)w(B)

then X\ would be a pre-measure on the algebra of finite disjoint unions. The product measure would then
be the Carathéodory-Hahn extension of A.

Example 4.1.3. For X = R™ Y = R", with = £™,v = L". We can show that u x v = L7,

Theorem 4.1.4 (Fubini). Let pu,v be Radon measures on X = R™ Y = R", and p x v the product
measure on X x Y = R™". Then

(a) For every A € ¥, B € ¥, their product A x B is p x v-measurable and
(1 x v)(A x B) = u(A)w(B)

(b) For S € ¥, with (u x )(S) < oo, for v-almost all y € m,(S), the set S, = {z|(z,y) € S} is
p-measurable and the mapping

y = u(Sy) = /XXSydu
is v-summable with
[ nes)dr = [ [ xs,dudv = ux v)(s)
Y y JX
by symmetry in X,Y | the analogue also holds for S,.

(¢) p x v is a Radon measure.

(d) If f: X xY — R is u x v-summable, then the mappings f, := f(—,y) and f, := f(z,—) are
p-summable for v-a.a y and p-summable, for v-a.a. y, respectively. Moreover, the mappings

yH/){f(x,y)dﬂa ﬂf*—>/yf(x,y)dv

are v- and p-summable and
/ fd(p xv) = / </ f(:c,y)du) dp
XxY Yy \Jx
= (@, y)dv

J Uy vt

Proof. No Proof O

<
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