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Young's Inequality

Young's Inequality.
For 1 < p < oo and g the conjugate of p, for any positive a and b,
akP b9

ab< — + —.
P q
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Young's Inequality

Young's Inequality.
For 1 < p < oo and g the conjugate of p, for any positive a and b,
akP b9

ab< — + —.
P q

Proof. Consider g(x) = xP/p+1/q — x. Then g’(x) = xP~! — 1 and so
g'(x) < 0 when x € (0,1) and g’(x) > 0 when x € (1,00). Therefore g
has a minimum at x =1 (of 0). So g(x) > 0 for x > 0. Therefore

x < xP/p+1/q for x > 0. With x = a/b9~1 > 0 we have

a 1/, a v 1
s()+f

bl = pl\bil) g
1a7 1
= ;%—Fasince p(g—1)=gq,
orab<aP/p+ b9/q. O
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Theorem 7.1. Holder's Inequality

Theorem 7.1. Let E be a measurable set, 1 < p < oo, and g the
conjugate of p. If f € LP(E) and g € L9(E), then fg is integrable over E
and

/E 2] < 1 Fllglla.

This is Hélder’s Inequality. Moreover, if f # 0, then the function

£ Ifllp Psgn(£)|fIP~L if p>1
- sgn(f) if p=1

is an element of LI(E),

/ 7 = |If]l,
E
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Theorem 7.1. Holder's Inequality (continued 1)

Proof. If p =1 and g = oo then

Ifglly = [¢ Ifgl < llglle [¢ [f] = [Ifll1]lglloc, and Hlder's Inequality
holds. With p =1, f* = sgn(f) and so ff* = |f| and

Je = Jelfl = lIflx = [Ifllp- Also,

1F*llg = lIf*[loc = ess supxeg|f*(x)| = 1.
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Theorem 7.1. Holder's Inequality (continued 1)

Proof. If p =1 and g = oo then

Ifglly = [¢ Ifgl < llglle [¢ [f] = [Ifll1]lglloc, and Hlder's Inequality
holds. With p =1, f* = sgn(f) and so ff* = |f| and

Je = Jelfl = lIflx = [Ifllp- Also,

1F*llg = lIf*[loc = ess supxeg|f*(x)| = 1.

Consider p > 1. The results are trivial if f =0 or g = 0. "It is clear” that
if Holder's Inequality is true for “normalized” f/||f||, and g/|/gl|q, then it
is true for all ¥ and g (as appropriate). So without loss of generality,
assume ||f||, = ||g|lqg = 1. Since |[f|P and |g|9 are integrable over E, then
f and g are finite a.e. on E (Proposition 4.13).
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Theorem 7.1. Holder's Inequality (continued 1)

Proof. If p =1 and g = oo then

Ifglly = [¢ Ifgl < llglle [¢ [f] = [Ifll1]lglloc, and Hlder's Inequality
holds. With p =1, f* = sgn(f) and so ff* = |f| and

Je = Jelfl = lIflx = [Ifllp- Also,

1F*llg = lIf*[loc = ess supxeg|f*(x)| = 1.

Consider p > 1. The results are trivial if f =0 or g = 0. "It is clear” that
if Holder's Inequality is true for “normalized” f/||f||, and g/|/gl|q, then it
is true for all ¥ and g (as appropriate). So without loss of generality,
assume ||f||, = ||g|lqg = 1. Since |[f|P and |g|9 are integrable over E, then
f and g are finite a.e. on E (Proposition 4.13). By Young's Inequality

Ifg| = |fllg| < |f|P/p+ |g|?/q on E. By the Integral Comparison Test, fg
is integrable over E and

1 1 1 1
Ilfglllz/fglé/lfl"+/lgl"=+=1=!f||p|g||q-
E PJE qJE p q
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Theorem 7.1. Holder's Inequality (continued 2)

Proof (continued). Finally,

ff* = £l Psgn(F)IFIP = [Ifll5PIFIP,

R N P T T
E E

and
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Theorem 7.1. Holder's Inequality (continued 2)

Proof (continued). Finally,

ff* = £l Psgn(F)IFIP = [Ifll5PIFIP,

R N P T T
E E

1— 119 l/q
17l = { L el esencirie i}
1/q
= {/]f|p} since g(p—1) =
E

(Yo
L]
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Minkowski's Inequality

Minkowski's Inequality

Minkowski’s Inequality.

Let E be measurable and 1 < p < co. If f and g belong to LP(E), then
f+geLP(E) and

If +gllp < lIfllp + ll&llp-
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Minkowski's Inequality

Minkowski’s Inequality.
Let E be measurable and 1 < p < co. If f and g belong to LP(E), then
f+geLP(E) and

If +&llp < [Ifll, + llglle-

Proof. We have already seen that the Triangle Inequality holds for p =1
(in Example 7.1.B) and for p = oo (see Example 7.1.C). So, without loss
of generality, we suppose p € (1,00). We saw in Example 7.1.A that for all
a,b € R we have |a+ b|P < 2P{|alP + |b|P}, and so by monotonicity of
integration (Theorem 4.10), f + g € LP(E).
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Minkowski's Inequality

Minkowski’s Inequality.
Let E be measurable and 1 < p < co. If f and g belong to LP(E), then
f+geLP(E) and

If +&llp < [Ifll, + llglle-

Proof. We have already seen that the Triangle Inequality holds for p =1
(in Example 7.1.B) and for p = oo (see Example 7.1.C). So, without loss
of generality, we suppose p € (1,00). We saw in Example 7.1.A that for all
a,b € R we have |a+ b|P < 2P{|alP + |b|P}, and so by monotonicity of
integration (Theorem 4.10), f + g € LP(E). The result holds if f + g =0,
so suppose without loss of generality, f + g # 0. Consider the conjugate of
fte (f+eg) =If+glp sen(f +8)If +gl°.
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Minkowski's Inequality

Minkowski’s Inequality.
Let E be measurable and 1 < p < co. If f and g belong to LP(E), then
f+geLP(E) and

If +&llp < [Ifll, + llglle-

Proof. We have already seen that the Triangle Inequality holds for p =1
(in Example 7.1.B) and for p = oo (see Example 7.1.C). So, without loss
of generality, we suppose p € (1,00). We saw in Example 7.1.A that for all
a,b € R we have |a+ b|P < 2P{|a|P + |b|P}, and so by monotonicity of
integration (Theorem 4.10), f + g € LP(E). The result holds if f + g =0,
so suppose without loss of generality, f + g # 0. Consider the conjugate of
f+g (fF+g) =|f+aglly Psgn(f + g)|f + g|P~!. We now have

I1f+egllp = /(f+g)(f+g)* by Theorem 7.1
E

= /Ef(f+g)* +/Eg(f+g)*.
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Minkowski's Inequality

Minkowski's Inequality (continued)

Proof (continued). Now [ |f(f + g)*| < [|f[l,|l(f + g)*|lq by Hélder's
Inequality and f(f + g)* < |f(f + g)*| on E, so by the Integral
Comparison Test (Proposition 4.16),

/Ef(f+g ‘/ (f+g)° /yf f+g)* < IFlpll(F+&)*llg-

Similarly [¢g(f +8)" < llgllpll(f + &)*l4-
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Minkowski's Inequality

Minkowski's Inequality (continued)

Proof (continued). Now [ |f(f + g)*| < [|f[l,|l(f + g)*|lq by Hélder's
Inequality and f(f + g)* < |f(f + g)*| on E, so by the Integral
Comparison Test (Proposition 4.16),

/Ef(f+g ‘/ (f+g)° /yf f+g)* < IFlpll(F+&)*llg-

Similarly [ g(f +8)* < llgllpll(f + &)"llq- Hence

If+glp, = /Ef(f+g)*+/Eg(f+g)*

< AFllpl(f +&)llg + lglloli(f +£)"llq

I fllp+ llgllq since ||(f + g)*||lg = 1 by Holder's Inequality
(the "Moreover" part).

O
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Corollary 7.3

Corollary 7.3

Corollary 7.3. Let E be measurable, m(E) < oo, and 1 < p; < pp < o0.
Then LP2(E) C LP*(E). Furthermore, ||f||p, < c||f||p, for all f € LP2(E)
where ¢ = (m(E))(P2=P)/(P1P2) if p, < o0 and ¢ = (m(E))Y/P if pp = .
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Corollary 7.3

Corollary 7.3

Corollary 7.3. Let E be measurable, m(E) < oo, and 1 < p; < pp < o0.
Then LP2(E) C LP*(E). Furthermore, ||f||p, < c||f||p, for all f € LP2(E)
where ¢ = (m(E))(P2=P)/(P1P2) if p, < o0 and ¢ = (m(E))Y/P if pp = .

Proof. Assume p, < oo. Define p = pp/p1 > 1 and let g be the conjugate
of p. Let f € LP?(E). Then |f|P* € LP(E) and g = xg € L9(E) since
m(E) < oo.
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Corollary 7.3

Corollary 7.3. Let E be measurable, m(E) < oo, and 1 < p; < pp < o0.
Then LP2(E) C LP*(E). Furthermore, ||f||p, < c||f||p, for all f € LP2(E)
where ¢ = (m(E))(P2=P)/(P1P2) if p, < o0 and ¢ = (m(E))Y/P if pp = .

Proof. Assume p, < oo. Define p = pp/p1 > 1 and let g be the conjugate
of p. Let f € LP?(E). Then |f|P* € LP(E) and g = xg € L9(E) since
m(E) < oco. By Holder's Inequality,

L= [afre) < i olels -
E E

[l "L Lge) " ={ L1} ] [ocer} =

1B (m(E))M9 and so { [ [FIP1}P < |[£1]py(m(E))H (@) where

1 1 :P2/P1—1:P2—P1

ap1 p ~ (_p/p
qp1 (ﬁ> Py (m) 1 P2 p1p2
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Corollary 7.3 (continued)

Corollary 7.3. Let E be measurable, m(E) < o0, and 1 < p; < p2 < 0.
Then LP?(E) C LPY(E). Furthermore, ||f]|p, < c||f]|p, for all f € LP2(E)
where ¢ = (m(E))(P2=P1)/(P1P2) if py < 00 and ¢ = (m(E))Y/P if py = cc.

Proof (continued). If pp = co and f € LP?(E) = L*°(E), then
1617 < m(E)(ess sup())P* = m(E)|F2 < oo
E

and f € LPr,
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Corollary 7.3 (continued)

Corollary 7.3. Let E be measurable, m(E) < o0, and 1 < p; < p2 < 0.
Then LP?(E) C LPY(E). Furthermore, ||f]|p, < c||f]|p, for all f € LP2(E)
where ¢ = (m(E))(P2=P1)/(P1P2) if py < 00 and ¢ = (m(E))Y/P if py = cc.

Proof (continued). If pp = co and f € LP?(E) = L*°(E), then
/ I£[P1 < m(E)(ess sup(F))P = m(E)|| |2 < oo
E
and f € LPt. Also,
1/p 1 1
#lle: = {/E \f"l} < (mEYFIEYYP = (m(EDYP[Flloc = c]|Fllm

where ¢ = (m(E))Y/Pr. O
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