PEANO EXISTENCE THEOREM

BRIAN WHITE

Theorem 1. Suppose that U is an open subset of RN, that o € U, and that F :
U — RY is continuous. Then there exists a § > 0 and a continuously differentiable
function x : [0,0] — U such that

z(0) =z, and
2/ (t) = F(x(t)) forte|0,d].

Proof. Case 1: U = R" and F is bounded: sup, |F(z)] < M < .
For k € N, define zy, : [0,00) — RY by

zo + tF(20) for0<t< 4,
oy(t) — J T+ = DFG() for p<i<t
2(3)+ (= F(F) for § <t <,
That is, we define 2, inductively on [£, 2] by
wi(t) = i($) + (t — L F (wr(f)) for £ <t < L
We also define a piecewise-constant function y : [0, 00) — R by
, -
k

(1) yr(t) = xk(%) for £ <t <!
For t € [0, 00), let % <t< % Then
2 (t) = Faw(f) = F(yr(t))
by , SO
t
(2) i (t) = xo +/ F(yx(s)) ds.
s=0
Claim 1. |z (t) — 2k (7)| < M|t —7].
Proof of Claim[1 By (2),

/ " Fle(s)) ds

=T

< / F(u(s))] ds

?T
S/Mds

=Mt —|.

|z () — 2 (7)| =
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Claim 2. The xx () are uniformly bounded on [0, 1]:

sup sup |zx(t)| < oo.
k tel0,1]

Proof of Claim[3 By Claim [I}
|k (t) — ol = |z (t) — 2£(0)]
< Mt
(3) 21 ([0,1]) € B (o),

and therefore

sup |z ()| < M + |zol.
telo,1]

O

According to the Arzela-Ascoli Theorem, Claims 1 and 2 imply that the sequence
zj, : [0,1] — RY has a uniformly convergent subsequence zy; : [0,1] — R”. That
is, there is a function z : [0,1] — R such that
(4) SFP] k(i) (1) — x(t)] = 0.

te[0,1

Since z(-) is a uniform limit of continuous functions, it is also continuous.
Note that z(¢t) and yi(t) are very close:

() = ye()] = low(t) — 2x(F)] (where § <t < 57)

(5) < Mt - |
M
< —.
~k
Thus

1Yk (B) — ()] < |Yro) (t) — Trey@)] + |zrey (1) — 2(2)]

M e (1) — (2)]

<
0
SO
sup [yac () — 2(8)] < o+ sup [onge () — 2(0)]
14¢ - >~ T/ k(7 -
(6) te0,1] ® k(i) te[0,1] @
— 0

by (). That is, the yj(;)(-) also converge uniformly to z(-) on [0, 1].
Claim 3. F(yu(;)(-)) converges uniformly to F(xz(-)) on [0,1].
Proof. Note that y;([0,1]) C 25 ([0, 1]) so yr()([0,1]) € Bas(wo) by .

Since F' is continuous and Bjs(xg) is compact, F' is uniformly continuous on
Bas(xp). Let € > 0. Then there is a § > 0 such that

P,q € Bu(zo), [p—gql <6 = |F(p) - Fg)| <e
By the uniform convergence yy;(-) = z(-),

sup |yp()(t) —x(t)] <6
teo0,1]
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for all sufficiently large 7. Thus

sup |F(yri)(t) — F(z(t))| < e
telo,1]

for all sufficiently large i. This proves Claim [3] O
Recall (see (2))) that

t
Ty (t) = o +/ F(yri)(s)) ds.
s=0
Letting ¢ — oo gives

z(t) =z + / F(x(s))ds

=0
by and . Thus z(0) = zg, and by differentiating, we see that
a'(t) = F(x(t)).

This completes the proof in Case 1.
Case 2: General U C RY and continuous F : U — R".
Let Br(zo) be compact ball contained in U. For x € R, let TI(x) be the point

in Br(zo) closest to :

x if z € Br(xg), and
I(z) = _ .
ro + RZE=22 if not.

|[z—wo]

Define F' : RN — RN by
) F(z) = F(II(z)).
Then F is continuous and bounded, so by Case 1, there is a differentiable function
z:[0,1] - RN
such that

x(0) = xo,
o () F (x(t)).

For some small § > 0, z(t) € Br(xo) for all ¢ € [0,0]. For such ¢,
2 (t) = F(a(t)) = F(a(t))-



