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Question 1.
Let X and Y be independent random variables, such that

k ke{0.1 0.2 0.3, 0.4}

X has probability mass function P(X =k) = _
0 otherwise

10e y [0,)

and Y ~exp(10) has probability density function f(y) = .
0 otherwise

and let {u,,u,,u,} ={0.744, 0.109, 0.520} be a set of independent realisations of
U~u[o].

i) Clearly explaining your method, generate {x,;,X,,X,}, three independent
realisations of X.

1)) Calculate the cumulative density of Y, F(y)=P(Y <vy).

1)) Hence generate {y,,Y,.Y,}, three independent realisations of Y. Clearly

explain your method,
(6 Marks)

Question 2.

Let {X,,X,,X,,...} each be independent realisations of a standard normal random
variable, X ~N(0,1).

Write down a possible calculation to use the values {x;,X,,X,,...} to generate a
realisation of each of the following variables:

i) Q~x*@®3); ii) T~1,; iif) R~N(4,1);

Note: Your answer could be of a form similar to:
“To generate a realisation of S ~N(0,4), this could be done by calculating

X;+ X, + X3 +X,."
(6 Marks)



Question 3.

Let X and Y be random variables such that X and Y have joint probability mass
function

0.3 (a,b)=(0,0)
0.2 (a,b)=(10)
P(X,Y)=(a,b))=40.4 (a,b)=(0,1) .
0.1 (ab)=(1)
0 otherwise

)] Showing all of your working, show that the marginal distribution of X is
X ~Bern(0.3).

1)) Showing all of your working, find the conditional distribution of X |Y =1.
Clearly state any parameter(s) needed to define the distribution.

Now, define Z to be a variable which is independent of X which has probability
mass function

0.3 c=-1
0.4 c=0
PZ=0)=103 c-1

0 otherwise

iii) Write down the joint probability mass function of X and Z.

(8 Marks)



Question 4.

Let X and Y be independent standard normal random variables.

That is, for example, that X has density function

2

fx(x)zie’7 for —oo< X < o0.

N
Consider the change of variables S=X +Y and D= X -Y.
)] Write down the joint density function of X and Y, f,, (x,y).
1)) Write X and Y in terms of S and D.
iii) What are the ranges of S and D? Justify your answers.

V) Showing all of your working, justify that for this change of variables

oxX X
|detJ|:det 2$ 25 :%.
S oD

V) Hence calculate the joint density of f; (s,d).

Vi) Show that the marginal distribution of Sis S ~N(0,2).

vi)  Are S and D independent? Justify your answer.

(10 Marks)



Question 5.

A group of 180 people each enrolled into (exactly) one of three activities.
Individuals were classified by age category with everyone being (exactly) one of

adult, senior or child.

Activity A Activity B Activity C
Adult 10 10 20
Senior 10 10 40
Child 25 25 30

Originally, it is hypothesised that exactly 20 people from each age category
would be expected to enrol into each of the three activities (i.e. 20 adults in
Activity A etc.)

)] Calculate the Pearson statistic for this null hypothesis and hence show
that the test statistic is 47.5.

i) At the 5% significance level, test this hypothesis and clearly state your
conclusions.

Now, a different null hypothesis is proposed. It is now assumed that the age-
related variable and each respondent’s rating are independent.

1)) Calculate the Pearson statistic for this null hypothesis and hence show
that the test statistic is ~11.67 .

iv) At the 5% significance level, test this hypothesis and clearly state your
conclusions.




Notes:

The table below gives the 5% critical values for chi-squared variables with 1 to
10 degrees of freedom.

Degrees of freedom, n 5% Critical value of x*(n) (to 3d.p.)

3.841

5.991

7.815

9.488

11.070

12.592

14.067

15.507
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18.307

(10 Marks)




