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Mathematical Statistics (37262) —
Class 3 Preparation Work
SOLUTIONS

X € [0,0) and y €[0,) so the range of S is also [0,«) where as the
range of D is(—o0,00) (since Y can be larger than X and this difference is
unbounded below.

S+D S-D

S=X+Yand D= X -Y .hence X = andY:T.

Differentiating both of the above gives the Jacobian

oxX ox) (1 1

_|0S D |_12 2| pence |detJ|=1.
oy oy |1 1 2
oS oD 2 2

Because both X and Y are non-negative, we have that S > D . Although
D can take any value, positive or negative, it also cannot be less than
-S (since even a large negative value for D implies Y > X >0 which
would still give -D=Y - X <Y + X i.e. -D<S.

Together, these imply that —o<-s<d <s<w.

_s+d - s-d q

e 2e 2 - —w<-s<d<s<w
fS,D(S’d): 2

0 otherwise

1

—e —0<-s<d<s<w
fsp(s,d)=12 )

0 otherwise

fs(s) = J.%esdd = Edes} =se*for s €[0,») hence

S ~gamma(2,1)
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To calculate the marginal density of D , we consider the two cases that
D<0 and D>0.
If D >0 then D<S <xhence

1 1 .7 1
f (d :j— Sds=|-Ze®| =Ze*
D( ) dze S |: 26‘ L 26‘

If D<0 then —-D < S <« hence

r1 1 71
f d :J‘— 7Sd = —_—— -S = — d
D( ) 26‘ S { 28 j| 2e

—d d

Together, these give

1 na € (—o0,0
hd)={2° 45

0 otherwise

so D ~ Laplace(d).
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P(0< X <0.1<Y <0.5) = jj 4xydxdy = | [2x y] dy = I[0.0Zy]dy .
10

1 0.1

&)l

o
o

5
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P(X +Y <1)=J'J.4xydxd j 2 dy J.Zy(l y)dy .
00 0

1 y4 4y3 1 1
=|2y@-y)Ydy =| Z———L—+y?| ==
! y(l-y)-dy {2 3 y L 5

P(X >Y)=0.5 by symmetry.

X and Y are clearly independent, hence the marginal densities are
easily seen to be

£ (x) :{Zox x €[0,1] and 1, (y) = {Zy y €[0,1]

otherwise 0 otherwise
Setting .R =X and P = XY gives X =R and Y :g.

1 0
The Jacobian is therefore p 1 | hence
"R? R
4(r)(3j(}j 0<p<r<i
fP,R(p! ry= r r
0 otherwise
ap O<p=s<rx<i

i.e. for(Pr)=1<r
0 otherwise

Note that 0 <Y :gsl, which means that 0<p <r <1.

J‘4r_pdr = [4p|n(r)]t) =—4pin(p)

SO
—4pin(p) 0<p<1
f =
» (P) { 0 otherwise
and
r 2 r
I@dp:{Zp—} _or
r ro,
0
SO

2r 0<r<1
fo(r) =
0 otherwise



