Question 1. (10 marks)

Important: marks will only be awarded for fully worked solutions, showing all steps.

(a)  Use Stokes theorem to evaluate

//VXF-(IS.
s

F=y(z+1)i—zj+ 2k,

where

and S is the half-ellipsoid 22 + 4% + 222 = 9, with =z > 0, oriented upward.
(8 marks)

(b)  What would be the value of this integral if S is instead the downward-oriented
hemisphere 22 + % + 22 = 9, with 2 < 07
(2 marks)



Integral theorems overview

1. The divergence theorem

///VV-FdV://SF.dS

2. Stokes’ theorem

//S(VXF)-dS=j§CF-dr

3. The fundamen

| VFdr =) - f(a)




Vector Calculus and PDEs 37336
Problem Set 6: Integral theorems

1. (a) Evaluate the surface integral [[(F - dS

where X ) X
F=—y’1+ayj+zk

and S is the part of the paraboloid z2+y%+2 =

4 that lies above zy plane, and that is upward-
oriented.

(b) State the divergence theorem.
(c)Verify that the divergence theorem is true for

F and for the region bound by the surface S.

. Use the divergence theorem to calculate the sur-

face integral [, F - dS, where
F = 3zy%i + ze*j + 2°k

and S is the outward-oriented surface of the
solid bound by the cylinder 22 4+ 42 = 1 and the
planes z = —1 and = = 2.

3. Use Stokes theorem to evaluate

f/VxF»dS,
s

[}

where F = 22¢¥*1 + y2e®*] + 22¢%¥k, and S is
the hemisphere 22 +%+ 22 = 4, with 2 > 0, ori-
ented upward. What would be the value of this
integral if S is instead the the upward-oriented
paraboloid z? + y? 4+ 2 = 4, with z > 07

. Use the divergence theorem to evaluate the flux

integral [[, F - dS, where
F(z,y,2) = x cos? 21+ ysin® zj + sinz cos zk

and S is the sphere centred at the origin with

radius R.

. Use Stokes’ theorem to evaluate [[4V x F-dS,

where
F(z,y,2) = —yi + :1:3 + 22k

and S is the outward-oriented part of the sphere
a2 +y% + (2 + 3)% = 25 with z > 0.




3. Use Stokes theorem to evaluate
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Question 2. (10 marks)

Important: marks will only be awarded for fully worked solutions, showing all steps.

(a)

The electric field in some region is found to depend on the distance from the origin

r via the equation

k
E=-r
r

where £ is some constant and r is the radial unit vector in spherical polar coordi-
nates. Use Gauss's law to compute the charge density p(r).

[Hint: You may need Gauss'’s law in differential form, which is

v.E=2®
€0

where p(r) is the charge density at a point r, and £ is a constant.]

(5 marks)

Given the operator

1d2¢
“=Tme
Find all eigenvalues and eigenfunctions of the Sturm-Lioville problem
L=\

on the domain 0 < z < a, with the boundary condition ¢(0) = &(a) = 0.
(5 marks)

q




An operator is a device for turning one function
into another. For the function u, we create a new N
function

g=Lu

using the operator [ . F(x)
Examples: "
d _ df
The operator £ = — actsonafunction f toform Lf = —
x dx
L =2 {
oud
FI-C
d2
E - A
dxz?



Once we have an operator, we can see how it behaves
in conjunction with an inner product.

(f,.Lg) = [ [*(x)Ly(x) w(z)dz
S

h )




The Sturm-Liouville eigenvalue problem
We consider the following problem on a
domain D = {x:xy < x < x; }:

LO=Ap onD

—_

where L is the S-L differential operator.

Plus boundary conditions of either ¢p(xy) = ¢p(x;) =0
or @' (x0) = ¢'(x) =0.

This type of problem is called an eigenvalue problem. The solutions
form a set:

By convention: ¢ =0, A =0
is always a solution, and we omit
this from the set.

The solution ¢,,is the eigenfunction corresponding to
the eigenvalue n.



Given the operator

Find all eigenvalues and eigenfunctions of the Sturm-Lioville problem
e e,

—
Lo = Ao

on the domain 0 < z < a, with the boundary condition ¢(0) = ¢(a) = 0.
5 marks)
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Properties of Sturm-Liouville problems

S-L problems all have the following important properties:

1. There is an infinite set of eigenfunctions
and eigenvalues

{¢m7 )\m}

2. All Eigenvalues are real and positive

0< A< A < Aa...
3. Eigenfunctions are orthogonal

<¢m>¢n> - 5n,m||¢m||2

4. The Eigenfunctions form a complete set

LO=Xp on D

N




Question 4. (10 marks)

Important: marks will only be awarded for fully worked solutions, showing all steps.

(a) The general solution to Laplace’s equation in 2D polar coordinates is

u(r,0) = Ag+ Bolnr + Z [amrlml + b,,.r_|m|] P il

m=—0o

Use this to solve

Viu=0

on the 2D circular domain r < %, with boundary condition
1 . 1
u(E, #) = sin(26) + 2 cos(26)

atr= % Make sure that you state all your reasoning.
(7 marks)

(b) Check you answer from part (a) by showing that it obeys the partial differential
equation. (3 marks)



Vector Calculus and PDEs 37336
Problem Set 10: Separation of variables with polar coordinates

1. Find a separation ansatz and hence the general
solution to the equation

Qyr + buy +ug =0
where a and b are constants.
2. Find all eigenvalues and eigenvectors of the pe-
riodic Sturm-Liouville problem
d? .
“at =

defined on the domain —L < z < L, with
boundary conditions

#(-L)=o(L) ,¢'(-L)=¢'(L).
3. Show that the function
u(r,8) = rmeim?

is a solution to the Laplace equation in polar
coordinates.

4. Starting with the general solution for the
Laplace equation in 2D polar coordinates, solve

Viu=0

on the domain a < r < b, with Dirichlet bound-
ary conditions u = 0 at r = a and u = cos(26)
at r=b.

. The Bessel function
f(z) =Ym(z)

satisfies the equation

[ ]

2f 42 + (22 -m?)f=0.

Write the solution to the differential equation

d?y 1dy 1 m?
wﬁm*(rw) =1

in terms of the Y;, Bessel functions.

. Find all eigenfunctions for the problem

Vo= Ad

defined on the domain in polar coordinates
r < a, and with Neumann boundary conditions

99
or| _

defined on the edge of the domain.

. A large circular plate of radius a is struck by a

hammer, causing vibrations to be set up in the
material of the plate. The displacement (r,8)
of the plate from equilibrium is governed by the
wave equation

1 0%
2 T e— —
VY =250
and Neumann boundary conditions %’f =0

hold on the edge of the plate. The effect of the
hammer is embodied in the initial condition

$(0,r,0) =0 ,%(o, ro)=e "%

Use your eigenfunctions from the previous ques-
tion, solve this problem to find ¢ for all values
of t. You can leave your answer as an infinite
series of integrals.



4. Starting with the general solution for the
Laplace equation in 2D polar coordinates, solve

Viu=0

on the domain a < r < b, with Dirichlet bound-
ary conditions u = 0 at r = a and u = cos(26)
afb p=:b.




Question 4. (10 marks)

Important: marks will only be awarded for fully worked solutions, showing all steps.

(a)

(b)

—

By separating variables in two dimensions, find the general solution for wu(r,8) if u
obeys the Helmholtz equation

Viu+ku=0
P ———

on the domain r < 2, subject to the restriction that « remain finite on this domain.
Write the general solution if « does not depend on 6.

Find the three smallest values of £ given that u(2,0) = 0. The first three zeros of
the Bessel function of the first kind are

o1 = 2.4048
joa = 5.5201
jos = 8.6537 .

How many possible values of k are there for the boundary conditions given in part
(¢)? Give a brief justification for your answer.

o



Vector Calculus and PDEs 37336
Problem Set 10: Separation of variables with polar coordinates

1. Find a separation ansatz and hence the general
solution to the equation

atzr + buy +up =0
where a and b are constants.
2. Find all eigenvalues and eigenvectors of the pe-
riodic Sturm-Liouville problem
d? .
“@at =M

defined on the domain —L < z < L, with
boundary conditions

#(-L)=¢(L) ,¢'(-L)=¢'(L).
3. Show that the function
u(r,0) = rmeiml

is a solution to the Laplace equation in polar
coordinates.

4. Starting with the general solution for the
Laplace equation in 2D polar coordinates, solve

Viu=0

on the domain a < r < b, with Dirichlet bound-
ary conditions u = 0 at r = a and u = cos(26)
atr=>b

. The Bessel function
f(z) =Ym(z)

satisfies the equation

[+2]

z"lf"+zf'+(zz—m2)f=0.

Write the solution to the differential equation

d?y 1dy 1 m?
w+m+(z—t—e)y-°

in terms of the Y;, Bessel functions.

. Find all eigenfunctions for the problem

Vo= Ad

defined on the domain in polar coordinates
r < a, and with Neumann boundary conditions

9o
ar|,._

a

defined on the edge of the domain.

. A large circular plate of radius a is struck by a

hammer, causing vibrations to be set up in the
material of the plate. The displacement (r,8)
of the plate from equilibrium is governed by the
wave equation

Vi 1a¢
2 a2
and Neumann boundary conditions %%" =0

hold on the edge of the plate. The effect of the
hammer is embodied in the initial condition

L

SO0 =

¥(0,r,0) =0
Use your eigenfunctions from the previous ques-
tion, solve this problem to find ¢ for all values
of t. You can leave your answer as an infinite
series of integrals.
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Question 4. (10 marks)

Important: marks will only be awarded for fully worked solutions, showing all steps.

(a) By separating variables in two dimensions, find the general solution for wu(r, 8) if u
obeys the Helmholtz equation

Viu+ku=0

on the domain r < 2. subject to the restriction that u remain finite on this domain.
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(b)  Write the general solution if u does not depend on 6.
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(d)

o

Find the three smallest values of & given that u(2.#) = 0. The first three zeros of

the Bessel function of the first kind are

Jog =2
Jo2 = 9.
Josg = 8.6

4048 3_‘,(2 . Qa"c%\ = O
0 J.(5-=\>0

How many possible values of k are there for the boundary conditions given in part

(¢)? Give a brief justification for your an
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