Surface and Flux Integrals



A surface can be defined in 3 ways:

1. Explicitly:
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2. Implicitly:
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3. Parametrically:

r = x(u,v)
y(u,v)
z = z(u,v)

r — 2COSvCOSu
Y
QSinvCOSu/
z = 2sinu
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3. Parametrically:

r = xz(u,v)
y(u,v)
z = z(u,v)

v COSUu

r =
— wvSinu
z = v2sin(2u)



The surface eIemen@
The infinitessimal surface element dS
Is a vector. Its magnitude is the area of

the element and its direction is normal
to the surface




The surface element dS

The infinitessimal surface element dS is a vector.

Its magnitude is the area of the element and its

direction is normal to the surface
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The surface element dS

The infinitessimal surface element dS is a vector.
Its magnitude is the area of the element and its
direction is normal to the surface




For explicit surfaces

z=g(z,y)=

we can project onto the x-y plane:
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For implicit surfaces

h(@,y, 2)'= O

the unit normal is
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Important:
We can sometimes guess the normal. E.g. for the sphere
centred at the origin:
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For parametric surfaces, we can
obtain dS from the parameters
u and v:
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r = x(u,v) 7
y(u,v)
z = z(u,v)
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For parametric surfaces, we can
obtain dS from the parameters

uandv:
r = z(u,v)
= y(u,v)
z = z(u,v)

r(u,v) = (x(u,v),y(u,v), z(u,v))




r(u,v) = (z(u,v),y(u,v), z(u,v))

{7(18 =%dv X %du \




The surface integral of a scalar
function f(x,y,z) over a surface S is
defined to be

Where dS is the magnitude of the
infinitessimal area element dS
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Example: Find the surface area of the cone

z=+vx2+y? with 0<2z2<1.
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Example: integrate f(x,y,z) = y? over the surface S, defined as

r(u,v) = (cosu,v,sinu) O<u<?2m, 0<v<3




Example: integrate f(x,y,z) = y? over the surface S, defined as
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y? over the surface S, defined as

&

Example: integrate f(x,y, z)
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Example: Compute the surface area of a sphere of radius R.
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Flux integrals
The integral of a vector field F over a surface integral S is
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The flux integral tells you how much
the field in 3D “goes through” a surface.




To compute a flux integral:
//F-dS://F-ﬁdS
S S

1. Compute the surface element dS

2. PutF and dS inthe same 2D coordinate system \
and form the dot product between them

3. Integrate over the coordinates.
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Example: Integrate the vector field <2x,1,2z> over the outward-oriented surface

r(u,v) = (cosu,v,sinu) ~ A O<u<?2m, 0<v<3




Example: Integrate the vector field F =<2x,1,2z>
over the outward-oriented surface

r(u,v) = (cosu,v,sinu) 0<u<2r, 0
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Example: Integrate the vector field F =<2x,1,2z>
over the outward-oriented surface

r(u,v) = (cosu,v,sinu) 0<u<L2mr, 0<v<3
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Example: Find the integral of F = < 0,0,z > over the surface
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Example: integrate
F(x,y,2) = <m2 +y? z? + y2,0>
over the half-cylinder
r(u,v) = (3cosu,3sinu,v)

withO0<u<m, and -1 <v <1.
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Example: integrate
F(x,y,2) = <m2 +y? z? + y2,0>
over the half-cylinder
r(u,v) = (3cosu,3sinu,v)

withO0<u<m, and -1 <v <1.
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Compute the flux integral

//F-dS://F-ﬂdS ’e
S S
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F = psin@ﬁ—i—pcos@qb/
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Where

And S is the surface of a sphere of radius R.
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