Vector Calculus and PDEs 37336
Problem Set 9: Separation of variables

1. Classify the following partial differential equa-

tions as elliptic, parabolic, hyperbolic, or nei-
ther:
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. Write the general solutions to the following or-
dinary differential equations:
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. A scalar function V(z,y) satisfies Laplace’s
equation
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in the region (0 < z < 7), (0 <y < a), and is
subject to the boundary conditions
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V(O,y) = 0, 0<y<a,
V(imy) = 0, 0<y<a,
V(z,00 = 0, 0<z<m.

Use the method of separation of variables to
show that V' (x,y) can be written in the form

V(z,y) = Z Cy sinh(my) sin(max) .

m=1

Find the values of the constants B,, if the
boundary condition at y = a is

Vizg,a)=2z(r—z), 0<z<m.

. Find the eigenvalues and eigenfunctions of the

boundary value problem
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The flow of heat in a thin bar of length = is
governed by the heat equation
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and is subject to the boundary conditions
u(0,t) = u(m,t) = 0, together with the initial
condition

u(z,0) = ésin(?)x) + sin(bz)

Show, using separation of variables, that
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u(zx,t) = 3 sin(3z)e ™" 4 sin(5x)e 25!

. The function Y (x,t) satisfies the partial differ-

ential equation
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and is subject to the boundary conditions that
forallt, Y =0 at x = 0 and z = a. Use the
method of separation of variables to show that
Y may be written in the form
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Y(z,t) = Zsin (?) [An cos (m;c ) + B, sin (
n=1

where A,, and B,, are constants.

Find the values of the constants A, and B, if
at t = 0 it is known that Y (z,0) = 2%(a — x)
and % = 0 on the region 0 < x < a.




