Advanced Calculus Class Test
Time Allowed: 55 minutes .

(1) Obtain the real and imaginary parts of the function
f(z) = 2° + 42,
where z = x+iy. Show that the real and imaginary parts satisfy

the Cauchy-Riemann equations.

(2) Evaluate fc y2dx + 3zydy where C is the boundary of the fol-
lowing region: D = {(r,0) : 1 <r <2;0<6 <}

(3) State Cauchy’s Theorem.

(4) Evaluate the integral /

”

dimz

pa— 16dz where v is the circle of ra-
z

dius 2, centered at z = 41, taken counterclockwise.

(5) Obtain a Laurent series expansion about z = 0 for the function
f(z) = ¢ 514112. What is the order of the pole at z = 07 What
z
is the value of the residue at the pole?

(6) (i) Let C be the unit circle, traversed counter-clockwise. By
setting z = €, show that

/2” db _/ 2dz

o 3—2cosf+sinf Jo (1 —20)22+6iz—1—2i

(ii) Show that (1 —2i)2%+6iz —1—2i = 0 when 2z = 2 —i and
z=(2-1)/5.

(iii) Calculate the residue of f(z) = (172i)z2f6m7172l. at the only

pole inside the unit circle. Using L’Hopital’s rule will make
it easier.

do B
3 —2cosf 4+ sinb -7
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(iv) Show that /
0
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Useful information
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/ dz—/ f(y t)dt, where v =~(t), t € [a,b],
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Residue(f(2), z) = lim (z — 20) f(2),
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for a pole of order 1.

/f(z)dz = 2mi Z Residue(f(2), zx)

z1,...2n are the poles of f inside the closed simple curve 7.

chdx—l—Qdy://l)(g—g—g—];) dzdy,

where C' is the boundary of D.



