Advanced Calculus Class Test
Time Allowed: 55 minutes .

(1) Obtain the real and imaginary parts of the function
f(2) = 22% 4 3z,
where z = £+14y. Show that the real and imaginary parts satisfy
the Cauchy-Riemann equations.

(2) Evaluate §,(3zy + 4y*)dz + xydy where C is the boundary of
the following region: D = {(z,y): -1 <z <2,0 <y <4}

(3) Evaluate the contour integral f )2dz. Here v is the contour
v(t) =t —it%,t €[0,1] and Z is the complex conjugate of z.

(4) State Cauchy’s Theorem.

5) Evaluate the integral

(5) Evaluate the integra /324_4

1, centered at z = 2¢, taken counterclockwise.

]

dz where v is the circle of radius

(6) Obtain a Laurent series expansion about z = 0 for the function

Lz
f(z) = mh( . What is the order of the pole at z = 07 What
is the Value of the residue at the pole?

(7) Obtain a Taylor series expansion of

1
&) =132

valid for |2| < 1/3. Find a Laurent series expansion of f valid
for |2] > 1/3.
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Useful information
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(1) Obteun the real and m@g mera PaFts of e fuachon f@)= 221*3—,5
where 2=x+y. Show Fhat the ol and imaQi0ofy peis SANSHy vng
(aucng - Riemonn equotions .
2 Foxiy) = 9—('X+<3)'2+2>(x+ik5) = 2(x"—31+2§><\\>)3+ (% +(Y)
= 2072097 3x 41 (4 + 3Y)
Wixy) VXY
cUx =Y4x42 sy ;Hg
°u3““qu " Vg= Y+

So the (@ucny-Riemonn es_%u.()\thi =Y ave SOhshed foc all
Uy =-vx

X and Y-
(2) Fraduale SD(%xg)wkf)dx +><\3)63 where Cis¥ne boundary oe

e following region: D - ?(x.\g)-\<x<o_ 024e4]

f?mm By +Hy® = 28 =3+ 8y
RexYW) =%y = 9§ _

ax \j
By Green's yheccem y

&de—k@d% g(gx 9 \C\X d&"“& S"z\ﬁ ﬂ%X-g‘j\C\Xd% :5: EBX—?&_j\dxc\j

: 4 S 4
= Boféll - ?a-yﬂ doy =j Ce—1ay+2 - ?3)6%——&)(* 220y =
[ 3y 2&3—} _ 3168 =186

(3) Evoluate. Pne coo‘rour ln}egfaﬂ j (Z)*dz, Here ¥ (s Yhe contour
¥ =¢-ik* telo, 1] ond 2 isthe com@ex conjugale: ofF 2.
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Gauchy's Theorem ;. Let £ be analific o asimpy connecled regPon D

Then for any simple closed contour I ¢n D,
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f
(5) Evoluale the tiggrold. | €75 dz wnere ¥ (s the G OF @AWS
¥

{ cenfered o 28, faken O

5 724 = (2+20)(z-20) o
e e™ __ds =g i_/gz)izl dz
744 o0 J@aie-2) (2-2¢)

J 't Y

Leb £@) = ™ forni) , winich IS QrOQYNC Side Y.

fhe pont zo= 27 is teside Y. then, boy (quscnQys Il formulg
UU\(YV\ n=0o, wae NoOWEe KY‘O(*‘

~28T
< N N = ~27T
S e“i/,(%'t_%‘_) g2 = 2m f(2d) =20W E:;—— :) ge \
0'_ -2V H | <



(6) Obtoun & Lawrent senes expongion about 2=0 o The funchon
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