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Question 1 Total marks: 64+7+7=20.

(a) Let z = x + iy. Obtain the real and imaginary parts of the function

(b) Let f(z +iy) = u(z,y) + iy (5z* — 102%y* + 2z + y*). Determine a function
u such that f is differentiable in the whole complex plane. Express f as a
function of z = x + 1y.

(¢) Let f(z +iy) = u(x,y) + iv(z,y), be differentiable everywhere. Prove that
the function g(x +iy) = u(z,y) —iv(z,y) cannot be differentiable everywhere,
unless u and v are constants. (Hint: Use the Cauchy-Riemann equations).
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Question 2 Total marks: 10+10=20.

(a) Let f(z) = 2* 4+ 22 and consider two contours: ,(t) = t2 —it, t € [0,1] and
Yo(t) = (1 —d)t, t € [0,1].

(i) Show by directly evaluating both integrals that

/M f(2)dz = /7 F(2)dz.

(ii) Evaluate the integral
[ s

(iii) Explain why the integrals in (i) and (ii) are the same.

(iv) Let g(z) = e *. Let I = |, 9(2)dz, I, = [ g(z)dz. It can be shown
that I; # I,. (You do NOT have to do this). Explain why I; and I5 can
have different values.

(b) Use Green’s Theorem to evaluate the integral
?{ (5xy® + 32° + Ty)dx + (62%y* + 52’y)dy
c

where C' is the rectangle with vertices (0,0), (b,0), (b,a) and (0, a) which is
traversed counterclockwise.
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Question 3 Total marks: 5+5+6+4=20.

(a) Evaluate the contour integral

lﬂ'z
ze3
dz
/C 2417

where C'is the circle of radius 3 centered at z = 0, traversed counterclockwise.

(b) Evaluate the contour integral
1 cos®(tz)
271 Jo 22+ 1

dz, t >0,

where C' is the circle of radius 1 centered at z = i, traversed counterclockwise.

(c¢) Use the Cauchy integral formula to show that if f is differentiable inside a
circle of radius R centered at zg, then

2
/ o —10 160
f'(z0) = 3R, e " f(z0+ Re")db.

(d) Show that if f is differentiable everywhere and there is a positive constant
M < oo such that |f(z)] < M, for all z, then f’(z) = 0 everywhere. (Hint:
Use (c) and the fact that |fabf(:v)d:v| < fab | f(z)|dz. Notice that (c) holds for
all R > 0.)
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Question 4 Total marks: 74+5+8=20.

(a) Obtain a Laurent series expansion for the function

sin(tz) + 2*

f(z) = — a0
around z = 0. What is the order of the pole at z = 07 What is the value of
the residue at the pole? Let v be a circular contour of radius 1 centered at

zero, traversed counterclockwise. Find the value of f7 f(z)dz.
(b) Obtain a Laurent series expansion for
z

f(Z):Zer—w,

valid for: (i) |2| < 4, (ii) |z| > 4. Identify the poles of f and the values of the
residues at the poles.

/2“ df / 1
—_— = —,dZ,
o 4+ 2sind c 22+ 4iz—1

where C' is the unit circle taken counterclockwise. Hence show that

(c¢) Show that

/2” do o
o 4+2sinf /3

Hint: sinf = (2 — 1/2) if z = €”.
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Question 5 Total marks 8+12=20 Marks
(a) Using residues, establish the following result.

/oo COS T 6_%7T (sin (\%) + cos <\/L§>>
—dx = .
N | V2

eiz
A4+ 1

Hint: Find the poles of the function f(z) =

(b) Consider the contour v = vy + 75 — 3.

n(t) =t, 0<t<R,
Yo(t) = Re™,  0<t<2n/5,
vs(t) = te®™/®  0<t<R.

The function f(z) = FE] has simple poles at

25+
2 = ePRHDTS 0 41, 42,

Taking careful note of which pole lies inside v, use the residue theorem to
evaluate the contour integral

Af(z)dZZLl f(z)dz+LZf(Z)dZ_Agf(Z)dZ7

and hence show that

/oo I2 dx _ L
o w0+1 _5Sin(3?”)'
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Useful information

. =1+z+22+284-. |z| < 1,
-z
22 28
6—1—|—Z+§+§+"
_y 22 A
cosz = —5%—1—---
AR
smz-z—y—l—g—---

£(2) = Flz0) + 20)(z = 20) + 51 f"(20)(z = 20)

b )z = )

=cosf +1isinf

/ dz_/f D)dt, where = 7(8), ¢ € [a, 8]

=5 | %df-

1 R+ic
f(t) = lim —/ F(s)e®ds, F is the Laplace transform of f

R—o0 271 R—ic
1 dn-!

oty e (= 20)"f(2)).

Residue(f(z), z9) =

for a pole or order n.

Residue(f(2), z) = lim (2 — 29) f(2),

Z— 20

for a pole of order 1.

N
/f(z)dz = 2mi Z Residue(f(z), )
v k=1
z1,...zn are the poles of f inside the closed simple curve 7.

The Cauchy-Riemann equations are u, = v, Uy, = —,.

]fcpdeery://D(g—i—g—];) dxdy,

where C' is the boundary of D.
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