Question One.
Total marks: 5+5=10.

(a) Let f(z +1iy) = a* — 62%y* + y* + = + iv(z,y). Can you find
a function v such that f is differentiable in the whole complex
plane? If so, what is v? Express f as a function of a single
complex variable z.

(b) Let f(z+iy) = u(z,y)+iv(x,y), be a function which if differen-
tiable everywhere. Prove that h(z) = zf(z) is also differentiable
everywhere.
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Question Two.
Total marks: 5+5=10.

(a) Let f(z) = z*+2* and y(t) = ", € [0, 7). Evaluate [ f(z)dz.
If instead we have t € [0,27), what will the value of the inte-
gral be? Explain why without explicitly evaluating the contour
integral.

(b) Use Green’s Theorem to evaluate the line integral

j{ (8y* + 3z%y* +y* + sinw)dx + (62 + 52° + cosy)dy
C

where C'is the square with vertices (0,0), (2,0), (2,2) and (0, 2)
which is traversed counterclockwise.



Question Three.
Total marks: 54+5=20.

(a) Evaluate the contour integral

eTI'Z
_ g
/C (221 36)"

where C' is the circle of radius 6 centered at z = —6i, traversed
counterclockwise.

(b) Obtain a Laurent series expansion for the function
3 .
z° —sinz
Z) = - a——
flo) =274
around z = 0. What is the order of the pole at z = 07 What is

the value of the residue at the pole?
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Question Four.
Total marks: 5+5=10.

(a) Use the substitution z = ¢ § € [0,27) to show that

/27r N
o 4—cosd /15

(b) Using residues, evaluate the integral.

/ o COs
dx
o (22 +4)(z*+1)
You may use the relevant theorem from lectures.



Question Five.
Total Marks: 10

(a) Use the contour v = + 5 — 73, where
7(t) =t, 0<t<R,

- 2
Yo(t) = Re",0 < t < 77,

ys(t) = teT0 <t <R,
together with the Cauchy Residue Theorem to evaluate the in-

tegral
<z
dz.
/0 Tl

Justify each step.

End of Exam



Useful information

=14+z24+224+23+-- |z < 1,
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6—1—1—2—1—2'—}—54—

_, 22 24
COS 2 = —§—|—E—

_ 23 2P
sin z = 2_5—{_5_“'

F(2) = Fz0) + F/(20)(z = ) + " (20)(z = 20)

T A COICEE

0 — cos@ +isinf

/ 2)dz —/ fly t)dt, where v =~(t), t € [a, ],
NU—%/F%%%
Residue(f(z), 29) = ! lim " ((z—20)"f(2)),

(n —1)! 252 dzn—!

for a pole or order n.

Residue(f(z), z) = lim (z — 20) f(2),

Z—rZ20

for a pole of order 1.

/f(z)dz = 27 Z Residue(f(2), zx)

z1,...2n are the poles of f inside the closed simple curve 7.

00 N
Z (=1)"f(n) = — Z mRes (cosec(mz) f(2), zk) -
n=—00 k=1
The Cauchy-Riemann equations are u, = vy, U, = —v,.

fravan= [ [ (222 i,

where C' is the boundary of D.



