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4 MARK CRADDOCK

1. AN INTRODUCTION TO DIFFERENTIAL EQUATIONS

1.1. What is a Differential Equation? Suppose that F' is a con-
tinuous function of n + 2 variables. An nth order ordinary differential
equation, or ODE is an expression of the form

F(x,y,y, ...7y(”)) = 0.

In other words a differential equation is an equation involving the
derivatives of a function and the independent variables. A partial dif-
ferential equation or PDE is a differential equation involving more than
one independent variable, so the derivatives involved are partial deriva-
tives.

The basic problem which these notes address is the following: Given
F., find y. A simple example that we might be interested in is the
following. Find a function y such that

y'+y”+y2+x2=().

Here F(x1, 9, T3, 14) = 2 + 23+ 23+ 24. In practice we will not use the
F' notation, but will just write down the actual equation in terms of
the unknown function y and the independent variable x. This equation
is second order because the highest derivative in the equation is the
second derivative. The equation is said to be non-linear because of the
y? term.

The variety of differential equations that can arise is essentially in-
finite, and we can only solve certain types of equations exactly. For
most equations we need to find a numerical solution. Some equations
may not even have a solution.

Nevertheless, the equations that we can solve have, over the last few
centuries, yielded a tremendous amount of information about the world
in which we live. Fortuitously, the types of equations that we need to
solve for the purposes of modelling real world phenonomena, often fall
within the classes of exactly solvable equations.

We will begin by considering the basic ordinary differential equations
that are typically encountered in a first year course. We will then move
on to consider some more advanced techniques.

Example 1.1. Suppose that we have a particle that is moving with
velocity v at time ¢t. The instantaneous rate of change of v is called
the acceleration. Assume for the moment that the acceleration of the
particle is a constant, a.
Then we have p
v

This is a differential equation for the velocity. To solve, we integrate.

Thus

v(t) = /adt =at +c,
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where c¢ is a constant of integration. In order to determine the con-
stant ¢, we require more information about the velocity. For example,
suppose we know that the initial velocity is vg, i.e. the velocity at time
t = 0 is vg. This is an initial condition for the differential equation
(1.1).

Applying the initial condition, we have v(0) = a - 0+ ¢ = vy. Hence
¢ = vy and

v(t) = vy + at.

We can go further and work out a formula for the displacement.

Velocity is the rate of change of displacement so we have

ds
— =v =1y + at.

dt
Integrating again gives

L
s:v0t+§&t + co,

where ¢y is another constant of integration. Now we apply an initial
condition to work out cy. If we know that at ¢t = 0, s = sg, then we get

1
5:v0-0+§a~02+02:30.

So

L,
s=so+v0t+§at .

The expressions for v and s found here are familiar from high school
physics.

These differential equations are rather trivial, but they are neverthe-
less instructive. There is a phenomenon that we wish to understand
quantitatively. We have information about the derivatives of the func-
tion describing this phenomenon. Why derivatives? Because deriva-
tives measure rates of change and we can measure these. To obtain
the quantitative information, we must determine the function from its
derivatives, as well as our knowledge of the initial conditions satisfied
by the solution. They are in fact simple examples of so called initial
value problems.

Definition 1.1. Let f : R*™! — R be a continuous function of n + 1
variables. Consider the ordinary differential equation

flz,y(x),y (x), ..., y(")(x)) =0, a<x<b. (1.2)

The problem of determining a solution of (1.2) subject to the conditions
y(a) = yo, ...,y"" VY (a) = y,_1 is known as an Initial Value Problem (or
IVP) for the ODE (1.2). The conditions y(a) = yo, ...,y (a) = yn_1
are known as the initial conditions. An nth order equation requires
n — 1 initial conditions to specify the solution completely.



6 MARK CRADDOCK

A problem arising in nuclear physics is to estimate the amount of
mass remaining in a radioactive substance such as uranium after a
given amount of time has elapsed. This is quite elementary and is
often done in high school.

Example 1.2. Suppose that we have a radioactive substance, say ura-
nium. Let the mass of the uranium be M. Now it has been observed
that uranium naturally decays. The mass of uranium determines the
rate at which it decays. More precisely, the rate at which M decays,
% is proportional to M itself. We write this as

dM

A
a >

This means that there exists a constant of proportionality k such
that Y
prai kM.
But since M is decaying, % < 0. This tells us that the constant k has
to be negative. In other words, k = —\, where A > 0.
Thus our equation for the mass of uranium present at a given moment
in time is

dM
— — M
dt

M(0) = M.

Notice that we have specified the initial mass of the uranium present.
This is also an initial value problem. The obvious problem is how to
solve such an equation. We will see how this is done shortly.

Example 1.3. Next, we consider an equation that arises from New-
ton’s second law of motion, which tells us that the total force acting on
a body is equal to the mass of the body multiplied by the acceleration.
In other words,
F =ma.

Suppose that a skydiver is in an aeroplane, and he or she jumps out
from a height of x feet. In free fall, the skydiver accelerates due to the
gravitational pull of the earth. Gravity acts downwards, so we have

Fy = —mg.
d
We know that the acceleration a = d—: This tells us that

dv
m— = —mg.
dt g
Now when the diver pulls the ripchord, a new force acts on the sky-
diver. This is the drag force due to the parachute. How do we measure
it? Physical arguments, which need not concern us, suggest that a
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reasonable assumption is that it is proportional to the square of the
velocity, i.e.
F, d — kU2.
Fy, the drag force, acts against gravity. So the total force on the
skydiver is
Fy+ Fy=—mg+ kv,

But this means that, by Newton’s law the velocity of the skydiver

must satisfy

md—:: = —mg + kv,

after the parachute has been opened. If the skydiver pulls the ripchord
after T} seconds, they have a velocity of

U(Tl) = —ng

This means that the velocity after the ripchord has been pulled must
satisty

d
md—;} = —mg + kv*
’U(T1> = —gT1

Again, we ask how do we solve this equation? All these examples of
differential equations can be solved by methods you will learn in this
course.

Another type of problem which arises with certain kinds of differen-
tial equation involving prescribing the behaviour of the solution on the
boundary of a region.

Definition 1.2. Consider the ODE F(x,7/,...,4™) = 0. A boundary
value problem for this ODE is to find a solution y on an interval [a, b]
satisfying the boundary conditions y(a) = a and y(b) = 5.

Boundary value problems or BVPs arise in many physical situations.
For example, suppose we are studying vibrations in a bridge. So we are
looking at the vertical motion of the bridge. We can assume (at least
we hope that we can assume), that the motion at the ends of bridge is
zero. Then if y(x) represents the vertical displacement of the bridge at
the point x and a and b are the end points, the boundary conditions
would be y(a) = y(b) = 0.

We will focus in this course on initial value problems, but we will
turn to BVPs towards the end. These are particularly important for
the study of partial differential equations.

1.2. Linear and Non-Linear Equations. Broadly speaking, differ-
ential equations can be classed as either linear or nonlinear. In a linear
equation, the differential operator is a linear operator. More precisely,
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a differential operator is a transformation that sends a function y to
some combination of its derivatives. So if we define
d2

d
L =a—— — 1.
ad$2+bd$+c (1.3)

then L is a second order linear differential operator and
Ly = ay” + by + cy. (1.4)

We say that L is linear because for any two twice differentiable func-
tions u and v and any constants a and b, we have

L(au + bv) = aL(u) + bL(v).

A differential equation of the form Lu = 0 is said to be homogeneous.
Conversely, an equation of the form Lu = f(x) is said to be inhomo-
geneous.

An equation Lu = f(z) is said to be linear if L is a linear differential
operator. Linear equations have the important feature that if Lu = 0
and Lv = 0, then L(au 4+ bv) = 0. So adding two solutions of a
homogeneous equation together produces another solution.

If the equation is not homogeneous, this does not work. Clearly if
Lu = f(z) and Lv = f(x), then L(u+v) = f(x)+ f(x) = 2f(x). Thus
u + v is not a solution. However, we shall see later that if L is linear,
then we can use solutions of the equation Lu = 0 to solve Lu = f(z)
for any f.

A differential operator L is said to be non-linear if

L(au + bv) # aL(u) + bL(v).
For example, if
Ly =y + v (1.5)
then the operator is non-linear. This is because

Llu+v)=u+v+ (u+v)
= + v +u? + 2uv + v
# L(u) + L(v).

Thus even for homogeneous non-linear equations, adding two solutions
together does not produce a new solution. This makes non-linear equa-
tions much harder to study. We will consider only a few types of
first order non-linear equations in this course. Higher order non-linear
equations are much harder, although there are some higher order non-
linear equations which can be solved exactly, such as those of so called
Painleve type. We do not consider these here.
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1.3. Existence and Uniqueness of Solutions. The IVP of Defini-
tion 1.1 can be shown to have a solution if the function f satisfies a
Lipschitz condition. We can also prove that the solution is unique.
In order to complete the proof, we needs some facts from elementary
analysis.

An important problem in analysis is to consider the convergence of a
sequence of functions { f,,}>° |, or more simply { f,,}. There are actually
different types of convergence, but we will be concerned only with two.

Definition 1.3. A sequence of functions {f,} is said to converge
pointwise to f if for every x, the sequence {f,(x)} converges to f(z).
That is, given € > 0 we can find N > 0 such that for all n > N,

[ful@) = f2)] <e.
A stronger form of convergence is uniform convergence.

Definition 1.4. A sequence of functions { f,,} converges to f uniformly
on X C R if given any € > 0 we can find an N > 0 such that for all

n> N, sup,cx | fu(z) — f(z)| <e

The significance of uniform convergence is that the choice of N does
not depend on z. The same N works for every z, which is not the case
with pointwise convergence. Roughly speaking, the sequences { f,(z)}
all converge at the same rate for every x. This uniformity makes them
nicely behaved and allows us to manipulate them in a way that is not
possible if the convergence is only pointwise.

Uniform convergence has very nice properties. For example,

Theorem 1.5. Suppose that { f,,} is a sequence of continuous functions
and f, — f uniformly. Then f is continuous.

If the convergence is only pointwise, the result is not true. For exam-
ple, the sequence f,(x) = 2™ converges to f where f(z) =0, z € [0,1)
and 1 if z = 1. This limit is not continuous, but each f, is contin-
uous. The problem is that the convergence is not uniform. Another
important result allows us to swap limits and integrals.

Theorem 1.6. Suppose that { f,} is a sequence of integrable functions
that converges to f uniformly on [a,b]. Then
b

b
lim fn(x)dx:/ li_)m fn(x)dz.

n—o0 a

Again, this result will not necessarily hold if the convergence is not
uniform. For example, if f,(x) = nze ™" then
1

1
lim fn(ai)da:;é/ lim f,(x)dx.
0 n—oo

n—oo 0

The sequence of functions converges to zero, but does not do so uni-
formly.
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For series, we are interested in the sequence defined by the par-
tial sums Sy (z) = >_"'_, fa(x). There is a very simple test to decide
whether or not convergence of a series is uniform.

Theorem 1.7 (The Weierstrass M test). Suppose that {f,} is a se-
quence of functions on X C R such that |f.(x)| < M, for each n
and x € X. If Y7 | M,, < oco. then the series Y -, fu(z) converges
uniformly on X.

Proof. Let Sy(x) = >"77, fu(z) and suppose that |f,(z)| < M,. Then
forall N > M

[Sn(@) = Su(@)| =1 Y ful2)l

< > M,—0,
as N, M — oo. So the series Sy converges independently of x and

hence is uniformly convergent. O

Finally we present a useful tool which will be employed in the proof
of the major theorem of this section.

Lemma 1.8. Suppose that the interval I contains a point xy. Suppose
that w is a continous nonnegative function and that there is a constant

M > 0 such that N
w(z) < M / w(t)dt’.
zo

Then w s identically zero on 1.

Proof. Let
W(x) :/ w(t)dt, x> x,

xo
and

W(zx)=— /Iw(t)dt, r < Xo.

Zo
Clearly W (zg) = 0 and W is nonnegative. Now suppose that x > x.
Then W'(x) = w(z) and we have W'(x) — MW (xz) < 0. Multiplying
by e~ M@=20) giyes
e ME=2OW! (1) — MW (2)W'(z) < 0

which implies that
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This then gives
W (z) < W (xo)eM@—0),
But since W(xg) = 0, we have W(z) = 0 for x > xy. For x < zj a

similar calculation shows that W (z) = 0. But this means that w(z) =0
on [.

g

This is all background material for our first major result. This is
on the existence and uniqueness of solutions of initial value problems.
We prove the result for first order equations. The proof for higher
order equations can be obtained from the first order case, as we will
demonstrate later.

Theorem 1.9 (Picard). Let f(x,y) be jointly continuous in x and y
and satisfy a Lipschitz condition on the rectangle

R={(z,y): |z — 20| <a,ly— k| <b}.
Suppose also that |f(x,y)| < A. Then the initial value problem
Y (x) = flz,y(x)), y(zo) =k

has a unique solution on the interval [xo — o, xy + o, where
a = min(a,b/A).

This theorem gives us conditions which guarantee that an ODE has
a unique solution. It should be obvious that there is no point in trying
to solve an ODE if the equation doesn’t have a solution. The details
of the proof are quite involved.

Proof. The idea is to construct a solution inductively. The Fundamen-
tal Theorem of Calculus gives the integral equation

mm=k+/ﬂww®Mt (1.6)

We then introduce the sequence {y,} by defining yo = k& and

yn(z) =k + /:C ft, yn_1(t))dt,

|z — 20| < a.

Each of these functions is well defined and continuous, since the
initial function yy is continuous and by induction we can prove that
lyn(x) — k| < b for | — x9| < a, which shows that (x,y,_1(z)) € R.
Specifically, |yo(z) — k| = 0 < b for |z — 29| < . Suppose then that
(z,yp(x)) € R for for |z — x9| < a. Then f(z,yx(z)) is defined and
continuous and so integrable. So we can write

%Hu»:k+/mﬂu%@»ﬁ
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[Yt1(z) — k| < /w: f(t,yk(t))dt’

< Alx — xo| < Aa <b.

hence

So (z,yrs1(x)) € R.

To prove that the sequence converges, we prove that the infinite

series
Yo + Z — Yn— 1

converges. The nth partial sum of this series is y,, so if the series
converges, the sequence converges. Actually we prove it converges uni-
formly and hence the limit is continuous. First note

() — k] < / “1F R dt < Al — o). (L.7)

Now let the Lipschitz constant be L and notice that

=k | " F o ()dt
0=kt / " F(t yolt)) et

y2(x) — (0 |</ |f(t,y1(t) — f(t,y0(t))|dt

so that

< [ i) - Hat
zo
< AL|x — .
If we continue this procedure we see that

AL o — xo|"
n! ’

|yn(m) - yn—1($)| <

(1.8)

So we have

AL Yz — z0|™
yo+z e < i+ S AR e

n:
n=1

A
= |k’| -+ Z(GAL — 1)

The Weierstrass M test shows that the series is uniformly convergent,
hence {y,} converges and the limit is continuous. We now prove that
the limit is a solution of the integral equation. Let the limit be y and
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consider |y(x) — y,(x)|. This is given by

M@—k—/mﬂtwmﬁ

Zo

< |y(z) — yu(w)|+

/ﬂﬂt%qﬁw—f@ywﬂﬁ

< |y(@) — yn(2)[ + L / lyn_1(t) — y(t)|dt.

By uniform convergence we can find an integer N such that if n > N

then
€

1
— < =
for all |z — 29| < a > 0. So for n > N we obtain

z 1 € | €
k- ¢ ye))dt] < = Ll = dt
‘y(x) /zof(’y()) = 9T4aL " /xo21+aL '
<1 € +1 € | |
=21+al "21qant 0
<e

Since this holds for all € > 0 we conclude that
o) =k+ [ siey)a
T0

so y is a solution of the integral equation and hence the differential
equation.
Finally we prove uniqueness. Suppose that

u(z) =k + /f f(t,u(t))dt

v(x) =k + /x f(t,v(t))dt.
Then "
) o) < L [ Jult) = o).
By Lemma 1.8, this implies that u :Ov. O

Now we turn to the major theme of this course: actually solving
differential equations.

Example 1.4. Here is a simple example of an IVP that has no solution.
We want to solve

zy’ +y +3y =1,
subject to the conditions y(0) = 1,4/(0) = 0. Clearly this is impossible,
since at = 0 we have 0 x y"(0) + ¥'(0) + 3y(0) = 3y(0) = 1, which
implies that y(0) = 1/3. This contradicts the initial condition, so there
is no solution. Problems like this are said to be ill posed.
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1.4. First Order Separable Equations. We begin with a class of
equations known as first order separable. Suppose that we have an
initial value problem of the form

Y o) (19
y(0) = vo.

Since the right hand side of (1.9) is a product of a function of y and
a function of £, we can separate it. The idea is to rewrite the equation
as

W) = g(t)dt,

and then integrate both sides.
Let us consider the uranium problem discussed earlier. We had

dM
— = —-\M
dt
M(0) = M,.
We have a separable equation. So we have
dM
— = —\dt.
M
Thus
dM
— = [ —\dt.
/5=
Hence In|M| = —At + ¢, where ¢ is a constant of integration. Thus
M = ecef)\t’
M(O) = ec = MQ
The solution is therefore
M(t) = Mge ™.

This shows that the quantity of uranium decays exponentially over
time. This is a key fact in nuclear physics.
Now let us consider the plight of the skydiver discussed previously.

Example 1.5. We wish to solve the differential equation

d
md—z = —mg + kv®
U(T1> = —gT1
We rewrite the equation as
d k
U B g.

dt  m
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The right hand side is a function of v only. So it is separable. Thus we

have
dv
m?? =g

The problem here is to integrate the left hand side. We rewrite (1.10)

as
m
Ly

Now v* — 24 = (v — /ZZ) (v + /52). (Note £ > 0.) So, by partial

fractions we have

= dt. (1.10)

m/k m/k
=) o= T )
A B

:v—\/?—i_zw—

, B= —2m/n’jg. Then

Take A =

mg

k k

m/k 1 B 1 ~ om/k 23/
2 v g+

"2/ mfF

k

Hence

m/ B m/k 1 1 o
N WL v—\/@ v+ /T

i (- T )

1 m1 U—\/ "
==/ —In|—Y L c

2V gk v+ /7 '
:t+C2,

since f dt =t 4 c5 for some constant cy. Letting co — ¢; = ¢ gives

1 /m U—\/% 4
— | —=In|——2| =c+t.
2V gk v+ /52

We now have to solve this for v as a function of ¢.

v—\/mg [ gk k
=2 g—t+c’, d =2 g—c.
m m

v+ /T
— mg
UTNVE et A— e a—2y/2F

Taking exponentials, we have
v+ /T m

In
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Now v — \/?: (v+/72) Ae.

Hence
v—vAe® = %Aeo‘t + %
and
_ mg (14 Ae
) =4/ % (1—Aeat ‘

kE \1— Aexh
Cross multiplying, we get
14 Aevh k
T T —
1 — Aeohh g mg
k
_ [k
myg
= —206T1.

1+ Ae®™ = (1 — Ae®™) (—2aT7)
= —2aT + 2aT; Ae*™
1+ 2aTy = (2T — 1) Ae*™t,

Ao (20T 41N
2017 — 1

We have thus solved the initial value problem for the DE.

So

1.4.1. A Problem from Biology. Another important example of a sepa-
rable differential equation is the logistic equation. This equation arises
in many areas, but particularly in population growth.

Example 1.6. Suppose that a population of bacteria is growing in a
Petri dish. At t = 0 the population is F,. The rate of production of a
population of new bacteria is proportional to the number of bacteria
present. Of course bacteria are also dying. So this would suggest a
model 2 = kP, P(0) = P, which has a solution P(t) = Pye™. But
this is not a very realistic model. It suggests that the population grows
without bound.

A more realistic model takes into account the fact that the popula-
tion growth should slow down as some “saturation” level is reached.
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Call this level M. So, ¢ = 0 when P = M. But for small P, ¢£ x P.

s dt 7 odt
A model which incorporates this feature is

dP

— =k(M - P)P

il )

This is known as the logistic equation. It is a model that arises in
many areas of biology.

dP
dP
———— = kdt.
P(M — P)

As before, we have

/ P(AZP— P) "~ ] v
A
2

1 B 1 1
P(M — P) + M — P’ M’ M
Therefore
1 1 /1 N 1
PM—-P) M\P M-P
Hence
/k’dt =kt+c
1 1 1
= — — dP
M/ (P * M — P>
1
=7 (In|P| —In|M — PJ|) + ¢1.
So that
P
In M_P‘:Mkt—i—c, c=c¢cy— (.
Taking exponentials of both sides gives
P
— A Mkt
M-—p

which implies

P = A(M — P)eMH,
We rearrange this to get APeM* + P = AMeMkt or

AM Mkt
P(t) = 5
1+ AeMkt
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Now P(0) = F. Hence
AM
So that AM = Py(1+ A), and therefore
AM — By = Ry,

or

Thus
MPoeMkt
P(t) = 0

- PyelMkt
1+ foet?

M
B MPOeMkt
N M—P0+P06Mkt
M PyeM*t

~ M + Py(eMFt — 1)

We can rewrite this as
M P,
P(t) = .
() (M—Pg)ekat—FPO
This makes it easier to see the limiting behaviour of the population.
. . MP,
tlggo P(t) = tlggo ((M — Py)e Mkt 4 Po)

 MP

=5

=M.

In this model, the bacterial population tends to a stable value of M.

Example 1.7. Consider the equation

dy 12
dt  cosy+siny’
This is separable, so we write

(cosy + siny)dy = t3dt

/(cosy + siny)dy = /tht

So the solution y(t) is given implicitly by

and

cos(y(t)) —sin(y(t)) = —%t‘g +c. (1.11)
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(Combining integration constants of both sides.) Solving this for y in
terms of ¢ is actually quite straightforward. Observe that

V2eos (y(t) + %) — cos(y(1)) — sin(y(t)).

Thus the solution is

() = cos~! (— - c> _T (1.12)
Y 3v/2 4 ’
1.4.2. Solutions Given Implicitly. First order separable equations are
very common. Whether we can solve them depends very much on
whether we can do the necessary integration. Having performed the
integration, we would like to express the solution y as an explicit solu-
tion of the independent variable, but we cannot always do this.

Example 1.8. Solve the equation

dy
- = @3 7).
Separating variables leads to
d
7 —ily3 = (2° + 3)dx

This is the same as

o1 1N, [,
/(E—i—m—;)dy—/(m + 3)dz.

Integration then gives

1 1 1
—=+1 (ﬂ) =—2° + 32+ C.
y Yy 3
We can rewrite this as
1 1
<ﬂ) eV = Aes® 3T (1.13)
Y

A = ¢, This is as far as we can go. Writing the solution in the form
y(x) = f(z) does not seem possible for this example. To determine y
for a specific value of z, we would have to solve (1.13) numerically, for
example with Newton’s method.

What we have in the previous example is a solution given implicitly.
That is, we have an expression connecting the solution y and the inde-
pendent variable that does not involve any derivatives. In other words
we have an expression of the form F(y(x)),z) = C for some function
F. This is typical for nonlinear differential equations. Usually we can-
not solve the equation F(y,z) = C explicitly for y in terms of x, but
instead have to solve it numerically. Thus F(y,z) = C' is known as an
mplicit solution.



20 MARK CRADDOCK

1.5. First order linear equations. These equations have the general
form p

a(x) 72 +b(x)y = f(x)
If a(x) # 0, then we can rewrite the equation as

dy  ba) _ f)

dx a(as)y a(x)

which is the same as
dy

T + c(x)y = g(x), (1.14)

where % = ¢(z) and ﬁfﬁi = g(x).

To solve a first order linear equation, the first step is to write it in
the form (1.14). Now we make the following important observation.
Recall that the fundamental Theorem of Calculus states that for any

integrable function c(t),

d x
e c(t)dt = ().

a

d v .
i _ [ e(t)dt
7 CXD (/a c(t)dt) c(x)e :

The reason why this is important is that the right hand side of (1.14)
is “almost” a derivative.

Thus

The product rule of differentiation says that

L (@)gla) = fx)o(w) + F@)g' ().

So what does this tell us in the context of our ODE? The right hand
side is p
)
. + c(x)y.
We are going to turn this into a single derivative in the following way.

Multiply y by e/ €@z then take the derivative to get

d c(T)ax c(x Z'dy cl\xr)ax
e (y(m)ef (@)d ) — ¢l @4 I + c(x)el @y, (1.15)

from the product rule and the fact that %ef c@dr — o(g)el «@de Qo if
we multiply (1.14) by e/ “®)% we get
d
efc(z)dx% + C<:L,)6fc(:c)da:y _ g(aj)efc(z‘)dx
But by (1.15), this is

d
% (efc(as)dxy> — g(x>6fc(z)dx
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Integrating both sides of the equation gives
ef c(z)dmy _ /g(I)@fc(r)ddeE,

or

y = e—fc(;r)dx /g(x)efc(x)d:vdx

In practice, we rarely use this formula. It is easier to just follow
the procedure from the beginning. The function e/ “®) is called an
integrating factor.

Example 1.9. Let a, b be constants, a # 0. Solve

dy
— =b
I + ay

y(0) = vo.

The integrating factor is e/ “¥ = ¢ Multiplying the equation by e
gives

Therefore

We integrate both sides

/% (e“ty) dt = /be“tdt.

So 5
ety = e + C.
a
Then
—at b
y=Ce "+ —
a

and the initial condition gives
b b

y0)=C+—-=9yo =C=y——.
a a
Hence the solution is

(o-a) s
y={m——)e "+
a a

Example 1.10. As our next example, consider

dy
L ky = 22
T y=x°,
k a constant. First we divide by x to put the equation in the appropriate
form.
dy k
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The integrating factor is

€_f§ _ e—klnm
— eln(z_k) — xfk
So we have p L
kY Bphy = gl
dr =«
Hence
d

(k) — o EL
& (Y =T
We have 2 cases. First, k # 2. Then 1 — k # —1. Integration gives

Ry =272 4 O

So we have established that
y =2 + Ca".
If k=2, then 1 — k = —1. So integration gives
xzy—/d—x = Inz + C.
x
The solution is thus
y = 2%Inz + Ca?.

Example 1.11. For a third example, consider

dy
— —tanzy = .
dx
The integrating factor is
efftanxd:v.
sinx
— [ tanxdr = — dx
cos T
du
= | —, u=cosx
U
= In|cosz|.
Thus
efftanxdx _ eln\cosx| — COS Z.
Hence
Y
COST— — cosztanry = x Cos T,
dx
or

d
e ((cosx)y) = zcosx,
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and integration gives

(cosz)y = /xcosxdx

=zsinx — /sinxdx
=xsinx + cosx + C.

So

zsinx +cosx + C

y= CcoS T
=qgtanx + 1+ Csecx.

Perhaps the most powerful tool for solving ODEs is the change of
variable, in much the same way that we can use changes of variables to
integrate difficult functions. Here we give some examples of how this
works. Many other cases are known.

1.5.1. Bernoulli Equations. A Bernoulli equation is one of the form
y' +p(@)y = qlx)y". (1.16)
Dividing through by y™ produces the equation
Yy "+ ey = q(w).

This suggests the change of variables u = y'~". Differentiation gives

u=(1-n)yy™" (1.17)
Consequently (1.16) becomes
1
- nu' + p(x)u = q(z). (1.18)

This is a first order linear equation.

Example 1.12. We solve ' + éy = 22y*. Here n = 4 so the change
of variables u = y~2 leads to

u — —u = —3x2
x

The integrating factor is 1/x so

(iu)/ = —3z. (1.19)

Hence 2u = —22? + C. Or u = —32% + Cz. Finally y = u='/® or

3
Yy = (—§x3 + Cx) 713,
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1.6. Riccati Equations. Nonlinear equations are often very difficult
to solve, but there are some which can be handled very effectively.
Riccati equations are named after Count Jacopo Francesco Riccati
(1676-1754), who studied them extensively. They turn up in many
applications. Importantly, they can all be linearised.

A Riccati equation has the form

m(z)y' + a(x)y + b(x)y® = c(x). (1.20)

If ¢(x) = 0 then we can also regard this as a Bernoulli equation. As an
example
1
$y’—y+§y2 = A2’ + Bx + C
is a Riccati equation. Any Riccati equation can be turned into a second
order linear ODE. The trick is to make a change of variables. By
dividing through by m we can make the coefficient of ¢’ equal to 1,

so we may as well set m = 1 and we do not lose any generality. Now
define

y=A@)f'/f,

where A is to be determined. Differentiating gives

y = A’(az)% + A(z) (fTH — (J%) ) : (1.21)

This is substituted into (1.20) to give

A’(x)?/ + Al) (fT - (%)2) + a(x)A(x)T, + b(z) A2 () (?)2 = ()

Observe that if —A(x)+b(z)A%(z) = 0 then the nonlinear terms disap-
pears. This happens if A(z)b(x) = 1. We are then left with the second
order linear equation

A() " + (X(z) + alx) A(@)) [ — () f(z) = 0.

Example 1.13. The equation zy/ —y+%y2 = Az?*+ Bz+C is linearised
by putting v’ = 2z f'/f. This produces the equation

202 f" — (Ax® + Bx + O) f = 0.
Methods for solving equations of this type will be discussed later.

Riccati equations have some very interesting properties. We will not
give a detailed discussion, but one is well worth mentioning. The differ-
ence between nonlinear and linear equations is that adding solutions of
linear equations together produces new solutions. Adding solutions of
nonlinear equations together does not produce a new solution. However
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for some nonlinear equations, there are ways of combining solutions to-
gether to get new solutions. These are called nonlinear superposition
principles.

Riccati equations possess a nonlinear superposition principle that
was discovered by the Norwegian mathematician Sophus Lie (which is
pronounced Lee) and independently by Eduard Weyr in 1875. Suppose
that yq, y2, y3 satisfy a Riccati equation. Let a be a constant. Then

_ y1(ys — yo) + aya(y1 — y3)
Yz — Y2 + alyr — y3)
is also a solution of the same Riccati equation. In this way we can

produce chains of solutions of Riccati equations and introduce arbitrary
parameters into the solutions.

Ya (1.22)

Example 1.14. Three solutions of the Riccati equation xf’—f—i—%fQ =
Ax + B are

f(z) = %—I—b\/z, g(x) = %+b\/5tanh(b\/§), h(z) = %+b\/fcoth(b\/5),

where we set B = —g, A= %bQ. Using these solutions and the nonlinear
superposition principle we easily generate the fourth solution y(x) =

20/x(a — coth(by/z) — a + pcoth(by/x) + (1 — 2ub/x) tanh(b+/x)
2 (—a+ p coth(b/x) + tanh(b/x)) ’
with 4 = a — 1. Using y and two of f, g, h we can generate solutions
Y2, Y3, Ya etc.

1.7. Exact Equations. There are many types of first order equations
which can be solved explicitly. Exact equations are of special interest
because of a remarkable fact discovered by Sophus Lie, which we briefly
mention below.

We consider an ODE written in the form

P(z,y)dz + Q(x,y)dy = 0. (1.23)

This is equivalent to the equation Q(x,y)y’ + P(x,y) = 0. These are
easy to solve, provided that P and () satisfy a special condition.

Theorem 1.10. If

0@ _op
or 0Oy’
then there is a function F(x,y) such that
OF oF
_r p_ZZ
Q ay ) 8x )

and the solution of the exact equation
P(z,y)dz + Q(z,y)dy = 0, (1.24)
is giwen implicitly by F(x,y) = C, with C' a constant.
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Proof. First suppose that we can find an F' such that F, = P, F,, = Q.
Now suppose that F(z,y) = C. Then

d
—F(z,y(z)) = Fyy' + F,

dx

Alternatively, if Q(z, y)y'+P(x,y) = 0, then we must have F(x, y(z)) =
C. Finally observe that

F(z,y) = /ﬂf P(t,y)dt + /y Q(z,t)dt (1.25)

satisfies Fy(x,y) = P(z,y), Fy(z,y) = Q(z,y). O
Example 1.15. Solve the differential equation
(32%y — 2y°* + 3)dx + (2° — 62y* + 2y)dy = 0.
The equation is exact because
Q. =32* —6y° = P,.
So there is an F' such that
F, =32%y — 2y + 3, F, = 2 — 6zy° + 2y.
Now

F(x,y) = /Fmdx = 2%y — 229° + 3z + g(y)

where g is an arbitrary function of y. Next differentiate this with respect
to y, to obtain

F, =2 —6zy° + ¢ (y).
This gives us two expressions for F,, which must be equal. Comparing
we see that ¢'(y) = 2y so g(y) = y* + D, and the solution y is given
implicitly by

Py 22 +3x+ 9y =C—-D=C",

where C'is a constant. Note that in practice we can ignore the constant
of integration for g, since it will just be combined with C' to produce
another constant.

The importance of exact equations lies in the fact that essentially
all first order equations which we can solve, can be recast as exact
equations. Indeed Lie showed that many equations which are not exact
can be converted to exact equations by means of an integrating factor.

There is a caveat obviously. Obtaining the integrating factor may
be harder than solving the original DE. However it is often possible to
find it. This integrating factor comes from the symmetry group of the
equation. Unfortunately this is well beyond the scope of this course,
so we will not discuss it further.



35231 DIFFERENTIAL EQUATIONS LECTURE NOTES 27

1.8. Making First Order Equations Separable. The word ho-
mogenous is used in to mean different things in mathematics, which
can be somewhat confusing. We will refer to certain kinds of differen-
tial equations as homogeneous. A function can also be considered to
be homogeneous.

Definition 1.11. A function f : R™ — R is homogeneous of degree k
if f(tay,...,tx,) =t*f(xy,...,2,) for every t > 0 and all 2y, ..., 7,,.

As an example, the function f(z,y,2) = z%y*2? is homogeneous of
degree 9, since
f(ta, ty, tz) = 2Byttt = 2%y3 2"
Now consider the differential equation
dy _ Pz,y)
dr  Q(z,y)’

where P and () are homogeneous of the same degree. A simple substi-
tution will make this equation separable.

Proposition 1.12. If P and Q are homogenous functions of the same
degree then the substitution y = xv(x) will make the differential equa-

tion
dy _ P(z,y)
de  Q(z,y)

separable.
Proof. Suppose that P and () are homogeneous of degree n, then

P(z,y) = P(z,2v) = 2"P(1,v),Q(z,y) = Q(z,zv) = 2"Q(1, v)
and ¢y = zv’ + v. So the ODE becomes

Which is the same as

where

This equation is separable. U

Example 1.16. Solve the equation
dy 2y

de 22+ 2
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The numerator and denominator are homogeneous of degree 2. Set
y = xv. Then

dv 20 v—v3

x%_quv? v 1+ 02

Thus

1—|—112d dz
v=—

v — 03 T

Using partial fractions we obtain

Hence
Inv—In(v?—1)=Inz +C.

Taking exponentials gives

v c
U2_1:Am, A=e". (1.26)
But v = y/x. So that the solution is given implicitly by
Y
—y2 i A.

1.9. Second Order Linear, Constant Coefficient Equations. Next
we turn to second order linear equations. Our first aim is to solve the
equation

ay” + by +cy =0, a# 0.
Since a # 0, we may as well divide by a to get

b c
y//+ _y/+ Zy = 0.
a a
So really we need only consider equations of the form
' +my +ny =0, m,n € R,

where at least one of m,n is nonzero.
Let us first consider the quadratic equation A\?> +m\ +n = 0.
Suppose this has two roots o and (. In other words,

A—a)A=B) =X —(a+B)A+aB =\ +mA+n.

Now we are going to use this to rewrite our differential equation. Notice
that

dx dx dx? dx dx
d?y dy
=2~ lat B +aby
d?y dy

= — +m—+ny. (1.27)
T x
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The first step is to now introduce a new function

z
But the solution of — = az is simply z = Ae®*.
T
Consequently, we must have

d
z:—y—By:Ae‘m.
dz

But this is a first order linear equation. The integrating factor is
e~ 5% We have two cases.

Case 1. o # 5.
Then
d
e‘ﬁx—y - Be‘ﬁxy = Aele=P)e,
dx
Which means
d
- (e_ﬁxy) — Aela—B)z
Thus
A
e Py = ele=Plr L B
a—p
A
— az B Bx
Y o_ 8 66 + be
A
= Ae™ 4+ Bef*, A = .
a—p3

So if a # 3, i.e. A2+ m\+n = 0 has distinct roots «, 3, the general
solution is

y = Ae™® 4+ Bel®.
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Case 2. a = . Then a — = 0. So
% (e’ﬁwy) =A
ie. e Py=Ar+ B
y = (Az + B)e™
Therefore for repeated roots 3, we have
y = (Az + B)e™.
Example 1.17. y" 4+ 3y’ + 2y = 0.
N4+3N+2=A+2)A+1) a=-28=-1
and y = Ae %* + Be ",
Example 1.18. 3" + 8y’ + 16y = 0.
Here (A +4)> =X\ +8\+16 =0,
A= —4.
Therefore
y = (Az + B)e .
Case when roots are complex. The roots of A2 + mA +n = 0 may
of course be complex numbers. The solution we have written down
remains valid in the case where the roots are complex, but it is often

convenient to express the solution using only real numbers. Recall that
Euler’s formula states

e = cosh +isinf.
Now if A = a £ ¢ are the roots of
N4+ mA+n=0,
then the general solution of
Yy +my +ny=0
will be
y = Aelotib)t 4 pelo—ib)t,
We use Euler’s formula to rewrite this
y = e (A" + Be ")
= ™ (A (cos Bt + isin Bt) + B (cos Bt — isin ft))
= e [(A+ B)cos 8t +i(A — B)sin jt]
= e (C} cos ft + Cysin ft) ,

in which C; = A+ B, Cy = i(A — B). Since A, B are allowed to be
complex, then C; and C5 may be real valued.
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Example 1.19. Solve y"” — 4y + 13y = 0.
A —4A+13=0

4+/16—4-13
- 2

A
=2+ 3%
a=2 [f=3
So the general solution can be written
y = e* (O} cos 3t + Cysin 3t) .
With complex roots, this is the preferred form of the solution.

1.10. The Method of Undetermined Coefficients. Imagine that
we have a second order linear ODE with constant coefficients

y' +ay +by = f(x). (1.28)
We will show later that solutions to (1.28) are of the form

Y =Yn+ Yp,
where vy, is the general solution of the homogeneous problem associated
with (1.28),
y' 4+ ay + by =0,
and y, is a particular solution to (1.28).

Variation of Parameters gives us a method of finding y, knowing yp,.
However, VOP can be quite complex and if f(z) has a relatively simple
form, this can be more trouble than it is worth.

Consider the problem where f(z) is a polynomial p(z). Clearly if we
have a function y, such that

y, + ay, + by, = p(x),

then y, must itself be a polynomial of the same degree as p(x). Thus
we might pick an arbitrary polynomial y,(x) and try and choose coef-
ficients so that y, is a solution.

Example 1.20. y" + 2y + 2y = 2.
Let us try a polynomial of degree 2.
yp = ax® + bz + c.
Then if y + 2y, + 2y, = 2> we must have
2a + 2(2ax + b) + 2(ax® + br + ¢) = 2°.
Now this implies that
20 =1,
4a + 2b =0,
20 +2b+2c =0,
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when we equate coefficients of powers of x. So a = % and therefore

1
4-5+2=0, 2B=-2 b=-1

and 1—242c=0,
soc:i.

Therefore we must have
1, 1
Yp = §x -+ %
This is an example of the method of undetermined coefficients.
Here is a useful table for the equation
v’ +ay +by = R(x).

We look for g, of the following forms

R(x) Choice for y,
ker® cel”
n k n k
D ko QKT > ko bk
acoswx + fsinwx Acoswz + Bsinwz
e (acoswz + fsinwx) | e**(Acoswz + Bsinwz).

So if we want to solve, say
y" + ay + by = a coswz + Bsinw,
then we look for a particular solution of the form
yp = Acoswz + Bsinwz.

This technique, while limited in scope, entails less work than varia-
tion of parameters in the cases where it is applicable.

Example 1.21. Solve
y' + 3y + 2y = sinx.

First solve

Y’ + 3y + 2y = 0.

The characteristic equation is
A 4+3X+2=0.

The roots are A = —2, A = —1 and therefore

yn = Ae™* + Be "
Now R(z) =sinz. So we try

yp = Ccosz + Dsinzx.
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Then
y, = —Csinz + D cosz,
y, = —Ccosx — Dsinz.
Hence

—Ccosx — Dsinx —3Csinz +3Dcosx +2C cosx + 2D sinx =
(=D —3C+2D)sinx + (—=C +3D +2C) cosz = sinx.

So
D —3C =1,
C+3D=0.
Hence C = —3D.
Thus
D —3(-3D)=10D =1,
giving
boL
10
3
10
So the particular solution is
1
Yp = 10 cos T + 1—Osinx,

and y = y + Yy, is the general solution.
Example 1.22. Solve
y" + 5y + 6y = 2€”.
First solve
y' + 5y + 6y = 0.
The characteristic equation is
A +B5A+6=0,
which factorises as
A +3)(A+2)=0.

So the roots are A = —3,\ = —2. and the homogeneous solution is
yn = Ae 3% + Be 2,

R(x) = 2e*. Now 2¢” is not a solution of the homogeneous problem,
so we try

y, = Ce”.
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Since
Y, + 5y, + 6y, = 2¢”  then
(14+5+4+6)Ce® = 12Ce” = 2¢",
1
or C'=-—.
6
Thus
1 €T
Yp = 66 .
So our general solution is
Y=Yn+Yp

1
y = Ae3" + Be ™ + Eem.

There is one slight modification to the above that sometimes has to
be made.
We are trying to solve

v’ +ay + by = R(x).
Now if
R"(z) 4+ aR'(z) + bR(z) =0
then we cannot have y, = cR(x) since
y, +ay, + by, = ¢(R" + aR +bR) = 0.

So what do we do?

Since our equation is constant coefficient, then solutions correspond
to roots of

N +a\+b=0. (1.29)

Rule 1. Let A1, A2 be roots of (1.29). Then if R(z) is a solution it
must have the form

R(x) = aeM” 4 Bet2”.

Rule 2. If R(x) is a solution of the associated homogeneous problem,
multiply the test solution in the table by

(i) z if R(x) corresponds to a root of multiplicity 1,

(ii) «? if R(z) corresponds to a root of multiplicity 2.

In this case we look for a y, of the form
Yp = (Ae)‘lm + Be)‘”) .
If A\ 2 are complex with A\; = o + 43, then R(x) must have the form
R = e** (Acos Bz + Bsin fx),
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so we try
yp = xe** (C cos fx + Dsin fx).
If R(z) corresponds to a double root, then we multiply by x°.

Let us see some examples of this procedure.

Example 1.23. %2’ + 4% 4 4y = ge 2,
We first solve

y//+4y/+4y:0

leading to the characteristic equation A\* + 4\ +4 = (A 4+ 2)* = 0.
Obviously A = —2 is a root of multiplicity 2. So we look for a solution
of the form

y, = Crie ™ = 2?(Cwe ).

Simple calculations give.

d
S _ (3Cz* — 2C2°)e 2",

dx
dQ?/p 2 3\ —2z 2\ —2z
T 2(3Cz* —2Cx")e =" 4 (6Cx — 6Cz")e ".
Therefore
Yo + 4y, + 4y, = ((4C — 8C +4C) 2° + (—12C + 12C) &* + 6Cx) e >*
= 6Cre >
= e

Hence C' = %. Thus

1
—ae
6

Example 1.24 (Resonance). The situation in which R satisfies the
associated homogeneous problem has real physical consequences. One
is the phenomenon of resonance. Let us consider the ODE

y" + 4y = sin(2t),y(0) = 0,4'(0) = 1.

Yp =

The solutions of y” + 4y = 0 are y; = sin(2t), yo = cos(2t). Thus
R(t) = sin(2t) satisfies the homogeneous problem. Let us try y, =
At sin(2t) 4+ Bt cos(2t). Then

y, + 4y, = 4A cos(2t) — 4B sin(2t) = sin(2t).

So A =0,B = —1/4. Consequently the general solution is

1
y = ¢1 cos(2t) + cosin(2t) — Ztcos(Qt).
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Now y(0) = ¢; = 0 and y/(t) = 2¢; cos(2t) — 5 cos(2t) + 5t sin(2t). Thus
y'(0) =2c3 — 1 = 1. So ¢ = 2. So the solution is

y(t) = %(5 in(2t) — 2t cos(2t)).

| "#_"".#",',Ml‘,el ol
L)

-20 :

FIiGURE 1. Resonance in a solution.

Let us now plot this solution. See Figure 1. Notice that the oscilla-
tions grow without bound. This phenomenon is called resonance. It is
a real physical phenomenon which occurs when a system is subjected
to a forcing term which matches the natural frequency of the system.
Opera singers shattering wine glasses by hitting the right note provide
an illustration of this. In the building of large structures, resonance
needs to be taken into account to avoid instability in windy conditions.
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2. SECOND ORDER LINEAR DIFFERENTIAL EQUATIONS

We now embark upon a study of quite general second order ordinary
differential equations of the form

y" +p(x)y + q(x)y = R(z). (2.1)

This is the most general 2nd order linear ODE. It is nonhomogeneous,
meaning that the term R # 0. The first question we need to consider
is that of existence and uniqueness for solutions of (2.1).

Any nth order equation can be converted to a system of n first order
equations. So let us first formulate Picard’s Theorem for first order
systems.That is, we want to know to study the system

yi(t) = filt,yr, - ym), 11(0) = ay

yg@) = fn(tvyh ~-~;yn>> yn(o) = Qap.

Equivalently we consider y’ = f(¢,y), y(0) = a. We define the norm of
a vector X = (x1, ..., z,) by

x| = max{[a], ..., |zn]}.

A vector function f satisfies a Lipschitz condition if there is a constant
K such that

1£(t,x) — (£, y)| < Klx =yl (2.2)
for all x,y. Then we have the result

Theorem 2.1 (Picard’s Theorem for Systems). If the continuous func-
tion f satisfies a Lipschitz condition on

R={(t,%) : |t —to| <a,[x k[ <b},
and || f(t,x)|| < A on R then the initial value problem
y'(t) = £(t,y(1)),
y(to) = k has a unique solution on (to—a, to+a), where « = min(a, b/A).

Proof. The proof is essentially the same as in the one dimensional case.
We simply replace the absolute values in the one dimensional case with
the norm and the details remain basically the same. U

Now we convert (2.1) to a first order system by setting u = y,v = ¢/
giving the system

u = (2.3)
v = —p(x)v — q(x)u + R(x), (2.4)

u(zo) = Yo, v(xo) = y1. Applying the system version of Picard’s Theo-
rem and imposing suitable assumptions on the functions p, ¢, R we can
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show that the equation u” + p(x)u’ + ¢(x)u = R(z) with u(zo) = vo,
u'(x9) = y1 has a unique solution over some interval.

Actually, we can do better than this with some work. We will not
give the details, but simply state the most important result.

Theorem 2.2. Let (a,b) be an interval on which p(x), q(z), and R(x)
are continuous. Let xq € (a,b) and let yo,y1 € R, and arbitrary. Then
over the interval (a,b) equation (2.1) has one and only solution y =
o(z) satisfying

Yo = d(x0), w1 = ¢ (20).

2.0.1. Some important concepts. Given an equation (2.1) the equation
obtained by setting R(z) = 0 is called the associated homogenous equa-
tion. We will consider homogeneous equations first.

Probably the most important property of (2.1) with R(x) = 0 is the
property of linearity.
Let
Ly =y" +p(@)y + q(z)y, (2.5)
and let Ly, = Ly, = 0 and ¢y, ¢y be constants. Then

L(ciyh + coy2) = c1Lys + coLys = 0.

That is if y; and y, are solutions of Ly = 0 then so is ciy; + coys.
From linear algebra we recall the concept of linear independence of
a set of vectors. A similar idea exists for functions.

Definition 2.3. A collection of n functions {1, ..., y,} on an interval
(a,b) is linearly independent if and only if

cayi(z) + -+ cpyn(x) =0 for all x € (a,b),

if and only if ¢; =--- = ¢, = 0.
If a set of functions is not linearly independent then it is said to be
linearly dependent.

The meaning of this definition is easy to grasp. A set of functions is
linearly independent if none of the functions in the set can be written
as a linear combination of the others. If we have two functions, then
they are linearly independent if and only if one is not a multiple of the
other.

Example 2.1. ¢ and €** are linearly independent. Whereas e, 2¢®
are not linearly independent. The second is just twice the first. They
are therefore linearly dependent.

Example 2.2. The functions y;(z) = z,y2(z) = 2%, y3(x) = 4z + 32°
are linearly dependent because y3 = 4y; + 3ys.

The importance of this definition lies in the following result.
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Theorem 2.4. Let y;(x) and yo(x) be linearly independent solutions

of
Ly = 0. (2.6)

Then every solution of (2.6) is of the form
ayi(z) + caya ().
Actually we can generalise this to higher order equations.
Theorem 2.5. Suppose that the nth order linear ODE
y" (@) + ary" V(@) + -+ a1y (@) + any(z) = 0

has n linearly independent solutions vy, ...,yn. Then every solution of
the ODE is of the form

n

y= Z CkYks

k=1
C1, ..., Cp are constants.

Corollary 2.6. A linear ordinary differential equation of order n can
have at most n linearly independent solutions.

This leads to an important idea.

Definition 2.7. Given two linearly independent solutions y,ys of
(2.1), the function y = c1y1(x) + coyo(z) for arbitrary ¢, ¢y is called
the general solution of (2.6).

We will prove Theorem 2.4 shortly. The proof in the nth order case
is basically the same. To this end, we introduce an important quantity
in the theory of differential equations. Namely the Wronskian.

Definition 2.8. Let y;(x) and yo(z) be any two solutions of

y' +p(@)y +q(x)y = 0.
Then we define the Wronskian of y;(x) and ys(z) by

Wy1,y2) = yi()ya(x) — ya()y (x)
Y1 Y2
Yo
More generally if {y1,...,y,} are a set of n — 1 times differentiable
functions, then

W Y2 T Yn
Y1 Ys o Y
Wiy, ..., yn) = det : : o . (2.7)
y%n—l) yén—l) . y'r(zn_l)

The Wronskian tells us whether or not a set of functions are linearly
independent.



40 MARK CRADDOCK

Theorem 2.9. Let vy, ...,y, be defined and possess n — 1 derivatives
on an interval I. Then yi,...,y, are linearly independent on I, if and
only if their Wronskian is nonzero for at least one point x € I.

Remark 2.10. If the Wronskian is nonzero at a point for a family of
continuous functions, it will be nonzero in an interval around that
point. We will not prove this.

Proof. This is an exercise in linear algebra. Assume that our functions
are linearly dependent. Then for some non zero constants aq, ..., a, we
can write

a1y1(x) + agya () + - - - + apyn(x) = 0,

for all x € I. Differentiating this n — 1 times, we still get zero. Hence

a1y1(x) + agya(z) + - -+ + apyn(x) = 0,
a1y () + agyy(x) + - - + any,(v) =0,

ay" (@) + asys V(@) + -+ @y (2) = 0.

This system of equations for aq, ..., a, has a nonzero solution valid for
all z € I. Since a; = a3 = -+ = a, = 0 is also a solution, the system
does not have a unique solution. Thus the determinant of the system
must equal zero for all x € I. But the determinant is the Wronskian.
So if the functions yi, ..., y, are linearly dependent, W (yy,...,y,) = 0
for every z € I. Hence if the functions are linearly independent the
Wronskian must be nonzero at at least one x € I. U

Theorem 2.11. If yq, yo satisfy
y" +p(@)y +q(z)y =0,

then
Wy, y2) = K12€7fp(x)dx,

K5 is a constant depending on y; and ys.

Proof. yi1,ys satisty (2.6). So

yi +p(x)y) +q(@)y =0, (A)
Yy + p(x)yy + q(x)ys = 0. (B)

Consider the difference

y1(B) — y2(A)
= 41(ys + p(@)ys + q()ya) — va(¥y + p(x)y) + q(z)y1)
= 1Y — Yot + 1ysp(z) — yoyip(x) + (Y1y2 — yau1)q(z)
= 19y — Yaiy + (yys — yaur)p(z) = 0.
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Now

W(y1,y2) = y1ys — Yo}
d
@W(yl, Y2) = Y1Ys + Yayy — Yaly — YUy
= 1Yy — Yoy
So

aw
E +p(:E)W = 0.

Solving this separable ODE gives

d
WW = —p(z)dz.
Hence
InW = —/p(m)dm or
W(y1,y2) = Kge™ [ P@d,
K5 depends upon W (y; (o), y2(xg)) for some zq € (a,b). O

Given any two linearly independent functions y; and y, which can
be differentiated, then W (yy,y2) # 0. We now recast Theorem 2.5 in a
slightly different form.

Theorem 2.12. If yy, yo are solutions of (2.6) on (a,b) and
W (y1,y2) # 0,
for some xg € (a,b), then any solution y of (2.6) may be written
y(z) = i () + c2ya(2).
Proof. Let y3 be any solution of (2.1). Then by Theorem 2.11
W (ys, y1) = ysth — vhon = Kige™ TPO®
W (ys, y2) = ysys — Yo = Kzse_fp(x)dx}

This is a pair of simultaneous equations for ys3 and y5. We get by simple
linear algebra

s (Y11 — yo1fs) = Koge™ I POy, (1) — Kize™ I P@%y, (7).
So
y3K126—fp(w)dm _ _;(236—fp(ﬂﬂ)dvﬂy1 (z) — Klge_fp(‘”)dxyz(x),
and K5 # 0. Thus we have

K23 K13

Ys = K—myl(x) - K_myQ(x)’
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which we can write as

Y3 = cyi(x) + coy().

O
Remark 2.13. This result extends to higher order equations. If
y ™ (x) + Py (x)y™ YV + ...+ Py =0, (2.8)
and yp,...,y, are n linearly independent solutions of (2.8), then any
solution y of (2.8) may be written
y(z) = chyk(f)-
k=1
Example 2.3. Consider the equation
y' —y=0. (2.9)
We see that y; = e*, yo = e™* are solutions, so that
W(yb 3/2) = 3?2 ZZZ = 23: _ee—x
= —e®(e7) — T
=—-2#0.
Therefor any solution of (2.9) is of the form
y = cre’ + coe” ",
Example 2.4. An equation with trigonometric solutions is
y' +4y = 0. (2.10)
One easily finds that y; = sin 2z, yo = cos 2z are solutions and
Wy, y0) = sin 2x cos 2x

"~ |2cos2x —2sin2x
= 2(sin” 2z + cos® 27)
=—-2#0.
Therefore any solution of (2.10) may be written
Y = c1 81N 22 + ¢ cos 2.
The Wronskian is useful for the study of many different aspects of
DEs. We give one important application. That of finding a second

solution of an equation given a first solution.
Let us imagine that we have a solution y; of an equation

y" +pla)y +qlz)y = 0.
We can often find such solutions by inspection. For example, an equa-
tion of the form

a(z)y"(x) + kay'(x) — ky(x) =0,
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obviously has y(z) = z as a solution. Can we find another linearly
independent solution?

Proposition 2.14. Let y; be a nonzero solution of

y'(x) + p(x)y’ + q(x)y = 0.

e—fp(:c)dx

1s a second linearly independent solution.

Then

Proof. We use the Wronskian W (y;,y2). By our previous results we
have for any second linearly independent solution 5,

W(y1,y2) = Ae_fp(’”)d””, for some constant A # 0.

Now we differentiate the quantity %. By the quotient rule,
Y1

_i(@):m%—m%

2

dxr \ y; G
_ W(yla?h)
yi
Ae— Jp@)dz
I
Thus
— [ p(z)dx
%:A/E—T—m
n Y1
e~ J p(z)dz
So.a = Aps(a) [ —da,
A
is our second solution. O

Corollary 2.15. Every second order linear ODE with one nonzero
solution has exactly two linearly independent solutions.

Example 2.5. Consider the equation
o2y + day — 4y = 0. (2.12)

An equation of the form z2y” + bxy’ + cy = 0 is known as an Euler
equation and it may be solved by finding solutions of the form y = 2.
Substitution of this into our equation will give us a quadratic in .
However, as we remarked above, it it is easy to see by inspection that
since b = —c, then y = x is a solution. Thus by Proposition 2.14 we
may find a second solution. First we rewrite the equation as

/" 4 / 4
y +-y - —y=0.
T T
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This puts it into the form given in the proposition. Then p(x) = %.
Now

effp(z)dx _ 674f%dac _ 674lnx _ 1'74.
So
ﬁ dx
y2(x) = Ay () ﬁdx = Ax %

—1
= Ae (5—>
A

5ot
Since any A is linear, any multiple of a solution is a solution. Hence
™% is a solution. So we conclude that the general solution of (2.12) is

Yy =0T + CQm_4.

Example 2.6. A harder example follows. Suppose that we want to
solve
u +au +u=0.

102 . . .
It is not hard to see that u;(z) = e~z is a solution since

(> —1)e 2 + 2 (—xe’7> +e 2 =0.

2

zZ
2.

Now p(z) = x. So e~/ P@)dr — o=

_a2\P e
u%(m)z(e 2) =e 7.
So our second solution uy(x) is

22

a2 e 2
ug(z) = Ae2/ p— dx

_ 22 22
= Ae 2/62dx.

We cannot do the integral so we leave the answer as

22

us(x) :Ae_2/ egdt+u2(0).
0

So any solution of u” + xu’ +u = 0 is of the form

22 22 T2
u(aj) = 616_7 —+ Co (6_2 / 67dt + UQ(O)) )
0
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Example 2.7. Observe that
y' 4+ 3y +2y = 0. (2.13)
has a solution y = e~®. In this case P(x) = 3. So

efdex _ €f3x

e—fP(x)dac B -
/—2 :/ezdx:—ex.
yi(z)

Yo(z) = Ae " (—e %) = —Ae .

Thus y2(z) = e** is a solution and every solution of (2.13) is of form

yi(z) = e . So

Hence

Y =cre 2 4 cpe 7.

Example 2.8. Suppose that we wish to solve y” + 2ay’ + a®y = 0. We
let y = e’ and this gives the auxilliary equation

N 4+20\+ad?2=0

Then p(z) = 2a. So that with y; = e~** we have

6—2az
Y2 = y1/ dr = xe **. (2.14)

6—2a:p
This is the second solution that we arrived at previously.

2.1. Non-Homogeneous Equations. We now return to the problem
of solving the inhomogeneous equation

Ly =y" 4+ p(x)y + q(x)y = R(z). (2.15)

The basic result we need is one telling us what solutions of nonho-
mogenous equations look like.

Theorem 2.16. Let y, be a particular solution of (2.15) and y, =
c1y1 + coyo be the general solution of the associated homogeneous prob-
lem

y" +p(@)y +q(x)y = 0. (2.16)
Then every solution of (2.15) is of the form

Yy=yn+ Yp-
Proof. Let y be any solution of (2.15) and y, be any particular solution.

Now set

U=Y— Yp.
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Then
Lu= L(y - yp)
= Ly — Ly,
= R(z) — R(x)
= 0.

Thus v is a solution of the associated homogeneous equation. Hence
we can write

u=c1y1(z) + caya(x),
where 1, yo are the two linearly independent solutions of the homoge-
neous problem. Thus our arbitrary solution y satisfies

CY1 + Y2 =Y — Yp.
So

Yy = C1Y1 + C2Y2 + Yp-
]

2.2. The Method of Variation of Parameters. Given an equation

y' +p(@)y +q(z)y = R(z), (2.17)
can we construct a particular solution y,(z)? It turns out that given
two linearly independent solutions vy, 2 of the associated homogeneous
problem (2.17), we can produce a solution of (2.17) by a process called
variation of parameters.

The idea is relatively straightforward. Let y;,y> be solutions of
y" +p(@)y +q(z)y =0,
with W (y1, 42) = n1ys — 3241 # 0.
Then we look for a solution of (2.17) of the form

Yp = u(@)yn(x) + v(z)ya(2).

We can certainly write any nonzero function y, in this form. The
question is whether we can determine u and v?

The key is that y, must satisfy the differential equation, so we dif-
ferentiate both sides.

/ p—

Yy, = u'y +uy; + vy + 0y
and
Yp = W'y F Uy Uy g+ 0" 0y 0y oy
="y + 2u'y] + uy + 0"y + 20y, + vy .
Next we substitute into (2.17). We have
u"yy + 2u'yy + uyl + 0" ys + 20"y, + vyl +

() (u'yr + uyy + vy + ') + q(@) (w(@)yr (2) + v(2)y2(z)) = R(z).



35231 DIFFERENTIAL EQUATIONS LECTURE NOTES 47

Now we collect the terms together and we get
u(yy + p(@)yy + q(@)y1) + o(yz + p(e)ys + q(x)y2)+
u"yr +0"yz + 2y + 0'yy) + p(o)(W'yr + v'y2) = R(x),

where v + p(x)yy + q(x)yr = A and v + p(x)yh + q(x)y, = B. Notice
that A and B are zero since yi, 1y are solutions of the homogeneous
problem. So that

uyr + 0"y + 2(u'yy + 0'ys) 4 p() (uyy + 0'ye) = R(z). (2.18)
The idea here is to choose u and v in such a way that
u'yr + v'ys = 0,
which means that u"y; +v"ys +2(v'y] +v'y5) = R(z) Now observe that

d

s (W'yr +v'ye) = u"yr +0"ys + u'y; + 0y, = 0.
Substituting this into (2.18) to obtain the second equation
u'yy +v'yy = R(x).

So we have a simultaneous pair of equations for u’, v’. These are

uy; + 'y =0 (A)
u'yy +v'yy = R(x). (B)
To solve, multiply A by v}, and B by y2. So
W'Yy + V'yays = 0, A
u'yiy2 + V'hye = R(x)ye. B'.

Thus A’ — B’ gives
v (y1y; — v192) = —y2R(z),

r —y2 R(x) _ —yo R(x)
or u = 7 n =
vy —vive Wy, ye)
—yoR(7)

Which gives
o — —yzR(l’)efp(x)dm_
Ko
For v" we obtain
o — WB()
W(y1, y2)

le(QZ) efp(:(;)dx'
Kl?

Integrating our equations for ' and v" we obtain



48 MARK CRADDOCK

y2R(x)
————dx,
W(y1, 92)

and
Y Y1 R(r)
W(yh yQ)

Finally y, = uy; +vys. We differentiate this and substitute it into the
original ODE to show that it is a solution. This is a somewhat laborious
exercise and we omit it. We have derived the following result.

dzx.

Theorem 2.17. Let y; and yo be linearly solutions of the second order
linear equation y" + p(x)y’ + q(x)y = 0. We suppose that p and q are
smooth functions and the ODE has a solution. Then if

Yo ()
u=— | =—_dx
W(y1,y2)
y1 R(v)
v = ————dx,
W(ylayQ)

the function y, = uyy + vy is a solution of the equation
y" (@) +p(@)y (z) + q(x)y(z) = R(x).
Now we will consider some examples.

Example 2.9.
22y + day — 4y = 2°. (2.19)
We saw earlier that y; = o and y» = 2~ are solutions of the homo-

geneous problem.
First we compute the Wronskian.

W (y1,y2) = v1ys — YUy

5
Tt
We see that the differential equation is
4 4
y'+ =y - Sy =1 (2.20)
x x

Thus R(z) = 1. Consequently

_ (=) 1/ 1
U= /_5/x4dx—5 dx—5x,

T 1 5 1 4
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Therefore the solution y, is
1 1 g 1 (1 1\, 1,
T (5 30)56 6
Example 2.10. Let us solve the ODE

22y + xy — 4y = Ina.

y1 = 22 is a solution of the homogeneous problem.

We now find a second solution y,. We have the equation
, 1, 4 Inx
y+-y - Zy=-—5
x x x
p(l‘) — l’ so e~ Jp@)dz — e—f%dm — ¢~ Inz _ eln% _

Then our second linearly independent solution s is

1 d
y2=y1/(5/$4)d$:$2 a:_f

8] =

So we take y, = 772

Now we find y, by variation of parameters. So

_ [ p2(z)R(x) o [n@R@)
Wy, y2) W (y1,y2)

and y = uy; + vyo.

dx, dx,

Calculating the Wronskian

W (y1,y2) = y1vhy — yoyh = a*(—227%) — 2z - 272

4
= —21‘71 — 2%71 = —41‘71 = ——.

Thus
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and
2oz
= 22 |y
v / By T
1
:—Z/xlnxd:n
1 2 2
= —— x—lnx—/x—-ldx
4\ 2 2 «x
! ?(1 —2Inx)
16x nx
Thus

Y = 822 1622) T2\ 16

Inz 1 Inz 1

8 16 8 +16

So the general solution is

o 5, Inz
Yy=cx" +cxr T — —.

4

Example 2.11.
y' +y=secx (2.21)

First solve 4" 4+vy = 0. We have the auxiliary equation A>4+1 = 0, which
has solutions A = +¢. Thus

y = Asinz + Bcosz.
Take

Yy =sinx,

Yo = COST.

Now

Wy, y2) = 1195 — Y21y
= sinz(—sinx) — cosz cosx
=—1.



Then

Hence
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COS T Sec T
u= [ ———dx

-1
:/dx

=X.

sin z secx
v = —1dx

= —/tanxdw

= —In [secz|

= In|cos z|.

Y, = xsinx + cosx In |cos x| .

51
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3. SERIES SOLUTIONS OF ODES

3.1. Introductory Examples. In the previous section we discussed
the problem of solving some ODEs. One of the problems that we looked
at was the problem of solving second order, linear constant coefficient
equations.

Given an ODE with real, constant coefficients

ay”(x) + by'(x) + cy(z) =0, (3.1)
we know that it can be solved by looking for solutions of the form
y(z) = . This leads to a quadratic equation for A and the various
cases which we considered previously.

This can be extended to higher order linear equations as well. For
example, suppose we wish to solve

y" +5y" — 2y — 24y = 0. (3.2)

Letting y = e gives A% + 52 — 2\ — 24 = 0. The roots are 2, —3, —4
and so the general solution is

Y = c1e*® 4 coe 3 + cge .

In practice for higher order equations, we may not always be able to
solve the polynomial equation for the characteristic values Ay, ..., A,
exactly, but we can always employ some numerical root finding scheme.
So linear constant coefficient ODEs present no challenge in terms of
obtaining solutions.

An obvious question to ask is what happens when we allow the equa-
tions we are studying to have coefficients which are not constant?

The simplest ODEs which are not constant coefficient equations have
powers of x as coefficients of the derivatives of y. The easiest such
equation to solve is of the form

az*y” + bxy' + cy = 0. (3.3)

We have seen these Euler type equations already. They are easy to
solve since we can use the same method that works for (3.1). Instead
of looking for an exponential solution, we look for a power of x as a
solution. That is, we try y = 2* as our trial solution.

Differentiation gives 3y’ = Ax*~! and y” = A(A — 1)2*~2. Substitution
into the ODE (3.3) gives

ar(l — Da?2* 2 + bada* ™ 4 ca® = 2 a4 (b— a)\ +¢) = 0.
Cancelling the 2* term gives us the quadratic
aX+ (b—a)A+c=0.
Example 3.1. Solve the ODE 22y” + 52y + 3y = 0.
Solution We set y = . Substitution into the ODE leads to the qua-

dratic equation
N +4N+3=0.
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This has roots —3 and —1. Thus the general solution of the ODE is
A B

r

By means of this method, any ODE of the form (3.3) may be solved.
Does this work for other kinds of equations where the pattern of the
powers of x does not match the order of the derivatives as it does here?
An example would be the equation 3" —xy = 0. Here the coefficient of
the zeroth derivative is 2 and the coefficient of the second derivative is
zero. We can easily check that this does not have solutions of the form
y = 2 for any \.

Can we solve such an equation? Actually we will shortly see that
the general solution of 3’ — zy = 0 is

y = c1Ai(x) + ¢ Bi(x)

where Ai and Bi are the so called Airy functions of the first and sec-
ond kind. Airy functions are examples of what are known as special
functions. Special functions have been the subject of intense study by
mathematicians since the late 18th century. The exact definition of a
special function is somewhat difficult to formulate. For our purposes,
a special function is one which is not of the elementary type familiar
from high school. i.e Inx,e® sinx are all elementary functions. Spe-
cial functions are often (though not always) solutions of second order
ODES.

The key to solving non-constant coefficient equations is to look for
solutions which are given in terms of infinite series. We take an infinite
power series

o

Yy= Zan(x — )",

n=0

and substitute it into the differential equation and obtain a formula
for the coefficients a,,. The linear change of variable z = x — x(y will
convert this series to one of the form y =Y 7 a,2". So we will focus
our attention on power series solutions with xy = 0.

The technique of series solutions relies upon some important results
from real analysis, which we now state without proof.

Theorem 3.1. Suppose that the power series Y - a,x™ is conver-
gent on the interval (=R, R), for R > 0. Then f(z) = Y " a,x™ is
differentiable on (—R, R) and

)= naa, (3.4)
n=1

for allz € (—R, R).
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It follows from this that every power series is differentiable infinitely
many times, and further, the radius of convergence of the power series
is not changed by the process of differentiation.

Using power series to solve differential equations requires that we
equate a power series to zero. We then need to know under what
conditions a power series is equal to zero for all x?

Proposition 3.2. Suppose that

o oo
g a,z" = g b,x"
n=0 n=0

for all x € (—R, R), where R > 0 is the radius of convergence of both
series. Then for each n, we have a, = b,.

Corollary 3.3. If > ja,z™ = 0 for all x € (—R, R), where R > 0
1s the radius of convergence of the power series, then a, = 0 for every
n=0,1,23, ...

We are now in a position to develop series methods for the solution
of ordinary differential equations. A simple example will illustrate the
basic ideas.

Example 3.2. Obtain a series solution of the ODE

Y=y (3.5)

with y(0) = 1.
Solution We want to try an infinite series solution. That is, we want a
trial solution with infinitely many terms:

y(x) = Zanx”
n=0
= ag+ ar1x + asx® + +apx” + ...
soy = ar + 2a0x + 3asx® + - +napa™ 4 (n + Dapyz”

+ ...

The differential equation (3.5) implies that for every value of x we must
have

ap+arr+ar? + -+ a2t Faz" + .. (3.6)
= a1 + 2a97 + 3asz® + - +naz" 7t + (04 Dagp2™ +... (3.7)

In order for the power series to solve the ODE for every value of x the
coeflicients of the powers of = on both sides of (3.6) must match. It is

easy to see that we have to have ag = as, a; = 2as etc. Putting this in
a tabular form gives
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1 a
ay = 501 = 1.5
_ 1 _ _1 — 1
a3 = 302 = 739x3% = 3140
(3.8)
_ 1
Ap = —0p—1 = HCLO

1 _ 1
Un+1 = 777% = Gynido

\

This process of courses continues forever for all coefficients. The point
is that we have a relationship between the coefficients. This allows us
to obtain all coefficients in terms of ay. The initial condition y(0) = 1
now implies
1= y(()) = Q.
Consequently we have a,, = 1/n! for every n.
Hence we have obtained a solution to our equation in terms of an

infinite series

2 :L.3 n

T
y:1+l’+§+§+"'+m+...

[e.¢] xn
= 7; — (3.9)

We already know that the ODE ¢y’ = y with y(0) = 1 has the unique
solution y = e*. So we expect that this series is simply the Taylor
series for e”, and this is the case. If we had no initial condition, the
constant ay would remain arbitrary and the solution would be given as

y=agy o x"/nl
Let us consider another familiar ODE from the point of view of power
series.

Example 3.3. Use series methods to solve the ODE

y' + Wiy =0.
Solution Again we try a power series solution y = Y a,z". Differ-
entiation produces the following.

o0

y'(z) = Znana:”_l
n=1
o0

y'(z) = Zn(n — 1a,z™ 2.

n=2

We now substitute this into the ODE to get
Y + Wy =0.
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This becomes
Z n(n —1)a,a"? + w? Z apz" = 0. (3.10)
n=2 n=0

We now make the powers of x in the sums the same. Notice that the
first sum in (3.10) starts at n = 2. However the power of x is n — 2. So
the first term in this series will be 2", the next will be z! etc. So by
replacing n by n + 2 in the first sum, the expression n(n — 1) becomes
(n+2)(n + 1) and so the equation (3.10) can be written

Z (n+2)(n + Day 22" + w? Z a,x" =0,
n+2=2 n=0

which is the same as

Z(n +2)(n + Day 22" + w? Z anz" = 0.
n=0 n=0

The key here is that we have made the sums both start from n = 0.
We next combine the sums and in each term take out the common
power of x to obtain the expression

Z [(n+2)(n + 1)ants + w’a,] 2" = 0.

n=0
This has to hold for all values of x. Which means that the coefficients
of x must be zero.

We therefore equate the coefficients of like powers of = to zero, which
gives us
(n+2)(n+ 1anss + w?a, =0

forn=0,1,2,...

What we have here is a recurrence relation for the coefficients a,,. It
is simply
—w?

n+2)(n+1

Qp = Qp,

+2 ( )
forn=20,1,2,...

The next step is to identify coefficients recursively. We will find that
they naturally separate into the odd and even values of n. Taking n = 0

gives

w2 w2
a9 —2 » 1@0 = —gao (311)
w2 (—1)20}4
a4——4><3a2: T(IO (312)
w2 (_1)3w6
=— =" aqyp. 3.13
6T T x5 T e (3.13)

If we take n = 1 we get
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w2 w2

CL3:—3><2CL1:—§CL1 (314)
w? —1)2w?

[ —5 X 4&3 = —( 5)| aq (315)
w? —1)3w"

a7:—7x6a5:%a1, (316)

and in general the odd and even coefficients are given by

—1)w?n — 1)
Q2pn = Lam Aop+1 = (( )

(2n)! o+ 1)

respectively.
From this we can now determine the general solution of our ODE.

We have

y(x) = ap + a1 + agr® + . ..

B w? w?
—a0+a1x—a0§x —algl' + —. ..
_ (wr)? | (wz)* (=1)" (wa)*™
= ayg <1 o + 1 + (2n)! + ...
ay (wz)® | (wz)° (=1)"(wz)*"*
+— <(wi€) T e )

Let us introduce some initial conditions to tidy up the solution. We
will take y(0) = yo and 3'(0) = y;. This implies that

y():y(O):a0(1+0+...)+%(0+0—|—...).
So ag = yp. Next we have

y1:y’(O):a0(0+0+...)+%(w+0+...),
which gives a; = y;.

It is now an easy task to find the particular solution that satisfies
the initial conditions:

(1) (wx)? 1 [ (D) (we)* !
?J(I):yo (Zw> +%<§0 (2n+1)! )

n=0

These solutions are not so mysterious when we realise that the two
infinite series solutions are nothing more than the Taylor series for cos



58 MARK CRADDOCK

and sin respectively. That is

_ N (S )
COSWx = ; W,
—1)

. B e ( 1 n(wx)2n+1
Slnwl’ﬂ—nz:o <2n+1)| .

By using power series we may solve a very large class of ordinary dif-
ferential equations. Obviously the examples we have seen here are more
easily solved by other methods. The power series method really comes
into its own when we have to solve equations where the coefficients of
the derivatives are functions of x.

3.2. Ordinary Points. To apply series methods to an ODE we need
to distinguish between two different types of equations. Those with
only ordinary points and those with regular singular points. First we
discuss ordinary points.

Recall that a function f is analytic at a point xg if the Taylor series
for f about xg is convergent in some interval [ which contains zy. More
precisely

Definition 3.4. Let f : I — R be infinitely differentiable at xq € I.
Let it have a Taylor series expansion about the point zy of the form

Ty(x) = Z%(SC — x0)".

If there is an interval I; C I containing xy such that f(x) = T(x) for
all x € I; then we say that f is analytic at xy or just analytic.

Examples of analytic functions which students are familiar with from
high school are the trigonometric functions, the exponential function,
all polynomials, the natural logarithm In(1 4 z) etcetara. Most of the
functions encountered in first year mathematics courses are analytic on
(at least) some finite interval.

Since we are trying to obtain Taylor expansions for solutions, the
question of whether or not a function can be represented as a Taylor
polynomial is crucial. It must be realised that not every function can
be represented by a Taylor series. For example, the function f(z) = |z|
is not differentiable at x = 0, so it is not expressible as a Taylor series
around zero.

A more interesting example is the function

fla)=e"" x40, £(0) =0.
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Using the first principle definition of the derivative, we show that every
derivative of f exsits at zero.

— f(0
ﬂmzﬂﬁ_ﬁ)
= lim l671/1”2

z—0 I

. 2
= lim we ™ =0.
U—> 00

0 for each n. Hence the

Actually we can easily show that f("(0) =
= 0. Clearly f is not equal to

Taylor series of f about x = 0 is Ty(x)
its Taylor series, except at zero.
Now we define ordinary points and singular points for an ODE.

Definition 3.5. Consider an nth order ODE of the form
v +ay(@)y" TV 4+ an(z)y() = 0 (3.17)

The ODE (3.17) is said to have an ordinary point at x, if each of the
functions a..., a, is analytic at xg. A point which is not an ordinary
point is said to be a singular point.

If we consider the ODE
2
M+;M+y=& (3.18)

then = 0 is a singular point and all other points are ordinary points.
Identifying ordinary and singular points is not usually a terribly diffi-
cult problem. Consider the equation

y// + 1 / ]'

: y=0. (3.19)
Sin xr COS T

This has singular points at z = nm and z = 2"—2“7r forn=0,+1,+£2,....
All other points are ordinary points.

The importance of this definition is the following theorem which we
will not prove.

Theorem 3.6. Consider the ODE
Y™ +ar(@)y" Y + -+ an(@)y(x) = 0. (3.20)

Assume that each of the coefficient functions aq, ..., a, is analytic at the
point o and is equal to its Taylor series expansion on the open interval
I, where xq € I. Then every solution of (3.20) is analytic at xy and
equal to its Taylor series expansion on I.

A proof of this result in the n = 2 case may be found in Chapter 3
of Rabenstein, [4]. This Theorem means that if a differential equation
has analytic coefficients then we can look for Taylor series solutions, at
least on some suitable open interval.

Now let us look at an example where the ODE has a coefficient which
is a power of x.
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Example 3.4. Let us solve the ODE " + 23/ +y = 0.

Solution First observe that the coefficient functions are all analytic for

every value of z. That is, every value of z is an ordinary point for the

ODE. We try a series solution as usual, setting y =~ a,z".
Differentiating twice and substituting into the equation gives

inn—lanx” 2+x2nanx" 1+Zan =
inn—l Yanx" 2+Znanx —I—Zana: (3.21)
n=2

To extract an expression for the coefﬁments a,, from this, notice that
the middle series has first term a;z and the first and third series have
first terms 2as and ag respectively. So we take the constant terms from
the first and third sum and write (3.21) as

n(n—l an, " 2+Znanx —|—Zanac

n=2

= 2as + ag + Z n(n — Day,z" 2 + Z na,x"” + i a, "
n=3 n=1 n=1

=2ay+ag+ Y [(n+2)(n+ Days + na, +a,) z

n=1
= 2ay + ap + Z (n+2)(n+ 1)apte + (n+1)a,] 2" =0.  (3.22)
n=1

Since this can only be equal to zero if all the coefficients of the powers
of x are zero, we conclude that 2as + ag = 0 and

(n+2)(n+ Dapa+ (n+1)a, =0

or
(n+2)ays2 + a, = 0. (3.23)

Starting with ay = —1/2ag we get for the even terms

1 1 1 1 1

= () X 590 = 559 1% T e i
a1 1 1 1 1 1 1
a6 = (=1 G X X 30 = T3 3590 R 10 T o

It is easy to see that X

ag = (—1)4Ma0.

In general the even terms are given by

1
as, = (—1)" T




35231 DIFFERENTIAL EQUATIONS LECTURE NOTES 61

For the odd coefficients we have starting with n = 1 in (3.23)

1 1 1 1 1 1
== = (=1)°= x = =(=1P-x = x =
as 3017% (—1) 5 3a1,a7 (—1) 775 3a1,
etcetera.
To see the pattern here, rewrite the a; term as
1 1 1 2x4x6 233!
ay = (1)) =2x=x-a; = (-1)® —(1)*===a

1><2><3><4><5><6><7a1:
This generalises to give the odd coefficients as

2"n!
mal.

Rather than write the solution as a single series we split it into odd
and even powers of x.
The solution of the ODE is given by the infinite series expansion

Qop4+1 = (—1)n

o0

— (D) ., (=1)"2"n! o,
y(x) = ag Z S 2"+ a Z (2n—+1)|x2 i (3.24)
n=0 ’ n=0 ’

Expressing the second series as a known function is not so easy.
However the first series is just the Taylor series for e=**/2| The second
series is actually a special function called the Error function.

The method has thus given us two linearly independent solutions of
our ODE. The first is

N

> _1 n T
y(w) = a0y <2nn)| T = age” 7, (3.25)
n=0 )

and the second is
(—=1)"2"n! 2n+t1

(2n + 1) (3.26)

y(r) = a

L[]

n=

which is a more complicated function. In general, with a power series
solution it is not easy to express it in terms of known functions and
usually not necessary, since all the properties of the solution can in
principle be obtained from the Taylor series.

Notice that these two infinite series converge for all values of z, which
is a reflection of the fact that every point in R is a regular point for
the ODE.

Example 3.5 (Airy’s equation). Find a power series solution of Airy’s
equation

y' —zy =0.

Solution Here every point is an ordinary point. So we again set y =
oo ganz™. Then y” =3, n(n—1)a,z" 2. The differential equation
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then implies that

Z nin —Daz"? —x Z a,x" = 0.
n=2 n=0
This is the same as
n(n — 1)a,z"? — Z apa" !
n=2 n=0
= 2ay + Z n(n — Da,z" 2 — Z anpx™ !
n=3 n=0
—2&2+Zn+3(n+2an+3x Zan
n=0

2a9 + Z[(n +3)(n + 2)any3 — a,)z" T = 0.
n=0

As always, the coefficients of the powers of x must be equal to zero.

So we immediately see that a; = 0. We also have
Qn

(n+3)(n+2)

Thus as = 0, which implies ag = 0, a;; = 0,a14 = 0 etc. Conse-
quently as,io = 0.

Apy3 =

Taking n = 0 gives a3 = 3X2a0 We then get ag = &g—bao. Next we
find
1 1 1 Tx4x1 7 4.1
ag = ag = ao.
ST 90X 86x53x2 0 Ox8x.x3x2x1° o “
This gives a2 = 10'17;!1'1@0. The general pattern is
-2 —5)...4.
- (3n—2)(3n —5)..4 1a0,
(3n)!

forn=1,2,3,..

The remaining coefficients can be obtained the same way. We have
the general expression

(3n—1)(3n —4)...5.2
(3n+1)!

for n = 1,2,3,... The general solution of the differential equation can
then be written

. 1-4---(3n—-2 L 2-5 3n—1) 3.4
y:ao(l—i—z (32)! ) )+a; x+z 3nEL1) )37 ).

A3n+1 = ay,

n=1
These two power series both converge for all Values of x, which is again

a reflection of the fact that every point in R is an ordinary point for
the equation.
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The functions defined by these power series are called Airy functions.
In fact the Airy functions are defined as the sum and difference of these
two series, weighted by certain constants.

Definition 3.7. The Airy functions A: and Bi are the linearly inde-
pendent solutions of the differential equation y” — xy = 0. Define

R

n=1

and

- 2'5"'(3”_1> 3n+1
)= r+ 3L e
n=1

Then the Airy functions of the first and second kind are defined as
Ai(z) = c1 f(x) — cog(x) (3.27)
Bi(z) = V3 ey f(x) + eag()] (3.28)

The constants ¢; and ¢, are defined by ¢; = 372/3/T'(2/3) ~ 0.355028
and ¢y = 371/3/T'(1/3) = 0.258819

The Airy functions are very closely related to Bessel functions, which
we will study later. They are named after the mathematician and as-
tronomer George Airy (1801-1892) who discovered them while studying
so called caustics in the theory of optics. A caustic is the envelope of
light produced when light rays are reflected or refracted by a curved
surface. Rainbows are the most familiar example.

Actually a rainbow is caused by the interaction of millions of caus-
tics produced when light from the sun strikes drops of water in the
atmosphere. Among Airy’s other claims to fame is the establishment
of the Greenwich meridian in 1851, in the city of Greenwich, England.
This line is considered to have longitude zero and all others longitudes
on earth are measured from this line.

The functions Az and B behave very differently. The function Ai has
the property that it is oscillatory for z < 0 and decays exponentially
for z > 0. A plot of the function is given below.

The behaviour of Ai is interesting and in a sense predictable. The
equation y” = ky, where k is a constant, has exponential solutions
for £ > 0 - that is solutions y = AeVke 4 Be=Vhe, Conversely it has
oscillatory solutions for k& < 0- that is solutions y = Acos(vVkz) +
Bsin(vkzx). So we would expect the solutions of ¢’ = zy to have
similar behavior for x > 0 and x < 0. This is what we see. To the right
of the origin, we have a function which decays exponentially and to the
left, the function has decaying oscillations.

Conversely, the function Bi is unbounded. It grows exponentially
for x > 0 and has small values for x < 0.



64 MARK CRADDOCK

0.2+

-0.4+

FIGURE 2. Ai The Airy function of the first kind

FIGURE 3. Bi, the Airy function of the second kind

One of the interesting features of special functions is the variety of
ways in which they can be represented. Although we have a definition
of Ai and B in terms of series solutions of the ODE in Example 4.5 it
is often more convenient to use the following integral representation.
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Proposition 3.8. The Airy functions have the following representa-
tions as integrals

1 [ 1
Air) = - / cos(5 + at)d (3.29)
0
, 1 [ 1, 1,
Bi(z) = — exp(—-t° + at) +sin(5t° + xt) | dt. (3.30)
T Jo 3 3

The Airy functions may also be written as combinations of Bessel
functions, a result which will be presented after we discuss regular
singular points.

Example 3.6. Solve the equation (1 — 22)y” — 5xy’ — 3y = 0.
Solution. Here we observe that the equation has an ordinary point at
zero, but two singular points at +1, since we can rewrite the ODE as

St , 3
1—a2Y " 1_ g2
We therefore expect that the power series solution around z = 0 will
only converge for |z| < 1. As before, we set y = >~ a,z". Substitut-
ing into the differential equation produces

y" — y=0.

(1—2?) 3 n(n —1)a,z"" —5x2nanx —3ianx"—

n=2
inn—lanx 2—2 (n —1a,z" —Z5nanw —ZBan =
n=2 n=2

(3.31)

Remember that the guiding principle in this method is that the coef-
ficient of every power of x must equal zero. So we collect the powers of
x together by writing out the terms of the series, collecting like powers
of x and setting their coefficients equal to zero, thus getting the appro-
priate expressions for the values of a,. In this example the expression
(3.31) can be rewritten as

2ay — 3ag + (6as — 8ay)x + Zn(n — 1apz™?
n=4

=Y [n(n = 1)+ 5n + 3Jayz" = 0. (3.32)
n=2
The sum which starts at n = 4 can be shifted back to start at n = 2
by a change of index. Thus

o0

n(n — 1a,z" 2 = Z(n +2)(n+ 1)apoz™. (3.33)

n=4
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This means that equation (3.32) can be expressed as

2ay — 3ag + (6asz — 8ay)x + Z[(n +2)(n + Dango — (n* + 4n + 3)a,]z"

n=2

= 2ay — 3ag + (6as — 8ay)r + Z(n + D)[(n + 2)ani2 — (n + 3)ay|x”
n=2

=0.

So the coefficients must satisfy a; = %ao and a3 = %al = %al. In

general (n + 1)[(n + 2)an42 — (n + 3)a,| = 0. Cancelling the n + 1 we
have

n+3
Upt2 = n+ 2&n'
Working out the values of the even coefficients recursively we have
) 5 3 7T 5 3 9 7 5 3
a4:Za2:Zx§ao, a6:6><1><§a0, a8:§><6><1><§a0,

etcetera. Notice that 8.6.4.2 = 2(4.3.2.1). The general pattern is that
forn=20,1,2,3,...

(2n+1)(2n —1)...3

Ao, = ST agp.
For the odd coefficients, we get
6 4 8 6 4 10 8 6 4
G5 = ¢ X 301, @7 = 7 X = X 501, 69 =~ X & X ¢ X zay,
and so on. Now 10.8.6.4 = 24(5.4.3.2.1). Thus
2"(n+1)!

@ = oy 1)(2n - 1)..3.1°"

As usual, it is convenient to separate the series into two series, one
with even powers and one with odd powers. The series solution of the
differential equation is therefore

o0

B 2n+1)2n—1).3 5 o= 2'(n+ Dl
y(x) —aonZ; ol v ““nz% 2n+1)(2n —1)..31°

It is not hard to check that these power series only converge for
|z| < 1. This is exactly what we expected, since they are power series
centered on zero and the differential equation has singular points at
+1. We can think of the singular points as providing a ‘barrier’ to
the series solution. Obtaining solutions for the differential equation
which are valid outside the range |x| < 1 is possible, by looking for
an expansion of the solution around a different point. For example,
suppose that we wish to know the value of a function y satisfying the
differential equation, and possibly some extra conditions, at x = 2. We
could expand the solution about some point x(, which is sufficiently
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close to 2 for the resulting power series to converge. This is an issue
that we will not explore, however.

It is possible to prove some very useful facts about IVPs. The fol-
lowing is left as an exercise.

Theorem 3.9. Let p(x) and q(x) be analytic in the interval I =
(—x0, o), where xg > 0. Then the only solution on I to the IVP

y"(2) + p()y (x) + q(x)y(r) = 0,

y(0) = ¢'(0) = 0 is y(x) = 0.

The power series method is a very useful tool. It does however
have limitations. We have already seen that not every function can
be expanded in a power series around a given point. We have seen two
examples of this before. Let us consider an example of direct relevance
to differential equations.

Example 3.7. The function f(z) = y/x cannot be represented by a
power series around x = 0. To see why, suppose that it could be. Then
for some coefficients ag, a1, as..., we would have

\/E:a0+a1x—|—a2x2—|—a3x3+a4x4—|—-~-.

Setting x = 0 tells us that we must have ag = 0. Thus the series
would have to be /& = ayz + asx? + asx® + asx* + - - . Now suppose
that x # 0. Then divide both sides by the square root of z. We would
then have for all x > 0

1:CL1\/§+G2]}3/2+(13$5/2+"'.

The left hand side is a constant, the right hand side is not a constant,
so this is impossible. Thus y/z cannot be represented as a power series
about x = 0. We could expand it as a Taylor series about another
point, say x = 1, but not z = 0.

The relevance of this to the solution of differential equations is readily
apparent if we consider the Euler equation

22%y" + 3xy’ —y = 0.

The reader may easily check that y = y/z is a solution of this equation.
Clearly z = 0 is a singular point for the equation and we have a solution
which cannot be represented as a power series around the singular
point.

Fortunately there is a way around this if the singular point of the
differential equation is a regular singular point
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3.3. Regular Singular Points and the Method of Frobenius. We
first start by defining a regular singular point. Then we will introduce
the method of Frobenius which generalises the idea of a power series
solution for a differential equation.

Definition 3.10. A differential equation

Pi(z) o1 Poi(x)  Pulz)
—y + e _|_ ) ny =0,

T — X (x — z9) (x — z9)

is said to have a reqular singular point at xo if all of the coefficient
functions P;, ¢« = 1,...,n are analytic at x;.

As a simple example, the second order ordinary differential equation
22%y" + 3zy’ — y = 0 has a regular singular point at = 0. Another
important example is provided by Bessel’s equation,

:chy” +xy' + ({E2 _ a2)y — 0’
where « is real. We will solve this important equation shortly. Each
equation of this form has a regular singular point at x = 0.

The method of Frobenius depends on one important fact. Every
differential equation with a regular singular point at zy has at least
one solution of the form

oo
y=(r—ux0)° Z an(x — x0)".
n=0
Here the number s need not be an integer.
The method thus extends the power series method in that we can
find a solution as the product of a power series and some power of
(x — x0)*®. To illustrate we will present an example.

Example 3.8. Solve the differential equation
20%y" + xy' — (v + 1)y = 0,

by the method of Frobenius.
Solution. There is a regular singular point at = 0. To see this observe
that the equation can be rewritten as
! ‘l‘ x / xz + 1
Y oY 2x2
The functions x and x + 1 are analytic at x = 0, since they are poly-
nomials and so 0 is a regular singular point.

Now we introduce the trial solution y = » > a,z"*®. The first
task is to identify the allowable values of s. We differentiate in the
time honoured manner to get v = > 7 (n + $)a,z" ™ ! and v’ =
S0 o+ 5)(n + 5 — Daga™>2.

Notice that the differentiated series still starts at n = 0. The reason
for this is the presence of the s in the exponent. If we have

y=0.
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(o)
Yy = E anx™ = ap + a1 + asz? + azx® + - -
n=0

then

Y = ay + 2a9x + 3agx® + - = Z na,x" . (3.34)
n=1

So when we differentiate a regular power series, the constant term
disappears, hence we can shift the starting value of n from 0 to 1 and
we don’t lose anything. Notice that if we left the index as starting at
n = 0in (3.34) then it would not make any difference because for n = 0
the term na,, is zero anyway.

However when we consider the method of Frobenius, things are a
little different. Consider

00
Y= ZangjnJrs — CLQ.TS 4 alstrl + a2xs+2 4 CL3£C8+3 e (335)
n=0
then
y/ — SCLO:BS_l + (S + 1)&11’8 + (S —|—2)(1233S_1 4+ ... = Z(n+ S)an$n+s—1‘
n=0
(3.36)

There is no constant term in (3.35), so the index in the differentiated
series still starts at n = 0.

Now we substitute the expressions for ¥’ and y” into the differential
equation. The procedure is similar to what we do when finding a power
series solution. We have in this case

22° Z(n +8)(n+s—1)aa" 2 + o Z(n + 8)apx" e

n=0 n=0

_ ((E + 1) Z an$n+s
n=0

= 2[2(” +8)n+s—1)+ (n+s)— 1a,z"t* — Zanxn+s+1 —0
n=0 0

(3.37)

Now the final series in the expression starts with the power x5!
The first series starts with a power x°. So we take one term out of the
first series so that the two series start with power z°*!. We thus rewrite
(3.37) as
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Z[Q(TL +8)n+s—1)+ (n+s)— layx Z a4, 2"

=(2s(s—1)+s—1)agz® + 2[2(71 +s)(n+s—1)+ (n+s) — a,z""

n=1
00
_ E anl,n—i—s—i-l )
n=0

Notice that

o0 o0
E apa" Tt = E U120 (3.38)
n=0 n=1

Hence we have

(2s(s — 1)+ s — 1)agz® + i[Z(n +8)(n+s—1)+ (n+s) — 1]a,z"**

n=1
o0
— E Up 12" = (28* — 5 — 1)aga®
n=1

+ Z (n+s)(n+s—1)+(n+s)—1Da, —a, 1]2"" =0. (3.39)

Observe that the terms inside the summation sign indicate that a,
is a multiple of a,_;. Thus if ag = 0 then all the coefficients a,, will
be zero! So we do not want ag = 0. This means that we must have
252 — s — 1 = 0, in order for the coefficient of z* to equal zero. This
gives us s = 1 and s = —1/2 as the only possible choices.

First we will take s = 1. Then from (3.39) we get

2n+s)(n+s—1)+(n+s)—1)a, —an—1 = (2n+ 3)na, — a,—1 = 0.

Hence
1
- Q1.
n2n+3) "

We may therefore generate the coefficients a,, recursively for n > 1. We
have

1 1 1 1 11 1 1 1 1
a1 = 7500, G2 = 57200, 03 = 5007500, (4= g oo T e0
P P T 2715 P T 392715 T 411392715
Thus a4 = mao. In general for n > 1 we get

1 (2n+2)2n---4-3-2
Qp = Qg = Qo

n!(2n +3)(2n+1)...5 n!(2n + 3)!

2"t (p + 1) 2nt(p 4+ 1)
—CL():

nl(2n + 3)! 2n+3)l
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So for s = 1 we have the solution
2t (n +1)
(2n + 3)!

oo

Y1 = ag Z 3
n=0

n+1

This series converges for all . We can obviously absorb the 3 into the
constant ag.

If we take s = —1/2 we will get another solution. Using s = —1/2
we have

2n+s)(n+s—1)+(n+s)—1a, —a,_1 = (2n* —3n)a, — a,_1 = 0.

Hence for n > 1 we have

1
n n(2n—3)an_1
Thus
= @ = T B = e o113 T T 43211350

and so on. Continuing we see that for n > 2 the coefficients are given
by
1 2"2(n — 2)! on—2
ap, = — g = —————-ap = —
n!1.3...(2n — 3) n!(2n — 3)! n(n —1)(2n — 3)!

Hence for s = —1/2 we have the solution

agp.

> on—2
_ —-1/2 1— 1 — nl
Y-1/2 = Go¥ ( ’ nz; n(n—1)(2n — 3)!96 )

The general solution to the differential equation is of course an arbitrary
linear combination of y; and y_; /5. Thus the general solution is

0 2n+1(n + 1) . ) o 2n72xn
= 2V “2 01—
Y Clnzzo Gt~ T ’ ;n(n—l)(Zn—S)! ’

for arbitrary constants ¢; and ¢,. (Note the factor of 3 in the solution
y1 has been absorbed into the constant ¢;.) These solutions are valid
for all x > 0. For z < 0 only y; is valid.

Notice that we have to write the second sum starting at n = 2
because our formula for a,, is only valid for n > 2. We separate out the
ap and a; terms.

3.4. The case of a single exponent. The previous example illus-
trates the fact that for a second order ODE the exponent s is obtained
in the method of Frobenius by finding the roots of a quadratic equa-
tion. It may be the case that the quadratic has only a single root s;. In
this case the method of Frobenius only produces one solution. However
it is a relatively straightforward problem to produce a second solution
from our known solution.
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Let us assume that we have obtained a value s = s; and from this
constructed a solution

yi(@) =2 " an(si)a™. (3.40)

Here we are emphasising the fact that coefficients a,, really depend
on s. This was implicit in our previous example. Here we will make use
of this fact. During the process of determining the possible values of
the exponent s we obtain an expression a,(s) for the coefficients which
depends on s. In the previous example we had

2n+s)(n+s—1)+(n+s)—1)a, —an
giving

( ) An—1
a,(s) = ——mM—.
" (n+s)?2—1

Taking the two values of s we found gave us two different sets of coeffi-
cients a,(s1) and a,(s2). In general, the expression for the coefficients
a,(s) in the solution (3.40), when written in terms of s has the general
form

1

an(s) = m Zgn(k, S)ak, n Z 17 (341)
k=0

for some function g,(k,s). This expression for a,(s) as a function of
s can be used to derive another solution of the ODE by the following
means.

We have the following theorem which we will not prove.

Theorem 3.11. Let the ordinary differential equation

y' 4 p(x)y" + q(x)y =0, (3.42)

have a regular singular point at x = 0 and let s = sy be the only
exponent obtained in the Method of Frobenius. Let the solution corre-
sponding to s be yi(x). Let a,(s) be given by (3.41). Then a second
linearly independent solution of the ODE is

yo(x) = yr(x) Inx + 2% ) al(s1)a", (3.43)

n=1
where al (s) is the derivative of a,(s) with respect to s.

Example 3.9. Find two linearly independent solutions of the ODE
22y —xy + (1 —2)y =0.
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Solution. We look for a solution of the form y = %% >~  a,z™. Sub-
stituting into the power series produces

7 Z(n +5)(n+s—1)aa"™2 —x Z(n + 8)a,z" !

n=0 n=0
+ Z an "t — 1z Z a, " = 0. (3.44)
n=0 n=0

Taking the first term of the first three sums and noting that (n +
siin+s—1)—(n+s)—1=(n+s—1)% we write this as

(s> — 25 + 1)apa® +Zn+s—1 ant Zan st = .

n=1

The only root of s> — 25 +1 = 0is s = 1. Since .0 a,z"*+! =
ZZO:1 a,_12""* we have, (making the dependence of a, on s explicit
again),

[e.9]

D l(n+ s —1)an(s) — an_i(s)]a™ =0, (3.45)

n=1

which tells us that a,(s) = man,l(s). If we let s =1 we get

1
ap = ﬁan_l.
Thus
1 11 111
a; = 12&0, Ao = 22§a0, as = 3—2§§a0,

Thus for s = 1 we have

an(5)|s:1 =

(n!)2

Our first solution is then

Now we require a second solution and our theorem gives us this. We
have a,(s) = m%_l. So if we iterate this we get
ag

W) = AT (srn 1R

We require a/,(1). To obtain this we use logarithmic differentiation.
That is, we take the log of both sides. We have

Ina,(s) =Inay — In(s*(s + 1)2--- (s +n — 1)?)
=lnay—2Ins—2In(s+1)—---—=2In(s+n—1). (3.46)

Differentiating both sides with respect to s we get
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al (s) 1 1 1
= —2(- R 3.47
an(s) (5+5+1+ +n+s—1) (3:47)
1
Thus, if we set s = 1 and recall that a,(1) = CIE we obtain
n!
o (1) = —2a,(1) Z 1__ 2y (3.48)

where H,, is the nth Harmonic number H,, = ZZ=1 %

Thus from equation (3.43), we get the new solution
2H,
) ST
3.5. When the exponents differ by an integer. The third case we
need to consider with the method of Frobenius is when the values of s
we find differ by an integer. This is a slightly subtle problem. If there
are two exponents s; and s, and s; — S, is an integer, there may be two
linearly independent solutions which correspond to s; and s,. However
there are times when we do not get a second solution. The reason this
can occur can be understood in the following manner.

Say that s; = s; + N, where N is an integer. Suppose also that we
find y; corresponding to sy and y; = 21 ) > a,(s1)z™.

Suppose that we try to find a second solution y,. This would be of
the form yo = 2°2 ) > b,(s2)z™. but

o oo
x*? Z by (s9)z™ = 2 Z b (s9)2™ ™.
n=0 n=0

What can go wrong is that when we generate the terms b, (s;) since s
and s, differ by an integer, the values of b, may have essentially the
same values as a,(s1), just shifted by an integer N. Which would mean

that
Z b (s9)z" T = C’Z an(s1)x"”
n=0 n=0

for some constant C. In other words, the method of Frobenius may
provide a solution y; for s1, but for s, it just produces a scalar multiple
of y;. We will illustrate how this can happen in practice shortly.

So we want a second solution gy, which is not a multiple of y;. As
in the case of equal exponents, there is a way of generating a second
solution ys from a known solution y;. We will again only present the
result without proof.

yo2(x) = y1(x) Inzx — xz

Theorem 3.12. Suppose that the ordinary differential equation
y" +pla)y +q(z)y =0, (3.49)
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has a regular singular point at x = 0. Suppose that the exponents ob-
tained by the method of Frobenius are s; and sy and s; — sy = N,
where N is an integer. Further assume that there is a solution y; cor-
responding to the exponent sy1. Define b,(s) = (s — sa)an(s). Then
limg s, by (s) = by # 0 and a second linearly independent solution of

(3.49) is

b o
ya(z) = 2y (z) Inz + 2 Z bl (s2)z". (3.50)
0

a,
n=0

We will now use the method of Frobenius to determine a solution
of one of the most important differential equation, namely Bessel’s
equation. This will introduce the Bessel functions of the first kind,
which are among the most important special functions in mathematics.

3.6. Bessel’s Equation. The differential equation

22y +ay + (2* —®)y =0 (3.51)
is called Bessel’s equation of order «. It has a regular singular point
at * = 0. It was studied by Friedrich Bessel (1784-1846), a German
astronomer and mathematician. We therefore would like a solution of
the form y = >~ ; a,2™**. Substitution of the trial solution into (3.51)
gives

Z[(n + 5)? — a?laya"tE + Z a5 = 0. (3.52)
n=0 n=0

Which is the same as

(52 _ QZ)aoms + ((s+ 1)2 _ az)aleH +Z[<n+ 3)2 _ az]anx”+s

n=2

+Y aamtt? =0 (3.53)
n=0

Since

o o
g apx" Tt = g Y an (3.54)
n=0 n=2

then (3.53) becomes

(s* — a®)agz® + ((s + 1)* — a?)a !

+ 3 [((n+ 8)* = 0?))an + ay-2)]z" " = 0. (3.55)

n=2

Equating the coefficients of powers of x to zero gives 52 = a?, so s =
+a. We also have to have ((s+ 1) —a?)ayz*™ = 0, hence a; = 0. The
remainder of the coefficients must satisfy ((n+ s)* —a?)a, + a,_o = 0.
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If we take s = « then we have (n2 + 2na + o — aQ)an + Gp_o = 0.
So for n > 2 we have
-1

a, = ————
n? + 2na

Ap—2.

Generating the coefficients in the usual manner we see that all the odd
coeflicients are zero since a; = 0 and for the even coefficients we have

B 1 B 1
2T 2™ T 20+
_ 1 (=1)
MU e 20" T M2 )
ag = — L (-1)° a
6T 7606 +20) ™ T 231+ a)2+a)Bra) O

The general even coefficient is given by

(-1

22nl(1+ @)+ (n+ )

Aoy — ag.

Thus the solution we obtain is

- o (_l)n 2n
Ya = Q0T HZ:(]Q?”n!(l—I—a)---(n—}-a)x .

For each ag we obviously have a solution. One very important choice
for ag turns out to be
1
20T(1+ )
For this choice the solution y, is called the Bessel function of the first
kind. Recall that I'(x + 1) = 2I'(z). Thus

ag —

I+a)24+a)--n+a)[(1+a)=Tn+a+1).
Consequently the solution for this choice of « is as follows.

Definition 3.13. The Bessel function of the first kind of order « is
defined by

Jo(z) = 2° i (=1)a™ : (3.56)
e 22tenll(n+ o+ 1)

The number « is called the order (or sometimes indezx) of the Bessel
function.

We present a plot of the Bessel function J; below. From the graph we
see that .J; is an oscillatory function. Indeed all the Bessel functions of
the first kind are oscillatory. This makes them important in the study
of for example, wave motion.
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FIGURE 4. J;, the Bessel function of the first kind of
order 1.

By the same calculation as we have just presented it is possible to
show that when « is not an integer taking s = —a leads to

J_o(z) =277 Z (=1)na™

2N | _ :
= 22nll'(n —a +1)

In this case the functions J,(x) and J_,(x) are linearly independent.
Thus for a not an integer, the general solution of (3.51) is

y = c1Jo(x) + caJ_n ().

In the case when « is an integer J,(z) and J_,(x) are not linearly
independent. In fact there is a very simple relationship between them.
For n a positive integer we have J_,(x) = (=1)"J,(z). This is a con-
sequence of the phenomenon discussed in the previous section. If « is
an integer, then the exponents differ by an integer.

To see what goes wrong, we need to return to the calculation of the
coefficients in the power series. We see that these are generated by the
recurrence relation ((n + s)* — a?)a, + a,_o = 0. For s = —a we have
[(n — a)? — a?a, + a,—2 = 0. But this is

(n? — 2na)a, = —a,_s.

Now if « is an integer, then 2« is also an integer. Suppose 2o = N.
Then when we come to n = N we have to satisfy the equation

(n?® — 2na)ap|pen = (N?* — N*)ay = —an_s.
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That is, 0 - ay = —ay_s. This requires ay_o = 0. Which in turn forces
an_4 = 0. Indeed we require

CLOICLQI"':CLN,QZO.

Thus the method essentially breaks down. We can obtain a solution
by defining the Bessel function

0 (_1)nx2an
J_ = :
w(@) Z 22=Npll'(n — N + 1)

n=0
One can check that this is a solution. Notice that there is a term
1/T(n — N 4 1). The reciprocal of the Gamma function is an entire
function, which means it is differentiable in the whole complex plain.
Euler proved a remarkable formula, specifically

%Z) _ ﬁ [(1+2) ). (3.58)

in which v = lim,, , (Z;n:l % — lnm) = 0.57721.... is Euler’s con-
stant. This is an infinite product involving the zeroes of the function.
(Actually, any analytic function can be written as an infinite product

involving its zeroes, but that is another subject).

(3.57)

It is obvious from this formula that m = 0 for k a positive inte-

ger. So the series (3.57) really starts at n = N. That is

Fa) =3 o e (3.59)

= 22=Npll(n — N + 1)

Now we put n = m + N. This leads to

120 = 3 sty e~ 66

Thus Jy and J_n are not actually linearly independent. So if a is
an integer in order to obtain a second linearly independent solution of
Bessel’s equation we need to use Theorem 3.12.

Applying Theorem 3.12 to Bessel’s equation when « is an integer
leads to Bessel functions of the second kind. We will not go through
the derivation of the second solution, we merely present the result.

Definition 3.14. Let n be an integer. Weber’s Bessel function of the
second kind Y, (x) is defined by

T o — b — 1)(x/2)2kn
Y, (z) = % Ju(@)(y + 10 3) _% (n—k 1}3"( /2)
1S (—D)M[Hy + Hiyn) (/2) %47
32 kk;!(kjn)' (3.61)



35231 DIFFERENTIAL EQUATIONS LECTURE NOTES 79

Here H, =Y "_, % and v is Euler’s constant. For o not an integer we
can interpret Y, by

(cosma)Jy(z) — J_a(x)'

sin T

Yo(z) = (3.62)

It can also be shown that

B 2(x/2)~  cos(zt)dt
Yo (x) = ~ T2 —a) /1 = 1)a+1/2dt. (3.63)

An example of Y, is plotted below. We now have the following result.

Proposition 3.15. The general solution of Bessel’s equation x*y" +

zy + (z% — n?)y = 0 for integer n is y = c1J,(x) + oY, ().

0.25¢

4 6 8 10 W

-0.25¢
-0.5¢

-0.75¢

-1.25¢

FI1GURE 5. Y7, the Bessel function of the second kind of
order 1.

We will consider properties of Bessel functions in more detail in the
next chapter, but before we do so, we will introduce the so called
modified Bessel functions.

An equation closely related to the Bessel equation is the following

22"+ xy — (22 + a®)y = 0. (3.64)

The solutions of this equation are called modified Bessel functions.
They may be derived in the same way as J, and Y,,. We state the
results.

Proposition 3.16. The modified Bessel equation
22y + zy — (22 + a®)y = 0. (3.65)
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has general solution y = c11o(x) 4+ col_o(x) when « is not an integer.
Here

> 2k

a X
I(z) ==z kz P (3.66)
=0

1s called a modified Bessel function of the first kind. If « = n is an
integer then the general solution is y = ci11,(x) + coK,,(x) where the
modified Bessel function of the second kind K, is defined by

(n—k—-1! 2?

T (1) @) ()

Yk+1)+vn+k+1) x
Z kl(n + k)!

—

Kale) = §<§>-" ]

SRy
[e=)

(Z n )’f. (3.67)

l\DI»—t

11
1

Where 1(n) = —vy + > ., ;- is the digamma function and v is Euler’s

constant.

33

3.6.1. Differential equations solvable by Bessel functions. A surprising
number of differential equations can be solved by reducing them to
Bessel equations. If we consider the general form of Bessel’s equation
t2u” + tu' + (t* — o®)u = 0 and make the substitution ¢ = ax” and
y = x*u(az”) then Bessel’s equation is transformed into the following
ODE.

22 (x) + (1 — 28)ay/(z) + [(s* — r*a?) + a®r*2* |y(z) = 0.  (3.68)
The general solution of an ordinary differential equation of the form
(3.68) is therefore y = c12°J,(ax”) + cox®Y,(az”), where we interpret
Y, to be J_, in the case that « is not an integer.

This is valid for a purely imaginary. If a is purely imaginary we
simply replace J, with I, and Y, with K,.

Example 3.10. Solve the differential equation
2%y + Twy + (4 + 36x%)y = 0.

Solution Here 2r = 4 sor = 2. Also 1 —2s = 7, so s = —3. Next we
note that s> — r2a? = 4 which gives a = £+/5/2. Finally a?r? = 36,
hence a = 3. Therefore the general solution is

y = :L”S[clJ\/g/Q(ZSxQ) + CQJ_\/5/2<31'2)]. (3.69)

Example 3.11. The differential equation y” + y = 0 can be solved in
terms of Bessel functions. We multiply by 22 to obtain

2y + 2%y = 0.

This is of the general form we obtained with 1 — 2s = 0, s — r2a? =
0,a’r?2?" = 2% Hence r = 1,s = 1/2, and a = 1/2. The general
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solution is thus

y = c1vVadi(x) + cov/xd_y (). (3.70)

We know that the general solution of this ODE is y = Asinx +
B cos x. This suggests that sin x and cos z can be represented as Bessel
functions. In the next chapter we will prove that

2 2
Jija(x) =4/ — sinz, J_1)2(z) = \/Ecosx.

Next we illustrate the connection between Bessel functions and Airy
functions. The Airy equation is y” — xy = 0. This is the same as
2%y — 23y =0.So 1 —2s =0 giving s = 1/2. Also 2r = 3 or r = 3/2.
Next a?r? = —1, or a = %z Finally we obtain o = 1/3. This tells us

that the general solution of Airy’s equation is

2 2
y =z {0111/3(5933/2) + 02]1/3(§$3/2)} : (3.71)

Thus the Airy functions must be expressible in terms of Bessel func-
tions. It is not hard to show by comparing (3.71) and the Airy functions
for different choices of ¢1, ¢y and x that the following result holds.

Proposition 3.17. The Airy functions may be expressed in terms of
Bessel functions by the following relations.

Ai(r) = VAT 1js(Gr®?) = Ds(Ca®) (3.72)
Bi(z) = \/g[f_l/g(gﬁ/?) + 11/3(§x3/2)]. (3.73)

3.6.2. Bessel Functions and the Laplacian. We take a look ahead at
future material here. Given a twice differentiable function of two vari-
ables, u(x,y) the Laplacian of u is

_ Qu N 0%u
022 Oy?’
If we write the Laplacian in polar coordinates, x = rcosf,y = rsinf,
then the Laplacian can be written

B Pu  10u 1 0%

o ror 2020’
Suppose we want to solve the partial differential equation

Au + kE*u = 0.

Au (3.74)

Au (3.75)

This is an important equation in physics, since it arises in the study of
gravity and electromagnetism. A technique which we will investigate
in depth later in these notes is separation of variables. This is to look
for a solution of the form u(r,0) = R(r)0(0).
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Substituting this trial solution into the PDE gives

1
O(R"+ ~-R +k°R) + E@” =0. (3.76)
r r?
Upon rearranging we have
72 /! 1 / 2 1 "

The only way that a function of r can be equal to a function of 6 for
all r, 0 is if both are constant. We thus have
2 1
= (R” +oR 4 k:QR) )\
R r

for some A. This can be rearranged to give

R+ rR + (K*r* — )R = 0. (3.78)
This is a form of Bessel’s equation. Thus Bessel functions naturally
arise when we solve problems involving the Laplacian in polar coordi-
nates.

In the next chapter we will begin a deeper study of the properties of
Bessel functions and discuss some of their properties.
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4. BESSEL FUNCTIONS

We have seen Bessel functions as solutions of the differential equation
22y" + zy’ + (2% — o?)y = 0. In this section we shall describe some of
their properties. The Bessel functions J,(x) are entire functions for

a > 0 and it is not hard to see from the power series

e (_1)kx2k+a

Jalz) = ; 22+ kN (k + o + 1)

that

Jo(0) =1, J,(0)=0, a>0.

Many simple properties of Bessel functions can be derived from the
power series. Here we present a few.

4.1. Elementary properties of Bessel functions. Let us now de-
rive some of the simplest but most useful properties of Bessel functions.
We begin with some properties of the derivatives of Bessel functions.
Observe that

d N B d > (_1)kx2k+2a
2 al@)) = HZ:O 22%k+akIT(k + o + 1)
io: (—1)%(2k + 2a) g%k +2o-1

226+ kIT(k + o + 1)

n—=

ai (—1)’“(1{:—1—04)952’”“*1
22’f+a—1k!F(k +a+1)

k 2k+a—1
— Z + Oé)

22k+a 1k' k+a)l(k+a)

(—1)kg2b+at
=7 Z 22k+a KT (k + ) = 2% Jo-1(2).
More or less the same argument shows that
d —a —a
T u2)) = 1 () (11)
Now from the product rule we see that
d
da:( 19Ty (7)) = az® My (x) + 2T (2) = 2% J01(2).

Rearranging this gives

T (x) = Jai(z) — S T(2). (4.2)

T
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We also know that

d
%(x’aja(a:)) = —ar M (2) + 27T (2) = —x Ty ().
Upon rearranging this gives
To(@) = =Jana(@) + = o) (4.3)
Adding (4.2) and (4.3) gives us the relation
1
Tof2) = 3 (o (1) = T (). (4.4

If on the other hand we subtract (4.2) from (4.3) we get
200
Ja_t,_l(l') = ?Ja(l') - Ja_l(x). (45)
We collect these together.

Proposition 4.1. The Bessel functions of the first kind J,(x) have the
following properties.

d

g(maJa(x)) = 2% J1(2), (4.6)
%(x_ae]a(x)) = -2 “Jat1(2), (4.7)
To(&) = 50aa(®) = Japa(a), (4.5)

T (z) = %O‘Ja(x) —Ja(@). (4.9)

It is also quite easy to calculate simple integrals involving Bessel
functions. One can show that

/a:“Ja(:E)da: =2 I (2) +C

and
/xl_O‘Ja(x)dx =—2'"Jy1(z) + C.

There are many integrals of Bessel functions which can be calculated
exactly and we will present some examples later. However the reader
can find hundreds of integrals of Bessel functions in [2].

Interestingly, the Bessel functions of the second kind Y, (z) satisfy
exactly the same relations, though this is a bit more complicated to
prove. The modified Bessel functions of the first kind I,(z) satisfy
very similar relations. For example

40) = Uaa(0) + s ()

These kinds of elementary observations are easy to show from the
power series definition of J,(z). However there are other ways of study-
ing the Bessel functions, although all such methods ultimately descend
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from the power series definition. To conclude this section we derive
the generating function for the Bessel functions J,(x) where n is an
integer.

Theorem 4.2. Let J,(x) be the Bessel function of the first kind of
order n. Then we have the generating function

ez7(t-1) = f: "I (x)  (t#0). (4.10)

n=—oo

Proof. The proof of the theorem is a not especially deep. We simply
multiply the appropriate Taylor series together. We begin with the
observation that

1 1

e =14 ar+ =a’2*> + —=a*x® + - - .

2 6!

Thus
ot xt . 1 22t? n 1 23t3 .

2 2022 3! 23

and

2 3

x 1 z 1 x
2 N2 3P

We now multiply these two series together and collect powers of t. The
coefficient of t is obtained by multiplying the terms with ¢" in the
numerator with the the correspond term with " in the denominator.
The coefficient of t is obtained from multiplying the terms with " in
the numerator with the terms that have t"~! in the denominator and
so on. So we have

1+xt+1x2t2+1x3t3+ ) x+1 x? 1x3+
2 21 22 3! 23 2t 2122¢2 31 23¢3

_1_332+ at af N +act _1$2+ at
B 22 (21)224  (31)226 2 2122~ 24213
2 1 22 x* x 1 2
SR e PE2 (22— ).
zt ( 2122 21913] ) EG) <2 T )

(4.11)

Looking at the coefficients of ¢ we see that they are nothing more than
the Taylor expansion of J,,(z). Hence

1 1
2" = Jo(x) + ty(z) + (@) + () + a(a) 4

= Z t" ().

n=—oo

This completes the proof. U
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4.2. Integral representations for Bessel functions. As well as the
generating function another important tool in the study of Bessel func-
tions are integral representation of the Bessel functions. There are nu-
merous representations of Bessel functions in terms of integrals. We
will not attempt to give an exhaustive list. The book [1] has a large
number of such representations. We will only present a few and indicate
how they are derived.

Theorem 4.3. The Bessel functions of the first kind of order n are
given by

1 ¥
Jn(z) = ;/0 cos(zsin @ — nf)db (4.12)
o / £10%0 (o (n0) B (4.13)

T Jo

Proof. We illustrate the proof of the first identity in the case n = 0.
That is, we will show that

Jo(z) = l/ cos(x sin 6)d6.
0

T
To prove this, we expand cos(zsinf) in a Taylor series and integrate
term by term. We have

x2sin?0  atsin?@  a%sin’0
_.I_ _'_ e e

cos(zsinf) =1 — 5 2 ol (4.14)
So
1 [ i
—/ cos(z sin 0)df
T Jo
1 [T r?sin?f  asin'd  25sin?6
— 1— — ... ) db
W/O ( T TR )
2 1 ™ 4 1 ™
:1—”3——/ sin20d0+x——/ sin® 0df + - - - (4.15)
20 Jo 7 ),

We have to evaluate integrals of the form foﬂ sin?* 0d, but these can
all be done in closed form. The general result is formula 2.513.1 in [2].

, 1 (2n)!  (=1)" <= 2n!  sin(2n — 2k)x
2n dr = — -1 k
/Sm PO = oz T e kZ; T Ty T P

Since sin(2n — 2k)m = 0 for all integers n and k we have

1 [7 1 (2n)!
—/ sin®® xdx = —( n) .
T Jo 221 (n!)?




35231 DIFFERENTIAL EQUATIONS LECTURE NOTES 87

We therefore have

1 [~ x? 2! zt 4! z® 6!
il inf)df =1—
7T/o cos(x sin 0) 221 + 4124202 61 26(31)2
2 ! x’
—1-=+
2 "oy e
_ () (4.16)

We can proceed in the same manner for the general n case, but another
method is to use the generating function. Observe that by Euler’s
formula

€59 — cos(xsin ¢) + i sin(w sin ¢).
Now the generating function for J, is

Do S ) = ) Y ) £ Y ()

n=—oo n=—oo

= Jo(x +Zt” z) +t7" T, (2))

Z (" + (—1)"t ") Ju(2),

since J_,(z) = (=1)"J,(x). We put t = €. Then

t——=¢"Y — e =2isiné,

~ | =

which gives
eém(t_%) _ ez’msin& _ Jo(J?) + Z(eine + (_1)"6—in9)Jn(:L’).

For even n we have

el 4 (=1)re ™0 = M0 4 o710 — 2 cos(nb).
While for odd n

e 4 (—1)"e™ = M — ¢~ — 2j5in(nh).
We therefore have

cos(x sinf) + isin(z sin 0) =Jy(z) + Z 2 cos(2k0) Jo ()
k=1

k=1
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Equating the real and imaginary parts gives

cos(zsin ) = Jo(z) + 2 Z cos(2k0) Jor. ()
k=1

sin(zsinf) =2 " sin((2k — 1)0)Jo—1 ().
k=1
To complete the proof we observe that
cos(zsin @ — nfh) = cos(z sin d) cos(nf) + sin(x sin 0) sin(nf).

This however can be rewritten as

cos(zsinf — nb) = (Jo(m) + Z 2 cos(2k0)J2k(x)> cos(nd)

k=1
+2) " 2sin((2k — 1)) Jax—1 () sin(nb).
k=1
Now it is simply a question of integrating.
1 [" 1 "
—/ cos(zsinf — nb)do = —Jo(x)/ cos(nf)db
0 T 0

™

oo 1 T
+2 Z Jop(z)— / cos(2k0) cos(nh)db
k=1 TJo
+2) JQ,,C_l(gc)l / sin((2k — 1)6) sin(nd)do.
k=1 T Jo

Again these trigonometric integrals are standard.

= / cos(2k0) cos(nf)do = 1 sin[(2k —n)0] | sin[(2k +n)0]
™ Jo 7| 2(2k—n) 202k +n) |,
1 0 n#2k
= 5 n=2k#0
™ n=2k=0
Similarly

%/W sin((2k — 1)0) sin(nd)do
sin[(2k — 1 —n)f]  sin[(2k —1+n)0]]"
{ 22k —1—n) 2(2k —1+4n)

0 n#2k—1
5 n=2k—1#0

0
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So if n = 25 for some integer 7 > 1 then

s
0

22 Jgk(l’)%/ cos(2k0) cos(nb)db

=2 <Jg(x)l /O7T cos(26) cos(2;6)db + J4(I>% /07r cos(40) cos(256)do+

7r
1 ™
+-o JQj(x)%\/ cos(276) cos(256)db + - - ) = Qngj(a:) = Joj(x),
0

since the only nonzero integral occurs when 2k = 25. Conversely all the
integral of the form £ [ sin((2k —1)0) sin(nd)df are zero when n = 2j.
Thus for n = 2j

1 s
—/ cos(xsin @ — 2j0)d0 = Jy;(x) = J,(z).
T Jo

Now if n = 25 + 1 all the cosine integrals are zero and only one of the

sine integrals is nonzero, so we have that if n =25 — 1 then

1 /07T cos(xsinf — (25 — 1)0)df = Joj_1(x) = Ju ().

™

If n = 0 we obtain

1 7T
—/ cos(zsinf)df = Jy(x).
0

™

This completes the proof of the first integral identity. The second
integral identity follows from the first by exploiting Euler’s formula. [

There are also integral representations for Bessel functions of non
integral order. We will only state without proof a few of these in the
next theorem.

Theorem 4.4. For x > 0 and R(a) > —%, the following representa-
tions for the Bessel function of the first kind and the modified Bessel
function of the first kind are valid.

= —(%)O‘ ' cos(z cos 0) sin®®

Jo(z) = NGAE +a)/0 (x cos 0) sin>* 0df (4.17)
_ (%)a " +x cos : 2

I (x) = —ﬁF(% o) /o e ¥ 5in® 9do. (4.18)

For the Bessel function of the second kind we have for all complex
numbers x with |arg(z)| < i

™

Yo(z) = l/0 sin(z sin @ — af)df

1 [ .
- — / (e + e cos am)e @St (4.19)
T Jo
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The book [1] has many more such representations. Integral repre-
sentations of Bessel functions, or indeed any special function can be a
very powerful tool in the analysis of many problems. It is often easier
to deduce a property of a function from its integral representation than
it is to deduce it from the power series expansion.

4.3. Connections between Bessel functions and other func-
tions. The Bessel functions are solutions of a certain kind of ordinary
differential equation. We have seen that the Bessel equation can be
transformed into a rather more general form by a simple change of
variables. This leads to the observation that certain kinds of func-
tions can be expressed in terms of Bessel functions and certain Bessel
functions can be expressed in terms of other functions.

We will begin with the trigonometric functions. It turns out that
the Bessel functions of order % for all integer n can be expressed
in terms of the standard trigonometric functions.

Proposition 4.5. The Bessel functions Jy o and J_y /o satisfy

2
Jij2(x) =4/ —sinz, (4.20)
T

)=\
Toapale) = /= (1.21)
_1y9(x) =/ — cos . :
1/2 -
Similarly we have
2 .
I, /9(z) = y/ —sinhz, (4.22)
T

2
I q(x) = \/%coshx. (4.23)

Proof. We will only do the case of J;/3. The other cases are similar.
We have the Taylor series

2> Al

s1nx:$—§+§—ﬁ+-“

Now we calculate the Taylor series for J; 5.

0 2k

Jija(w) = (5)E g(_l)kz%k!r(k +1413)

> 2k

= (5)5 g(_l)k?kk!(/ﬂ + %)F(/ﬁ +3)

since ['(a+ 1) = al'(a). Applying this property of the Gamma function
k times we have
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F(k+1+%):(k+%)(k—%)(/f—g)"%%r(%)
1 1 3 5. 31
=(k+ )k =)k =)k =5) 55V

So expanding the Taylor series we have

Dae) = (4 (et
D Y NV CER W D T TEE BN
xo [ 2 22 224
= (—)2 _ _I_ —
2/ \Vr 3217 54321
2 2 ot
Y et 1— = ...
F\/E< 3! * 5! >
5 2512 pT/2
nE; (ﬁ B )

For an arbitrary integer n we have
Proposition 4.6. For n =0,+1,+2,... we have

(@) = fule) sine + (<1 oo (@) cos,

where fo(x) =1/, fi(x) =272 and

fa(®) = faa() = 20+ 1) fo(2).

Equivalently

T " 1d\"sinz
7Jn+%(x):x (———) :

x dx T

For the Bessel functions of the third kind we have

T 1 d\" cosx
Ty . —_ .
2 "+%(I) v ( JL'dz) x

We also have

5 1oy 1(#) = gu(x)sinha + g1 () cosh z,

91

(4.24)

(4.25)

(4.26)

(4.27)
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-2

where go(z) = 1/x, g1(z) = —x~* and
1
In-1(T) = g1 (z) = (2n + 1)Egn(m)
This is equivalent to

T™r

Tl (@) = 2" (

The proof of this theorem can be obtained by using the integral
representations for the Bessel functions. We omit it and simply present
an example. For n = 1 we obtain from the theorem.

2 ( sinh z coshx)
— _'_ .

(4.28)

T dr

1 d\"sinhz
o

13/2(1') = %

x? x
The reader can easily generate the corresponding expressions for Js/;

and Y3/5.

4.4. Integrals involving Bessel functions. We have seen some sim-
ple integrals of Bessel functions. Now we will evaluate some more
complicated examples. There are many areas where it is necessary
to evaluate an integral involving a Bessel function. For example, in
bond pricing, one often needs to compute an integral involving modi-
fied Bessel functions of the first kind multiplied by some other function,
in order to obtain the price of a bond or an option on a bond. Many
of these integrals can be done in Mathematica, but it is important to
be aware of how some of these integrals are actually done.

We first consider the following problem. The Laplace transform (de-
noted by either f or F)) of a suitable function f is defined by

= /0 h f(t)e*dt.

It will be studied in more detail later. Here we calculate an important
example.

Example 4.1. Calculate the Laplace transform of .Jy. That is, evaluate
the integral

Jo(s) = /000 e " Jo(x)dx. (4.29)

Solution. We know that
1 s
Jo(z) = —/ cos(x sin 0)d6.
T™Jo

So the Laplace transform is

Jo(s) = / / ? cos(z sin 0)dfdx
= / /  cos(z sin 0)dxdd (4.30)
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where we have reversed the order of integration. The inner integral can
now be done using integration by parts. We have

o s
e **cos(xsinf)dr = ——. 4.31
/0 ( ) s2 4 sin? 6 (4:31)
This gives
— 1 [7 s
Jo(s) = — ——db. 4.32
() 7r/0 s2 +sin6 ( )
This last integral is one that is perhaps not familiar, however it can
be done in a number of ways. One way is to use residues but it is
not necessary. An antiderivative can be found. The substitution z =
cot 6 will reduce the integral to a readily computable form. For the
lazy mathematician however looking at the table of integrals in [2],
specifically formula 2.562.1 gives us the result we require.

1 s 1 1+ 52
- df = tan~! tand | . 4.
T / s2 + sin? 6 s2+1 an ( 52 an ) (4.33)

There is a slight subtlety here, however. The range of integration we
want is [0, 7], but the function tan @ is singular at § = 7/2 and zero at
both endpoints. However we observe that

1 [7 s 1 [2 S 1 [" s
- ——df = — ——df + — ————df
7T/0 52 4 sin? 0 7T/0 52 + sin® 77/27 52 + sin®

Since sin(m — t) = sint, then if we put = 7 — ¢ we get

1 [ s 1 (2 s /0 s
— ———df = — ——dfl — — [ —————dt
7r/0 s2 + sin® 0 7r/0 52 4 sin® 0 7r/72r s2 + sin ¢

2 (2 S
=— ————df
™ /0 52 +sin? 6

R
2 1 1 2
=~ lim | ———tan~! ts tan 6
TR-T |/s2+1 52 .
1

= (4.34)

since tan R — oo as R — 5 and tan™'(z) — § as z — oo.

As an extension of this we can easily do the following.

Example 4.2. Show that

Am%@mle

for all positive integers n.
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Solution. We know that
1

Jo(x)e *Fdx =
/0 ol®) V14 s2

We simply take s = 0. We can generalise this by the change of variables
z = bx to show that for b > 0

> 1
/ Jo(bx)dx = —.
0 b

By another change of variables we can easily show that

o0 1
Jo(bx)e™ ¥ dr = ———.
/0 olba)edx 52 4 b2

A rather involved calculation with the power series expansion for .J, ()

shows that
> 2'T(n+ 3 b"
/ e J,(bx)x"dxr = (n+3) -
0 NZs (a2 + b2)"+z

Finally, setting s = ia, n = 0 and taking the real and imaginary
parts we can establish the following.

(4.35)

(4.36)

o 0 b>
/ sin azx Jo(bzr)dr = . ¢ (4.37)
0 N7 b<a,
> 0 b <
/ cos azJy(bx)dxr = 1 ¢ (4.38)
0 = bL>a

Actually, many integrals of special functions are calculated by ma-
nipulating the relevant series expansion. We will do an example of such
a calculation.

Example 4.3. Evaluate Weber’s integral to prove that

e} ba
—a?x? a+1 _ —b2/4a?
Solution. To do this we use the series expansion for J,(x) and reverse
the order of the sum and the integral. So we have

00 00 0 —1)k 9)2k+a
/ 6—a2$2 Ja(b$)$a+1dl’ _ / e—a2m2xo¢+1 Z ( ) (bx/ ) dr
0 0

c~ Kk +a+1)
_ i (_1>k<b/2)2k+a /OO e—a2x2x2a+2k+1dm
—~ K(k+a+1) Jo
(4.40)

We now use the substitution ¢ = a?2? in the integral. So zdr = dt/2a>.
This converts the integral into a Gamma function. We have

o° 1 & T (a + k + 1)
—a?z? 2042k o —tya+k o
/0 € X rdr = 2q2(k+a+1) /0 et dt = 2a2(k+a+1)
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This gives us

X2 — (—1)k(p/2)%te 1
/ e Ja(b$)$a+1dl‘ _ Z ( ) (b/ )
0

L 9q2(k+a+1)
k=0

b o (—1)F(0?/4a?)F
~ (2a2)@+D ; k!

ba b2 2
_ 7 —b*/4a
= Gy : (4.41)

since the last sum is just the Taylor series for e™* with u = b*/4a?.

Integrals like this come up a great deal in the theory of Bessel pro-
cesses and in particular, so called square root models for interest rates.
However it is often necessary to evaluate the integrals with the J,(x)
replaced by I,(z). We notice that the series expansion for I, is the
same as that for J, with the difference that there is no (—1)* term.
Thus we can repeat the calculation for the modified Bessel function
and obtain

o he > (b2/4a2)k
a?z? a+1 _
/o e I, (bz)x*de = (202D E o
k=0
ba b2 4a2

We can generalise these results by further manipulation of the series.
For example we can prove the following.

0o be b?
/o e~ Jo(br)z* iy = — (04 +1-— 4_) et (4.43)

2a+1aa+2 a

for a > 0.

The Bessel functions .J,(z) have infinitely many zeroes on the posi-
tive real axis. Let us call these zeroes {&;}22,. It is possible to compute
the zeroes numerically and these have been tabulated, in for example
[1]. Using a package such as Mathematica we can generate as many
zeroes as we desire. Our concern here however is with the following
result.

Proposition 4.7. The Bessel functions J,(&x), satisfy

Cl2

[ wga)ngade = GlalealPs, @y

where & and &; are distinct roots of the equation J,(§a) = 0. Here §;;
is the Kroneckor delta. That is 6;j = 1 fori = j and ;j = 0 fori # j.

This result is extremely important. It establishes the fact that the
Bessel functions are orthogonal in some sense. This means that one
can expand functions in series of Bessel functions. The expansion of
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functions in series of so called orthogonal functions is a major area in
its own right.

4.5. Bessel functions of the third kind. To conclude our study
of Bessel functions we will briefly mention the Bessel functions of the
third kind. These are actually not new Bessel functions at all. They
are in fact just Bessel functions of the first and second kind taken in
complex linear combination. More precisely we have

Definition 4.8. The Bessel functions of the third kind, also known as
the Hankel functions of the first and second kind are

Hl(z) = Ju(z) + Yo () (4.45)

H%(z) = Jo(z) —iYa(2) (4.46)

Since these functions are just linear combinations of the first and
second kind Bessel functions, one can deduce their properties from

studying J, and Y,. Consequently we will not say any more about
them.
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5. LAPLACE TRANSFORMS

Suppose that f is a function defined on [0, 00) such that the integral
I, f(t)e*tdt converges for s € Q C C, where

N ={seC|0<s; <Re(s) <sy <00}

Here Re(s) is the real part of s. Then the Laplace transform of f is
defined by

L(f)(s) = /000 f(t)e *tdt, s € . (5.1)

A sufficient condition for the Laplace transform of f to exist is that
f is continuous and there exists constants K > 0 and a such that
()] < Keet

Often we denote the Laplace transform by using the corresponding
capital letter. Thus

F(s) = £(f)(s) = / " ftyetr. (5.2)

The Laplace transform is closely related to the so called Fourier
transform. The Fourier transform of a function f is defined by the
integral

F(f)y) = / " e, (5.3)

The Fourier transform is one of the most important tools in analysis.
In a loose sense it can be thought of as “arranging” the information
in a function in terms of frequencies instead of evolution over time. It
plays a major role in probability theory, differential equations, signal
and image processing and many other areas. For example, in proba-
bility theory, the Fourier transform is also known as the characteristic
function for a continuous random variable.

If we assume that f(t) =0 for all t < 0, then setting y = —si gives

FDe = [ st (5.4)

So L(f) is a special case of the Fourier transform, in which the
transform variable s is considered to be a complex variable. Many
properties of the Laplace transform can be deduced from corresponding
properties of the Fourier transform. For example, there is a result
known as the Plancherel-Parseval Theorem which tells us that if f is a
square integrable function then

/Oo |[f(t)2dt = 2x /OO | £ ()|t

—00 —0o0
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There is also an inversion theorem for the Fourier transform, which
allows us to recover the original function from the transform. Specifi-
cally, if f is integrable, then we recover f by

10 =5 [ Fweray (55

The corresponding results for Laplace transform can be obtained
from those for the Fourier transform. See any standard text on Fourier
analysis for a discussion of this.

However it would be wrong just to think of the Laplace transform
as simply a different version of the Fourier transform. It has its own
unique and interesting features, which make it well worth studying in
its own right. Let us begin by presenting some elementary examples.

Example 5.1. Find the Laplace transform of f(¢) = 1.
Solution By definition of the Laplace transform we have

L(f)(s) = /O ety = {-%Str _1 (5.6)

S 0 S

Example 5.2. Calculate the Laplace transform of f(t) = t".
Solution. We again integrate by parts to obtain

[e'e) 1 o) [ee]
L(f)(s) = /0 the Stdt = {—gt”e_“] +2 /0 " e dt

0 S
= gﬁ(t”’l)(s). (5.7)
From this it follows that
n N n(n —1 e n!
£m)s) = o) = e <2 T

Example 5.3. Now let us calculate the Laplace transform of f(t) =
t*,a > —1. The restriction on a is to ensure that the integral converges.
We have via the change of variables st = u

o 1 o0
/ tte St dt = = / u*e “du
0 597 Jo

~ Tla+1)
- gatl :

So £(f)(s) = "D,

5.1. Elementary Properties of the Laplace Transform. The most
basic fact about the Laplace transform is that it is linear.

Proposition 5.1. The Laplace transform is a linear operator. That
is, if L(f)(s) = F(s) and L(g)(s) = G(s), for all s € Q, then for all
constants a,b, we have

L(af +bg) =aLl(f)+ bL(g).
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Proof. The proof follows from the fact that integration is linear. g

A useful tool for calculating Laplace transforms is to differentiate
under the integral sign. We are able to do this because of a very deep
property of the Laplace transform.

Theorem 5.2. Let [ be a piecewise continuous function, such that
F(s) = [;7 f(t)e*'dt, for s € @ C C. Then F is an analytic function
for all s € Q.

The proof of this result relies on the fact that e~ is analytic, but it

is quite involved, so we omit it. A consequence of the theorem however,
is that we may differentiate Laplace transforms to all orders. We use
this fact in the next result.

Proposition 5.3. Let f have Laplace transform F(s). Then

C(Ef (1) = (1" F(s). (5.8)

dsn

Proof. We write
F(s):/ f(t)e *tdt.
0

Now differentiating under the integral sign gives

d d - —st

EF(S) = £/0 e ' f(t)dt (5.9)
> d —st
= /0 f(t)%e dt (5.10)
_ _/OO Lf(t)e (5.11)
0

=—L(tf(t)). (5.12)
Thus L£(¢f(t)) = —<L F(s). The general result now follows by induction.
O

Let us recover our earlier result on the Laplace transform of ¢" by
this method.

Example 5.4. Find the Laplace transform of f(t) = t.
Solution. By the previous result we have

o d [ d 1
L(f)=[ tedt=—— = ——(=) = . 5.13
= 5/ R SCRE)

Example 5.5. Find the Laplace transform of f(t) = 2.
Solution. Using the previous proposition once more gives.

00 d2 00 d2 1 2
— 2 —std - —st — (=1 27 (2 — iy 14
o) = [ et = [ eta= (50 -5 614)
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For general n we easily see by these calculations that

n!
Sn-{—l :

L") =

This gives us the result that we found previously.
Now let us present a few more commonly occurring Laplace trans-
forms. The calculations are all straightforward.

Example 5.6. Find the Laplace transform of f(t) = e
Solution. This is again a simple integration.

L(f)= /o e e ttdt = L +a

We apply this last result to simplify our calculations in the next
examples.

e(a+8>t] - (5.15)
0 S+ a

Example 5.7. Find the Laplace transform of f(¢) = sin(at).
Solution. To do this we observe that by Euler’s formula

1 . )
sin(at) = %(ewt — ey,
Hence
_ 1 iaty l —iat\ __ l 1 _ 1
Ef) = i) = ™) = 5; (s—z’a s—l—z'a)

Example 5.8. Find the Laplace transform of f(t) = cos(at).
Solution. This is similar to the previous example. We have

1 . . 1 1 1 S
L =L = tat —iat _ = _ '
(/) (2<e e )) 2 (s—ia+s+m) s? +a?
It is straightforward to compute Laplace transforms of a polynomial
multiplied by a sine or cosine.

Example 5.9.

d d s s —4
L(tcos2t) = —Eﬁ(cos 2t) = s (52 n 4) “Erae (5.16)

A useful technique for computing Laplace transforms is to write the
original function as a power series and integrate term by term.

Theorem 5.4. Suppose that f is an integrable function which possesses
a Laplace transform, and more over,

ft) =3 ",
n=0
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with the series converging absolutely. Then

Let us use this technique to calculate a Laplace transform.

Example 5.10. The Laplace transform of the zeroth order Bessel func-
tion Jy(¢) is
1
L(Jo(t))(s) = : 5.17

We evaluated this Laplace transform in the section on Bessel functions.
Here is another approach. We use the fact that

Jolt) = i (o (5.18)

2N, |
= 22'nll(n + 1)

Now we take the Laplace transform term by term.

nth . nt2n
e stdt = e stdt
[ st =% [ e
:i (-1)" <2n>.

— 22ll(n + 1)s2m 1

Next we note that
1 1 1

S 252 8st 16sS

> —1)™(2n)!
-y (=1)"(2n)

- =22l (n A+ 1)s20 L

which gives the desired result when we compare the two series.

Proposition 5.5. Let f have Laplace transform F and assume that F
is defined at s + a. Then

Le™f(t) = F(s + a).

Proof. By the definition of the Laplace transform we have

F(s+a) = /000 ft)e~tatar, (5.19)

Hence

Le™f(t) = F(s +a).
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Example 5.11. We will use this to compute the Laplace transform of
f(t) = e"?*sin(4t). We have
4
(s+2)2+16
Proposition 5.6. Let f(t) have Laplace transform F(s). Then the
Laplace transform of f.(t) = f(at) is
1

L(f.)(s) = =F(2). (5.21)

a a

L(e *sin(4t))(s) = (5.20)

Proof. The proof of this result is again a simple computation with the

integral. We have

= / fa(t)e tdt
0

:/ f(at)e *"dt (5.22)
0
1 [ 1_s

_ = fsu/ad e
s rwean = LR,

where we used the substitution at = u in the integral (5.22). 4

Example 5.12. Let f(t) = sint. Then L(sint)(s) = T
s

1 1 5
Example 5.13. Find the Laplace transform of Jy(4t).
By the proposition, we have

1 1 1
L(Jo(4t))(s) = = = )
o) = 1A (s/42 V16 +s2
5.2. Laplace Transforms of Derivatives. The interest in Laplace
transforms from the point of view of studying differential equations lies
in the relationship between differentiation and Laplace transform. The
next result is fundamental.

Proposition 5.7. Let f be an n times differentiable function which
has Laplace transform F. Then

L(f™(2)) = —fOD(0)=sfD(0) = - —s" L F(0)+s"F(s). (5.23)

Proof. The definition of the Laplace transform gives

/f Ye *Tdr = [f( +s/f e~ dy

=—f(0)+ sF(s
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where F(s) is the Laplace transform of f. Similarly
L(f"(x)) = LI(f)) = =1(0) + s(=f(0) + sF(s))
= —f'(0) = sf(0) + s*F(s).
The result for £(f™) follows by induction. g

We give one further elementary property of Laplace transforms, which
is extremely useful.

Proposition 5.8. Let the Heaviside step function be defined by

1 T > a
H(m—a):{o xza

Then
L(H(z - a)f(x — a) = e F(s)

Proof. This is a simple calculation.
LHzx—a)f(x—a))= / H(x —a)f(z —a)e **dx
0
= / flx —a)e™**dx, t=x—a

:/ ft)e s dt = e P (s).
0
U

These results allow us to considerably extend the kinds of functions
for which we can find the Laplace transform.

5.3. The Inverse Laplace Transform. One of the most important
properties of Laplace transforms is that they are unique. This is en-
capsulated in the next result.

Theorem 5.9. Suppose that L(f) = 0. Then f = 0.

Remark 5.10. If the student knows measure theory, the result of the
preceding theorem really should be that f = 0 almost everywhere, but
this will not concern us here.

Corollary 5.11. Suppose that L(f) = L(g). Then f = g.
Proof. By Theorem 5.9, L(f — g) = 0 implies that f = g. O

Because the Laplace transform is one to one, we can in principle go
from a Laplace transform F' to the original function f.

Definition 5.12. Suppose that £(f) = F. That is, F' is the Laplace
transform of f. Then the inverse Laplace transform of F' is the operator
that recovers f from F. We write L™}(F) = f.
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The inverse Laplace transform can actually be found in many cases
by evaluating an integral. This will be discussed later. However in
practice, we can find the inverse Laplace transform by using tables
of known transforms and elementary properties of Laplace transforms.
the most important is the following.

Theorem 5.13. The inverse Laplace transform is linear. That s, for
all constants a,b, we have

L (aF +bG) =alL ' (F) +bL7HG).

Proof. This is an exercise. U
s
We know that L(cos(at)) = R that
-1 S .
L (32 n a2) = cos(at). (5.24)

We also know the inverse Laplace transforms for many other elementary
functions. Combining these, we can find the inverse Laplace transforms
of many different functions.

Let us compute some examples.

Example 5.14. Find

o)

We use partial fractions. We have
S A Bs+C

(s +2)(s2+9) 8—1—2+ s2+9°

After some elementary algebra we obtain

s 1 2s n 9 2
(s+2)(s24+9) 13\s2+9  s24+9 s+2)°

Thus by linearity of the inverse Laplace transform, we can write

1 2s 1 9
L ° — ! —!
((s+2)(52+9)) 13 (s2+9) 13 (s2+9)
1 [ 2
B EE (s+2)
2 s 3 . 3
=3t (32+9) T gt <s2+9)

2 1
—
13 (s—|—2)
2

2 3
=5 cos(3t) + e sin(3t) — 1—36_%.
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Example 5.15. Calculate

(e

The solution is again to use partial fraction decompositions. We
write

s _A3+B Cs+D

(s24+4)(s2+9) s2+4 * s2+9
and find after some algebra that A =1/5 = —C and B = D = 0. Thus

s 1 s s
(s24+4)(s2+9) 5\s2+4 s24+9)°

From which

© ((52 +4)8(S2 + 9)) - éﬁl (8214> ) éﬁl (8219)

= %(cos(Zt) — cos(3t)).

Often we need to use some of the elementary properties of Laplace
transforms to find the inverse transform. Here are two simple illustra-
tions.

Example 5.16. Find

(e
((s+4)2+4)((s+4)2*+9) /)
We know that L7 (F(s+ a)) = e L (F(s)) by Proposition 5.5. So
by the previous example we have
= ( s+4
((s+4)2+4)((s+4)2+9)

Example 5.17. Find £7'(e7%/s%), where £7! denotes the inverse
Laplace transform.

L o_w

1 13! 1
Solution. We know that ~£(2*) = =~ = —. So by Proposition 5.8 we
6 6st st
have
el =3 — 3.
st 6
Hence

LY (e /st = %(x 3P H(z — 3)
{l(:c —3)3, x>3

O o

Tz < 3.

Y



106 MARK CRADDOCK

5.4. Inversion by series. This method is quite useful and actually
quite straightforward. Let us consider the Laplace transform

S 1
F(s) = = .
)= F e = saT @D
We write this as the sum of a geometric series.
1 1 a> a* a
— == l—-=4+ ===+ . 5.26
s(1+(a/s)?) s ( s? * st g0 * ) (5.26)

Inverting term by term, according to the rule

1 1
—1 . n
L (Sn+1) = ", (5.27)

= ( s ) L (at)? N (at)*  (at)"

s2 + a?

(5.25)

we have

2! 4! 6!
= cos(at).

Example 5.18. We invert the Laplace transform F(s) = sin(a/s).
Expanding in a series we get

. [a a a

sin (;) = 3s +- (5.28)

0 a2n+1
= -1)" 5.29
nz:%( ) (2n + 1)lg2n+t (5:29)

Inverting term by term gives
- (=D)"(at)*™
f(t) = L (sin(a/s)) Z 2n+1)

n=

This can be reduced to an expression involving Bessel functions, but
we will not consider this. We will however do a similar example later.
The point is that even if we do not recognise the function, we still have
a series for the inverse Laplace transform which we can use.

Example 5.19. Recall that for |x| < 1 the inverse tan can be expressed

as
3 b
tan M) =1 — — 4+ 2 — ...
an_ (z) ==z 3+5
From this we have
a a a® a®
i *1<—):——— a 5.30
an S s 353+535 ( )

This means that
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a R A
£ (taun_1 (—)) =a——+——"""

s 3! 5!
1 1 . 1 ..
—;(at—i(at) —i-g(at) —)
_ sin(at)
ot

We might like to verify this Laplace transform directly by computing
F(s) = / %e‘“dt.
0

The easiest way to do this is to differentiate under the integral sign.

We find that
Fi(s) = i/ sm(at)e_stdt
ds J, t
_ gsm(at)e_stdt
o Os t
= —/ sin(at)e”*"dt
0
___*
s2+a?

Integration then gives us

F(s) = —tan™! (2) +C.

C is a constant of integration. Now

F(0) = /0°° sin(at)dt _T

t 2
(We have used a known integral). This gives us
F(s) = g — tan™! <§> . (5.31)

This seems to be different from our previous answer. But let us inves-
tigate further. We know that

T m-—n
— —tan 'n = lim (tan_1 m — tan~! n) = lim tan™! ( ) .

(5.32)
With n = s/a we have
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Now

lim tan~! (M) — tan~! (9> (5.33)

m—00 1/m+s/a s

So that

(e (@) om

and there is no contradiction between the two answers.

Example 5.20. We now invert F'(s) =In (S i;) . We know that
s

In (52) = In(s + o) — In(s + 8) and | 4 = In(s + ). Using

+b
S—il-a: (l—i-la/s) i(1_§+<z>2_<g)3+”')

we have

s+a b—a b —a®> (V*—a?)
1 S - 5.35
n(s—i—b) s * 252 3s3 * (5.35)

Inverting term by term gives

ft)y=2r" (ln (Zig)) — —(b—a) + 62;!a2t— (b3;!a3)t2+___

btz b33 a’t? a3
((1—bt+T—?+---) — (1—at+————l—

(e—bt _ e—at)'

| = | =

5.5. Convolution. Convolution is the “right” multiplication for an
integral transform. It is obvious that £fg # L(f)L(g). However this
begs the question, what is the inverse Laplace transform of F'(s)G(s) in
terms of the inverse Laplace transforms of F' and G7 Is there a simple
way of working this out? It turns out that the answer is yes.

We proceed as follows. Let F' = L(f),G = L(g), then

P66 = [ e flad / " e g(y)dy

// 49 (@) g(y)dyde
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Now let © =t — v and u = y so that ¢ = x + y. The double integral

then becomes,
/ / sty )g(u)dudt

_ /0 ot ( /0 b - u)g(u)du) dt
y (/Ot flt - u)g(u)du) |

/ flx —uw)g(w)du = LHFG).

Hence

This gives us the desired inverse Laplace transform in terms of the
convolution for the Laplace transform.

Definition 5.14. Let f and g be two integrable functions. Then the
convolution for the Laplace transform is given by

(F )t /ft—u (5.36)
We have already proved the next result.

Theorem 5.15. Let f and g be functions which are integrable and
possess Laplace transforms. Then L(f x g) = L(f)L(g).

As an application of this result we do the following.

Example 5.21. Find the inverse Laplace transform of

1
Solutzon Let F(s) = 1/s? and G(s) = 1/(s?> + 1). Then we know that
flz)=LYF(s)) =t and g(t) = L7 (G(s)) = sint. Hence

FG) = / £t — wg(u)du

¢

= / (t — u) sin udu
0

= [—(t — u) cosu — sinu]'=}

=t —sint

Example 5.22. Compute the Laplace transform of the integral fot f(z)d

x.
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Solution We use the convolution theorem. So that

z(éimm&&;;zq*1)

= L)L(f)
= 2F(),

where F'is the Laplace transform of f.

5.6. Solving Differential Equations. Constant coefficient ordinary
differential equations can be solved by Laplace transform, relatively
easily. Let us consider two simple examples.

Example 5.23. We solve the equation
y" + 5y + 6y = t7,

subject to y(0) = 1,4/(0) = 2. The idea is to take the Laplace transform
of both sides of the equation, so that we have

L(y"+ 5y +6y) =L (). (5.37)

Using our results for the Laplace transforms of the first and second
derivatives of a function, we can write

2
(s +55+6)Y(s) — (5+s)y(0) —4/(0) = =l (5.38)
where Y is the Laplace transform of y. Rearranging this gives
7T+s 2
Y(s) = . 5.39
(5) 52—|—55+6+s3(32—|—55—|—6) (539)
Using partial fractions we obtain
19 106 19 5 1
Y(s) = — — —. 5.40
) = 1552 " 519 108 1852 39 (5.40)

We recover the solution by taking the inverse Laplace transform of
Y (s). So that
y(t) = L7 (Y (s))
:£1< 19 106 N 9 5 +L>
4(s+2) 27(s+3) 108s 18s%  3s3
B t2 5t 106e73t  19e7* 19
~% 18 27 4 18

We next consider a problem where the right hand side of the equation
is left unspecified.

Example 5.24. Suppose that we want to solve the equation

y// +a2y — f(t),
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subject to the condition y(0) = 0,7'(0) = 1. We take the Laplace
transform of both sides, to obtain
(s> +a®)Y(s) — sy(0) —¢/(0) = (s* + a®)Y(s) — 1 = F(s), (5.41)
where Y is the Laplace transform of y and F' is the Laplace transform
of f. Consequently
F(s) 1
s24+a?  s2+a?

Y(s) = (5.42)

Now £~ (Ser#aQ) = 1sin(at). By the Convolution Theorem we can also
write

£ (sti—Szﬂ) - é /0 "t - ) sin(au)du (5.43)

From which we have the solution
1/t 1
y(t) = —/ f(t — ) sin(au)du + — sin(at). (5.44)
a Jo a

It is possible to solve some nonconstant coefficient differential equa-
tions using the Laplace transform. We provide some examples.

Example 5.25. Solve the ODE ty” +y = 0,y(0) = 0. We let Y(s) =
L(y) and then we have
Ll = — (Y (5) — s9(0) — 4/ (0))
= —5%Y'(s) — 25Y(s).
The equation then becomes
dy

§3—+@8—UY@):0 (5.45)
s
The solution of this first order ODE is
A —1/s
Y (s) = ¢ /s, (5.46)

We have to invert this Laplace transform. We do it term by term. We

are here using a result presented previously. Note that
1y 1 1 1 1 1

e U T T (547)

Now we use the fact that £7(1/s"™) = L¢". This gives
1

e = L) = LS g L s

L7
t? 3 4

“or T am T
o0 (_1)ntn

1y
%n!(n—kl)!
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To identify this function, we note that

Ja(t) = (%) > (=D"(t/2)™ (5.48)

nI'(n+a+1)

n=0

Let us take a = 1. Then we see that
J(Qﬁ)zﬁiﬂ (5.49)
! = nl(n+ 1) '

From this we conclude that

5—1[8126—1/81 — VL2V, (5.50)

Thus the solution of the ODE turns out to be y(t) = AvV/t.J;(2v/1).

Remark 5.16. Using the technique of the previous question, we can
show that for n > 0 and a > 0

1—n

_ <9> N (2\@) . (5.51)

L1 [lez
t

STZ

Example 5.26. Solve the equation zy” 4+ (b — z)y’ — ay = 0. This
is called the confluent hypergeometric equation. We take a slightly
different approach to this problem. We suppose that the solution can
be written

y(zr) = /000 h(t)e " dt.

This method assumes that t?h(t)e™*" — 0 at ¢ — oo, in order for
the solution to be expressible in this form. If there is a solution which
does not have this property, then it will not be expressible as a Laplace
transform.

Now to calculate 3" we differentiate the exponential under the in-
tegral sign, to get y”(x) = [ ¢*h(t)e "*dt. Then using integration by
parts we have

xy" () —/ It2h(t>€_rtdt
0
o d
= — 2h(t)—e " dt
/0 (1) e
*d
— — [2h(t) et —(2h(t))e " dt
#he ]y + [ GO

= / OO(tQh’(t) + 2th(t))e *'dt.
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Next we have

(b—2)y(z) = —(b—x) /0 T ih(t)etat
=—b /0 N th(t)e *'dt — /0 N th(t)%e‘”tdt
= —b /0 N th(t)e *'dt — [th(t)e "],
+ /0 oo(z&h’(t) + h(t))e "'dt
_ /0 TR () + (1= b)R(E))e"dt.

Combing we have

xy + (b—2x)y —ay =
/ h (1 (t) + 2th(t) + th'(t) + (1 — bt)h(t) — ah(t)) e *dt

_ /Oo(t(l FOR() + (1= a+ (2= B)D)h(t))edt = 0.

In order for this to hold, the integrand must be zero. So we require

t1+ )R (@) + (1 —a+ (2—0)t)h(t) = 0. (5.52)
This is a first order separable ODE
l—a+(2-0)t
h'(t h(t) = 0. :
(1) + bl =0 (5.53)
So
dh I—a+(2-0)t
— = dt .54
h / t(1+1) (5:54)
or
Inh(t)=(b—a—1)In(t+1)+ (a —1)In(t) + C. (5.55)
Hence
h(t) = At H(1 + 1), (5.56)
Thus the solution is
h(t) = A / $1(1 4 10T g, (5.57)
0
The most common choice for the constant is A = 1/I'(a). Then
1 o0
Ua,b,z) = —/ (1 4+ ) et 5.58
(@) = s [ (5.58)

is the confluent hypergeometric function of the second kind, or Tri-
comi’s confluent hypergeometric function.
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There is another solution of this equation, Kummer’s confluent hy-
pergeometric function which can be represented as

00 Cl)n
1Fi(a, b, x) kZ:O k'(b)n (5.59)

where (a)g = 1,(a), = ala + 1)(a + 2)---(a + n — 1). This can be
found by the method of Frobenius. It was not found by the Laplace
transform method because of the convergence condition we mentioned
before. For large x, 1Fy(a,b, ) grows like + a )e%“ b,

It is possible to establish an integral representation for Kummer’s
function. Specifically

\Fi(a,b, z) = % /0 (1 el (5.60)

The general hypergeometric function is

: _ < (a1)n - (ap)n
oFy(ar,...ap;by, ..., by, x) = 2 B, (bq)na: , (5.61)

and the series converges if p < ¢. These satisfy higher order differential
equations. We obviously require that the b’s are not negative integers,
to avoid dividing by zero. For example

(=2)5 = —2 x (1) x (0) = 0.

It should also be clear that if one of the a’s is a negative integer, then the
series will terminate, and so the corresponding hypergeometric function
is a polynomial.

The importance of the hypergeometric functions lies in their connec-
tion with other functions. A very large class of differential equations
have solutions which can be expresses as hypergeometric functions of
some type. For example it is clear that if a = b, then

S 1

There are many such relations. Some are not obvious, such as
1Fr(a+1/2,2a + 1,2iz) = T(a + 1)e™(x/2) " Jo (). (5.63)

So Bessel functions can be expressed in terms of hypergeometric func-
tions. Many functions familiar to you, such as polynomials, logarithms,
sines and cosines, the error function from probability, Bessel functions,
Legendre functions, Hermite functions, etc are expressible as hyperge-
ometric functions.
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5.7. Solving PDEs with Laplace Transform. The differential equa-
tions that we have solved so far are of course all solvable by variation of
parameters or series methods. It turns out that the Laplace transform
is actually very useful for the solution of partial differential equations
than ordinary differential equations. The idea is to turn a PDE into
an ODE. We will discuss PDEs in more detail in the final section of
the course. Here we simply give two fairly typical examples.

Example 5.27. Solve the first order PDE,

ou  Ou
ma—i-a—m:x z,t >0 (5.64)

subject to the conditions
u(z,0) =0, u(0,t) =0.

Solution. We take the Laplace transform in the t variable.

ou . > Ou —st __ _ ]
L (xa> — l*/o Ee = ZL‘( U(IE,O) + SU(LE, 8))7

where U(z,s) = [~ u(z, t)e'dt. Also.
ou 0 0 -
L (%) = 5. LW = 5-U(w,3),

and x is treated as a constant. Hence we have,

- ou x
— 0 U — = —
zu(x,0) + xsU(x, s) + pe (x,s) ;
So p
%U(:p,s) + xsU(z, 8) = g
We solve this ODE by multiplying through by the integrating factor of
es**/2 This gives
T 4 spetTU = Lt
dz s
Hence,
d , 2 - T a2
(T U) = Zet T
dz (e ) s
Therefore

2? = T a2 1 =2
20 = | —e*2dr=—e’2 +C,

for some constant of integration C. Solving for U(z, s) gives,
_ 22
Ulx,s) = =t Ce™ 7.
Now we need to determine C'. To do this we take the Laplace trans-
form of the initial condition to get,

0(0,s) = L(u(0,t)) = £(0) = 0.
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We can now find our constant C'. We have

_ 1 1
Hence ) .
_ 22
Ulr,s) = = — e ° %

5?2 52
To find u(z,t) we now take the inverse Laplace transform.

Let a = 2%/2, now L(y(t —a)H(t — a) = e **L(y)) so,
1 _ 22 1 1

—1 —sZ o 2

Consequently the solution of the PDE is

z?).

() = — (t— %xQ)H(t - %gﬂ)

1.2 1.2
tot<ga’.

The Laplace transform is often used to solve equations of the form
u = a(2)Uyy + b(z)uy + c(x)u, (5.65)

by taking the Laplace transform in the ¢ variable and producing an
ODE, which can be solved by the methods that we have already devel-
oped. Let us consider an example of such a problem.

Example 5.28. We want to solve the following initial-boundary value
problem for the heat equation.

l@:@ 0<z<a,t>0
Kot o2 o ST=s®t=

w(z,0) = 0 (a—“> — 0, u(0,t) = uo
) b ax —a ) )

The heat equation will be discussed in greater detail in the next chapter.
Solution. We take the Laplace transform in the ¢ variable. This leads
to the following ODE for the Laplace transform of w.

82u d2 — 1 S —
L (@> = @U = —Eu(aﬁ,O) + EU(:U,S)

= %U(x, s)

This is a second order constant coefficient ODE for UU. The solution is
of the form
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Uz,s) = clex\/% + cze_”\/%.

However it is more convenient to write the solution as,

U(z,s) = Acosh (:L‘\/%) + Bsinh (:p 2) :

Now L(u(0,t)) = L(ug) = uo/s = U(0,s). Also,

U = [ du i
(%)H—/@ (%)x_f =0

So U(0,s) = A,up/s and

oU S . S S S
(%>xa:A Esmh (a E) B Ecosh (a E) =0

ug sinh (a %)

s cosh (a %) '

B =

Now we use various identities for the hyperbolic functions to obtain

_ (cosh (a/%) cosh (/%) — sinh (a/F) sinh (z 5))

s cosh (a %)

S cosha \/g

In order to determine u we have to invert this Laplace transform.
This is accomplished with the aid of tables of transforms. It turns out
that the inverse Laplace transform is given by an infinite series. We
have

~ ugcosh ((z —a)\/3) |

4 1 on—1

The solution that we have obtained here is an example of a Fourier
series. It is possible to derive it using a technique called separation of
variables, which we will study in the next chapter.
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5.8. Deeper Properties of Laplace Transforms. An important
problem is to know exactly when a given function F'(s) is the Laplace
transform of some function f. The next result gives a partial answer
to that question. We state the result without proof. The conditions
may be found in a number of texts. Here we have taken them from the

book by Zayed, [5].

Definition 5.17. A function f : X — R is locally integrable if for
every finite interval I C X, the integral [, f(t)dt exists.

Theorem 5.18. A function F is the Laplace transform of some locally
integrable function f if any of the following conditions is satisfied.

(1) F is analytic in some half plane Re(s) > o, with

lim |7||F(c+i1)|=0, for o> o,

|7|—ro0

(2) F is a rational function of the form F(s) = P(s)/Q(s) where
P and Q) are polynomials with deg Q) > deg P.

(3) F(s) = G(s)H(s) where G and H are Laplace transforms of
locally integrable functions.

(4) F(s) = G(s)e™*T T > 0 where G is the Laplace transform of a
locally integrable function g.

Proof. We will not go into details for the proof of part 1, but the re-
maining parts are quite straightforward. For part 2, the proof follows
from the fact that every such function has a partial fraction decom-
position. We can then invert the Laplace transform term by term.
For part 3, the inverse Laplace transform will be the convolution of
f and ¢g. Finally, for part 4, the inverse Laplace transform will be

H(t—-T)g(t—T). O

One of the most important properties of the Laplace transform is
that a Laplace transform is analytic. This result was quoted at the be-
ginning of the notes. In fact the following deeper result from [5] holds.
We have already used this result to invert several Laplace transforms.

Theorem 5.19. The Laplace transform F(s) of a locally integrable
function f is an entire function in 1/s if and only if f is an entire
function of order 1 and of minimal type, that is f is analytic for all t
and

f@t) =0, ast — oco.

Moreover if

00 ar,
F(s) :anw s| > C >0,
n=0
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then f(t) is an entire function of exponential type o (that is, f(t) =
O(eM) as t — o) and

o tn
f(t) = p— .
;} n!

o0

To see why this works, we let f(t) = Z

n=0
Laplace transform, assuming it is valid to interchange sum and integral.

Thus

ant™
n!

and compute the

* o= ant™
£<f>=/ > et
0 n=0 ’

o0

0 a,
n=0

A little more is needed to prove the theorem, but the idea is relatively
simple.

To conclude our discussion of the Laplace transform we present the
best known inversion theorem. There are in fact several inversion the-
orems for the Laplace transform, but this is the most useful. Before
presenting the result, we need a definition.

Definition 5.20. A function f is said to have bounded variation on
[a, b] if for every partition P = {xq, x1, ..., z,} of [a,b] the quantity

variation(f) = Z | f(x:) — flxiz)],

is bounded.

Theorem 5.21 (Laplace Transform Inversion). If f(t) is a locally in-
tegrable function on [0,00) such that,

(1) f is of bounded variation in a neighborhood of a point ty > 0 (a
right hand neighborhood if ty = 0).

(2) The integral [;° f(t)e *'dt converges absolutely on Re(s) = ¢
then,

1 c+iT 0 to <0
TEloo 5 | F(s)eMds = 1 f(O*)_/Q to =0
it 5(f(t§) + f(ty)) to > 0.
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In particular if f is differentiable on (0,00) and satisfies (1) and (2)
then,
1 c+iT
Tli_r)mOo i ) F(s)e®ds = f(t) 0<t < oo.

Proof. This result can be established from the Fourier inversion theo-
rem, but we will not discuss it. O

Remark 5.22. The integral is taken in the principal value sense since
in general fccjizo F(s)eds does not converge.

Example 5.29. F(s) = 1/(s? + 1) there are poles at s = +i. So that
68

t N\ st )
Residue | ——,s =1 | = lim % = i,e”
s2+1 s—i \ (s —1)(s+1) 2i

st 7\ st
Residue 6—, s=—i | = lim % = —i,e_it
s2+1 s——i \ (s —1)(s+1) 2i
By the Cauchy residue theorem we then have
c+i0o
/ e F(s)ds = 2mi Z Residues

1

=2mi(—(e" — e ™)) = 2misint
21
So
ﬁ’l(;) = LQm’ sint = sint
s2+1 2mi

Our last result is the Laplace transform version of a result known as
the Plancherel Theorem which holds for the Fourier transform.

Theorem 5.23 (Parseval’s Theorem). If F' is the Laplace transform
of a function f € L*(0,00) then,

lim F(o+it) = F(it), (5.66)
o—0t
1 [T >
T—s00 271 —iT 0 t < 0

and - . -
/ =2 F(1)2dt = A / e + i) 2dr,
0 27T —00

where ¢ > 0 and the limits are taken in the L? sense.
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6. FOURIER SERIES AND SEPARATION OF VARIABLES

6.1. The Heat Equation. In the eighteenth century many questions
arose about the ways in which a function can be represented by sim-
pler functions, such as polynomials and trigonometric functions. We
have seen that it is possible to represent a particular class of functions
as power series. Functions which can be expressed as power series
are known as the analytic functions and the technique of expanding a
function in a Taylor series has been crucial to an enormous amount of
mathematics over the centuries.

The study of partial differential equations however led to the consid-
eration of other kinds of expansions for functions. The most important
of these relates to trigonometric series. Three partial differential equa-
tions arise in numerous areas of mathematics and its applications, par-
ticularly in physics. These are the heat, wave and Laplace equations.
There are many more PDEs which arise in applications, but these three
are the most important.

The n dimensional heat equation is

noog2
Lou _ > 5_%; (6.1)
kot — Ox;,
It models the behaviour of heat in a solid body. It is an example of
a diffusion equation, because it describes how heat diffuses through a
body over time. The constant k£ depends on the medium in which the
heat is being conducted. You can think of a solution u(z,y, z,t) as
giving the temperature at the point (x,y, z) at a time ¢. Study of the
heat equation is of enormous importance in many problems in physics
and engineering.
The wave equation in n dimensions is

1 0% Z (6.2)
c? ot &fck' '

This equation describes wave motion, where ¢ is the speed of the wave.
It is important in the theory of sound, electromagnetism, fluid mechan-
ics and many other fields.

Finally, Laplace’s equation in n dimensions is the equation

"L 0%
Z@zk 0. (6.3)

It arises in numerous areas from the study of complex variables, to
Newton’s theory of gravity.

Partial Differential Equations are classified into different types. For
a linear PDE in two dimensions, the classification is as follows.
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Definition 6.1. A partial differential equation
AUgy + 20Uy + Clyy + duy, + euy + fu =0

is said to be
(i) Elliptic if ac — b* > 0

(ii) Parabolic if ac — b* =0

(iii) Hyperbolic if ac — b* < 0.

In higher dimensions there is a similar definition. The heat equation
is parabolic, the wave equation is hyperbolic and the Laplace equation
is elliptic. The classification comes from the classification of curves in
the plane. A curve of the form

ax® + 2bzy + ey’ +dr+ey+f=0

is an ellipse if ac — b? > 0, a parabola if ac — b* = 0 and a hyperbola if
ac—b? < 0. Equations of different types have quite different properties.
We will not go into any depth on this subject, but we will discuss some
interesting properties of elliptic equations later.

The methods that we introduce here can be used to solve these and
other equations in any number of dimensions. However we will focus
on the problem of solving a PDE in which there are two variables. We
will begin by consider the problem of solving the heat equation, for
n = 1, subject to some additional conditions.

Example 6.1. We wish to solve the one dimensional heat equation

0?u  10u

subject to the boundary conditions u(0,t) = u(1,t) = 0 and the initial
condition u(z,0) = f(z), for some nonzero function f. Here k is a
nonzero constant.

Solution. We have seen that this equation can be solved by Laplace
transform. We could try this here, but instead we use a different
method. A very important method of solution to this problem is to
look for a separable solution. What this means is that we let

u(z,t) = X(x)T(t),

for some functions X and 7. This is an extension of the method of
separation of variables which works well for some first order ODEs.
Since u(0,t) = X(0)T'(t) = 0 for all 7', then X(0) = 0, because
otherwise we would have T'(t) = 0 for all 7" and this would give u =
0, which does not satisfy the given initial condition. By the same
argument applied to the other boundary condition, X (1) = 0.
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Next we note that u,, = X"(z)T(t) and u; = X (2)T"(t). Since u is
a solution of the heat equation, we get

) Lo X'(x) 1T'()

X"(2)T(t) = kX(x)T (1) = X)) kT
Here we have a function of x only equal to a function of ¢ alone, for
all values of  and ¢t. As we have noted before, this is only possible if
both functions are equal to some constant which we denote A\.! This is
called the separation constant. Actually it will turn out that there are

infinitely many separation constants which are known as eigenvalues.
We have reduced the heat equation to the pair of ODES

X"x) 1T'(t)
X(x) kTt
This gives us the differential equation X”(x) = AX(z). Clearly we
would like a nonzero solution to this equation that satisfies the given

boundary conditions X (0) = X (1) = 0. We consider three cases. The
first is A > 0. In this case the general solution of the ODE for X is

X(z) = AeY™ 4 Be VA,

A

Applying the boundary conditions gives
A+B=0 (6.5)
AeV* 4 Be VA = 0. (6.6)

Solving these simultaneous equations gives A = B = 0. So if A > 0 we
do not get nonzero solutions for X.
The case A = 0 leads to X”(x) = 0 which has solution

X(x) = Az + B.

Since X(0) = B = 0 and X(1) = A = 0, we do not get nonzero
solutions for this case either.
This leaves the case A < 0. Let A\ = —w?. The equation

X"(z) = —w?X(z)
has solution
X(z) = Asin(wz) + B cos(wz).
Taking X (0) = B = 0 we are left with X (2) = Asin(wx). This leaves
us to satisfy the condition X (1) = Asin(w) = 0. We can do this in two
ways. We could take A = 0, but this gives X = 0 again. Fortunately,

we can also insist that w = nm for n € N, since sin(nm) = 0. We have
thus obtained the nonzero solution

X (x) = Asin(nrx).
1To see why, notice that if f(z) = g(t) for all z,¢, and @ is in the domain of g,

then f(z) = g(a) for all z. Since g(a) is a constant, then f(z) is a constant. Also
g(t) = f(b) for b in the domain of f. Hence g is constant too.
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For T we get T = kAT = —kn?r?T. This first order ODE has
solution T'(t) = Be *™! where B is a constant of integration. This
leads to a solution of the heat equation

u(z,t) = Csin(nmz)e ™

where C' is a constant. This solution satisfies the given boundary con-
ditions, but not the given initial condition.

How then do we satisfy the initial condition? The solution to the
problem of satisfying an initial condition using separable solutions, goes
back to d’Alembert, an 18th century French mathematician. He used
this technique to obtain a solution of the wave equation. The idea
is to take a linear combination of solutions, choosing the constants
multiplying each solution in a clever way. The first person to actually
determine the right way of choosing the coefficients of each solution
correctly was Euler, but it was Joseph Fourier who was the first person
to make extensive use of the technique.

Because the heat equation is linear we can take a superposition of
solutions. That is, we can add two solutions together to obtain a third
solution. Suppose that we add infinitely many solutions together. Let
{C,} be a sequence of constants and define

u(z,t) = Z C,, sin(na)e k7w, (6.7)
n=1

The question of when this series actually converges and what it con-

verges to when it does converge at all, is one that will be discussed

later. Suppose that it does converge. It is a sum of solutions of the

heat equation, so is itself a solution of the heat equation. Now set
= 0. If u(z,0) = f(x) then we need the equation

u(z,0) = f(z) = Z Cy, sin(nmz). (6.8)

to be satisfied.
The key to obtaining the values for C, is the fact that

/01 sin(mnx) sin(nmx)dr = {? n#m

5 n=m.

To see how this allows us to obtain the value of C,, we write our
expression as

f(z) = Cysin(rx) + Cysin(2mz) + Cysin(3nx) + - - - + Cy sin(krz) + - - -
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Next we multiply both sides by sin(k7z) and integrate from 0 to 1.
Then

1 1
/f(x)sin(k:ﬂx)dxz/ Cy sin(mzx) sin(kra)dz
0 0
1
+/ Cy sin(2mz) sin(krx)dx
0

1
+--~+/ Cyp sin®(krz)dx + - - -
0

1

1
= Ck/ sin?(kma)dr = §Ck,
0

since all the other integrals on the right are zero. This immediately
allows us to deduce the formula

Cr = 2/0 f(z)sin(krx)dx. (6.9)

The numbers {Cy}52, are known as the Fourier sine coefficients of f.
This gives us a formal solution to our initial-boundary value problem
for the heat equation.

u(z,t) = 22 { /0 1 f(v) sm(my)dy}sm<nm)e—kn2ﬂ2# (6.10)

At this point all we have done is established a formal solution to the
heat equation. We do not know if it is correct, because we do not know
that the series of sines converges to f. To establish that it does, we
must investigate such series in more detail.

6.2. Fourier Series. We will consider the problem of whether or not
it is possible to expand a function f on the interval (—7, ) as a series
of sines and cosines. We begin with the observation that

/ cos(nx)dz =0, / sin(nz)dz = 0,

—T —T

/7r sin(nx) cos(mx)dz = 0, /7r cos(nx) cos(mzx)dr = 0

-7 —T

/ sin(nz) sin(maz)dz = 0,

/ sin?(nax)dx :/ cos?(nx)dr = 7.

for n, m integers with n # m Finally [ dx = 2.
Now if we can write

f(z) =ag+ Z(an cos(nz) + b, sin(nz)),

n=1
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for € (—m, ), then it follows that f(z + 27) = f(x) for all z, since
sine and cosine are both periodic with period 27. Multiplying both
sides by cos(nz) and integrating from —m to 7, we arrive at

1 ™

a, = — f(z)cos(nz)dx, n=1,2,3... (6.11)
™ —T
— 5 [ s (6.12)
a = o B x)dz. :
Similarly we have
1 K
b, = —/ f(z) sin(nz)dz. (6.13)
™ —T

These numbers are known as the Fourier sine and cosine coefficients.
We will write

oo
f(x) ~ap+ Z(an cos(nz) + by, sin(nx))
n=1
to indicate that the Fourier series for the function on the right is given
by the expression on the left. We are not yet claiming that a function
is actually equal to its Fourier series.

Example 6.2. Let us find the Fourier expansion for the function
fl)=z, -1 <z <m, f(x+2n)= f(x) for all z. We have

1 ™ -1 n+1
b, = —/ xsin(nz)dr = QQ. (6.14)
n

—Tr

Integration also shows that ag = 0 and a,, = 0 for all n. Thus

fl@)~2) % sin(na). (6.15)

As mentioned above, we are not claiming that the function is actually
equal to its Fourier series. This remains to be seen. A simple test is
to plot the function against the series. Since we cannot add an infinite
number of terms, we compare f with the Nth partial sum of the series.
That is, we compare f with

N
Sy(z) = ag + Z(an cos(nz) + by, sin(nz)). (6.16)
n=1
We will take N = 100. Does the Fourier series actually converge to f
for this example? The graphical evidence suggests that it does, but
this is not proof. We see that the sum of the first 100 terms does give
a good approximation to f away from the end points of the interval.
The jagged behaviour near the end points is a well known property of
Fourier sine series, which is called the Gibb’s phenomenon.
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-3F

FIGURE 6. The sum of the first one hundred terms of
the Fourier series for z.

Example 6.3. Now we compute the Fourier series for
flx)=2% —m<z<m,

f(z) = f(z + 27) for all z. We have

b, = —/ 2% sin(nz)dr = 0 (6.17)

-7

1 T _1 n 1 s 2
a, = —/ 2? cos(nx)dr = 4< ) , Qg = — o¥dr = T, (6.18)
s 2m 3

_r -7

The Fourier series is therefore

fla)~ Ty (_le)n cos(n). (6.19)

Let us now plot the sum of the first 100 terms of this series. We see
from the graph (Figure 7 below) that it gives a very good approximation
to f. Notice also that the jagged behaviour near the end points that
appeared with the Fourier sine series is absent for this series involving
only cosines.

Example 6.4. Let us consider a more complicated example. We let
g(x) = 2% + 322 — 25sin’z, —7w < x <, f(x+27) = f(z) for all z.
Calculating the Fourier coefficients we have

1 s

ag — —
2m J_,

1
g(x)dx = 5 (=25 + 27%) . (6.20)
For the cosine coefficients, there is a subtle feature which needs to be
incorporated. For n = 2

1 /7r sin?(z) cos(2z)dx = —%, (6.21)

™

—T
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FIGURE 7. The sum of the first one hundred terms of
the Fourier series for x2.
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FiGUurE 8. The graph of g.

but for all other non zero values of n we have

1 s
— / sin®(z) cos(2x)dz = 0. (6.22)
™ —T
For the coefficients we therefore have
1 g —1)»
a, = —/ g(x) cos(nzx)dx = 12( 2) ,nF# 2 (6.23)
TJ x n
1 s 2(—1 n+1 2.2 6
b, = —/ g(x)sin(nz)dr = (=1 (;L T ) (6.24)
T ) x n

Thus, incorporating the extra cosine term at n = 2, we have

1 25
g(x) ~ 5(27r2 —25) + 5 cos(2x)+

Z (12(_1)n cos(nz) + 20" (' — 6) sin(nx)) :

n? n3

n=1

From the graph the match appears to be quite good.
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F1GURE 9. The graph of g against the sum of the first
100 terms of the Fourier series.

6.2.1. Fven and Odd Functions. The evaluation of Fourier series is
aided by the observation that if f is an odd function, then

o = % /W f(a)dz = % (/i @)z + /Oﬂf(x)dx)
_ % (— /Oﬂf(x)dw /Oﬂf(x)dx) 0.

ay, = % /_7; f(z) cos(nz)dz
= % (/_(:r f(x) cos(nx)dx + /07r f(x) cos(m:)da:)
_ % <_ /0 " (@) cos(nz)dar + /O " @) cos(nx)dx) ~ 0.

We have used f(—x) = — f(x) and used the change of variables © — —x
in the first integrals. Similarly if f is even, we easily show that b, = 0.
Thus the Fourier series for even functions contain only cosines and the
Fourier series for odd functions contain only sines.

Another important result about Fourier coefficients is the Riemann-
Lebesgue Lemma.

Lemma 6.2 (Riemann-Lebesgue). Let f be differentiable on [—m, n].
Then

™ 0
lim f(z)sin(nz)dx = lim f(z)sin(nz)dx =0 (6.25)

n—oo [ n—oo |

lim 7Tf(x) cos(nz)dr = lim : f(z)cos(nz)dx =0 (6.26)

n—oo Jq n—oo [__

The proof is a tutorial exercise.
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6.3. The Convergence of Fourier Series. The question of whether
a Fourier series converges and to what it converges, is in general a
difficult one to answer. There are still interesting problems in the
subject, but a good deal is known. We can actually make very strong
statements if we make moderate assumptions on the function f. Let us
first consider an example where we can prove convergence easily.

Example 6.5. Consider the Fourier series for f(z) = z? on (—7,7)

given by

7’L

o
72
? Z cos(nx). (6.27)
Now f.(x) = 4( V" cos(na) satisfies |f,(z)] < % and Yo7 & < oo.
So the Fourier series converges uniformly. Since each function is con-
tinuous, the limit is a continuous function.

We have established that a particular Fourier series converges to a
continuous function, but this does not tell us that the limit function
is the original function. The graphical data suggests that the Fourier
series does recover the original function, but this is not proof.

We might anticipate that the convergence of a Fourier series is related
to the smoothness of the function, because the rate at which the Fourier
coefficients decay is determined by the differentiability of the function.

Definition 6.3. We say that a function f is of order g(z), written
O(g(x)) if there is a constant C' such that for z large | f(z)| < Clg(z)].

Proposition 6.4. Let f be twice continuously differentiable and 21
periodic. Then the Fourier coefficients ay,b, are both O(1/n?).

Proof. Consider the sine coefficients.

by = /_ f(2) sin(na)dz

_ {_ f(x)c"s(m)];+ = / " (@) cos(na)da

— iz [f'(z) sin(nx)]” - 1 /ﬂ f"(z) sin(nz)dz

= /f” ) sin(nx)dz

We used the fact that f is periodic, so f(7) = f(—m) and cos is even.
So that

bl < — / (@) (6.28)

We take C' = 7~} f | f”(x)|dx. The proof for a, is basically identical.
Il
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We can relax the boundary conditions on f but we will not consider
this. Generally speaking, the more derivatives of f that exist, the faster
the coefficients a,, b, will decay.

Differentiability cannot be relaxed. It is possible to find examples of
continuous functions, but non-differentiable functions, whose Fourier
series do not converge at all. However, if we assume differentiability,
then we can establish convergence. The first theorem of this type was
proved by Dirichlet.

Theorem 6.5 (Dirichlet). Let f be a piecewise differentiable function
on (—m,m) and suppose that its Fourier series is

f(x) ~ag+ Z(an cos(nz) + by, sin(nx)),

n=1

where the Fourier coefficients are as stated above. If f is also con-
tinuous at g, then the Fourier series converges to f(xg) at zo. If
f is piecewise continuous at xy, then the Fourier series converges to

Uf(ad) + f(xy)] at xo. Here
flzg) = lim f(z), f(zy)= lim f(z).

r—xo+ T—T0—

Proof. Let
Sn(xo) = ap + Z(an cos(kxo) + by, sin(kzy)).

k=1

We wish to show that lim,_,e Sn(7o) = 3[f(zg) + f(zg)]. To this end
we observe that replacing the Fourier coefﬁments with their integral
expressions gives us

Sn(zo) = %/_ ( + 22]‘ [cos(kt) cos(kxg) + sin(kt) sm(k:xo)]> dt

1
:_/ —|—Zcos (t —xg))| dt

= / f(&)Dp(t — o)dt.

Here D,,(6) is the so called Dirichlet kernel? defined by

) = % + i cos(k0). (6.29)

21t we define (TH(y f f(@)k(z,y)dz, the function k(z,y) is known as the
kernel of the operator T
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Now if g has period 27 then fj;fz f g(t)dt for any x. Thus
putting u =t — zy we have
1 s
Sn(zo) = f(xo + u) Dy, (u)du

/f:v0~|—u w)du + — /fx0+u) n(u)du.

Now we need to know more about D,. We can actually sum the ex-
pression for the kernel explicitly. Since cos(kf) = R(e?*?) we have

- _ — ko _ e’ (ema - 1)
;cos(k(?) =R (;e ) =R <—€i6 — ) )

Here R denotes the real part. The right side is a geometric sum with
common ratio ¥, which is easily summed. If cos(kf) = 1, the sum is
n. Now

62’0 (eme _ 1) B ei@ (einQ _ 1)

el — 1 o €i9/2<€i6’/2 _ efiG/Q)

ei@/? (eme _ 1)

2isin(6/2)
ci(n+1/2)6 (emem _ e—me/2>

2isin(6/2)
e H1/2)0 in(nd /2)

sin(6/2)

Thus
% + (kz eiw) = % + cos([n + %]9)%

o (2] (e (2)n(3):

1 — 2sin? (”79) + 2 cot ( )sm (”7)

2
_ cos? ("—‘9) — sin? (%) + 2cot (g) sin (”79) cos (%‘9)
2
cos(nb) + cot(6/2) sin(nd)

2
sin(0/2) cos(nf) + cos(0/2) sin(nh)
2sin(0/2)
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So we have
n+ 3, 0 =2Nm, N =0,+1,+2, ...
D,(0) = sin([n + £]0) , (6.30)
—— =~ otherwise.
2sin(6/2)

It is also easy to see that [ D, (0)d6 = fir D, (0)df = 7 /2. In view of
these integrals we can write

st + s =2 [ epaans - [ v

Notice that f(zg), f(zy) do not depend on u and so can be taken
outside the integrals, and the integrals cancel half the factor of 1/m.
Because of all this, we have

Sueo) = 51 @) + F(55)] = —(An(ro) + Ba(ao)),
where
A, (o) = / [0+ u) — £ Da(u)du, (6.31)
B, (o) = / (o +u) — f(z5))Da(u)du. (6.32)

If we can show that A, (zg), B.(x¢) — 0 as n — oo, then we are done.
We will only consider the case for A, (z¢) since the case for B, (x¢) is
basically the same. Using the expression for D,, we can write

[T flagtu) = flxg)  u/2
An(wo) = /0 sin(u/2)

1
sin([n + §]u)du (6.33)
Using the expansion for sin(A + B) this can be expressed as

An(zo) = /07r o(u) cos(nu)du + /Oww(u) sin(nu)du

where
olu) = L0t u)u_ fz5)) g (6.34)
zo+u) — f(zd)) u
() = LT F )u I/ ))Sm(f/z)cos(u/Q). (6.35)

We assumed that f was piecewise differentiable, so that both ¢ and
are piecewise continuous on [0, 7] and hence the integrals exist. So we
can apply the Riemann-Lebesgue Lemma to the two integrals to con-
clude that lim, . A,(z9) = 0. The same argument works for B, (x)
and the theorem follows. O
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Example 6.6. Consider the function f(z) = z, —7 < x < 7. We
computed the Fourier series for this previously. The function is differ-
entiable and continuous for all x € (—m, ), so that at z = 7, we may
write

0 -1 n+1
T =2x 2;—( T)L sin(%r)
1 1 1
=4(l—=-4+-4+=-—=4---).
( 3 * 5 * 79 o)
This is a famous series for 7m that was discovered in India about 1000
years ago. It is also known as Leibnitz’s series.

Example 6.7. We consider the piecewise differentiable function

1 0<z<m
r —rmT<x<O.

fz) = (6.36)

Without computing the Fourier series, we can see that at x = 0 the
Fourier series will converge to 1/2(0+1) = 1/2. We compute the Fourier
coefficients to give

1 0 T 2—m
ao—%(/_wxdx+/o d:v)— 1

0 = % ( /_ i:ccos(n:c)d:c + /0 ’ Cos(nx)dx)
1l (=

- 9
n2m

1 0 s
b, = — (/ xsin(nx)dx +/ sin(nx)dx)
2m - 0

Ut (<) 4 (1)
nm ‘
Thus by Dirichlet’s Theorem for z € (—m, ),z # 0

and

o0

f(z) = 2;#_2—1%(7:1)”(@8(”@

sin(nx)).

N i —1+ (—17);+ (=)

The graph shows that at = 0, the Fourier series passes through 0.5.

It is quite important to realise that the assumption in Dirichlet’s
Theorem that f is differentiable, at least piecewise, cannot be relaxed.
That is, it is not sufficient to assume only that f is continuous. It is
possible to find continuous functions whose Fourier series diverge at
infinitely many points.



35231 DIFFERENTIAL EQUATIONS LECTURE NOTES 135

N

F1GURE 10. The graph of f against the sum of the first
100 terms of the Fourier series.

6.3.1. The Gibbs-Wilbraham Phenomenon. In Figure 6.7 we can see an
example of what is commonly called the Gibbs Phenomenon. This is
the jagged behaviour of the graph of the partial sums as we approach a
point of discontinuity. Henry Wilbraham was actually the first person
to observe this phenomenon in a paper in 1848, which was largely
ignored. In 1898 Albert Michelson observed the phenomenon arising in
a machine he had constructed and in 1899 Gibbs wrote a paper which
gave an explanation of the phenomenon. Maxime Bocher provided a
detailed analysis in 1906 and called it the Gibbs phenomenon. It is
often now called the Gibbs-Wilbraham Phenomenon, in recognition of
Wilbraham’s earlier work.

The phenomenon is illustrated clearly by Figure 6.7. It is the succes-
sive undershooting and overshooting of the limit at the discontinuity
xo as the number of terms in the partial sums Sy(f,zo) increase. It
also refers to the fact that this overshooting and undershooting does
not die out as N increases, but actually converges to a limit.

The point where the maximum value of the overshooting (under-
shooting) occurs moves closer and closer to the point of discontinuity,
but the height of the overshoot (undershoot) converges to a fixed value.
The reason for this is that Dirichlet’s Theorem tells us that at the jump
discontinuity the Fourier series converges to 1/2(f(x{) + f(xg)). The
graph of the Fourier series approximation near a discontinuity can-
not be smooth because the actual function is not smooth there. The
height of the overshooting (undershooting) can be shown to converge
to 0.089a where a = f(z§) — f(zy). That is, the maximum overshoot
(undershoot) is about 9% of the jump at the discontinuity.

6.4. Parseval’s Theorem. A very useful fact about Fourier series is
that they preserves square integrals in a very precises sense.
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Theorem 6.6. Let f be a piecewise differentiable function on (—m, ).
Suppose that the Fourier sine coefficients are b, and the cosine coeffi-
cients are a,. Then the following equality holds

1 /7r |f(z)*dx = 242 + Z(ai +b2). (6.37)

T
- n=1

Sketch of proof. Let us briefly consider why this result is true. We will
not consider the question of convergence. Let us suppose that f is
differentiable, so that we know from Dirichlet’s Theorem that

f(z) =ap+ Z(an cos(nx) + by, sin(nx)). (6.38)
So that
/7r f(x)%dx = /7r (ao + Z(an cos(nx) + by, sin(nx))) dr (6.39)

Now [T cos*(nz)dz = [ sin®*(nz)dx =, [7_cos(nz) cos(ma)dz = 0
etc. When we expand the right side out we get terms of the form

/ a2 cosz(nx)dx,/ b2 sin®(nx)dw,

—T —T

™

/ UGy, COS(NT) Cos(mx)da:,/ by by, sin(nx) sin(max)dz,

—Tr —Tr

s

/ by, cos(n) sin(mx)dx,/ byby, sin(nax) cos(mzx)dz,

—Tr —T

/ aoglm cos(nx)dm,/ aoby, sin(nx)

- -7
and the first term is [ _afde = 2mad. Now [ a2 cos®(nx)dx = alm,
ST b2 sin*(na)de = 2w, [T apan, cos(nz) cos(ma)dz = 0 etc. Com-
bining these gives the result. The case when f is piecewise differentiable
is a little more involved, since we need to be careful about what happens
on the left hand side at any point where there is a jump discontinuity
in f. However it can be shown that the resulting integral does indeed

equal [7 (f(x))*dx. O

Example 6.8. We have computed the Fourier series for f(z) = =
previously. We found that a, = 0 and b, = 2%. So by Parseval’s
equality

> 4 1 (T o2
S=3 S =- afdr="". (6.40)
n=1 ! n=1 TLQ @ 3

—Tr
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If we rearrange this we have the famous result of Euler that

1 2
—_ = —. (6.41)
— n? 6

o0

Example 6.9. Now let us consider the case when f(z) = 2. The
(_nlg)n, ag = %2 From Parseval’s

Fourier coefficients are b, = 0, a,, = 4
Theorem we find that

X161 [T ot
+ Z A / roax 5 (6.42)

From this we find that

o0

1 s
—_ = —. A4
> =0 (6.43)

This is another formula originally due to Euler.

Example 6.10. As a final example, we consider the Fourier series of
flx) =23 —m <z <m, f(x+27) = f(x). Then the cosine coefficients
are all zero and

1 s 2(—1 n+1 2.2 6
b, = —/ 2% sin(nz)dr = (=1) (;1 T ) (6.44)
T ) . n
Now .
1 [" 2
—/ idr = l,
™ —T
hence
Snp="". (6.45)
7
n=1
Now
, 4mt 487% 144
bp=—5 —— + 5
n n n
Consequently

- (6.46)

n? nt nb

> <47r4 4872 144> 276

So we can rearrange this to get

144 270 X 4872 N 4t
2o =t
276 mt 2
= 44877 — —4n®—
7 TR TG
B 167

105
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From which we deduce that

1 0

— = — 6.47
; né 945 (6.47)
Again, this is a result of Euler.

1
Actually Euler was able to produce a general formula for Z

e
n=1
However to this day, there is no known method of evaluating the cor-

responding sums when the exponent is odd. So for example, we do not

=1
know the exact value of Z — . Apery proved in 1978 that the sum is
n

n=1
irrational and the sum is now known as Apery’s constant. It is also

known that one of

oo oo 00 00

DI I
n5’ n?’ n9’ nll

n=1 n=1 n=1 n=1

must be irrational, but not which one. This is an example of a curious
phenomenon in mathematics. Some problems in the case where a con-
stant or dimension is even are quite solvable, whereas the corresponding
problems in the odd case appear to be impossible.

The function

1

— —_ 6.48
=3 (6.45)
is known as the Riemann Zeta function. Euler showed the remarkable

relation of the function to the prime numbers.

Theorem 6.7 (Euler). Let s be a complex number. Then

S I(-L)
n=1 ne p prime ps

1 1 1 1 1

- H-H-H-Ho-o "

The product is taken over all the prime numbers. Because of the
relation, the ( function plays a central role in the theory of prime
numbers. It is called the Riemann zeta function because in one of
the most famous papers in mathematics, Riemann showed how the
function may be used to establish deep properties of the prime numbers
and essentially invented the branch of mathematics known as analytic
number theory. If s is allowed to be complex it turns out that {(s) =0
has solutions. Riemann conjectured that every complex zero has the
form s = 1/2 + it for t € R. This is known as the Riemann Hypothesis
and it is widely considered to be the most important unsolved problem
in mathematics.
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6.4.1. Fourier Series on (—L,L). Suppose that we wish to expand a
function which is defined on the interval (—L, L) and has period 2L.
This can easily be obtained by a change of variables. Suppose that f
has period T = 2L. We introduce the function g(z) = f (&) . Then
it is clear that

T T
2 p— _— T s _— p—t .
glx+2m)=f (QWx + > f <27Tx> g(x)
Thus g has period 27 and so we can expand it in a standard Fourier
series. We therefore write

f (%x) ~ ag+ Z (@, cos(nz) + by, sin(nz)) , (6.49)
where
ap = % ’ f (%x) dx, (6.50)
an = % Zf (%x) cos(nx)dzx, (6.51)
b, = % _:f (%x) sin(nz)dz. (6.52)

But if we put t = Tz /27, then, using T' = 2L the above becomes

f(t) ~ag+ Z (an cos(nTm) + b, sin(nTm)) : (6.53)

where
1 L
1 L
=7 / 1) cos(nTm)dt, (6.55)
1 L
b= 7 /L F(t) sin(”%t)dt. (6.56)

We are thus able to expand a function as a Fourier series on any sym-
metric interval. Dirichlet’s Theorem is unaltered, and Parseval’s The-
orem becomes

1 [t -
Z/ |f(t)?dt = 2a3 + Z(ai +b2). (6.57)
L

n=1
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Example 6.11. Let f(t) = t*, -1 <t <1 f(t+2) = f(¢) for all ¢.
The function is even, so the sine terms are all zero. We also have

1 1 1 1 4(—-1)"
T KU TS ROV — S
—1 -

2 1 n2m?
Thus for t € (—1,1)

o
Z cos(nmt). (6.59)
6.5. Half Range Expansions. To solve the heat equation, we needed
to expand a function f on the interval [0, 1] in terms of sines. Is this
possible? To see how to achieve this, we introduce the notion of even
and odd extensions. Let f be defined on the interval [0, L). We wish
to extend it to the interval (—L, L). We can do this in any number of
ways. But there are two quite simple ones. First, we introduce the
even extension. We define

o S wel0 )
Je (@) {f(—x) x € (—L,0).

This is an even function which matches f on (0, L). Because it is an
even function, we can expand it in a series of cosines on the interval
(—L, L). Simple algebra shows that the Fourier cosine coefficients may

be calculated as
1 L
_1 / F(@)da, (6.60)
L J,

— %/OL f(z) cos (?) dx. (6.61)

If f is piecewise differentiable, then the Fourier series for fr will
converge to f(x) on [0, L and to f(—x) on (—L,0).
Similarly we can introduce the odd extension. We define

_ f@) x€|0,L)
Je(e) = {—f(—x) v € (—L,0).

We also must have f(0) = 0. This is an odd function which matches f
on (0, L). Because it is an odd function, we can expand it in a series of
sines on the interval (—L, L). The sine coefficients are given by

/ [z sm >da: (6.62)

The sine series will converge to f on [0, L) and to —f(—x) on (—L,0).
The point is that we can expand a piecewise differentiable function

n [0, L) as either a series of sines or cosines. The cosine series will
converge to the even extension and the sine series to the odd extension.

and
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What happens at L? This depends on how the function behaves at
zero. The examples should make this clear.

Example 6.12. Let us expand f(z) = x as a sine series on [0, 1). The
coefficients are

(_1)n+1
nt

1
b, = 2/ zsin(nrx)dr = 2 (6.63)
0

We plot the sum of the first 100 terms on the whole of (—1,1) below.
Notice that at L = +1 we see the Gibbs phenomenon appearing. This

0.5;

-0.5¢

-1t

F1GURE 11. The graph of f against the sum of the first
100 terms of the Fourier sine series.

is because the periodised function is not continuous. If we now compute
the cosine series we find that ap = 1/2 and
2(=14+(=1)")
n2m? ‘
Now let us plot the sum of the first 100 terms of the cosine series.

n

1

0.8

0.6

0.4

.2

-1 -0.5 0.5 1

F1cURE 12. The graph of f against the sum of the first
100 terms of the Fourier cosine series.

Here the periodised function is continuous, so there is no Gibbs phe-
nomenon.
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Observe that the Fourier sine series returns an odd function, the

cosine series an even function. They both return f on the interval
[0,1).

6.5.1. Complex Fourier Series. Since €' = cosx +isin x, it is possible
to rewrite the theory of Fourier series in terms of complex exponentials.
The theory is not very much changed, but the formula that we end up
with tend to be more compact. Given f we define the nth Fourier
coefficient of f as

-~ 1 4 )
fn =5 | ftoreag
Some authors prefer the equivalent form
~ 1 [ ,
= — Pdp.
fln) = o i flple ™ dy

As long as the range of integration is 2w, then there is no practical
difference.
We can recover f from the Fourier coefficients by writing

[e.e]
fO)= 3 Fime. (6.64)
n=—oo
General treatments of Fourier series often use the complex form because
it is technically more convenient, though it is equivalent to the form
we have already seen. As before, the Fourier coefficients decay to zero
as n increases.

Lemma 6.8 (Riemann-Lebesgue). Let f be continuous on I and peri-

~

odic on R with period 2r. Then lim,_, | f(n)| = 0.
Proof. We have

1 iy

f(n) = oyl (p)e”"dyp
T™J_x
1 [Tt

27 —m+Z
1 [" T, _.
=5 /7r flo+ 5)6 Mde.
So that
~ 1 & T\ _;
27(n) = o= [ () = flo+ T)e .
Hence

Fool < o= [ 1700 - o+ Dlae.
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The integrand is bounded, so we can take the limit as n — oo through
the integral. Thus

0< tim 7] < lim o= [ 160) — o+ Dlds

n—00 n—oo 4 J__

= Jmre) — rte+ Dldg =0

4 _ oo

i

Convergence of the Fourier series is covered by the complex form of
Dirichlet’s Theorem, which we present in the case where f is differ-
entiable. The proof is similar to that of the previous version of the
theorem.

Theorem 6.9 (Dirichlet). Suppose that f € L'(I) and that f'(6y)
exists. (I = [—m, 7], or equivalently [0,2m).) Let
N

(SwH)O) = D Fln)e™.

n=—N
Then limy o (SN f)(0o) = f(0o). That is, the Fourier series for f con-
verges to f at a point where f is differentiable.

Fourier series for

feLQ(I)z{f:l—w:/

™

—Tr

£ () Pz < oo},

are very well behaved. The most important result is due to Riesz and
Fischer. We will not prove this result. We can of course replace [—, 7]
with [0, 27].

Theorem 6.10 (Riesz-Fischer). Suppose that f € L*(I). Then
A [[Syf = flla =0,

1/2
where ||h||2 = (f:r |h(9)|2d9) . Further, if we define

1 ™
1917 = 55 | 1P

—Tr

then

[e.e]

> 1P =111 (6.65)

n=—oo

Conversely, suppose that {a,}2 __ is a two sided sequence of complex
numbers such thaty 0. |an|* < oco. Then there is a unique f € L*(I)

such that a, = f(n) for each n.
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6.6. More on Separation of Variables. We have seen that the heat
equation can be solved by means of separation of variables. Using
Dirichlet’s Theorem we see that

U = Kgy, 0<x<1,t>0
u(0,t) =u(l,t) =0
u(z,0) = f(x)

has a solution given by

() = 2 g { /0 W) sm(my)dy} sin(nrz)e™™ (6.66)

whenever f is piecewise differentiable.
Example 6.13. We take f(z) = 2(1 — z) and set k = 1. Then
1—(=1)"

1
b, = 2/0 y(1 — y)sin(nry)dy = 4 = (6.67)
So the solution is
= 1—(=1)" 2,2
u(z,t) = ;4% sin(nrz)e ™ ™"
= i S sin((2n + ma)e @ (6.68)
= 520 sin((2n mr)e ) )
n=1

Let us see what the solution looks like. Notice that it decays very
quickly as t increases. This is because of the exponential factors et
in the solution.

1.0
0003 |

).0002
0.0001 [

0.0000

FIGURE 13. The solution for 0 <z <1, 0 <t < 2.
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We have so far considered only the simplest problem for the heat
equation. There are many more kinds of problems which can be solved
by Fourier series methods. For example, suppose we want to solve

Up = Uge, x € [0,L], t >0, (6.69)
u(z,0) = f(x),u,(0,t) = u,(L,t) = 0. (6.70)
Again we use separation of variables, but now the equation X” = A\ X

has the boundary conditions X’(0) = X’(L) = 0 and the eigenfunctions
are of the form cos (”Lﬂ) . The solution is then given by a Fourier cosine
series. We leave this as an exercise.

We might have a more general problem like
Ut = Ugq, « € [0, L], >0, (6.71)
u(z,0) = f(x),u(0,t) = q(t), u(L, t) = p(t), (6.72)
where ¢ and p are given functions of . The approach we take here is
to look for a solution of the form
(e, ) = vl 1) + “Zqlt) + Tp(t)

where v(0,¢) = v(L,t) = 0 and v(z,0) = f(z) — £2¢(0) — Zp(0).
Observe also that u,, = v,, and

we= vt T + 1),
So that v must satisfy
Vp = U + F(2,1) (6.73)
v(x,0) = h(z),v(0,t) =v(L,t) =0 (6.74)
where h(z) = f(z) —£72q(0) — £p(0) and F(z,t) = — 5724/ (t) — £9/(1).

This leads us to consider how we can solve an equation with a source
term like F'(x,t). Physically we can think of F' as the heat being put
into the system by an external source.

To solve this problem we look for a solution of the form

v(z,t) = ch(t) sin(Apz)e e (6.75)

where the eigenvalues are A\, = nw/L. We further assume that we can
write I as a Fourier series

F(z,t) =Y F,(t)sin(A,z)e ' (6.76)

with

P A
Fu(t)e =2 / F(a, ) sin(\z)dz. (6.77)
0
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Substituting our expressions for v and F' into the PDE we get ¢, (t) =
F,(t) with ¢,(0) = 2 fo )sin(Apx)dz = a,. So that

ea(t) = an+/0t Fo(s)ds.

This leads to the solution

v(x,t) = Zan sin(A,z)e ! + Z (/ ) sin(A,z)e .
n=1
(6.78)

We can solve other boundary value problems for the heat equation
by variations of this method. Now however we apply our Fourier series
methods to the wave equation.

6.7. The Wave Equation. We solve the following problem for the
wave equation in one space dimension.

1
_2utt = Ugg
C

u(0,t) = u(L,t) =0
u(z,0) = f(z)
uy(z,0) = g(x).

We assume that f, g are both piecewise differentiable.

The wave equation models the behavior of a wave propagating in the
x direction as t varies. For example, consider a guitar string fixed at
two points. The initial profile of the string will be a straight line above
the neck and sound board of the instrument. When plucked, the string
will vibrate, producing sound. The height of the string at at any point
along its length at time ¢, will be given by wu(z,t), where u satisfies the
wave equation. In the problem stated here, we also specify the initial
velocity of the wave, u;(x,0). The end points of the string are fixed at
height 0.

Once more we look for a separable solution. This means setting
u(z,t) = X(x)T(t). Then, as with the heat equation, we have X (0) =
X (L) =0 and further

1 T// X//
T X
where A is the separation constant.
The problem for X is exactly the same as for the heat equation.
There are three possible cases, with A = k% > 0, = 0,\ = —k2.
Choosing \ = k? gives X () = Ae* +Be " and the conditions X (0) =
X (L) = 0 lead to conclusion that A = B = 0. Thus we cannot get a
nonzero X from this choice of \.

— (6.79)
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Similarly the case A = 0 also leads to X (x) = 0, just as for the heat
equation case. Finally we let A = —k? and this gives
X(z) = Acos(kz) 4+ Bsin(kz).
The boundary conditions X (0) = X (L) = 0 give A =0 and kL = nr.
Hence we can conclude that

X(x) = Bsin (%x) :

and k = “F.
Thus A = — L2 , which means that
n?mc?
7" = — 72 T.
Solving gives
T(t) = Ccos (%t) + Dsin (%t) (6.80)

and the separable solutions of the wave equation satisfying our bound-
ary conditions are

u(z,t) = Bsin (%x) (C cos (nz > + Dsin (nTmt>> . (6.81)

The idea then is to satisfy the initial conditions by taking a linear
combination of solutions to give

u(zx,t) = i [An sin (%x) oS (nTmt> + B, sin <n%x> sin (%tﬂ :

) (6.82)

Since u(x,0) = f(x) we require

u(z,0) = f(z) = i/ln sin (%x) : (6.83)

As in the heat equation case

/f sin —y) dy. (6.84)

We also have uy(x,0) = g(x) and so differentiating (6.82) with respect
to t, gives

u(z,0) = g(z) = i nTchn sin <%x> . (6.85)

n=1
Therefore “I¢B, must be equal to the Fourier sine coefficients of g,
giving

B,=—1[ g¢(y)sin (Ty> dy. (6.86)
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A solution of the wave equation satisfying the given conditions is
therefore

o) =32 (3 [ s () )i () cos (455
#3 (o [ ot () ) sin () sin ().

(6.87)
Example 6.14. We take L =1, f(z) = 2(1 — x), g(x) = 2. Then
! 1—(=1)"
A, = 2/0 y(1 —y)sin(nmy)dy = 4W’ (6.88)
9 1 ‘ (_l)n—i-l
B, = e . ysin(nmy)dy = ZW. (6.89)
This leads to the solution
u(z,t) = i 4ﬂ sin (nmx) cos (nmwet)
’ £ g
+ i 2 (=) sin (n7x) sin (nwet)
22 7T wet) .

Now we plot the solution for 0 < ¢t < 5. We take ¢ = 1 for convenience.

FIGURE 14. The solution of the wave equation for ¢ =
,0<z<1, 0<t<h.
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The wave like behaviour of the solution is clear from the three di-
mensional graph. The wave equation is one of the most important
equations in physics. In three dimensions it is used to model radio and
other electromagnetic waves, as well as water waves, sound waves and
many other phenomena.

6.8. Laplace’s Equation. The third equation that we will consider
is the Laplace equation. This is the equation

n 2
3 AU (6.90)

The operator A = "7, % is called the Laplacian. We will focus
on Laplace’s equation for n = 2. However some general considerations
will be in order.

Equations of different types have different properties. For elliptic
equations, one of the most important properties is the maximum prin-
ciple. We will state it for the Laplace equation.

Theorem 6.11. Let Au = 0 on the domain Q C R™. Then the maxi-
mum and minimum values of the solution u will occur on the boundary

of €.
An application of this result follows.

Theorem 6.12. Consider the Dirichlet problem for the Laplace equa-
tion: Solve

Au=0, € QCR" (6.91)
ul,g =1, (6.92)

where OX) is the boundary of Q. If a solution to this problem exists, then
1t 1S unique.

In the Dirichlet problem, we solve the Lalplace equation on some re-
gion of space, and insist that the solution be given by a known function
f on the boundary of the domain.

Proof. Suppose that u,v both satisfy the Dirichlet problem. We wish
to show that u = v. Observe that w = u—wv satisfies Laplace’s equation.
Moreover,

Wlpg =ty = Vg =f—F=0.
Thus w is a solution of Laplace’s equation which is equal to zero on
the boundary of 2. But by the maximum principle, the maximum and

minimum values of w are both zero, so w = 0. But this means that
U= . U

Another important result is Harnack’s inequality.
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Theorem 6.13 (Harnack). If u is continuous on the closed ball |z —
xo| < R on R™ centered at xo and harmonic on its interior, then for
every point x with |v — xo| = r < R,
1—(r/R)
u
[+ (r/R)"

On R? the inequality can be written:

L+ (r/R)
1= (/R

(z0) < u(z) <

BT o) < u(w) < 2T

R+ e R—r

This has many consequences. A simple one is that if u(zy) = 0, then
the solution is zero everywhere.

The problem of studying Laplace’s equation is so important that it
makes up its own branch of mathematics, which is known as Potential
Theory. The maximum principle and Harnack’s inequality are funda-
mental to this subject.

We will solve Laplace’s equation by separation of variables, as we
did the wave and heat equations.

Example 6.15. We solve Laplace’s equation on a rectangular region.
Uy +Uyy =0, 0 <2 <a, 0<y<D
As before we look for a separable solution, setting u(x,y) = X (2)Y (y).
This leads to
X// Y//
X Y
where A is the separation constant. We require X (0) = X(a) = 0 and
Y (b) = 0. Applying the arguments as we used in the heat and wave

Al (6.93)

equation examples, we find that \ = —"iQQ and X (x) = Bsin ("zj) )
Solving the equation for Y gives
Y (y) = C cosh (n—ﬂy> + Dsinh <nly) . (6.94)
a a
The condition Y (b) = 0 gives
sinh (2%
_ _pSnh (%) (6.95)
cosh (%y)

This gives

Y (y) = —Dsech (b”—”) sinh <M) . (6.96)

We therefore have

u(z,y) = —BDsin (Tx) (6.97)
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Seeking a solution by using the superposition of solutions, we find that

sinh (—m(bfy)>

= . /nm
u(xa y) = ; A, sin <7$) W. (6.98)
so that
S . [nm nmb
u(z,0) = f(x) = ;An sin <7x> tanh (T) : (6.99)
So we have
2 “ . /nm
A, = m/o f(x)sin <?ZE> dz. (6.100)

The unique solution of Laplace’s equation with these conditions is
therefore

S ¢ f(2)sin (2 2) dz o\ Sinh %‘y)
R <2f0 e )Si“ ﬁfﬂ)%

n=1 a a

Let us evaluate this for a = b = 1, f(x) = x(1 — x). The Fourier
coefficients were computed above for the wave equation example. The
graph of the solution is given below. Observe that both the maximum

F1GURE 15. The solution of the Laplace equation.

and minimum values of the solution occur on the boundary of the
square.
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6.9. The Poisson Integral Formula for the Disc. In many prob-
lems, we are required to solve Laplace’s equation on a circular region,
with the value of the solution specified on the boundary. A famous the-
orem in complex analysis, called the Riemann Mapping Theorem, tells
us that any simply connected region in the complex plane can be trans-
formed into the unit disc, by a conformal mapping — a transformation
which preserves angles between vectors.

Laplace’s equation arises in many physical applications. For exam-
ple, consider the wing of an aircraft. A major problem in aircraft design
is to calculate how much lift there will be on a wing at a given height
and velocity. For this calculation we have to solve Laplace’s equation.
But a cross section of a wing is an odd shape, and solving Laplace’s
equation on this region is difficult. Therefore, a conformal mapping is
applied and the whole problem is converted to solving Laplace’s equa-
tion on the disc. Then the solution is mapped back to give the solution
on the original region and so we can work out how much lift our aircraft
will have.

Consequently, it is of great importance to be able to solve Laplace’s
equation on a disc, subject to a given boundary condition. We only
discuss the simplest case of the problem.

We solve the Laplace equation on the disc

D = {(z,y) € R*| 2* +y* < R},

subject to the conditions u(R, ) = f(0) and u(r, 6) is finite as r — 0.
Note: This is clearly the Dirichlet problem for the Laplace equation
on a disc.

We convert Laplace’s equation to polar coordinates. That is, we let
x =rcosf and y = rsin 6. By using the chain rule, we see that in polar
coordinates the Laplace equation becomes

Pu on 1o
or2  ror 12002

We look for a separable solution u(r, ) = V(r)®(6). Then the Laplace
equation is

— 0. (6.101)

1 1
(V" (r) + ;W(r))@(@) + ﬁVCI)”(G) =0, (6.102)
which separates to give
1 1
V(’/’2V//(T) +rV'(r)) = _5(1),/(9)' (6.103)

Since the left hand side is a function of r only and the right hand side
is a function of # only, then both the left and right must equal some
constant A. Thus

1 2y 71 / .
V(r V'(r)y+rVi(r)) = A (6.104)
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We will see that it is convenient to set A = n?, where n is an integer.
Consequently

7’2‘/”(7”) + TV/<T‘) _ n2V(T) = 0. (6.105)

This is an Euler type equation and it has solutions of the form V (r) =

r®. Substitution shows that a must satisfy the quadratic equation a? —

n? = 0. This gives the general solution for V as
V(r)=Ar"+ Br " (6.106)

where A and B are constants.

Now we insist that w is finite as 7 — 0. Since our solution is u = V®,
this tells us that B = 0, since r™" — oo as r — 0%.

The equation for ® is ®”(f) = —n2®(6) which has solution ®() =
Ce™ + De=™% Hence the solution of the Laplace equation that we
obtain from separation of variables with this choice of A is

u(r,0) = Ar"(Ce™ + De™™%), n=10,1,2,3, ....

We want to satisfy the boundary condition u(a,d) = f(#). To this
end we try a superposition of solutions. We set

u(r,0) = Z r(Ane™ 4 A_,em ™)

n=0
oo

D R (6.107)

n=—0oo

If u(R,0) = f(#), 0 <6 < 2m then we obtain

u(R,0) = Y RMA™ = f(0). (6.108)

n=—oo

This is a Fourier series for f. (Which is the reason why A = n? is the
‘right’ choice to make). The Fourier coefficients A, are given by

1 27 )
— —ingp
A, o] /0 flo)e ™dp. (6.109)

This gives the solution

_ 1 f( ) Z (E)lnl 09 o, (6.110)

We are permitted to swap integral and sum because the series converges
uniformly in the disc Dr. We may easily sum the geometric series to
obtain
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Z(R)M\ zn9¢_1+z nzn@ <p)+z nfzne ®)

'f ei0—¢) %671(9790)
R e e g
RQ _ 7,2

 R2—2rRcos(f — ) + 12’

We used Euler’s formula e** = cos z + i sin z here.
Hence the Dirichlet problem for the disc Dy has solution

I fl)(R? —r?)
ulr,6) = o /0 R? —2rRcos(0 — ¢) + 7“2d90' (6.111)

The function
(R? —r?)
R? — 2rRcos(0 — @) + 12’
is known as the Poisson kernel for the disc Dg. It is an example of

a Green’s function. A great deal more may be said on the subject of
Green’s functions, but that is beyond the scope of this course.

K(r,R,0,¢) =




35231 DIFFERENTIAL EQUATIONS LECTURE NOTES 155

7. NUMERICAL METHODS FOR DIFFERENTIAL EQUATIONS

7.1. Numerical Methods for ODES based on Taylor Series.

7.1.1. FEuler’s Method. Euler’s method for numerically solving ODEs
is the simplest of all methods. Recall that if y is a function of a single
variable, which is differentiable in a region containing the point a, then
for h small enough, we can write

ooy yla+h) —yla)
y'(a) ~ A

Hence
y(a+h) = y(a) + hy'(a).

Now, since 3/(z) = f(x,y(x)) we immediately get the linear approxi-
mation

yla+h) = yo+ hf(a,y0) = y1, (7.1)

in which yo = y(a). Having obtained an approximate value for y(a + h)
from (7.1), we can now approximate the value of y at a + 2h. This
would be

y(a+2h) =y + hf(a+h,y1) = yo. (7.2)

We can repeat this process as many times as we like. This leads to
a simple algorithm for solving a differential equation numerically.

We choose a natural number n > 0. Let h = (b — a)/n. We call h
the step size. Then we set x; = xg + th, where g = a. Now we let
y; = y(x;). Combining this with the relation (7.1) we obtain Euler’s
method

Algorithm 1 Euler’s Method.

To solve the IVP ' = f(x,y(x)),y(a) = yo let the step size h =
(b—a)/n. Set x; = xo+ih. Let y; = y(x;). To obtain an approximation
to the solution of the given IVP, at the points x; generate iterates
according to

Yirr = Yi + hf(xi, vi). (7.3)
End of Algorithm

(1) Euler’s method is easy to code because of its simplicity.

(2) Euler’s method has the drawback that in order to obtain a good
approximation to the solution, it is usually necessary to take h
small.

(3) The method is based upon approximating the solution by the
first order Taylor polynomial about the initial point x = a.
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Example 7.1. Approximate the solution of y/(z) = y + 3z on the
interval 0 < = < 1 with y satisfying the initial condition y(0) = 1.
Take step sizes equal to h = %.

First we solve the equation exactly so that we can compare our nu-
merical solution with the true solution. We observe that the equation
is first order linear, hence we need to obtain an integrating factor. This
is e/ ~19r — ¢~ Thus the equation can be written

ey (x) — ey = difv (e "y(z)) = 3ze™".
Integrating and applying the initial condition leads to the exact solution

y(x) = 4e” — 3(1 + x).

Now we have to solve the equation numerically, using Euler’s method.
Here, the equation is ¢y = y + 3z. So f(x,y) = y + 3x. We also have
zo =0 and y(0) = yo = 1. Hence

1 1
Ui Zyo+hf($o,yo):yo+1—0(yo+3$o):1+E(1+3X0):1-1

This is the approximation for the value of the solution at the point
zo + h = 0.1. We compare to the true value and see that y(0.1) =
1.12068. So the first approximation is in error by 0.02. Next we compute
y2. Recall that 1 = xg + h. So

1
vo =y +hf(y, o) = L1+ (1143 x 0.1) = 1.24

Whereas the true value is y(0.2) = 1.28561. Continuing the process we
obtain the following results

| x; | Euler y; | Exact value of y(z;) | Absolute error |

0 1 1 0
0.1 1.1 1.12068 0.02068
0.2 1.24 1.28561 0.04561
0.3 1.424 1.49944 0.07544
0.4 1.6564 1.7673 0.1109
0.5 | 1.94204 2.09489 0.15285
0.6 | 2.28624 2.48848 0.20224
0.7 2.69487 2.95501 0.26014
0.8 ] 3.17436 3.50216 0.3278
0.9 | 3.73179 4.13841 0.40662
1.0 | 4.37497 4.87313 0.49816

The column marked Euler y; contains the values of the numerical
solution obtained by Euler’s method. The table also contains the true
values for comparison, and the absolute error of the approximation in
the final column.
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Notice that the error gets worse the more iterations we take. That is,
the further we get from our starting point xy = 0, the more inaccurate
our numerical solution becomes.

What is happening is that the errors from the previous steps are
accumulating. As noted above, to obtain good approximations with
Euler method, we usually have to make h very small. But this makes
the method slow and inefficient. If we had to obtain a numerical so-
lution on a large interval, say for example [0,1000], in order to have
any hope of obtaining an accurate solution across the whole interval,
we would have to take h so small that the method would be totally
impractical.

Euler’s method is simple, but it is not very good. Fortunately, there
are better methods available.

7.2. Taylor series methods. One obvious way of improving the ac-
curacy of the Euler method is to extend it to include higher order
derivatives of y. Recall that Taylor’s theorem states that if y is n + 1
times differentiable in an interval I around x = a, then there exists a
number ¢ € [ such that

1 1
y(a+h) =y(a) + hy'(a) + h*y"(a) + -+ —h"y " (a)

1 n+l, (nt1)
+ (n+1>!h y " (). (7.4)

We used Taylor series methods to find series solutions of linear dif-
ferential equations earlier in the notes. Taylor series methods can be
quite naturally extended to solve nonlinear equations as well, and they
are especially useful for solving differential equations numerically.

Actually, it is easy to see that the Euler method is a Taylor series
method in which we use the first two terms of the Taylor polynomial
(7.4). This suggests that the natural extension of the Euler method is
to take higher order terms in the Taylor series (7.4).

This presents the problem of how to compute the higher order deriva-
tives 4™ (a). In fact, we can do this by the chain rule. Observe that
y'(z) = f(z,y(z)). Applying the chain rule gives

V') = A () = 2 fey(o) = 5+ LY
= L. y(@) + £ (@) fy . y(w)). (75)

The third derivative can be computed in the same manner.

() = 0 (0(0)) = o (el () + Ty (@)

It should be obvious that we can compute derivatives of y to all orders
by the same means. It is just a question of how many derivatives we
want. (And how much patience we have!) Computing more derivatives,
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and using them to approximate y should give a more accurate numerical
solution to the IVP.

This leads us to the kth order Taylor series method for the IVP of
Definition 1.1
Algorithm 2 kth order Taylor series method.

To solve the ODE ¢/ = f(z,y(x)),y(a) = yo let the step size h =
(b—a)/n. Set x; = xo + ih. Let y; = y(x;). Define
k—1

Tu(e,yh) = f(@,y) + Fa )l -t 75Dz, g)" (7.6)

2 k'
To obtain an approximation to the solution of the given IVP, at the
points x; generate iterates according to

Yirr = Yi + Wi (25, yis h). (7.7)
End of Algorithm

Example 7.2. Use a second order Taylor series method to approximate
the solution of 3/ (x) = y+3z on the interval 0 < z < 1 with y satisfying
the initial condition y(0) = 1. Take step sizes equal to h = 5.

We first have to compute the second derivative of y. Since y'(z) =
y(x) + 3z, we see that

() = o/ () = - (y(x) + 30) = ¢/ (2) + 3 =3+ 32 + y().

We thus have the iterative scheme
2

e = v+ B(f (i) + o (F( () (1.

2 T=XT;
h2

Recalling that h = 0.1, xy = 0 and starting with yo = 1 we get

0.1)?
y1:1+0.1(1+3><0)—|—( )

(B+3x0+1)=1.12.
Next

0.1)2
yo = 1124+ 0.1(1.12 + 3 x 0.1) + %(3 +3%0.1+1.12) = 1.2841.

The following table contains the complete list of results.

| @; | Taylor y; [ Exact value of y(z;) | Absolute error |

0 1 1 0
0.1 1.12 1.12068 0.0068
0.2 | 1.2841 1.28561 0.00151
0.3 ] 1.49693 1.49944 0.00251
0.4 1.76361 1.7673 0.00369
0.5] 2.08979 2.09489 0.0051
0.6 | 2.48171 2.48848 0.00677
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| x; | Taylor y; | Exact value of y(;) | Absolute error |

0.7 | 2.94629 2.95501 0.00872
0.8 | 3.49116 3.50216 0.011

0.9 | 4.12473 4.13841 0.01368
1.0 | 4.85632 4.87313 0.01681

The column marked Taylor y; contains the numerical solution given
by the second order Taylor scheme. It is obvious that the second order
Taylor series method is considerably more accurate than the simple
Euler method. However, notice that the accuracy decreases the more
steps we take. We could of course obtain higher accuracy by comput-
ing higher and higher order derivatives. But because the Taylor series
method involves taking what are effectively polynomial approximations
for y(a + h), the method will always give results which eventually di-
verge from the true solution. In other words, the further from the
initial condition we are, the less accurate our numerical approximation
will be.

Taylor series methods also have the drawback that they require eval-
uation of higher derivatives of y. This can be computationally expen-
sive. For this reason, we should seek other, more efficient methods of
obtaining numerical solutions for our IVP.

7.3. Runge-Kutta methods. One of the drawbacks of the Taylor
series method is the need to evaluate derivatives of f(z,y(z)). One
way to avoid this problem is to use an approach due to the German
mathematicians C. Runge and M.W. Kutta. The Runge-Kutta method
is as follows. As before, we have a single starting value for y, namely
yo = y(a). Values of y at equally spaced points are then obtained by
an iterative scheme of the form

Yit1 = Yi + hd)(l’z, Yi, h) (79)

The problem is to choose the function ¢ in such a way that it returns
the same values as an nth order Taylor series method, without the need
to evaluate derivatives of f(x,y(x)). How is this achieved? As we will
see, there is in fact no unique way of doing it.

We start with a second order Runge-Kutta method. That is, with
n = 2. For a second order Taylor series method, we have the iterative
scheme
in which (neglecting the error term)

Ty ) = o) + S i) + Fy ) 0]

Now we want to produce a form of ¢ which matches this expression,
but does not require any differentiation. The idea is to sample the
function f(z,y) at different points. That is, we sample f at z;,y; but
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also at (z; + ah,y; + af(x;,y;)) for some value of . Given this, the
iterative scheme for y; can be written

Yir1 = Ui + hALf (05, y5) + Aof (2 + ah, ys + ah f(zi, pi))]. (7.11)

How do we choose a, Ay, As in order that (7.11) matches the Taylor
scheme? First, expand f(x; + ah,y; + ahf(x;,y;)) in a Taylor series.
We have

f(xi +ah,yi +ahf(x,y:) = f(wi,y:) + fo(@i, yi)ah
+ fy(@i, yi)ah f(zi,yi) + Ro(xi, ys)

in which Rs is the remainder term. It is not hard to show that the
remainder term has the form R, = C'h?, for some constant C'. Now we
use this in our expression for ¢. Collecting all the terms together gives

O(wi,yir h) = (A1 + Aa) f (24, 4i) + Ashlafe(zi, yi) + afy (i, yi) + Ch

If we compare this to the Taylor scheme and neglect the remainder
term, we see that we must have

Al + AQ =1 AQCY = % (712)

It is now clear that there is no unique solution for these equations.
We must make some choice in order to produce an actual numerical
scheme. We have seen similar situations before. Different choices lead
to different schemes, each with its own advantages and disadvantages.

The second order Runge-Kutta scheme with the choice a = % is
known as the modified Euler method. In this instance we have Ay =

1, A; = 0. The scheme is

h h
Yirr =Y + hf (xz + 50 Yi + §f($z', yz)) (7.13)
The second order Runge-Kutta scheme with @ = 1 is known as

Heun’s method. It is also called the improved Euler method. For this
choice of o, we have A; = Ay = % It can be represented as

h

Yir1 = Yi T §[f($z‘, Yi) + f(@ivr, yi + hf (i, pi))]- (7.14)
Example 7.3. Use Heun’s method and the modified Euler method to
solve the IVP ¢/(z) = 3zy(z),y(0) = 2 on the interval [0, 1], taking
h =0.1.
Solution First we use the modified Euler method. Our starting point is
yo = 2. Here, f(z,y) = 3zy. The exact solution of this IVP is y = 237"

The modified Euler method for this example takes the form
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2

1 1

Working out the value of y; we have
y1 =2+0.1(3(0+0.05)(2+ 0.05 x 3(0)(2))) = 2.03.

From this we get ys :

h h
Yip1 = Yi + hf (l”z + =+ Ef(iﬁu yz))

0.1
Yo = 2.0340.1 (3(0.1 +0.05)(2.03 + -3 x 0.1 2.03)) = 2.12272.

Compiling our results and comparing with the exact values, we obtain
the following table.

| x; | Mod Euler y; | Exact value of y(x;) [ Absolute error |

0 2 2 0
0.1 2.03 2.03023 0.00023
0.2 2.12272 2.12367 0.00094
0.3 2.2867 2.28907 0.00237
0.4 2.53761 2.5425 0.00489
0.5 2.90074 2.90998 0.00924
0.6 3.41526 3.43201 0.01675
0.7 4.14117 4.17096 0.02979
0.8 5.17077 2.22339 0.05262
0.9 6.64754 6.74059 0.09305
1.0 8.79786 8.96338 0.16582

Now we do the same using Heun’s method.

| >

(i, y) + f(@igr, yi + hf (@, 95))]
1
2

Yir1 =Y +

e

For y; we get

0.1
y1:2+7(3x0xyo—|—3(0.1><(y0+3><0.1><0><y0)):2.03.

Continuing the process we get the following table of results.

| x; | Heun y; | Exact value of y(x;) | Absolute error |

0 2 2 0
0.1 2.03 2.03023 0.000226129
0.2 | 2.12318 2.12367 0.000496093
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| #; | Heun y; | Exact value of y(x;) | Absolute error |

0.3 | 2.28815 2.28907 0.000925716
0.4 | 2.54076 2.5425 0.00173892
0.5 | 2.90663 2.90998 0.0033541
0.6 | 3.42546 3.43201 0.00655177
0.7 | 4.15817 4.17096 0.0127957
0.8 ] 5.19854 5.22339 0.024851
0.9] 6.6926 6.74059 0.0479852
1 | 8.87105 8.96338 0.092333

Notice that Heun’s method is more accurate than the modified Euler
method. It may at first glance seem rather odd that we get different
answers for the different methods, since we have set the scheme up so
that it agrees to second order with the Taylor method. Why do we get
different answers?

The reason is that we have not taken into consideration the error
term. Our choice for o, A; and Ay will effect the error term Ch?, since
the constant C' depends on these numbers. So different choices for the
parameters will lead to schemes with different degrees of accuracy.

By the same analysis as above, it is possible to derive Runge-Kutta
schemes for higher orders. The method is as follows. We want a nu-
merical scheme of the form

Yit1 = Yi + O(zi,yi, h). (7.16)

We require the function ¢ to match the kth order Taylor expansion.
That is

O(xi, yi, h) = Ti(wi, yi, h) + O(h?). (7.17)

The function ¢ has the general form
O, yi h) =D A K (i, v, h).
j=1

Such a scheme is known as an m stage, kth order method. Now the
terms K; are computed in the following way. We always have

Kl('ri? Yi, h) = f(xw yz)

For 2 < j < m, K; is defined in terms of the weighted average of the
previous terms. It satisfies

j—1

Kj(xi,yi, h) = fzi + ajh, yi + hZBerr(Im Yi, h)).

r=1
The parameters «; satisfy 0 < a; <1 and o; = an: Bjr. To work out
the values, we have to expand the functions K in a Taylor series, and
compare to the expression Ty. This can be very tedious.
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It is obvious that an m stage Runge-Kutta method requires m eval-
uations of f at each iteration. This can be computationally expensive,
but it is usually not prohibitive.

The accuracy of Runge-Kutte methods increases with the order.
However, so does the complexity of the method. It is for this reason,
that the lower order methods tend to be the most commonly used.

A great deal is known about the properties of these methods. For
example, Runge-Kutta methods only exist if m > k. In fact Runge-
Kutta methods with m = k only exist for £ = 1,2,3,4. If £ = 5 then
m will have to be equal to 6. For k£ > 7 we require m > k + 2.

As in the order two case, in the nth order case, there are many
possible choices for the weights. Each scheme has its advantages and
disadvantages and a detailed discussion of each is not practical in an
introductory course like this one. Instead we will simply present some
examples of the higher order schemes.

One third order Runge-Kutta scheme is of the form

h
Yir1 = Yi + E(Kl +4K5 + K3) (7.18)

where

2

h h
Kl = f(xwyz)a K2 = f(ml + —Yi + _K1)7

Notice the similarity between the form of (7.18) and Simpson’s rule
for numerical integration. In fact if f depends on z only, then this
rule is precisely Simpson’s rule. This is a general observation. When
f depends on z only, the problem of solving y = f(x,y) is simply the
problem of integrating f(z). The Runge-Kutta rules in this case just
reduce to the familiar numerical quadrature rules that are used to per-
form numerical integration, such as Simpson’s rule and the Trapezoidal
rule.

Fourth order schemes are particularly popular. One example is the
following, which is due to Runge.

h
Yie1 = Yi + E[Kl + 2K, + 2K3 + K]

(7.20)

where

h h
Ky = f(zi,u:), Ko = fla; + o Vi + §Kl>’

h h
K3 = f(I'Z + 57% + §K2)7
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Notice the recursive nature of all these methods. We first have to
calculate K; before we can calculate K5. In turn we need K5 in order
to calculate K3 etc. This is a feature of all Runge-Kutta schemes.

For completeness, we present another fourth order scheme due to
Runge, Kutta and Gill. It is

h 1 1
yi+1=yi+—[K1+2(1——>K2+2<1+—>K3+K4]

6 V2 V2
(7.22)
where
h h
Ky = f(zi,y), K2=f($i+§;yz‘+§Kl);
h 1 1 1
Ky = it =yt —=+—=)hK + (1 - —= ) hK, ),
o=t (mr g (g ) i (1 ) i)
h 1
Ky = rit+hy — —=Ko+ |14+—)hK;3|. 7.23
4 f( Y \/§ 2 ( \/5) 3) ( )

This scheme is said to be the most widely used fourth order Runge-
Kutta method.

The Runge-Kutta schemes of order n can be shown to have an error
bound which decreases proportionally to order h"*!. So for example,
the error in the fourth order schemes is of the order A®.

7.4. Predictor-Corrector Methods. The methods we have so far
considered have all been single step methods. That is, we calculate the
value of y;11 from the value of y;. In this sense, all our methods so far
have been single step methods. Every single step method has the form

Yir1 = Yi + ho(xi, yi, h).
By contrast, for a k-step method, we use k values of the approximate

solution to obtain the next value. More precisely, to solve ¢y = f(z,y)
we have an iterative scheme of the form

k—1 k
Yn+k = — Z ajyn+j + h Z ﬁjf(anrj? yn+j)' (724)
j=0 J=0

These methods are also called multi-step methods. Notice that in
the form of the k-step method (7.24), the value of y,,x may be given
implicitly. We will discuss this in more detail below.

First, we consider a simple example. In the Euler method, we ap-
proximated the derivative y/(x) by the quotient w We could
also have used the centered difference formula:

y(@ +h) —y(z —h)
2h '

Y () =
If we have equally spaced points

Tn + h = Tntl, Tpy1 + h = Tn+42,
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then we have
y<$n+2) - y(xn)

! ~ ) 2
Y (Tny1) 57 (7.25)

Then the differential equation 3’ = f(x,y) becomes
y(‘rn+2> — y(xn) ~ f

2h (anrla y(anrl) (726)
Using the notation y; = y(z;) we get the difference scheme
Ynt2 = Yn + 20 f (Tni1, Yns1) (7.27)

This is a two step method for solving the IVP ¢/ = f(x,y), y(a) = yo.
Another two step method comes from Simpson’s rule. We know that

Y(nsa) — ylen) = / "y (@)da (7.28)

Now according to Simpson’s rule

Yansa) — ylan) = 5 (0 e0) + 4y (i) + /(i) (729)
Using y'(z) = f(z,y(x)) we get
E B C EN TV CTES) BT IRy
(i yl012)) (7.0

Which leads to the two step difference scheme

h
Yn2 ~Yn =3 (f(@nsyn) + 4 (@ni1, Unt) + f(Tna2, Yny2))  (7.31)

This last method (7.31) is an example of an implicit method. It is
implicit because we do not obtain y,,, o directly. Rather we have to solve
an equation to obtain y,, 1. If f is a nonlinear function of y then we will
have to employ some numerical method, such as Newton’s method to
obtain the value of y,,.5. By contrast the first method (7.27) is explicit,
because y,,12 is given directly.

In practice implicit and explicit methods are often used in pairs.
This is because using implicit and explicit methods in pairs allows for
the effective control of errors. Such explicit-implicit schemes are known
as predictor-corrector pairs.

Before discussing predictor-corrector pairs in a more general setting,
we make one further observation about the schemes (7.27) and (7.31).
Although they both come from perfectly reasonable approximations
for the integral fab y'(x)dx, neither is very useful for numerical work.
This is because they are numerically unstable. For certain functions f
these methods produce very severe errors which propagate very quickly,
unless we make the step size very small.

The problem of numerical instability is one of the most important
in numerical analysis. Unfortunately we do not have the time in this
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course to explain exactly why these apparently reasonable methods
have these serious numerical difficulties associated with them. The in-
terested student should consult a more advanced text on the numerical
solution of ODES. We will now present a class of methods which have
turned out to be extremely useful.

7.5. Adams Methods as Predictor-Corrector Pairs. Adams meth-
ods come in two forms: Explicit and implicit. The Adams methods are
all based upon interpolatory quadrature formulas for an integral. For
a general k step method, we take quadrature rules of the form

/"”Hk g(z)dr =h (A09($n) + A1g(Tpgr) + -+ Akg(l‘mn%)) .

Tn+k—1
i (7.32)
Here the numbers Ag, Ay, ..., Ay are the weights. For an explicit method
the last weight is always zero. That is, Ay = 0. Explicit Adams methods
are usually called Adams-Bashforth methods and the implicit methods
are known as Adams-Moulton methods. The general Adams-Bashforth
method has the form

Yntk — Ynth-1 = D (Aof(ifm yn) + Alf($n+1, yn+1) +e
+Ank-1f(Tnsk—1, Ynik-1)) - (7.33)

The general Adams-Moulton method has the form

Untk — Unth—1 = h (Ao f (20, yn) + A1 f(Trg1, Y1) + - -

+74n+k—1f(xn+k—17yn+k—l)%_finf(xn+k7yn+k>>~
(7.34)

For notational convenience, we will set f, = f(zn,y,). Deriving
these methods is simply a matter of constructing quadrature formulae
as we did in the chapter on numerical integration. However care must
be taken, because as the example with Simpson’s rule shows, not all
quadrature schemes lead to stable methods for the numerical solution
of IVPs.

An alternative, though equivalent approach to deriving the Adams
schemes is based upon expanding the function y in a Taylor series about
the initial condition, then using finite differences to approximate the
derivatives.

By Taylor’s Theorem, we can write

oz +h) = y(@) + ' (@)h + %y”(m)hQ + éy/’/(x)h?’ beee (7.35)

And since y' = f(x,y(z)) this implies
h4
41

h3
3!

h2

yi+1=yi+hfi+?fi’+ fi"+ f1+
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where the dashes denote differentiation. If we use the approximation
fi = fl_h# + 2"+ O(h?) and take the terms up to order h* we get

1 71— h " h3 "
y2+1_yz+hfz+_ f f - f ( ) +_fz +O(h4)
21 h 6
So neglecting the terms of order h%, we get the scheme
3 1
Yit1 =Yi+ h <§f1 - §fi1) : (7.36)

This is the second Adams-Bashforth method. Using higher order Taylor
approximations for f’, f” etc, will give higher order explicit Adams-
Bashforth schemes. These are also known as Adams-Bashforth open
schemes. Let us now list the first five such schemes. Here we have
shifted the subscripts in an obvious way for notational convenience.

Ynt1 = Yn + hfn (7.37)
Yn+2 = Yn+1 + 5 [3fn+1 fa] (7.38)
Yn+3 = Ynt2 T % 23 fnt2 — 16 fns1 + 5] (7.39)
Yntd = Unss + 2h—4 55 fni3 — 59 fnra + 37 for1 — 9fn] (7.40)
Ynts = Unia + % (1901 frpy — 2774 f i3 + 2616 frio — 1274 f, 1 + 251F,]
(7.41)

Notice that the coefficients become large very quickly. Also notice
that the first Adams-Bashforth method is simply Euler’s method.

The obvious question to ask is how do we implement such a scheme?
In contrast to one step methods, in order to use a k step method,
we require k initial values. If we are to implement say the scheme
Ynt3 = Ynao+ 1—’12[23fn+2 — 16 f,+1+ 5], then we need initial values for
Yo, y1 and yo. The simplest way to do this is to use a one step method
to obtain the necessary starting values, then once the desired starting
values are obtained, use the k step method.

Example 7.4. Use the n = 3 Adams-Bashforth scheme to solve the
ODE ¢/(z) = z(1 + %?), y(0) = 0 on the interval [0, 1]. Take h = 0.1.

We use the following procedure to find the starting values. From the
list of Adams-Bashforth schemes we have

Yn+1 = Yn + hfn

h
Yn+2 = Yn+1 + 3 [3fn+1 fn]

h
Yn+3 = Yn+2 + E [23fn+2 16fn+1 + 5fn}



168 MARK CRADDOCK

We use the first scheme to obtain y;. Then we use the second scheme
to obtain gy, using the Euler approximation for y;. Thus yo = 0. From
the Euler scheme we obtain

Y1 =y + hf(0,99) =0+ 0.1(0(1 + 0%)) = 0. (7.42)
Then
Yo =1 + g[?)fl — fo] =04 0.05(3(0.1(1 + 0%)) — 0) = 0.015 (7.43)

We can now employ the three step Adams-Bashforth scheme to gener-
ate the rest of our iterates. For example,

h
Y3 = y2 + E(ZSfQ —16f1 +5fo)

0.1
=0.015 + E(23(0.2(1 +(0.15)%)) — 16 x 0.1 + 5 x 0)
= 0.0400086

Continuing in this manner produces the following results.

| #; | Adam-Bashforth y; | Exact y(x;) | Absolute error |

0 0 0 0

0.1 0 0.00500004 | 0.00500004
0.2 0.015 0.0200027 0.00500267
0.3 0.0400086 0.0450304 0.00502177
0.4 0.0750947 0.0801711 0.00507644
0.5 0.120465 0.125655 0.00519029
0.6 0.176575 0.18197 0.00539471
0.7 0.244287 0.250023 0.00573577
0.8 0.325101 0.331389 0.00628793
0.9 0.421517 0.4287 0.0071824
1 0.537633 0.546302 0.00866929

We see that we have good accuracy, comparable to a second order
Taylor scheme. We will get better accuracy if we can find better es-
timates for y; and ys. For example if we were to take y; = 0.005 and
y2 = 0.02 then we would obtain y;y = 0.544067 and error of around
0.002.

This naturally brings us to a consideration of the implicit Adams
schemes, the so called Adams-Moulton schemes. Their derivation is
similar to the derivation of the Adams-Bashforth explicit methods. We
now list the first five Adams-Moulton schemes.
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Ynt1l = Yn + hfnJrl (744)
h

Yn+2 = Yn+1 + §[fn+2 + fn+1] (745)
h

Yn+3 = Yn+2 + E[5fn+3 + 8fn+2 - fn-‘rl] (746>
h

Ynta = Ynts + ﬂ[9fn+4 +19fns3 = 5fnia + frril (7.47)

h
Yn+5 = Ynta + %]251fn+5 + 646fn+4 - 264fn+3 + 106fn+2 - 19fn+1]
(7.48)

Notice that the first equation is similar to Euler’s method. It is
known as a backward Euler’s method. Also notice that in each scheme,
the next term ¥, occurs on both sides of the equation. So we do not
obtain it directly. Rather we have to solve for it.

To illustrate. In our previous example, we had v/ = z(1 + y?). If
we take the second Adams-Moulton scheme, then given ¥, 1 we obtain
Ynao Dy solving the equation

h
Ynt2 = Ynt1 + 5[37n+2(1 + Z/721+2) + g (1 + yiﬂ)] (7.49)

This is a quadratic, so we could employ the quadratic formula to
obtain y, 2. However for a general IVP, there will be no easy way
of solving for y,.o. If we are to use an implicit scheme by itself, we
must employ some kind of numerical method for solving the resulting
equation. Newton’s method is a good choice.

However, Adams-Moulton methods and Adams-Bashforth methods
are rarely used by themselves. Instead, they are normally used in
pairs, with an explicit scheme combined with an implicit scheme. We
illustrate the procedure by an example.

Consider the third order Adams schemes, and assume we have ob-
tained starting values yo,y; and y,. We use the explicit scheme to
produce an estimate for ¥, 13 which we call 9,,.3. The estimate is given

by

_ h
Ynt3 = Ynt2 + B 23 frt2 — 16 fny1 + 5fn) (7.50)

Now we take the corresponding implicit scheme. Instead of solving
this for y,.3 we use our estimate 7,3 from the explicit scheme to
produce a new estimate for y,, 3. That is, in order to produce y,, 3 we
calculate

h -
Yn+3 = Ynt2 + E[5f($n+3> yn+3) + 8fnt2 — fn+1] (7-51)
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Thus calculating ¥, 3 is done in two steps. Equation (7.50) is known
as the predictor and (7.51) is known as the corrector.

One common practice which can be used to refine this method even
further, is to add an iterative procedure involving the corrector. What
this means is that, having obtained an estimate y,,, 5 by applying the
corrector to §y,3, we then obtain a new estimate y2_ 5 by repeating the
process.

More precisely, we take 3,3 from the predictor. We then produce

h N
y7{0+3 = Yn+2 + E[5f<xn+3a yn+3) + 8fn+2 - fn-i—l]-

Then y2, 4 is given by

h
Ynss = Ynr2 + E[5f(13n+3, Ynia) + 8fura — faral.
In general we form the sequence

h
nyiZl‘s = Yn+2 + E[5f(xn+3a y5+3) + 8fn+2 - fn+1]-

We keep iterating until we have convergence. This limit is taken to be
the estimate for y,, 3. Then we move back to the predictor and produce
and estimate 4,4, for the next term ¥, 4 and repeat.

Although this can be computationally intensive, it is also extremely
effective. Predictor-Corrector methods are among the most successful
schemes that we have for solving IVPs. The degree of computational
effort we use depends as always on the accuracy which we desire. For
example, the iterative procedure described above, where we produce a
sequence y* 43 by iterating the corrector, is often omitted. Usually the
estimate for y,, 3 produced by (7.51) is good enough for most purposes.

Example 7.5. Use the n = 3 Adams-Bashforth, Adams-Moulton
predictor-corrector scheme to solve the ODE ¢/(z) = z(1+y?), y(0) = 0
on the interval [0, 1]. Take A = 0.1.

We take the same starting values as before. We obtained in the
previous example an estimate for y3. This is our value y3. That is

B h
Uz = Yo + E(23f2 —16f1 + 5fo)

0.1
= 0.015 + 75-(23(02(1 + (0.15)%)) = 16 x 0.1 + 5 x 0)
= 0.0400086
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Whence
Ys = Y2 + 1—};(5f($3>§3) + 8f(z2,y2) — f(x1,91))
= 0.015 + %(5 x 0.3(1 + (0.0400086)% + 8 x 0.2(1 + 0.15%)
—0.1(1 + 0%)) = 0.040023.

Continuing produces the following results.

] x; ‘ Predictor-Corrector y; ‘ Exact y(z;) ‘ Absolute error ‘

0 0 0 0

0.1 0 0.00500004 | 0.00500004
0.2 0.015 0.0200027 0.00500267
0.3 0.040023 0.0450304 0.00500739
0.4 0.0751487 0.0801711 0.00502241
0.5 0.120598 0.125655 0.00505725
0.6 0.176845 0.18197 0.00512501
0.7 0.244779 0.250023 0.00524326
0.8 0.325953 0.331389 0.00543598
0.9 0.422962 0.4287 0.00573728
1 0.540103 0.546302 0.00619905

It is apparent that this is somewhat more accurate than just the
n = 3 Adams-Bashforth scheme on its own, though the improvement
is not great. We could again achieve considerably greater accuracy by
taking more care to calculate the starting values. For example, starting
with y; = 0.005, yo = 0.02 gives an estimate of y;9 = 0.54658 An error
of approximately 0.0003. Iterative refinement will also improve the
accuracy of the solution.

0.4 0.6 0.8 1

F1GURE 16. Predictor-Corrector versus true solution.

The graph shows the predictor-corrector solution plotted against the
true solution. Notice that the two solutions are extremely close.
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7.6. Finite Difference Methods. We come now to a particularly
important class of methods for the numerical solution of differential
equations. The so called finite difference methods. These methods
are particularly useful for the numerical solution of boundary value
problems for second and higher order equations. They also provide one
of the most widely used techniques for the numerical solution of partial
differential equations.

In this section we will concentrate on the use of finite difference
methods for boundary value problems. To begin, we will define what
these problems are.

Definition 7.1. Let

fla, g, y") =0 (7.52)
be an nth order, ordinary differential equation defined on the interval
I =[a,b]. A boundary value problem (BVP) for (7.52) is defined to be
the problem of finding a solution of (7.52) which satisfies the boundary
conditions y(a) = « anf y(b) = p.

This formulation of a BVP is actually a simplified version of the gen-
eral problem. In many problems, the boundary conditions are given
in more complicated form. For example, we might have the conditions
given as kyy(a) + koy(b) = o and ksy(a) + kay(b) = 5. Or the boundary
condition might be given in terms of the derivatives as well. For exam-
ple k1y/(a) + koy(b) = a and kzy(a) + k4y/(b) = S. Many formulations
are possible. We will concentrate on those problems encompassed by
Definition 1.1.

Under certain circumstances, it is possible to prove the existence and
uniqueness of a solution to a BVP. One such theorem is given next.

Theorem 7.2. Consider the boundary value problem
—y"(z) + r(x)y(z) = p(x), a<xz<b, (7.53)
y(a) =y(b) =0 (7.54)
where 1, : [a,b] — R are continuous functions. The BVP (7.53) has

a unique solution, y which is at least twice differentiable on [a,b], if
r(z) >0, for z € [a,b].

Many BVPs can be put into this form by a change of variable, making
the theorem more general than it appears. Boundary value problems
of more general nature can also be treated.

Let us now solve a simple BVP.

Example 7.6. Solve the BVP

T
y'+y=0, y0)=0, y(g) =1.

We first obtain the solution of the equation y” 4+ y = 0. The charac-
teristic equation is A> + 1 = 0 which has roots 4-i. Hence the general
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solution is
y= Acosx + Bsinx

for constants A and B.
To solve the BVP, we have to fit the boundary conditions. The
solution must satisfy y(0) = 0 and y(3) = 1. Hence

AcosQ+ Bsin0=A=0.

Next,
y(g) = Bsing =B=1.
So the solution of the boundary value problem is y = sin x.

Notice something interesting about this problem. If instead of choos-
ing the interval [0, 7], we had chosen the interval [0, 7] then the resulting
BVP, with y having to satisfy y(7) = 1, would have no solution. Why?
Because the final condition we have to fit would become

y(m) = Bsinm =0 = 1.

So no solution exists. It is also possible to make a choice of bound-
ary values such that the problem has infinitely many solutions. For
infinitely many solutions we would set y(m) = 0.

Given a BVP, which has a unique solution, we now ask how we can
solve it numerically? It is clear that a different approach is needed than
for solving IVPs. With an IVP, we can start with a value, and simply
allow the step the solution y forward in time using the information we
have about the derivatives of y. However, this will not work (at least not
without major modification) for a BVP. Because we need the solution
to not only take a given value at x = a, we also require the solution to
take a given value at x = b. It is not obvious that the methods we have
already developed will guarantee this. For example, say we want to
solve 3y = g(z, y(x)) subject to y(a) = yo and y(b) = y;. We might try
Euler’s method. We choose an h and produce iterates by calculating
Yy = y' + hg(z;, ') starting with y° = y(a). However doing this is
unlikely to work. We would have to be very lucky for the approximate
value of y at x = b given by Euler’s method, to be anything like the
true value.

So we require another approach. One very powerful method of solv-
ing such problems is the method of finite differences. The idea is es-
sentially this. We replace the differential equation with a difference
equation. There are many ways in which this can be done.

We make the following observation. If y(x) is twice differentiable
and h is small, then we can approximate the first derivative of y by a
finite difference:

() » YT VT, (7.59
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This however, is not the only possible approximation. We could also
use the central difference approximation
() ~ YT h)%y(% J (7.56)
This central difference approximation to the derivative is extremely
useful. When solving a BVP with a first derivative term, the central
difference approximation usually gives better results than using (7.55).
Moreover, we can approximate the second derivative by a finite dif-
ference too. We have

y(zi +h) — 2y(x:) + y(z: — h)
B2
Higher order derivatives can be approximated in the same manner.
Now let us introduce some helpful notation. We are interested in
solving a BVP on the interval [a,b]. So we will let 2o = a We divide
[a, b] up into n equal subintervals of length h. So that

Y (x;) = . (7.57)

To=a,r1 =29+ h,x9 =29+ 2h,..., 2, = 9 +nh =0.

The idea is to attempt to use finite difference methods to approxi-
mate the value of the BVP at the discrete points xy, ..., x,. We let the
value of the approximations at x; be denoted ;.

Now suppose that we wish to solve the following second order BVP.

y' = f(z,9,9), yla) = a, y(b) = 6. (7.58)
The finite difference approximation to this BVP is
Yirr — 2Ui + Yi1 Ykl — Vi
e e I

1=1,2,..,n—1, ygo=«a, y, = 0.

This gives us a system of equations which we have to solve for the
approximations y;. Notice that if the function f is nonlinear in y and/or
y' then the equations we must solve for the y; are nonlinear.

We now consider an example.

Example 7.7. Solve the problem in example 10.1 by using the finite
difference approximation (7.59).

The equation we wish to solve is y” +y = 0. Thus the finite difference
approximation is

Yir1 — 2Yi + Yin1
B2

with yo = 0,9, = 1. Multiplying through by h?, we get the system of
linear equations

Vil —20i + Vi TR =y + (B =2y +yii =0,i=1,..,n—1

We have the further conditions that yo = 0, y, = 1. We have to
incorporate this into the equations before we can solve them.

+y=0 (7.60)
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Starting with ¢ = 1 the system can be written
Y2+ (h? = 2)y1 + 90 =0
ys + (h* = 2)ya + 31 =0

Yn + (B> = 2)n—1 + Yn-2 =0
However, because yo = 0 and y,, = 1, the equations simplify to
Yo+ (h* = 2)y1 =0
ys + (B = 2)y2 +y1 =0

(h2 — 2)Yp1 + Ypo = —1

We thus have an (n — 1) x (n — 1) system of linear equations in n — 1
unknowns. In matrix form we can write it as

R_2 1 0 v -0 0
1 m—2 1 0 -~ 0 y1 0
0 1 h=2 1 -~ 0 Z1_1o
0 0 o0 1 h2—2) \Un1 —1
If we let
0
Y1 0
Y2 N
y=| . |.y=1]70
yn—l _1

then we express the system in more compact form as
Ay =y.
The matrix A is tridiagonal. If we choose n we can now solve this

system for the values of y;. Let us take n = 10. Then h = 5. The
system of equations we have to solve is then the 9 x 9 system

—1.97533 1 0 0 0
1 —1.97533 1 0 - 0 y1 0
0 1 —197533 1 - 0 210
0 0 . 0 1 —197533) ¥ —1

We now have the problem of how to solve this system. We can em-
ploy any of the methods we know from linear algebra. For simplicity,
we present here the solution obtained from using the LinearSolve com-
mand in Mathematica. Let us compare the numerical solution by finite
differences with the true solution found previously to be y = sin x.
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| n | FDy,; |Exacty(z;) | Absolute error |

0 0 0 0

1 ]10.156595 | 0.156434 0.0002
2 10.309325 | 0.309016 0.0003
3 10.454424 | 0.453991 0.0004
4 | 0.58831 0.587785 0.0005
5 | 0.70768 0.707106 0.0005
6 | 0.809589 | 0.809017 0.0006
7 10.891522 | 0.891006 0.0005
8 10.951457 | 0.951057 0.0004
9 [0.987917 | 0.987688 0.0002
10 1 1 0

Clearly the numerical approximation is good. We have a maximum
error of about 0.0005 in absolute terms. To get a better approximation,
we would need to take a larger value of n.

7.7. Inhomogeneous Boundary Value Problems. It is a simple
matter to use the method of finite differences to solve inhomogeneous
problems. Again we will illustrate by example.

Example 7.8. Solve the BVP
Y+ 3y +2y =22 y(0) =1, y(1) =2,

by finite differences.
First we obtain the exact solution of the problem. First we solve the
homogeneous problem

y' + 3y + 2y =0.

The characteristic equation is A? + 3\ + 2 = 0. This leads to the ho-
mogeneous solution 1, = Ae~?® + Be~®. To find a particular integral,
we can look for a solution of the form y, = ax? + bx + c¢. Substitution
of y, into the equation produces the general solution to the equation

1 3 7
y=Ae * + Be " + §x2 5 + 1
We now fit the boundary conditions by solving for A and B.
7
A—i—B—l—Z:l (7.61)
1 3 7
Ae?+Be '+ — -+ - =2 .62
e +Be +5 -5+ (7.62)
This gives
e(3+5e) ,, 3+ 5 " 1, 3 N 7
= ——" e —x“— x4+ -.
4(e —1) 4(e —1) 2 2 4

Now let us solve the BVP numerically using finite difference methods.
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As before we use

' 2h

Y(Tit1 — 2y + Yioa

y//(‘ri) ~ B2

The equation thus becomes

it1 — 2Y; + i i1 — Yi
Yi+1 Yi + U 1+33/+1 Y

-1 2
72 5T +2y=x;, 1=1,...,n—1.

79

Multiplying through by h2, gives the system of equations
3 2 2,2 .
Yir1 — 2Y; + Yi1 + §h(yi+1 —yi1) +2h°y; = x;h i=1,...,n— 1.
Collecting terms, we have

3 3
(1 + éh)yl+1 + 2(h2 — 1)yz + (1 - éh):%,l = (l’ih>2, 1= 1, = 1.
(7.63)

Where yo = 1, y, = 2. From this point the solution proceeds exactly
as in the previous example. We write this system out and obtain

3 3
(1+ §h)y2 +2(h* = L)yr + (1 — §h)y0 = (21h)?
3 3
(1 + §h)y3 + 2(h2 - 1)92 + (1 - §h)y1 = (fzh)2
(1+ §h)yn +2(h" = Dyn—1 + (1 — §h)yn—2 = (zp_1h)

Since yo = 1 and y,, = 2 this is equivalent to

(1+ 2R+ 2(0° — D = (0h)* — (1 - o)

(L4 2h)ys + 200 — Do+ (1— Ry = (2ah)?

2 2
3 3
(14 5h)ya +2(h* = Dys + (1 = Sh)ys = (w3h)?

2 2

3 3
(14 éh)yn—l +2(h* = 1)yp—2+ (1 — Qh)yn—s = (7,_2h)?

3 3
2(h* — Dyp_1 + (1 — éh)yn,g = (2,_1h)* = 2(1 + 5h)
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In matrix form, this is Ay =y where

2(h*—1) 1+ 32h 0 0
—3p 2(h*-1) 1+3h 0 0
A= 0 1—2n 2(h*—1) 1+3n .- 0
0 0 0 1-3n 2(h2-1)
and ) .
" (z1h)? — (12 3h)
y (z2h)
y=| " |. 5= (25h)?
Ynt (@n_1h)? — 2(1 + 2h)

Again the matrix is tridiagonal. So to solve the BVP, we must choose
a value of h. The smaller h is the more accurate the solution should
be. However, since h = (b — a)/n making h smaller increases the size
of the linear system which we must solve. We will take n = 10, which
gives h = 0.1. For this choice of h, A is the 9 x 9 matrix

—-1.98 1.15 0 0
0.85 —1.98 1.15 0 0
0 0.85 —1.98 115 --- 0
A= : : : : e : )
0 0 -+« 0.85 =198 1.15
0 0 e 0 0.85 —1.98
and
—0.8499
0.0004
0.0009
0.0016
y =1 0.0025
0.0036
0.0049
0.0064
—2.2919

Again we use the LinearSolve command in Mathematica to invert the
system. The results are as follows.

| n | FD y; | Exact y(x;) | Absolute error |
0 1 1 0
1| 1.4959 1.49139 0.005
2 | 1.83651 1.82979 0.006
3 | 2.05668 2.0493 0.007
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| n | FDy; | Exact y(z;) | Absolute error |

4 | 2.18442 2.17736 0.007
D | 2.24224 2.23608 0.006
6 | 2.24816 2.24321 0.005
7 |2.21656 2.21294 0.003
8 | 2.15892 2.15661 0.002
9 12.08433 2.08324 0.001
10 2 2 0

Again the results are good. The error is greatest in the middle of the
interval and decreases towards the end. We expect this because fitting
the boundary conditions forces the error to be zero at the endpoints.

The theory of finite difference methods is very well developed and
new methods are being produced all the time. Clearly in an introduc-
tory treatment we can do no more than present the basics. One of the
major questions is that of obtaining error estimates for our numerical
solutions. A good deal of work has been done on this problem. We
shall content ourselves with stating an important theorem.

Theorem 7.3. Let the boundary value problem (7.53) have a unique
solution y. Assume further that y is four times differentiable on [a,b]
with fourth derivative y. Let y;, be the finite difference approximation
toy at xy, € [a,b], obtained by taking h = (b—a)/n. Then the following
error estimate holds

max |y, — y(xr)| < MR, (7.64)

0<k<n
—a)?
where M = %Hy(‘l)ﬂw.

By making further assumptions on the smoothness of the solutions
of the BVP, better estimates can be established. However, this result
is quite a strong one. It tells us that the error in the finite difference
estimate for y at x;, is proportional to h%. This means that if we let
h — 0 then the error in the finite difference estimate converges to
zero. Thus we can obtain as precise a numerical estimate as we desire,
by making A sufficiently small. The drawback of course, is that the
smaller A is, the larger n is, and consequently, the larger the linear
system which we have to solve.

Nevertheless, finite difference methods have been extremely effective
in the solution of differential equations and they are essential tools in
the analysis of a vast range of problems. It is possible to extend these
methods to the solution of partial differential equations, but that is
beyond the scope of the course.
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