All Working Must Be Shown For Every Question.
Question 1 (2 + 5 + 3= 10 marks).

(1) The ordinary differential equation
z*y" 4+ 3xy’ — 3y = 0,

has a solution y;(x) = x. Use this to find a second linearly in-
dependent solution .

(2) Use variation of parameters to find the general solution of the
ODE

*y" + 3xy — 3y = 2%e”.

(3) Obtain the solution of the ordinary differential equation
2y + 3xy’ + (1 + 42*) =0,

in terms of Bessel functions.
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Question 2 (10 marks).

(a) Obtain the general solution of the ODE
y'+ay +2y =0,

o0

by letting y = Z apx".

n=0
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Question 3 (10 marks).

(1) Find a solution of the equation

2¢0y" + (1 +2)y +y =0,

of the form y = Z anx" e,
n=0
Show that the exponents are s; = 0,s9 = 1/2 and that a,
satisfies
pi] = —————.
T 2n+2s41)

Find the solution corresponding to both exponents.
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Question 4 (7+3=10 marks)
(i) Use the Laplace transform to solve the initial value problem

y'+dy =€, (0.1)
y(0) =0,%'(0) = 0. Note that we can write
1 A Bs+C

(s +a)(s? + b?) _s+a+ s+ 0?7

for certain constants A, B, C.

(ii) Obtain the inverse Laplace transform of

1 1

as a convolution. The transforms you need are in the table at
the back of the exam.

F(s) =
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Question 5 (34+7=10 marks).

(i) Calculate the Fourier sine series for the function
flz)=z(a—2), 0 <z <a.

(ii) Consider the following boundary value problem for the equa-
tion.

Upy +4u,y,, =0, 0<2<1,0<y <1,
u(z,0) = f(z), u(z,1) =0, u(0,y) =0,u(l,y) =0.
By looking for solutions of the form u(z,y) = X (2)Y (y), show
that
X"(z) =X (z), X(0)=X(1)=0,
for some constant A and determine the value of A. Thus obtain
a formula for X. Then show that

_ MY o (T
Y (y) —C'cosh( 5 ) +Ds1nh< 5 )
Use the fact that Y(1) = 0 and the identity

sinh(a — b) = sinh a cosh b — sinh bcosh a

to simplify the expression for Y.
Hence write down the solution of the problem in part (ii) as an
infinite series.



Table of integrals
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Table of Laplace transforms

o) = i
L(sin(at)) = 32%2
L(cos(at) = 5—

£LH0) = <=

Variation of parameters
Given that y; and y, are solutions of the ODE
a(x)y"(z) + b(x)y'(z) + c(x)y(z) = 0,
we seek a particular solution of the ODE
a(z)y"(z) + b(x)y'(z) + c(x)y(x) = f(2),

by looking for solutions of the form y,(x) = u(z)yi(z) +v(z)y2(z). The
functions v and v must satisfy

u'yr + vy =0,
u'y) +v'yy = f(x).
Bessel Functions

Bessel’s differential equation #*u” + tu’ + (t* — @®)u = 0 may be
transformed into the equation

22y + (1 —28)zy + ((s* — r*a®) + a*r*2* )y = 0

under the change of variables t = az” and y(x) = z*u(t).

by, = %/OL f(z)sin (?) dx.



