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This paper and all materials issued must be returned at the end of the examination.
They are not to be removed from the exam centre.

Examination Conditions:

It is your responsibility to fill out and
complete your details in the space provided
on all the examination material provided to
you. Use the time before your examination
to do so as you will not be allowed any
extra time once the exam has ended.

You are not permitted to have on your

desk or on your person any unauthorised

material. This includes but not limited to:
e  Mobile phones

Smart watches and bands

Electronic devices

Draft paper (unless provided)

Textbooks (unless specified)

Notes (unless specified)

You are not permitted to obtain assistance
by improper means or ask for help from or
give help to any other person.\

If you wish to leave and be re-admitted
(including to use the toilet), you have to
wait until 90 mins has elapsed.

If you wish to leave the exam room
permanently, you have to wait until 60
mins has elapsed.

You are not permitted to leave your seat
(including to use the toilet) during the final
15 mins.

During the examination you must first
seek permission (by raising your hand)
from a supervisor before:

e Leaving early

e Using the toilet

e  Accessing your bag

Disciplinary action will be taken against you
if you infringe university rules.

37335 Differential Equations

Time Allowed: 2 hours and 10 mins
Includes 10 minutes of reading time.

Reading time is for reading only. You are not permitted to write, calculate or mark your
paper in any way during reading time.

This is an Open Book exam
Unauthorised materials as specified in the examination conditions are not allowed.

Permitted materials for this exam:

e Calculators (non-programmable only)

Materials provided for this exam:
e This examination paper

¢ One Formula sheet at end of exam paper.

Students please note:

e Answer All Questions.



All Working Must Be Shown For Every Question.
Question 1 (4 + 6 = 10 marks).

(i) The ordinary differential equation
3y — day + 4y =0,

has a solution y;(x) = x. Use this to find a second linearly in-
dependent solution .

(ii) Use variation of parameters to find the general solution of the

ODE
y// . 4y/ +4y — %
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Question 2 (10 marks).

(a) Obtain the general solution of the ODE
y'+dxy +y =0,

o0

by letting y = Z apx".

n=0
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Question 3 (842=10 marks).

(i) Look for solutions of the equation

8
22y" + 3xy + (x + 5) y=0,

of the form y = Z Apx" e,

n=0
Show that the exponents are s; = —4/3,s5 = —2/3 and that
a,, satisfies

—9an,1
In+s)(n+s+2)+8
Hence obtain the general solution of the ODE.

A, =

(ii) Identify the solution of the equation in (i) in terms of Bessel
functions.
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Question 4 (7+3=10 marks)
(i) Use the Laplace transform to solve the initial value problem
Y+ 3y + 2y =e (0.1)
y(0) = 0,v'(0) = 0. Note that we can write
1 A B C
= + +—,
(s+1)(s+2)(s+3) s+1 s+2 s+3
for certain constants A, B, C.

(ii) Obtain the inverse Laplace transform of
1
(524 1)v/1+ 52’

as an integral. The transforms you need are in the table at the
back of the exam.

F(s) =
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Question 5 (3+5+2=10 marks).

(i)

(i)

(iii)

Calculate the Fourier sine series for the function
flzy)=1—2, 0<z<1.

Consider the following initial and boundary value problem for
the heat equation.

10u  &%u

S < r<

Tor o V=TEh 120
u(0,t) = u(l,t) =0,

u(x,0) =1—x.

By looking for solutions of the heat equation of the form u(x,t) =
X (x)T'(t) show that the functions X and 7" must satisfy the
problems

X"(x)=XX(z), X(0)=X(1)=0,
and
T'(t) = 4XT (1)
for some constant A. Explain how the possible values of A\ are
obtained. Hence obtain an expression for X and 7.

Use your answer for part (i) and part (ii) to write down the so-
lution of the given initial and boundary value problem for the
heat equation.



(=]

Table of integrals

un—l—l
u"du = +C
n+1
d
—u:log\ul—l—C’
U
edu=¢e"+C

cosudu = sinu + C
sinudu = —cosu + C
sec?udu = tanu + C
cscudu = —cotu + C

secutanudu = secu + C

cscucotudu = —cscu + C
du U
=gin!—+C
a? —u a
du U
= ~tan ' =+ C
a?+u?2  a a

S S S S eSS

du 1
——=cosh "u+C
/\/u2 -1
du LU
Varae et

:log<u+m>+0

d
/ 1 _uuz =tanh™tu + O}

1
:Elog’

1+u

C
1—u+ 2

/coshudu =sinhu + C
sinh v du = coshu + C

/tanhuduzlogcoshu+0
/udv:uv—/vdu



Table of Laplace transforms

o) = i
L(sin(at)) = 32%2
L(cos(at) = 5—

£LH0) = <=

Variation of parameters
Given that y; and y, are solutions of the ODE
a(x)y"(z) + b(x)y'(z) + c(x)y(z) = 0,
we seek a particular solution of the ODE
a(z)y"(z) + b(x)y'(z) + c(x)y(x) = f(2),

by looking for solutions of the form y,(x) = u(z)yi(z) +v(z)y2(z). The
functions v and v must satisfy

u'yr + vy =0,
u'y) +v'yy = f(x).
Bessel Functions

Bessel’s differential equation #*u” + tu’ + (t* — @®)u = 0 may be
transformed into the equation

22y + (1 —28)zy + ((s* — r*a®) + a*r*2* )y = 0

under the change of variables t = az” and y(x) = z*u(t).

by, = %/OL f(z)sin (?) dx.



