37335 Differential Equations.
Tutorial Nine Solutions.
Question One.

We have the function f(z) = z(x +1) = 2? +z,—7 < = < 7 and
f(z+2m) = f(z). Then

the Fourier coefficients are the sum of the coefficients for f(x) = x
and g(z) = z. These were calculated in lectures. So the Fourier series
is
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Question Two.

We have f(z) =22 — 3z + 2 for —1 <z < 1 with f(z +2) = f(2)
for all . Then
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So

flz) = 2 + Z (M cos(nmx) + 61" sin(mr:c)) .
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Question Three.
We expand f(x) = sinz as a cosine series on the interval [0, 7). Then
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a, = —/ sin x cos(nx)dxr = —LJ, n# 1.
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Thus

on [0, ).
Question Four.

Now we find the sine series for cosx on [0, 7). By similar calculations
we find by = 0 and
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Whence

cosx = Z 2n(1 + (=1)") sin(nx).
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The function has periodicity 27

Question Five.

We have f(z) =1—z,0 < x < 1. The sine coefficients are b, = —.
nm
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For the cosine series ag = % and
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Hence
1 = 1= (=1
flz) = 3 + ; 2# cos(nmz).
The periodicity is 2.
Question Six.

We have f(z) =2z — [zr] on =2 < & < 2. Now f(—z) = —a — [—z] =
—x + [x] = —(z — [z]) = —f(x). So f is odd. This means that the
cosine terms are zero. Between -2 and -1 let f(x) = Az + B. Then
f(=2) = —2A+B == —land f(—1) = —A+B == 0. So f(z) = x+1.

Similarly between 1 and 2 f(z) = x—1. Since x—[z] = x for z € (—1,1)



this means
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Question Seven.
We have f(z) = z. So for n # 0,

1
f(n):/ Ie—Zm'mcdx
0

l

2mn’
We also have

Whence
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Question Eight.
We have u; = %um, 0<z<1,t>0with u,(0,1) = u,(1,¢t) =0
and u(x,0) = f(x). We let u(x,t) = X(z)T'(t). As in the case from

lectures we obtain
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We also have X’(0) = X'(1) = 0. Then we suppose A = k* > 0. This
gives

X(z) = AeF” + Be .
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X'(0) = kA—kB = 0,and X'(1) = kAe*—kBe ™" = 0 gives A= B =0,
so A cannot be positive. Taking A = 0 gives X(x) = Ax + B and
X'(0) = A = 0. This gives X = B. This is not much use. Take
A = —k? to get
X(z) = Acos(kx) + Bsin(kx).
We then have
X'(0) = —kAsin(k0) + kB cos(0) = 0
or B = 0. The condition X’(1) = 0 gives X'(1) = —kAsink = 0 or
k = nm. Hence A = —n?7%, n=0,1,2, ...
X(x) = Acos(nrmx).

Solving for ¢ gives T(t) = C'e=?"™"*. So we have solutions
up(x,t) = A, cos(nrz)e 21,

We then form a solution

u(z,t) = Z A, cos(nmx)e 2",
n=0

The condition u(x,0) = f(x) gives
A, =2 fol f(y) cos(nmy)dy for n > 0 and Ay = fol f(x)dz.



