37335 Differential Equations.
Tutorial Five Solutions.
Series Solutions. Regular Singular Points.

Question One.
o0

(a) 2*y” — Bxy' + (3 —x)y = 0. We let y = 377 Ja,2™"* as usual and

then we have
o

Y=Y (n+ sana™ !

n=0
oo

Y’ = Z(n +5)(n+ s — 1)a,a" T2

n=0

Substituting into the DE gives

7 Z(n +5)(n+s—1)a,a"™7? — 52 Z(n + 8)a,a" T+ (3 — 1) Z anz" e
n=0

n=0 n=0

- Z(n +s)(n+s—1)a,z"** — Z 5(n + s)a,z" " + Z 3a,x"t?
n=0 n=0 n=0

— Z A" = (s(s — 1) — 55 + 3)agr® + Z(n +s)(n+ s — 1)a,z"**
n=0 n=1

o x oo
— E 5(n + s)a,z" " + E 3a,x" s — 5 a,x et
n=1 n=1 n=0

= (8% — 65 + 3)apz® + i[(n +s)(n+s—1) = 5(n+s) + 3la,z" "

n=1
[e's)
> et =0
n=1

So we have s? —6s5+3 = 0. This gives s = 34++/6. Let s; = 3++/6 and
so = 3 — /6. These are not particularly pleasant but it is not difficult
to handle them. This is because the recurrence relation will factorise
in the same way. Clearly we have

(n+s)n+s—1)—=5(n+s)+3)a, =a,_1,n>1

or
Ap—1 Ap—1

(n+s8)n+s—1)=5n+s)+3 (n+s—s)(n+s—s9)

If we take s = s; Then we have

Ap =

Qp—1
a, = ——————————,N,Z 1.

n(n + 2v/6)
1



2

The n term will give us an n! in the denominator. We generate terms
in the usual manner to obtain

Qo Qo

Tl +2v6) " T 1x 201+ 2v6)(2+ 26

Qo

1x2x3(142v6)(2+2v6)(3 +2V6)’

ag =

etc. We see that the general form is

Qo

T+ 2V6) - (n + 26)

This gives a solution

_a$3+\f .
i Z 1+2\f ~(n+ 2v/6)

This is a perfectly acceptable answer. However we can use the Gamma
function to simplify it. We recall that I'(a + 1) = aI'(a), Gamma(a +
2) = ala + 1)I'(a), .... We let ag = I'(1 + 2v/6). Then

(1+2V6)---(n+2V6)T(1+2v6) =T(n + 1+ 2V6).

The solution is then

n

_ 316 L
Y ;%n!r(n+1+2\/6)'

You can easily check that taking s = s, we obtain the second solution

n

_ .3—V6
Y .
% nl(n + 1 —2/6)




(b) For the equation 2x2y” + xy’ — (22 + 1)y = 0 we have

22° Z(n +8)(n+s—1)a,a" 2 + 2 Z(n + 8)ape™ Tt — (22 + 1) Z Azt
n=0 n=0 n=0
_Z (n+s)(n+s—1)ayx "+S+Z n+ 8)a,z™t ZQan sl
n=0 n=0
—Zan st = (25(s — 1) + s — Dagz® +Z (n+s)(n+s—1)a,a"
n=1

- Z(TL + S)anmnﬂ-s o Z CLnl‘n+8 o Z 2anl,n+s+1
n=1 n=1 n=0
= (25— s — Daoz® + Y _[2(n+s)(n+s—1) + (n+s) — Ya,az"*

n=1
oo
— E 2a,_ 12" =
n=1

So 25 — s —1 = 0. This gives s = 1,s = —1/2 and

2an—1

an = ,n>1.
2(n+s)n+s—1)+(n+s)—1
If we take s = 1 we get
a, = M’ > 1.
n(2n + 3)
We then generate the coefficients as follows:
2a0 22a0 23CL0
a; = , A2 = , A3 = )
1(5) 1x2(5xT7) 1x2x3(bx7x9)
2%ag ~2%31x 2 x4 x 6 x 8 x 10ag
a
PTG XxTx9x11) 41111
. 295!CL0
411!

We used here 2 x 4 x 6 x 8 x 10 = 2°(1.2.3.4.5) = 2°5!.
In general we have
22n+1 !
n!(2n + 3)!

This gives the solution

L 22l 1))
y:a0$<1+3lem$ .

Note that we separated out the n = 0 term since our general formula
does not hold for n =0, only n > 1.



For s = —1/2 we have

20 > 1
Ay = ————, N )
"on(2n-3) T
We iterate as before and we have a; = %, ay = %, as =

23a9
1x2x3((—1)(1)(3)

=22 (n — 1)l
_ o —1)2
Y = apx (1 — 2 — E .

etc. The corresponding solution can be written

n!(2n — 3)!

n=

(c) The equation 2zy” + 3y’ — xy = 0 with ) a,2"** becomes

2z Z(n +5)(n+s—1)a,a" ™2 +3 Z(n + 8)a,a" T — Z an "t
n=0 n=0

n=0 = =

_ Z2<n + s)(n 45— 1)anxn+sfl + Zg(n + S)anxnﬁefl o Zanxn+s+1

= 2a07° 1(25(s — 1) + 3s) + 2a12°(2(s + 1)s + 3(s + 1))

- Z[Q(n +8)(n+s—1)+3(n+ s)]a,z"t — Z apr" et

n=2 n=0

= 2a02° 1 (25(s — 1) + 35) + 2a;2°(2(s + 1)s + 3(s + 1))

3 2+ )45 — 1) +3(n + $)]aa " =3 a2 =0,

n=2 n=2

We will let ag be nonzero and set a; = 0. (You might like to check what
happens if you do it the other way round. You should get an answer
equivalent to this one). Set 25 +s=0. Then s =0 and s = —1/2 are
the values we need. We also have

Qp—2
Qp = 3
2n+s)(n+s—1)+3(n+s)
o an—2
(n+s)2(n+s—1)+3)
Qp—2
= > 2.
(n+s)2n+2s+1) "=
If we take s; = 0 then we have
a, = &jn > 9.
n(2n +1)

Notice that if we take n = 3 we get a3 = % = 0. Similarly a5 = 0,a; =

0 etc. In general the odd coefficients ag, 1 = 0 are all zero. Now if we

— o — _ao — _— a2 __ ag
take n = 2 we obtain ay = 5%. For n = 4 we have ay = 25 = SXA(3%)
Ag = a4 e a0 =

6 ™ 6x13 ~ 2x4x6(5x9x13)

ag
233[(5x9x13) *



For the even coefficients we have

25 x - x (dn+ 1)

Aon

This holds for n > 0. So we can write the solution as

xZn x2n

— S1 = .
Y = ot nZ:o 2nn)(5 X - -+ x (4n + 1)) aonzzo 20nl(5 x - x (4n + 1))

Now we take s; = —1/2 and we get
Qp—2
n = NZYEEEE > 2'
¢ n(2n —1) "=

We also find that the odd coefficients as,.1 are all zero. Now take

_ : __ ap __ a2 __ ag
n = 2 gives ay = 38 M = Ier = TxAExT) then
ap ap

06 o Ax6(BxTx1l) 2833x7x11)

For n > 1 we have

S 2ml(3x --- x (dn— 1))

(57

So the solution is

> 2n
= aoz 2 (1 - .
Y=ot ( +;2”n!(3x---x(4n—1))>

(d) (22% — 23)y" + (Tz — 622)y + (3 — 62)y = 0 is a harder problem.
The point is that it is solved the same way. We put y = > 7 a,z"™*
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and

o0 o0
(22% — a® E n+s)(n+s—1a,a" 5% + E (n + s)apa™tt
n=0 n=0

+ (3 — 6x) Z ap "t = Z 2(n +s)(n+ s — 1aa™**
n=0

n=0

— Z(n +8)(n+s— Dapz™ T + Z T(n+ 8)apa™* — Z6<n + 8)apz et

[o.¢] o0

+ E 3a,x" s — g 6a,z" L
n=0 n=0
o0

— 2(n+s)(n+s—1)+7(n+s)+ 3la,z""™*

B Z[(n + 5)(” +s— 1) + 6(n + 5) + 6]6Ln:1jn+s+1

=apr®(2s(s — 1) +7s+3) + i[Q(n +8)(n+s—1)+T7(n+s)+ 3la,z""*

n=1

B Z[(n + 5)(” +s— 1) + 6(n + 5) + 6]anxn+s+1

= apz®(2s* + 5s + 3) + i[@(n +s)(n+s—1)+7(n+s)+3)a,

—((n+s=2)(n+s—1)+6(n+s—1)+6)a,_1]z""* = 0.
So we have 2s% + 5s + 3 = 0 which gives s = —1 and s = —3/2. We

also have

(n+s—=2)(n+s—1)+6(n+s—1)+6)a,1
2n+s)in+s—1)+T7(n+s)+3)

n —

Taking s = —1 gives

n(n+1) n+1
Ap = ———————Qp_1 = Ay
n(2n+1) """ 2n4+1 "t

So a; = %ao, as = %al = %ao, as = %CLQ = gigiéao. We then see that
(n+1)! (Ix2x4x--2n)(n+1)!
ap = ap = Qg
Ix3x--x(2n+1) (2n 4 1)!
~ 2'nl(n+1)!

@n+1y



This gives the solution

= 2"n!(n +1)!
- —1 n
Y = apx ZO—(QTH—l)! xr.

Taking s = —3/2 we have after some tedious algebra

2n+1
4n

Ap = Ap—1-

1x3x5X7

Generating terms gives a; = %ao, Qg = 421X2a0, as = 4§3a0 = a3 Qo-
In general

(2n +1)!
(I x2x 42yl
(2n +1)!
= ()

ap =
ag.

So we have a solution

Canm 2n 1)
y= Yy e

n=0

e) For (22 — 222)y” + (1 + 2)y + 2y = 0 letting y = >_°° a2
n=0

(22 — 22%) Zn—i—s (n+s—1)a,z" 2 + Zn—l—san sl
n=0 n=0

+_22£:a%xn+s
n=0

= Z 2(n 4+ s)(n+ s — 1)a,a" ™71 — Z 2(n+s)(n+s—1)a,a™**

n=0 n=0
+ Z(n + S)an$n+s_1 + Z(n + S)anxn—i—s + Z 2anxn+s
n=0 n=0 n=0

=Y R0+ )0+ 5= 1)+ (04 8)aga" !

_ Z[Q(H +8)n+s—1)— (n+s) — 2a,z""™



= (2s(s = )+ s)agz” '+ _[2(n+s)(n+s— 1)+ (n+ s)]aza™!

n=1

_ i[Q(n +s5—1)(n+s—2)—(n+s—1)—2a,_12"*

n=1
= (25* — s)ag 31+Z (n+s)(n+s—1)+(n+s))a,
—(2(n+3—1)(n+s—2)—(n+s—1)—2)an,1]x”+s’1:0.
Hence s(2s —1) =0. So s =0 and s = 1/2 and

2(n+s—1)n+s—2)—(n+s—1)—2
n — Ap—1.

2n+s)(n+s—1)+ (n+s)

Taking s = 0 gives

2n? —Tn+3
Uy = ————Up_1.
" n2n—1) "'
It is easy to see that a; = ’Tzao = —2ag. Then ay = %al =
—%al = ag. Now a3 = %aQ = 0. All other terms are zero. So the

solution corresponding to s = 0 is y = ag(1 — 2z + z?).
Taking s = 1/2 gives

_2n—5
a 1-
" oan+41 -
_ -3 -1, _ 1 11
We find that a; = ?CLO —ag, A2 = ?al —CL(), as = 7&2 = 1><5><70,0
_ _3 35

Ay = £5500, U5 = z=57700 1t is not hard to see that for n > 2 we
have

Ix3x5---x(n+1)
35, (2n+1)

Ay = agp.

Since this does not hold for the first two terms we separate those terms
out in the solution and write

1x3x5- +1
= agx’ (1—:U—|—Z Qninl) >x”>

(f) Next we have 2%(z 4+ 2)y” — 2y’ 4+ (1 + x)y = 0. Proceeding as usual
gives



o0

v (z +2) Z(n +5)(n+s— a2~z Z(n + 8)a,z" !

n=0 n=0
oo

+(1+x) Z Azt

n=0

(n+s)(n+s—1az"tt + Z n+s)(n+s—1)a,z"

n=0 n=0

(n+8)an$n+s+§ an n+s+§ a, xn—&-s—&—l
0 n=0 n=0

Mg Mg

N
I

[(n+s)(n+s—1)+ 1]a,a™tt?

[
M8

3
Il
=)

Z n+s)(n+s—1)—(n+s)+ 1a,z"™
n=0

=(2s(s—1)— s+ 1)agz® + Z[(n +5)(n+s—1) + aa" 5t

+ i[Q(n +5)n+s—1)— (n+s)+ a,a"*

n=1

= (25* — 35+ Dagr® + Z[(n +s—1)(n+s—2)+1a, 12"

n=1

+ i[Q(n +5)(n+s—1)— (n+s)+ la,a"*

n=1

= (25 — 35 + 1)agz® + Z([(n +s—1)(n+s—2)+ a1
n=1
+2(n+8)(n+s—1)— (n+s)+ 1a,)x""* = 0.
This gives 2s? —3s+ 1 =0 and s = 1,1/2. Finally we have
(n+s—1)(n+s—2)+1
A
2n+s)(n+s—1)—(n+s)+1 """

ap = —

For s = 1 we obtain

n?—n+1
Qp = ———————Qp_1.
n(2n+1) "
So ay = %ag, Ao = —%al = <_1)2'1><;(X31><5)a07
7 1x3x5
o = (—1)3
= 3% = )5 3@ x5 < 1)
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In general
an:(—l)n(2X4”.X2n)(1X1X3X"'(”2—n+1)a0
n!(2n + 1)!

S2'l(Ix 1 x3x---(n?—n+1

= (-1 2 < ey

n!(2n + 1)!
— 1)n2”(1><1><3><---(n2—n—|—1)
N 2n+1)! ‘

We then have

= (I x1x3x---(n?—=n+1)
y= aof‘fz%(—m @n+ 1) v

For s = 1/2 we obtain

an? —8n +7
Qp = Ap—1
An(2n — 1)
_ 3 _ 3X7 __ 3xT7x19
Then ay = a0, a2 = g51753y%, 43 = Fai(ix3x5) % €te.

We find the expression
2 —1)I3 X 7+ x (4n? —8n +7)
- 4mpl(2n — 1)
I1X3X7--x(4n*>—8n+7)
h 2ntin(2n — 1)

Qn

Qo, n > ]-7

so that

> “ . 2_
I <1+le3x7 x (4n 8n+7)$n>'

2n*1in(2n — 1)!

n=1

(g) The equation is 3z%y” + 8xy’ + (z — 2)y = 0.

3z° Z(n +8)(n+ s — 1)a,a" 7?2 + 8x Z(n + 8)a,a" T

+(x —2) Z Azt
n=0

— Z 3(n+s)(n+s—1)a,z"" + Z 8(n + s)a,x" " + Z apr" T
n=0 n=0 n=0

= Z[Z&(n +38)(n+s—1)+8(n+s) — 2a,z" " + Z anz" T

n=0 n=0
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= (35> +5s —2)apz* + > _[B(n+s)(n+s—1)+8(n+s) — 2a,a""

n=1

0o
+ a l,n—l—s—i—l
E n
n=0

= (35% 4+ 5s — 2)apz®

+ i ([3(n+s)(n+s—1)+8(n+s)—2a, +an,_1) "™ =0.

So 3s? 4+ 55 — 2 = 0 and this gives s = 1/3 and s = —2. We also have

—a,
in = 3n+s)(n+s—1)+8(n+s)—2’ n=l
The value s = —2 gives
—a, 1
a, = man_l.
We find after the usual calculations
an = i ap
nl((=4)(=1)(2)(5) - Bn —7)
and
S (=" n
R ([ e G Ee e
For s = 1/3 we have
—a, 1
ay, = man_l.

The solution is

— 1/3 - (_1)71 n
Y= ot ;n!(1x10x~~(3n+7)x'

(h) We have z%y” — z(1+z)y’ +y = 0. So

NE

7 Z(n +5)(n+s—1)a,a"™ 2 — (1 + )

(n+ s)a,x
n=0 n=0
o0
+ E anxn-‘rs

0

n
[ee)

[
NE

n=0

3
Il
o

(n+s)n+s—1)—(n+s)+ Da,z"*t* — Z(n + 8)a,z" T
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= (s — 1)%*apz*

+ Z[((” +8)n+s—1)—(n+s)+1a, — (n+s—1)a, 1]2" = 0.

n=1

So we have s = 1. And

n+s—1
n = (n+s)(n+s—1)—(n+s)+1an_l (0.1)
_ man_l. (0.2)
Clearly taking s = 1 gives
1
Qp, = —Qp_1

So we immediately have a, = 2} and

oo
X
v=ary
n

n=0

= agre”.

We can obtain a second solution using this solution in two different
ways. We will use the Frobenius method here. Iterating we see that

5—1—1)(3—#2)0'--(71—1—5—1)'

an(s) = s(

Take logs to get

In(a,(s)) =Inag—Ins—In(s+1) —---In(n+ s —1).
Differentiate with respect to s to obtain
ap(s) 1 1 1
an(s) s 1+s n+s—1

If we take s = 1 we obtain
1
"(1) = a,(1)(— k=1"-=-H,
a1 = an ()= k=17
ao

since a,(1) = % and we have set H, = >,
in the notes the second solution is

Qo
n!
%. So from the formula

o
z o n
Y = QpTe —xE H,—zx".
- n!
-

Question Two
Solving Differential Equations in Terms of Bessel Functions.

(a) We have y” + 2%y = 0. Multiply by z* to get x%y” + xly = 0.
Compare with the form z2y” + (1 —2s)zy’ + (s* — a?r? + a*r’*z*" )y = 0.
We have 1 — 2s = 0. So s = 1/2. Now a?r?z* = z? giving 2r = 4, so
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r =2 4a®> =150 a = 1/2. Finally s* — a*r? = ;1 — 4a® = 0. Thus
o = +1. The solution is therefore

1 1 1 1
y=cixzJy (53:2) + o2y <§x2) :

We could also write the solution as

1 1
Yy = clx%J% (5552) + CQ$%Y% <§a:2) .

This is because for non integer values of « the Y,, Bessel functions are
just constant multiples of the J, Bessel functions.

(b) The equation is z%y” + 5xy’ + (3 + 42?)y = 0. We have 1 — 25 = 5,
s = —2. Next, 2% = 22 so r = 1. Then a® = 4. Hence a = 2. Now
s2 —a?r? =4 —a? = 3. So o = +1. The solution is then

y = a2 Jy (2x) + cor Y (21).
(c) For zy” — 3y’ — 925y = 0. Then 2?y” — 3zy’ — 925y = 0. We see that
1—2s=—-3s0s=2. Then 2% = 2% or r = 3. Then r?a* = 9a*> = -9

or a = i. Finally s> — r?a0®> = 4 — 90 = 0. So o = £3. Since a is
imaginary we use the modified Bessel functions.

Y= cleI% (z®) + czle_%(x?’).
We can also write this as
Y= c1x2I% (z%) + cszK% (z%).
(d) 2%y" +5xy + (8 + ;14) y=0.Here1—2s =5, or s = —2. Now 2% =

x4 orr = —2. Then 4a®> =4 or a = 1. Then s? — 1r?a? =4 — 40* = 8,
so 4a? = —4. Or o = i. The solution is thus

1 1
Yy = ClZU_zJZ' (—2) + CQ.CE_2J_Z' <—2) .
xXr x

Question Three. In Question One, equations (a), (b) and (c) and (h)
can be solved in terms of Bessel functions. The solutions are respec-

tively
2 2
Yy = Cl.fL’IO (%) + CISL’KO <%§) s

Yy = 01:1:1/41\/5(\/ 2z) + 02:1:1/41_\/5(\/ 2x),
iy (2 ey L (2
Y= Ji (\/§> + co J*z (

2\/x 2\/x
Yy = clx_l/ﬁJg (7\/3_) + 02$_1/6J_% (—\/_) )
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Question Four. The equation zy” + (1 — x)y’ + ny = 0 is actually a
form of the confluent hypergeometric equation which we will encounter
later. Since there is an n in the equation we put y = > oo, apzte.
Then we require

xZ(k+s)(k+s— Dage" 2+ (1 -2 Z (k + s)apa™s!
k=0 k=0

o0
+n E apxtt

Zk—l—s )k + s — 1aga™s~ 1+Z (k + s)apa™r!
k=0 k=0

o0
E (k + s)apa™ + E nagztt
k=0 k=0

s—1

=apr* '* + ) [(k+s)(k+s—1)+ (k+ s)|aprtts!

K

e
Il
—

(k + 5 — n)apa™*s

M

e
Il
o

s—1

= apT s2 4+ [(k’—i— S)((k‘—i— 5 — 1) + 1)]akxk+sfl

NE

e
Il
—

(k + 5 — n)apa™*s

p'qg

k=0
oo
= agx® ' + E (k + s)2apa st — E (k45 — n)aga™™
k=1 k=0

= ayT 512+Zk+8+1 gt Zk‘+s—nakxk+
k=0 k=

812+Z [(k + s+ 1)2ap 125 — (b + 5 — n)ag]z™™ = 0.

This gives s = 0. We also have
k+s—n
pi1 = ——————=0p-
k+1 k+s+1) g

Taking s = 0 we have

k—n
= ———ay, k>0.
41 <k+1)2ak7 =
Assume that n is a positive integer. Taking k = 0 gives a; = —nao.
k=1 gives ap = —Mlomao 0 — —nld=m@nao o4 Notice that if k = n

12x22 9 a’3 - (3!)2
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then
(n—n)a,
(n+1)2
It will then follow that a,.o = 0, a,.3 = 0 etc. So only finitely many
term of the solution are nonzero. In other words if n is a positive
integer one of the solutions is a polynomial. In general
—n(l—mn)---(k—1-=n)ag
ay = ()2 , k=1, ..n,

For n a positive integer all other terms are zero. If n is not a positive
integer, this formula holds for all k. In fact there is a simple formula
for the Laguerre polynomials. We can check that polynomial solutions

have the form
" /n\ (=1)Fzk

k=0

Api1 = =0.

where (’Z) are the Binomial coefficients. There is a remarkable formula
which can be proved by expanding both sides as a Taylor series. For
all [t] <1

1 xt >
— — = t"L,(x).
1—teXp( t—l) ; (z)

The Laguerre polynomials can also be generated by the Rodriguez for-

mula
For a second solution we can write the coefficients as
B k+s—1—n

ak(s> - (k‘ + 8)2
We only treat the case when n is not a positive integer. If we treat ag
as a constant and iterate we have
s—n)(s—n+1 k+s—1—n
P Gt N C R O ),
(s+1)2 (s+2) (s +k)

Taking the natural logarithm gives

Qp—1-

k k
Inag(s) = Zln(s—n—l—j - 1) —221n(3+j)+1na0

j=1 j=1
Differentiating both sides gives
k

k
ai(s) 1 2
ak(s)_zs—n—i—j—l ;erj'

j=1
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Hence

, i 1 L2
a;,(0) = ax(0) (Z e ; ;)

j=1
Lo
= a;(0 —— — 2H,
ax(0) (Zj_l_n )
Jj=1
where Hj, = Zk 1'is the kth harmonic number and

—n(l—=n)---(k—1—n)ag
(k1) |

ak(O) =

If yo(z) is the solution we found by the method of Frobenius corre-

sponding to s = 0 we now have a second solution

y(x) = yo(x) Inx + Z a, (0)zF.
k=1

If n is an integer we can construct a second solution, but must be
careful not to divide by zero. We can also use the formula for a second
solution in the notes. We will return to the problem of finding a second

solution to an equation of this form later.

Question Five. We will do this in the workshop in the last week of
class. The solution will be posted then. However it would be useful to

try and solve it yourself.



