37335 Differential Equations.

Tutorial Three Solutions.
Question 1.

Constructing a Second Solution From a Known Solution.

(a) We have the equation z3y” + xy’ — y = 0. We know that y;(z) = =
is a solution, since y; = 1,y =0, so 23y{ + vy —y1 =0+ 2 — 2 = 0.

We put the equation into the standard form so that we can use our
formula. We have y” + 1_12 f— x%y = 0. It is clear that p(z) = x% We

easily see that [ p(z)dz = —%. Now the second solution s is given by

o~/ p(a)da ; s p
”‘yl/ (y1(x))2 ‘/_ -

To evaluate this make the change of variables u = i Then du = —x%da:
so that the integral becomes

Since any multiple of a solution is a solution, we can drop the minus
sign. Then a second solution is ys = zer.

(b) zy” + (1 — 22)y’ + (z — 1)y = 0 has a solution y; = e*. Clearly
p(z) = =2 = 1 — 2 Integrating we have [p(z)dz = [ (2 —2)dz =
Inx — 2x. The second solution is then

e~ [ p(z)d=z e~ Inzt2z
we | Gt =< [

1
= ex/—dx =e"lnx.
T

(c) The equation 2xy” + (1 —4z)y’ + (2 — 1)y = €”, is inhomogeneous.
The homogeneous problem has a solution y; = e*. We first construct
a second solution. Now p(z) = 52 = & — 2. Then [p(z)dz =
[ (5= —2)dz = 3 Ina — 2z. A second solution is then

2x
e—fp(:v)d;rd . efélnx+2xd
v ‘yl/ (@) " ° / .




1
Let yo = 2y/xe”. We see that R(z) = Q—em. The Wronskian is
x
1
W (y1,92) = y1ys — oty = €*(—=€* + ze®) — \/ze"e”
Vv
621
v

A particular solution is given by vy, = uy; + vys in which

ool ok
W’ W
So
/(2\/_6—6) ( ) d:c:—a:'
and

() ()

Thus y, = —ze” + /2 (2/xe") =

(d) So we have z?(z+2)y" +2zy —2y = (x—|—2) y1 = x is a solution of
the associated homogeneous equation. We find p(z) = l’(fl?2+2) = i—r—}ﬂ

So fp Jdr = Inx — In(z + 2) = ln( +2) Hence e~ Jr@)de — z+2 _
I+ 2. So a second solution of the inhomogeneous problem is glven by

2.1 1 2
yQZx/(l—i-E)?dx:x/(;—l—:ﬁ)dx

(1 1) 1
= z(-+=)=-1--.
r  x2 T

2
Let yo =1+ 2. Now R(z) = ’ + . The Wronskian is
/ / 2
Wiy, y2) = n1ys — 2y = —(1 + ;)
We then have
, ng l.z+2 2
=)t )
z+1
Hence u =Inx — % For v we find
’ le x4+ 2 2
= =— 1+—-)=-1.
v =0T = (T2
So v = —z. Then the particular solution is

Yp = Uy + 0y = xInx —x — 2.
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These two examples show that in theory, if we have a single solution
of the equation y”+a(x)y’ +b(x)y = 0, then we can construct a solution
of the inhomogeneous problem y” + a(z)y’ + b(z)y = R(x).

Question 2.
Variation of Parameters Continued.

_f_ii. We take y; = €%,y = e**. The

e

(a) We solve 3y’ — 3y + 2y =
Wronskian is

W(y1,Y2) = ys — Woy; = e,
Cleaﬂy R(Z‘) — —e*” SO

er+1°

, Ya R 6433 e

W oed(er+1) et +1

x

€

Integrating gives u = [ _Fydr = j—jfl = In(w+1) = In(e” + 1) where

we used the obvious substitution w = e®. Also

/_le_ 6330
YT W T edr(er 4 1)
- 1
7_e$+1
T oem1

So v =In(e™*+1). Thus y, = e“In(e* + 1) + e** In(e " + 1).
(b) y"+y = tanx sec z. Take y; = cos x and y, = sin x. Then W (yy, y2)

cos?x 4+ sin?z = 1. Then

R .
W =—-—=""=_ginxrtanzsecr = —tan’x = 1 — sec’ .

W

Hence uw = x — tan z.

v = M =cosxrtanxrsecx = tanx
W .
So v = [#Ldy = —In(cos ) = In(sec z). Giving

Y, = cosx(z — tanz) + sinz In(secx) = x cosz — sinx + sin z In(sec z).

x

() ¥+ 2y +y=e"sec’z. vy + 2y +y = 0 has solutions y; = e~
and yp = re™”. R(z) = e “sec’ x. Now

Wy, y2) = 119s — Yyyo = € “(e" —xe ™) +we e " = e 2%

Then

R
I = _?ﬁW = —xe Te "sec” /(6_%) = —rsec .



So that
U = —/xsec2xdx = —gtanzx + /tanxdm

= —xtanz + In(secx).

/ le
v = — =
w
Hence v = tan z. Hence

e e sec’ r/(e ) = sec’ .

y, =€ “(In(secx) — xtanx) + ze “tanx = e " In(sec ).

(d)y"—y= er2+1' Take y; = €,y = e~ *. Obviously R(x) = er2+1 and

W(y1,y2) = e"(—e”) — e”(e”) = —2.

Thus
;o 27 e 1
T T 1) T el et 1)
1 1 e

—XT

e el C T emgl
Integrating gives u = —e™* 4+ In(e™* + 1). Next
o nR _ 2e” _ —e”
W —2(e*+1) e +1
Hence v = —In(e” + 1). Hence
yp =€"(—e " +In(e" +1)) +e *(—In(e” 4+ 1))

=e’ln(e™+1)—1—e"In(e® +1).

(e) ¥y + 2y +y = 4e " Inx. We have seen the homogeneous problem
before. Take y; = €, yo = ze . Also W (y1,y2) = e 2. Now
v dre ™ Inzx
W o 6—238
We integrate by parts to obtain

A

= —4xlnzx.

U= —4/xlnxd:c: —2x2lnx+2/xdx: —22%Inx + 2%

Next we find v.
o BB
%74

Integrating we have v = [4Inzdr = 4xlnz — [ 4dr = 4xlnz — 4z. So
we have

4e*Inz/(e ) = 4Inwx.

yp = e (=22 Inz + 2?) + xe " (4xInx — 47)

=222 " Inx — 322",
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(f) " + y = cosecx. With y; = cosx,ys = sinz and W (y;,y2) = 1 we
have

u' = —sinzcosecr = —1,
giving u = —x.
v' = cos zcosecr = cot .
So v = In(sinz). Hence y, = —z cosz + sinx In(sin z).
(g) v — 2ay’ + (a* + b*)y = e"®(Acos(bx) + Bsin(br)) = R(z). The
solutions for the homogeneous problem are y; = e* cos(bz),ys =

e sin(bx). Then
W (y1,y2) = €™ cos(bz)(ae sin(bx) + be™ cos(br)
— e sin(bx)(ae® cos(bzr) — be” sin(bx)
— e,

After some algebra we find

1
u = _Z(B sin?(bx) + Asin(bx) cos(bx))
Now sin(bz) cos(bz) = 5 sin(2ax), sin’(bz) = (1 — cos(2bz)). Hence
B A
u = —%(1 — cos(2bx)) — % sin(2bx),
or
B B A
u= —Q—Z + 12 sin(2bx) + 12 cos(2bx).
For v
1
v = E(A cos® bx) + Bsin(bz) cos(bz))
A B
= 2—b(1 + cos(2bx)) + % sin(2bx).
Hence
Ax A . B
v=op + Yie] sin(2bx) — e cos(2bx).
So we have
B B A
Y, = €™ cos(bx) (_Q_Z + e sin(2bx) + o) cos(2bx))
- Az A B
+ e sin(bx) (5 + 12 sin(2bz) — 12 COS(be)) :
Question 3

General Solution Formulae



We have the equation y” + (a + b)Yy’ + aby = F(z). We suppose that

a # b. The homogeneous problem has solutions y; = e~ %%,y = e~ .
The Wronskian is then
W (y1,92) = y1ys — yoys = —be e — (—ae™ e ™)
= (a — b)e~(atb),
Now
F “bep 1
ol P e ().

w (a —b)e~(atd)z — (g —b)

Recall that if G is the antiderivative of g, then w(z) = [ g(x)dz =
G(z) + C where C is a constant on integration. This is equivalent to
writing w(z) = fj; g(t)dt for some starting point . This is just the
fundamental Theorem of Calculus, since fgz) g(t) =[Gz, = G(x) —

G(z0). So the constant of integration C'is in fact equal to —G(zy).
Using this fact we can write u as a definite integral. This gives

* 1 at
u(z) = —/xo (- b)e F(t)dt.

Here z( is an arbitrary starting point. We do the same for v.
,  yF e (x)

1%.% (CL _ b)e—(zﬁ—b)x

ebx
= F(x).
—F@)
As with u we write
1 T
= F(t)dt.
- /xo e F(t)
Hence
yp = " u(z) 4 e o(x)
/:(: eat F() X /SC ebt F( )d
= e —F) 4+ e t)dt
2z (@—b) v @—D
T e—b(x—t) _ e—a(x—t)
- F(t)dt.
/xo |: a—>b } ( )
Question 4.

We can construct a general formula as follows. We have the ODE
y" + p(x)y + q(x)y = F(x). Two linearly independent solutions of the
inhomogeneous problem are y; and y,. The Wronskian is W (y;,y2) =
Y1ys — y2y; Then

f__pl
W?



SO
* F
w0 Y1(D)Ys(t) — y2(t)y1 (?)
Similarly
oo nt
W )
giving

v(z) = / ) () dt.

o Y1)y () — () ()
Combining we have the particular solution

() — n@)u)
bel@) = / s Ol = w06 | D

Question 5.

Variation of Parameters for Higher Order Equations.

3,/ 2,1 3

(a) The equation is z°y" +x*y” —2xy’+2y = x° sinz. The homogeneous
equation is of Euler type and its solutions are of the form y = z°.
So we substitute this into the homogeneous equation to get x*(a(a —
1)(a—2)+ala—1) —2a+ 1) = 0. It is easy to check that this cubic
has roots £1 and 2. So there are three linearly independent solutions
Y1 = 1,9 = 1/z and y3 = 2°.

A laborious calculation with a three by three determinant gives
W(yr,y2,y3) = —g. The sub-Wronskians are

Wi(z) = (=1)>" W (ya, ys) = 3,
Wa(z) = (=1)°7W(yr, y3) = —a°
Wae) = (1" 21 (3, 32) = —=

Now R(z) = sinz (Divide equation by x*) From the given formulae we
have
WiR 1

v (r) = ————— = ——zsinx.
1< ) W(y17y27y3>

Integration gives vi(z) = 1(z cosz — sinz). Similarly

W (z)R(x) I
vh(x) = ——"L2 0 = Z3sing.
2(7) W (y1, ya, y3)

Hence

vo(z) = é(B(mQ — 2)sinz — z(2® — 6) cos x).
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Similarly we have vj(z) = i sinz giving vs(x) = —3 cosz. Finally we
have

Yp(z) = y1(2)v1(2) + ya(w)v2(2) + Y3(w)vs(z)

1 1
= —x(xrcosx —sinx) + 6—(3(:52 —2)sinz — 2(2® — 6) cos 1)
x

2

T
— —CosZx
3
=Ccosx — —sinzx.
T

(b) We have the fourth order equation y™) — k?y" = g(x),0 < x < L.
First we solve y™) — k2y" = 0. This leads to four solutions y; = 1,4, =
x,y3 = ey, = e7** Tt is easy to check that these are correct. We then
have to compute the Wronskian and all the various sub-Wronskians.
The Wronskian is given by a four by four determinant. The calculations
are tedious and we will only present the results. It is best to do them
in Mathematica. However we find

W (y1, Y2, Y3, ya) = 2k°.

Then
Wi(z) = (=1)* "W (y2, Y3, ya) =
Wa(z) = (- 1)4 2W(?J1,y3,y4) —%3
Wa(z) = (=1 W (y1, y2, 4a) = kQ ke
Wi(z) = (=)W (y1, y2,y3) =
Then
o (z) = Wi(z)g(x) _ xg(x)
! W(yr, Y2, Y3, ya) k2
o () = Wa(z)g(z) _ —g(x)
2 W (y1, Y2, Y3, Ya) k2 7
() = Wy(a)g(z) _ —e™g(x)
’ W (Y1, Y2, Y3, Ya) 2k3
o () Waz)g(z) _ e*glw)

Bl W(y1, Y2, Y3, ys) 2k
Then the general solution is

4
1 /" 1, 1 .
y:chyn(x)jLﬁ/o <kt—kx— 5¢ M4 3¢ " kt) g(t)dt
n=1

- ni:lcnyn(a:) + /Ox (<t ;f) - Smh(kg — x))) g(t)dt.
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Question 6. This is an assignment question. The solution will become
available after the assignment is submitted.



