37335 Differential Equations.
Tutorial Two Solutions.
Linear Constant Coeflicient Equations.

Question 1.
(a) We solve 2y” + 4y + 8y = 0. This is the same as y" + 2y’ + 4y = 0.
The auxiliary equation is

A 422 4+4=0.

The roots are

94 JI—Axd -24+.-12
A= : A 5 — 143

So we have y = e~ (¢ cos(V/3z) + ¢2 sin(v/3z)) .

(b) The equation y” + 16y = x is inhomogeneous. First we solve the
equation y” + 16y = 0. The auxiliary equation is A2+ 16 = 0. The roots
are +4i. So the homogenous problem has solution y; = ¢ cos(4z) +
cosin(4z). Now we try y, = Az + B for a particular solution. Notice
y, = A and y; = 0. Hence we must have 16Ar + 168 = z. So B = 0
and 16A = 1. Thus the general solution is

1
y = ¢ cos(4x) + cysin(4x) + 6%
(c¢) Another inhomogenous equation is y” — 3y’ + 2y = 6e*. The aux-
iliary equation for the homogeneous problem is

M3\ +2=AN-2)A—1)=0.

Hence the homogenous problem has solution y;, = ¢;e** +cye®. We now
look for a particular solution of the form y, = Ae™*. Substituting into
the equation we have Ae ™ + 3Ae™ 4+ 2Ae™* = 6Ae " = 6e*. Then
A =1 and the general solution is

Yy = 1% 4 coe® + 77,

(d) For the equation y”+ 2y 4+ 5y = 4e~* cos(2x) the auxiliary equation
is A2 4+20+5=0= (A+1)2+4 = 0. So the roots are —1 + 2i. Hence
the general solution of the homogeneous problem is

yn = € “(cy cos(2x) + cosin(2z).

Now the right hand side is a solution of the homogeneous problem. So
we try a solution of the form y, = ze™*(Acos(2z) + Bsin(2z)). Then
y, = e "(Acos(2x) + Bsin(2z)) + z4L (e7(Acos(2z) + Bsin(2x))) .

Yy, = 2% (e"*(Acos(2z) + Bsin(2z)))
+ x% (e7*(Acos(2z) + Bsin(2z))) .
1
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Consequently

Yy + 2y, + 5y, = 2% (e"(Acos(2z) + Bsin(2x)))

+ a:dd—; (e7"(Acos(2z) + Bsin(2x)))

+ 2 <ex(A cos(2x) + Bsin(2z)) + x% (e *(Acos(2z) + B sin(21:))))

+ 5ze™ (A cos(2) + Bsin(2z)).

. (dd—; (¢*(Acos(22) + Bsin(22))) + 2% (¢*(Acos(2z) + Bsin(2z))) +
+ 5(Acos(2z) + B sin(2x))) + 2% (e7*(Acos(2z) + Bsin(2x)))

+ 2e"(Acos(2x) + Bsin(2r))

= 2(% (e"*(Acos(2z) + Bsin(2z))) + 2e~*(Acos(2z) + Bsin(2z)).

We used the fact that the terms multiplied by  vanish because e*( A cos(2x)+
Bssin(2x)) is a solution of the homogeneous problem. So when we group

the terms with an z in front, they add up to zero.
We then have

2% (e7*(Acos(2z) + Bsin(2z))) + 2e~*(Acos(2z) + Bsin(2z))

=e *(—(2A + B)sin(2z) — (A — 2B) cos(2x)) + 2~ *(Acos(2z) + Bsin(2x))
= e “(4B cos(2z) — 4Asin(2x)).

So A =0 and B = 1. Hence y, = ze " sin(2z).

(e) We solve the Euler equation 22%y” —5x1'+3y = 0. This has solutions
of the form y = x®. Substitution into the equation gives
27%a(a — 1)z*? — braz® ' + 32* = 2*(2a* — 2a — 5a + 3)
= 2%(2a*> — Ta +3) = 0.
The roots of 2a*> — 7a + 3 = 0 are % and 3. So the general solution is
Y= clx3 + 02x1/2.
Question 2.
Third Order Linear Constant Coefficient Equations.

(a) Third order constant coefficient equations can be solved the same
way. We solve ¢y — 6y” + 11y’ — 6y = 0. We look for solutions of the
form y = e and this leads to the cubic equation \> =62 4+11\—6 = 0.
We can use the cubic formula or solve in Mathematica. However the
roots multiply to give 6. Try A = 1. Then 1 —6+ 11 — 6 = 0. So
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A = 1 is a solution. Now 6 = 2 x 3. So try A = 2 and A = 3.
2P 6x224+11x2—6=0and 3> —6x32+11x3—6=0. Both are
solutions. General solution of the ODE is then

y = c1” + 2™ + ¢33,
(b) The equation y"” — 4y’ = 0 is really second order. Put u = ¢’ to

convert the equation to u” — 4u = 0. This has the solution u = ¢;e** +
coe”?. Then y = u. So we integrate to obtain y = Sc1€” —3coe 2 +c3.
Question 2.

Ricatti Equations.
(a) The Ricatti equation f' + 3f? = 2z + 4. Put f = a%. Then

1/ ! 2
f'=a% —a (%) . Substituting into the equation produces

y
1" N\ 2 N\ 2
1
ay——a(y—) + =a? <y_> =2x+4
y Y 2 \y
Put a = 2 so that the equation becomes
2y = 2z +4)y.
This is a form of Airy’s equation. We will solve it in the lectures.
(b) For of" + 2f% + 3xf = 0. Try a general form f = A(x)% to get
/ 1" / 2
=A% + Alx)% — Alz) (%) . Hence

v
of +2f*+3xf =

x (A’(x)% + A()L — Az) (y—)2> +24%(z) (%)2 + 333,4(3;)%.

y//
y y
Put —zA(z) + 24%(z) = 0, or A(z) = 1z. This leads to the equation
2,1

2%y" + (32* + z)y’ = 0. In fact putting ¥/ = w produces a first order
linear equation.

(c) (142?)f'+4f* = sinx. Again set f = A(x)% to get f' = A'(fﬁ)%—l—
A~ Ax) (%) Giving

/ 1" 7\ 2 N 2
(1+4%) (A’(x)% + @) - A (2) ) +aa(o) (L) =sina,

which means that we set 4A%(z) = (14 2?)A(x), or A(z) = $(1 + z?).
This leads

1 1
Z(l + %)%y + 5:6(1 +2%)y' — (sinz)y = 0.
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Question 3.
Exact Equations.

(a) 2z siny —ysinz+ (2% cos y+cosz)y’ = 0. This is an exact equation.
It can be put in the form

(2% cosy + cosx)dy + (2rsiny — ysinz)dz = 0.

(As an historical aside, this is how Euler wrote first order differential
equations.) Now P, = 2x cosy —sinz and ), = 2z cosy —sinz. So the
equation is exact. There exists I’ such that F, = (2xsiny — ysinz)
and F, = a? cosy + cos z. Hence

F(z,y) = /(23: siny — ysinaz)dr = 2?siny + ycosx + h(y).

So that
F,= z? COSY + CcoSx + h'(y) = g2 COS Y + cos x.

Hence h' = 0 and h is a constant. Thus an implicit solution is given
by z?siny + ycosz + C =0

(b)We have (2zy® + 8z)dx + (32*y* + 5)dy = 0. Thus P = 2xy> + 8=,
Q = 3z*y* +5 and P, = 6xy* and Q, = 6xy?. Therefore P, = Q.. So
equation is exact. Therefore there is a function F' such that F, = P
and F, = Q. So F(z,y) = [(2zy® + 8x)dx = 2®y> + 42* + h(y). Then
F, = 32*y* + h'(y) = 32%y* + 5. Hence h/(y) =5 and so h(y) = 5y + C.
Thus there is an implicit solution y such that x%y® + 422 + 5y + C = 0.
Now the solution satisfies y(2) = —1. So we let y = —1, 2z = 2 to obtain
4(—1)* +4(2*-5+C = 0. Or C = —7. So the solution is given
implicitly by x?y® + 42 + 5y = 7.

(c) The equation can be written (z%e¥ + 3e®)dy + (2ze? + 3ye”)dx = 0.
P = 2xe¥ + 3ye® and QQ = x?%e? + 3e*. We see that P, = 2ze¥ + 3e”
and @, = 2ze¥ + 3e”. So P, = (), and the equation is exact. So
there is an F' such that F, = P and F, = (). Thus we have F' =
[ (2ze¥ +3ye”)dx = x?e¥+3ye” +h(y) and F, = 2ze¥ +3e”+ 1/ (y) = Q.
So h'(y) = 0 and h is constant. Thus there is an implicit solution y such
that z%e¥ + 3ye® + C = 0. Since y(0) = 1/2 we have 3(1/2)e’ + C = 0.
So C' = —3/2. Solution is given implicitly by z?e¥ + 3ye® = 3/2.

(d) ycosxdx + (sinz —siny)dy = 0. P =ycosz and ) = sinz — siny.
Consequently P, = cosz and (), = cosx so equation is exact. F, =
ycosz. Thus F = [ycoszdr = ysinz+h(y). Now F, = sinz+h/(y) =
sinz — siny. Hence h'(y) = —siny. Thus h(y) = cosy+ C. So solution
is given implicitly by ysinx + cosy + C = 0.



Question 4.
Homogeneous Equations.

(a) We have the equation (y* — zy)dz + x?dy = 0. Which is of course
dy _wy—y’
the same as — = TR

Let y = xv. Then ¢y = v 4+ xv’ Thus
dx x

, 220 — x2v? 5
TV + U = —s = U0
x
So zv' = —v?. Thus

dv dx

—v2 x
x

Inx+C"

(b) The equation (z + 3y)dz + xdy = 0. Naturally this is usually

d 3
written d_y —1- Setting y = zv leads to zv' +v = —1 — 3w
x x

1

mziC: Hence Yy =

Integrating gives = =Inz 4+ C. Or v =

or v + %v = —%. This if first order linear and the integrating factor
is e/ 29 = 2% Thus we multiply through by the integrating factor to
obtain (z%v)’ = —2®. Integrating gives z'v = =124+ C, orv = -1+ 4.
The solution is then 1

y=——x+C/z°.

4
(¢) The equation y' = ﬁ is homogeneous. Put y = xv again and
we find
v’ v = v N
C 4a3 — 3230 4—3v’
Now
1 1 —wv(4—3v)
r I S A
SRR TR 1—3v
1 —dv+ 3
o 4-3v
So that

dv 1 —4v+ 30
dr  x(4—3v) "’

which is separable. Hence

4 —3v J _dx
1 —4v + 3v? s
Now we can write
4 — 3w A B

1—4v+3v2:v—1+3v—1

and this leads to



‘/Tf%%%éﬁm”i/(zwi1)_2@f—m>dv

Hence

1 v—1
—In|——— | =1 )
211((31}_”3) nx+C

Since v = y/x we have the implicit solution

1ln (M> =Inx+C.

2 \(By/z—1)
(@) Now & = Y py d we b gt °
ow — = ——. Put y = xv and we have zv' +v = .
de  z*+y4 Y 1+t
Then
, v v—v(1+v?) v°
xv' = —v= =— :
1404 1404 1+ 0t
Now we have
1404 d
+5v do — __x’
v x
and integrating we obtain
1
Inv — Tl = —Inzx + C.
Putting v = y/x gives the implicit solution
1

In(y/z) — 1/a) =—lnzx+C.

(e) Finally we have e¥/*y’ = 2(e¥/*—1)+Le¥/*. The substitution y = zv
gives

e’(xv +v) = 2(e’ — 1) + ve",
hence xv' + v =v 4 2(1 —e™"). Hence zv' =2(1 —e™") or

°d d
/6 Yoo [ (0.1)

e’ —1 T

Thus In(e? — 1) = 2Inz + C. Hence ¢’ — 1 = Ax? where A = ¢°.
Consequently v = In(1 + Az?). Thus

y = xIn(l + Az?).



