37335 Differential Equations.
Tutorial One Solutions.

Question 1.
First Order Separable Equations.

(a) We have to solve y' = 2x%y with y(0) = 2. The equation is separable.
So we can write it as

d

Y 922da.

Y
Integration of both sides gives Iny = §x3 + C. Note that there is a
constant of integration on both sides, but we have combined them into
a single unknown constant. This is standard practice.

Taking the exponential of both sides leads to y(z) = Ae3*” . Since

y(0) = 2 = A we have the solution y(z) = 2e3%’
(b) We have y' = 2xy?. This is also separable. We let

d
—g; = 2zdx.
Y
Integrating this leads to =X = 2% + C. Hence y = !
v ' 2?2+ C
(c) This is a little more complicated. y' = 35355, y(0) = 2. We rewrite

it as
(3y* + €¥)dy = cos zdx.

Integration gives y* + ¢ = sinz + C. Now y(0) = 2. So that (y(0))3 +
e¥®) =sin0 + C. Hence C' = e% + 8. Thus

y® 4 e¥ =sing + 8 + ¢?
is an implicit solution of the equation.

(d) We have 2y’ = y(y — 2). Separating we have

dy

1
A Y
yly—2) 2

Partial fractions gives
1 11 1
a2l )
(Check this). Integration then gives

1 1 -2 1
§(ln(y—2)—lny) = 5111 (y—) = -z +C.



So that In <y7_2> = x + 2C. Taking exponentials gives yT_Q = Ae”,
A = e2¢ Hence y — 2 = yAe®. Or y(1 — Ae®) = 2. Finally we have
B 2
V=1 Aer
(e) 2(y — 1)y’ = €*,y(0) = —2. This separates to give
2(y — 1)dy = e*dx.

Integration gives us the quadratic y?> — 2y = e® + C. The condition
y(0) = —2leads to 4+4 =1+ C. So C' = 7. Whence y* — 2y = e® + 7.
We can use the quadratic formula to obtain

2+ A+ 4(er+ )

5 =1=xver+8.

However we see that if we take the positive square root, the solution
does not satisfy the initial condition. So we have

y=1—+ve*+8.

Y

Question 2.
First Order Linear Equations.

(a) a2y’ + 2y = 42 y(1) = 4. This is the same as y' + 2 = 4z. An

In z2

integrating factor is e/ 2 — ¢ = 22, Multiply the equation by the

integrating factor to get
z2y 4 2y = 4a°.

This is (2%y) = 42°. Integrate both sides to get 2%y = z* + C. Or
y:xQ—i—%z. Since y(1) = 4 we hqve 4 = 14+ £. Or C' = 3. So the
solution is

— 2 3
y=x" + oL
(b) We solve zy/ + (x —2)y = 3z%¢~". As before we rewrite the equation
as y' + (1 — 2)y = 32%¢~". The integrating factor is

ef(l—%)da: _ er—lan _ iex.

Multiplying both sides of the equation by the integrating factor gives

So that x—lgexy = 3x+C upon integrating both sides. Hence the solution
is

y = (32° + Cz®)e .



3

(¢) y'+cot xy = 3sinz cos z. Recall that cot 2 = 222 So that [ cot xdx =
[ €24z = In(sinz). So the integrating factor is e™®) = gin z. Multi-
ply both sides of the equation by the integrating factor to get sin xy’ +
cosry = (sinzy) = 3sin’ccosz. Now integrate both sides to get
sinzy = [ 3sin® x coszdx. For the integral on the right, put u = sinz.
Then du = cosx. This gives [3sin*zcoszdr = 3 [u?du = u? + C =
sin® x + C. So we have sin zy = sin®z 4+ C. Our solution is thus

= sin? 2 + C'cosecz.

=sin’x +
sin x

(d) xInzy +y = 2Inz,y(e) = 1. The procedure is the same. Rewrite
the equation as y + &lxy = 2 . Now to determine the integrating factor
we evaluate [ —L—dr = [ % du” = In(Inz), where we used the substitution

zlnzx

In(lnz) _ In .

u = Ilnx,de = idw in the integral. Thus e/ el = e
Multiply the equation by the integrating factor to get ((Inz)y) =

Integration gives

2lnz
= -

lnwy—2/ln—xdx—/2udu:u2+C:(1nx)2+C.

We used the substitution u = Inx, du = df again. Our solution is then
y=Inz+ <. Nowy(e) =Ine+C/lne=1+C = 1. Recall Ine = 1.
Thus C = () and the solution satisfying the initial condition is y = In x.

(e) We solve 3/ + 322y = 2% + e *". The integrating factor is e/ 3% =

e’ Multiplying the equation by the integrating factor gives us
(e”y) = 22" + 1.
Integrate both sides to produce e*’y = [22¢”dz+2+C = [ setdu+

r+C = %exg + 2 + C where we put u = 23, du = 32?dv. Hence the

solution is

1
y:§—|—($+0)67

Question 3.
Bernoulli Equations.
(a) We solve Y + 3y = 2%* n =2 soput y? = zl/ = u. Then
u’ —y—Q. Divide equation by 3? to get
/
3

y_2 + — =z

Y Ty
This is the same as —u' + 2u = 22, or v/ — 2u = —a2?. This is first
order linear and the integrating factor is e~ J3de = elna™® - 1—13 Then
we have (m%u)l = —%. Integrating gives z%u = —Inx 4+ C. Hence u =

L= 3(C—n2). Or y = ety



4

z+1 Yy

(b) 2y + 2y +2(2? — 1)y> = 0. Here n = 3, so u = y*~3 = % Then
u/

= *;33/. Divide the equation by 3? to get
2y 1 )
Y —2(1-4).
vyt +1) ( )
This is u
—u' =2(1 — %).
u + o] (1 —2z%)
Or v — h%xu =2(z*> — 1) = 2(z + 1)(x — 1). The integrating factor is
e xdifl = eiln(x#kl) — 1 .
r+1

Multiplying by the integrating factor gives us
1 /

=2 1).

(x - 1u) (x+1)

u=2x>+2z+C.

Integrating we find

r+1
Hence u = # = (22% + 22 + C)(z + 1). Thus we have
s 1
Y T e 2+ Ot 1)
The branch of the square root that we choose will depend on the initial
condition.

(c) zyy = y* — 2% Divide by y. This gives zy’ = y— z—; Hence n = —1.

=D = 42 Then v = 2yy’. Then the equation

2u = —2¢.

xT

So we put u = y
zyy' = y? — 2% becomes zu' —u = —z%. This becomes v’ —

T —2Inx

This has integrating factor given by el = ¢ = 272, Multiplying
by the integrating factor produces
2
92 /
) = ——.
(a2) = -2

Integration of both sides gives us x72u = —2Inx + C, or
u=y?=1*(C~-2nz).



