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Question 1 
Consider Spencer’s filter  

𝑌𝑡 = ∑ 𝜓𝑗𝑋𝑡−𝑗

7

𝑗=−7

 

with 

{𝜓0, 𝜓1, 𝜓2, 𝜓3, 𝜓4, 𝜓5, 𝜓6, 𝜓7} = {74,67,46,21,3, −5, −6, −3}/320, 

𝜓−𝑗 = 𝜓𝑗, 𝑗 ≠ 0. 

 

(a) Show that this filter, when applied to a process with a cubic polynomial trend component, 

leaves the drift unchanged. 

 

Hint 1. Apply the filter to 

𝑋𝑡 = 𝑚𝑡 + 𝑍𝑡  , 𝑡 ∈ ℤ, 

where 

𝑚𝑡 = 𝑐0 + 𝑐1𝑡 + 𝑐2𝑡2 + 𝑐3𝑡3 

and use Mathematica to perform calculations. 

 

(b) Using R and setting 𝑐0 = −20, 𝑐1 = 4,  𝑐2 = −0.13, 𝑐3 = 0.001 and 𝑍𝑡~𝑁(0,10), simulate a 

path of 𝑋𝑡 for 𝑡 ∈ {1,2, … ,100}. Plot 𝑚𝑡 , 𝑋𝑡 and  𝑌𝑡 for 𝑡 ∈ {1,2, … ,100}, leaving the values of 

𝑌𝑡 undefined for 𝑡 ∈ {1, , … ,7} ∪ {94, , … ,100}. 

 

  



Question 2 
(a) Consider the AR(1) process 

𝑋𝑡 = 𝜆𝑋𝑡−1 + 𝑍𝑡  

                          = ∑ 𝜆𝑗𝑍𝑡−𝑗

∞

𝑗=0

, 𝑡 ∈ ℤ, 

with |𝜆| < 1. Show that the process is causal and find 

cov (
𝑋1 + 𝑋3 + 𝑋5

3
,
𝑋2 + 𝑋4

2
) 

where var(𝑍𝑡) = 𝜎2. 

 

(b) Consider the MA(q) process 

𝑋𝑡 = 𝑍𝑡 + ∑ 𝜃𝑗𝑍𝑡−𝑗

𝑞

𝑗=1

, 𝑡 ∈ ℤ. 

Find cov(𝑋𝑡, 𝑋𝑡+ℎ) where var(𝑍𝑡) = 𝜎2 and ℎ = 0,1,2, ….. 

 

Hint 1. Consider 3 cases: ℎ = 0, 0 < ℎ ≤ 𝑞 and ℎ > 𝑞. 

 

(c) Consider the ARMA(2,2) process 

𝑋𝑡 = −
11

21
𝑋𝑡−1 +

2

7
𝑋𝑡−2 + 𝑍𝑡 −

6

5
𝑍𝑡−1 −

8

5
𝑍𝑡−2, 𝑡 ∈ ℤ. 

 

Find the approximation of the solution to the ARMA(2,2) equation 

𝑋𝑡 ≈ ∑ 𝜓𝑗(𝐵𝑗𝑍)
𝑡
.

4

𝑗=−4

 

 

Question 3 
(a) Recall the standard OU process 

𝑌𝑡 = 𝑌0𝑒−𝑡 + 𝑒−𝑡 ∫ 𝑒𝑢𝑑𝐵𝑢

𝑡

0

. 

Find the Ito representation of 𝑌𝑡. 

 

(b) Using R, plot an Euler scheme approximation of 𝑌𝑡 over the interval 0 ≤ 𝑡 ≤ 10 with 

time step Δ𝑡 = 0.01 taking 𝑌0 = 0. 

 

 

 

 



(c) Consider the Ito process 

𝑋𝑡 = 1 + ∫ 𝑟𝑋𝑢𝑑𝑢
𝑡

0

+ ∫ 𝜎𝑋𝑢𝑑𝐵𝑢.
𝑡

0

 

 Find the Ito representation of 

𝑍𝑡 = ln 𝑋𝑡 − 𝑡. 

Note 1. There is no problem taking the log as the GBM 𝑋𝑡 > 0. 

 

(d) Using R, plot an Euler scheme approximation of 𝑍𝑡  over the interval 0 ≤ 𝑡 ≤ 10 with 

time step Δ𝑡 = 0.01 taking 𝑟 = 0.04 and 𝜎 = 0.5. 

 

 


